arXiv:1202.1469v3 [astro-ph.CO] 4 Jun 2012

UMN-TH-3031/12

Observable non-gaussianity from gauge field production in slow roll inflation, and a challenging connection with magnetogenesis

Neil Barnaby, Ryo Namba, Marco Peloso School of Physics and Astronomy, University of Minnesota, Minneapolis, 55455 (USA)

(Dated: June 5, 2012)

In any realistic particle physics model of inflation, the inflaton can be expected to couple to other fields. We consider a model with a dilaton-like coupling between a U(1) gauge field and a scalar inflaton. We show that this coupling can result in observable non-gaussianity, even in the conventional regime where inflation is supported by a single scalar slowly rolling on a smooth potential: the time dependent inflaton condensate leads to amplification of the large-scale gauge field fluctuations, which can feed-back into the scalar/tensor cosmological perturbations. In the squeezed limit, the resulting bispectrum is close to the local one, but it shows a sizable and characteristic quadrupolar dependence on the angle between the shorter and the larger modes in the correlation. Observable non-gaussianity is obtained in a regime where perturbation theory is under control. If the gauge field is identified with the electromagnetic field, the model that we study is a realization of the magnetogenesis idea originally proposed by Ratra, and widely studied. This identification (which is not necessary for the non-gaussianity production) is however problematic in light of a strong coupling problem already noted in the literature.

PACS numbers:

Contents

I. Introduction 2

II. Gauge Field Production 4 A. The Model 4 B. Backreaction Bounds 6 C. Connection with Magnetogenesis 7

III. Overview of the Mechanism and Phenomenology 8 A. Summarized Discussion of the Mechanism 8 B. Summary of the Key Phenomenology 9

IV. Scalar Perturbations 11 A. The two point correlation function, and the correction to the power spectrum 12 B. The three point correlation function, and observable non-gaussianity 14

V. Tensor modes 16

VI. Validity of Perturbation Theory 17 A. Tensor Modes 18 B. Scalar Modes 19 C. Summary 20

VII. Conclusion 20

Acknowledgments 21

A. Cosmological Perturbation Theory 21

B. Exact definition of ζ 23

C. The In-In Formalism 25

References 26

I. INTRODUCTION

Over the next few years Cosmic Microwave Background (CMB) and Large Scale Structure (LSS) probes will measure the primordial cosmological fluctuations with substantial improvements in accuracy and over a widening range of scales. With this wealth of data there is an exciting prospect to strongly constrain, or perhaps measure, nongaussian statistics of the primordial density perturbations. Nongaussian effects encode a wealth of information about the physics of the very early universe and might provide a powerful tool to discriminate between different models. (See [1] for a recent review.)

It is often claimed that primordial nongaussianity will be undetectable in the simplest models, where the inflation is driven by a single field that is slowly rolling along a smooth, flat potential. The physical reason is that nongaussianity is a measure of the strength of interactions, while the requirement of a flat potential usually constrains inflaton selfinteractions to be weak [2–5]. A number of models have been constructed which do produce a detectable nongaussian signature, for example using sound speed effects [6], higher derivatives [7], non-vacuum initial conditions [6, 8–10], sharp potential features [11, 12], post-inflationary effects [13, 14], etc.

However, in general there are not only inflaton self-couplings, or gravitationally suppressed couplings. For instance, in any realistic particle physics framework, the inflaton field φ can be expected to couple to “matter” fields.^1 Such couplings are certainly necessary for successful reheating after inflation, and they are much less constrained by the requirement of slow roll. Their consistent inclusion can radically impact the phenomenology of the model; see the works [15–24] for explicit examples and scenarios.

We focus our attention to inflaton interaction with gauge fields. For a singlet inflaton, there are two very natural classes of gauge field interactions to consider, depending on the parity. For a pseudoscalar inflaton one expects axial interactions of the type

L^{pseudo} int = − φ f F^{μν}F̃_{μν} , (1)

where F_{μν} = ∂_μA_ν − ∂_ν A_μ is the field strength associated to some U(1) gauge field A_μ and F^{μν} = ϵ^{μναβ} F_{αβ} /2 is its dual. For a scalar inflaton, on the other hand, one may expect couplings of the form

L^{scalar} int = −

I^2(φ) 4 F^{μν} F_{μν} , (2)

where I(φ) plays the role of a field dependent gauge coupling. The interaction (2) is typical of moduli or dilaton-like fields in string theory and supergravity frameworks. As noted in [25], coupling the inflaton to a gauge field is actually the only way to reheat for some of these models.

Pseudoscalar couplings of the type (1) have been studied extensively in [17–19]. For natural values of f, such couplings lead to a copious production of gauge field fluctuations that feed-back on the scalar and tensor cosmological perturbations. Observable nongaussianity of the equilateral type is naturally generated, without any exotic modelbuilding ingredients [17, 18]. Moreover, this is correlated also with a gravitational wave signal that can be detectable with interferometers [19, 23].

In this paper, we show that a similarly rich phenomenology is possible also in simple models with a single scalar inflaton in slow roll, via the coupling (2). The underlying mechanism is quite novel. The time-dependence of the inflaton condensate φ_0(t) = ⟨φ(t, ⃗x)⟩ breaks the conformal invariance of the gauge field sector and leads to amplification of the quantum fluctuations of A_μ, similarly to the well-known mechanism that produces scale invariant curvature fluctuations during inflation. For simplicity, we focus our attention on the case where large scale fluctuations of the gauge field are produced during inflation with a scale-invariant “magnetic” component. We notice that the same coupling that leads to production of gauge field fluctuations also implies that these produced fluctuations must, in turn, couple to the cosmological perturbations of the inflaton, δφ(t, ⃗x) = φ(t, ⃗x) − φ_0(t). We find that the feed-back of produced gauge fluctuations on δφ contributes a new component to the observable curvature fluctuations that is highly nongaussian and is uncorrelated with the usual spectrum from quantum vacuum fluctuations. For reasonable

1 Here we use the word “matter” to describe any fields that do not play a significant role in driving the inflationary expansion.

parameters, we obtain nearly local-type nongaussianity with shape

⟨ζ_{⃗k1} ζ_{⃗k2} ζ_{⃗k3} ⟩ ∝ 1 + cos^2 ( ⃗k_1, ⃗k_2 ) k^3_1 k^3_2

+ permutations (3)

and at the level f_{NL} = O(10 − 100). Such values are close to current observational limits and will be probed in the near future. The shape (3) has a strong overlapping with the local template in the squeezed limit, where both shapes are enhanced. However, in this limit, (3) has a quadrupolar dependence on the angle between the shorter side and either of the longer sides. Contrary to what typically happens for non-gaussianity sourced by scalar fields [26], this angular dependence does not vanish in the squeezed limit, and it contributes to about 1/5 of the amplitude of (3). This therefore appears as a signature of non-gaussianity from higher spin fields, and it may be an important distinguishing feature when the model is confronted with observations.^2

Our scenario is a realization of the “feeder” mechanism [27]; consequently, the Probability Distribution Function (PDF) exhibits a non-hierarchical structure. This unique feature could help to observationally distinguish the model from other constructions that give nearly local nongaussianity (for example the curvaton [28, 29]).

Models of vector fields producing non-gaussianity were also proposed in [30]. In these models the vector is amplified either from the time dependence of its kinetic term, as we consider here, or from a nonminimal coupling (as an effective mass term) to the scalar curvature R. This second case, however, introduces a longitudinal vector component, which turns out to be a ghost [31, 32]. (In some of these models, the energy in the vector field sources anisotropic inflation; we do not study this possibility here, but we refer the reader to Ref. [33] for a review.) In these models, the vector acts as a curvaton, and it contributes to the spectrum and the bispectrum through its energy density. We compute instead the non-gaussianity resulting from the same coupling that leads to production of gauge field fluctuations, and which remains imprinted in the inflaton perturbations even when the energy density in the gauge field is very negligible at reheating. The model of ref. [34] studied non-gaussianity from a gauge field amplified analogously to what we do here, but imprinted through the waterfall field of hybrid inflaton [35].

It is interesting to contrast the mechanism considered in this paper to the closely related physics of inverse decay that was studied in [17, 18]. In the case at hand, the feed-back of the produced gauge field fluctuations on the inflaton fluctuations leads to a super-horizon growth of the curvature perturbation. Such growth is consistent, since the produced gauge field fluctuations provide a source of large scale iso-curvature perturbations. Consequently, we find a bispectrum which is very close to the local shape. On the other hand, for axial couplings one finds [17] that the relevant production of inflaton perturbations arises near horizon crossing, and then the bispectrum is instead nearly equilateral.

Models of the type which we study have received considerable attention in the literature, in connection with primordial magnetogenesis [36–45]. At face value, our choice of I^2(φ) can produce large scale magnetic fields with a sufficient amplitude to account for observations at galaxy and cluster scales; see [46–50] for reviews. This would open the interesting possibility of correlating the magnetic field with the primordial perturbations [45], although the correlation would only involve the component of metric perturbations that are sourced by the vector field, and that is typically subdominant with respect to the vacuum part. Moreover, the magnetic field would induce non-gaussianiy from its direct coupling to the CMB photons [52]. This effect can be observed for a magnetic field at the ∼ nG−10 nG level, while the non-gaussianity we have obtained arises from the direct coupling to the inflaton that generated the gauge field, and can be observable even if the current “magnetic” field is significantly smaller. A list of works that study the general signatures of a magnetic field on the CMB can be found in the review [48]. In particular, “magnetic” fields continue to source scalar and tensor perturbations until neutrino decoupling. Refs. [51] shows that this effect constrains the “magnetic” field to be^<∼ few nG at present. We show in Subsection II C that the “magnetic field” generated in the cases of our interest is of O ( 10^{−10} ) nG or less.

One major problem with identifying the gauge field with the electromagnetic one is due to the fact that a scale invariant magnetic field can only be obtained if the effective gauge coupling, g(t) = I [φ_0(t)]^{−1}, decreases by many orders of magnitude during inflation (specifically, by a factor of e^{2Ntot} , where N_{tot} is the number of e-folds of inflation).

If one starts with from g_{in} = O(1), then the gauge coupling at the end of inflation will be much too small to identify A_μ with the Standard Model (SM) photon. Normalizing instead the coupling constant to be the electromagnetic one at the end of inflation would instead entail an unacceptable breakdown of perturbation theory. This problem was stressed in [44], and it is a serious obstacle in identifying the gauge field of the mechanism with the photon. In the following, we discuss some unsuccessful attempts of solving this problem. We cannot of course rule out that a solution of the problem can be found, but we believe that it would require a substantial modification of the model.

2 We thank Antony Lewis for stressing the importance of this in a private communication.

As a consistency check on our calculation, we have verified that perturbation theory is well under control using a variety of different diagnostics, including backreaction effects, the amplitude of curvature perturbations, the energy density in fluctuations, and the Weyl tensor. We show that the “new” metric perturbations which are sourced by the gauge field fluctuations are generically sub-dominant, as compared to the standard vacuum contribution.

The organization of this paper is as follows. In Section II we introduce our model and compute the production of gauge field fluctuations. We then discuss the challenging connection to magnetogenesis. In Section III we give a succinct review of the key phenomenological predictions for the spectrum and bispectrum of curvature fluctuations, and also the spectrum of tensor fluctuations. In Section IV we present a detailed computation of the 2-point and 3-point correlation functions of the scalar perturbations. In Section V we present the computation of the 2-point correlation function of gravitational wave fluctuations. In Section VI we discuss the validity of our perturbative analysis. Finally, in Section VII, we conclude. Appendix A gives some technical details on second order cosmological perturbation theory in the spatially flat gauge. In this paper we compute the feed-back of the produced gauge field fluctuations on the inflaton using the Green function method that was developed in [20, 22] and employed also in [17, 18]. This formalism is equivalent to the “in-in” approach at leading order. In Appendix B we demonstrate this equivalence explicitly for the case at hand. (See also [19].)

II. GAUGE FIELD PRODUCTION

A. The Model

We consider a simple model with a dilaton-like coupling of the inflaton to a U(1) gauge field A_μ S = ∫ d^4x √ −g [ M^2_p 2 R − 1 2 (∂φ)^2 − V (φ) −

I^2 (φ) 4 F^2 ] (4) In this action, F_{μν} is the field strength of A_μ, and I and V are functions of the inflaton φ. We assume that the potential V (φ) is sufficiently flat to support a long phase of quasi de Sitter expansion. As usual, we require that ϵ, |η| ≪ 1 where the slow roll parameters are ϵ ≡ M^2_p 2 ( V_{,φ} V )_2 η ≡ M^2_p V_{,φφ} V (5) To simplify the calculation, we choose I(φ) and V (φ) to be related to each other in such a way as to obtain the solution I ∝ a^n, where a is the scale factor of the Universe, during inflation. The required relation can be obtained [54] by taking the ratio of the slow roll relations

H^2 ≃ 1 3M^2_p V , 3 Hφ̇ ≃ −V_{,φ} (6) (assuming that the interaction with the gauge field provides negligible corrections to the dynamics, see below). Here and in the following, dot denotes derivative with respect to physical time, “, φ” denotes derivative with respect to φ, while H is the Hubble rate, H =^ȧ . In this way, one forms a differential equation for da/dφ, that is integrated

into a ∝ exp [ − ∫_{V dφ} V_{,φ} M^2_p ] . The functional form of I (φ) can be then set to the n − th power of the right hand side expression. For definiteness, we consider a monomial inflaton potential

V = μ^{4−r}φ^r , I = I_{end} exp [ − nφ^2 2rM^2_p ] (7) although other choices are clearly possible. Here I_{end} is the value of the coupling function at the end of inflation, when the inflaton is in the vacuum φ = 0. We therefore assume that, after inflation, the function I sets to a constant. We could then normalize I_{end} = 1.

We found it algebraically convenient to define “electric” and “magnetic” components of the gauge field as E_i ≡ − ⟨I⟩ a^2 A^′_i , B_i ≡ ⟨I⟩ a^2 ϵ_{ijk} ∂_j A_k (8)

where here and in the remainder of this work the Coulomb gauge A_0 = 0 is assumed. We do not necessarily assume A_μ is the Standard Model photon (more on this later), however, we will sometimes use the language “electric field” and “magnetic field”, by analogy with standard electromagnetism.

