arXiv:1202.1630v1 [math-ph] 8 Feb 2012

Local energy decay of massive Dirac fields in the 5D Myers-Perry metric

Thierry Daudé^1and Niky Kamran^2

1 Département de Mathématiques

Université de Cergy-Pontoise 95302 Cergy-Pontoise, France

thierry.daude@u-cergy.fr 2 Department of Mathematics and Statistics

McGill University Montreal, QC, H3A 2K6, Canada nkamran@math.mcgill.ca

Abstract

We consider massive Dirac fields evolving in the exterior region of a 5-dimensional Myers-Perry black hole and study their propagation properties. Our main result states that the local energy of such fields decays in a weak sense at late times. We obtain this result in two steps: first, using the separability of the Dirac equation, we prove the absence of a pure point spectrum for the corresponding Dirac operator; second, using a new form of the equation adapted to the local rotations of the black hole, we show by a Mourre theory argument that the spectrum is absolutely continuous. This leads directly to our main result.

1 Introduction

Since the publication of the seminal papers [3, 4, 45, 46], higher dimensional black holes have attracted considerable attention, in particular in the context of brane-world theories [39, 37]. In these scenarios, the physical world is represented by a four-dimensional brane embedded in a higher-dimensional bulk space-time whose geometry can be approximately described by the classical solutions of vacuum Einstein equations. A fascinating prediction of brane-world theories with large extra dimensions is the possibility of mini black hole production in high energy colliders such as the Large Hadron Collider [18, 31], raising in turn the possibility of direct observations, for instance of Hawking radiation, and (possibly) of probes of large extra dimensions [38].

The metrics describing isolated rotating black holes in higher-dimensions were first constructed by Myers and Perry [42] as the asymptotically flat generalizations of four-dimensional Kerr vacuum solutions. Asymptotically (anti-) de Sitter rotating higher-dimensional black holes were then discovered by Hawking et al in the 5D case [35] and by Gibbons et al. in the general case [29, 30]. We refer to [20] for a review of higher-dimensional black hole geometries. With this paper, we start a research program on the propagation and scattering properties of fields evolving in this type of geometries, both in the bulk and on four-dimensional branes embedded in the bulk. We are ultimately interested in extending the results of papers like [5, 6, 40, 33, 7, 19, 49, 13, 14] to this setting, that is to say in studying notions such as the Hawking effect, the resonances (or quasi-normal modes) and/or inverse scattering problems, phenomena or mechanisms that should provide a way to put in evidence the existence and influence of the extra dimensions of space-time.

In this paper, we begin this program by considering massive Dirac fields that propagate in the bulk of a 5D Myers-Perry black hole and prove local decay of the energy at late times. In other words, we prove that the probability of finding Dirac particles in any compact region located outside the event horizon tends to zero as time t goes to infinity. Our result can be stated more precisely as follows. Recall first that in Boyer-Linquist like coordinates (t, r, θ, φ, ψ), a 5D Myers-Perry black hole can be represented by the manifold M = R_t × (0, +∞)_r × (0, π 2 )_θ × (0, 2π)_φ × (0, 2π)_ψ, (1.1)

equipped with the Lorentzian metric (having signature (−1, 1, 1, 1, 1))

g = −dt^2+

Σr^2 Δ dr^2 +Σdθ^2+(r^2+a^2) sin^2 θdφ^2 +(r^2+b^2) cos^2 θdψ^2 + μ Σ ( dt−a sin^2 θdφ−b cos^2 θdψ )_2 , (1.2)

where

Δ = (r^2 + a^2)(r^2 + b^2) − μr^2,

Σ = r^2 + a^2 cos^2 θ + b^2 sin^2 θ.

(1.3)

Myers-Perry black holes are completely determined by three parameters: their mass^μ_2 and the two independent angular momenta per unit mass, a, b, measured from infinity. The metric possesses three Killing vectors ∂_t, ∂_φ, ∂_ψ reflecting the time-translation invariance and bi-azimuthal symmetry of the space-time. Note here that since the rotation group SO(4) possesses two independent Casimir invariants, a rotating black hole in five dimensions may have two distinct planes of rotation specified by appropriate azimuthal coordinates - here (φ, ψ) -, rather than a single axis of rotation.

We shall restrict our attention to the non-extreme case μ > a^2 + b^2 + 2|ab|, for which the function Δ has two distinct positive roots

r_± = 1 2 ( μ − a^2 − b^2 ± √ (μ − a^2 − b^2)^2 − 4a^2b^2 ) , (1.4)

and can be written in factorized form as

Δ = (r^2 − r^2_−)(r^2 − r^2_+). (1.5)

The radii r_− and r_+ are called Cauchy and event horizons respectively and correspond to ”coordinate” singularities of the metric. We shall in this paper only consider the exterior region of the black hole, that is the region {r > r_+}.

We list here some important properties of the exterior region of a 5D Myers-Perry black hole. First, it is of Petrov type D, so that its Weyl curvature possesses a pair of real principal null vector fields [51]

V^± =

(r^2 + a^2)(r^2 + b^2) Δ ( ∂_t + a r^2 + a^2

∂_φ + b r^2 + b^2 ∂_ψ ) ± ∂_r, (1.6)

that generate a congruence of shearfree null geodesics called principal null geodesics. Because of the factor^1_Δ in (1.6) which blows up when r → r_+, we see that the principal null geodesics will not reach the event horizon in finite time t. As a consequence, when described using the Boyer-Lindquist coordinate system, the event horizon is perceived as an asymptotic region of space-time. The geometry there turns out to be of asymptotically hyperbolic type. Conversely, when r → +∞, the metric (1.2) tends to the Minkowski metric written in oblate bi-spheroidal coordinates. The geometry of the region {r = +∞}, which corresponds to spatial infinity, is thus asymptotically flat. Second, the exterior region of a 5D Myers-Perry black hole is globally hyperbolic, the hypersurface Σ_0 = {t = 0} = (r_+, +∞)_r × S^3 being a Cauchy hypersurface. We are thus able to express the Dirac equation as an evolution equation on the spatial hypersurface Σ_0 which, according to the above discussion, can be viewed as a cylindrical manifold having two ends - the event horizon {r = r_+} and spatial infinity {r = +∞} - with very different geometries. We generically write this equation in Hamiltonian form as i∂_tψ = D ψ. The Hamiltonian D acts on the Hilbert space H = L^2((r_+, +∞) × S^3, dVol_Σ; C^4 ) with dVol_Σ the volume measure induced by g on the hypersurface Σ_0. The main result of this paper is

Theorem 1 The Dirac operator D is a self-adjoint operator on H having purely absolutely continuous spectrum. Moreover, for all χ ∈ C^∞_0 ((r_+, +∞)) and all ψ ∈ H, we have the local energy decay lim t→±∞ ‖χ(r)e^{−itD} ψ‖ = 0. (1.7) Hence, the energy - or more precisely, the probability of presence - of massive Dirac fields cannot remain trapped in any compact set outside the event horizon when t goes to infinity: the essential part of the fields must escape either to infinity, or to the event horizon at late times. We thus obtain analogous results to those proved for the Kerr metric [11, 21, 22, 34] in this new setting.

The main ideas used in the proof of our main theorem are the following. Firstly, the absence of pure point spectrum of the Dirac operator D relies crucially on the fact that the massive Dirac equation in the 5D Myers-Perry metric can be separated into purely radial and angular systems of ODEs [24, 51]. Using a decomposition of the angular differential operator on a well chosen Hilbert basis, the problem amounts thus to proving the non-existence of L^2 solutions of a system of ODEs in the radial variable r. This, in turn, is shown using the particular nature of the geometry - of asympotically hyperbolic type - at the event horizon. Note that the spectrum of D being continuous, we already get a local energy decay (in a L^2 mean sense) as a simple application of the RAGE theorem [47].

Secondly, we show the absence of continuous singular spectrum by means of a Mourre theory argument, a technique already used in the Kerr setting in [12, 34]. As in these papers, the expression of the Dirac equation which is adapted to the separation of variables turns out to be inconvenient for the construction of a locally conjugate operator. Indeed, the Dirac operator in the above separated form cannot be written as a short-range perturbation (of the same order) of a spherically symmetric like Dirac operator D_0 , a situation in which Mourre theory typically works, but only as a long-range perturbation of D_0 . These long-range terms are mainly due to the distant effects of the rotations of the space-time. We thus use another form of the equation that ”minimizes” the effects of the rotations. This is done by choosing a local Lorentz frame in the calculation of the equation adapted to locally non rotating observers (see for instance [1]). We then obtain an expression of the Dirac equation that has the convenient form we expected. The new expression turns out to be quite similar to the one obtained in the Kerr case studied in [12] and we are able to construct a locally conjugate operator for D and prove the absence of continuous singular spectrum. Finally, our local energy decay is then a simple consequence of the Riemann-Lebesgue lemma.

This paper is organized as follows. In Section 2, we first briefly present the Cartan formalism to calculate the Dirac equation in a curved 5D-space-time. We then find an expression of the Dirac equation in the Myers-Perry metric based on the choice of a local Lorentz frame adapted to the point of view of locally non-rotating observers. We conclude this section by various simplifications of the initial equation that is finally put in a convenient Hamiltonian form. In Section 3, we gather all the needed analytical and spectral properties of the Hamiltonian D needed in the later Mourre analysis. We also use here the absence of pure point spectrum for D (whose proof is given in Appendix A) to obtain our first local energy decay in an L^2 mean sense. Finally, in Section 4, we first briefly recall the basics of Mourre theory and then construct a locally conjugate operator for the Hamiltonian D . We conclude the paper by proving our main Theorem 1.

2 The Dirac equation in the 5D-Myers-Perry metric

2.1 Orthonormal frame formalism for the Dirac equation in 5D curved spacetime

To calculate the massive Dirac equation in a 5D Myers-Perry black hole, we use Cartan’s orthonormal frame formalism. Let us denote by {e_A}_{A=0,1,2,3,5} a given local Lorentz frame, i.e. satisfying g(e_A, e_B ) = η_{AB} where η_{AB} = diag(−1, 1, 1, 1, 1) is the flat (Lorentz) metric. We also denote by {e^A}_{A=0,1,2,3,5} the set of dual 1-forms of the frame {e_A}. Latin letters A,B will denote in what follows local Lorentz frame indices, while Greek letters μ, ν run over five-dimensional space-time coordinates indices (t, r, θ, φ, ψ). The massive Dirac equation takes then the generic form

(H + m)ϕ = [γ^Ae^μ_A(∂_μ + Γ_μ) + m]ϕ = 0. (2.1)

Here, the γ^A’s are the gamma Dirac matrices satisfying the anticommutation relations

{γ^A, γ^B } = γ^Aγ^B + γ^Bγ^A = 2η^{AB} , (2.2)

and Γ = Γ_μdx^μ = Γ_Ae^A stands for the spinor connection 1-form. In order to derive it, we first compute the spin-connection 1-form ω_{AB} = ω_{ABμ}dx^μ = f_{ABC} e^C thanks to Cartan’s first structural equation

de^A + ω^A_B ∧ e^B = 0, ω_{AB} = η_{AC} ω^C_B = −ω_{BA}. (2.3)

To obtain the spinor connection 1-form Γ from ω_{AB} , we make use of the homomorphism between the SO(4, 1) group and its spinor representation which is derived from the relation (2.2). The so(4, 1) Lie algebra is defined by the ten antisymmetric generators Σ^{AB} = [γ^A, γ^B]/(2i) which gives the spinor representation, and the spinor connection can be viewed as a so(4, 1) Lie-algebra-valued 1-form. Using the isomorphism between the so(4, 1) Lie algebra and its spinor representation, i.e. Γ_μ = (i/4)Σ^{AB}ω_{AMμ} = (1/4)γ^Aγ^B ω_{ABμ}, we can construct the spinor connection 1-form by Γ = 1 8 [γ^A, γ^B ]ω_{AB} = 1 4 γ^Aγ^B ω_{AB} = 1 4 γ^Aγ^Bf_{ABC} e^C . (2.4)

Now in terms of the local differential operators ∂_A = e^μ_A∂_μ, the Dirac equation (2.1) can be rewritten in the local Lorentz frame as [γ^A(∂_A + Γ_A) + m]ϕ = 0, (2.5) where the Γ_A = e^μ_AΓ_μ =^1_4 γ^Bγ^C f_{BCA} are the components of the spinor connection in the local Lorentz frame. Finally, note that the Clifford algebra in dimension five has two different reducible representations (they differ by the factor of a γ^5 matrix). It is usually assumed that fermion fields are in a reducible representation of the Clifford algebra. In other words, we can work with the Dirac equation in a fourcomponent spinor formalism like in the four-dimensional case, and just need to take the γ^5 matrix as the fifth basis vector component.

2.2 The Dirac equation adapted to locally non rotating observers

To calculate the expression of the Dirac operator, we first need to choose a local Lorentz frame {e_A}_{A=0,1,2,3,5}. Note that to any local Lorentz frame there corresponds a particular local observer given by the timelike unit vector field e_0. When dealing with the Dirac equation in rotating black holes, it is common to use the Petrov type D character of the space-time and the existence of the principal null geodesics generated by (1.6) to define a local observer. Recall that in the case of 5D-Myers-Perry black holes, the principal null geodesics are generated by the pair of real principal null vectors

V^± =

(r^2 + a^2)(r^2 + b^2) Δ ( ∂_t + a r^2 + a^2

∂_φ + b r^2 + b^2 ∂_ψ ) ± ∂_r, whose normalized sum defines a local observer U = (r^2 + a^2)(r^2 + b^2) Δ ( ∂_t + a r^2 + a^2

∂_φ + b r^2 + b^2 ∂_ψ ) . The interest in choosing a local Lorentz frame adapted to the observers described by U is that the corresponding expression of the massive Dirac equation allows for separation of variables. In Appendix A, we recall this expression obtained by Wu in [51] and use it to prove the absence of eigenmodes.

However, as mentioned in the Introduction, this form of the Dirac equation turns out not to be convenient for our purpose since the resulting Hamiltonian cannot be written as a short-range perturbation of a spherically symmetric like Dirac operator. Following [11, 34], we thus choose another local Lorentz frame based on locally non rotating observers. These are described by the vector field T orthogonal to the spatial hypersurfaces Σ_t = {t = const} and normalized such that g(T, T ) = −1. To compute the vector field T , we introduce some notation. The coefficients of the metric (1.2) in the coordinate basis are given by

g_{tt} = −1 + μ Σ , g_{rr} = r^2Σ Δ , g_{θθ} = Σ, g_{φφ} = α sin^2 θ Σ , g_{ψψ} = β cos^2 θ Σ , g_{tφ} = − 2aμ sin^2 θ Σ , g_{tψ} = − 2bμ cos^2 θ Σ , g_{φψ} = 2abμ sin^2 θ cos^2 θ Σ , (2.6)

where α = (r^2 + a^2)Σ + a^2μ sin^2 θ, β = (r^2 + b^2)Σ + b^2μ cos^2 θ. (2.7) The coefficients of the inverse metric g^{−1} are found to be g^{tt} = − σ ΔΣ , g^{rr} = Δ r^2Σ , g^{θθ} = 1 Σ , g^{φφ} = 1 τ ( 1 sin^2 θ + (r^2 + b^2)(b^2 − a^2) − μb^2 Δ ) , g^{ψψ} = 1 Σ ( 1 cos^2 θ + (r^2 + a^2)(a^2 − b^2) − μa^2 Δ ) , g^{tφ} = − μa(r^2 + b^2) ΔΣ , g^{tψ} = − μb(r^2 + a^2) ΔΣ , g^{φψ} = − μab ΔΣ , (2.8)

where τ = ΔΣ + μ(r^2 + a^2)(r^2 + b^2).

