arXiv:1202.2469v1 [hep-th] 11 Feb 2012

Fluid/Gravity Correspondence, Local Wald Entropy Current and Gravitational Anomaly

Shira Chapman,^∗ Yasha Neiman,^† and Yaron Oz^‡ Raymond and Beverly Sackler School of Physics and Astronomy, Tel-Aviv University, Tel-Aviv 69978, Israel (Dated: February 14, 2012)

Abstract

We propose, in the framework of the fluid/gravity correspondence, a definition for a local horizon entropy current for higher-curvature gravitational theories. The current is well-defined to first order in fluid gradients for general gravity actions with an algebraic dependence on the Riemann tensor. As a detailed example, we consider five-dimensional Einstein-Maxwell theory with a mixed gauge-gravitational Chern-Simons term. In this theory, we construct the proposed entropy current on a charged black-brane background, and show that it has a non-negative divergence. Moreover, a complete correspondence between the charged black-brane horizon’s dynamics and the hydrodynamics of an anomalous four-dimensional field theory is established. Our proposed entropy current is then found to coincide with the entropy current of the anomalous field theory fluid.

PACS numbers: 04.70.-s, 11.25.Tq, 47.10.ad

∗ shirator@post.tau.ac.il † yashula@gmail.com ‡ yaronoz@post.tau.ac.il

CONTENTS I. Introduction 3 II. Preliminaries 4 A. Null horizons 4 B. Bekenstein-Hawking entropy current 5 C. The hydrodynamic ansatz in gravity 7 D. Wald entropy 10 III. Wald entropy current 11 A. Definition and possible ambiguities 11 B. Weak Killing condition 12 C. Non-ambiguity at first order 14 D. Curvature-squared theories 16 IV. Einstein-Maxwell theory with gauge-gravitational Chern-Simons term 17 A. Entropy current 18 B. The entropy production rate 21 V. Anomalous hydrodynamics from horizon dynamics 22 A. Introduction 22 B. Hydrodynamics from the horizon field equations 24 C. Entropy current from the hydrodynamics 27 VI. Summary and discussion 27 Acknowledgements 28 A. Chern-Simons contribution to the focusing equation 29 B. Chern-Simons contribution to the Gauss law 30 C. Chern-Simons contribution to the Gauss-Codazzi equation 34 D. Chern-Simons corrections to the hydrodynamic constitutive relations 36 E. List of Christoffel symbols, Riemann components and field strength components 37 References 42

I. INTRODUCTION

The fluid/gravity correspondence relates field theory hydrodynamics to black hole (brane) dynamics. In the hydrodynamic regime the system is in approximate thermal equilibrium in each local region, while the parameters of the equilibrium vary slowly between one region and the next. In a particular setup the fluid/gravity correspondence follows from the AdS/CFT correspondence (for a review see [1]), when considering the hydrodynamic regime of the field theory [2]. The essential ingredients needed to relate fluids to gravity are the existence of a horizon in the gravitational background that is related to a thermal equilibrium state in the field theory, and a derivative expansion around it [3–5]. Thus, one can define the relation between fluids and gravity on more general backgrounds, e.g. the Rindler geometry [6–8]. One can also think about the fluid/gravity correspondence as an extension of black hole thermodynamics, where charges are upgraded into local currents, and the black hole entropy [9, 10] into a local entropy current.

The local entropy current in Einstein gravity s^μ is a vector density intrinsic to the horizon [11]. It is directed along its generating light rays, and its flux through a spatial slice of the horizon gives the area of the slice. In this work we will propose, in the framework of the fluid/gravity correspondence, a definition for a local horizon entropy current for higher-curvature gravitational theories. This should be a vector density s^μ on the horizon hypersurface, such that for stationary solutions its flux equals the total Wald entropy [12], while for non-stationary solutions it satisfies an increase law ∂_μs^μ ≥ 0. Our definition of the entropy current is potentially ambiguous. However, for actions with an algebraic dependence on the curvature tensor, we will show that current is well-defined to first order in fluid gradients.

An interesting application is to a five-dimensional Einstein-Maxwell theory with a gaugegravitational Chern-Simons term. For completeness, we also include a pure gauge Chern- Simons term which was already studied in [13]. In this setup, we will construct the proposed entropy current to first order in gradients on a charged black-brane background, and find that its divergence is positive.

This particular 5d theory has attracted much interest recently, because it implements chiral [14, 15] and mixed chiral-gravitational [16–18] anomalies in the dual four-dimensional field theory. With these anomalies, it has been shown that new, non-dissipative, transport coefficients arise [19, 20], which are responsible for the generation of current along magnetic fields and vortices in the fluid. A particular manifestation of these transport coefficients (the chiral magnetic effect [21]) was suggested to exhibit charge separation [22] and spin distribution [23] in heavy ion collisions [24].

To establish fully the fluid/gravity duality between the anomalous QFT hydrodynamics and Einstein-Maxwell theory with a gauge-gravitational Chern-Simons term, we will analyze the horizon dynamics along the lines of [13], and obtain the complete fluid equations. We then find that the entropy current as defined in the hydrodynamics coincides with our proposed Wald entropy current.

The paper is organized as follows. In section II, we review essential ingredients for the discussion, including null horizons, the Bekenstein-Hawking entropy current, hydrodynamics and Wald entropy. In section III, we define our Wald entropy current and study its properties. In section IV, we consider the Wald entropy current of the 5d Einstein-Maxwell theory with a gravitational Chern-Simons term. In section V, we establish the duality between the horizon dynamics in this theory and the hydrodynamics of an anomalous QFT. In the appendices, we provide the detailed calculations behind the results of sections IV-V.

II. PRELIMINARIES

A. Null horizons

We will be interested in event horizons, or more generally in null hypersurfaces. In the following, we briefly review some of the required ingredients for our studies. The general arguments are independent of the dimension, but for concreteness we will refer to a fourdimensional horizon embedded in a five-dimensional bulk spacetime. This is also the relevant case for the AdS_5/CFT_4 correspondence, and for the particular model in sections IV-V. We denote bulk coordinates by x^A, with capital Latin indices. Where relevant, we work in a coordinate system adapted to the horizon, i.e. we decompose x^A = (r, x^μ), with the horizon situated at r = 0. Small Greek indices denote tensors intrinsic to the horizon hypersurface.

The bulk metric is g_{AB}. The tangent covector to the horizon is denoted by ℓ_A = (ℓ_r, 0_μ). Since ℓ_A is null, it has no canonical normalization. However, we can always match its normalization with the choice of coordinates, so that we have ℓ_r = 1. Raising the index with the inverse metric, we get the normal vector ℓ^A = g^{AB}ℓ_B . Being null, it is also tangent to the horizon, pointing along its generating lightrays. Therefore, we can restrict the 5d index, and write ℓ^μ as an intrinsic 4d vector. Once again, this vector does not have a natural normalization. It is easy to see that the above conventions fix the following components of the inverse metric:

g^{rr} = 0; g^{rμ} = ℓ^μ . (1)

The bulk metric induces a rich and peculiar geometry on the null horizon. For now, we only mention the key concept of surface gravity. Given a choice of scaling for ℓ^A at each horizon point x^μ, it can be shown that the covariant derivative ℓ^B ∇_Bℓ^A is again directed along ℓ^A. The proportionality coefficient is the surface gravity κ:

ℓ^B∇_B ℓ^A = κℓ^A . (2)

We stress that κ changes under local rescalings of ℓ^A. In black hole thermodynamics, κ = 2πT defines the horizon’s temperature, and is taken to be non-negative.

B. Bekenstein-Hawking entropy current

In this subsection, we briefly review the concept of a local entropy current in Einstein gravity. We start with the Bekenstein-Hawking formula for the entropy of a horizon in equilibrium [9, 10]:

S = 1 4 A . (3)

This global area-proportional entropy can always be upgraded into a local current. Indeed, any null hypersurface is home to a canonical area current J^μ_{Area}. This is a vector density intrinsic to the horizon and directed along its generating lightrays. As the name suggests, its flux through a spatial slice of the horizon gives the area of the slice.

J^μ_{Area} can be defined as follows [11]. Start with the spacetime volume density √ −g, and dualize it to obtain the volume form √ −gϵ_{ABCDE} (we consider 5d spacetime as a generic example). Now take the pullback of 4 indices into the horizon and contract them with ϵ^{μνρσ} /4!, where ϵ^{μνρσ} is the horizon’s Levi-Civita density. The result is a quantity Λ_A with unit 4d density weight, directed along the tangent covector ℓ_A. Let us now raise its index with the spacetime metric. The resulting quantity Λ^A is directed along the horizon’s normal. For a non-null hypersurface, at this point we could have written Λ^A = √ γn^A, with n^A the unit normal, thus defining the hypersurface volume density √ γ. On a null horizon, however, there is no preferred unit normal. On the other hand, the normal Λ^A is now tangent to the horizon, pointing along its generating lightrays. Thus, we can interpret Λ^A directly as an intrinsic vector density J^μ_{Area} on the horizon.

By an immediate generalization of (3), we can now define a local entropy current as:

s^μ = 1 4 J^μ_{Area} . (4)

Does this current satisfy a local increase law ∂_μs^μ ≥ 0? In general, there is no easy answer. The quantity ∂_μJ^μ_{Area} is governed by the twice-projected component E_{AB}ℓ^Aℓ^B of the Einstein equations. This component is known as the Focusing Equation. When decomposed in terms of horizon quantities, it reads:

κθ = ℓ^μ∂_μθ + 1 3 θ^2 + σ^2_{(H)} + 8πT_{μν} ℓ^μℓ^ν . (5)

Here, T_{AB} is the bulk energy-momentum tensor; σ^2_{(H)} is the (non-negative) square of the horizon’s shear tensor; θ = ∂_μJ^μ_{Area}/v is the area expansion rate. The “area density” v is the coefficient in the collinearity relation J^μ_{Area} = vℓ^μ; in horizon-adapted coordinates, it’s given by v = √ −g. We would like the area production rate ∂_μs^μ = vθ/4 to be non-negative. As with the global entropy increase ΔS ≥ 0 [25], we see from (5) that the answer depends on the null energy condition T_{AB} ℓ^Aℓ^B ≥ 0. However, this is not enough, since the second-derivative term ℓ^μ∂_μθ can have either sign. This term is related to the fact that an event horizon is defined not locally, but by boundary conditions at future infinity which ensure that the horizon is eternal. Indeed, these boundary conditions also play a role in the global area-increase theorem.

