arXiv:1202.2242v2 [hep-ph] 1 May 2012

DESY 12–024 ISSN 0418–9833 February 2012

Counting master integrals: integration-by-parts procedure with effective mass

Bernd A. Kniehl, Anatoly V. Kotikov^∗

II. Institut für Theoretische Physik, Universität Hamburg, Luruper Chaussee 149, 22761 Hamburg, Germany

Abstract

We show that the new relation between master integrals recently obtained in Ref. [1] can be reproduced using the integration-by-parts technique implemented with an effective mass. In fact, this relation is recovered as a special case of a whole family of new relations between master integrals.

PACS numbers: 02.30.Gp, 11.15.Bt, 12.20.Ds, 12.38.Bx Keywords: Two-loop sunset; Differential equation; Multiloop calculations.

∗On leave of absence from Bogolubov Laboratory of Theoretical Physics, Joint Institute for Nuclear Research, 141980 Dubna (Moscow Region), Russia.

Recently, one of us in collaboration with Mikhail Kalmykov found [1] a new relation between some specific Feynman integrals, which is actually absent in modern computer programs based on the integration-by-parts (IBP) technique [2] (for a recent review, see Ref. [3]). The new relation arises in the framework of the socalled differential reduction (see Refs. [1,4] and references cited therein) developed by these authors during last several years. This decreases the number of master integrals and, thus, leads to a simplification of calculations.

In this short note, we recover this relation directly in the framework of the IBP technique by introducing an effective mass originating from the reduction of oneloop integrals to simple propagators (see Refs. [5,6] and Eq. (2) below). In fact, this relation is found to be a special case of a whole family of new relations between master integrals.

α, m β, M σ, 0 p^2 = −m^2

Figure 1: Two-loop sunset diagram J_{012}(σ, β, α) involving propagators with masses 0, M, and m raised to the powers σ, β, and α, respectively, taken on the mass shell p^2 = −m^2.

Following Ref. [1], let us consider the two-loop self-energy sunset-type diagram J_{012} with on-shell kinematics, defined as

J_{012}(σ, β, α) = 1 π^n ∫ d_nk_1d_nk_2

[(p − k_1)^2]^σ[(k_1 − k_2)^2 + M^2]^β[k^2 + m^2]^α | | | p^2=−m^2

, (1)

where n = 4 − 2ε is the dimensionality of space time. It is depicted in Fig. 1.

Considering the standard Feynman representation of the following one-loop diagram as a one-fold integral

I(α_1, α_2) ≡ 1 π^{n/2} ∫ d_nk [k^2 + M^2_1 ]^{α1} [(p − k)^2 + M^2_2 ]^{α2} = Γ(α_1 + α_2 − n/2) Γ(α_1)Γ(α_2)

∫_1 0 ds s^{n/2−1−α1} s^{n/2−1−α2} [p^2 + M^2_1 /s + M^2_2 /s]^{α1+α2−n/2}

, (2)

with s = 1 − s, we can interpret this as an integral over a new propagator with the effective mass M^2_1 /s + M^2_2 /s. In previous papers [5,6], this procedure was used to decrease the numbers of loops in analyses of different types of master integrals and, thus, to simplify calculations.

Using Eq. (2) with M_1 = M and M_2 = 0, we can represent the considered two-loop diagram J_{012}(σ, β, α) as the one-fold integral

J_{012}(σ, β, α) = Γ(σ + β − n/2) Γ(σ)Γ(β)

∫_1 0 ds s^{β+1−n/2}s^{σ+1−n/2} I_{12}(α, β + σ − n/2), (3) where

I_{12}(α_1, α_2) = 1 π^{n/2} ∫ d_nk [(p − k)^2 + m^2]^{α1} [k^2 + M^2/s]^{α2} | | | |_{p2=−m2} (4)

is a one-loop on-shell diagram.

Applying the IBP procedure to the one-loop integral I(α_1, α_2) considered in Eq. (2), with the distinguished line carrying the index α_1 (see, for example, Ref. [5]),^1 we have the general relation

(n − 2α_1 − α_2)I(α_1, α_2) = α_2 [ I(α_1 − 1, α_2 + 1) − ( p^2 + M^2_1 + M^2_2 ) I(α_1, α_2 + 1) ] − 2α_1M^2_1 I(α_1 + 1, α_2). (5)

Thus, for I_{12}(1, α_2) considered in Eq. (4), we can apply Eq. (5) with M_1 = m, M_2 = M/ √ s, p^2 = −m^2, and α_1 = 1. The result is