As the gauge field has no classical expectation value, its perturbations do not couple to that of the inflaton or of the geometry at linearized order. We can therefore solve for these perturbations by assuming a FRW background, and by treating I as a classical function. Therefore, we can simply set I ∝ a^n for the remainder of this Section. The time component of the vector equation of motion is solved by ∂_iA_i = 0, and we can decompose the vector potential as ⃗A = ∑ λ=± ∫ d^3k

(2π)^{3/2} ⃗ϵ_λ ( ⃗k ) e^{i⃗k·⃗x} [ a_λ ( ⃗k ) A_λ (k) + a^†_λ ( −⃗k ) A^∗_λ (k) ] , (9)

where the circular polarization operators satisfy ⃗k ·⃗ϵ_± ( ⃗k ) = 0, ⃗k ×⃗ϵ_± ( ⃗k ) = ∓ik⃗ϵ_± ( ⃗k ) , ⃗ϵ_± ( ⃗−k ) = ⃗ϵ_± ( ⃗k )_∗ , and are

normalized according to ⃗ϵ_λ ( ⃗k )_∗ · ⃗ϵ_λ′ ( ⃗k ) = δ_{λλ}′ . The annihilation / creation operators satisfy [ a_λ ( ⃗k ) , a^†_λ′ ( ⃗k′ )] = δ_{λλ}′ δ^{(3)} ( ⃗k − ⃗k′ ) . The vector mode functions then satisfy

V^{′′}_λ + ( k^2 − I^{′′} I ) V_λ = 0 , V_λ ≡ I A_λ (10)

where prime denotes derivative with respect to conformal time τ. For a constant I, one recovers the typical Minkowski e^{−ikτ} / √ 2k solution for the mode functions, due to the fact that the gauge field is conformally coupled to the FRW metric. For our purposes, it is sufficient to obtain the leading expression of the mode functions in a slow roll expansion. Namely, for the de Sitter limit a = −^1_{Hτ} , the mode solution that, up to an arbitrary constant phase, is normalized to e^{−ikτ} / √ 2k (the so called adiabatic vacuum) in the asymptotic early time / high momentum regime is

V_λ = i √ π 2 √ −τ H^{(1)}_{n+1/2} (−kτ) (11)

This solution has been discussed at length in [44] for all values of n, and it is unnecessary to review all their study here. We only discuss the n = 2 case, which results in a scale invariant “magnetic” field. Interesting non-gaussian properties of the primordial perturbations may be possible also for other values of n. The arbitrary phase in (11) has been chosen so that the function V_λ is real and positive in the super horizon limit.

In this case, the “electric” and “magnetic” gauge field operators during inflation reduce to ⃗E = ∫^{d3k}_{(2π)3/2} ei^⃗k·⃗x ⃗E_{⃗k} , ⃗E_{⃗k} = −^{H2 τ}_{√2} ∑_λ^1_{k1/2} ⃗ϵ_λ ( ⃗k ) [ a_λ ( ⃗k ) + a^†_λ ( −⃗k )]

⃗B = ∫^{d3k}_{(2π)3/2} ei^⃗k·⃗x ⃗B_{⃗k} , ⃗B_{⃗k} =^{3H2}_{√2} ∑_λ λ^1_{k3/2} ⃗ϵ_λ ( ⃗k ) [ a_λ ( ⃗k ) + a^†_λ ( −⃗k )] , −kτ ≪ 1 (12)

in the super-horizon limit. As for the standard scalar case, the mode function does not oscillate in the super-horizon regime, which is a signal that the field has become classical [55]. The energy densities are given by

ρ_E = ⟨ ⃗E^2⟩ 2 ≃ H^4 τ^2 4π^2 ∫ dk k ( 1 + k^2τ^2 ) , ρ_B = ⟨ ⃗B^2⟩ 2 ≃ 9 H^4 4π^2 ∫ dk k (13)

We must only compute the energy in the classical fields, and we therefore limit the integrals to momenta that have exited the horizon during inflation. Modes of smaller wavelength remain in their vacuum state and their contribution to the energy density must be renormalized away (this is part of the cosmological constant problem). The smallest momentum k_{min} ≃^1_{−τin} corresponds to modes that have exited the horizon at the start of inflation (we stress that we are computing theoretical expectations under a constrained and finite value for the total number of e-foldings of inflation). For any moment τ, the largest momentum k_{max} ≃^1_{−τ} corresponds to modes that have just exited the horizon at that moment. Therefore, for any τ ≫ τ_{in} during inflation, ρ_E ≃ 3 H^4 16π^2 , ρ_B ≃ 9 H^4 4π^2 ln a (τ) a (τ_{in})

(14)

These behaviors are very different from the usual behavior ρ ∝ a^{−4} for radiation. This shows that energy is being transferred from the inflaton to the gauge field through the I^2F^2 coupling. We also note that the energy in the “magnetic” component is greater than that in the “electric” one. The energy in the “magnetic” component is scale invariant, and the logarithmic increase in the final result is due to the increase of the phase space of the modes that have become classical. We also note, that, despite for most of the super-horizon modes the density^{dρE}_{dk} is several orders of magnitude smaller than^{dρB}_{dk} , and decreases with time, the total value of ρ_E is “only” logarithmically suppressed with respect to that of ρ_B . This is due to the fact that the integral for ρ_E has most of its support in the UV region, where the “electric” and “magnetic” energy densities are not too different from each other.

In passing, notice that our choice to produce scale-invariant “magnetic” fields – as opposed to “electric” fields – is essentially arbitrary from the perspective of primordial nongaussianity. Indeed, there is an electric/magnetic duality that leaves the Maxwell equations invariant under the replacement ⃗E → − ⃗B, ⃗B → ⃗E and I → 1/I; see [53] for more discussion. In this case at hand, this means that we can interchange the “electric” and “magnetic” spectra simply by taking n = −2 rather than n = 2. The feed-back of these produced fluctuations on the scalar inflaton is essentially unchanged under such a replacement.

B. Backreaction Bounds

Throughout the discussion above, we have assumed that the produced gauge field fluctuations have a negligible effect on the homogeneous background dynamics during inflation. To ensure that this assumption is consistent, we must verify several backreaction constraints. First, we require that the energy density in the “magnetic” field is much smaller than the potential energy driving inflation. Hence, we require ρ_B V ≃ 3 4π^2

H^2 M^2_p ln a (τ) a (τ_{in})

≪ 1 (15)

A second constraint arises because the produced gauge field fluctuations modify the homogeneous Klein-Gordon equation for the inflaton condensate φ_0(t). To ensure that the usual slow roll equations (6) are reliable, we require that the “driving force” in the inflaton equation of motion is dominated by the derivative of the inflaton potential. That is, we require: |V_{,φ}| ≫ | | |I^{,φ} I ⟨B^2⟩ | | | (16) Finally, we note that the backreaction of produced gauge fields can also lead to a correction for the effective mass of the inflaton. The easiest way to see this effect is to note that the action (4) contains a term of the form (I^2)_{,φφ}(δφ)^2⟨F^2⟩ once we expand φ = φ_0 + δφ and replace F^2 which its vacuum average, to estimate the magnitude of backreaction effects. We require that this “new” correction to the inflaton mass is much smaller than the Hubble scale so that we do not spoil the scale invariance of the spectrum. This amounts to a constraint 1 ϵM^2_p ⟨B^2⟩ ≪ H^2 (17)

The conditions (16) and (17) are more stringent than (15). In both cases, we obtain a constraint on the total number of e-foldings of inflation of the form

N_{tot} ≪ 10^{−1}P^{−1} (18)

where N_{tot} = ln [a_{end}/a_{in}] and we have defined P ≃ H^4 4π^2φ̇^2 ≃ H^2 8π^2M^2_p ϵ

≃ 2.5 · 10^{−9} (19)

which gives the amplitude of the power spectrum from the usual vacuum fluctuations [56]. (In this model there is also an additional contribution to the power spectrum coming from second order effects, however, we will always work in a regime where this is subdominant. More on this later.)

The condition (18) then indicates that backreaction is negligible provided that N_{tot} ≪ O ( 10^7 ) . Note that N_{tot} enters in this condition because the “magnetic” field energy grows (proportionally to the number of e-folds) during the whole duration of inflation. We stress that N_{tot} may be much greater than the number of e-folds N_{CMB} ≃ 50 − 60 which separates the moment at which the largest CMB scales exited the horizon to the end of inflation.

C. Connection with Magnetogenesis

Magnetic fields have been observed at many scales. They are present in structures (eg - galaxies, galaxy clusters and high redshift protogalactic structures) with strength ∼ 10^{−6} − 10^{−3} G, and in the low density intergalactic space with strength ∼ 10^{−14} − 10^{−17} G. See [46–48, 50] for reviews. The origin of these fields is not well understood. Although an astrophysical mechanism is not ruled out, the observed homogeneity and large coherence length (∼ kpc − Mpc) could suggest a primordial origin.

For a standard electromagnetic action, the photon is conformally coupled to a FRW geometry; loosely speaking, the scale factor drops from the action term √ −gF^2, and the photon remains in its vacuum state. Mechanisms for generation of magnetic field during inflation break the conformal invariance by introducing some extra-term. For instance, in [57] couplings to the curvature invariants of the type RA^2 and R_{μν} A^μA^ν were considered. These couplings however break the U(1) invariance associated to the electromagnetic field, and one should worry about the longitudinal photon component that they introduce. It was shown in [31, 32] that, with the R^2A^2 coupling introduced in [57], the longitudinal photon is a ghost. It is safer to consider models that preserve the U(1) invariance. Axial couplings^1_f φF F̃ have been considered in [58–60]. In such models it is typically difficult to produce a sufficiently large field. Note that any attempt to generate primordial magnetic fields via an axial coupling must take into account the limits on f due to nongaussianity from inverse decay effects [17–19], which are much more stringent than backreaction bounds.

The model (4) has been studied in connection with primordial magnetogenesis [36–38, 40, 43–45]. It is indeed tempting to identify A_μ with the standard model photon. If we do so, and we assume that the electromagnetic energy density scales in the standard way ρ ∝ a^{−4} from the end of inflation on, we find ( dρ_B d ln k )_{1/2} today

≃ 10^{−15} G ( H 10^{15} GeV

)_{2/3} ( T_{rh} 10^9 GeV )_{2/3} (20)

where we have assumed matter domination due to the coherent inflaton oscillations until reheating takes place at the temperature T_{rh}. We have also disregarded the current departure from matter domination (this gives a negligible correction to the estimate), and treated the value of H as constant during inflation. We note that a lower reheating temperature results in a smaller value of the magnetic field today [44]; the estimate obtained in [45] assumes that radiation domination starts immediately after inflaton. In this case the expression (20) evaluates to 10^{−10} G ( H/10^{15} GeV ) . The problem arising in associating the field A_μ with the electromagnetic photon has already been stressed in [44].

The model (4) must be supplemented by the action for the matter fields. The most minimal approach is to assume that I^2 (φ) only enters in the F^2 term, so that the relevant terms for the electromagnetic coupling of the (Standard Model) fermions are

L_{matter} = −

I^2(φ) 4 F^2 − ψ̄γ^μ(∂_μ + ie A_μ)ψ (21)

If this is the case, the “instantaneous” electric coupling constant is

e_{physical} ≡ e I^{−1} [φ_0(t)] (22)

During inflation we have I ∝ a^n and, consequently, for n > 0, the electric coupling constant decreases by a huge factor during inflation (we recall that the scale invariant B field is obtained for n = 2). Thus, if we take e_{in}^<∼ O(1) at the start of inflation, then the gauge coupling at the end of inflation will be extremely tiny. Assuming no further evolution of e_{physical} (t) in the post-inflationary epoch, we clearly cannot identify A_μ with our photon. Alternatively, if we normalize I such that e_{physical} after inflation coincides with the present value, we necessarily imply that e_{physical} was extremely large all throughout inflation, apart from the very last stages. Even if there were no real charged particles during inflation, this would lead to strong quantum effects from the vacuum fluctuations of these fields, and to a quantum theory (at the very least) out of computational control. This poses serious questions on any result obtained from the model. We stress that this problem is not present if A_μ is a hidden sector gauge field, since in this case one may assume that its associated physical coupling constant is^<∼ O(1) at the start of inflation.

We briefly comment on a few (unsuccessful) attempts to solve this problem. Firstly, we note that moving the function I^2 (φ) outside the entire electromagnetic-sector Lagrangian does not affect this issue. Indeed, multiplying the second term of (21) by any factor Ĩ affects both the fermionic kinetic term ψ̄∂_μψ and the vertex ψ̄A_μψ; however, the fermionic field enters quadratically in both expressions. After canonical normalization of the fermionic field, the factor Ĩ drops out from the physical value of the electric coupling constant. It is also difficult to imagine how one may try to modify the structure of the covariant derivative without spoiling gauge invariance.

Secondly, one may try to arrange for a time evolution of I during reheating in such a way that e_{physical} is brought from a very tiny value at the end of inflation (so to avoid the strong coupling problem during inflation) to the present value before the onset of Big-Bang Nucleosynthesis (given that only a fractional discrepancy from the current value can be tolerated then [61, 62]). We stress that this requires a huge change of I, which can be difficult to accomplish without disrupting the result for the magnetic field achieved during inflation. The comoving energy densities

ρ̄_B = 1 2π^2 ∫ dk k^4V^2 ≡ ∫ dk ρ̄_{Bk} ρ̄_E = 1 2π^2 ∫ dk k^2 ( V^′ − I^′ I V )_2 ≡ ∫ dk ρ̄_{Ek} (23) need to satisfy d dτ (ρ̄_{Ek} + ρ̄_{Bk}) = −2 I^′ I (ρ̄_{Ek} − ρ̄_{Bk}) (24)

If the electric component in this expression can be neglected, one finds ρ̄_{Bk} ∝ I^2; alternatively, if the magnetic component can be neglected, one finds ρ̄_{Ek} ∝ I^{−2}. In general, achieving such a large change in I during reheating does not appear feasible.

Thirdly, one may abandon the idea of identifying A_μ with the electromagnetic field, but still generate a large scale value of a hidden sector and weakly coupled A_μ, and then try to convert it to an electromagnetic field through some coupling. For instance, gauge invariance allows for

ΔL = χ 2 F^{μν} F^{em}_{μν} or ΔL = χ 2 ϵ^{μναβ} F_{μν} F^{em}_{αβ} (25)

The first coupling was originally proposed in [63], and one can promote χ from a constant parameter to the expectation value of a scalar field; in the second case, χ is a pseudo-scalar function. One could imagine that χ experiences a quick transition from zero to a nonvanishing value χ_∗ at some given time τ_∗ after inflation, when I has set to one (we model the transition with a step function; clearly this approximation will break at very small scales). Solving the equations of motion in vacuum at leading order in χ_∗, and requiring continuity of the vector potentials at τ_∗, one finds that the turning on of χ results in a partial conversion of the “electric” or of the “magnetic” component of A_μ into our electric field: ⃗E^{em} ≃ χ_∗ ⃗E in the first case in (25), and ⃗E^{em} ≃ χ_∗ ⃗B in the second case. This solution is obtained in absence of any charged particle. However, as soon as a plasma is formed, it shuts off the electric field well before it can convert into a magnetic field. If already present at τ_∗, the plasma would prevent any electric field generation at all.

In conclusion, none of these attempts appears to provide a solution to the strong coupling problem. We believe that a solution, if at all possible, will require a more radical modification of the model than those mentioned here.

III. OVERVIEW OF THE MECHANISM AND PHENOMENOLOGY

In this Section, we describe how the model impacts the cosmological perturbations. The emphasis is in describing the key points, and in summarizing the results. The actual rigorous computations are performed in Sections IV and V.