Remark 1 For later reference, we list several identities that will be systematically used in the course of the calculations, τ = ΔΣ + μ(r^2 + a^2)(r^2 + b^2) = (r^2 + a^2)(r^2 + b^2)Σ + (r^2 + a^2)β + (r^2 + b^2)α, = (r^2 + a^2)(r^2 + b^2)Σ + a^2μ sin^2 θ(r^2 + b^2) + b^2μ cos^2 θ(r^2 + a^2), Στ = αβ − a^2b^2μ^2 cos^2 θ sin^2 θ.

(2.9)

The vector field T orthogonal to the Σ_t is collinear to ∇t. In the basis associated to the Boyer- Lindquist coordinate system, we thus have ∇^μt = g^{μν} ∇_ν t = g^{μν} (dt)_ν = g^{tμ}. Taking into account the normalization condition g(T, T ) = −1, we find T = √ τ ΔΣ ( ∂_t + Ω_a∂_φ + Ω_b∂_ψ ) , (2.10)

where Ω_a = μa(r^2 + b^2) τ , Ω_b = μb(r^2 + a^2) τ . (2.11)

Remark 2 Note that the functions Ω_a, Ω_b tend to the constant values ω_a = a/(r^2_+ + a^2) and ω_b = b/(r^2_+ +b^2) when r tends to r_+ (the event horizon) whereas Ω_a, Ω_b tend to 0 when r → ∞. This illustrates a remarkable property of Myers-Perry black hole, namely the dragging of inertial frames in both the φ and ψ 2-planes of rotation. The non-zero quantities ω_a, ω_b can thus be interpreted as the angular velocities of the black hole horizon.

We now choose the following local Lorentz frame corresponding to locally non rotating observers moving in the φ 2-plane [1]:

e_0 = T = √ τ ΔΣ ( ∂_t + Ω_a, ∂_φ + Ω_b ∂_ψ ) , e_1 = √ Δ Σr^2

∂_r, e_2 = 1 √ Σ ∂_θ,

e_3 = √ β τ sin^2 θ ( ∂_φ − abμ sin^2 θ β ∂_ψ ) , e_5 = √ Σ β cos^2 θ ∂_ψ . (2.12)

The basis of dual 1-forms is given by

e^0 = √ ΔΣ τ dt, e^1 = √ Σr^2 Δ dr, e^2 = √ Σ dθ, e^3 = √ τ sin^2 θ β ( dφ − Ω_a dt ) , e^5 = √ β cos^2 θ Σ ( dψ − bμ β dt + abμ sin^2 θ β dφ ) . (2.13)

After considerable algebraic manipulations, the exterior differential of the 1-forms {e^A} can be expressed as de^0 = − √ Δ 2r √ Σ ( ∂_rΔ Δ + ∂_rΣ Σ − ∂_rτ τ ) e^0 ∧ e^1 − 1 2 √ Σ ( ∂_θΣ Σ − ∂_θτ τ ) e^0 ∧ e^2,

de^1 = −

(∂_θΣ) 2Σ^32 e^1 ∧ e^2,

de^2 = √ Δ Σ^32 e^1 ∧ e^2,

de^3 = τ sin θ rΣ √ β (∂_rΩ_a) e^0 ∧ e^1 + τ sin θ Σ √ Δβ (∂_θΩ_a) e^0 ∧ e^2, + 1 2 √ Δ Σr^2 (∂_rτ τ − ∂_rβ β ) e^1 ∧ e^3 + 1 2 √ Σ ( ∂_θτ τ + 2 cot θ − ∂_θβ β ) e^2 ∧ e^3

de^5 = − bμ(r^2 + a^2)(∂_r β) cos θ rΣ^32 √ βτ e^0 ∧ e^1 −

2bμ sin θ cos^2 θ √ Δ(b^2 − a^2) Σ^32 √ βτ e^0 ∧ e^2 − abμ √ Δ(∂_rβ) sin θ cos θ Σβr √ τ e^1 ∧ e^3 + √ Δ 2r √ Σ ( (∂_rβ) β − (∂_rΣ) Σ ) e^1 ∧ e^5 + abμ cos θ sin θ Σ √ τ ( 2 cot θ − (∂_θβ) β ) e^2 ∧ e^3 + 1 2 √ Σ ((∂_θβ) β − 2 tan θ − (∂_θσ) σ ) e^2 ∧ e^5.

(2.14)

The spin-connection 1-forms ω^A_B are now found from the Cartan’s first structural equation (2.3) as follows ω^0_1 = √ Δ 2r √ Σ ( ∂_rΔ Δ + ∂_rΣ Σ − ∂_rτ τ ) e^0 + τ sin θ 2rΣ √ β (∂_rΩ_a) e^3 − bμ(r^2 + a^2)(∂_rβ) cos θ 2rΣ^32 √ βτ e^5,

ω^0_2 = 1 2 √ Σ (∂_θΣ Σ − ∂_θτ τ ) e^0 + τ sin θ 2Σ √ Δβ (∂_θΩ_a) e^3 − bμ sin θ cos^2 θ √ Δ(b^2 − a^2) Σ^32 √ βτ e^5,

ω^0_3 = τ sin θ 2rΣ √ β (∂_rΩ_a) e^1 + τ sin θ 2Σ √ Δβ (∂_θΩ_a) e^2,

ω^0_5 = − bμ(r^2 + a^2)(∂_r β) cos θ 2rΣ^32 √ βτ e^1 + bμ sin θ cos^2 θ √ Δ(b^2 − a^2) Σ^32 √ βτ e^2,

ω^1_2 =

(∂_θΣ) 2Σ^32 e^1 − √ Δ Σ^32 e^2,

ω^1_3 = τ sin θ 2rΣ √ β (∂_rΩ_a) e^0 − 1 2 √ Δ Σr^2 (∂_rτ τ − ∂_rβ β ) e^3 + abμ √ Δ(∂_rβ) sin θ cos θ 2Σβr √ τ e^5,

ω^1_5 = − bμ(r^2 + a^2)(∂_r β) cos θ 2rΣ^32 √ βτ e^0 + abμ √ Δ(∂_r β) sin θ cos θ 2Σβr √ τ e^3 − √ Δ 2r √ Σ ((∂_rβ) β − (∂_rΣ) Σ ) e^5,

ω^2_3 = τ sin θ 2Σ √ Δβ (∂_θΩ_a) e^0 + 1 2 √ Σ ( ∂_θτ τ + 2 cot θ − ∂_θβ β ) e^3 − abμ cos θ sin θ 2Σ √ τ ( 2 cot θ − (∂_θβ) β ) e^5,

ω^2_5 = − bμ sin θ cos^2 θ √ Δ(b^2 − a^2) Σ^32 √ βτ e^0 − abμ cos θ sin θ 2Σ √ τ ( 2 cot θ − (∂_θβ) β ) e^3 − 1 2 √ Σ ( (∂_θβ) β − 2 tan θ − (∂_θσ) σ ) e^5,

ω^3_5 = − abμ √ Δ(∂_rβ) sin θ cos θ 2Σβr √ τ e^1 + abμ cos θ sin θ 2Σ √ τ ( 2 cot θ − (∂_θβ) β ) e^2.

(2.15)

We then deduce the local Lorentz frame component Γ_A from the spinor connection 1-form

Γ = Γ_Ae^A = (1/4)γ^Aγ^B ω_{AB}.

We get

Γ_0 = 1 2 [ − √ Δ 2r √ Σ ( ∂_rΔ Δ + ∂_rΣ Σ − ∂_rτ τ ) γ^0γ^1 − 1 2 √ Σ ( ∂_θΣ Σ − ∂_θτ τ ) γ^0γ^2 + τ sin θ 2rΣ √ β (∂_rΩ_a)γ^1γ^3 − bμ(r^2 + a^2)(∂_r β) cos θ 2rΣ^32 √ βτ γ^1γ^5 + τ sin θ 2Σ √ Δβ (∂_θΩ_a)γ^2γ^3 − bμ sin θ cos^2 θ √ Δ(b^2 − a^2) Σ^32 √ βτ γ^2γ^5 ] , Γ_1 = 1 2 [ γ^0γ^3 + bμ(r^2 + a^2)(∂_r β) cos θ 2rΣ^32 √ βτ γ^0γ^5 +

(∂_θΣ) 2Σ^32 γ^1γ^2 − abμ √ Δ(∂_rβ) sin θ cos θ 2Σβr √ τ γ^3γ^5 ] , Γ_2 = 1 2 [ − τ sin θ 2Σ √ Δβ (∂_θΩ_a)γ^0γ^3 + bμ sin θ cos^2 θ √ Δ(b^2 − a^2) Σ^32 √ βτ γ^0γ^5 − √ Δ Σ^32 γ^1γ^2 + abμ cos θ sin θ 2Σ √ τ ( 2 cot θ − (∂_θβ) β ) γ^3γ^5 ] , Γ_3 = 1 2 [ − τ sin θ 2rΣ √ β (∂_rΩ_a)γ^0γ^1 − τ sin θ 2Σ √ Δβ (∂_θΩ_a)γ^0γ^2 − 1 2 √ Δ Σr^2 ( ∂_rτ τ − ∂_rβ β ) γ^1γ^3 + abμ √ Δ(∂_rβ) sin θ cos θ 2Σβr √ τ γ^1γ^5 − 1 2 √ Σ (∂_θτ τ + 2 cot θ − ∂_θβ β ) γ^2γ^3 − abμ cos θ sin θ 2Σ √ τ ( 2 cot θ − (∂_θβ) β ) γ^2γ^5 ] , Γ_5 = 1 2 [ bμ(r2 + a2)(∂_rβ) cos θ

2rΣ^32 √ βτ γ^0γ^1 + bμ sin θ cos^2 θ √ Δ(b^2 − a^2) Σ^32 √ βτ γ^0γ^2 + abμ √ Δ(∂_rβ) sin θ cos θ 2Σβr √ τ γ^1γ^3 − √ Δ 2r √ Σ ( (∂_rβ) β − (∂_rΣ) Σ ) γ^1γ^5 − abμ cos θ sin θ 2Σ √ τ ( 2 cot θ − (∂_θβ) β ) γ^2γ^3 − 1 2 √ Σ ((∂_θβ) β − 2 tan θ − (∂_θσ) σ ) γ^2γ^5 ] . (2.16)

Moreover, the differential part of the Dirac operator (2.5) is

γ^A∂_A = γ^0 √ τ ΔΣ ( ∂_t + Ω_a∂_φ + Ω_b∂_ψ ) + γ^2 √ Δ r^2Σ

∂_r + γ^2 1 √ Σ ∂_θ

+ γ^3 √ β τ sin^2 θ ( ∂_φ − abμ sin^2 θ β ∂_ψ ) + γ^5 √ Σ β cos^2 θ ∂_ψ. (2.17)

We are now able to give the expression of the full Dirac equation (2.5) in the particular local Lorentz frame (2.12). We have [ γ^0 √ τ ΔΣ ( ∂_t + Ω_a∂_φ + Ω_b∂_ψ ) + γ^2 √ Δ r^2Σ

∂_r + γ^2 1 √ Σ ∂_θ

+ γ^3 √ β τ sin^2 θ ( ∂_φ − abμ sin^2 θ β ∂_ψ ) + γ^5 √ Σ β cos^2 θ

∂_ψ + γ^AΓ_A + m ] ϕ = 0. (2.18)

Multiplying on the left by −iγ^0 √_τ ΔΣ , we obtain

i∂_tϕ = [ iγ^0γ^1 Δ r √ τ ∂_r + iγ^0γ^2 √ δ τ ∂_θ − i ( Ω_a − γ^0γ^3 √ ΔΣβ τ sin θ ) ∂_φ − i ( Ω_b + γ^0γ^3 abμ √ ΔΣ sin θ τ √ β − γ^0γ^5 √ ΔΣ √ βτ cos θ ) ∂_ψ + iγ^0 √ ΔΣ τ (γ^AΓ_A) + imγ^0 √ ΔΣ τ ] ϕ (2.19)

Using (2.16) and the fact that γ^5 = −iγ^0γ^1γ^2γ^3, we get for the connection term

iγ^0 √ ΔΣ τ (γ^AΓ_A) = i Δ 4r √ τ ( ∂_rΔ Δ + ∂_rΣ Σ ) γ^0γ^1 + i √ Δ 4 √ τ ( ∂_θΣ Σ + 2 cot θ − 2 tan θ ) γ^0γ^2 − i √ Δτ sin θ(∂_r Ω_a) 4r √ βΣ γ^1γ^3 − i √ τ sin θ(∂_θ Ω_a) 4 √ βΣ γ^2γ^3 + i bμ(r^2 + a^2) √ Δ cos θ(∂_rβ) 4rΣτ √ β γ^1γ^5 + i bμΔ(b^2 − a^2) cos^2 θ sin θ 2Στ √ β γ^2γ^5 + abμΔ(∂_rβ) sin θ cos θ 4rβτ √ Σ γ^2 + abμ √ Δ sin θ cos θ 4τ √ Σ γ^1,

(2.20)

an expression that we abbreviate as iγ^0 √ ΔΣ τ (γ^AΓ_A) = i Δ 4r √ τ ( ∂_rΔ Δ + ∂_rΣ Σ ) γ^0γ^1 + i √ Δ 4 √ τ ( ∂_θΣ Σ + 2 cot θ − 2 tan θ ) γ^0γ^2 + V_0. (2.21)

Hence the Dirac equation becomes i∂_tϕ = [ iγ^0γ^1 Δ r √ τ ( ∂_r +

∂_rΔ 4Δ + ∂_rΣ 4Σ ) + iγ^0γ^2 √ Δ τ ( ∂_θ + 2 cot θ − 2 tan θ +

∂_θΣ 4Σ )

− i ( Ω_a − γ^0γ^3 √ ΔΣβ τ sin θ ) ∂_φ − i ( Ω_b + γ^0γ^3 abμ √ ΔΣ sin θ τ √ β − γ^0γ^5 √ ΔΣ √ βτ cos θ ) ∂_ψ + V_0 + imγ^0 √ ΔΣ τ ] ϕ (2.22)

We now further simplify the equation (2.22) in several steps in order to obtain a synthetic expression adapted to our analysis. We can first get rid of some long range terms appearing in (2.22) by multiplying the spinor by the measure density of the hypersurface Σ = {t = const} associated to a ”good” radial variable. We introduce this new radial variable x such that the principal null geodesics (1.6) have radial speed ±1 with respect to this coordinate. Hence, the ”Regge-Wheeler” like coordinate x is defined implicitly by dx dr = (r^2 + a^2)(r^2 + b^2) Δ = 1 + μ r^2 Δ . (2.23)

Using (1.5), we can integrate (2.23) to obtain

x = r + 1 2κ_+ ln ( r − r_+ r + r_+ ) + 1 2κ_− ln (r − r_− r + r_− ) + C, (2.24) where

κ_+ = r_+(r^2_+ − r^2_−) (r^2_+ + a^2)(r^2_+ + b^2)

> 0, κ_− = r_−(r^2_− − r^2_+) (r^2_− + a^2)(r^2_− + b^2) < 0, are called the surface gravities of the event and Cauchy horizons respectively, and C is any constant of integration. Note from (2.24) that the event horizon {r = r+} is now described by {x = −∞}. The range of the variable x is then clearly R.