We conclude that in Einstein gravity, a natural entropy current is always defined, but a local entropy increase law ∂_μs^μ ≥ 0 is not always satisfied. In the next subsection, we will review an important limit where this law does hold. This (hydrodynamic) limit will occupy us for the bulk of the paper.

C. The hydrodynamic ansatz in gravity

In non-gravitational systems, an entropy current can be defined in the limit described by hydrodynamics. This means that the system is in approximate thermal equilibrium in each local region, while the equilibrium parameters slowly vary between one region and the next. These local parameters can be encoded by a 4-velocity u^μ, an entropy density s, and optionally also conserved charge densities n^a. One can also define the energy density ϵ, the pressure p, the temperature T and the chemical potentials μ_a. The various thermal parameters are related by a material-specific equation of state ϵ(s, n^a), as well as by universal thermodynamic identities.

A fluid state necessarily requires a separation of scales. On the microscopic side, we have the scale determined by the temperature and the underlying dynamics, while on the macroscopic side we have the gradients of the equilibrium parameters. In gravity, such a separation of scales corresponds to a very large and homogeneous horizon, as compared to its surface gravity and the full spacetime curvature. Such horizons are easily constructed as planar black holes in AdS. Other examples are also conceivable, e.g. a Rindler horizon in Minkowski space.

To begin with, let us write down a gravitational ansatz for a horizon in global equilibrium, satisfying the required separation of scales. We can do so using a constant Lorentzian metric h_{μν} and a 4-velocity vector u^μ, with u_μu^μ = −1. Here and below, we implicitly raise and lower 4d indices with h_{μν} , rather than with the gravitational metric g_{AB}. The ansatz for the gravitational metric in a neighborhood of the horizon reads:

g_{rr} = 0; g_{rμ} = −u_μ; g^{(0)}_{μν} = f(r)P_{μν} + k(r)u_μu_ν , (6)

where P_{μν} = h_{μν} + u_μu_ν is the projector orthogonal to u^μ. The coefficient functions f(r) and k(r) are constrained by the field equations. Note that with general f(r) and k(r), the ansatz (6) holds not just for Einstein gravity, but for any gravitational action which allows fluid-like solutions. To describe more general fluids, we may add bulk fields other than the metric. Indeed, we will consider a bulk Maxwell field in sections IV-V. The general form (6) of the metric ansatz is again indifferent to these details. The “(0)” superscript on g_{μν} stands for “zeroth order”, and anticipates corrections.

The horizon of the solution (6) is located at the value of r where the function k vanishes. Without loss of generality, we may take this value to be r = 0. The homogeneity of the solution implies that r = 0 is in fact a Killing horizon. Its Killing normal is given by:

ℓ^A = (0, u^μ); ℓ_A = (1, 0_μ) . (7)

This normalization of ℓ^A is in accordance with the conventions of section II A.

The velocity u^μ represents the rest frame of the black hole. The nondegenerate metric h_{μν} can be interpreted as the metric in which the dual fluid lives. In the AdS/CFT context, it corresponds to the metric on the boundary, where the CFT is defined. The horizon value f(0) is related to the horizon’s area density (recall that k(0) vanishes):

J^μ_{Area} = √ −hf(0)^{3/2}u^μ . (8)

Thus, the entropy current in Einstein gravity reads:

s^μ = 1 4 J^μ_{Area} = 1 4 √ −hf(0)^{3/2}u^μ ≡ √ −hsu^μ , (9)

and we see that f(0) is related to the entropy density s:

f(0) = (4s)^{2/3} . (10)

Similarly, the radial derivative k^′(0) is proportional to the horizon’s surface gravity, and thus to its temperature:

k^′(0) = −2κ = −4πT . (11)

Unlike the relations (9)-(10) between area and entropy, eq. (11) holds also for highercurvature gravitational actions.

Let us now move on from global equilibrium to one that is local in x^μ. We take h_{μν} , u^μ, f and k in (6) to depend on x^μ with very small ∂_μ derivatives. Note that this is in addition to the explicit dependence of f and k on the radial coordinate r, with derivatives which cannot be treated as small. Every quantity can now be expanded in powers of the small derivatives ∂_μ. We will refer to this power as the “order” of the quantity.

After introducing this dependence on x^μ, the ansatz (6) in general no longer solves the field equations. However, it still solves them at leading order. At higher orders, we must introduce corrections. By an appropriate choice of coordinates, we can keep the horizon at r = 0, and also prevent corrections to g_{rr} and g_{rμ}. For g_{μν} , we will consider only first-order corrections g^{(1)}μν . Since we never use the explicit form of g^{(1)}μν in this paper, there is no loss of generality involved: g^{(1)}μν can be understood to contain higher-order corrections as well. Finally, we fix the velocity variable u^μ such that (7) holds exactly, i.e. u^μ always points along the horizon’s null generators. This constrains the metric correction on the horizon:

r = 0 : g^{(1)}_{μν} u^ν = 0 . (12)

In the hydrodynamic limit defined above, the entropy current (4) of Einstein gravity does have a local non-negative divergence. To see this, let us consider the focusing equation (5) order by order. Note that the horizon’s shear and expansion parameters σ_{(H)}, θ necessarily contain at least one ∂_μ gradient. Then at first order, eq. (5) reads:

κ^{(0)}θ^{(1)} = 8πT^{(1)}_{AB} ℓ^Aℓ^B = 0 . (13)

The last equality follows from our null-energy assumption T_{AB} ℓ^Aℓ^B ≥ 0, since it’s impossible to write a non-vanishing positive-definite expression with one ∂_μ gradient. Thus, at first order the entropy production rate ∂_μs^μ ∼ θ vanishes. This is always the case with leading-order hydrodynamics, known as the “ideal fluid” limit. At second order, the focusing equation reads, using θ^{(1)} = 0:

κ^{(0)}θ^{(2)} = (σ^{(1)}_{(H)})^2 + 8πT^{(2)}_{AB} ℓ^Aℓ^B ≥ 0 . (14)

As promised, at the leading nontrivial order, we see a non-negative local entropy production rate ∂_μs^μ ∼ θ. The problematic term ℓ^μ∂_μθ fell away due to the small-derivative expansion. In general, it’s not guaranteed that the next-order contributions to ∂_μs^μ will also be nonnegative. However, in AdS/CFT, where the metric corrections are controlled by the AdS boundary conditions, positivity does hold at the next order; see e.g. [26].

D. Wald entropy

Wald proposed a definition [12] for a notion of horizon entropy in general theories of gravity. The definition applies to stationary black holes in equilibrium, where the horizon’s normal ℓ^A (with a suitable choice of normalization) is part of a Killing vector field. The entropy is identified with the Noether charge associated with transport along this Killing field. The local nature of diffeomorphism invariance then allows us to express this quantity as a local integral over a spatial slice of the horizon.

In the present paper, we consider gravity coupled to gauge fields. We limit ourselves to Lagrangians of the form L(g_{AB}, R_{ABCD}, A_A, F_{AB}), with an arbitrary algebraic dependence on the Riemann tensor and the field strength. We do not exclude direct dependence on the gauge potential A_A, to allow for Chern-Simons terms. In this setup, the rank-2 “Noether potential” Q^{AB} for diffeomorphisms along ℓ^A is given by [27, 28]:

Q^{AB} = −2L^{ABCD}∇_C ℓ_D + 4ℓ_D∇_C L^{ABCD} , (15)

where L^{ABCD} ≡ ∂L/∂R_{ABCD} is the derivative of the Lagrangian with respect to the Riemann tensor. Q^{AB} is antisymmetric and carries unit density weight. To be precise, in the presence of gauge fields, (15) is the Noether potential for “gauge-covariant” diffeomorphisms, where together with x^A → x^A + αℓ^A we perform the gauge transformation A_A → A_A − ∂_A(αℓ^B A_B). If we considered instead “pure” diffeomorphisms, (15) would have contained an additional gauge-dependent term of the form ℓ^C A_C · ∂L/∂F_{AB} .

The horizon entropy is now given by an integral of Q^{AB} over a spatial slice of the horizon:

S = 2π κ ∫ Q^{AB} dΣ_{AB} = 1 T ∫ Q^{AB} dΣ_{AB} , (16)

where κ is the surface gravity associated with the horizon normal ℓ^A. In Einstein gravity, we have L^{ABCD} = ( √ −g/32π)(g^{AC} g^{BD} − g^{AD}g^{BC} ), and eq. (16) recovers the Bekenstein- Hawking entropy (3). We note that when calculating the entropy of stationary horizons, the second term in (15) doesn’t contribute to the integral [27], and may be omitted. However, as we’ll see in section IV, this term is important for the positive divergence of a local entropy current in non-stationary solutions.

III. WALD ENTROPY CURRENT

A. Definition and possible ambiguities

We would like to define a local current for the Wald entropy (16). More precisely, we’re looking for a vector density s^μ on the horizon hypersurface, such that for stationary solutions its flux equals the total entropy, while for non-stationary solutions it satisfies ∂_μs^μ ≥ 0. The expression (16) for the total entropy suggests an obvious candidate, which is the definition we adopt:

s^μ = 2π κ Q^{μr} . (17)

This formula is written in the horizon-adapted coordinates of section II A. In coordinatefree terms, Q^{μr} is the flux of the 5d antisymmetric density Q^{AB} through the horizon. The result is a vector density on the horizon, with unit 4d density weight. In form language, this operation of taking the flux can be described in three steps:

1. Dualize Q^{AB} into a 3-form.

2. Pullback this form into the horizon.

3. Dualize back within the horizon geometry, resulting in a rank-1 (vector) density.

Thus, we’ve defined an intermediate step between the Noether potential Q^{AB} and the global entropy (16). In (16), a scalar density was obtained by taking the flux of Q^{AB} through a codimension-2 surface (the spatial slice Σ). In our definition (17), we obtain a vector density by taking the flux through the codimension-1 horizon. It’s clear that for a stationary solution, taking the flux again with respect to the remaining index will bring us back to the scalar entropy (16).