A. Summarized Discussion of the Mechanism

In the last Section, we showed that the homogeneous condensate φ_0(t) ≡ ⟨φ(t, ⃗x)⟩ leads to the production of a scale invariant spectrum of primordial “magnetic” fields via the coupling I^2(φ)F^2. However, this same coupling also provides a channel for the produced gauge field fluctuations to feed back into the perturbations of the inflaton δφ(t, ⃗x) ≡ φ(t, ⃗x) − φ_0(t). Heuristically, we can see this effect by looking at the equation of motion for the inflaton perturbations. This has the general form δφ^{′′} + 2Hδφ^′ − △δφ + a^2M^2δφ = a^2 I_{,φ} I [ ⃗E^2 − ⃗B^2 ] + · · · (26)

where H ≡ a^′/a, M^2 ≪ H^2, △ = ∂_i∂_i, and · · · denotes gravitational interactions and also terms involving more derivatives of I(φ), all of which give subdominant corrections to the phenomenology. We see from (26) that the large scale gauge field fluctuations can source inflaton perturbations. Schematically, the solution of (26) behaves as δφ = δφ_{vac} homogeneous

+ δφ_{sourced}

particular

(27)

The homogeneous solution is just the usual quantum vacuum fluctuation amplified by the quasi de Sitter expansion, δφ_{vac} ∼ H/(2π). On the other hand, we have an additional contribution which is sourced by the gauge field fluctuations. This new sourced contribution is uncorrelated with the vacuum fluctuations, hence its contribution in the n-point correlation functions will add incoherently with the standard results. Moreover, the source contribution to δφ is highly nongaussian; it is bilinear in the (nearly) gaussian gauge field fluctuations. The curvature fluctuation ζ = −^H_{φ̇0} δφ therefore will also be characterized by a new contribution that is nongaussian and uncorrelated with the vacuum part.

A completely analogous discussion applies also to the tensor perturbations. Since the produced gauge field fluctuations carry anisotropic stress/energy, they provide a new (essentially classical) source of gravitational waves which is uncorrelated with the standard vacuum fluctuations.

The underlying physics discussed here is very similar to the inverse decay processes that have been computed in [17– 19] and also the rescattering effects considered in [20–22]. However, in both of those cases the second order “sourcing” of inflaton perturbations occurred near horizon crossing, leading to a (nearly) equilateral bispectrum. Here, on the other hand, we have a source term that is most significant on very large scales. This large scale entropy mode leads to a (logarithmic) time evolution of ζ_{sourced} on super-horizon scales, and consequently the bispectrum is of nearly local shape.

B. Summary of the Key Phenomenology

We define the power spectrum of curvature fluctuations via ⟨ζ_{⃗k} ζ_{⃗k′} ⟩ = 2π^2 k^3

P_ζ (k)δ^{(3)} ( ⃗k + ⃗k^′ ) (28)

The final result for P_ζ , evaluated on large scales and at the end of inflation, is

P_ζ = P [ 1 + 192 P N^2_{CMB} (N_{tot} − N_{CMB}) ] (29)

where P^{1/2} ≡^{H2}_{2π|φ̇0|} is the amplitude of the power spectrum of the vacuum modes, N_{CMB} denotes the number of e-folds between the moment at which the large scales CMB modes leave the horizon and the end of inflation, and N_{tot} is the total number of e-folds of inflation. The first term in (29) is the usual contribution from the vacuum while the second term is the “sourced” contribution described heuristically in the last Subsection. Here we work to leading order in slow roll parameters, so the spectrum (29) is exactly flat. In a more complete computation we would see small departures from scale invariance ∝ k^{ns−1}.

We can physically understand the structure of (29) as follows. The suppression P ≪ 1 in the second term arises simply because we are computing an effect which is higher order in perturbation theory.^3 The factors of N_{CMB}, on the other hand, arise due to the logarithmic time evolution, ζ_{sourced} ∼ ln a, outside the horizon. Such growth is consistent since we have large scale entropy perturbations playing an important role in the dynamics. Finally, the factor N_{tot} − N_{CMB} is related to the phase space of contributing gauge field fluctuations. It is related to the number of B-modes that source the inflaton perturbation, and it is the counterpart of the logarithmic enhancement in the background density (14). We explain this in details after eq. (57). We should stress that equation (29) is valid only when N_{tot} ≫ N_{CMB}. Otherwise the factor N_{tot} − N_{CMB} is replaced by an order one factor.

Throughout this paper we will require that the sourced contribution to the power spectrum is subdominant:

192 P N^2_{CMB} (N_{tot} − N_{CMB}) < 1 (30)

This yields a constraint on the total number of e-foldings N_{tot} − N_{CMB} < O(10^{−6})P^{−1} (taking N_{CMB} ∼ 60 for illustration) which is considerably more stringent than the backreaction bounds discussed in the last Section.

3 See [27] for more discussion on the counting of such factors in models with particle production.

The bispectrum is given by the 3-point correlation function

⟨ζ_{⃗k1} ζ_{⃗k2} ζ_{⃗k3} ⟩ ≡ B_ζ (k_i) δ^{(3)} ( ⃗k_1 + ⃗k_2 + ⃗k_3 ) (31)

We have found that our bispectrum is very close to the local shape. Indeed, the “cosine” between our bispectrum and the local shape, as defined in [64] (this is a measure on how well a template reproduced a given bi-spectrum), is about 0.98. Nevertheless, here we will retain the full momentum dependence of the bispectrum, since it has a simple analytical shape.

As is conventional in the literature (see e.g. [65]), we defined a k-dependent nonlinearity parameter from computing the bispectrum and the power spectrum of ζ, and by comparing them with those obtained from

ζ (⃗x) = ζ_g (⃗x) + 3 5 f_{NL} [ ζ^2_g (⃗x) − ⟨ζ^2_g (⃗x)⟩ ] (32)

where ζ_g is gaussian. An explicit computation gives the result

f_{NL}(k_i) ≃ f^{equiv. local} NL × 3 4 1+cos^2(⃗k_1 , ⃗k_2 ) k^3_1 k^3_2 +

1+cos^2 (⃗k_1 , ⃗k_3 ) k^3_1 k^3 +

1+cos^2 (⃗k_2 , ⃗k_3) k^3_2 k^3 1 k^3_1 k^3_2 + 1 k^3_1 k^3 + 1 k^3_2 k^3

f^{equiv. local}

NL ≃ 1280 PN^3_{CMB} (N_{tot} − N_{CMB}) ≃ 0.7 ( N_{CMB} 60 )_3 (N_{tot} − N_{CMB}) (33)

where we have assumed that (30) is satisfied. We can a-posteriori see that this condition is indeed always satisfied whenever the result (33) is within the observational limits.

We have defined our “equivalent” local nonlinearity parameter as follows: we first note that both our bispectrum and the local template are enhanced in the squeezed limit. In this limit, our bispectrum satisfies

k^3_1 k^3 ⟨ζ_{⃗k1} ζ_{⃗k2} ζ_{⃗k3} ⟩ ∝ 1 + cos^2 ( ⃗k_1, ⃗k_3 ) , k_3 ≪ k_1 ≃ k_2

∝ cos ϵ Y^0_0 + sin ϵ Y^0_2 , ϵ ≡ tan^{−1} 1 2 √ 5 ≃ 0.22 (34)

where Y^0_l are normalized spherical harmonics, characterized by the angle between ⃗k_1 and ⃗k_3. The average of f_{NL} over all possible values of this angle is then equal to the average of f^{equiv. local}_{NL} . Note that the current CMB limit on local shape nongaussianity is −10 < f^{local}_{NL} < 74 at 95% CL [66].

Using the local template to study this signature is clearly a good approximation, given that the local template is characterized by the monopole part only in (34), and that cos ϵ ≃ 0.98. However, we note more than 1/5 of the amplitude in (34) is contributed by the quadrupole part. This is in contrast to what typically happens in nongaussianity from scalar fields only, where the quadrupole and higher harmonic terms in the squeezed limit expansion are suppressed by powers of k_3/k_1 and give a negligible contribution in this limit [26]. The angular dependence is imprinted by a “directionality” generated by the largest wavelength mode k^{−1}_3 , seen by the smaller modes when they leave the horizon. In the scalar case, the directionality is typically due to a gradient, and therefore it vanishes in the k_3 → 0 limit. In our case, the directionality is due to the polarization of the vectors, and it therefore remains finite in the limit.

Let us also discuss the parametrical dependence of f^{equiv. local}_{NL} . The factor N^3_{CMB} is due to the super-horizon growth of the three modes used in computing the three point function. The factor N_{tot} − N_{CMB} is due to the number of super-horizon modes that contribute to the correlator, analogously to what we have described in relation to (29). Also in this case, this factor is replaced by an order one factor if N_{tot} is close to N_{CMB}.

The “magnetic” fields also produce gravity wave modes, which add incoherently with the vacuum ones. The power of gravity waves produced during inflation is conventionally parametrized by the ratio r of their power divided by the scalar power. We find r ≡ P_{GW} P_ζ ≃ 16 ϵ 1 + 48 ϵ P N^2_{CMB} (N_{tot} − N_{CMB}) 1 + 192 P N^2_{CMB} (N_{tot} − N_{CMB})

(35)

which gives the standard result r ≈ 16ϵ when the vacuum modes dominate the power spectrum of curvature fluctuations.

IV. SCALAR PERTURBATIONS

To encode the effect of the gauge field on the cosmological perturbations we need to study the perturbations up to second order. Therefore, we decompose

φ = φ_0 + δ_1φ + δ_2φ , g_{μν} = g_{μν 0} + δ_1g_{μν} + δ_2g_{μν} , A_μ (36)

The gauge field has no zero order part, and, as we discuss below, we do not need to evaluate it at second order.

Since the gauge field has no zero order part, the metric/inflaton perturbations do not mix with the gauge field modes at linear order; this is because the gauge field enters already quadratically in the action for the perturbations, through the expansion of the last term in (4). This is the same reason that in the previous Section allowed us to compute A_μ disregarding inflaton and metric perturbations. We note that the gauge field can still affect the first order metric/inflaton perturbations through its backreaction on the background evolution. This can be disregarded under the assumption that the two conditions (15) and (18) hold.

Therefore, at the linearized level the standard results of scalar field inflation hold. We work in the spatially flat gauge for the scalar perturbations, δg_{ij} = 0. In this gauge, the curvature perturbation on uniform density hypersurfaces is ζ = −^H_{φ̇0} δφ. As we show in Appendix A, one finds [ ∂^2 ∂τ^2 + 2H ∂ ∂τ − △ + ( a^2V_{,φφ} − 3 (φ^′_0)^2 M^2_p )] δ_1φ = 0 , (37)

which is the standard equation for the Mukhanov-Sasaki [67, 68] variable rewritten in terms of ζ; the last term in this equation has been simplified using slow roll approximation. Finally, H =^{a′}_a = aH. Here we have disregarded corrections to the effective mass due to backreaction effects; see Section II. In the end we will only perform computations at leading order in slow roll parameters, hence this neglect has no impact on our final results.

To compute the effect of the gauge fields on the cosmological perturbations we expand all the equations of the system at second order in the perturbations. We combine these equations in the same formal way that they are combined to obtain (37). In this way we obtain a “master equation” for δ_2φ that does not contain any δ_2g_{μν} mode. As we show in Appendix A, this equation reads [ ∂^2 ∂τ^2 + 2H ∂ ∂τ − △ + ( a^2V_{,φφ} − 3 (φ^′_0)^2 M^2_p )] δ_2φ = J_1 [ A^2 ] + J_2 [ (δ_1φ)^2 , (δ_1g)^2 , δ_1φ × δ_1g ] (38)

where

J_1 [ A^2 ] ≡ a^2 2 I^2_{,φ} I^2 ( ⃗E^2 − ⃗B^2 ) − a^2φ^′_0 2HM^2_p [ ⃗E2 + ⃗B2 2 + 1 a^4 △^{−1}∂_τ ( a^4 ⃗∇ · ( ⃗E × ⃗B) ) ] (39)

As for the linear theory equation, we have disregarded a backreaction-induced correction to the effective mass.

Note that our model (4) contains higher dimension interactions between the inflaton and gauge fields of the form ∑ n c_n(δφ)^nF^2 which arise from expanding the coupling function I^2(φ) in powers of δφ. These couplings will enter into the calculation explicitly at higher order in perturbation theory. Using the in-in formalism, we have verified that such high dimension operators do not modify our leading order results for the spectrum and bispectrum.

The right hand side of (38) comprises of two sources for δ_2φ; the first source contains terms at second order in the gauge perturbations, and has been completely given in (39). The second source contains terms that are the product of two first order inflaton perturbations, or of two first order metric perturbations (not only the scalar ones), or of one first order inflaton perturbations times one first order metric perturbation. We note that no “mix source” of the type δ_1φ × A or of the type δ_1g_{μν} × A_μ in present in (38), because A_μ does not enter linearly in (4).

Expression (38)-(39) was first obtained in [43] by extremizing the cubic order action of the perturbations. This is equivalent to working directly with the equations expanded at second order, and we have verified that our result coincides with that of [43]. The source J_2 is the standard result obtained at second order in single scalar field inflation. The scalar part of this expression in the gauge we have adopted is explicitly given in [69].

Therefore, the inflaton perturbation is formally given by

δφ = (δ_1φ + δ_2φ|_{sourced by J2} ) + δ_2φ|_{sourced by J1} (40)

The part in parenthesis is the standard result obtained in single scalar field inflation, with only negligible corrections coming from the backreaction of the gauge field on the background dynamics. The δ_2φ|_{sourced by J2} term is clearly negligible in the primordial power spectrum, and also leads to unobservable non-gaussianity [2–5]. We therefore disregard it in this work. The last term in (40) encodes the effect of the gauge field on the inflaton perturbations. We note that this term is uncorrelated with the other two, since the quantum/statistical operators entering in J_1 are those of the gauge field. Therefore, we are interested in computing ⟨ δφ^2 ⟩ ≃ ⟨ (δφ_{vacuum})^2 ⟩ + ⟨ (δφ_{sourced})^2 ⟩ , ⟨ δφ^3 ⟩ ≃ ⟨ (δφ_{sourced})^3 ⟩ (41)

where

δφ_{vacuum} ≡ δ_1φ , δφ_{sourced} ≡ δ_2φ|_{sourced by J1} (42)

We combine (37) and (38) in a unique equation for δφ = δφ_{vacuum} + δφ_{sourced}, where the two quantities are defined in (42). We approximate this equation in slow roll approximation and we keep only the leading source term that arises from the direct I^2F^2 coupling. This gives [ ∂^2_τ + 2 a^′ a ∂_τ − △ ] δφ ≃ J , J = a^2 2 I^2_{,φ} I^2 [ E^2 − B^2 ] ≃ − √ 2 ϵ a^2 M_p [ E^2 − B^2 ] (43)

We note that the source E^2 − B^2 interacts with the inflaton perturbation with a strength that is gravitationally suppressed but slow roll 1/ √ ϵ enhanced (this is one of the enhancements that make non-gaussianity visible in the model). The remaining terms in (39) have the same scale dependence, but an interaction strength that is both gravitationally and slow roll √ ϵ suppressed. The same suppression characterizes all the terms in J_2. Therefore, the dominant source is that one arising from the direct inflaton-gauge field coupling I^2 (φ) F^2. We explicitly see that simply computing the effect on δφ from the gauge fields in an unperturbed metric reproduces the leading results for δ_2φ.

In this calculation, we have estimated the curvature perturbation in flat gauge as ζ = −^H_φ′_0 δφ. This equation actually receives corrections at second order; however, these corrections are (1) subdominant at the end of inflation, and (2) become even smaller (by several orders of magnitude) during reheating, when the energy in the gauge field decreases faster than the one of the dominating plasma (the equation of state of the dominating plasma is either the one of matter - for perturbative reheating - or intermediate between the one of matter and radiation [70] - in the nonperturbative case). We explicitly show this in Appendix B.