The measure dvol induced by the metric on the hypersurface Σ = {t = const} is then

dvol = √ r^2ΔΣτ (r^2 + a^2)^2(r^2 + b^2)^2 dxdω, where dω = sin θ cos θ dθ dφ dψ is the standard measure on S^3. We define the spinor density u = ( r2ΔΣτ (r^2 + a^2)^2(r^2 + b^2)^2

) 1_4 ϕ, which satisfies the same equation as the one satisfied by ϕ except that ∂_r and ∂_θ are respectively replaced by ∂_r − 1 4 ( ∂_rΔ Δ + ∂_rΣ Σ + ∂_rh^{−4} h^{−4} ) , ∂_θ − 1 4 ( ∂_θΣ Σ + ∂_θτ τ ) , where h^4 =

(r^2 + a^2)^2(r^2 + b^2)^2 r^2τ

. (2.25)

Hence the Dirac equation becomes i∂_tu = [ iγ^0γ^1 Δ r √ τ ( ∂_r + ∂_rh h ) + iγ^0γ^2 √ δ τ ( ∂_θ + 2 cot θ − 2 tan θ − ∂_θτ 4τ )

− i ( Ω_a − γ^0γ^3 √ ΔΣβ τ sin θ ) ∂_φ − i ( Ω_b + γ^0γ^3 abμ √ ΔΣ sin θ τ √ β − γ^0γ^5 √ ΔΣ √ βτ cos θ ) ∂_ψ + V_0 + imγ^0 √ ΔΣ τ ] u. (2.26)

Noting that Δ r √ τ ( ∂_r + ∂_rh h ) = h∂_xh, √ Δ τ ( ∂_θ + cot θ 2 − tan θ 2 − ∂_θτ 4τ ) = h r √ Δ (r^2 + a^2)(r^2 + b^2) ( ∂_θ + cot θ 2 − tan θ 2 ) h, we obtain i∂_tu = [ h ( iγ^0γ^1∂_x + iγ^0γ^2 r √ Δ (r^2 + a^2)(r^2 + b^2) ( ∂_θ + cot θ 2 − tan θ 2 )) h − i ( Ω_a − γ^0γ^3 √ ΔΣβ τ sin θ ) ∂_φ − i ( Ω_b + γ^0γ^3 abμ √ ΔΣ sin θ τ √ β − γ^0γ^5 √ ΔΣ √ βτ cos θ ) ∂_ψ + V_0 + imγ^0 √ ΔΣ τ ] u. (2.27)

Our goal now is to put the equation in the form i∂_tu = hD_0 h + M(x, θ, ∂_φ, ∂_ψ) with D_0 a spherically symmetric like Dirac operator and M a short-range (in r) first order differential operator in ∂_φ and ∂_ψ. We thus introduce the Dirac operator on S^3 given in our coordinates by

D_S3 = iγ^0γ^2 ( ∂_θ + cot θ 2 − tan θ 2 ) + iγ^0γ^3 1 sin θ

∂_φ + iγ^0γ^5 1 cos θ

∂_ψ , (2.28)

and using the identities imγ^0 √ ΔΣ τ = h ( im r^2 √ Δ (r^2 + a^2)(r^2 + b^2) γ^0 ) h + im √ Δ τ ( √ Σ − r)γ^0,

Ω_a = h a r^2 + a^2 h + ar(μr − √ τ ) (r^2 + a^2)^2(r^2 + b^2)^2

, Ω_b = h b r^2 + b^2 h + br(μr − √ τ ) (r^2 + a^2)^2(r^2 + b^2)^2 , we get i∂_tu = h [ iγ^0γ^1∂_x + r √ Δ (r^2 + a^2)(r^2 + b^2)

D_S3 − ia r^2 + a^2 ∂_φ − ib r^2 + b^2 ∂_ψ + im r^2 √ Δ (r^2 + a^2)(r^2 + b^2) γ^0 ] hu − i ( ar(μr − √τ) (r^2 + a^2)^2(r^2 + b^2)^2

− γ^0γ^3 √ Δ τ 1 sin θ (√ Σβ τ − 1 )) ∂_φu − i ( br(μr − √τ) (r^2 + a^2)^2(r^2 + b^2)^2

+ γ^0γ^3 abμ √ ΔΣ sin θ τ √ β − γ^0γ^5 √ Δ τ 1 cos θ ( Σ √ β − 1 )) ∂_ψ u + V_0u + imγ^0 √ Δ τ ( √ Σ − r)u. (2.29)

We shall use the following notations. As usual, we denote by D_x, D_φ, D_ψ the differential operators −i∂_x, −i∂_φ, −i∂_ψ respectively. We introduce the gamma Dirac matrices Γ^0 = iγ^0, Γ^j = −γ^0γ^j , j = 1, 2, 3, 5 that satisfy the anticommutation relations

Γ^aΓ^b + Γ^bΓ^a = 2δ_{a,b}. (2.30)

Finally we denote the different functions appearing in (2.29) by a(x) = r √ Δ (r^2 + a^2)(r^2 + b^2) , b(x) = m r^2 √ Δ (r^2 + a^2)(r^2 + b^2) , c_φ(x) = a r^2 + a^2

, c_ψ(x) = b r^2 + b^2 , M_φ(x, θ) = ar(μr − √ τ ) (r^2 + a^2)^2(r^2 + b^2)^2

+ Γ^3 √ Δ τ 1 sin θ (√ Σβ τ − 1 ) , M_ψ(x, θ) = br(μr − √ τ) (r^2 + a^2)^2(r^2 + b^2)^2

− Γ^3 abμ √ ΔΣ sin θ τ √ β + Γ^5 √ Δ τ 1 cos θ ( Σ √ β − 1 ) , M_0(x, θ) = V_0(x, θ) + m √ Δ τ ( √ Σ − r)Γ^0,

M(x, θ, D_φ, D_ψ) = M_φD_φ + M_ψD_ψ + M_0.

(2.31)

The Dirac equation under Hamiltonian form finally reads i∂_tu = D u, D = h(x, θ)D_0 h(x, θ) + M(x, θ, D_φ, D_ψ), (2.32)

where the reference Dirac operator D_0 is given by D_0 = Γ^1D_x + a(x)D_S3 + b(x)Γ^0 + c_φ(x)D_φ + c_ψ(x)D_ψ , (2.33) with h(x, θ), M(x, θ, D_φ, D_ψ), a(x), b(x), c_φ(x), c_ψ(x) as in (2.25) and (2.31).

3 Spectral properties of the Dirac Hamiltonian

3.1 Self-adjointness

In this section, we start studying the basic properties of the Hamiltonians D_0 and D such as their selfadjointness on a certain domain that we shall describe.

First of all, let us define precisely the Hilbert space framework for our analysis. Thanks to the weight we have introduced on the spinor, the Hamiltonians D_0 and D act naturally on the Hilbert space H = L^2(R × S^3, dxdω; C^4 ), (3.34) where ω denotes the angular variables (θ, φ, ψ).

To proceed further, we need to know the asymptotic behaviors of the different functions appearing in the definition of D_0 and D . To do so easily, it is useful to have an abstract analytic framework in which the behaviors of these different functions can be read off immediately. Since we work now using the ”Regge-Wheeler” variable x and that all the functions in (2.31) are expressed in the radial variable r, we need the asymptotic behavior of r in function of x. From (2.24), we see that r ∼ x, x → +∞, r − r_+ = O(e^{2κ+x}), x → −∞. (3.35)

Note in passing from (1.5) that Δ(r) ∼ x^4, x → +∞, Δ(r) = O(e^{2κ+x}), x → −∞. (3.36)

This leads us to introduce the following classes of symbols for the functions defined on the hypersurface Σ_0 = R_x × S^3. Denoting (1 + x^2)^{12} by ⟨x⟩, we define S^{m,n} = {f ∈ C^∞(Σ_0), ∀α ∈ N, β ∈ N^3 , ∂^α_x ∂^β_ω f(x, ω) ∈ { O(⟨x⟩^{m−α}), x → +∞, O(e^{−nκ+x}), x → −∞, }. (3.37) S^m = {f ∈ C^∞(Σ_0), ∀α ∈ N, β ∈ N^3 , ∂^α_x ∂^β_ω f(x, ω) ∈ O(⟨x⟩^{m−α}), |x| → +∞}. (3.38) Note the following obvious properties for these spaces (i) S^{m,n} × S^{p,q} ⊂ S^{m+p,n+q}, (ii) ∂^α_x : S^{m,n} −→ S^{m−α,n}, ∀α ∈ N, (iii) ∂^β_ω : S^{m,} −→ S^{m,n}, ∀β ∈ N. (3.39)

To make the link between the x and r variables, we also define for the functions defined on the hypersurface Σ_0 = (r_+, +∞) × S^3 the space Π^m = {f ∈ C^∞(Σ_0), ∀α ∈ N, β ∈ N^3 , ∂^α_x ∂^β_ω f(r, ω) ∈ { O(⟨r⟩^{m−α}), r → +∞, O(1), r → r_+. } }. (3.40)

We shall use the following result whose proof is identical to the one given in [32] (Lemma 9.7.1)

Lemma 1 (i) f(r) ∈ Π^m =⇒ f(r(x)) ∈ S^{m,0}, ∀α ∈ N^∗ , ∂^α_x f(r(x)) ∈ S^{m−α,−2}, (ii) f(x) ∈ S^{m,n}, g(r) ∈ Π^k, =⇒ f(x)g(r) ∈ S^{m+k,n}. (3.41)

As a first consequence, we see from (3.36) that Δ ∈ S^{4,−2}, √ Δ ∈ S^{2,−1}. (3.42)

Let us now give the asymptotics of the functions appearing in the Hamitonians D_0 and D . We start with the functions a, b, c_φ, c_ψ (depending only on the radial variable x) used in the definition of D_0 . We have

Lemma 2 (i) a(x) ∈ S^{−1,−1}, ∃ϵ > 0, ∀j ∈ N, ( a(x) − 1 x )_{(j)} ∈ O(⟨x⟩^{−1−ϵ−j} ), x → +∞, ∃a_−, a(x) − a_−e^{κ+x} ∈ O(e^{3κ+x}), x → −∞, (ii) b(x) ∈ S^{0,−1}, b^′(x) ∈ S^{−2,−1}, (b(x) − m) ∈ O(⟨x⟩^{−1}), x → +∞. (iii) c_φ(x) ∈ S^{−3,0}, c^′_φ(x) ∈ S^{−4,−2}, c_φ(x) − ω_a ∈ O(e^{2κ+} ), x → −∞, (iv) c_ψ(x) ∈ S^{−3,0}, c^′_ψ(x) ∈ S^{−4,−2}, c_ψ(x) − ω_b ∈ O(e^{2κ+} ), x → −∞.

(3.43)

Hence the potential a is exponentially decreasing at the event horizon and of Coulomb type at infinity. The potential b is also exponentially decreasing at the event horizon and tends to m at infinity. Note that the difference between b and m is of Coulomb type at infinity. Finally, the potentials c_φ and c_ψ decay as ⟨x⟩^{−3} at infinity and tend to the constants ω_a =^a_{r2++a2} and ω_b =^b_{r2++b2} at the event horizon but the differences between c_φ and ω_a and c_ψ and ω_b decay exponentially at the event horizon.

We now turn our attention to the function h(x, θ) and the differential operator M(x, θ, D_φ, D_ψ) appearing in the Hamiltonian D . We have

Lemma 3 (i) h ≥ 1, h − 1, h^2 − 1 ∈ S^{−2,−1}, ∂_θh ∈ S^{−2,−2}, (ii) ∀n, m ∈ Z, M_{i,j} (x, θ, n, m) ∈ S^{−2,−1}, i, j = 1, ..., 4. (3.44)

The function h(x, θ) is always greater than 1 and the difference between h and 1 is exponentially decreasing at the event horizon and decays as ⟨x⟩^{−2} at infinity. Hence, h − 1 is short-range at both ends of the exterior region. Also, the differential operator M(x, θ, D_φ, D_ψ) when decomposed onto the angular modes {e^{inφ}e^{imψ} }_{n,m∈Z} is a matrix-valued function whose components are short-range, exponentially decreasing at the event horizon and decaying as ⟨x⟩^{−2} at infinity.

We shall use Lemmas 2 and 3 as follows. Since the exterior region of a 5D Myers-Perry black hole possesses a bi-azimuthal symmetry with respect to the variables φ and ψ, it will be enough to study the spectral properties of D on each angular modes {e^{inφ}e^{imψ}}_{n,m∈} 1_{2 +Z}. Denoting by D^{nm} and D^{nm}_0 the restrictions of D and D_0 on these angular modes, we find D^{nm} = h(x, θ)D^{nm}_0 h(x, θ) + M(x, θ, n, m), (3.45) with D^{nm}_0 = Γ^1D_x + a(x)D_S3 + b(x)Γ^0 + nc_φ(x) + mc_ψ(x). (3.46)

Note that we kept the full Dirac operator D_S3 on S^3 in the expression of D^{nm} and D^{nm}_0 since our aim is to compare D with a spherically symmetric Dirac operator. The interest in the expressions (3.45) and (3.46) is that the terms involving ∂_φ and ∂_ψ can now be treated as potentials. Moreover, using the decomposition

D^{nm} = D^{nm}_0 + (h − 1)D^{nm}_0 + D^{nm}_0 (h − 1) + (h − 1)D^{nm}_0 (h − 1) + M(x, θ, n, m),

and using Lemma 3, the Hamiltonian D restricted to each of the angular modes {e^{inφ}e^{imψ}}_{n,m∈} 1_{2 +Z} can be viewed as a short-range perturbation of the Hamiltonian D_0 restricted to the same angular modes. The latter is the restriction of a spherically symmetric Dirac operator for which we shall be able to use a decomposition onto suitably chosen spherical harmonics to deduce its spectral properties.

The operators D^{nm} and D^{nm}_0 will be thus the operators at the heart of our analysis. From now on, we shall assume that these operators act on the full Hilbert space H as follows: we make the parts of D^{nm} and D^{nm}_0 involving D_S3 act on H in the natural way on H whereas we still consider the parts of D^{nm} and D^{nm}_0 involving the angular modes n and m as potentials. To avoid confusion, we denote H and H_0 the extension of D^{nm} and D^{nm}_0 respectively for given (n, m) ∈^1_2 + Z. We shall write concisely

H = h(x, θ)H_0h(x, θ) + M(x, θ), H_0 = Γ^1D_x + a(x)D_S3 + b(x)Γ^0 + c(x), (3.47)

where c(x) = nc_φ(x) + mc_ψ(x). It is important to keep in mind that H_0 and H only coincide with D^{nm}_0 and D^{nm} on the particular modes e^{inφ}e^{imψ}. In what follows, we shall study the spectral properties of H_0 and H and shall be able to obtain equivalent assertions for D_0 and D simply by restriction to given angular modes.

When dealing with the Hamiltonian H_0, we can use a decomposition onto well-chosen spin-weighted spherical harmonics that ”diagonalizes” the Dirac operator D_S3 on S^3 to simplify the Hamiltonian. Precisely, we shall use constantly the following result

Lemma 4 The Hilbert space H can be decomposed onto a Hilbert sum H = ⨁ l,n,m∈L H_{lnm}, L = { (l, n, m), l ∈ N^∗ , (n, m) ∈ 1 2 + Z } ,

where the H_{lnm}’s are subpaces of H, isometric to L^2(R, dx; C^4 ), which are let invariant through the action of H_0. Moreover, the restrictions of H_0 to H_{lnm} are

H^{lnm}_0 = D^{lnm}_0 = Γ^1D_x + λ_{lnm}a(x)Γ^2 + b(x)Γ^0 + c(x).

Here, the λ_{lnm} ∈ {^3_2 ,^5_2 ,^7_2 , ...} are the positive eigenvalues of D_S3 .