(n − 2 − α_2)I_{12}(1, α_2) = α_2I_{12}(0, 1 + α_2) − α_2

M^2 s I_{12}(1, 1 + α_2) − 2m^2I_{12}(2, α_2), (6)

where the tadpole I_{12}(0, 1 + α_2) has the form

I_{12}(0, 1 + α_2) =

Γ(α_2 + ε − 1)

Γ(α_2 + 1) ( s M^2 )_{α2+ε−1} . (7)

Integrating Eq. (6) with α_2 = σ + β − n/2, multiplied by the factor Γ(σ + β − n/2) Γ(σ)Γ(β) 1 s^{β+1−n/2}s^{σ+1−n/2} as on the r.h.s. of Eq. (3), over s, we obtain

(4 − 3ε − σ − β)J_{012}(σ, β, 1) = π sin[π(2 − ε − σ)]

Γ(σ + β − 3 + 2ε)

Γ(σ)Γ(β) (M^2)^{3−2ε−σ−β} − M^2βJ_{012}(σ, 1 + β, 1) − 2m^2J_{012}(σ, β, 2). (8)

Putting σ = β = 1, we recover the new relation discovered in Ref. [1] as a special case of a more general class of relations between IBP master integrals.

In conclusion, applying the IBP procedure to a one-loop integral with an effective mass in one of its propagators, we produced the new relation (8) between ordinary IBP master integrals. This relation coincides for σ = β = 1 with the one recently discovered in Ref. [1], but it is more general and obtained in a more straightforward way. We intend to extend this analysis to the case of the off-shell sunset diagrams in a future work. The effective-mass procedure applied here to reduce the number of master integrals with respect to the one achieved by the ordinary IBP procedure may in principle be applied whenever the considered topology contains a bubble subdiagram. We expect that relations between ordinary IBP master integrals thus obtained may be usefully implemented in modern computer packages based on the IBP procedure.

1I.e. the factor coming in IBP procedure has the form n = d(k − k_1)^μ/dk^μ, where k − k_1 is the momentum of the propagator carrying the index α_1.

Acknowledgments We are grateful to M. Yu. Kalmykov for useful discussions. The work of A.V.K. was supported in part by RFBR Grant No. 10-02-01259-a and the Heisenberg-Landau program. This work was supported in part by the German Federal Ministry for Education and Research BMBF through Grant No. 05 HT6GUA, by the German Research Foundation DFG through the Collaborative Research Centre No. 676 Particles, Strings and the Early Universe—The structure of Matter and Space Time, and by the Helmholtz Association HGF through the Helmholtz Alliance Ha 101 Physics at the Terascale.

References

[1] M. Yu. Kalmykov, B. A. Kniehl, Phys. Lett. B 702 (2011) 268 [arXiv:1105.5319 [math-ph]].

[2] F.V. Tkachov, Phys. Lett. B 100 (1981) 65;

K.G. Chetyrkin, F.V. Tkachov, Nucl. Phys. B 192 (1981) 159; A. N. Vasiliev, Yu. M. Pismak, Yu. R. Khonkonen, Theor. Math. Phys. 47 (1981) 465 [Teor. Mat. Fiz. 47 (1981) 291].

[3] A. G. Grozin, Int. J. Mod. Phys. A 26 (2011) 2807 [arXiv:1104.3993 [hep-ph]].

[4] V.V. Bytev, M.Yu. Kalmykov, B.A. Kniehl, Nucl. Phys. B 836 (2010) 129 [arXiv:0904.0214 [hep-th]];

V.V. Bytev, M.Yu. Kalmykov, B.A. Kniehl, arXiv:1105.3565 [math-ph].

[5] A. V. Kotikov, Phys. Lett. B 259 (1991) 314;

A. V. Kotikov, Phys. Lett. B 254 (1991) 158; A. V. Kotikov, Mod. Phys. Lett. A 6 (1991) 677.

[6] J. Fleischer, A. V. Kotikov, O. L. Veretin, Phys. Lett. B 417 (1998) 163 [arXiv:hep-ph/9707492];

J. Fleischer, A. V. Kotikov, O. L. Veretin, Nucl. Phys. B 547 (1999) 343 [arXiv:hep-ph/9808242];

B. A. Kniehl, A. V. Kotikov, Phys. Lett. B 638 (2006) 531 [arXiv:hep-ph/0508238];

B. A. Kniehl, A. V. Kotikov, A. I. Onishchenko, O. L. Veretin, Nucl. Phys. B 738 (2006) 306 [arXiv:hep-ph/0510235];

B. A. Kniehl, A. V. Kotikov, Phys. Lett. B 642 (2006) 68 [arXiv:hep-ph/0607201].