A. The two point correlation function, and the correction to the power spectrum

We are interested in the primordial curvature perturbation, given by ζ(t, ⃗x) = − H φ̇_0 δφ(t, ⃗x) (44) The two point correlation function in momentum space is related to the power spectrum by the standard expression

H^2 φ̇^2_0 ⟨ δφ_{⃗k} a δφ_{⃗k′} a ⟩ = ⟨ ζ_{⃗k}ζ_{⃗k′} ⟩ ≡ P_ζ (k) 2π^2 k^3 δ^{(3)} ( ⃗k + ⃗k^′ ) (45)

where all quantities are evaluated at some time τ, and where we use the convention δφ(τ, ⃗x) = 1 a ∫ d^3k (2π)^{3/2} δφ_{⃗k} (τ) e^{i⃗k·⃗x} , δφ_{⃗k} = δϕ_k a ( ⃗k ) + δϕ^∗_k a^† ( −⃗k ) (46)

We define the Fourier transform of the source as J_{⃗k} ≡ a ∫ d^3x

(2π)^{3/2} e^{−i⃗k·⃗x}J = − √ 2 ϵ a^3 M_p ∫ d^3p

(2π)^{3/2} [ ⃗E_{⃗p} · ⃗E_{⃗k−⃗p} − ⃗B_{⃗p} · ⃗B_{⃗k−⃗p} ] (47)

where (12) and (43) have been used. We find J_{⃗k} (τ) ≃ − H^4 a^3 (τ) √ 2ϵ M_p ∑ λ,λ^′ ∫ d^3p

(2π)^{3/2} ⃗ϵ_λ (⃗p) · ⃗ϵ_λ′ ( ⃗k − ⃗p ) [ τ^2 |⃗p|^{1/2} |⃗k − ⃗p|^{1/2} − 9λλ^′ |⃗p|^{3/2} |⃗k − ⃗p|^{3/2} ]

× [ a_λ (⃗p) + a^†_λ (−⃗p) ] [ a_λ′ ( ⃗k − ⃗p ) + a^†_λ′ ( −⃗k + ⃗p )] (48)

We stress that the first term in the square parenthesis in the first line of (48) is the E-contribution to the source, while the second term is the B−contribution.

Combining eqs. (43), (46), and (47), the equation for the Fourier modes of the inflaton perturbations reads δφ^{′′}_{⃗k} + ( k^2 − a^{′′} a ) δφ_{⃗k} ≃ J_{⃗k} (49) where all quantities are evaluated at the time τ.

The homogeneous solution to this equation is the standard vacuum solution, which leads to the standard result (19) for the power spectrum (45). The homogeneous equation is obtained with the Green function method

δφ_{⃗k} |_{sourced} = ∫_τ τ_{in}

dτ^′G_k (τ, τ^′) J_{⃗k} (τ^′) (50)

The leading order result in slow roll approximation is obtained by using the retarded Green function of eq. (49) in de Sitter space. G_k (τ, τ^′) ≃ 1 k^3 τ τ^′

[kτ^′ cos (kτ^′) − sin (kτ^′)] , |k τ| ≪ 1 ≃ − τ^{′2} 3 τ , |k τ| , |k τ^′| ≪ 1 (51) Using the source (48), and the identity |⃗ϵ_λ (⃗p) · ⃗ϵ_λ′ (⃗q)|^2 = 1 4 (1 − λ λ^′ p̂ · q̂)^2 (52)

(where hat denotes a unit vector) we obtain ⟨ δφ_{⃗k} a δφ_{⃗k′} a ⟩ τ |_{sourced} ≃

H^4 δ^{(3)} ( ⃗k + ⃗k′ ) 9ϵM^2_p k^3 ∫ d^3q (2π)^3 ∫ dy^′ y^′ ∫ dy^{′′} y^{′′} × [ 1 + cos^2 ( ⃗q, k̂ − ⃗q )] y^{′2} y^{′′2} |⃗q| | |k̂ − ⃗q | | + 81 |⃗q|^3 | |k̂ − ⃗q | |^3

+ 18 cos ( ⃗q, k̂ − ⃗q ) y′2 + y′′2 |⃗q|^2 | |k̂ − ⃗q | |^2 (53)

where we have introduced the dimensionless integration variables ⃗q = ⃗p/k, y^′ = −kτ^′, and y^{′′} = −kτ^{′′}. The momentum integral need to be restricted so that the gauge modes participating in the original convolution were inside the horizon at the start of inflation (otherwise they would not be produced by this mechanism). This means |⃗q| , |k̂ − ⃗q| > 1 k |τ_{in}| (54)

The time integrations are instead restricted to times which are between τ_{in} and τ, and for which the sourcing modes have exited the horizon. This means τ_{in}, −^1_{|⃗p|} , −^1_{|⃗k−⃗p|} < τ^′, τ^{′′} < τ. We do not need to include τ_{in} in this condition thanks to (54). Therefore, the time integrals in (53) are restricted to k |τ| < y^′, y^{′′} < Min [ 1 |⃗q| , 1 |k̂ − ⃗q| ] (55)

In Section II we saw that the energy density in the produced B−field is logarithmically enhanced with respect to that in the E−field. Eq. (53) shows that the an analogous logarithmic enhancement takes place in the source of δφ. In this case, all the three integrals in (53) present an enhancement. Disregarding the subdominant E−contribution, and performing the time integrals, the expression (53) gives ⟨ δφ_{⃗k} a δφ_{⃗k′} a ⟩ τ |_{sourced} ≃

9H^4 ϵM^2_p δ^{(3)} ( ⃗k + ⃗k′ ) k^3 ∫ d^3q (2π)^3

1 + cos^2 ( ⃗q, k̂ − ⃗q )

|⃗q|^3 | |k̂ − ⃗q | |^3 ln^2 Min [_1 |⃗q| , 1 |k̂−⃗q| ] k|τ| (56)

The momentum integral has most of its support at the two logarithmic poles; due to the symmetry between the two poles, we can simply evaluate the integral for |⃗q| ≃^1_{k|τin|} ≪ 1 and multiply the result by two: ⟨ δφ_{⃗k} a δφ_{⃗k′} a ⟩ τ |_{sourced} ≃ 12 π^2

H^4 ϵ M^2_p δ^{(3)} ( ⃗k + ⃗k′ ) k^3 ln^2 1 k|τ| ln (k|τ_{in}|) (57)

The first logarithmic enhancement is due to the growth of the two modes^{δφ⃗k}_a and^{δφ⃗k′}_a in the super-horizon regime. The growth is due to the presence of the entropy modes A_μ. At the end of inflation ln^{2 1}_{k|τ |} = N^2_{CMB}. The second enhancement ln (k|τ_{in}|) = N_{tot} −N_{CMB} is due to the number of gauge field modes that source the inflaton perturbation. More specifically, we have seen that each sourced inflaton mode is obtained as a convolution of two gauge field modes. The momenta of these two modes need to add up to the momentum of the inflaton mode. The second enhancement occurs in the IR limit of one of the two gauge modes. This enhancement is the counterpart of the enhancement taking place for ρ_B , which is also due to the number of large wavelength modes produced during inflation.

As we discussed, the contribution (57) adds up incoherently with the vacuum one in (45). Using the relation ζ = −^H_{φ̇0} δφ, the sum gives

P_ζ |_{end inflation} ≃ P [ 1 + 192 P N^2_{CMB} (N_{tot} − N_{CMB}) ] (58)

where we recall that P is the contribution from the vacuum term, for which the standard slow roll expression (19) holds. We also remind that N_{CMB} ≃ 50 − 60 is the number of e-folds before the end of inflation when the largest scale CMB modes left the horizon, while N_{tot} is the total number of e-folds of inflation. The enhancement from the momentum integral takes place for N_{tot} ≫ N_{CMB}; if inflation only lasted about the observed number of e-folds, then we estimate that the final momentum integral produces an order one result, so that the result (58) remains valid as an order of magnitude estimate.

For N_{tot} ≫ N_{CMB} ∼ 60, the ratio between the sourced and the standard power spectrum is ≃ 1.7 · 10^{−3} N_{tot}. The standard term dominates provided that inflation lasted less than about 600 e-folds. In the work, we assume that this is the case.

B. The three point correlation function, and observable non-gaussianity

We are interested in the three point correlation function of ζ as a measure of non-gaussianity. A common parametrization of nongaussianity is the nonlinearity parameter f_{NL}, introduced by assuming that the curvature perturbation may be expanded as

ζ (⃗x) = ζ_g (⃗x) + 3 5 f_{NL} [ ζ^2_g (⃗x) − ⟨ζ^2_g (⃗x)⟩ ] (59)

where ζ_g (x) is a gaussian random field (see our discussion in [18] for a detailed explanation of the sign conventions and 2π factors in the following expressions). Both ζ and ζ_g may be decomposed as in (46) so that the relation between the q-modes of the Fourier decomposition is ζ_{⃗k} = ζ_{g,⃗k} + 3 5 f_{NL} ∫ d^3p

(2π)^{3/2} ζ_{g,⃗k} ζ_{g,⃗k−⃗p} (60) The three point correlator of ζ_g vanishes, as this field is gaussian. However, due to the quadratic term in (59), the three point correlator of ζ is nonvanishing, and can be expressed through a sum of two point correlators of ζ_g . One finds ⟨ζ_{⃗k1} ζ_{⃗k2} ζ_{⃗k3} ⟩ = 3 10 (2π)^{5/2} f_{NL}P_ζ (k)^2 δ^{(3)} ( ⃗k_1 + ⃗k_2 + ⃗k_3 ) ∑_i k3_i Π_ik^3_i

(61)

where the power spectrum was defined in (45). To obtain this expression, one identifies the two point function of ζ with that of ζ_g (as the difference is subleading in a perturbative expansion), and disregards the mild scale dependence of the power spectrum.

By evaluating ⟨ζ^3⟩, and by inserting it in (61), one defines an “effective” (momentum dependent) nonlinearity parameter, even when the intrinsic nongaussianity is not of the local form (59). The dependence of f_{NL} on the relative size of the momenta is denoted as “shape” of the non-gaussianity. Ref [64] provides a method to evaluate whether the shape obtained in a given model is well reproduced by the local template (namely, f_{NL} constant in (61)) or by any other template employed in data analysis.

As nongaussianity from the vacuum term is negligible, we need to compute ⟨ ζ_{⃗k1} ζ_{⃗k2} ζ_{⃗k3} ⟩ ≃ − H^3 φ̇^3_0 ⟨ δφ_{⃗k} 1 a δφ_{⃗k2} a δφ_{⃗k3} a ⟩ |_{sourced} (62)

where each expression is evaluated at some given time τ.

We proceed as in the previous Subsection by inserting the source (48) into (50) and by evaluating the correlator. Keeping only the dominant “magnetic” source, we obtain

⟨_3 ∏ i=1 δφ_{⃗ki} a ⟩ τ |_{sourced} ≃ 1 a^3 (τ) 729 8π^{9/2}

H^3 ϵ^{3/2}M^3_p 3∏ i=1 ∫ dτ_i G_{ki} (τ, τ_i) (−τ_i)^3 ∑ λ_i σ_i ∫ d^3p_i ⃗ϵ^{(λi)} (⃗p_i) · ⃗ϵ^{(σi)} ( ⃗k_i − ⃗p_i ) |⃗p_i|^{3/2} |⃗k_i − ⃗p_i|^{3/2} ×δ_{σ1λ2} δ^{(3)} ( ⃗k_1 − ⃗p_1 + ⃗p_2 ) δ_{σ2λ3} δ^{(3)} ( ⃗k_2 − ⃗p_2 + ⃗p_3 ) δ_{σ3λ1} δ^{(3)} ( ⃗k_3 − ⃗p_3 + ⃗p_1 ) (63)

(where the δ−functions emerge from commutators between a and a^† gauge field operators in the standard way) where the integration regions are bounded in an analogous way as for the two point function: |⃗p_i|, |⃗k_i − ⃗p_i| > 1 |τ_{in}| , |τ| < |τ_i| < Min [ 1 |⃗p_i| , 1 |⃗k_i − ⃗p_i| ] (64)

Performing the time integrals and employing the δ−functions, we obtain ⟨_3 ∏ i=1 δφ_{⃗ki} a ⟩ τ |_{sourced} ≃ 27 8π^{9/2}

H^6 ϵ^{3/2}M^3_p δ^{(3)} ( ⃗k_1 + ⃗k_2 + ⃗k_3 )

× ∫ d^3p ln Min [ 1 |⃗p| |τ| , 1 |⃗k_1 − ⃗p| |τ| ] ln Min [ 1 |⃗k_1 − ⃗p| |τ| , 1 |⃗k_3 + ⃗p| |τ| ] ln Min [ 1 |⃗k_3 + ⃗p| |τ| , 1 |⃗p| |τ| ]

× ∑ λ_1 ϵ

(λ_1 )∗ k (⃗p) ϵ^{(λ1)}_i (⃗p) ∑ λ_2 ϵ

(λ_2)∗ i ( ⃗p − ⃗k_1 ) ϵ^{(λ2 )}_j ( ⃗p − ⃗k_1 ) ∑ λ_3 ϵ

(λ_3)∗ j ( ⃗p + ⃗k_3 ) ϵ^{(λ3)}_k ( ⃗p + ⃗k_3 ) |⃗p|^3 |⃗p − ⃗k_1|^3 |⃗p + ⃗k_3|^3 (65)

where, due to (64), the integration region is delimited by |⃗p|, |⃗p − ⃗k_1|, |⃗p + ⃗k_3| > 1 |τ_{in}| (66)

The momentum integral in (65) has most of its support at the three logarithmic poles; each pole occurs when one of the three quantities in (66) reaches its minimal value^1_{|τin|} . Formally,

⟨_3 ∏ i=1 δφ_{⃗ki} a ⟩ τ |_{sourced} ≃ C_{|⃗p|≃} 1_{|τin |} [ ⃗k_1, ⃗k_2, ⃗k_3 ] + C_{|⃗p−⃗k1 |≃} 1_{|τin |} [ ⃗k_1, ⃗k_2, ⃗k_3 ] + C_{|⃗p+⃗k3 |≃} 1_{|τin |} [ ⃗k_1, ⃗k_2, ⃗k_3 ] (67)

where C refers to the contribution to the integral in (65) from the region close to the pole indicated by the suffix.