The definition (17) can be considered for any gravitational action. Here, we will work out its consequences for “algebraic” Lagrangians of the form L(g_{AB}, R_{ABCD}, A_A, F_{AB} ), where

Q^{AB} is given by the formula (15). Using (15) and decomposing into radial and tangential components, (17) can be written more explicitly as:

s^μ = 2π κ (−2L^{μrνr}(∇_ν ℓ_r − ∇_rℓ_ν ) + 4ℓ_r∇_ν L^{μrνr}) . (18)

To arrive at this simplified expression, we used the antisymmetry L^{ABCD} = −L^{ABDC} and the relations ℓ_μ = 0 and ∇_{[μ}ℓ_{ν]} = 0 on the horizon. The former relation is due to the horizonadapted coordinates, while the latter follows from Frobenius’ theorem ℓ_{[A}∇_B ℓ_{C]} = 0. We left the magnitude of ℓ_r in (18) arbitrary, to exhibit explicitly the dependence on the scaling of ℓ_A without entangling it with the choice of coordinates.

For non-equilibrium solutions, the definition (17)-(18) is ambiguous, and we do not see a way to resolve the ambiguity generically. For Einstein gravity however, this can be done, as we will describe in section III B. In higher-curvature theories, we must restrict ourselves to the hydrodynamic limit. There, at least for actions with an algebraic dependence on the R_{ABCD}, the ambiguities can be resolved at the first non-trivial order in small gradients.

The reason for the ambiguity is that we no longer have a Killing vector field. Therefore, we must ask ourselves what exactly is meant by ℓ^A and κ in (18). It is natural to insist that ℓ^A remains normal to the horizon, and that κ remains the surface gravity associated with ℓ^A. It remains to determine the local scaling of ℓ^A on the horizon r = 0, as well as its behavior at r ≠ 0. The latter is relevant due to the ∇_rℓ_ν contribution to the first term in (18). For an unambiguous definition of s^μ, we must either find a way to fix these freedoms or show that they are irrelevant.

We note that the definition (18) is invariant under global rescalings of ℓ^A: the explicit factor of ℓ^A is canceled against the implicit factor in κ in the denominator. This was of course already necessary for an unambiguous definition of the global entropy. Thus, any possible ambiguities arise from derivatives of ℓ^A. This includes the explicit derivatives in the parentheses, as well as the implicit derivative contained in κ.

B. Weak Killing condition

As a necessary prerequisite, let us now ensure that our definition (18) coincides with the Bekenstein current (4) for Einstein gravity. In the process, we will fix some of the freedom in the choice of ℓ^A. Having convinced ourselves in the previous subsection that s^μ is invariant under global rescalings of ℓ^A, we use the coordinate freedom to set ℓ_r = 1, and look for ambiguities only in derivatives of ℓ^A.

For the Einstein-Hilbert Lagrangian, we have:

L^{μrνr} = √ −g 32π (g^{μν}g^{rr} − g^{μr}g^{rν}) = √ −g 32π (0 − ℓ^μℓ^ν ) = − √ −g 32π ℓ^μℓ^ν , (19) ∇_ν L^{μrνr} = 0 , (20) s^μ = 1 8κ √ −gℓ^μℓ^ν (∇_ν ℓ_r − ∇_rℓ_ν ) . (21)

Here we encounter a problem. For stationary solutions, the ∇_rℓ_ν derivative in (21) could be related to the ∇_ν ℓ_r derivative via the Killing condition ∇_Aℓ_B = −∇_B ℓ_A. To make the expression (21) unambiguous, we must find a substitute for this constraint.

At each point on the horizon, we can fix one degree of freedom for the local scaling of ℓ^A, plus 5 degrees of freedom for the radial derivative ∇_rℓ_A. Of course, these are not enough to force the full Killing condition ∇_Aℓ_B = −∇_B ℓ_A. They are enough to force ∇_rℓ_ν = −∇_ν ℓ_r, but unfortunately this condition is not covariant: the restriction of a 5d lower index to the value r depends on the choice of coordinates outside the horizon. The way out is to force the following covariant condition, given by contracting the Killing condition with ℓ^B:

ℓ^B (∇_Aℓ_B + ∇_Bℓ_A) = 0 . (22)

The μ-component of this condition is in fact an identity:

ℓ^B (∇_μℓ_B + ∇_B ℓ_μ) = 1 2 ∇_μ(ℓ_Bℓ^B ) + κℓ_μ = 0 + 0 = 0 , (23)

while the r-component takes the form:

ℓ^μ(∇_rℓ_μ + ∇_μℓ_r) = 0 . (24)

Thus, our condition eats up just one degree of freedom, relating ∇_r(ℓ_Aℓ^A) with the surface gravity. Eq. (21) now becomes:

s^μ = 1 4κ √ −gℓ^μℓ^ν ∇_ν ℓ_r = 1 4κ √ −gℓ^μκℓ_r = 1 4 √ −gℓ^μ . (25)

In our horizon-adapted coordinates, this coincides with the standard definition (4).

C. Non-ambiguity at first order

Returning to higher-curvature theories, let us consider the entropy current (18) in the hydrodynamic limit described in section II C. The current and its ambiguities can now be examined order by order in gradients. We can expect better behavior in this limit than in the general case, because ℓ^A is now almost a Killing vector.

At zeroth order, ℓ^A is a Killing vector, and therefore s^{μ(0)} is well-defined. Now, the only available 4d vector at zeroth order is u^μ. Thus, s^{μ(0)} is always directed along u^μ, i.e. along the horizon’s null generators. The only nontrivial content of s^{μ(0)} is therefore its magnitude, which is already captured by the scalar area density Q^{AB}dΣ_{AB} . This result is in line with the general rule that the leading-order hydrodynamics is completely determined by the thermodynamics. Another point of view is that at zeroth order, our Wald entropy current is simply a rescaled version of the Bekenstein current (4), which always points along the null generators.

Thus, the first-order entropy current s^{μ(1)} is where we should start looking for nontrivial local information. Here the issue of ambiguities becomes relevant. Once again, we set ℓ_r = 1. Expanding each piece of (18) in small gradients, the ambiguous contribution at first order reads:

s^{μ(1)}_{ambig.} = 2π ( −2L^{μrνr(0)} ( 1 κ (∇_ν ℓ_r − ∇_rℓ_ν )

)_{(1)} + 4 ( 1 κ )_{(1)} ∇_ν L^{μrνr(0)} ) . (26)

It is known [27] that for stationary horizons, the ∇_ν L^{μrνr} term (more generally, the term with no factors of ∇_{[A}ℓ_{B]}) vanishes. The proof is based on the existence of a bifurcation surface in the horizon’s past [29]. Now, the zeroth order in fluid gradients is locally the same as the stationary solution, so for non-stationary solutions we still have ∇_ν L^{μrνr(0)} = 0. Therefore, the second term in (26) doesn’t contribute. It remains to consider the first term.

This requires us to discuss the zeroth-order quantity L^{μrνr(0)}. The only available rank-2 tensors at zeroth order are u^μu^ν and the transverse projector P^{μν} . Thus, L^{μrνr(0)} must take the form:

L^{μrνr(0)} = C_1u^μu^ν + C_2P^{μν} , (27)

The longitudinal coefficient C_1 determines the Wald entropy of a stationary solution. The coefficient C_2 can be shown to vanish, using ∇_ν L^{μrνr(0)} = 0. To demonstrate this, we will need the zeroth-order Christoffel symbols at r = 0 derived from the metric (6). The non-vanishing Christoffel symbols read:

Γ^{r(0)}_{rμ} = − 1 2 k^′u_μ; Γ^{μ(0)}_{rν} = f^′ 2f P^μ_ν ; Γ^{μ(0)}_{νρ} = − 1 2 u^μ(f^′P_{νρ} + k^′u_ν u_ρ) . (28)

Note that the Christoffel symbols arise from the radial derivatives of the coefficient functions f and k, which are not small. The vanishing condition for ∇_ν L^{μrνr(0)} can now be written as: 0 = ∇_ν L^{μrνr(0)} = Γ^{μ(0)}_{νA} L^{Arνr(0)} + Γ^{r(0)}_{νA} L^{μAνr(0)} + Γ^{ν(0)}_{νA} L^{μrAr(0)} + Γ^{r(0)}_{νA} L^{μrνA(0)} − Γ^{A(0)}_{Aν} L^{μrνr(0)} = Γ^{μ(0)}_{νρ} L^{ρrνr(0)} + Γ^{r(0)}_{νr} L^{μrνr(0)} + Γ^{ν(0)}_{νρ} L^{μrρr(0)} + Γ^{r(0)}_{νr} L^{μrνr(0)} − 0 = − 3 2 f^′C_2u^μ .

(29)

This establishes that C_2 = 0. The remaining (first) term in (26) can now be written as:

s^{μ(1)}_{ambig.} = − 4πC_1ℓ^μ ( 1 κ ℓ^ν (∇_ν ℓ_r − ∇_rℓ_ν )

)_{(1)} . (30)

Just like in section III B, we can now force ℓ^ν ∇_rℓ_ν = −ℓ^ν ∇_ν ℓ_r by imposing the weak Killing condition (22) at first order. We are left with:

s^{μ(1)}_{ambig.} = − 8πC_1ℓ^μ ( 1 κ ℓ^ν ∇_ν ℓ_r )_{(1)} = −8πC_1ℓ^μ (κ κ )_{(1)}

= 0 . (31)

We conclude that the Wald entropy current (18) is well-defined at first order.