Proof. See Appendix A. ♦

We can use this Lemma to prove

Proposition 1 The Hamiltonian H_0 is self-adjoint on H with domain D(H_0) = {u ∈ H, ‖H_0u‖^2 < ∞} = { u ∈ H, u = ∑ l,n,m∈L u_{lnm}, ∑ l,n,m∈L ( ‖u_{lnm}‖^2 +‖H^{lnm}_0 u_{lnm}‖^2 ) < ∞ } . As a consequence, D_0 is self-adjoint on H with domain

D(D_0 ) = {u ∈ H, ‖D_0 u‖^2 < ∞} = { u ∈ H, u = ∑ l,n,m∈L u_{lnm}, ∑ l,n,m∈L ( ‖u_{lnm}‖^2 + ‖D^{lnm}_0 u_{lnm}‖^2 ) < ∞ } .

Proof. The Hamiltonian H_0 being spherically symmetric, it is enough to study H^{lnm}_0 on each H_{lnm}. But H^{lnm}_0 = Γ^1D_x + λ_{lnm}a(x)Γ^2 + b(x)Γ^0 + c(x),

where the functions a(x), b(x), c(x) are bounded by Lemma 2. By the Kato-Rellich Theorem, for each (l, n, m) ∈ L, H^{lnm}_0 is self-adjoint on H_{lnm} with domain D(H^{lnm}_0 ) = {u_{lnm} ∈ H_{lnm}, ‖H^{lnm}_0 u_{lnm}‖^2 < ∞} = H^1(R, C^4 ). This gives the the result for H_0. Since H_0 and D_0 coincide on a given H_{nm} the restriction of H to the angular modes e^{inφ}e^{imψ}, we deduce that D^{nm}_0 is self-adjoint on H_{nm} with its natural domain. Since this can be done on each H_{nm}, the second assertion is proved. ♦

To study H and D , we need

Lemma 5 1) h(x, θ)D(H_0) = D(H_0) and h^{−1}(x, θ)D(H_0) = D(H_0). 2) h(x, θ)D(D_0 ) and h^{−1}(x, θ)D(D_0 ) = D(D_0 ).

Proof. Let u ∈ D(H_0) ⊂ H. Since h, ∂_xh, ∂_θh are uniformly bounded according to Lemma 3, we have ‖H_0(hu)‖ = ‖ ‖ ‖ ( (Γ^1D_x + a(x)Γ^2D_θ)h ) u + h(H_0u) ‖ ‖ ‖, ≤ C(‖u‖ + ‖H_0u‖) < ∞. Hence hu ∈ D(H_0). Note that the same argument gives h^{−1}u ∈ D(H_0).

Conversely, let v ∈ D(H_0) et set u = h^{−1}v. Then u ∈ D(H_0) from the argument above and hu = v. The first assertion is thus proved. The proof for D_0 is clearly the same. We omit it. ♦

Corollary 1 1) hH_0h is self-adjoint on H with domain D(hH_0h) = D(H_0). 2) hD_0 h is selfdjoint on H with domain D(hD_0 h) = D(D_0 ).

Proof. The operator (hH_0h, D(H_0)) is clearly symmetric according to Proposition 1 and Lemma 5. Let us prove that D((hH_0h)^∗) = D(H_0). Suppose that D((hH_0h)^∗) contains strictly D(H_0) et let v ∈ D((hH_0h)^∗) \ D(H_0). Then, there exist η ∈ H such that ⟨hH_0hu, v⟩ = ⟨u, η⟩, ∀u ∈ D(H_0). Since the operator of multiplication by h is a bounded self-adjoint operator on H with inverse h^{−1}, we get ⟨H_0hu, hv⟩ = ⟨hu, h^{−1}⟩, ∀u ∈ D(H_0).

But φ = hu ∈ D(H_0) by Lemma 5 and ψ = hv /∈ D(H_0) by definition of v. Then, there exists η ∈ H such that ⟨H_0φ, ψ⟩ = ⟨φ, η⟩, ∀φ ∈ D(H_0). Thus ψ ∈ D(H_0)^∗ = D(H_0) which contradicts our assumption.

The proof for hD_0 h is identical. ♦

We now can conclude to the self-adjointness of H and D with their natural domains.

Proposition 2 1) H is self-adjoint on H with domain D(H) = {u ∈ H, ‖Hu‖^2 < ∞} = D(H_0). 2) D is self-adjoint on H with domain D(D ) = {u ∈ H, ‖D u‖^2 < ∞} = { u ∈ H, u = ∑ l,n,m∈L u_{lnm}, ∑ l,n,m∈L ( ‖u_{lnm}‖^2 + ‖D^{lnm} u_{lnm}‖^2 ) < ∞ } .

Proof. The proof is obvious for H by the Kato-Rellich Theorem and the fact that the potential M(x, θ, n, m) is bounded for fixed (n, m) ∈^1_2 + Z. Hence, we conclude that D^{nm} is self-adjoint on H_{nm} the restriction of H to the angular modes ϵ^{inφ}e^{imψ} with its natural domain. Since this can be done for each H_{nm}, n, m ∈^1_2 + Z, the second assertion follows. ♦

Finally, thanks to Proposition 2, the solutions of the Dirac equation (2.32) can be written using the evolution e^{−itD} as u(t) = e^{−itD} u_0 where u_0 ∈ H is any initial data on the hypersurface Σ_0.

3.2 Local energy decay I

We begin this section by collecting some standard results useful for the later Mourre analysis and for our first version of local energy decay below. We first give a compactness criterion for operators of the form f(x)g(H_0) as well as f(x)g(H) where f, g are functions decaying at infinities. To do so, we need a better description of the domain D(H_0) = D(H). By the same argument as in [34], we know that

D(H) = D(H_0) ⊂ H^1_{loc}(Σ_0; C^4 ). (3.48)

Then we have the standard compactness criterion

Lemma 6 If f = f_{ij} , g ∈ C_∞(R), then the operator f(x)g(H_0) and f(x)g(H) are compact on H.

As a consequence of Lemma 6 and of the Helffer-Sjöstrand formula [15], we also have

Corollary 2 If χ ∈ C^∞_0 (R), then the operator χ(H) − χ(H_0) is compact.

We shall also need in the next section the following resolvent estimates whose proof is identical to the one in [34]. There exists a constant C such that for any u ∈ D(H_0), ‖a(x)D_S3 u‖ ≤ C(‖H_0u‖ + ‖u‖), ‖Γ^1D_xu‖ ≤ C(‖H_0u‖ + ‖u‖). (3.49)

The same estimates remain true if we replace H_0 by H.

At last, we state an important property of domain invariance for Dirac operators only (see [50]). Precisely, the domains D(⟨x⟩^n), n ∈ N are stable under the action of the resolvents of H_0 and H.

Lemma 7 Let n ∈ N, z ∈ C \ σ(H) and χ ∈ C^∞_0 (R). Then (H − z)^{−1}D(⟨x⟩^n) ⊂ D(⟨x⟩^n), χ(H)D(⟨x⟩^n) ⊂ D(⟨x⟩^n). (3.50)

Moreover, the estimates (3.50) remain true if we replace H by H_0.

We now start our study of the spectral properties of the Hamiltonian D . From Appendix A, we know that the spectrum of D is purely continuous, i.e. σ_{pp}(D ) = ∅. This fact together with the compactness criterion above entails

Proposition 3 Let χ ∈ C^∞_0 (R). Then, for all u ∈ H, 1 2T ∫_T −T ‖χ(x)e^{−itD} u‖^2dt → 0. Proof. By a density argument, it is enough to prove this result for D^{nm} = H^{nm}, the restriction of D onto each of the angular modes {e^{inφ}e^{imψ} }, n, m ∈^1_2 + Z. But, the spectrum H^{nm} is clearly also purely continuous and from Lemma 6, the operator χ(x)(H^{nm} + i)^{−1} is compact. Hence, the result follows directly from the RAGE Theorem (see for instance [47]). ♦

4 Mourre theory

In this section, we prove the absence of singular continuous spectrum for the Hamiltonian H defined in (3.47) by means of an application of the Mourre theory. Since this Hamiltonian coincide on each angular modes {e^{inφ}e^{imψ}}, n, m ∈^1_2 + Z, with the Hamiltonian D^{nm} , we shall conclude that the spectrum of D also contains no singular continuous spectrum and thus, is purely absolutely continuous by Proposition 3. Using this fact, we prove the weak local decay energy stated in Theorem 1 by a simple application of the Riemann-Lebesgue Lemma.

We begin this section recalling the basics of the Mourre theory. To determine then a locally conjugate operator for H, we use the construction of [12] where the same problem was studied in the case of the 4-dimensional Kerr-Newman metric. It turns out that the expression of the Hamiltonian H given in (3.47) enters exactly in the analytic framework studied in [12], except that the Dirac operator of the 2D-sphere S^2 is now replaced by the Dirac operator D_S3 on the 3D-sphere. For the convenience of the reader, we reproduce the proof with the slight necessary modifications due to the dimension.

4.1 Abstract Mourre theory

In this section, H denotes any self-adjoint operator on a Hilbert space H. Mourre theory is a powerful tool to study the spectral nature of H. Its principle consists in finding a self-adjoint operator A on H so that the pair (H, A) satisfies a set of assumptions which we now recall (see [41]). (M1) e^{−itA}D(H) ⊂ D(H). (M2) i[H, A] defined as a quadratic form on D(H) ∩ D(A) extends to an element of B(D(H), H).

(M3) [A, [A, H]] well defined as a quadratic form on D(H) ∩ D(A) by (ii), extends to an element of B(D(H), D(H)^∗).

(M4) Let I ⊂ R an open interval. There exists a strictly positive constant μ and a compact operator K such that 1_I (H)i[H, A]1_I (H) ≥ ϵ1_I (H) + K. (4.1)

The fundamental assumption here is the Mourre estimate (4.1). Its meaning is that we must find an observable A which essentially increases along the evolution e^{−itH} . The other conditions are more technical and turn out to be difficult to check directly in the case where A and H are unbounded self-adjoint operators having no explicitly known domains. We give below some useful criteria to verify them. If the pair (H, A) satisfy these assumptions then we say that A is a conjugate operator for H on I. The existence of a conjugate operator provides important informations on the spectrum of H. Precisely, we have (see for example [2])

Theorem 2 Let H, A be self-adjoint operators on H. Assume that A is a conjugate operator for H on the interval I. Then H has no singular continuous spectrum in I. Furthermore, the number of eigenvalues of H in I is finite (counting multiplicity).

Let us now give some details concerning the conditions (M1), (M2) and (M3) of Mourre theory. One of the difficulties in Mourre theory consists in working with commutators i[H, A] (see (M2)) between unbounded self-adjoint operators. One has to be careful when dealing with such quantities since D(H) and D(A) may be unknown or have an intersection which is not even dense in H. Similarly, the assumption (M1) is not easy to prove since the action of e^{isA} may also be unknown. Therefore, it is useful to have a different set of criteria. Let us first define the class of operators C^k(A) introduced in [2].

Definition 1 Given a self-adjoint operator A, we say that a self-adjoint operator H belongs to C^k(A), k ∈ N, if and only if (ABG) ∃z ∈ C \ σ(H), s −→ e^{isA}(H − z)^{−1}e^{−isA} ∈ C^k(R_s ; B(H)), for the strong topology of B(H).

It is shown in [2] that one can replace the assumptions (M1) and (M2) by the unique assumption H ∈ C^1(A) without changing the conclusions of Theorem 2. Roughly speaking, this condition allows for the following equality [A, (z − H)^{−1}] = (z − H)^{−1}[A, H](z − H)^{−1}, to make sense on H. From [2], H ∈ C^1(A) is equivalent to (i)^′ ∃z ∈ C \ σ(H), (H − z)^{−1}D(A) ⊂ D(A), (H − z)^{−1}D(A) ⊂ D(A), (ii)^′ |(Hu, Au) − (Au, Hu)| ≤ C(‖Hu‖^2 + ‖u‖^2), ∀u ∈ D(H) ∩ D(A), which is similar to the conditions (M1) and (M2). Nevertheless, they remain complicated to check when the domains of H and A are not explicitly known. One way to remedy this problem consists in finding first a common core for H and A. This procedure is described in [27]. We only recall the two results we shall need.

Lemma 8 (Nelson) Let N ≥ 1 a self-adjoint operator on H. Let A a symmetric operator on H such that D(N) ⊂ D(A). Assume that ‖Au‖ ≤ C‖Nu‖, ∀u ∈ D(N), |(Au, Nu) − (Nu, Au)| ≤ C‖N^{12} u‖^2, ∀u ∈ D(N). (4.2)

Then A is essentially self-adjoint on D(N). Furthermore every core of N is also a core for A.

Lemma 9 (Gérard, Laba) Let H, H_0 and N three self-adjoint operators on H satisfying N ≥ 1, D(H) = D(H_0) and (H − z)^{−1}D(N) ⊂ D(N). Let A a symmetric operator on D(N). Assume that H_0 and A satisfy the assumptions of Lemma 8 and |(Au, Hu) − (Hu, Au)| ≤ C(‖Hu‖^2 + ‖u‖^2), ∀u ∈ D(N). (4.3) Then we have

• D(N) is dense in D(A) ∩ D(H) with the norm ‖Hu‖ + ‖Au‖ + ‖u‖,

• The quadratic form i[H, A] defined on D(A) ∩ D(H) is the unique extension of i[H, A] on D(N),

• H ∈ C^1(A).

The operator N above is called a comparison operator. When the assumptions of Lemma 9 are satisfied, it is enough to compute the commutator i[H, A] as a quadratic form on the common core D(N) or on any core of N. We finish this brief presentation of Mourre theory by an interesting observation. The condition H ∈ C^1(A) together with the condition (M2) imply the condition (M1) thanks to a result due to Gérard and Georgescu [25]

Lemma 10 Let H and A two self-adjoint operators such that H ∈ C^1(A) and i[H, A] ∈ B(D(H), H) then e^{isA}D(H) ⊂ D(H) for all s ∈ R.

The choice of a locally conjugate operator for Hamiltonians H like (3.47) is not straightforward. Recall indeed that the evolution described by H can be understood as an evolution on a Riemannian manifold (given here by Σ_0 = R_x × S^3) having two different ends. At infinity, the metric on Σ_0 tends to the flat metric. Therefore, we can use the usual generator of dilations there. At the event horizon, this metric is exponentially large and the choice of a conjugate operator turns out to be much more complicated. Analogous situations have been studied before, first by Froese and Hislop [23] in the case of a second-order-elliptic Hamiltonian, then by De Bièvre, Hislop and Sigal [16] for the wave equation on classes of non-compact Lorentzian manifolds with several asymptotic ends which are perturbations of particular simple geometries and more recently by Bouclet [8] for the Laplacian on asymptotically hyperbolic manifolds. Closer to our model, Häfner and Nicolas [34] treated the case of massless Dirac fields in a Kerr background, work that was generalized to massive Dirac fields in a Kerr-Newman background in [12]. The latter two models are in fact almost identical to ours and we shall use here the construction of a locally conjugate operator given there.

4.2 Locally conjugate operator for D

4.2.1 Preliminaries

In order to separate the problems at the event horizon and infinity, we define two cut-off functions j_± ∈ C^∞(R) satisfying

j_−(x) = 1, for x ≤ 1 2 , j_−(x) = 0, for x ≥ 1,

j_+(x) = 1, for x ≥ 2, j_+(x) = 0, for x ≤ 3 2 . In this definition, the support of j_− must contain (−∞, 0] whereas the support of j_+ only has to contain a neighbourhood of +∞. Now, for S ≥ 1, we set

R_−(x, D_S3 ) = (x + κ^{−1}_+ ln |D_S3 |) j^2_−

( x + κ−1_+ ln |D_{S3} | S ) , R_+(x) = xj^2_+( x S ).

We define the local conjugate operators A_−, A_+ by

A_− = R_−(x, D_S3 )Γ^1, A_+ = 1 2 (D_x R_+(x) + R_+(x)D_x).