To evaluate the contribution from the second region, we redefine the integration variable as ⃗p → ⃗p + ⃗k_1; we then see that this contribution is formally equal to the contribution from the first region, provided the external momenta in the first region are changed as ⃗k_1 → ⃗k_2, ⃗k_2 → ⃗k_3, and ⃗k_3 → ⃗k_1. Analogously, to evaluate the contribution from the third region, we redefine the integration variable as ⃗p → ⃗p − ⃗k_3; we then see that this contribution is formally equal to the contribution from the first region, provided the external momenta in the first region are changed as ⃗k_1 → ⃗k_3, ⃗k_2 → ⃗k_1, and ⃗k_3 → ⃗k_2. We therefore have ⟨_3 ∏ i=1 δφ_{⃗ki} a ⟩ τ |_{sourced} ≃ C_{|⃗p|≃} 1_{|τin|} [ ⃗k_1, ⃗k_2, ⃗k_3 ] + permutations (68)

To evaluate this contribution, we use the identity ∑ λ ϵ^{(λ)∗}_i (⃗p) ϵ^{(λ)}_j (⃗p) = δ_{ij} − p̂_i p̂_j (69)

and we obtain ⟨_3 ∏ i=1 δφ_{⃗ki} a ⟩ τ |_{sourced} ≃ 27 8π^{9/2}

H^6 ϵ^{3/2}M^3_p δ^{(3)} ( ⃗k_1 + ⃗k_2 + ⃗k_3 )

× { ln 1 k_1 |τ| ln 1 k_3 |τ| ln Min [ 1 k_1 |τ| , 1 k_3 |τ| ] 8π 3 [ 1 + cos^2 ( ⃗k_1, ⃗k_3 )] 1 k^3_1 k^3 ln Min [k_1 |τ_{in}|, k_3 |τ_{in}|]

+permutations } (70)

Assuming that the external momenta are not too hierarchical (see below), we disregard the difference among them in the argument of the logarithms. The expression for the correlator, evaluated at the end of inflation, then simplifies to ⟨_3 ∏ i=1 δφ_{⃗ki} a ⟩ τ_{end}

|_{sourced} ≃ 144 √ 2 π P^{3/2} H^3 δ^{(3)} ( ⃗k_1 + ⃗k_2 + ⃗k_3 ) N^3_{CMB} (N_{tot} − N_{CMB})

× 1 + cos^2 ( ⃗k_1, ⃗k_2 ) k^3_1 k^3_2 + 1 + cos^2 ( ⃗k_1, ⃗k_3 ) k^3_1 k^3 + 1 + cos^2 ( ⃗k_2, ⃗k_3 ) k^3_2 k^3

(71)

We can now evaluate the 3-point function of the curvature perturbation using the relation ζ = −^H_{φ̇0} δφ and introduce a momentum-dependent nonlinearity parameter by comparison with (61). We find:

f_{NL}(k_i) ≃ f^{equiv. local} NL × 3 4 1+cos^2(⃗k_1 , ⃗k_2 ) k^3_1 k^3_2 +

1+cos^2 (⃗k_1 , ⃗k_3 ) k^3_1 k^3 +

1+cos^2 (⃗k_2 , ⃗k_3) k^3_2 k^3 1 k^3_1 k^3_2 + 1 k^3_1 k^3 + 1 k^3_2 k^3

f^{equiv. local} NL ≃ 1280 P^3 P_ζ (k)^2

N^3_{CMB} (N_{tot} − N_{CMB}) (72)

If the power spectrum is dominated by the vacuum fluctuations (which we assume for this work) then we have P_ζ (k) ≈ P and f^{equiv. local}

NL ≃ 1280 PN^3_{CMB} (N_{tot} − N_{CMB}).

We conclude by noting that a more precise shape than (72) can be readily obtained from (70) also for hierarchical momenta; for instance, in the limit k_1 ≪ k_2 ≃ k_3, the third term in the numerator of f_{NL}(k_i) becomes irrelevant, and the N_{CMB} factors entering in f^{equiv. local}_{NL} should read N_{CMB,1} N^2_{CMB,2} (N_{tot} − N_{CMB,1}), where N_{CMB,i} refers to the horizon-exit of the mode with momentum k_i.

V. TENSOR MODES

Production of gauge field fluctuations during inflation and its effect on the curvature perturbation have been discussed in the previous Sections. The produced gauge quanta, however, affect not only the scalar but also tensor perturbations (gravity waves). Metric perturbations couple to each content of the universe and are inevitably sourced by the produced gauge field fluctuations. To see the effect, we consider the transverse and traceless components of the spatial metric perturbations: g_{ij} = a^2 (δ_{ij} + h_{ij} ), with h_{ii} = 0 and ∂_ih_{ij} = 0. As the matter content is scalar and vector, h_{ij} is the only tensor perturbations in the model.

From the Einstein equations, one finds the same equations for h_{ij} in terms of the physical E_i and B_i as in [18], 1 2a^2 ( ∂^2_τ + 2 a^′ a ∂_τ − △ ) h_{ij} = − 1 M^2_p

(E_iE_j + B_iB_j )^{T T} (73) where T T denotes the transverse and traceless projection of the spatial components of the energy-momentum tensor of the gauge field.^4 Since the gauge field has no expectation value, there is no coupling to the tensor perturbations at linearized level. Thus (73) is in fact up to second order, and the right-hand side should in principle contain the source terms from squares of the first-order inflaton and metric perturbations. As for δ_2φ, such source terms are uncorrelated and subdominant to those from the gauge field.

Tensor modes (or GW) are transverse and traceless part of δg_{ij} and have two physical degrees of freedom, the left-handed (L) and right-handed (R). It is convenient to decompose tensor perturbations as h_{ij} (τ, ⃗x) = ∫ d^3k

(2π)^{3/2} e^{i⃗k·⃗x} ∑ s=L,R Π_{ij,s} (⃗ k )^ h_s (⃗ k ) (74)

where ĥ_s (⃗ k ) = h_s (k) a_s(⃗k) + h^∗_s (k) a^†_s(−⃗k), and the helicity projectors are Π_{ij,L/R} (⃗ k ) = e^{(∓)}_i (⃗ k ) e^{(∓)}_j (⃗ k ) , which clearly have the properties Π_{ii,s} (⃗ k ) = k̂_i Π_{ij,s} (⃗ k ) = 0. Note that h_s (k) depends only on the magnitude of ⃗k. Since the mechanism of GW production is analogous to that of the curvature perturbations, presented in detail in the previous Sections, we merely show the result of our computation here. Define GW power spectrum P_{L/R} in the usual way, ⟨ ĥ_s(⃗k) ĥ_s ( ⃗k^′ )⟩ ≡ P_s (k) 2π^2 k^3 δ^{(3)} (⃗ k + ⃗k^′ ) (75)

where s = L/R. As for the scalar perturbations, the GW modes produced by the gauge quanta are uncorrelated with those from vacuum fluctuations, and so the two contributions simply add up in the power spectrum. The two helicity states are produced in the same amount, and their sum gives

P_{GW} (k) ∼=

2H^2 π^2M^2_p [ 1 + 6H^2 π^2M^2_p ln^2 a (τ) H k ln k a (τ_{in}) H ] (76)

where the first term in the square brackets is the contribution from the vacuum and the latter from the source. Evaluating this expression at the end of inflation gives

P_{GW}|_{end inflation} =

2H^2 π^2M^2_p [ 1 + 6H^2 π^2M^2_p

N^2_{CMB} (N_{tot} − N_{CMB}) ] (77)

As expected, the standard vacuum part dominates in the regime we are interested in: when the vacuum contribution to P_ζ is dominant over that from the source, the same is also true for the GW power spectrum; this is due to the fact that the tensor modes are only produced gravitationally, while the dominant source of the scalar modes is the direct inflaton-gauge field coupling; (this coupling is mathematically enhanced with respect to the gravitational one by 1/ϵ). In this regime, the tensor-to-scalar ratio r reproduces the standard result:^5

r ≈ 16ϵ (78)

VI. VALIDITY OF PERTURBATION THEORY

It is important to verify that cosmological fluctuations remain small in our model, to justify a perturbative analysis. In this Section we consider several different diagnostics, arguing that perturbation theory is well under control, and that the second order results we have computed are subdominant with respect to the standard first order results (apart of course for what concerns the non-gaussian nature of ζ, which is not present in the linearized theory).

As discussed previously, the produced gauge field fluctuations backreact on the classical background, by contributing to the total energy density in the Friedmann equation and by introducing dissipation into the equation for the homogeneous inflaton. A first consistency check is to ensure that these effects are negligible, which we have already shown in Section II.

4 This projection can be done by an operator O_{ij,lm}, which can be expressed in the momentum space as O_{ij,lm} (^ k ) = P_{il} (^ k ) P_{jm} (^ k ) − 1 2 P_{ij} (^ k ) P_{lm} (^ k ) , where P_{ij} (^ k ) = δ_{ij} − k̂_ik̂_j .

5 We define the tensor-to-scalar ratio in the usual way, by normalizing the power in GW to that in curvature perturbations: r ≡ P_{GW} /P_ζ = (P_L + P_R) /P_ζ .

Another important diagnostic is the variance of curvature fluctuations, ⟨ζ^2⟩^{1/2} (in general, we need to compute the variance of a perturbation as a measure of the value of that perturbation in real space). Using our previous result for the 2-point correlation function in momentum space, it is straightforward to compute the total variance of curvature fluctuations ⟨ζ^2(τ, ⃗x)⟩ = ⟨ζ^2(τ, ⃗x)⟩ | |_{vac} + ⟨ζ^2(τ, ⃗x)⟩ | |_{sourced} , ∼= P ∫ dk k + 192P^2 ∫ dk k ln^2 ( a(τ)H k ) ln ( k a_{in}H ) , ∼= P ln ( a(τ) a_{in} ) [ 1 + 16P ln^3 ( a(τ) a_{in} )] . (79)

To compute (79) we have integrated from k_{min} = a_{in}H to k_{max} = a(τ)H, since we should count the phase space of super-horizon modes from the onset of inflation to the time τ. Equation (79) shows that ⟨ζ^2⟩^{1/2} ≪ 1 generically and, moreover, contributions from sourcing effects are controlled by the small parameter P ∼ 10^{−9}.

Since the spectrum of sourced curvature fluctuations exhibits a logarithmic growth, one might worry about estimators of inhomogeneity that contain derivatives of the fluctuations, for example the energy density or the Weyl curvature. We consider such diagnostic in the next two Subsections, which are devoted to the contributions from tensor and scalar modes, respectively. In the final Subsection we conclude that perturbation theory is well under control.

A. Tensor Modes

We first consider the contribution to the energy density and Weyl tensor from tensor perturbations, since they are technically simpler to evaluate.

The energy density in gravitational waves contains a contribution due to the usual vacuum fluctuations, and an uncorrelated contribution from sourcing effects. The former is given by

δρ_{GW}|_{vac} =

M^2_p 16π^2a^2 ∑ λ ∫ dkk^2 [ |h^′_λ(k)|^2 + k^2|h_λ(k)|^2 ] vac ≈ H^2 4π^2 1 a^2 ∫ dk k [ k^2 + 2k^4τ^2 ] ≈ H^4 4π^2

(80)

The sourced contribution is given by

δρ_{GW}|_{sourced} ≈

H^2 4π^2 1 a^2 ∫ dk k [ 6H^2 π^2M^2_p ln ( k a_{in}H ) ( 1 τ^2

+ k^2 ln^2 ( a(τ)H k ))]

≈ 3H^6 4π^4M^2_p ln^2 ( a(τ) a_{in} ) (81)

In both (80) and (81) we have integrated from k_{min} = a_{in}H to k_{max} = a(τ)H, as discussed above. We see that the sourced contribution is subdominant to the vacuum one, being suppressed by the small number H^2/M^2_p ∼ 10^{−10}. The constraint δρ_{GW} ≪ 3H^2M^2_p is easily satisfied.

It is interesting to compare the time dependence in the final results (80) and (81) with what would be obtained by inspecting the spectral densities. In position space, the sourced contribution exhibits a logarithmic growth, relative to the vacuum contribution (we note that, however, it remains always very subdominant). For the spectral densities, on the other hand, we see that the results differ by a power-law dependence on τ (this does not imply that either result is growing with time; indeed, neither term grows, due to the time dependence of the scale factor outside the integral). This difference in behavior is not seen in the integrated result, when the phase space of relevant modes is accounted for.

The Weyl tensor is a gauge invariant object which vanishes for an FRW universe and thus may be considered as a measure of inhomogeneities. A good estimator for the size of typical entries in the Weyl tensor (from gravity wave perturbations) is the quantity C^T (τ, ⃗x) ≡ h^{′′} + △h . (82)

Refs. [71] used as a dimensionless diagnostic of the validity of perturbation theory the ratio between the entries of this tensor and those of the Ricci tensor, whose background components are of the order H^2. Proceeding as above, the contribution from vacuum fluctuations is

H^{−4} ⟨(C^T (t, ⃗x))^2⟩ | |_{vac} ≈ τ^4 2π^2 ∫ dk k [ 8H^2k^6τ^2 M^2_p ] ≈ 2 3π^2

H^2 M^2_p

(83)

For the sourced contribution we instead have

H^{−4} ⟨(C^T (t, ⃗x))^2⟩ | |_{sourced} ≈ τ^4 2π^2 ∫ dk k [ 12H^4 π^2M^4_p ln ( k a_{in}H ) ( 1 τ^2

− k^2 ln ( a(τ)H k ))_2]

≈ 3H^4 π^4M^4_p ln^2 ( a(τ) a_{in} ) (84)

Again, we see that the contribution from sourcing effects exhibits a logarithmic growth, but remains safely subdominant to the vacuum part. As for the energy density, the power-law time dependence in the spectral density is compensated by phase space factors.

B. Scalar Modes

We now consider contributions to the energy density and Weyl tensor from scalar fluctuations. The energy in inflaton fluctuations, δρ_φ =^1_{2a2} ⟨(δφ^′)^2 + (⃗∇δφ)^2 + a^2V_{,φφ}(δφ)^2⟩, is given by

δρ_φ = δρ_φ|_{vac} + δρ_φ|_{sourced} ,

∼= H^4 8π^2 { [ 1 + 3η ln ( a(τ) a_{in} )] + 96P ln^2 ( a(τ) a_{in} ) [ 1 + η 2 ln^2 ( a(τ) a_{in} )] } , (85)

where the first term is the usual contribution from the vacuum, the second term arises due to the feed-back of produced gauge fluctuations into the inflaton perturbations, and η ≈ V_{,φφ}/(3H^2) is the standard slow roll parameter. We see that the condition δρ_φ ≪ 3H^2M^2_p is easily satisfied, and that the sourced contribution is subdominant.

A good estimator for the size of the contribution of the scalar fluctuations to the Weyl tensor is the quantity

C^S ≡ △ (Φ + Ψ) (86)

where Φ and Ψ are the gauge invariant Bardeen potentials. This estimator is discussed in some detail in Appendix A. Again, we compare this to H^2 to have a dimensionless diagnostic of the validity of perturbation theory. The contribution to our estimator (86) from the usual vacuum fluctuations arises at linear order in perturbation theory C^S (τ, ⃗x) | |_{vac} ≈ ϵ(ζ^{′′}_1 − △ζ_1) (87)

It is straightforward to compute the variance H^{−4} ⟨ ( C^S (τ, ⃗x) )_2 ⟩ | | vac = ϵ^2H^{−4}⟨(ζ^{′′}_1 − △ζ_1)^2⟩ ,

∼= ϵ^2τ^4 ∫ d^3k (2π)^3 | |u^{′′}_k + k^2u_k | |^2 ,

∼= ϵ^2P . (88)

where in the second line we have introduced the notation u_k(τ) ≡ −iπ^{3/2}P^{1/2}(−τ)^{3/2}H^{(1)}_{3/2}(−kτ) for the mode functions. Before moving on, it is worth commenting on the constancy of the result (88). Even if the Fourier transform of △ζ/H^2 is decreasing in time in the super-horizon regime, the momentum integral that gives the variance (88) is dominated by the UV cut-off k = aH; this phase space factor compensates for the factor H^{−2} = (aH)^{−2}. (Note that this same phase space compensation was seen also in Section II when we computed the energy density in electric and magnetic fields, showing that ρ_E is “only” logarithmically suppressed with respect to ρ_B , even though the electric field Fourier modes decay as a^{−1} outside the horizon.) Despite not decreasing in time, the integrated result is ≪ 1.