D. Curvature-squared theories

In the previous subsection, we presented a formal argument for the vanishing of the transverse coefficient C_2 in (27). This was necessary to demonstrate that our entropy current is well-defined at first order. As a consistency check, we will now explicitly show that this is the case for curvature-squared Lagrangians. For a given solution, the condition C_2 = 0, i.e. L^{μrνr(0)} ∼ u^μu^ν , is linear in the Lagrangian. We can therefore check it for each Lagrangian term separately. The Einstein-Hilbert and cosmological terms satisfy the condition, as we’ve seen in section III B. The most general quadratic terms take the form:

L_1 = √ −gR^{ABCD}R_{ABCD}; L_2 = √ −gR^{AB}R_{AB} ; L_3 = √ −gR^2 . (32)

Their derivatives with respect to the Riemann read: L^{ABCD} 1 = 2 √ −gR^{ABCD} L^{ABCD} 2 = 1 2 √ −g(R^{AC} g^{BD} − R^{AD}g^{BC} − R^{BC} g^{AD} + R^{BD}g^{AC} ) L^{ABCD} 3 = √ −gR(g^{AC} g^{BD} − g^{AD}g^{BC} ) . (33)

The relevant components for the question of ambiguities are L^{μrνr}:

L^{μrνr}_1 = 2 √ −gR^{μrνr} L^{μrνr}_2 = √ −g 2 (R^{μν} g^{rr} − R^{μr}g^{rν} − R^{rν} g^{μr} + R^{rr}g^{μν} ) L^{μrνr}_3 = √ −gR(g^{μν} g^{rr} − g^{μr}g^{rν}) . (34)

Let us now evaluate these quantities at zeroth order. We will need the volume density, the inverse metric and the Riemann tensor derived from the zeroth-order ansatz (6). The volume density is √ −g^{(0)} = √ −hf^{3/2}. The inverse metric on the horizon reads:

g^{(0)rr} = 0; g^{(0)rμ} = u^μ; g^{(0)μν} = 1 f P^{μν} , (35)

while the independent nonvanishing components of R^{(0)}_{ABCD} read:

R^{(0)}_{rμrν} = 1 2 (( f^{′2} 2f − f^{′′} ) P_{μν} − k^{′′}u_μu_ν ) ; R^{(0)}_{rμνρ} = 1 2 f^′k^′P_{μ[ν} u_{ρ]} . (36)

Plugging this into (34), we get: L^{μrνr(0)} 1 = 2 √ −hf^{3/2}R^{μrνr(0)} = − √ −hf^{3/2}k^{′′}u^μu^ν L^{μrνr(0)} 2 = 1 2 √ −hf^{3/2} ( 0 − 2u^{(μ}R^{ν)r(0)} + 1 f P^{μν} R^{rr(0)} )

= − 1 2 √ −hf^{3/2} ( k^{′′} + 3f^′k^′ 2f ) u^{(μ}u^{ν)} + 0 = − 1 2 √ −hf^{3/2} ( k^{′′} + 3f^′k^′ 2f ) u^μu^ν L^{μrνr(0)} 3 = √ −hf^{3/2}(0 − u^μu^ν )R^{(0)} = − √ −hf^{3/2} ( k^{′′} + 3f^′k^′ f ) u^μu^ν ,

(37)

and we find L^{μrνr(0)} ∼ u^μu^ν as expected.

IV. EINSTEIN-MAXWELL THEORY WITH GAUGE-GRAVITATIONAL CHERN- SIMONS TERM

In section III C, we’ve seen that our proposed Wald entropy current is well-defined to first order in gradients for a class of higher-curvature theories. As the next step, we wish to examine the validity of the local Second Law ∂_μs^μ ≥ 0 in a higher-curvature setup. It turns out that this task is relatively simple in a 5d theory of gravity coupled to gauge fields, with the higher-curvature effect coming from a mixed gauge-gravitational Chern-Simons term. The reason for the simplification is that in this setup, the higher-curvature term doesn’t affect the ideal hydrodynamics, and only shows up in the next (viscous) order in the gradient expansion.

As explained in the Introduction, the hydrodynamics associated with this bulk theory is interesting in its own right. The gauge and gauge-gravitational Chern-Simons terms in the bulk action correspond to chiral and chiral-gravitational triangle anomalies in the QFT underlying the fluid.

We will find that our proposed entropy current for this theory is indeed locally increasing at leading order. Furthermore, we will find that it coincides with the hydrodynamic entropy current in the full fluid/gravity correspondence.

In this section, we specialize to a fluid living in a flat Minkowski metric, i.e. we set h_{μν} = η_{μν} . This does not involve a loss of generality. Indeed, it can be shown from index symmetries that the axial Chern-Simons terms cannot introduce into our calculations a contribution from the curvature tensor R_{μνρσ} associated with the metric h_{μν} . That such contributions do not come from other terms in the action was already established in [13].

A. Entropy current

In this subsection, we calculate our proposed entropy current (18) for the aforementioned Einstein-Maxwell theory with Chern-Simons terms, up to first order in gradients. We start with the usual Einstein-Maxwell Lagrangian, supplemented with pure gauge and mixed gauge-gravitational Chern-Simons terms:

L = 1 16π ( √ −g ( R − 2Λ − F_{AB}F^{AB} )

+2ϵ^{ABCDE} A^a_A ( 4 3 κ_{abc}F^b_{BC} F^c_{DE} + λ_aR_{BCK}^LR_{DEL}^K )) . (38)

This is the same as eq. (2.6) in [17], except that Λ is replaced with −Λ, and F^a_{AB} is divided by 2 to agree with the normalization conventions of [13].

To find the Wald entropy current for this Lagrangian, we write down its derivative with respect to the Riemann tensor: L^{ABCD} ≡ ∂L ∂R_{ABCD} = L^{ABCD} e.h. + L ABCD c.s. = 1 16π (√ −gg^{A[C} g^{D]B} − 2λ_aA^a_K ( ϵ^{KLMAB}R_{LM}^{CD} + ϵ^{KLMCD}R_{LM}^{AB} )) . (39)

The λ_a term satisfies the A ↔ B and C ↔ D antisymmetries and the (AB) ↔ (CD) symmetry of the Riemann tensor, but not the Bianchi symmetry. The latter will prove immaterial to our definition of the entropy current. We can enforce the Bianchi symmetry by redefining L^{ABCD} → L^{ABCD} − L^{[ABCD]}. However, we will see in a moment that the extra L^{[ABCD]} term does not contribute to the definition of the entropy current.

Our entropy current was defined in section III A to be:

s^μ = 2π κ (−2L^{μrνr}(∇_ν ℓ_r − ∇_rℓ_ν ) + 4ℓ_r∇_ν L^{μrνr}) . (40)

Since this definition is linear in L^{ABCD}, it is enough to show that an antisymmetrized L^{[ABCD]} term does not, by itself, contribute to the entropy current. This is so, because both L^{μrνr} and ∇_ν L^{μrνr} vanish when antisymmetrized over the two identical r indices.

Due to its linearity in L^{μrνr}, we can separate the entropy current into two parts:

s^μ = s^μ_{e.h.} + s^μ_{c.s.} , (41)

where s^μ_{e.h.} is the part of the entropy current coming from the Einstein-Hilbert part of the Lagrangian, and s^μ_{c.s.} is the part arising from the Chern-Simons terms. The Einstein-Hilbert part s^μ_{e.h.} is given in (9). In a flat metric h_{μν} = η_{μν} , it simplifies into:

s^μ_{e.h.} = su^μ . (42)

In general, we define the entropy density s as the norm of the entropy current under the flat metric. As we will see, the Chern-Simons contribution s^μ_{s.c.} is first-order in gradients and transverse to u^μ. Therefore, it doesn’t affect the entropy density at first order.

We now turn to the higher-curvature contribution s^μ_{c.s.}. Using the zeroth-order hydrodynamic ansatz (6) and the Christoffel symbols found in (28), one can find by direct calculation that R^{(0)}μν^{ρr} = 0, and therefore L^{μrνr(0)}c.s. = 0. From the discussion in section III C, it follows that there is no zeroth-order contribution s^{μ(0)}c.s. to the entropy current from the Chern-Simons term. Our task, therefore, is to calculate the first-order contribution s^{μ(1)}c.s. .

Before we get started, we must explicitly introduce the gauge potential A^a_A into our hydrodynamic ansatz. By a choice of gauge, we can force A^a_r = 0 everywhere at all orders. With this choice, the zeroth-order gauge potential in the vicinity of the horizon reads:

A^{a(0)}_μ = a^a(r, x^μ)u_μ . (43)

The horizon value a^a(0, x^μ) = −μ^a(x^μ) encodes the horizon’s chemical potential, while the radial derivative a^′_a(0) = πn_a/s is proportional to the charge density n_a (cf. [13]).

Alongside the metric corrections g^{(1)}μν which were discussed in section II C, we must also consider corrections A^{a(1)}μ to the gauge potential (43). It turns out, however, that neither type of correction affects the entropy current s^μ_{c.s.}. To evaluate it, we will need the Riemann components:

R^{(1)}_{μν}^{ρr} = 1 2 u^ρ∂_μ(k^′u_ν) + k^′ 4 u_ν [ 2P^{ρσ}∂_{(σ} u_{μ)} + 1 f P^ρ_μ u^δ∂_δ f ] − (μ ↔ ν) . (44)

From these we calculate: L^{μrνr(1)} c.s. = − λ_a 8π A^{a(0)}_K ( ϵ^{KLMμr}R^{(1)}_{LM}^{νr} + ϵ^{KLMνr}R^{(1)}_{LM}^{μr} )

= − k^′ 4π λ_aa^aϵ^{κρσ(μ}u^{ν)}u_κ∂_ρu_σ = k^′ 2π λ_aa^aω^{(μ}u^{ν)} ,

(45)

where the vorticity field ω^μ is defined as ω^μ =^1_2 ϵ^{μνρσ} u_ν ∂_ρu_σ.

We can now calculate the L^{μrνr(1)}c.s. (∇_ν ℓ_r −∇_rℓ_ν )^{(0)} piece of s^μ_{c.s.} (see (40)). At zeroth order, the horizon normal ℓ^A = (0, u^μ) satisfies the full Killing condition ∇_Aℓ_B = −∇_B ℓ_A. Using this, we get:

L^{μrνr(1)} c.s. (∇ν ℓr − ∇rℓν ) (0) = 2L^{μrνr(1)}_{c.s.} (∇_ν ℓ_r)^{(0)} = −2L^{μrνr(1)}_{c.s.} Γ^{r(0)}_{νr} = − k^{′2} 4π λ_aa^aω^μ , (46)

where we plugged in the Christoffel symbols from (28).