At infinity, the conjugate operator A_+ is like a generator of dilations whereas at the horizon, A_− is the locally conjugate operator introduced in [12]. The true conjugate operator A will be the sum or the difference between A_− and A_+ depending on the energy interval we consider. Precisely, let χ ∈ C^∞_0 (R) such that supp χ is included in one of the intervals (−∞, −m), (−m, +m), (+m, +∞). Then we define the conjugate operator A_χ on supp χ by

A_χ = A_− + A_+ when supp χ ⊂ (+m, +∞), A_χ = A_− − A_+ when supp χ ⊂ (−∞, −m), A_χ = A_− when supp χ ⊂ (−m, +m). We will prove the assumptions (M1) to (M3) for A = A_− + A_+. The other cases are analogous.

Before starting with the proof, we simplify some notations. In what follows indeed, we shall use extensively the decomposition onto generalized spherical harmonics for the Dirac operator D_S3 introduced in Lemma 4. Recall that on each Hilbert space H_{lnm}, the operator H_0 reduces to

H^{lnm}_0 = Γ^1D_x + λ_{lnm}a(x)Γ^2 + b(x)Γ^0 + c(x),

where λ_{lnm} ∈ {^3_2 ,^5_2 ,^7_2 , ...} are the positive eigenvalues of D_S3 . Since H^{lnm}_0 only depends on λ_{lnm} and for ease of notations, we shall gather all the indices (l, n, m) corresponding to the same eigenvalues λ_{lnm} = k. Recalling that there exists only a finite number of combinations of (l, n, m) such that λ_{lnm} = k, we thus introduce in a natural way a new decomposition of the Hilbert space H, in the form H = ⨁ k∈^3_2 +N

H_k, H_k = ⨁ (l,n,m)/ λ_{lnm}=k H_{lnm}, H_k ≃ L^2(R; C^4 ),

such that H^k_0 = H_{0 |Hk} = Γ^1D_x + ka(x)Γ^2 + b(x)Γ^0 + c(x).

Let us now study the operator R_−(x, D_S3 ) appearing in A_−. On each Hilbert space H_k, it reduces to multiplication operator R_−(x, k) where k ∈^3_2 + N. We have

Lemma 11 For all S ≥ 1, |R_−(x, k)| ≤ C⟨x⟩, uniformly in k, |R^{(i)}_− (x, k)| ≤ C, uniformly in k, i = 1, 2.

As a consequence, the domains of the operators R_−(x, D_S3 ) and A_− contain D(⟨x⟩). Moreover, if j_1 ∈ C^∞(R) satisfies j_1(x) = 1, for x ≤ 1 and j_1(x) = 0, for x ≥^3_2 , then

R^{(i)}_− (x, D_S3 ) = R^{(i)}_− (x, D_S3 )j^2_1 ( x S ), i = 0, 1, 2. Proof. The operator R_−(x, k) is a translation by κ^{−1}_+ ln |k| of the operator of multiplication xj^2_−(^x_S ). Since |k| ≥^3_2 , we have x ≤ x + κ^{−1}_+ ln |k|, ∀k. (4.4)

Therefore, on supp j_− we have x ≤ x + κ^{−1}_+ ln |k| ≤ S, and thus |x + κ^{−1}_+ ln |k|| ≤ max(S, |x|) ≤ C⟨x⟩, ∀k. This proves the first assertion.

Now we have

R^{(1)}_− (x, k) = j^2_− ( x + κ−1_+ ln |k| S ) + (x + κ−1_+ ln |k| S ) (j^2_−)^′ (x + κ−1_+ ln |k| S ) . Since supp (j^2_−)^′ is compact, the second assertion holds.

Finally, it is immediate from (4.4) that

(j^2_−)^{(i)} (x + κ−1_+ ln |k| S ) j^2_1 ( x S ) = (j^2_−)^{(i)} ( x + κ−1_+ ln |k| S ) , ∀k, i = 0, 1, 2. This concludes the proof of the lemma. ♦

We shall now prove that the Mourre assumptions (M1) to (M3) hold for (H, A). We first define the comparison operator N = D^2_x + a^2(x)D^2_S3 + ⟨x⟩^2, where a(x) is the potential in front of D_S3 in the definition of H. By the same proof as in [34], we can characterize the domain of N by D(N) = D(H^2) ∩ D(⟨x⟩^2) = D(H^2_0 ) ∩ D(⟨x⟩^2). From this and Proposition 7, we have for any z ∈ C \ σ(H), (H − z)^{−1}D(N) ⊂ D(N). (4.5) We also state some useful estimates (immediate from the definition of N): for u ∈ D(N), ‖D_xu‖ ≤ C‖N^{12} u‖, ‖a(x)D_S3 u‖ ≤ C‖N^{12} u‖, ‖xu‖ ≤ C‖N^{12} u‖. (4.6) Our first result shows that the pairs of Hamiltonians (A_±, N) and (H_0, N) satisfy the hypotheses of Lemma 8 above. Precisely, we have Lemma 12 (A_±, N) and (H_0, N) satisfy the hypotheses of Lemma 8. In particular, the operators A_± and H_0 are essentially self-adjoint on D(N).

Proof. We first consider the pair (A_±, N). By Lemma 11, D(N) ⊂ D(⟨x⟩) ⊂ D(A_−) and for any u ∈ D(N), we have ‖A_−u‖ ≤ C‖⟨x⟩u‖ ≤ C‖Nu‖. Hence, it remains to show that |(u, i[A_±, N]u)| ≤ C‖N^{12} u‖^2. But, using Lemma 11 and (4.6), we have |(u, [A_−, N]u)| ≤ 2|(D_xu, R^{(1)}_− (x, D_S3 )Γ^1u)| ≤ C‖u‖‖D_xu‖ ≤ C‖N^{12} u‖^2. The proof for A_+ is identical to that given in [34]. We omit it.

Let us now consider the pair (H_0, N). Using (4.6), we have for any u ∈ D(N) ‖H_0u‖ ≤ ‖D_xu‖ + ‖a(x)D_S3 u‖ + C‖u‖ ≤ C‖Nu‖.

Moreover, |(u, [H_0, N]u)| ≤ 2 ( |(u, Γ^1a^′ (x)a(x)D^2_S3 u)| + |(u, Γ^1xu)| + |(D_xu, a^′ (x)D_S3 u)| +|(D_xu, b^′ (x)u)| + |(D_xu, c^′ (x)u)| ) . Now remark that there exists a constant C such that |a^′ (x)| ≤ C|a(x)|. Hence we have |(u, [H_0, N]u)| ≤ C ( ‖a(x)D_S3 u‖^2 + ‖u‖ ‖xu‖ + ‖D_xu‖(‖a(x)D_S3 u‖ + ‖u‖) ) , ≤ C‖N^{12} u‖^2. This proves the assertion. ♦

Lemma 13 H ∈ C^1(A). Moreover, the commutator i[H, A] belongs to B(D(H), H). It follows that the assumptions (M1) and (M2) of the Mourre theory are satisfied.

Proof: Thanks to Lemma 12, it suffices to show that |(u, i[H, A_±]u)| ≤ C(‖Hu‖^2+‖u‖^2) for all u ∈ D(N) in order to apply Lemma 9. We only prove it for A_− since the proof for A_+ is identical to that given in [34]. We first calculate i[H_0, A_−]. We have i[H_0, A_−] = R^{(1)}_− (x, D_S3 ) + 2ia(x)R_−(x, D_S3 )D_S3 Γ^1 + 2ib(x)R_−(x, D_S3 )Γ^0Γ^1.

Let u ∈ D(N). By Lemma 11, we estimate the first term by ‖R^{(1)}_− (x, D_S3 )u‖ ≤ C‖u‖. We can estimate the second term by

‖a(x)R_−(x, D_S3 )D_S3 Γ^1u‖ ≤ ‖ a(x) − a_−e^{κ+x} a(x) j^2_1 ( x S )R_−(x, D_S3 )‖‖a(x)D_S3 (H_0 + i)^{−1}‖‖(H_0 + i)u‖ + ‖a_−R_−(x, D_S3 )e^{κ+(x+κ−1+ ln |DS3 |)} D_S3 |D_S3 | Γ^1u‖. (4.7)

Observe that ‖^{a(x)−a−eκ+ x}_{a(x)} j^2_1 (^x_S )R_−(x, D_S3 )‖ is bounded thanks to Lemmas 2 and 11. Furthermore, ‖a(x)D_S3 (H_0 + i)^{−1}‖ and ‖R_−(x, D_S3 )e^{κ+(x+κ−1+ ln |DS3 |)}‖ are bounded by the resolvent estimates (3.49) for the former and by definition of R_−(x, D_S3 ) for the latter. Hence, we get ‖a(x)R_−(x, D_S3 )D_S3 Γ^1u‖ ≤ C(‖H_0u‖ + ‖u‖). Finally, the last term is estimated as follows ‖b(x)R_−(x, D_S3 )Γ^0Γ^1u‖ ≤ C‖b(x)j^2_1 ( x S )R_−(x, D_S3 )‖‖u‖ ≤ C‖u‖, again by Lemma 2. In summary, we have i[H_0, A_−] ≤ C(‖H_0u‖ + ‖u‖). We now estimate i[H, A_−]. We have i[H, A_−] = h i[H_0, A_−]h + i[M, A_−]. Since h is bounded as an operator from D(H) = D(H_0) into itself, the first term belongs to B(D(H), H) by the previous estimate. Moreover, since M ∈ S^{−2}(R) according to Lemma 3, the remaining term i[M, A_−] is clearly bounded by Lemma 11. This concludes the proof of the Lemma. ♦

Lemma 14 The double commutator [i[H, A], A] extends to a bounded operator in B(D(H), H).

Proof: We first estimate [i[H, A_−], A_−]. We have [i[H, A_−], A_−] = h[i[H_0, A_−], A_−]h + [i[M, A_−], A_−]. The second term is clearly bounded since M ∈ S^{−2} and A_− is bounded from D(⟨x⟩) to H. Moreover, the first term [i[H_0, A_−], A_−] = 4ia(x)R^2_−(x, D_S3 )D_S3 + 4ib(x)R^2_−(x, D_S3 )Γ^0,

is bounded from D(H) to H by the same argument as in the proof of Lemma 13.

Now we estimate [i[H, A_−], A_+]. We have

[i[H, A_−], A_+] = ( i[h, A_+][H_0, A_−]h + h.c. ) + h[i[H_0, A_−], A_+]h + [i[M, A_−], A_+], (4.8)

where h.c. denotes the hermitian conjugate of the quantity on its left. Since i[h, A_+] = −R_+(x)(∂_xh) ∈ S^{−1} by Lemma 3, the first term in (4.8) is bounded from D(H) to H by Lemma 13. From the exact expression of i[H_0, A_−], the second term in (4.8) is written as

[i[H_0, A_−], A_+] = iR_+(x)R^{(2)}_− (x, D_S3 ) − 2 ( a(x)R_−(x, D_S3 ) )_{(1)} R_+(x)D_S3 Γ^1 − 2 ( b(x)R_−(x, D_S3 ) )_{(1)} R_+(x)Γ^0.

(4.9)

Recall that R^{(i)}_− (x, D_S3 ) = R^{(i)}_− (x, D_S3 )j^2_1 (^x_S ), ∀i = 0, 1, 2 by Lemma 11. We can assume that the function j_+ has been chosen such that supp j_1 ∩ supp j_+ = ∅. Hence, (4.9) vanishes. Finally, since [M, A_−] ∈ S^{−1}, the last term in (4.8) is also bounded from D(H) to H.

Similarly, [i[H, A_+], A_−] is bounded from D(H) to H. The same result holds for [i[H, A_+], A_+] (see [34]). ♦

In conclusion, we have proved that the pair of self-adjoint operators (H, A) satisfies the technical assumptions (M1), (M2) and (M3) of Mourre theory. It remains to check that the Mourre estimate (4.1) holds on suitably chosen intervals.

4.2.2 The Mourre estimate for (H, A)

The strategy in this section is the following. We first establish Mourre estimates between H_0 and A_− (resp. H_0 and A_+). The main difficulties arise with the part of the proof concerned with A_−. We shall use here several technical results from [34] which hold true in our model. Since they are instructive, short proofs will be sketched in the course of the calculations. The full results can be found in Section 5.5 of [34]. Finally, we will show that the remaining term involving H − H_0 is compact on H and thus is negligible (in the sense of Mourre theory).

Mourre estimate for (H_0, A_−): When working at the horizon of the black hole, it is convenient to introduce the operator

H_e = Γ^1D_x + a_−e^{κ+x}D_S3 + c_−, c_− = nω_a + mω_b,

which corresponds to the formal limit of the operator H_0 when x → −∞ (see (3.47) and Lemma 2). Let us recall some basic properties of H_e (see Sections 3.2 and 5.5 in [34]). On each reduced Hilbert space

H_k with k ∈^3_2 + N, we denote this operator H^k_e and we have D(H^k_e ) = {u ∈ H_k, H^k_e u ∈ H_k} its natural domain. Then the following properties hold

Resolvent estimates : ∀u ∈ D(H^k_e ), max(‖Γ^1D_xu‖, ‖k e^{κ+x}Γ^2u‖) ≤ C(‖H^k_e u‖ + ‖u‖),(4.10) self-adjointness : (H^k_e , D(H^k_e )) is self-adjoint on H_k, (4.11) Characterization of the domain : D(H^k_e ) ⊂ [H^1(R)]^4 , (4.12) Compactness criterion : ∀f, g ∈ C_∞(R), f(x)g(H^k_e ) is compact, (4.13) Spectrum : H^k_e has no eigenvalue i.e. σ_{pp}(H^k_e ) = ∅. (4.14)

We also denote D(H_e) = {u = ∑ u_k, u_k ∈ D(H^k_e ), ∑ (‖H^k_e u‖^2 + ‖u‖^2) < ∞} the domain of H_e. We have

Resolvent estimates : ∀u ∈ D(H_e), max(‖Γ^1D_xu‖, ‖e^{κ+x}D_S3 u‖) ≤ C(‖H_eu‖ + ‖u‖), (4.15) self-adjointness : (H_e, D(H_e)) is self-adjoint on H. (4.16)

Let us state three results which will be useful later.

Lemma 15 Let χ ∈ C^∞_0 (R) and j ∈ C^∞(R) a cut-off function at the horizon, i.e. j = 1 on a neighbourhood of −∞ and j = 0 on a neighbourhood of +∞. Then j(x)(χ(H_0) − χ(H_e)) is compact on H. Proof. We use the Helffer-Sjöstrand formula (see for instance [15]). We obtain

j(x)(χ(H_0) − χ(H_e)) = i 2π ∫ C ∂_{z̄}χ̃(z)j(x)(z − H_0)^{−1}(H_0 − H_e)(z − H_e)^{−1}dz ∧ dz̄,

where χ̃ is an almost analytic extension of χ. The integral converges in operator norm in view of the inequality ‖j(x)(z − H_0)^{−1}(H_0 − H_e)(z − H_e)^{−1}‖ ≤ C ⟨z⟩ |Im z|^2 , and thanks to the properties of χ̃. Hence, it is enough to prove that the operator under the integral is compact. But

j(x)(z − H_0)^{−1}(H_0 − H_e)(z − H_e)^{−1} = (z − H_0)^{−1}j(x)(H_0 − H_e)(z − H_e)^{−1} + i(z − H_0)^{−1}j^′(x)Γ^1(z − H_0)^{−1}(H_0 − H_e)(z − H_e)^{−1},

(4.17)

Using that j(x)(H_0 − H_e) = j(x) ( (a(x) − a_−e^{κ+x})D_S3 + b(x)Γ^0 + (c(x) − c_−) ) , both terms are compact by Proposition 2 and the standard compactness criterion Lemma 6. ♦

Lemma 16 Let f, χ ∈ C_∞(R). Then

f(x + κ^{−1}_+ ln |k|) χ(H^k_e ) is compact on H_k. (4.18)

Moreover, for any λ ∈ R and ϵ > 0, there exists δ > 0 such that

‖f(x + κ^{−1}_+ ln |k|)1_{[λ0−δ,λ0+δ]}(H^k_e )‖ < ϵ, uniformly in k. (4.19)

Proof. For any k, the function g(x) := f(x + κ^{−1}_+ ln |k|) belongs to C_∞(R). Hence the compactness of f(x + κ^{−1}_+ ln |k|)χ(H^{ln}_e ) follows from (4.13).