At second order in perturbation theory there arises also a contribution to the Weyl tensor due to the feed-back of the produced gauge fluctuations on the inflaton and scalar metric perturbations. In Appendix A we show that this is of the form C^S (τ, ⃗x) | |_{sourced} = ϵ(ζ^{′′}_2 − △ζ_2) + Υ . (89)

The source term Υ is quadratic in gauge field fluctuations and the full expression (given in Appendix A) is quite cumbersome. For our purposes, it suffices to consider a representative contribution to the source term Υ ∼ a^2 M^2_p [ ⃗E^2 + ⃗B^2 ] + · · · (90)

During inflation, such quantities are tiny as compared to H^2 by virtue of the backreaction constraint ρ_E + ρ_B ≪ 3H^2M^2_p . Moreover, notice that the source term Υ will quickly decay as a^{−2} after inflation has ended (at which point the production of gauge fluctuations comes to a halt and we recover the usual behavior ρ_E ∼ ρ_B ∼ a^{−4}). By contrast, we expect that ζ_2 becomes frozen on large scales after inflation. Therefore the source term Υ in (89) should be irrelevant for any late-time observable.

Let us now compute the variance of the first term in (89). Following very closely our previous computations we find H^{−4} ⟨ ( C^S (τ, ⃗x) )_2 ⟩ | | |_{sourced} ∼= 96ϵ^2P^2 ln^2 ( a(τ) a_{in} ) + · · · (91)

This exhibits a logarithmic growth during inflation but it always remains much smaller than the vacuum contribution.

C. Summary

To summarize, in this Section we have computed the contribution to various physical quantities from both the usual vacuum fluctuations and also from the feed-back of produced gauge field fluctuations on the inflaton and scalar metric perturbations. We have found that the “new” contributions from sourcing effects generically exhibit logarithmic growth during inflation and remain safely sub-dominant with respect to the standard result. This statement applies to the curvature perturbation, the energy density in fluctuations, and the Weyl tensor. We have computed our diagnostics during inflation. In principle, these results should be evolved through reheating and into the radiation phase, to ensure that the universe remains homogeneous and isotropic after the end of inflation. We do not expect any problem, since all the physical quantities at the end of inflation are dominated by the usual vacuum contribution (which does not lead to any unacceptable instability), since the energy density in the gauge field is subdominant, and since we assume a standard √ −gF^2 term from the end of inflation onwards.

Ref. [71] argued that the gauge field production in these frameworks leads to an unacceptable breakdown of homogeneity and isotropy soon after inflation, after the perturbations are matched to the post-inflationary epoch.^6 We believe that the core of their claim is in the time dependent behavior of the spectral density of the sourced part of the Weyl tensor during inflation; they pointed out this feature in the scalar sector, but we performed computations also in the tensor sector because the identical feature appears also there, and the computations are simpler to present. We note that indeed there is a different time dependence in the spectral densities of eq. (80) vs. (81) and of eq. (83) vs. (84). We note, however, that this does not imply that the sourced term dominates over the vacuum one in physical integrated quantities like the energy density and the Weyl tensor (if the dominance does not take place before the end of inflation, it will not take place afterwards). All the sourced quantities that we have studied remain small both in real and momentum space, and do not grow as power law of the scale factor.

VII. CONCLUSION

In this paper, we have considered a simple model where the scalar inflaton is coupled to some U(1) gauge field in a way that would be typical for moduli or dilaton-like fields. We have seen that the time dependence of the condensate during inflation leads to a production of large scale gauge field fluctuations, analogous to the usual mechanism that amplifies the quantum vacuum fluctuations of the inflaton or gravity wave perturbations. Focusing on the case where the spectrum of produced “magnetic” fields is scale invariant, we have shown that (nearly) local nongaussianity is very naturally generated at the level f_{NL}^>∼ O(10), which should be probed in the near future. Although we have neglected slow roll corrections to the running of the spectrum and bispectrum, we can still see a logarithmic running of the effective f_{NL} parameter with scale. This arises since the “sourced” contribution to the curvature perturbation

6 These comments refer to version 1 of [71] as it appeared on the public archive. See our comments in the Note Added at the end of this manuscript.

experiences a super-horizon evolution during inflation, due to the presence of large scale iso-curvature perturbations. Logarithmic running of this type may be of observational interest; see [72–74] for example. Moreover, since the nongaussian part of ζ is uncorrelated with the gaussian part, we have a non-hierarchical scaling which can lead to interesting signatures in probes that are sensitive to the global structure of the PDF [27].

A novel feature of our result is the dependence of f_{NL} on the N_{tot} − N_{CMB} which measures the number of “extra” e-foldings of inflation, beyond the minimal N_{CMB} ∼ 60 e-foldings between the end of inflation and horizon exit for CMB scales. Ordinarily, one would expect that such “extra” e-foldings are completely unobservable, since scalar modes which leave the horizon prior to N_{CMB} should just be absorbed into a renormalization of the homogeneous background. However, in our model the total duration of the quasi de Sitter phase impacts the energy density of produced gauge field [44]. Indeed, if N_{tot} is too large then the backreaction of produced gauge fields will become appreciable and spoil inflation. In a restricted sense, we see that in this model the “extra” e-foldings of inflation can influence physical observables.

We have seen that the correlation functions of scalar and tensor cosmological perturbations exhibit a logarithmic time dependence which is related to the growing phase space of produced gauge fluctuations. These logarithms should not be confused with the IR logs that have been discussed extensively in the literature in association with loop effects during inflation [75–78] (see also [73] for a related discussion). In the case at hand the interpretation of this logarithmic time dependence is straightforward. The production of gauge field fluctuations in our model arises simply because the effective gauge coupling is time dependent. This time dependence leads to a growth in the energy density of gauge fluctuations, which is drained from the scalar condensate. The energy transfer provides a physical clock, and its logarithmic growth is a real physical effect that is not related to the de Sitter background or to the quantization of gravitational fluctuations.

There are a number of interesting directions for future research. It may be for example interesting to study effects that can arise if the vector field has a vacuum expectation value already at zeroth order in perturbation theory. It would also be interesting to consider different choices of coupling function, for example n ≠ 2, −2. In connection with this, it would be interesting to explore in more detail the nongaussian phenomenology of our model, in particular as regards higher moments, scale dependence, and LSS probes. It may also be possible to obtain interesting signals for gravitational waves at interferometers. Finally, it would be worth to investigate whether this mechanism for the amplification of the gauge “magnetic” modes can be consistently modified so to avoid the strong coupling problem of [44], and therefore be used as a mechanism for magnetogenesis.

Note added: The stability analysis performed in Section VI disagrees with the results of version 1 of [71], as it appeared on the public archive. After the present manuscript was posted on the archive, ref. [71] was replaced by a second version, which agrees with our conclusions that perturbations theory is under control.

Acknowledgments

We thank N. Bartolo, J. Cline, T. Jones, A. Lewis, K. Malik, S. Matarrese, K. A. Olive, L. Rudnick, D. Seery, D. Tran, M. Voloshin, and M. Wyman for interesting correspondence and discussions. This work was supported in part by DOE grant DE-FG02-94ER-40823 at UMN.

Appendix A: Cosmological Perturbation Theory

We work in the spatially flat gauge and expand the metric up to second order in perturbation theory as

g_{00} = −a^2(1 + 2ϕ_1 + 2ϕ_2) , (A1) g_{0i} = a^2∂_i(B_1 + B_2) , (A2) g_{ij} = a^2δ_{ij} . (A3)

Similarly, the scalar and gauge fields are expanded as

φ(t, ⃗x) = φ_0(t) + δ_1φ(t, ⃗x) + δ_2φ(t, ⃗x) , (A4) A_μ(t, ⃗x) = (0, δ_1A_i(t, ⃗x) + δ_2A_i(t, ⃗x)) . (A5)

The equation of motion for the inflaton field is 1 √ −g ∂_μ (√ −gg^{μν} ∂_ν φ ) − dV dφ = 1 4 dI^2 dφ F^{μν} F_{μν} . (A6)

We expand (A6) up to second order, using the Einstein constraint equations to eliminate the metric fluctuations in order to close the system. This procedure has already been detailed in [69]; here we generalize those results to include also the presence of the gauge field. (The analogous procedure for an axial coupling is discussed in [18].)

At linear order in perturbations, the Klein-Gordon equation (A6) gives

δ_1φ^{′′} + 2Hδ_1φ^′ − △δ_1φ + a^2V_{,φφ}δ_1φ − φ^′_0ϕ^′_1 + 2a^2V_{,φ}ϕ_1 − φ^′_0△B_1 = 0 . (A7)

From the 0 − 0 and 0 − i Einstein equations we can derive the results

H△B_1 + 1 2M^2_p [ 2a^2V ϕ_1 + φ^′_0δ_1φ^′ + a^2V_{,φ}δ_1φ ] = 0 , (A8) Hϕ_1 − 1 2M^2_p φ^′_0δ_1φ = 0 . (A9)

Using these to eliminate ϕ_1 and B_1 from (A7) we obtain [ ∂^2 ∂τ^2 + 2H ∂ ∂τ − △ + ( a^2V_{,φφ} − 3 (φ^′_0)^2 M^2_p )] δ_1φ = 0 , (A10)

where we have made use of the background equations and work to leading order in slow roll parameters.

At second order in perturbation theory the procedure is nearly identical, save for the appearance of source terms, S^{(i)}, which are quadratic in first order fluctuations. From the Klein-Gordon equation (A6) we have

δ_2φ^{′′} + 2Hδ_2φ^′ − △δ_2φ + a^2V_{,φφ}δ_2φ − φ^′_0ϕ^′_2 + 2a^2V_{,φ}ϕ_2 − φ^′_0△B_2 = S^{(1)} (A11)

S^{(1)} ≡ II_{,φ} a^2

[δ_1A^′_iδ_1A^′_i − ∂_iδ_1A_j ∂_iδ_1A_j + ∂_iδ_1A_j ∂_j δ_1A_i] + · · · (A12)

where · · · denotes terms of the form (δ_1φ)^2 which will not be important for our computation. These have already been studied in [69] and they are known to give a negligible contribution to nongaussianity [5]. The relevant constraint equations are

H△B_2 + 1 2M^2_p [ 2a^2V ϕ_2 + φ^′_0δ_2φ^′ + a^2V_{,φ}δ_2φ ] = S^{(2)} , (A13) Hϕ_2 − 1 2M^2_p φ^′_0δ_2φ = S^{(3)} , (A14)

where the source terms are given explicitly by

S^{(2)} ≡ −

I^2 4a^2M^2_p

[δ_1A^′_iδ_1A^′_i + ∂_iδ_1A_j (∂_iδ_1A_j − ∂_j δ_1A_i)] + · · · (A15)

S^{(3)} ≡

I^2 2a^2M^2_p △^{−1} [ ∂_iδ_1A^′_j (∂_iδ_1A_j − ∂_j δ_1A_i) + δ_1A^′_i△δ_1A_i ] + · · · (A16)

Again, we have suppressed terms of the form (δ_1φ)^2. Combining the constraints (A13) and (A14) with (A11) we can eventually arrive at the master equation [ ∂^2 ∂τ^2 + 2H ∂ ∂τ − △ + ( a^2V_{,φφ} − 3 (φ^′_0)^2 M^2_p )] δ_2φ = a^2 I_{,φ} I ( ⃗E^2 − ⃗B^2 )

− a^2φ^′ 2HM^2_p [ ⃗E2 + ⃗B2 2 + 1 a^4 △^{−1}∂_τ ( a^4 ⃗∇ · ( ⃗E × ⃗B) )] + · · · (A17)

where the physical “electric” and “magnetic” fields are E_i ≡ −^{⟨I⟩}_{a2} δ_1A^′_i and B_i ≡^{⟨I⟩}_{a2} ϵ_{ijk} ∂_j δ_1A_k respectively. Equation (A17) is the main result of this appendix.

Before finish, we briefly consider the Weyl tensor, which is discussed in Section VI. The Weyl tensor from scalar perturbations has only an “electric” part which is given by E_{ij} = 1 2 [ ∂_i∂_j − δ_{ij} 3 △ ] (Φ + Ψ) (A18)

where Φ and Ψ are gauge invariant potentials, defined explicitly in [79]. A good estimator for the typical size of entries in (A18) is the quantity

C^S ≡ △(Φ + Ψ) = △ϕ + △B^′ , (A19)

where in the second equality we have restricted to the flat slicing.

Equation (A19) can be re-written in a suggestive manner. Introducing the gauge invariant curvature perturbation ζ_n = −^H_φ′_0 δ_nφ the constraint equations can be written in a convenient form

ϕ_1 = −ϵζ_1 , ϕ_2 = −ϵζ_2 + H^{−1}S^{(3)} , (A20) △B_1 = ϵζ^′_1 , △B_2 = ϵζ^′_2 + H^{−1}S^{(2)} − (3 − ϵ)S^{(3)} , (A21)

at linear and quadratic order. It is now straightforward to expand (A19) in perturbation theory. Working to leading order in slow roll parameters we find

C^S_1 ∼= ϵ(ζ^{′′}_1 − △ζ_1) , (A22) C^S_2 ∼= ϵ(ζ^{′′}_2 − △ζ_2) − (3 − ϵ)∂_τ S^{(3)} + H^{−1}△S^{(3)} + H^{−1}∂_τ S^{(2)} − (1 − ϵ)S^{(2)} . (A23)

Appendix B: Exact definition of ζ

In this Appendix we compute the exact expression for the gauge invariant curvature perturbation. We denote the exact expression by ζ_{exact}. We instead denote by ζ the combination ζ = −^H_{φ̇0} δφ, as we do everywhere in this paper. In this Appendix we show that the difference between ζ and ζ_{exact} is completely negligible for all our purposes. We decompose

ζ_{exact} = ζ_{exact,1} + ζ_{exact,2} = ( ζ_{exact,1} + ζ_{exact,2}|_{sourced by δ1 φ and δ1gμν} ) + ζ_{exact,2}|_{sourced by δ1Aμ} (B1)

where the number in the suffix denotes the order in perturbation theory, and where, in total analogy with what we did in (40), we have separated the part of ζ_{exact,2} sourced by the first order vacuum fluctuations of the inflaton and the metric from the part sourced by the vector field (we remind that δ_1A_μ coincides with the quantity denoted by A_μ in the main text, since the gauge field has no vacuum expectation value). The two terms in the round parenthesis are uncorrelated with the last term. These two terms coincide with those computed without gauge field (more precisely, the gauge field affects them only due to the backreaction on the background dynamics, which we impose to be subdominant). As in the standard case, for these terms we have at super-horizon scales

ζ_{exact,1} + ζ_{exact,2}|_{sourced by δ1 φ and δ1 gμν} = − H φ̇_0 δ_1φ + O [ (δ_1φ)^2 , (δ_1g_{μν} )^2 , (δ_1φ × δ_1g_{μν} ) ] (B2)

The precise expression for the second term is given in eq. (7.71) of [79]. Since the standard single scalar field inflation results apply for these terms, we know that the quadratic term in this expression gives a negligible contribution to the power spectrum and leads to unobservable non-gaussianity. Therefore, we disregard it in this work.