We now turn to the second piece of s^μ_{c.s.}, which is proportional to: ∇_ν L^{μrνr}_{c.s.} =∂_ν L^{μrνr}_{c.s.} + Γ^μ_{νρ}L^{ρrνr}_{c.s.} + Γ^r_{νA}L^{μAνr}_{c.s.} + Γ^ν_ρL^{μrρr}_{c.s.} + Γ^r_{νA}L^{μrνA}_{c.s.} − Γ^A_ν L^{μrνr}_{c.s.} =∂_ν L^{μrνr}_{c.s.} + Γ^μ_{νρ}L^{ρrνr}_{c.s.} + Γ^r_{να}L^{μανr}_{c.s.} + Γ^r_{νr}L^{μrνr}_{c.s.} + Γ^r_{να}L^{μrνα}_{c.s.} . (47)

As expected, at zeroth order this expression vanishes, since both Γ^{r(0)}μν and L^{μrνr(0)}c.s. vanish. To obtain the first-order expression, we need the quantity: L^{μνρr(0)} c.s. = − λ_a 8π A^{a(0)}_K ( ϵ^{KLMμν} R^{(0)}_{LM}^{ρr} + ϵ^{KLMρr}R^{(0)}_{LM}^{μν} )

= − λ_aa^a 8π u_κ ( −2ϵ^{κσμν} R^{(0)}_{rσ}^{ρr} + ϵ^{κλσρ}R^{(0)}_{λσ}^{μν} ) = − f^′k^′ 16πf λ_aa^aϵ^{κρμν} u_κ , (48)

where we used the Riemann components:

R^{(0)}_{μν}^{ρσ} = f^′k^′ 4f u_μ(u^σP^ρ_ν − u^ρP^σ_ν ) − (μ ↔ ν)

R^{(0)}_{rμ}^{νr} = 1 2 k^{′′}u_μu^ν − f^′k^′ 4f P^ν_μ . (49)

We note that L^{μνρr(0)}c.s. in (48) is antisymmetric in all its Greek indices, so the corresponding terms in (47) vanishes. We are left with:

(∇_ν L^{μrνr}_{c.s.} )^{(1)} =Γ^{μ(0)}_{νρ} L^{ρrνr(1)}_{c.s.} + Γ^{r(0)}_{νr} L^{μrνr(1)}_{c.s.} = 0 − k^{′2} 4π u_ν λ_aa^aω^{(μ}u^{ν)} = k^{′2} 8π λ_aa^aω^μ . (50)

Plugging (46) and (50) into (40), we finally get:

s^{μ(1)}_{c.s.} = 2π κ ( k^{′2} 2π λ_aa^aω^μ + k^{′2} 2π λ_aa^aω^μ ) = −16πT λ_aμ^aω^μ , (51)

where we used eq. (11) to relate k^′ to the temperature at zeroth order. Thus, the final result for the Wald entropy current reads:

s^μ = s^μ_{e.h.} + s^μ_{c.s.} = su^μ − 16πT λ_aμ^aω^μ . (52)

B. The entropy production rate

As we recall from the beginning of the section, our goal is to demonstrate that the proposed Wald entropy current for the theory (38), which we evaluated as (52), has a nonnegative divergence.

As discussed in section II B, the divergence of the area current J^μ_{Area} = √ −gℓ^μ = 4su^μ is governed by the focusing equation (the twice-projected component of the Einstein equation E_{AB} ℓ^Aℓ^B). In section II C, we used the detailed form of the focusing equation (5) in Einstein gravity to prove that the local divergence of the entropy current (4) is non-negative at leading nontrivial order in the hydrodynamic expansion.

When we add gauge-gravitational Chern-Simons terms to the Lagrangian, the Einstein equations get an extra contribution. This leads to new contributions to the focusing equation, which will allow us to prove that the entropy current (52) satisfies a local increase law.

We start from the Einstein equation derived by varying (38) with respect to the metric: √ −g ( G^B_A + Λδ^B_A ) = √ −g ( 2F^a_{AC} F^{BC}_a − 1 2 F^2δ^B_A )

+ 2λ_a ( g_{AC} g^{BD} + δ^B_C δ^D_A ) ϵ^{CKLMN} ∇_E ( F^a_{KL}R_{MND}^E ) . (53)

This is the same as eq. (2.16) in [17], except that (as mentioned before) F^a_{AB} is divided by 2, and Λ is replaced with −Λ.

When projected twice along ℓ^A, the first row of (53) gives us the focusing equation (5) times √ −g, with the matter stress tensor T_{AB} = (1/4π) ( F^a_{AC} F^{BC}_a −^1_4 F^2δ^B_A ) (which satisfies the null energy condition).

In appendix A, we calculate the contribution of the second line of (53) to the focusing equation. This turns out to vanish at zeroth and first order in derivatives. The second-order contribution reads:

new term^{(2)} = 2λ_aℓ^Aℓ_B ( g_{AC} g^{BD} + δ^B_C δ^D_A ) ϵ^{CKLMN} ∇_E ( F^a_{KL}R_{MND}^E ) = 2λ_au^α (g_{αC} δ^r_D + δ^r_C g_{Dα}) ϵ^{CKLMN} ∇_E ( F^a_{KL}R_{MN}^{DE} ) = 64λ_aπ^2T ϵ^{κλμν} ∂_κ(μ^au_λ)∂_μ(T u_ν ) = 128λ_aπ^2T ∂_ν (μ^aT ω^ν) .

(54)

Thus, at first order the focusing equation (13) remains unchanged, and we still have θ^{(1)} = 0. Using this, the second-order focusing equation reads:

κ^{(0)}θ^{(2)} = (σ^{(1)}_{(H)})^2 + 8πT^{(2)}_{AB} ℓ^Aℓ^B + 1 √ −g 128λ_aπ^2T ∂_ν (μ^aT ω^ν) , (55)

where θ = ∂_μJ^μ_{Area}/ √ −g = 4∂_μ(su^μ)/ √ −g. After a short rearrangement, the focusing equation becomes:

∂_μ (su^μ − 16πλ_aμ^aT ω^μ) = √ −g 8πT [ (σ^{(1)}_{(H)})^2 + 8πT^{(2)}_{AB} ℓ^Aℓ^B ] ≥ 0 . (56)

We have thus demonstrated that our proposed entropy current (52) is indeed locally increasing.

V. ANOMALOUS HYDRODYNAMICS FROM HORIZON DYNAMICS

A. Introduction

We’ve seen that a horizon projection of the Einstein equations in a hydrodynamic limit of the higher-curvature theory (38) encodes the local increase of the Wald entropy current (52). In this section, we will demonstrate that a broader selection of the horizon-projected field equations encodes the full equations of charged (anomalous) hydrodynamics. Our proposed

Wald entropy current then corresponds precisely to the entropy current as defined in the hydrodynamics.

The present result extends our previous calculations [13] without the higher-curvature Chern-Simons term. As in [13], the exact correspondence between the horizon field equations and hydro equations only holds under certain constraints on the corrections g^{(1)}μν , A^{(1)}μ to the fluid ansatz. In AdS/CFT, these constraints are enforced by the boundary conditions at infinity. Apart from assuming the constraints, our horizon-based method does not require detailed knowledge of the corrections, because the same hydrodynamics emerges for all valid choices of g^{(1)}μν and A^{(1)}μ . In particular, in an AdS/CFT context, the hydrodynamics which we find from the horizon analysis will be the same as the one on the AdS boundary.

The discussion thus far has been driven by the concept of a Wald entropy current. However, the hydrodynamics arising from the theory (38) is of interest in a broader context. The λ_a term in the bulk action generates a peculiar vortical conductivity term J^μ ∼ T^2ω^μ, generating currents along the vortices in the 4d fluid. It is conjectured [17, 18] that such terms are directly related to mixed chiral-gravitational anomalies in the QFT underlying the fluid. In particular, the authors of [17] have established this relation in a specific AdS/CFT setup. There, the 4d hydrodynamics is embedded in a conformal field theory on the 4d boundary of the AdS space. The bulk Chern-Simons coefficients κ_{abc}, λ_a correspond respectively to chiral and mixed chiral-gravitational anomalies in the CFT. The precise relation is given by eqs. (2.9)-(2.14) in [17] (for the conventions in the definition of the anomaly coefficients, see eqs. (30)-(32) in [18]):

κ_{abc} = − 1 4π [tr(T_a{T_b, T_c})_R − tr(T_a{T_b, T_c})_L] (57) λ_a = − 1 48π [tr(T_a)_R − tr(T_a)_L] , (58)

where T_a are the generators of the global symmetry group under which the chiral fermions in the CFT transform. The authors of [17] then derived the relation between the λ_a Chern- Simons term and the coefficient of the vortical conductivity term, thus relating the latter to the chiral/gravitational anomaly. Our calculation below generalizes the results of [17] on the relation between the bulk Chern-Simons term and the fluid’s vortical conductivity. We derive the result for a more general fluid/gravity ansatz, which allows in particular for an arbitrary (not necessarily conformal) equation of state.

B. Hydrodynamics from the horizon field equations

We will now detail the relation between the horizon field equations and hydrodynamics. In particular, we wish to recast the field equations into the form of hydrodynamic conservation laws. From these one can later extract an entropy current. We begin by writing down the Einstein and Maxwell field equations as derived from the Lagrangian (38): √ −g ( G^B_A + Λδ^B_A ) = √ −g ( 2F^a_{AC} F^{BC}_a − 1 2 F^2δ^B_A )

+ 2λ_a ( g_{AC} g^{BD} + δ^B_C δ^D_A ) ϵ^{CKLMN} ∇_E ( F^a_{KL}R_{MND}^E ) (59)

∂_B (√ −gF^{AB}_a ) = ϵ^{AKLMN} ( 2κ_{abc}F^b_{KL}F^c_{MN} + λ_a 2 R_{KLC}^DR_{MND}^C ) . (60)

These correspond to eqs. (2.16)-(2.17) in [17].

The horizon projection of these equations without the λ_a terms was studied previously in [13]. We briefly summarize the results. Writing eqs. (59)-(60) symbolically as E^B_A and M^A_a , the relevant components for the hydrodynamics are E^r_μ and M^r_a , evaluated on the horizon. Then, to second order in small gradients, certain linear combinations of these equations take the form of hydrodynamic conservation laws for a stress tensor T^{μν} and a set of charge currents J^μ_a : − 1 8π E^r_μ + 1 4π μ^au_μM^r_a ⇒ ∂_ν T^ν_μ = 0 1 4π M^r_a ⇒ ∂_μJ^μ_a = 0 .

(61)

More precisely, the field equations take the form (section V in [13]):

E^r_μ : −8π(∂_ν T^ν_μ − μ^au_μ∂_ν J^ν_a ) = Δ_μ + 8su^ν∂_{[μ}c^{(1)}_{ν]} + 16πn_au^ν ∂_{[μ}A^{a(1)}_{ν]} (62)

M^r_a : 4π∂_μJ^μ_a = 0 . (63)

The equations depend on the corrections to the fluid/gravity ansatz (6),(43) through the gauge field correction A^{a(1)}μ and the extrinsic curvature quantity c^{(1)}μ ≡ −Γ^{ν(1)}μρ u_ν u^ρ = − (1/2) u^ν (∂_ν u_μ + g^{′(1)}μν ), which appear on the RHS of (62). The Δ_μ in (62) stands for additional terms, which do not fit into the conservation-law template on the LHS, but which can be canceled by an appropriate choice of the corrections g^{′(1)}μν u^ν and A^{a(1)}μ (or equivalently, c^{(1)}μ and A^{a(1)}μ ). With such a choice, we recover the conservation laws in (61).