In order to prove (4.19), let us introduce the unitary operator U^k = e^{−iκ−1+ ln |k|Dx} . Conjugating the operator in (4.19) by U^k, we have to show that for δ small enough

‖f(x)1_{[λ0 −δ,λ0+δ]}(Γ^1D_x + a_−e^{κ+x}Γ^2 + c_−)‖ < ϵ, uniformly in k. (4.20)

Clearly, the operator in (4.20) is independent of k and is compact by (4.18). Hence the result follows from (4.14). ♦

This lemma immediately yields the following “smallness-result”

Corollary 3 Let f ∈ C_∞(R) and λ_0 ∈ R. Then for any ϵ > 0, there exists δ > 0 such that ‖f(x + κ^{−1}_+ ln |D_S3 |)1_{[λ0−δ,λ0+δ]}(H_e)‖ < ϵ. Having recalled these technical results, we turn now our attention towards obtaining a Mourre estimate for (H_0, A_−).

Lemma 17 Let λ_0 ∈ R. Then there exist a function χ ∈ C^∞_0 (R) with supp χ containing λ_0, a strictly positive constant ϵ and a compact operator K on H such that

χ(H_0)i[H_0, A_−]χ(H_0) ≥ ϵ χ(H_0)j^2_1 ( x S )χ(H_0) + K,

for S large enough.

Proof: Recall that

i[H_0, A_−] = R^{(1)}_− (x, D_S3 ) + 2ia(x)R_−(x, D_S3 )D_S3 Γ^1 + 2ib(x)R_−(x, D_S3 )Γ^0Γ^1.

Let us choose χ ∈ C^∞_0 (R) such that supp χ contains λ_0. We decompose χ(H_0)i[H_0, A_−]χ(H_0) into the sum of four terms χ(H_0)i[H_0, A_−]χ(H_0) = I_1 + I_2 + I_3 + I_4, where

I_1 = χ(H_0)j^2_1 ( x S )χ(H_0)

I_2 = χ(H_0)j^2_1 ( x S ) ( j^2_−

( x + κ^{−1}_+ ln |D_S3 | S ) − 1 ) χ(H_0)

I_3 = χ(H_0)

{ x + κ−1_+ ln |D_{S3} | S (j^2_−)^′

( x + κ^{−1}_+ ln |D_S3 | S ) + 2ia_−e^{(κ+x+ln |DS3 |)}R_− D_S3 |D_S3 | Γ^1 } χ(H_0)

I_4 = χ(H_0) { 2i a(x) − a_−e^{κ+x} a(x) R_−a(x)D_S3 Γ^1 + 2ib(x)R_−Γ^0Γ^1 } χ(H_0).

The term I_4 is compact on H. For instance, let us treat the first term in I_4. We can write it as −2i ( χ(H_0) a(x) − a_−e^{κ+x} a(x) j^2_1 ( x S )⟨x⟩ )( ⟨x⟩^{−1}R_−(x, D_S3 )Γ^1 ) (a(x)D_S3 χ(H_0)).

Using Lemma 2, we see that the function^{a(x)−a−eκ+ x}_{a(x)} j^2_1 (^x_S )⟨x⟩ vanishes at both x = ±∞ and thus

χ(H_0) a(x) − a_−e^{κ+x} a(x) j^2_1 ( x S )⟨x⟩ is compact by Lemma 6. This implies the compactness of the full term since ⟨x⟩^{−1}R_−(x, D_S3 )Γ^1 and a(x)D_S3 χ(H_0) are bounded by Lemmas 11 and (3.49). The other term in I_4 is treated similarly.

Thanks to Lemmata 11 and 15, the term I_3 can be written as

χ(H_e)j_1( x S ) { f_S (x + κ^{−1}_+ ln |D_S3 |) + g_S (x + κ^{−1}_+ ln |D_S3 |)

D_S3 |D_S3 | Γ^1 } j_1( x S )χ(H_e) + K, where K compact and f_S , g_S ∈ C_∞(R). By Corollary 3, the part involving f_S and g_S tends to 0 in operator norm when supp χ is small enough. More precisely, for all S and ϵ_0 > 0, we can choose χ with supp χ small enough such that I_3 ≥ −ϵ_0 χ(H_0)j^2_1 ( x S )χ(H_0) + K.

We now prove that the term I_2 is the sum of compact operator plus a term which tends to 0 in operator norm when S tends to infinity. We first introduce the bounded operator

W = j_1( x S )η ( x + κ^{−1}_+ ln |D_S3 | S ) , where η ∈ C^∞(R) and η^2 = 1 − j^2_−. Using Lemma 15, we have

I_2 = χ(H_0)W^2χ(H_0) = χ(H_e)W^2χ(H_e) + K, K compact.

We claim that lim_{S→∞} ‖χ(H_e)W^2χ(H_e)‖ = 0. (4.21)

To see this, we study the operator B = χ(H_e)e^{κ+x}D_S3 W^2e^{κ+x}D_S3 χ(H_e). Since W preserves D(H_e) ([34], Lemma 5.17), B is well defined on H. Moreover, using (4.15), B is in fact bounded. Now, since W commutes with e^{κ+x}D_S3 , B can be written as χ(H_e)W e^{2κ+x}D^2_{S3} W χ(H_e). But, note that on supp η, we have e^{κ+x}|D_S3 | ≥ e^{κ+S} . Hence, B ≥ e^{2κ+S} χ(H_e)W^2χ(H_e) and since B is bounded, there exists a constant C such that χ(H_e)W^2χ(H_e) ≤ Ce^{−2κ+S} → 0, S → ∞, which implies (4.21). Finally, using that [χ(H_e), j_1(^x_S )] ∈ O(S^{−1}) and the previous estimate, we obtain: for any ϵ_0 > 0, we can find S_0 large enough such that for any S > S_0,

χ(H_0)W^2χ(H_0) ≥ −ϵ_0 χ(H_0)j^2_1 ( x S )χ(H_0) + K.

This concludes the proof of the lemma. ♦

The Mourre estimate for (H_0, A_+): The situation at infinity is more standard. The only subtlety comes from the choice of a conjugate operator since this choice depends on the energy interval we consider. In particular, two threshold values appear for which we are not able to establish a Mourre estimate. Precisely, we have

Lemma 18 (a) For any χ ∈ C^∞_0 (R) with supp χ ⊂ (+m, +∞), there exist ϵ > 0 and a compact operator K such that

χ(H_0)i[H_0, A_+]χ(H_0) ≥ ϵ χ(H_0)j^2_+( x S )χ(H_0) + K. (4.22)

(b) For any χ ∈ C^∞_0 (R) with supp χ ⊂ (−∞, −m), (4.22) is true if we replace A_+ by −A_+.

(c) For any χ ∈ C^∞_0 (R) with supp χ ⊂ (−m, +m), the operator j^2_+(^x_S )χ(H_0) is compact on H and (4.22) is valid for any ϵ > 0.

Proof: Let us show (a). Using (3.49) and the fact that j^′_+(^x_S )χ(H_0) is compact, we obtain

χ(H_0)i[H_0, A_+]χ(H_0) = χ(H_0)j_+( x S )Γ^1D_xj_+( x S )χ(H_0)

−χ(H_0)R_+(x) { a^′ (x)D_S3 + b^′ (x)Γ^0 + c^′ (x) } χ(H_0) + K,

where K compact. We now make H_0 appear in the first term and using that the three operators

χ(H_0)j^2_+( x S ) { xa^′ (x) + a(x) } D_S3 χ(H_0),

χ(H_0) { R_+(x)b^′ (x) + (b(x) − m) } Γ^0χ(H_0),

χ(H_0) { R_+(x)c^′ (x) + c(x) } χ(H_0),

are compact by Proposition 2 and Lemma 6, we get

χ(H_0)i[H_0, A_+]χ(H_0) = χ(H_0)j_+( x S )H_0j_+( x S )χ(H_0) − χ(H_0)j^2_+( x S )mΓ^0χ(H_0) + K.

Finally, using again that j^′_+(^x_S )χ(H_0) is compact and the fact that supp χ ⊂ (+m, +∞), there exists a strictly positive constant ϵ such that

χ(H_0)j_+( x S )H_0j_+( x S )χ(H_0) ≥ (m + ϵ) χ(H_0)j^2_+( x S )χ(H_0) + K,

while the second term is obviously estimated by

χ(H_0)j^2_+( x S )mΓ^0χ(H_0) ≥ −m χ(H_0)j^2_+( x S )χ(H_0).

This implies (4.22).

The proof of (b) is identical to the preceding one with A_+ replaced by −A_+. In order to prove (c), we introduce the self-adjoint operator H_m = Γ^1D_ρ +^1_ρ D_S3 + mΓ^0 acting on H_∞ = L^2(R^+_ρ × S^3; ρ^2dρdω, C^4 ). The operator H_m is exactly the free Dirac Hamiltonian in 5D-flat space-time written in polar coordinates. Observe that H_m corresponds to the formal limit of H_0 when x → +∞ with the identification ρ = x. It is well known that (see for instance [50]) σ(H_m) = σ_{ac}(H_m) = (−∞, −m] ∪ [+m, +∞), which implies χ(H_m) = 0, (4.23) if supp χ ⊂ (−m, +m). Using (4.23), we can express χ(H_0) as the difference χ(H_0) − χ(H_m) and we want to use the Helffer-Sjöstrand formula and the standard compactness criterion to prove (c). Since H_0 and H_m do not act on the same Hilbert space, we have to be cautious with this procedure. We proceed as follows. Since [j_+(^x_S ), χ(H_0)] is compact, it is enough to prove that j_+(^x_S )χ(H_0)j_+(^x_S ) is compact.

Remark that the cut-off function j_+(^x_S ) obviously plays the role of a (bounded) identification operator between H and H_∞ (and conversely). Indeed, we have I : H −→ H_∞, I^∗ : H_∞ −→ H, ψ(x) −→ j_+( ρ S )ψ(ρ), ψ(ρ) −→ j_+( x S )ψ(x), x ≥ 0 and 0 otherwise.

Hence, using these identification operators and (4.23), the following identity makes sense on H

j_+( x S )χ(H_0)j_+( x S ) = j_+( x S ) ( χ(H_0) − χ(H_m) ) j_+( x S ). Now using the Helffer-Sjöstrand formula, it suffices to show that

L = j_+( x S ) ( (z − H_0)^{−1} − (z − H_m)^{−1} ) j_+( x S ), is compact on H. We introduce j̃_+ ∈ C^∞(R) satisfying j̃_+j_+ = j_+ and j̃_+ = 0 on (−∞, 0]. Then we have

L = j_+( x S ) ( (z − H_0)^{−1}j̃_+( x S ) − j̃_+( x S )(z − H_m)^{−1} ) j_+( x S ), = j_+( x S )(z − H_0)^{−1} ( H_0j̃_+( x S ) − j̃_+( x S )H_m ) (z − H_m)^{−1}j_+( x S ), = j_+( x S )(z − H_0)^{−1} { − i S Γ^1(j̃_+)^′ ( x S ) + j̃_+( x S )(a(x) − 1 x )D_S3

+j̃_+( x S )(b(x) − m)Γ^0 + j̃_+( x S )c(x) } (z − H_m)^{−1}j_+( x S ). Thus L is compact using Proposition 2 and Lemma 6. This concludes the proof of the lemma. ♦

Summarizing all the previous results, we have established a Mourre estimate for the pair of Hamiltonians (H_0, A_χ). Precisely, we have proved

Proposition 4 Let χ ∈ C^∞_0 (R) such that supp χ is included in one of the intervals (−∞, −m), (−m, +m), (+m, +∞) and supp χ small enough. Then for S sufficiently large, there exist ϵ > 0 and a compact operator K such that χ(H_0)i[H_0, A_χ]χ(H_0) ≥ μ χ^2(H_0) + K, where A_χ = A_− +A_+ when supp χ ⊂ (+m, +∞), A_χ = A_− −A_+ when supp χ ⊂ (−∞, −m) and A_χ = A_− when supp χ ⊂ (−m, +m). The Mourre estimate for (H, A_χ): Let χ ∈ C^∞_0 (R) satisfying the assumptions of Proposition 4. We only treat the case supp χ ⊂ (+m, +∞) since the other cases are analogous. We have A_χ = A = A_− +A_+, and using Lemma 13 and Corollary 2, we have χ(H)i[H, A]χ(H) = χ(H_0)i[H, A]χ(H_0) + K, where K compact. We write H = H_0 + (h − 1)H_0 + H_0(h − 1) + (h − 1)H_0(h − 1) + M = H_0 + H_1 and we show that χ(H_0)i[H_1, A]χ(H_0) is compact.

For instance, we have

χ(H_0)i[(h − 1)H_0, A]χ(H_0) = χ(H_0)i[(h − 1), A]H_0χ(H_0) + χ(H_0)(h − 1)i[H_0, A]χ(H_0).

But, i[(h − 1), A] = −R_+(x)∂_xh and h − 1 belong to S^{−2} by Lemma 3. Hence this term is compact. The other terms involving h − 1 are treated similarly. Finally, since M ∈ S^{−2} according to Lemma 3, it is immediate that [M, A] ∈ S^{−1} and thus, the last term χ(H_0)i[M, A]χ(H_0) is also compact. Hence, we have proved

Proposition 5 Let χ ∈ C^∞_0 (R) such that supp χ is included in one of the intervals (−∞, −m), (−m, +m), (+m, +∞) and supp χ small enough. Then for S sufficiently large, there exist ϵ > 0 and a compact operator K such that χ(H)i[H, A_χ]χ(H) ≥ μ χ^2(H) + K, where A_χ defined as in Proposition 4.

We finish this section with some direct corollaries of Theorem 2 and Propositions 4 and 5. The first result concerns the spectrum of H_0. Using the fact that H_0 can be decomposed into a family of onedimensional Dirac operators (see Lemma 4), we can readily prove that the spectrum of H_0 is continuous (no pure point spectrum) by the same argument as in Proposition 6. Together with the Mourre estimate obtained in Proposition 4, we thus get

Theorem 3 σ(H_0) = σ_{ess}(H_0) = σ_{ac}(H_0) = R.

Since (H − i)^{−1} − (H_0 − i)^{−1} is compact (see the proof of Corollary 2), it follows from the Weyl Theorem (see [47], Vol IV) and Theorem 3 that σ_{ess}(H) = R. Moreover, applying Proposition 5 and Theorem 2 again, we obtain the following result for the spectrum of H

Theorem 4 The operator H has no singular continuous spectrum (σ_{sing} (H) = ∅), σ_{ess}(H) = R and H has only eigenvalues of finite multiplicity in R \ {±m}.