The formal expression for ζ_{exact,2}|_{sourced by δ1 Aμ} can be immediately obtained from eq. (7.71) of [79]. This expression is written before fixing any gauge, and reads

ζ_{exact,2} = −ψ_2 − H ρ^′_0 δ_2ρ + O [ (δ_1φ)^2 , (δ_1g_{μν} )^2 , (δ_1φ × δ_1g_{μν} ) ] (B3)

where ψ_2 is a second order perturbation entering in the spatial part of the metric, δ_2g_{ij,scalar} = a^2 [−2ψ_2δ_{ij} + 2E_{2,ij} ]. In the (spatially) flat gauge that we are using (ψ_2 = E_2 = 0) this first term is absent. The third term in (B3) is the term ζ_{exact,2}|_{sourced by δ1 φ and δ1gμν} that we are disregarding. Therefore

ζ_{exact,2}|_{sourced by δ1Aμ} = − H ρ^′_0 δ_2ρ|_{sourced by δ1Aμ} (B4)

We stress that this is an exact relation.

From now on, when we write a second order quantity we only mean the part sourced by δ_1A_μ, without indicating it explicitly. The quantity δ_2ρ in (B4) is the second order perturbation of −T^0_0 . By evaluating it, we have

ζ_{exact,2} = − H ρ^′_0 [ 1 a^2 φ^′_0 δ_2φ^′ − 1 a^2 φ^{′ 2}_0 ϕ_2 + V_{,φ} δ_2φ + 1 2 ( E^2 + B^2 )] (B5)

where ϕ_2 is the metric perturbations defined in (A3), while E and B are the electric and the magnetic field modes, respectively. Using eq. (A14) to eliminate ϕ_2 from this expression, we find

ζ_{exact,2} = ζ_2 − ζ^′_2 3 H − S^{(3)} 3 H + E^2 + B^2 6 (ρ^0 + p^0)

(B6)

where S^{(3)} is the quantity defined in (A16), while ρ_0 and p_0 are the background energy density and pressure, respectively. Also this relation is exact.

We now show that the last three terms on the right hand side of this expression can be completely disregarded with compared to the first one. We do so by showing that (1) they are already subdominant during inflation, and (2) they decrease relatively to the first term by many orders of magnitude during reheating. Already the statement (1) would be sufficient to disregard them.

To verify the statement (1), we compare the r.m.s. of the various terms during inflation, when the modes are on super horizon scales. From (79), we have √ ⟨ζ^2_2 ⟩ ≃ 4 P ln^2 ( a (τ) a_{in} ) (B7)

where we remind that P, defined in eq. (19), is the standard result for the first order power spectrum. We then have

ζ^′_2 3Hζ_2 |_{r.m.s.} ≃ 2 3 ln^{a(τ )}_{ain} during inflation (B8)

This ratio evaluates to 2/ (3N_{tot}) < 0.01 at the end of inflation (we recall that N_{tot} denotes the total number of e-folds of inflation).

For the third term in (B6), we see that the quantity S^{(3)} defined in (A16) has three terms that are parametrically of the same order. Therefore we can estimate

S^{(3)}|_{r.m.s.}^<∼

3 I^2 2a^2M^2_p ⟨δA^′_i δA_i⟩ (B9) where the factor of 3 accounts for the possibility that the contributions from the three terms add up in magnitude, although there may actually be cancellations (in this way we obtain a safe upper bound for this third term). Inserting (9) in this expression, and using (11) in the super horizon regime (we recall that n = 2), we obtain

S^{(3)} 3Hζ_2 |_{r.m.s.}^<∼ 3 ϵ 2 ln^{a(τ )}_{ain} during inflation (B10)

So we see that the contribution of the third term in (B6) is suppressed by an ϵ factor with respect to the already negligible contribution from the second term.

For the last term in (B6), using eq. (14), we have instead

E^2 + B^2 6 (ρ^0 + p^0) ζ_2 |_{r.m.s.} ≃ 3 4 ln^{a(τ )}_{ain} during inflation (B11)

which again evaluates to < 0.01 at the end of inflation.

We see that the corrections to ζ_{exact,2} − ζ_2 can be disregarded already at the end of inflation (they are smaller than the accuracy with which we have evaluated ζ_2). Although this is not needed, we can actually verify that these corrections even decrease by several orders of magnitude during reheating.

For a massive inflaton potential, |φ_0| ∝ a^{−3/2} during reheating. Therefore, the energy density and pressure of the inflaton behave as those of non-relativistic matter. The energy density in the gauge field instead decreases as a^{−4} at the super-horizon scales of our interest. Therefore, the system rapidly approaches the single fluid regime, with a frozen ζ_{exact,2} ≃ ζ_2. One can easily verify that the last two terms in (B6) also rapidly decrease; specifically, they scale as a^{−3/2} and a^{−1}, respectively. Assuming an instantaneous inflaton decay at t = t_{reh}, the ratio of the scale factor between the end of inflation and reheating is

a_{end infl}

a_{reh}

≃ 10^{−10} ( T_{rh} 10^9 GeV

)_{4/3} ( 10^{15} GeV H_{inf} )_{2/3} (B12)

where T_{rh} is the temperature of the bath formed by the inflaton decay products.

Therefore, we have explicitly verified that ζ = −^H_{φ̇0} δφ is a perfectly good expression for the gauge invariant curvature perturbation in this model.

Appendix C: The In-In Formalism

In this Appendix we verify that the Green’s function method employed in the text is equivalent to the “in-in” formalism at leading order. To compute correlation functions using the in-in method, we must first identify the interaction Hamiltonian. To this end, we employ the Arnowitt-Deser-Misner (ADM) form of the metric and integrate out the lapse function and shift vector. This procedure has been described in [43] and also [18], so we do not reproduce the details of the calculation here. The quadratic action for the inflaton perturbation is

S_2 = 1 2 ∫ dτd^3xa^2 [ (∂_τ δφ)^2 − ∂_iδφ∂_iδφ − ( a^2V^{′′} − 3

(φ^′_0)^2 M^2_p ) δφ^2 ] . (C1)

The cubic interaction terms in the Lagrangian are

S_3 = ∫ dτd^3xa^4 I_{,φ} I δφ [ ⃗E^2 − ⃗B^2 ] (C2) + ∫ dτd^3xa^4 φ^′_0 HM^2_p δφ [ − 1 4 ( ⃗B^2 + ⃗E^2) − 1 2a^4 △^{−1}∂_τ ( a^4 ⃗∇ · ( ⃗E × ⃗B) )]

Here we have suppressed terms of the form (δφ)^3, which are irrelevant for our calculation. Varying (C1) and (C2) and expanding δφ = δ_1φ + δ_2φ reproduces exactly the master equation (A17).

For the choice of I(φ) under consideration the interactions on the first line of (C2) are controlled by the dimensionful coupling | | |^{I,φ}_I | | | ∼ √_1 ϵ 1 M_p . In contrast, the interactions in the second line of (C2) are controlled by a coupling | | |^{φ′0}_{HM} 2_p | | | ∼ √ ϵ M_p . Therefore in the slow roll limit, ϵ ≪ 1, the interactions on the first line of (C2) are the dominant ones.

At leading order in a slow roll expansion, the interaction Hamiltonian H_I (t) = − ∫ d^3xa^3L_3 can be written as

H_I (t) = φ̇_0 H ∫ d^3qJ_{⃗q} (τ)ζ_{−⃗q} (τ) , (C3)

where ζ = −^H_{φ̇0} δφ is the curvature perturbation and the source J_k(τ) was defined in (47). The in-in formula is ⟨ζ_{⃗k1} ζ_{⃗k2} · · · ζ_{⃗kn} (t)⟩ = ∞∑ N=0 (−i)^N ∫_t dt_1 ∫_{t1} dt_2 · · · ∫_{tN −1} dt_N (C4) ⟨ [[[ ζ_{⃗k1} ζ_{⃗k2} · · · ζ_{⃗kn} (t), H_I (t_1) ] , H_I (t_2) ] · · · , H_I (t_N ) ] ⟩ . A key simplification arises from noting that the mode functions of the produced gauge fluctuations are real-valued, up to an irrelevant constant phase. This implies that the produced gauge field fluctuations are commuting variables, to a very good approximation. We have

[∂_τ A_i, A_j ] ≈ 0 , (C5)

where it is understood that only superhorizon modes are relevant. Consequently, the source terms J_q(t) in (C4) are mutually commuting and they may be pulled out of the nested commutator. The remaining commutators are easily evaluated using the formula [ ζ_{⃗k1} (τ_1), ζ_{⃗k2} (τ_2) ] ∼= −i H^2 φ̇^2_0

G_{k1} (τ_1, τ_2) a(τ_1)a(τ_2) δ^{(3)} ( ⃗k_1 + ⃗k_2 ) , (C6) where the Green function was defined in (51). This formula is valid only for τ_1 ≥ τ_2.

Using the commutativity of the source terms and the formula (C6) it is straightforward to evaluate the sourced contribution to the n-point correlation functions of ζ. For the 2-point and 3-point we have ⟨ζ_{⃗k1} ζ_{⃗k2} (τ)⟩ | | |_{sourced} ≈ ( − H aφ̇_0 )_2 ∫_τ −∞ dτ_1dτ_2 G_{k1} (τ, τ_1)G_{k2} (τ, τ_2) ⟨J_{⃗k1} (τ_1)J_{⃗k2} (τ_2)⟩ , ⟨ζ_{⃗k1} ζ_{⃗k2} ζ_{⃗k3} (τ)⟩ | | |_{sourced} ≈ ( − H aφ̇_0 )_3 ∫_τ −∞ dτ_1dτ_2dτ_3 G_{k1} (τ, τ_1)G_{k2} (τ, τ_2)G_{k3} (τ, τ_3)

×⟨J_{⃗k1} (τ_1)J_{⃗k2} (τ_2)J_{⃗k3} (τ_3)⟩ .

These coincide exactly with what we obtained previously using the Green function method. We have also verified that the cross-correlation of gauge field fluctuations with the curvature perturbation agrees with what was presented in [45], at leading order.

[1] N. Barnaby, “Nongaussianity from Particle Production During Inflation,” Adv. Astron. 2010, 156180 (2010) [arXiv:1010.5507 [astro-ph.CO]].

[2] V. Acquaviva, N. Bartolo, S. Matarrese and A. Riotto, “Second order cosmological perturbations from inflation,” Nucl.

Phys. B 667, 119 (2003) [astro-ph/0209156].

[3] J. M. Maldacena, “Non-Gaussian features of primordial fluctuations in single field inflationary models,” JHEP 0305, 013 (2003) [astro-ph/0210603].

[4] D. Seery and J. E. Lidsey, “Primordial non-Gaussianities in single field inflation,” JCAP 0506, 003 (2005) [astroph/0503692].

[5] D. Seery, K. A. Malik and D. H. Lyth, “Non-gaussianity of inflationary field perturbations from the field equation,” JCAP 0803, 014 (2008) [arXiv:0802.0588 [astro-ph]].

[6] X. Chen, M. x. Huang, S. Kachru and G. Shiu, “Observational signatures and non-Gaussianities of general single field inflation,” JCAP 0701, 002 (2007) [arXiv:hep-th/0605045].

[7] N. Barnaby, T. Biswas and J. M. Cline, “p-adic inflation,” JHEP 0704, 056 (2007) [arXiv:hep-th/0612230]. N. Barnaby and J. M. Cline, “Large Nongaussianity from Nonlocal Inflation,” JCAP 0707, 017 (2007) [arXiv:0704.3426 [hep-th]]. N. Barnaby and J. M. Cline, “Predictions for Nongaussianity from Nonlocal Inflation,” JCAP 0806, 030 (2008) [arXiv:0802.3218 [hep-th]].

[8] P. D. Meerburg, J. P. van der Schaar and P. S. Corasaniti, “Signatures of Initial State Modifications on Bispectrum Statistics,” JCAP 0905, 018 (2009) [arXiv:0901.4044 [hep-th]].

[9] P. D. Meerburg, J. P. van der Schaar and M. G. Jackson, “Bispectrum signatures of a modified vacuum in single field inflation with a small speed of sound,” arXiv:0910.4986 [hep-th].

[10] R. Holman and A. J. Tolley, “Enhanced Non-Gaussianity from Excited Initial States,” JCAP 0805, 001 (2008) [arXiv:0710.1302 [hep-th]].

[11] X. Chen, R. Easther and E. A. Lim, “Large non-Gaussianities in single field inflation,” JCAP 0706, 023 (2007) [arXiv:astroph/0611645].

[12] X. Chen, R. Easther and E. A. Lim, “Generation and Characterization of Large Non-Gaussianities in Single Field Inflation,” JCAP 0804, 010 (2008) [arXiv:0801.3295 [astro-ph]].

[13] N. Barnaby and J. M. Cline, “Nongaussian and nonscale-invariant perturbations from tachyonic preheating in hybrid inflation,” Phys. Rev. D 73, 106012 (2006) [arXiv:astro-ph/0601481].

N. Barnaby and J. M. Cline, “Nongaussianity from Tachyonic Preheating in Hybrid Inflation,” Phys. Rev. D 75, 086004 (2007) [arXiv:astro-ph/0611750].

[14] J. R. Bond, A. V. Frolov, Z. Huang and L. Kofman, “Non-Gaussian Spikes from Chaotic Billiards in Inflation Preheating,” Phys. Rev. Lett. 103, 071301 (2009) [arXiv:0903.3407 [astro-ph.CO]].

[15] A. Berera, “Warm inflation,” Phys. Rev. Lett. 75, 3218 (1995) [astro-ph/9509049].

[16] M. M. Anber and L. Sorbo, “Naturally inflating on steep potentials through electromagnetic dissipation,” Phys. Rev. D 81, 043534 (2010) [arXiv:0908.4089 [hep-th]].

[17] N. Barnaby and M. Peloso, “Large Nongaussianity in Axion Inflation,” Phys. Rev. Lett. 106, 181301 (2011) [arXiv:1011.1500 [hep-ph]].

[18] N. Barnaby, R. Namba and M. Peloso, “Phenomenology of a Pseudo-Scalar Inflaton: Naturally Large Nongaussianity,” JCAP 1104, 009 (2011) [arXiv:1102.4333 [astro-ph.CO]].

[19] N. Barnaby, E. Pajer and M. Peloso, “Gauge Field Production in Axion Inflation: Consequences for Monodromy, non- Gaussianity in the CMB, and Gravitational Waves at Interferometers,” arXiv:1110.3327 [astro-ph.CO].

[20] N. Barnaby, Z. Huang, L. Kofman and D. Pogosyan, “Cosmological Fluctuations from Infra-Red Cascading During Inflation,” Phys. Rev. D 80, 043501 (2009) [arXiv:0902.0615 [hep-th]].

[21] N. Barnaby and Z. Huang, “Particle Production During Inflation: Observational Constraints and Signatures,” Phys. Rev.