As explained in [13] (see the text surrounding eqs. (V.60)-(V.61)), the correction terms cannot themselves produce a contribution to the divergence ∂_ν T^ν_μ . Thus, despite the remaining freedom in choosing the corrections, there is no ambiguity in the stress tensor T^ν_μ and the charge currents J^μ_a , which define the hydrodynamics.

As calculated in [13] (eqs. (V.21),(V.18),(III.20),(V.63)), the stress tensor and charge currents in (61)-(63) are given by the constitutive relations:

T^{μν} = ϵu^μu^ν + pP^{μν} − s 2π π^{μν} − 2T μ^aσ̃_{ab}u^{(μ}P^{ν)ρ}∂_ρ μ^b T − 16 3π κ_{abc}μ^aμ^bμ^cu^{(μ}ω^{ν)} , (64) J^μ_a = n_au^μ − T σ̃_{ab}P^{μν} ∂_ν μ^b T − 4 π κ_{abc}μ^bμ^cω^μ , (65) σ̃_{ab} = s^{1/3} 2^{4/3}π ( δ_{ab} − μ_an_b ϵ + p ) . (66)

In (64) and (66), the energy density ϵ and the pressure p are derived from the potentials and densities T, μ_a, s, n^a on the horizon via thermodynamic identities, after assuming an equation of state. π^{μν} is the shear tensor of the fluid’s velocity, π^{μν} ≡ P^{μρ}P^{νσ}∂_{(ρ}u_{σ)} − (1/3)P^{μν} ∂_ρu^ρ. σ̃_{ab} is a conductivity matrix.

These equations define charged relativistic hydrodynamics, with vanishing bulk viscosity and special values for the shear viscosity and for the charge conductivity. The κ_{abc} term corresponds to chiral anomalies in the underlying QFT. The constitutive relations (64)-(65) are written in a slightly nonstandard form, since our velocity variable u^μ is neither the energy velocity nor the charge velocity of the fluid. In fact, the horizon normal u^μ corresponds to the fluid’s entropy velocity. This will no longer be the case once the higher-curvature λ_a terms are included.

Our present goal is to find how the above equivalence to hydrodynamics is modified in the presence of the gauge-gravitational Chern-Simons term λ_a in the field equations (59)-(60).

The λ_a terms on the RHS of the field equations are evaluated in appendices B and C, and read:

δE^r_μ = −64π^2λ_aT u_μϵ^{νρσλ}∂_ν (μ^au_ρ)∂_σ (T u_λ) − 16λ_asu^ν ∂_{[μ} ( Q^a s ω_{ν]} ) (67)

δM^r_a = 16π^2λ_aϵ^{μνρσ} ∂_μ(T u_ν)∂_ρ(T u_σ) , (68) where the function Q^a ≡ f^2(k^′a^a/f)^′ in the second term in (67) is unfortunately not expressible in terms of the thermal parameters T, μ_a, s, n^a. However, we can see from (62) that this function can be tuned arbitrarily by further adjusting the first-order corrections c^{(1)}μ (the A^{(1)}μ term can also fulfill this purpose). Thus, by an appropriate choice of corrections, we can turn eqs. (67)-(68) into:

δE^r_μ = −64π^2λ_aT u_μϵ^{νρσλ}∂_ν (μ^au_ρ)∂_σ(T u_λ) + 256π^2λ_asu^ν ∂_{[μ} ( μ^aT^2 s ω_{ν]} ) (69)

δM^r_a = 16π^2λ_aϵ^{μνρσ} ∂_μ(T u_ν )∂_ρ(T u_σ) . (70)

With this choice of the second term in (69), the equivalence (61) to hydrodynamic conservation laws is maintained. This is demonstrated in appendix D. The constitutive relations (64)-(65) for the stress tensor and charge currents acquire the following extra contributions:

δT^{μν} = −32πλ_aμ^aT^2u^{(μ}ω^{ν)}

δJ^μ_a = −8πλ_aT^2ω^μ.

(71)

For comparison with the literature, it is useful to rewrite the new constitutive relations in terms of an energy velocity v^μ, instead of the horizon normal u^μ. The result is:

T^{μν} = (ϵ + p)v^μv^ν + pη^{μν} − s 2π π^{μν} , (72) J^μ_a = n_av^μ − T σ_{ab}P^{μν} ∂_ν μ^b T − ( 4 π κ_{abc}μ^bμ^c + 8πλ_aT^2 − 8n_a ϵ + p ( 1 3π κ_{bcd}μ^bμ^cμ^d + 2πλ_bμ^bT^2 )) ω^μ , (73)

σ_{ab} = ( δ^c_a − n_aμ^c ϵ + p ) σ̃_{cb} = s^{1/3} 2^{4/3}π ( δ_{ab} − 2μ_{(a}n_{b)} ϵ + p + μ_cμ^cn_an_b (ϵ + p)^2 ) , (74)

where the (first-order) difference between the velocities u^μ and v^μ is given by:

v^μ = u^μ − μ_a s σ^{ab}P^{μν} ∂_ν μ_b T − 8 ϵ + p ω^μ ( 1 3π κ_{abc}μ^aμ^bμ^c + 2πλ_aμ^aT^2 ) . (75)

These constitutive relations are of the general form given in [20] for the hydrodynamics of a 4d field theory with chiral anomalies (as derived from entropic constraints). Thus, we have demonstrated a full correspondence between our gravitational model and a 4d fluid.

The new λ_a-proportional terms have the same form as the β_a terms in [20], which have been related in [17, 18] to chiral/gravitational anomalies.

C. Entropy current from the hydrodynamics

Given a set of hydrodynamic conservation laws, one should be able to deduce an entropy current with positive divergence. For constitutive relations of the form (72)-(73), in particular with the λ_a terms, this has been done in [20]. In terms of the energy velocity v^μ, the result reads:

s^μ = sv^μ + μ_aσ^{ab}P^{μν} ∂_ν μ_b T + 8 ϵ + p ω^μ ( s 3π κ_{abc}μ^aμ^bμ^c − 2πμ_an^aλ_bμ^bT ) . (76)

Using eq. (75) to translate back from the energy velocity v^μ to the horizon normal u^μ, (76) simplifies into:

s^μ = su^μ − 16πT λ_aμ^aω^μ . (77)

This is in precise agreement with eq. (52), which we derived directly from our definition of a generalized Wald entropy current.

In fact, given the non-negative divergence of the Wald entropy current and the equivalence between the gravitational and hydrodynamic equations, it necessarily follows that the two entropy currents match. The reason is that, to first order in gradients, a fluid of the type discussed in [20] allows just one non-decreasing entropy current to be constructed from the hydrodynamic variables.

VI. SUMMARY AND DISCUSSION

The local entropy current in Einstein gravity is a vector density directed along the horizon’s generating light rays, whose flux through a spatial slice of the horizon is 1/4 of the area of the slice. This entropy current maps via the fluid/gravity correspondence to the hydrodynamic entropy current of a field theory. Working in the framework of the fluid/gravity correspondence, we proposed a definition for a local horizon entropy current in higher-curvature gravitational theories. This current is a vector density on the horizon hypersurface, such that for stationary solutions its flux equals the total Wald entropy. We demonstrated that our entropy current is well-defined to first order in fluid gradients, for actions with an algebraic dependence on the curvature. It is of interest to carry the analysis further and study the properties of the current at higher orders in fluid gradients.

As an application, we considered the correspondence between 5d Einstein-Maxwell theory with gauge and gauge-gravitational Chern-Simons terms and 4d anomalous field theory hydrodynamics, which has attracted much interest recently. The chiral and mixed chiralgravitational anomalies in the field theory exhibit new non-dissipative transport coefficients, which are responsible for the generation of current along magnetic fields and vortices in the fluid. In [20], the coefficient of the vortical term T^2ω^μ in the current came about as a constant of integration, and was left arbitrary. It has since been calculated in two regimes: in the free-fermions limit [18], and in the strong-coupling supergravity limit [17]. The vortical conductivity was found to be proportional to the chiral/gravitational anomaly, with the same proportionality constant in the two regimes.

In this work, we carried out the analysis of the horizon dynamics along the lines of [13], and established fully the fluid/gravity duality between the anomalous quantum field theory hydrodynamics and the dynamics of an Einstein-Maxwell black brane with a gaugegravitational Chern-Simons term. In particular, the entropy current as defined in the field theory hydrodynamics coincides with our proposed Wald entropy current. The results provide further support to the relationship between the vortical conductivity and the mixed chiral/gravitational triangle anomaly. In particular, our analysis of the horizon dynamics was not restricted to conformal fluids, thus supporting a rather general relation between the vortical conductivity and the chiral/gravitational anomaly. Still, it remains to be proven that this holds at arbitrary coupling.

ACKNOWLEDGEMENTS

This work is supported in part by the Israeli Science Foundation center of excellence and by the German-Israeli Foundation (GIF).