Note here that we cannot say that H has no eigenvalue a priori since H is different from D by definition. However, since H coincides with D on the fixed angular mode e^{inφ}e^{imψ} and since σ(D ) = ∅, then σ_{pp}(H^{nm}) = ∅ 4.3 Local energy decay II

We prove now our main result that can be restated (in the variable x) as follows

Theorem 5 The Dirac operator D is a self-adjoint operator on H having purely absolutely continuous spectrum. Moreover, for all χ ∈ C^∞_0 (R) and all u ∈ H, we have the following local energy decay lim t→±∞ ‖χ(x)e^{−itD} u‖ = 0. (4.24) Proof. Since D coincides with H on the angular mode e^{inφ}e^{imψ} , we conclude from Theorem 4 that σ_{sc}(D^{nm} ) = ∅. Since this can be done for all n, m ∈^1_2 + Z, the first assertion follows.

By a density argument, it is enough to prove (4.24) on each angular mode {e^{inφ}e^{imψ}}, n, m ∈^1_2 + Z and for all u in a domain dense in H, for instance D(D ). But since the spectrum of D is absolutely continuous and since χ(x)(D^{nm} + i)^{−1} is compact on H_{nm} by Lemma 6, we have for all u_{nm} ∈ D(D^{nm} ) lim t→±∞ ‖χ(x)e^{−itDnm} u_{nm}‖ = 0, by the Riemann-Lebesgue Lemma (see [47]). This finishes the proof of our main result. ♦

A The Dirac equation adapted to the separation and absence of pure point spectrum

In this Appendix, we first recall the expression of the Dirac equation obtained by Wu [51] and follow his argument to show the separability of the equation into radial and angular systems of ODEs. Using this form of the equation, we are able to prove that the Dirac equation has no eigenmode, or equivalently that the pure point spectrum of the corresponding Hamiltonian is empty. In the course of the proof, we recall how to decompose the angular operator resulting from the separation of variables in a well chosen Hilbert basis of eigenfunctions. This is also the result we apply to decompose the standard Dirac operator D_S3 on S^3 in Sections 3 and 4.

Using the local Lorentz frame for the metric (1.2) given by

f_0 =

(r^2 + a^2)(r^2 + b^2) r √ ΔΣ ( ∂_t + a r^2 + a^2

∂_φ + b r^2 + b^2 ∂_ψ ) , f_1 = √ Δ r^2Σ ∂_r, f_2 = 1 √ Σ ∂_θ, f_3 = sin θ cos θ p √ Σ ( (a^2 − b^2) ∂_t + a sin^2 θ ∂_φ − b cos^2 θ ∂_ψ ) , f_5 = 1 rp ( ab ∂_t + b ∂_φ + a ∂_ψ ) ,

(A.1)

where p^2 = a^2 cos^2 θ + b^2 sin^2 θ, Wu obtained the following expression for the Dirac equation (2.5) [ γ^0

(r^2 + a^2)(r^2 + b^2) r √ ΔΣ ( ∂_t + a r^2 + a^2

∂_φ + b r^2 + b^2 ∂_ψ ) + γ^1 √ Δ r^2Σ ( ∂_r +

∂_rΔ 4Δ + r − ipγ^5 2Σ )

+ γ^2 1 √ Σ ( ∂_θ + cot θ 2 − tan θ 2 − (a^2 − b^2) sin θ cos θ 2Σp iγ^5(r − ipγ^5) )

+ γ^3 sin θ cos θ p √ Σ ( (a^2 − b^2) ∂_t + a sin^2 θ ∂_φ − b cos^2 θ ∂_ψ )

+ γ^5 1 rp ( ab∂_t + b∂_φ + a∂_ψ ) + iab 2r^2p^2 γ^0γ^1(r + ipγ^5) + m ] ϕ = 0.

(A.2)

Let us choose a square root of r+ipγ^5 - for instance √ r + ipγ^5 = √_{r+√Σ} 2 I_4 +i √_{√Σ−r} 2 γ^5 - and introduce the weighted spinor v = Δ^{14} √ r + ipγ^5ϕ. Then v satisfies [( γ^0

(r^2 + a^2)(r^2 + b^2) r √ ΔΣ + γ^3 sin θ cos θ(a^2 − b^2) p + ( γ^5 p − i r ) ab ) ∂_t + γ^1 √ Δ r^2

∂_r+

+ γ^2 ( ∂_θ + cot θ 2 − tan θ 2 + γ^3 1 p ( a cot θ∂_φ − b tan θ∂_ψ ) + γ^5 1 p ( b∂_φ + a∂_ψ )

+ ( γ^0 a(r^2 + b^2) r √ Δ − ib r ) ∂_φ + ( γ^0 b(r^2 + a^2) r √ Δ − ia r ) ∂_ψ + iab r^2 γ^0γ^1 + mr − impγ^5 ] v = 0. (A.3)

The matrix-valued function P = ( γ^{0 (r2+a2 )(r2+b2)} r √ ΔΣ + γ^{3 sin θ cos θ(a2−b2 )}_p + γ^{5 ab}_p −^{iab}_r ) in front of ∂_t is invertible with inverse

P^{−1} = − Δ τ ( γ^0

(r^2 + a^2)(r^2 + b^2) r √ ΔΣ + γ^3 sin θ cos θ(a^2 − b^2) p + ab p γ^5 + iab r ) . Multiplying (A.3) by P^{−1} from the left and introducing the Regge-Wheeler variable x as in (2.24), we thus obtain i∂_tv = P^{−1} [ γ^1

(r^2 + a^2)(r^2 + b^2) r √ Δ D_x + D_S3 + ( γ^0 a(r^2 + b^2) r √ Δ − ib r ) D_φ + ( γ^0 b(r^2 + a^2) r √ Δ − ia r ) D_ψ + ab r^2 γ^0γ^1 − imr − mpγ^5 ] v. (A.4)

Using the notations introduced in (2.31), we can write P^{−1} as

P^{−1} = −N r √ Δ (r^2 + a^2)(r^2 + b^2) γ^0,

where N = h^4 [ I_4 − r √ Δ (r^2 + a^2)(r^2 + b^2) ((a2 − b2) p sin θ cos θΓ^3 + ab p Γ^5 + ab r Γ^0 )] , (A.5)

and we get for the Dirac equation (A.4) i∂_tv = N [ Γ^1D_x + r √ Δ (r^2 + a^2)(r^2 + b^2)

D_S3 + ( a r^2 + a^2 + b √ Δ (r^2 + a^2)(r^2 + b^2)

Γ^0 ) D_φ + ( b r^2 + b^2 + a √ Δ (r^2 + a^2)(r^2 + b^2)

Γ^0 ) D_ψ + ab √ Δ r(r^2 + a^2)(r^2 + b^2) γ^1 + mr^2 √ Δ (r^2 + a^2)(r^2 + b^2)

Γ^0 − mpr √ Δ (r^2 + a^2)(r^2 + b^2)

Γ^5 ] v. (A.6)

Let us denote D_0 = D_0 + √ Δ (r^2 + a^2)(r^2 + b^2) ( bΓ^0D_φ + aΓ^0D_ψ + ab r γ^1 − mprΓ^5 ) . (A.7)

We finally get the following Hamiltonian form for (A.6) i∂_tv = Dv, D = ND_0, (A.8)

with N and D_0 given by (A.5) and (A.7) respectively.

The Hilbert space framework for the Hamiltonian D is as follows. We define the Hilbert space

G = L^2(R × S^3, dxdω; C^4 ),

equipped with the scalar product (u, v)_G = ⟨N^{−1}u, v⟩_H, (A.9) where N^{−1} is shown to be

N^{−1} = [ I_4 + r √ Δ (r^2 + a^2)(r^2 + b^2) ( (a2 − b2) p sin θ cos θΓ^3 + ab p Γ^5 + ab r Γ^0 )] .

Note that the symmetric bilinear form (A.9) is indeed a scalar product by the following argument. Denote N^{−1} = (I_4 + M). Then a short calculation shows that (I_4 + M)(I_4 − M) = I_4 − M^2 = h^{−4}. Hence

M^2 = h^4 − 1 h^4 = Δ(r^2p^2 + a^2b^2) (r^2 + a^2)^2(r^2 + b^2)^2 . Since M^∗ = M, we conclude that

‖M‖^2 =

Δ(r^2p^2 + a^2b^2) (r^2 + a^2)^2(r^2 + b^2)^2 < r^2(a^2 + b^2) + a^2b^2 (r^2 + a^2)(r^2 + b^2) < 1. As a consequence N^{−1} = (I + M) ≥ 0.

Finally, according to (A.7), the Hamiltonian D_0 is clearly a short-range perturbation of the Hamiltonian D_0 when restricted to each angular mode e^{inφ}e^{imψ}. By the same argument as in Section 3, D_0 is thus self-adjoint on H with its natural domain D(D_0) = {v ∈ H, ‖D_0v‖^2 < ∞}. Moreover, since the operator N is clearly a bounded self-adjoint operator on H, we have

Lemma 19 The Hamiltonian D is self-adjoint on G with the same domain as D_0, i.e. D(D) = D(D_0).

We now prove the absence of pure point spectrum for D. In the course of the proof, we shall see how the form of the equation (A.8) allows easily to separate the equations into radial and angular systems of ODEs which, in turn, permit us to prove the result.

Proposition 6 σ_{pp}(D) = ∅.

Proof. Suppose that σ_{pp}(D) ≠ ∅. There exist thus ω ∈ R and v ∈ G, v ≠ 0, such that Dv = ωv. Then N(D_0 − ωN^{−1}) v = 0. More explicitly, we have {[ Γ^1D_x + r √ Δ (r^2 + a^2)(r^2 + b^2)

D_S3 + ( a r^2 + a^2 + b √ Δ (r^2 + a^2)(r^2 + b^2)

Γ^0 ) D_φ + ( b r^2 + b^2 + a √ Δ (r^2 + a^2)(r^2 + b^2)

Γ^0 ) D_ψ + ab √ Δ r(r^2 + a^2)(r^2 + b^2) γ^1 + mr^2 √ Δ (r^2 + a^2)(r^2 + b^2)

Γ^0 − mpr √ Δ (r^2 + a^2)(r^2 + b^2)

Γ^5 ]

− ω [ I_4 + r √ Δ (r^2 + a^2)(r^2 + b^2) ( (a2 − b2) p sin θ cos θΓ^3 + ab p Γ^5 + ab r Γ^0 )]} = 0.

(A.10)

The above equation (A.10) can be rewritten as r √ Δ (r^2 + a^2)(r^2 + b^2) [ R + A ] v = 0, (A.11)

where R = (r^2 + a^2)(r^2 + b^2) r √ Δ Γ^1D_x + mrΓ^0 + ( a(r2 + b2) r √ Δ + a r Γ^0 ) D_φ + (b(r2 + a2) r √ Δ + b r Γ^0 ) D_ψ + ab r^2 γ^1 − ω

((r2 + a2)(r2 + b2) r √ Δ + ab r Γ^0 ) , (A.12) and A = D_S3 − mpΓ^5 − ω

( (a2 − b2) sin θ cos θ p Γ^3 + ab p Γ^5 ) . (A.13)

Note that, once restricted to the angular modes {e^{inφ}e^{imψ}}, n, m ∈^1_2 + Z, the operators R^{nm} and A^{nm} are two matrix ordinary differential operators in the r and θ variables respectively, hence the separation of variables. We shall use this property as follows

Lemma 20 The Hilbert space H can be decomposed onto a Hilbert sum H = ⨁ l,n,m∈L H_{lnm}, L = { (l, n, m), l ∈ N^∗ , n, m ∈ 1 2 + Z } ,

where the H_{lnm}’s are subpaces of H, isometric to L^2(R, dx; C^4 ), and invariant with respect to the actions of A, D_φ, D_ψ and R. Precisely, for all v_{lnm} ∈ H_{lnm} ≃ L^2(R, dx; C^4 ), the following properties hold: 1) Av_{lnm} := A^{lnm}v_{lnm} = λ_{lnm}(ω) Γ^2v_{lnm}, 2) D_φv_{lnm} = n v_{lnm}, D_ψv_{lnm} = m v_{lnm}, 3) Rv_{lnm} := R^{lnm}v_{lnm} where R^{lnm} = (r^2 + a^2)(r^2 + b^2) r √ Δ Γ^1D_x + mrΓ^0 + ( an(r2 + b2) r √ Δ + an r Γ^0 ) + (bm(r2 + a2) r √ Δ + bm r Γ^0 )

+ ab r^2 γ^1 − ω

((r2 + a2)(r2 + b2) r √ Δ + ab r Γ^0 ) . (A.14)

Assuming for the moment this Lemma to be true, we see that the components v_{lnm} ∈ L^2(R, dx; C^4 ) of the eigenfunction v of D satisfy the system of equations R^{lnm}v_{lnm} + λ_{lnm}Γ^2v_{lnm} = 0 which can be equivalently written as [ ∂_x + i ( an (r^2 + a^2) + bm (r^2 + b^2) − ω ) Γ^1 ] v_{lnm} = − i r √ Δ (r^2 + a^2)(r^2 + b^2)

Γ^1 [ mrΓ^0 + an + bm r Γ^0 ab r^2 γ^1 − ω ab r Γ^0 + λ_{lnm}(ω)Γ^2 ] v_{lnm}. (A.15)

Let us abbreviate (A.15) as [∂_x + iP_{nm}(x, ω)Γ^1]v_{lnm} = V_{lnm}(x, ω)v_{lnm}, (A.16) where we let P_{nm}(x, ω) := ( an (r^2 + a^2) + bm (r^2 + b^2) − ω ) , (A.17) and V_{lnm}(x, ω) := −i r √ Δ (r^2 + a^2)(r^2 + b^2)

Γ^1 [ mrΓ^0 + an + bm r Γ^0 ab r^2 γ^1 − ω ab r Γ^0 + λ_{lnm}(ω)Γ^2 ] . (A.18)

Remark that V_{lnm}(x, ω) ∈ L^1(R^− , dx ; M_4(C )) thanks to the exponential decay of Δ at the event horizon. We now set w_{lnm} = exp(iP_{nm}(x, ω)Γ^1)v_{lnm}. Then the components w_{lnm} clearly belong to L^2(R, dx; C^4 ) and satisfy ∂_xw_{lnm} = exp(iP_{nm}(x, ω)Γ^1)V_{lnm}(x, ω)exp(−iP_{nm}(x, ω)Γ^1)w_{lnm} = W_{lnm}(x, ω)w_{lnm}. (A.19) Moreover, from (A.17) and (A.18), we have

W_{lnm}(x, ω) ∈ C^∞(R; M_4(C )) ∩ L^1(R^− , dx; M_4(C )).

Since W_{lnm} belong to L^1 near the event horizon, by a standard argument, there exists a unique solution of (A.19) satisfying w_{lnm}(−∞) = C for all C ∈ C^4 . The set of solutions of (A.19) being of complex dimension 4, this property characterizes all possible solutions of (A.19). As a consequence, we conclude that the unique solution of (A.19) belonging to L^2(R, dx; C^4 ) is 0 which immediately leads to a contradiction. Hence σ_{pp}(D) = ∅. ♦

Proof of Lemma 20. We prove this Lemma in two steps. First, using the fact that the operator A is a bounded perturbation of D_S3 , we show that A has compact resolvent. There exists therefore a sequence of vector-valued functions Y_{lnm} which are eigenfunctions of A (and also of D_φ, D_ψ) that forms a Hilbert basis of L^2(S^3, dω, C^4 ). Second, we construct explicitely the subspaces H_{lnm} with the required properties in terms of the eigenfunctions Y_{lnm}.