D 80, 126018 (2009) [arXiv:0909.0751 [astro-ph.CO]].

[22] N. Barnaby, “On Features and Nongaussianity from Inflationary Particle Production,” Phys. Rev. D 82, 106009 (2010) [arXiv:1006.4615 [astro-ph.CO]].

[23] J. L. Cook and L. Sorbo, “Particle production during inflation and gravitational waves detectable by ground-based interferometers,” arXiv:1109.0022 [astro-ph.CO].

[24] L. Sorbo, “Parity violation in the Cosmic Microwave Background from a pseudoscalar inflaton,” JCAP 1106, 003 (2011) [arXiv:1101.1525 [astro-ph.CO]].

[25] S. Ferrara and R. Kallosh, “Creation of Matter in the Universe and Groups of Type E7,” JHEP 1112, 096 (2011) [arXiv:1110.4048 [hep-th]].

[26] A. Lewis, “The real shape of non-Gaussianities,” JCAP 1110, 026 (2011) [arXiv:1107.5431 [astro-ph.CO]]. [27] N. Barnaby and S. Shandera, “Feeding your Inflaton: Non-Gaussian Signatures of Interaction Structure,” JCAP 1201, 034 (2012) [arXiv:1109.2985 [astro-ph.CO]].

[28] D. H. Lyth and D. Wands, “Generating the curvature perturbation without an inflaton,” Phys. Lett. B 524, 5 (2002) [hep-ph/0110002].

[29] N. Bartolo, S. Matarrese and A. Riotto, “On nonGaussianity in the curvaton scenario,” Phys. Rev. D 69, 043503 (2004) [hep-ph/0309033].

[30] K. Dimopoulos, “Can a vector field be responsible for the curvature perturbation in the Universe?,” Phys. Rev. D 74, 083502 (2006) [hep-ph/0607229]; A. Golovnev, V. Mukhanov and V. Vanchurin, “Vector Inflation,” JCAP 0806, 009 (2008) [arXiv:0802.2068 [astro-ph]]. K. Dimopoulos, arXiv:0806.4680 [hep-ph]. K. Dimopoulos, M. Karciauskas, D. H. Lyth and Y. Rodriguez, “Statistical anisotropy of the curvature perturbation from vector field perturbations,” JCAP 0905, 013 (2009) [arXiv:0809.1055 [astro-ph]]; M. Karciauskas, K. Dimopoulos and D. H. Lyth, “Anisotropic non-Gaussianity from vector field perturbations,” Phys. Rev. D 80, 023509 (2009) [arXiv:0812.0264 [astro-ph]]; N. Bartolo, E. Dimastrogiovanni, S. Matarrese and A. Riotto, “Anisotropic bispectrum of curvature perturbations from primordial non-Abelian vector fields,” JCAP 0910, 015 (2009) [arXiv:0906.4944 [astro-ph.CO]]; K. Dimopoulos, M. Karciauskas and J. M. Wagstaff, “Vector Curvaton with varying Kinetic Function,” Phys. Rev. D 81, 023522 (2010) [arXiv:0907.1838 [hep-ph]]; K. Dimopoulos, M. Karciauskas and J. M. Wagstaff, “Vector Curvaton without Instabilities,” Phys. Lett. B 683, 298 (2010) [arXiv:0909.0475 [hep-ph]]. N. Bartolo, E. Dimastrogiovanni, S. Matarrese and A. Riotto, “Anisotropic Trispectrum of Curvature Perturbations Induced by Primordial Non-Abelian Vector Fields,” JCAP 0911, 028 (2009) [arXiv:0909.5621 [astro-ph.CO]]; J. M. Wagstaff and K. Dimopoulos, “Particle Production of Vector Fields: Scale Invariance is Attractive,” Phys. Rev. D 83, 023523 (2011) [arXiv:1011.2517 [hep-ph]]. A. Maleknejad and M. M. Sheikh-Jabbari, “Gauge-flation: Inflation From Non-Abelian Gauge Fields,” arXiv:1102.1513 [hep-ph]. M. Karciauskas, “The Primordial Curvature Perturbation from Vector Fields of General non-Abelian Groups,” JCAP 1201, 014 (2012) [arXiv:1104.3629 [astro-ph.CO]]; K. Dimopoulos, D. Wills and I. Zavala, “Statistical Anisotropy from Vector Curvaton in D-brane Inflation,” arXiv:1108.4424 [hep-th].

[31] B. Himmetoglu, C. R. Contaldi and M. Peloso, “Instability of anisotropic cosmological solutions supported by vector fields,” Phys. Rev. Lett. 102, 111301 (2009) [arXiv:0809.2779 [astro-ph]].

[32] B. Himmetoglu, C. R. Contaldi and M. Peloso, “Ghost instabilities of cosmological models with vector fields nonminimally coupled to the curvature,” Phys. Rev. D 80, 123530 (2009) [arXiv:0909.3524 [astro-ph.CO]].

[33] J. Soda, “Statistical Anisotropy from Anisotropic Inflation,” arXiv:1201.6434 [hep-th].

[34] S. Yokoyama and J. Soda, “Primordial statistical anisotropy generated at the end of inflation,” JCAP 0808, 005 (2008) [arXiv:0805.4265 [astro-ph]].

[35] A. D. Linde, “Hybrid inflation,” Phys. Rev. D 49, 748 (1994) [astro-ph/9307002]. [36] B. Ratra, “Cosmological ’seed’ magnetic field from inflation,” Astrophys. J. 391, L1 (1992). [37] M. Gasperini, M. Giovannini and G. Veneziano, “Primordial magnetic fields from string cosmology,” Phys. Rev. Lett. 75, 3796 (1995) [hep-th/9504083].

[38] J. Martin and J. ’i. Yokoyama, “Generation of Large-Scale Magnetic Fields in Single-Field Inflation,” JCAP 0801, 025 (2008) [arXiv:0711.4307 [astro-ph]].

[39] S. Kanno, J. Soda and M. -a. Watanabe, “Cosmological Magnetic Fields from Inflation and Backreaction,” JCAP 0912, 009 (2009) [arXiv:0908.3509 [astro-ph.CO]].

[40] K. Subramanian, “Magnetic fields in the early universe,” Astron. Nachr. 331, 110 (2010) [arXiv:0911.4771 [astro-ph.CO]]. [41] L. M. Widrow, “Origin of galactic and extragalactic magnetic fields,” Rev. Mod. Phys. 74, 775 (2002) [astro-ph/0207240]. [42] K. Bamba and J. Yokoyama, “Large scale magnetic fields from inflation in dilaton electromagnetism,” Phys. Rev. D 69, 043507 (2004) [astro-ph/0310824].

[43] D. Seery, “Magnetogenesis and the primordial non-gaussianity,” JCAP 0908, 018 (2009) [arXiv:0810.1617 [astro-ph]]. [44] V. Demozzi, V. Mukhanov and H. Rubinstein, “Magnetic fields from inflation?,” JCAP 0908, 025 (2009) [arXiv:0907.1030 [astro-ph.CO]].

[45] R. R. Caldwell, L. Motta and M. Kamionkowski, “Correlation of inflation-produced magnetic fields with scalar fluctuations,” Phys. Rev. D 84, 123525 (2011) [arXiv:1109.4415 [astro-ph.CO]].

[46] M. Giovannini, “The Magnetized universe,” Int. J. Mod. Phys. D 13, 391 (2004) [astro-ph/0312614]. [47] D. Grasso and H. R. Rubinstein, “Magnetic fields in the early universe,” Phys. Rept. 348, 163 (2001) [astro-ph/0009061]. [48] L. M. Widrow, D. Ryu, D. Schleicher, K. Subramanian, C. G. Tsagas and R. A. Treumann, “The First Magnetic Fields,” arXiv:1109.4052 [astro-ph.CO].

[49] D. Ryu, D. R. G. Schleicher, R. A. Treumann, C. G. Tsagas and L. M. Widrow, “Magnetic fields in the Large-Scale Structure of the Universe,” arXiv:1109.4055 [astro-ph.CO].

[50] A. Kandus, K. E. Kunze and C. G. Tsagas, “Primordial magnetogenesis,” Phys. Rept. 505, 1 (2011) [arXiv:1007.3891

[astro-ph.CO]].

[51] J. R. Shaw and A. Lewis, “Constraining Primordial Magnetism,” arXiv:1006.4242 [astro-ph.CO]; P. Trivedi, K. Subramanian and T. R. Seshadri, “Primordial Magnetic Field Limits from Cosmic Microwave Background Bispectrum of Magnetic Passive Scalar Modes,” Phys. Rev. D 82, 123006 (2010) [arXiv:1009.2724 [astro-ph.CO]].

[52] I. Brown and R. Crittenden, “Non-Gaussianity from cosmic magnetic fields,” Phys. Rev. D 72, 063002 (2005) [astroph/0506570]; T. R. Seshadri and K. Subramanian, “CMB bispectrum from primordial magnetic fields on large angular scales,” Phys. Rev. Lett. 103, 081303 (2009) [arXiv:0902.4066 [astro-ph.CO]]; C. Caprini, F. Finelli, D. Paoletti and A. Riotto, “The cosmic microwave background temperature bispectrum from scalar perturbations induced by primordial magnetic fields,” JCAP 0906, 021 (2009) [arXiv:0903.1420 [astro-ph.CO]]; R. -G. Cai, B. Hu and H. -B. Zhang, “Acoustic signatures in the Cosmic Microwave Background bispectrum from primordial magnetic fields,” JCAP 1008, 025 (2010) [arXiv:1006.2985 [astro-ph.CO]]; M. Shiraishi, D. Nitta, S. Yokoyama, K. Ichiki and K. Takahashi, “Cosmic microwave background bispectrum of vector modes induced from primordial magnetic fields,” Phys. Rev. D 82, 121302 (2010) [Erratum-ibid. D 83, 029901 (2011)] [arXiv:1009.3632 [astro-ph.CO]]. P. Trivedi, T. R. Seshadri and K. Subramanian, “Cosmic Microwave Background Trispectrum and Primordial Magnetic Field Limits,” arXiv:1111.0744 [astro-ph.CO].

[53] M. Giovannini, “Electric-magnetic duality and the conditions of inflationary magnetogenesis,” JCAP 1004, 003 (2010) [arXiv:0911.0896 [astro-ph.CO]].

[54] M. -a. Watanabe, S. Kanno and J. Soda, “Inflationary Universe with Anisotropic Hair,” Phys. Rev. Lett. 102, 191302 (2009) [arXiv:0902.2833 [hep-th]].

[55] D. Polarski and A. A. Starobinsky, “Semiclassicality and decoherence of cosmological perturbations,” Class. Quant. Grav.

13, 377 (1996) [gr-qc/9504030].

[56] D. Baumann et al. [CMBPol Study Team Collaboration], “CMBPol Mission Concept Study: Probing Inflation with CMB Polarization,” AIP Conf. Proc. 1141, 10 (2009) [arXiv:0811.3919 [astro-ph]].

[57] M. S. Turner and L. M. Widrow, “Inflation Produced, Large Scale Magnetic Fields,” Phys. Rev. D 37, 2743 (1988). [58] R. Durrer, L. Hollenstein and R. K. Jain, “Can slow roll inflation induce relevant helical magnetic fields?,” JCAP 1103, 037 (2011) [arXiv:1005.5322 [astro-ph.CO]].

[59] M. M. Anber and L. Sorbo, “N-flationary magnetic fields,” JCAP 0610, 018 (2006) [astro-ph/0606534]. [60] C. T. Byrnes, L. Hollenstein, R. K. Jain and F. R. Urban, “Resonant magnetic fields from inflation,” arXiv:1111.2030 [astro-ph.CO].

[61] R. H. Cyburt, B. D. Fields, K. A. Olive and E. Skillman, “New BBN limits on physics beyond the standard model from He-4,” Astropart. Phys. 23, 313 (2005) [astro-ph/0408033].

[62] A. Coc, N. J. Nunes, K. A. Olive, J. -P. Uzan and E. Vangioni, “Coupled Variations of Fundamental Couplings and Primordial Nucleosynthesis,” Phys. Rev. D 76, 023511 (2007) [astro-ph/0610733].

[63] B. Holdom, Phys. Lett. B 166, 196 (1986).

[64] D. Babich, P. Creminelli and M. Zaldarriaga, “The shape of non-Gaussianities,” JCAP 0408, 009 (2004) [arXiv:astroph/0405356].

[65] E. Komatsu and D. N. Spergel, “Acoustic signatures in the primary microwave background bispectrum,” Phys. Rev. D 63, 063002 (2001) [astro-ph/0005036].

[66] E. Komatsu et al. [WMAP Collaboration], “Seven-Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations:

Cosmological Interpretation,” Astrophys. J. Suppl. 192, 18 (2011) [arXiv:1001.4538 [astro-ph.CO]]. [67] V. F. Mukhanov, Gravitational instability of the universe filled with a scalar field, JETP Lett. 41, 493 (1985) [Pisma Zh.

Eksp. Teor. Fiz. 41, 402 (1985)].

[68] M. Sasaki, “Large Scale Quantum Fluctuations In The Inflationary Universe,” Prog. Theor. Phys. 76, 1036 (1986). [69] K. A. Malik, “A not so short note on the Klein-Gordon equation at second order,” JCAP 0703, 004 (2007) [astroph/0610864].

[70] D. I. Podolsky, G. N. Felder, L. Kofman and M. Peloso, “Equation of state and beginning of thermalization after preheating,” Phys. Rev. D 73, 023501 (2006) [hep-ph/0507096].

[71] C. Bonvin, C. Caprini and R. Durrer, “Magnetic fields from inflation: the transition to the radiation era,” arXiv:1112.3901 [astro-ph.CO].

[72] M. LoVerde, A. Miller, S. Shandera and L. Verde, “Effects of Scale-Dependent Non-Gaussianity on Cosmological Structures,” JCAP 0804, 014 (2008) [arXiv:0711.4126 [astro-ph]].

[73] J. Kumar, L. Leblond and A. Rajaraman, “Scale Dependent Local Non-Gaussianity from Loops,” JCAP 1004, 024 (2010) [arXiv:0909.2040 [astro-ph.CO]].

[74] S. Shandera, N. Dalal and D. Huterer, “A generalized local ansatz and its effect on halo bias,” JCAP 1103, 017 (2011) [arXiv:1010.3722 [astro-ph.CO]].

[75] S. Weinberg, “Quantum contributions to cosmological correlations,” Phys. Rev. D 72, 043514 (2005) [hep-th/0506236]. [76] D. Seery, “One-loop corrections to a scalar field during inflation,” JCAP 0711, 025 (2007) [arXiv:0707.3377 [astro-ph]]. [77] L. Senatore and M. Zaldarriaga, “On Loops in Inflation,” JHEP 1012, 008 (2010) [arXiv:0912.2734 [hep-th]]. [78] C. P. Burgess, L. Leblond, R. Holman and S. Shandera, “Super-Hubble de Sitter Fluctuations and the Dynamical RG,” JCAP 1003, 033 (2010) [arXiv:0912.1608 [hep-th]].

[79] K. A. Malik and D. Wands, “Cosmological perturbations,” Phys. Rept. 475, 1 (2009) [arXiv:0809.4944 [astro-ph]].