Appendix A: Chern-Simons contribution to the focusing equation

In this appendix we calculate the contribution to the focusing equation from the mixed gauge-gravitational Chern-Simons term. This contribution comes from the last term on the RHS of (53), twice contracted with the horizon normal: 2λ_aℓ^Aℓ_B ( g_{AC} g^{BD} + δ^B_C δ^D_A ) ϵ^{CKLMN} ∇_E ( F^a_{KL}R_{MND}^E ) = 2λ_au^α (g_{αC} δ^r_D + δ^r_C g_{Dα}) ϵ^{CKLMN} ∇_E ( F^a_{KL}R_{MN}^{DE} ) . (A1)

Before contracting with u^α, let us write down the full expression for (g_{αC} δ^r_D + δ^r_C g_{Dα}) ϵ^{CKLMN} ∇_E ( F^a_{KL}R_{MN}^{DE} ) . It will be needed in appendix C as well. (g_{αC} δ^r_D + δ^r_C g_{Dα}) ϵ^{CKLMN} ∇_E ( F^a_{KL}R_{MN}^{DE} ) = (g_{αC} δ^r_D + δ^r_C g_{Dα}) ( ϵ^{CKLMN} ∂_E ( F^a_{KL}R_{MN}^{DE} ) + Γ^C_{EB}ϵ^{BKLMN} F^a_{KL}R_{MN}^{DE} ) (A2) = 2g_{αr}ϵ^{κλμν} ∂_ϵ (F^a_{κλ}R_{μν}^{rϵ}) + 2g_{ασ}ϵ^{σκμν} ∂_ϵ (F^a_{κr}R_{μν}^{rϵ}) + 2g_{ασ}ϵ^{σκλμ}∂_ϵ (F^a_{κλ}R_{μr}^{rϵ}) + ϵ^{κλμν} g_{δα}∂_r ( F^a_{κλ}R_{μν}^{δr} ) + ϵ^{κλμν} g_{δα}∂_ϵ ( F^a_{κλ}R_{μν}^{δϵ} ) + Γ_{αϵr}ϵ^{κλμν} F^a_{κλ}R_{μν}^{rϵ} + 2Γ_{αϵβ}ϵ^{βκμν} F^a_{κr}R_{μν}^{rϵ} + 2Γ_{αϵβ}ϵ^{βκλμ}F^a_{κλ}R_{μr}^{rϵ} + Γ^r_{ϵr}ϵ^{κλμν} F^a_{κλ}R_{μνα}^ϵ + 2Γ^r_βϵ^{βκμν} F^a_{κr}R_{μνα}^r + 2Γ^r_βϵ^{βκλμ}F^a_{κλ}R_{μrα}^r + 2Γ^r_{ϵβ}ϵ^{βκμν} F^a_{κr}R_{μνα}^ϵ + 2Γ^r_{ϵβ}ϵ^{βκλμ}F^a_{κλ}R_{μrα}^ϵ.

(A3)

The necessary Christoffel symbols, Riemann components and field strength components are listed in appendix E.

Since we are working up to second order in derivatives, the first term in (A3) drops immediately, using R^{(0)}μν^{rϵ} = 0 and F^{a(0)}_{κλ} = 0.

When contracted with u^α, the other terms in the first two lines of (A3) also drop, since on the horizon we have g^{(0)}_{βα} u^α = 0.

We are left with the last three lines of (A3), contracted with u^α. Let’s have a look at each term separately:

u^αΓ^{(0)}_{αϵr}ϵ^{κλμν} F^{a(1)}_{κλ} R^{(1)}_{μν}^{rϵ} = − 1 2 k^′u_ϵϵ^{κλμν} F^{a(1)}_{κλ} [−u^ϵ∂_μ(k^′u_ν) + P^{ϵσ} (. . . )] = = k^′∂_μ(k^′u_ν )ϵ^{κλμν} ∂_κ(μ^au_λ) = 16π^2T ϵ^{κλμν} ∂_κ(μ^au_λ)∂_μ(T u_ν ) 2u^αΓ^{(1)}_{αϵβ}ϵ^{βκμν} F^{(0)a}_{κr} R^{(1)}_{μν}^{rϵ} ∼ ϵ^{βκμν} Γ^{(1)}_{αϵβ}u_κu^α [−u^ϵ∂_μ(k^′u_ν ) + u_ν (. . . )] ∼ Γ^{(1)}_{αϵβ}u^ϵu^α = 0

2u^αΓ^{(1)}_{αϵβ}ϵ^{βκλμ}F^{a(1)}_{κλ} R^{(0)}_{μr}^{rϵ} ∼ u^αΓ^{(1)}_{αϵβ}ϵ^{βκλμ} [ u_μu^ϵ(. . . ) + δ^ϵ_μ(. . . ) ] ∼ Γ^{(1)}_{αϵβ}u^ϵu^α + ϵ^{βκλμ}Γ^{(1)}_{αμβ} = 0 u^αϵ^{κλμν} F^{a(1)}_{κλ} ( Γ^{r(0)}_{ϵr} R^{(1)}_{μνα}^ϵ + Γ^{r(1)}_{ϵr} R^{(0)}_{μνα}^ϵ ) = u^αϵ^{κλμν} F^{a(1)}_{κλ} Γ^{r(0)}_{ϵr} R^{(1)}_{μνα}^ϵ + u^αR^{(0)}_{μνα}^ϵ (. . . ) = − k^′ 2 ( u^αu_ϵR^{(1)}_{μνα}^ϵ ) ϵ^{κλμν} F^{a(1)}_{κλ} = k^′ϵ^{κλμν} ∂_μ(k^′u_ν )∂_κ(μ^au_λ) = 16π^2T ϵ^{κλμν} ∂_κ(μ^au_λ)∂_μ(T u_ν) 2u^αϵ^{βκμν} R^{(1)}_{μνα}^r ( Γ^{r(0)}_{rβ} F^{a(1)}_{κr} + Γ^{r(1)}_{rβ} F^{a(0)}_{κr} ) ∼ u^αR^{(1)}_{μνα}^r = 0 2u^αΓ^r_βϵ^{βκλμ}F^a_{κλ}R_{μrα}^r ∼ u^αR^{(0,1)}_{μrα}^r = 0 2u^αΓ^r_{ϵβ}ϵ^{βκμν} F^a_{κr}R_{μνα}^ϵ ∼ u^αR^{(0)}_{μνα}^ϵ (. . . ) + u^αΓ^{r(1)}_{ϵβ} ϵ^{βκμν} F^{a(0)}_{κr} R^{(1)}_{μνα}^ϵ ∼ 0 + u^αΓ^{r(1)}_{ϵβ} ϵ^{βκμν} u_κR^{(1)}_{μνα}^δ (P^ϵ_δ − u_δu^ϵ) = ϵ^{βκμν} u_κ ( R^{(1)}_{μνα}^δu^αP^ϵ_δ ) (. . . ) + Γ^{r(1)}_{ϵβ} u^ϵ(. . . ) = ϵ^{βκμν} u_κu_μ(. . . ) + 0 = 0 2u^αΓ^{r(1)}_{ϵβ} ϵ^{βκλμ}F^{a(1)}_{κλ} R^{(0)}_{μrα}^ϵ ∼ u^αΓ^{r(1)}_{ϵβ} ϵ^{βκλμ}F^{a(1)}_{κλ} ( u^ϵ(. . . ) + δ^ϵ_μ(. . . ) ) = Γ^{r(1)}_{ϵβ} u^ϵ(. . . ) + ϵ^{βκλμ}Γ^{r(1)}_{μβ} = 0 .

Summing up, we eventually get:

2λ_au^α (g_{αC} δ^r_D + δ^r_C g_{Dα}) ϵ^{CKLMN} ∇_E ( F^a_{KL}R_{MN}^{DE} ) = 64λ_aπ^2T ϵ^{κλμν} ∂_κ(μ^au_λ)∂_μ(T u_ν ). (A4)

This is the contribution to the focusing equation from the mixed gauge-gravitational Chern-Simons term.

Appendix B: Chern-Simons contribution to the Gauss law

In this appendix, we derive the relation (68), i.e:

ϵ^{μνρσ} R_{μνA}^B R_{ρσB}^A = 32π^2ϵ^{μνρσ} ∂_μ(T u_ν )∂_ρ(T u_σ) . (B1)

All metric and Riemann components needed for our calculation are listed in appendix E. We work up to second order in derivatives.

We can use the zeroth order Riemann components (eqs. (E11)-(E13)) to express ϵ^{μνρσ} R_{μνA}^BR_{ρσB}^A to second order without using the second-order Riemann tensor. We start by writing: ϵ^{μνρσ} R_{μνA}^BR_{ρσB}^A = ϵ^{μνρσ} R_{μνAB} R_{ρσ}^{BA} = ϵ^{μνρσ} ( R^{(0)}_{μνAB} R^{(0)}_{ρσ}^{BA} + R^{(0)}_{μνAB} R^{(1)}_{ρσ}^{BA} + R^{(1)}_{μνAB} R^{(0)}_{ρσ}^{BA}

+ R^{(0)}_{μνAB} R^{(2)}_{ρσ}^{BA} + R^{(1)}_{μνAB} R^{(1)}_{ρσ}^{BA} + R^{(2)}_{μνAB} R^{(0)}_{ρσ}^{BA} ) + O(∂^3) .

(B2)

We see from (E12)-(E13) that the contribution R^{(0)}_{μνAB} R^{(0)}ρσ^{BA} vanishes. The R^{(2)}_{μνAB} R^{(0)}ρσ^{BA} term also vanishes, as follows: ϵ^{μνρσ} R^{(2)}_{μνAB} R^{(0)}_{ρσ}^{BA} = ϵ^{μνρσ} R^{(2)}_{μναβ} R^{(0)}_{ρσ}^{βα} = f^′k^′ f ϵ^{μνρσ} R^{(2)}_{μναβ} u_σu^βδ^α_ρ = f^′k^′ f ϵ^{μνρσ}R^{(2)}_{μνρβ} u_σu^β = 0 . (B3)

In the last equality, we used the Bianchi identity. For the R^{(0)}_{μνAB} R^{(2)}ρσ^{BA} contribution in (B2), we have: ϵ^{μνρσ}R^{(0)}_{μνAB} R^{(2)}_{ρσ}^{BA} = 2ϵ^{μνρσ}R^{(0)}_{μνrα}R^{(2)}_{ρσ}^{αr} = 2ϵ^{μνρσ}R^{(0)}_{μνrα} ( g^{(0)αA}R^{(2)}_{ρσA}^r + g^{(1)αA}R^{(1)}_{ρσA}^r + g^{(2)αA}R^{(0)}_{ρσA}^r )

= 2ϵ^{μνρσ}R^{(0)}_{μνrα} ( u^αR^{(2)}_{ρσr}^r + 1 f P^{αβ}R^{(2)}_{ρσβ}^r + g^{(1)αA}R^{(1)}_{ρσA}^r + 0 ) . (B4)

The first term vanishes, since R^{(0)}μνrαu^α = 0. The second term also vanishes, as follows:

ϵ^{μνρσ} R^{(0)}_{μνrα}P^{αβ}R^{(2)}_{ρσβ}^r = − 1 2 f^′k^′ϵ^{μνρσ} u_μδ^β_ν R^{(2)}_{ρσβ}^r = − 1 2 f^′k^′ϵ^{μνρσ} u_μR^{(2)}_{ρσν}^r = 0 , (B5)

where we again used the Bianchi identity. Putting everything together, we are left with the expression: ϵ^{μνρσ} R_{μνA}^BR_{ρσB}^A = ϵ^{μνρσ} ( R^{(0)}_{μν}^{AB}R^{(1)}_{ρσBA} + R^{(0)}_{μνAB} R^{(1)}_{ρσ}^{BA}

+ 2R^{(0)}_{μνrα}g^{(1)αA}R^{(1)}_{ρσA}^r + R^{(1)}_{μνAB} R^{(1)}_{ρσ}^{BA} ) + O(∂^3) .