Recall first that D_S3 is the standard Dirac operator on S^3 associated to the metric g_S3 = dθ^2 + sin^2 θdφ^2 + cos^2 θdψ^2 with the ranges 0 ≤ θ ≤^π_2 and 0 ≤ φ, ψ ≤ 2π. The operator D_S3 is self-adjoint on L^2(S^3, dω, C^4 ) with its natural domain and it is well known that it has purely discrete spectrum (see for instance [10]) and has compact resolvent. Since the operator A is clearly a bounded symmetric perturbation of D_S3 for any ω ∈ R, we conclude that A is also self-adjoint on L^2(S^3, dω, C^4 ) with the same domain as D_S3 by the Kato-Rellich Theorem. Moreover, by the resolvent identity

(A − i)^{−1} = (D_S3 − i)^{−1} − (A − i)^{−1}(A − D_S3 )(D_S3 − i)^{−1}

we infer that the operator A has also compact resolvent since A − D_S3 is bounded. Finally, note that the operator A commutes with the self-adjoint operators D_φ and D_ψ equipped with anti-periodic boundary conditions. There exists thus a sequence of vector-valued functions Y_{lnm} = U_{lnm}(θ)e^{inφ}e^{imψ} where l ∈ Z^∗ and n, m ∈^1_2 +Z which forms a Hilbert basis of L^2(S^3, dω; C^4 ) and are common eigenfunctions of the selfadjoint operators A, D_φ and D_ψ. Here the vector-valued functions U_{lnm} are solutions of the eigenvalue equation A^{nm}U_{lnm}(θ) = λ_{lnm}(ω)U_{lnm}(θ), (A.20) where the self-adjoint operators A^{nm} are equal to A with D_φ and D_ψ replaced by n and m in^1_2 + Z respectively.

Note now that the operator Γ^0 (and also Γ^1) anticommutes with A^{nm}. Therefore, if Y_{lnm} is an eigenfunction of A^{nm} associated to λ_{lnm}(ω), then Γ^0Y_{lnm} is an eigenfunction of A^{nm} associated to −λ_{lnm}(ω). The spectrum of A^{nm} is thus symmetric with respect to 0 and we can adopt the following convention. For all l ∈ N^∗ , the eigenfunctions Y_{lnm} correspond to the positive eigenvalues λ_{lnm}(ω) listed in increasing order, i.e. λ_{1nm} ≤ λ_{2nm} ≤ . . . . Note in passing that for (n, m) ∈^1_2 +Z fixed, the eigenvalues λ_{lnm} of A^{nm} are simple since the Dirac type operator A^{nm} is limit point at θ = 0 and θ =^π_2 . Moreover, for all l ∈ −N^∗ , we set λ_{lnm} = −λ_{(−l)nm} and Y_{lnm} = Γ^0Y_{(−l)nm}. Furthermore, the operator γ^1 = −iΓ^0Γ^1 commutes with A since Γ^0 and Γ^1 anticommutes with A. Denoting by P^± =^1_2 (I_4 ± γ^1) the projectors onto the positive and negative spectrum of γ^1 respectively, we see that the eigenfunctions Y_{lnm} belong either to RanP^+, or RanP^−. We can thus classify the eigenfunctions Y_{lnm} into Y^+_{lnm} = P^+Y_{lnm} and Y^−_{lnm} = P^−Y_{lnm}. Summarising the previous remarks, we have the following decomposition of L^2(S^3, dω; C^4 ).

L^2(S^3, dω; C^4 ) = ⨁ l∈Z^∗,(n,m)∈^1_2 +Z ⟨Y_{lnm}⟩, = ⨁ l∈N^∗,(n,m)∈^1_2 +Z ⟨Y_{lnm}, Γ^0Y_{lnm}⟩, = ⨁ l∈N^∗,(n,m)∈^1_2 +Z ⟨P^+Y_{lnm}, P^−Y_{lnm}, P^+Γ^0Y_{lnm}, P^−Γ^0Y_{lnm}⟩.

Hence, the Hilbert space H can be written as

H = L^2(R, dx) ⊗ L^2(S^3, dω; C^4 ), = ⨁ l,n,m∈L ( L^2(R, dx) ⊗ ⟨P^+Y_{lnm}, P^−Y_{lnm}, P^+Γ^0Y_{lnm}, P^−Γ^0Y_{lnm}⟩ ) , := ⨁ l,n,m∈L H_{lnm},

where L = {(l, n, m), l ∈ N^∗ , n, m ∈^1_2 + Z}. By definition of the subspaces H_{lnm}, it is clear that each element U_{lnm} ∈ H_{lnm} can be written as

U_{lnm} = u^1_{lnm}(x)P^+Y_{lnm} + u^2_{lnm}(x)P^−Y_{lnm} + u^3_{lnm}(x)P^+Γ^0Y_{lnm} + u^4_{lnm}(x)P^−Γ^0Y_{lnm},

with scalar functions u^j_{lnm}. Therefore, identifying U_{lnm} with the vector-valued function^t(u^1_{lnm}, u^2_{lnm}, u^3_{lnm}, u^4_{lnm}), we see that the H_{lnm}’s are isometric to L^2(R, dx; C^4 ).

With this identification at hand and using that

Γ^1P^± = iP^∓Γ^0, γ^1P^± = ±P^±, Γ^0P^± = P^∓Γ^0,

it is an easy calculation to see that the H_{lnm}’s are let invariant through the actions of A, D_φ, D_ψ, R and that, for all U_{lnm} =^t(u^1_{lnm}, u^2_{lnm}, u^3_{lnm}, u^4_{lnm}), AU_{lnm} = λ_{lnm}(ω)M_2U_{lnm}, D_φU_{lnm} = nU_{lnm}, D_ψU_{lnm} = mU_{lnm}, RU_{lnm} = [ (r2 + a2)(r2 + b2) r √ Δ M_1D_x + mrM_0 + ( an(r2 + b2) r √ Δ + an r M_0 ) + (bm(r2 + a2) r √ Δ + bm r M_0 )

+ ab r^2

M_3 − ω

((r2 + a2)(r2 + b2) r √ Δ + ab r M_0 )] U_{lnm}, where the M_j are 4 × 4-matrices given by

M_1 = ( 0 σ_2 σ_2 0 ) , M_2 = ( I_2 0 0 −I_2 ) , M_3 = ( σ_3 0 σ_3 ) , M_4 = ( 0 σ_1 σ_1 0 ) , and the σ_j ’s are the usual Pauli matrices given by

σ_1 = ( 0 1 1 0 ) , σ_2 = ( 0 −i i 0 ) , σ_3 = ( 1 0 0 −1 ) .

Now, choosing the γ^j ’s Dirac matrices in such a way that Γ^1 = M_1, Γ^2 = M_2, Γ^0 = M_4 (which would imply that γ^1 = −iΓ^0Γ^1 = M_3), then the Lemma is proved. If we choose any other representation of the γ^j ’s Dirac matrices satisfying (2.2), then there would exist a nonsingular 4 × 4 matrix S such that

SΓ^1S^{−1} = M_1, SΓ^2S^{−1} = M_2, Sγ^1S^{−1} = M_3, SΓ^0S^{−1} = M_4,

(see [50]). Thus, any representation of the Dirac matrices are equivalent and the precise decomposition of the Lemma still holds if we consider the subspaces H̃_{lnm} = SH_{lnm} instead of H_{lnm}. Without loss of generality, we can thus always assume that Γ^1 = M_1, Γ^2 = M_2, Γ^0 = M_4 and γ^1 = −iΓ^0Γ^1 = M_3.

As a last remark, notice that the same proof applies to Lemma 4 directly. It suffices to replace the operator A by the simpler operator D_S3 in the previous proof. In that case, the positive eigenvalues λ_{lnm} of D_S3 are explicitely computable and are known to be given by {^3_2 ,^5_2 ,^7_2 , . . . } (see for instance [10]). ♦ Acknowledgements: This research was supported by NSERC Discovery Grant 105490-2004 and a James McGill Grant.

References

[1] Aliev A.N., Frolov V.P., Five dimensional rotating black hole in a uniform magnetic field: the gyromagnetic ratio, Phys.Rev. D 69, (2004), 084022.

[2] Amrein W., Boutet de Monvel A., Georgescu V., C_0-groups, commutator methods and spectral theory of N-body Hamiltonians, Birkhäuser Verlag, (1996).

[3] Antoniadis I., Arkani-Hamed N., Dimopoulos S., Dvali D., New Dimensions at a Millimeter to a Fermi and Superstrings at a TeV, Phys. Lett B 436, (1998), 257- 263.

[4] Arkani-Hamed N., Dimopoulos S., Dvali D., The Hierarchy Problem and New Dimensions at a Millimeter, Phys. Lett. B 429, (1998), 263-272.

[5] Bachelot A., The hawking effect, Ann. Inst. Henri Poincaré - Physique Théorique 70, (1999), no. 1, 41-99.

[6] Bachelot A., Creation of fermions at the charged black hole horizon, Ann. Henri Poincaré 1, (2000), no. 6, 1043-1095.

[7] Bachelot A., Motet-Bachelot A., Les résonances d’un trou noir de Schwarzschild, Ann. Inst. Henri Poincaré - Physique Théorique 59, (1993), no. 1, 3-68.

[8] Bouclet J.-M., Resolvent estimates for the Laplacian on asymptotically hyperbolic manilfolds, Ann.

Henri Poincaré, no. 7, (2006), 527-561.

[9] Boutet de Monvel-Berthier A., Manda D., Purice R., Limiting absorption principle for the Dirac operator, Ann. Inst. Henri Poincaré - Physique Théorique 58, (1993), no. 4, 413-431.

[10] Camporesi R., Higushi A., On the eigenfunctions of the Dirac operator on spheres and real hyperbolic spaces, J. Geom. Phys. 20 (1996), 1-18.

[11] Daudé T., Time-dependent scattering theory for charged Dirac fields by a Reissner-Nordström black hole, J. Math. Phys. 51, 102504 (2010).

[12] Daudé T., Time-dependent scattering theory for massive charged Dirac fields by a Kerr-Newman black hole, preprint University Bordeaux1 (2004), submitted.

[13] Daudé T., Nicoleau F., Inverse scattering in (de Sitter)-Reissner-Nordström black holes, Rev. Math.

Phys. 22, (2010), no. 4, 431-484.

[14] Daudé T., Nicoleau F., Inverse scattering at fixed energy in de Sitter-Reissner-Norström black holes, Ann. Henri Poincaré 12, No. 1, (2011), 1-47.

[15] Davies E.B., Spectral Theory and Differential Operators, Cambridge Studies in Advanced Mathematics, Vol. 42, (1995).

[16] De Bièvre S., Hislop P., Sigal I.M., Scattering theory for the wave equation on non-compact manifolds, Rev. Math. Phys. 4, (1992), 575-618.

[17] Dereziński J., Gérard C., Scattering Theory of Classical and Quantum N-Particle Systems, Springer- Verlag, (1997).

[18] Dimopoulos S., Landsberg G., Black Holes at the LHC, Phys. Rev. Lett. 87, (2001), 161602.

[19] Dyatlov S. Quasi-normal modes and exponential energy decay for the Kerr-de Sitter black hole, preprint, (2010), arXiv:1003.6128

[20] Emparan R., Reall H.S., Black holes in higher dimensions, Living Rev. Relativity 11, (2008), 6.

Article online:

[21] Finster F., Kamran N., Smoller J., Yau S.-T., The long-time dynamics of Dirac particles in the Kerr-Newman black hole geometry, Adv. Theor. Math. Phys. 7, (2003), no. 1, 25-52.

[22] Finster F., Kamran N., Smoller J., Yau S.-T., Decay Rates and Probability Estimates for Massive Dirac Particles in the Kerr-Newman Black Hole Geometry, Comm. Math. Phys. 230, (2002), 201- 244.

[23] Froese R., Hislop P., Spectral analysis of second-order elliptic operators on non-compact manifolds, Duke Math. J. 58, (1989), 103-129.

[24] Frolov V.P., Kubiznak D., Higher-Dimensional Black Holes: Hidden Symmetries and Separation of Variables, Class. Quant. Grav. 25, (2008), 154005.

[25] Georgescu V., Gérard C., On the virial theorem in Quantum Mechanics, Comm. Math. Phys. 208, (1999), 275-281.

[26] Georgescu V., Mântoiu M., On the spectral theory of singular Dirac type Hamiltonians, J. Operator Theory 46, (2001), no. 2, 289-321.

[27] Gérard C., Laba I., Multiparticle quantum scattering in constant magnetic fields, Mathematical surveys and monographs, 90, American Mathematical Society, (2002).

[28] Gérard C., Nier F., Scattering theory for the perturbation of periodic schrödinger operators, J. Math.

Kyoto Univ. 38, (1998), 595-634.

[29] Gibbons G.W., Lü H., Page D.N., Pope C.N., Rotating Black Holes in Higher Dimensions with a Cosmological Constant, Phys. Rev. Lett. 93, (2004), 171102.

[30] Gibbons G.W., Lü H., Page D.N., Pope C.N., The General Kerr-de Sitter Metrics in All Dimensions, J. geom. Phys. 53, (2005), 49-73.

[31] Giddings S.B., Thomas S., High Energy Colliders as Black Hole Factories: The End of Short Distance Physics Phys. Rev. D 65, (2002), 056010.

[32] Häfner D., Sur la théorie de la diffusion pour l’équation de Klein-Gordon dans la métrique de Kerr, Dissertationes Mathematicae, 421, (2003).

[33] Häfner D., Creation of fermions by rotating charged black-holes, Mémoires de la SMF 117, (2009), 158 pages.

[34] Häfner D., Nicolas J-.P., Scattering of massless Dirac fields by a Kerr black hole, Rev. Math. Phys.

16, (2004), no. 1, 29-123.

[35] Hawking S.W., Hunter C.J., Taylor-Robinson M.M., Rotation and the AdS/CFT correspondence, Phys. Rev. D 59, (1999), 064005.

[36] Hunziker W., Sigal I.M., Soffer A., Minimal escape velocities, Comm. Partial Diff. Equa. 24, (1999), no. 11-12, 2279-2295.

[37] Kanti P., Black Holes in Theories with Large Extra Dimensions: a Review, Int. J. Mod. Phys. A19, (2004), 4899-4951.

[38] Kanti P., Black Holes at the LHC, Lect. Notes Phys. 769, (2009), 387-423. [39] Maartens R., Brane-world gravity, Living Rev. Relativity 7, (2004), 7. Online article available at http://relativity.livingreviews.org/Articles/lrr-2004-7 [40] Melnyk F., The Hawking effect for spin^1_2 fields, Comm. Math. Phys. 244, (2004), no. 3, 483-525. [41] Mourre E., Absence of singular continuous spectrum for certain self-adjoint operators, Comm. Math.

Phys., 78, (1981), 391-408.

[42] Myers R.C., Perry M.J., Black holes in higher dimensional space-times, Ann. Phys. 172, (1986), 304-347.

[43] Nicolas J.-P., Dirac Fields on asymptotically flat space-times, Dissertationes Mathematicae 408, (2002).

[44] O’Neill B., The geometry of Kerr black holes, A.K. Peters, Wellesley, (1995). [45] Randall L., Sundrum R., A Large Mass Hierarchy from a Small Extra Dimension, Phys. Rev. Lett.

83, (1999), 3370-3373.

[46] Randall L., Sundrum R., An Alternative to Compactification, Phys. Rev. Lett. 83, (1999), 4690-4693. [47] M. Reed, B. Simon, Methods of modern mathematical physics Vol I- IV, Academic Press, (1972), (1975), (1977), (1979).

[48] Sigal I.M., Soffer A., Local decay and propagation estimates for time-dependent and time-independent Hamiltonians, Preprint Princeton University, (1988).

[49] Sà Barreto A., Zworski M., Distribution of resonances for spherical black holes, Math. Res. Lett. 4, (1998), 103-121.

[50] Thaller B., The Dirac Equation, Texts and monographs in Physics, Springer-Verlag, (1992). [51] Wu S.-Q., Separability of the massive Dirac’s equation in 5-dimensional Myers-Perry black hole geometry and its relation to a rank-three Killing-Yano tensor, Phys.Rev.D 78, (2008), 064052.