(B6)

We can now bring the first-order Riemann tensor to the standard index placement R_{μνA}^B. The indices of R^{(0)}_{μνA}^B can be raised and lowered with the zeroth-order metric. When raising or lowering R^{(1)}_{μνA}^B, we get expressions of the form g^{(0)}R^{(1)} + g^{(1)}R^{(0)} (with indices suppressed). Whenever an R^{(0)} factor is multiplied by another R^{(0)}, it can be dropped, since ϵ^{μνρσ} R^{(0)}_{μνA}^BR^{(0)}_{ρσC}^D = 0 due to the antisymmetric product of two u_μ’s. In this way, the first two terms in (B6) can be written as 2ϵ^{μνρσ}R^{(0)}_{μνA}^B R^{(1)}_{ρσB}^A. For the last term, we have:

ϵ^{μνρσ} R^{(1)}_{μνAB} R^{(1)}_{ρσ}^{BA} = ϵ^{μνρσ} ( R^{(1)}_{μνA}^C g^{(0)}_{BC} + R^{(0)}_{μνA}^C g^{(1)}_{BC} ) ( R^{(1)}_{ρσD}^Ag^{(0)BD} + R^{(0)}_{ρσD}^Ag^{(1)BD} ) . (B7)

Using g^{(0)}_{AB}g^{(0)BC} = δ^C_A and g^{(0)}_{AB}g^{(1)BC} + g^{(1)}_{AB} g^{(0)BC} = 0, this can be written as:

ϵ^{μνρσ} R^{(1)}_{μνAB} R^{(1)}_{ρσ}^{BA} = ϵ^{μνρσ} ( R^{(1)}_{μνA}^B R^{(1)}_{ρσB}^A − R^{(0)}_{μνAB} g^{(1)BC} R^{(1)}_{ρσC}^A − R^{(0)}_{μν}^{BA}g^{(1)}_{BC} R^{(1)}_{ρσA}^C ) . (B8)

Putting things together again, we end up with: ϵ^{μνρσ} R_{μνA}^B R_{ρσB}^A = ϵ^{μνρσ} ( 2R^{(0)}_{μνA}^B R^{(1)}_{ρσB}^A + 2R^{(0)}_{μνrα}g^{(1)αA}R^{(1)}_{ρσA}^r

− R^{(0)}_{μνAB} g^{(1)BC} R^{(1)}_{ρσC}^A − R^{(0)}_{μν}^{BA}g^{(1)}_{BC} R^{(1)}_{ρσA}^C + R^{(1)}_{μνA}^B R^{(1)}_{ρσB}^A )

= ϵ^{μνρσ} ( 2R^{(0)}_{μνA}^βR^{(1)}_{ρσβ}^A + R^{(0)}_{μνrα}g^{(1)αA}R^{(1)}_{ρσA}^r

− R^{(0)}_{μναr} g^{(1)rC} R^{(1)}_{ρσC}^α − R^{(0)}_{μν}^{βα}g^{(1)}_{βC} R^{(1)}_{ρσα}^C + R^{(1)}_{μνA}^B R^{(1)}_{ρσB}^A )

= ϵ^{μνρσ} ( 2R^{(0)}_{μνA}^βR^{(1)}_{ρσβ}^A + R^{(0)}_{μνrα} ( g^{(1)αA}R^{(1)}_{ρσA}^r + g^{(1)rA}R^{(1)}_{ρσA}^α )

− R^{(0)}_{μν}^{βα}g^{(1)}_{βA}R^{(1)}_{ρσα}^A + R^{(1)}_{μνA}^B R^{(1)}_{ρσB}^A ) .

(B9)

The Riemann components R^{(1)}_{μνA}^B can be found in eqs. (E21)-(E27) of appendix E.

We are now ready to evaluate the expression (B9). For the R^{(0)}_{μνA}^βR^{(1)}_{ρσβ}^A term, the relevant components of R^{(1)}_{ρσβ}^A are R^{(1)}_{ρσβ}^r and R^{(1)}_{ρσβ}^γ u^βP^α_γ . Their product with ϵ^{μνρσ} R^{(0)}_{μνA}^β vanishes, due to the antisymmetrized product of two u_μ’s. For the second term in (B9), we have:

ϵ^{μνρσ} R^{(0)}_{μνrα} ( g^{(1)αA}R^{(1)}_{ρσA}^r + g^{(1)rA}R^{(1)}_{ρσA}^α ) = ϵ^{μνρσ} R^{(0)}_{μνrα} ( − 1 f^2 h^{ακ}g^{(1)}_{κλ} h^{λβ} R^{(1)}_{ρσβ}^r + 0 ) , (B10)

where h_{μν} is the fluid (flat) metric. This term again vanishes due to an antisymmetrized product of two u_μ’s. For the third term in (B9), we have:

ϵ^{μνρσ} R^{(0)}_{μν}^{βα}g^{(1)}_{βA}R^{(1)}_{ρσα}^A = ϵ^{μνρσ} R^{(0)}_{μν}^{βα}g^{(1)}_{βγ} R^{(1)}_{ρσα}^γ = f^′k^′ 2f ϵ^{μνρσ} u_μu^αg^{(1)}_{νγ} R^{(1)}_{ρσα}^γ . (B11)

Again the relevant components are R^{(1)}ρσα^γ u^αP^β_γ , whose product with ϵ^{μνρσ} u_μ vanishes. We are left with the product ϵ^{μνρσ} R^{(1)}_{μνA}^B R^{(1)}_{μνB}^A. This decomposes as:

ϵ^{μνρσ} R^{(1)}_{μνA}^B R^{(1)}_{μνB}^A = ϵ^{μνρσ} ( R^{(1)}_{μνr}^rR^{(1)}_{ρσr}^r + 2R^{(1)}_{μνr}^αR^{(1)}_{ρσα}^r + R^{(1)}_{μνα}^βu^αu_βR^{(1)}_{ρσγ}^δu^γ u_δ

− 2R^{(1)}_{μνα}^βu^αP^γ_β R^{(1)}_{ρσγ}^δu_δ + R^{(1)}_{μνα}^βP^α_δ P^γ_β R^{(1)}_{ρσγ}^δ ) . (B12)

The ϵ^{μνρσ} R^{(1)}μνr^rR^{(1)}ρσr^r and ϵ^{μνρσ} R^{(1)}μνα^βu^αu_βR^{(1)}ρσγ^δu^γ u_δ terms contribute ϵ^{μνρσ} ∂_μ(k^′u_ν )∂_ρ(k^′u_σ)

each. The other terms don’t contribute, as we now show: ϵ^{μνρσ} R^{(1)}_{μνr}^αR^{(1)}_{ρσα}^r = ϵ^{μνρσ} ( u_μ (. . . ) + δ^α_μ (. . . ) ) R^{(1)}_{ρσα}^r = ϵ^{μνρσ} ( u_μu_ρ (. . . ) + R^{(1)}_{ρσμ}^r (. . . ) ) = 0 + 0 = 0

(B13)

ϵ^{μνρσ} R^{(1)}_{μνα}^βu^αP^γ_β R^{(1)}_{ρσγ}^δu_δ = ϵ^{μνρσ} R^{(1)}_{μνα}^β u^αP^γ_β (u_ρ (. . . ) + P_{ργ} (. . . )) = ϵ^{μνρσ} ( u_μu_ρ (. . . ) + R^{(1)}_{μνα}^βu^αP_{βρ} (. . . ) ) = 0 + k^′ϵ^{μνρσ}u_μ ( 1 2f P_{νρ}u^λ∂_λf + P^λ_ρ ∂_{(λ}u_{ν)} ) (. . . ) = 0 + k^′ϵ^{μνρσ}u_μ ( ∂_{(ν} u_{ρ)} + 1 2 u_ρu^λ∂_λu_ν ) (. . . ) = 0 + 0 = 0

(B14)

ϵ^{μνρσ} R^{(1)}_{μνα}^βP^α_δ P^γ_β R^{(1)}_{ρσγ}^δ = ϵ^{μνρσ} ( P_{μα} (. . . ) + P^β_μ (. . . ) ) ( P_{ρβ} (. . . ) + P^α_ρ (. . . ) ) = ϵ^{μνρσ} ( P_{μρ} (. . . ) + P_{μα}P_{ρβ} (. . . ) + P^β_μ P^α_ρ (. . . ) ) = 0 + ϵ^{μνρσ} ( f^{′2}P^κ_μ P^λ_ρ P^γ_ν P^δ_σ ∂_{(λ}u_{γ)}∂_{(κ}u_{δ)}

+ P^β_μ P^α_ρ ( P_{να}u^λ∂_λf + fP^κ_ν P^λ_α ∂_{(κ}u_{λ)} ) (. . . ) ) = 0 + ϵ^{μνρσ} P^β_μ ( P_{νρ}u^λ∂_λf + fP^κ_ν P^λ_ρ ∂_{(κ}u_{λ)} ) (. . . ) = 0 .

(B15)

We finally get: ϵ^{μνρσ} R^{(1)}_{μνA}^BR^{(1)}_{μνB}^A = ϵ^{μνρσ} ( R^{(1)}_{μνr}^rR^{(1)}_{μνr}^r + R^{(1)}_{μνα}^βu^αu_βR^{(1)}_{ρσγ}^δu^γ u_δ ) = 2ϵ^{μνρσ}∂_μ(k^′u_ν )∂_ρ(k^′u_σ) = 32π^2ϵ^{μνρσ} ∂_μ(T u_ν)∂_ρ(T u_σ)

(B16) ϵ^{μνρσ} R_{μνA}^BR_{μνB}^A = ϵ^{μνρσ} R^{(1)}_{μνA}^B R^{(1)}_{μνB}^A + O(∂^3) = 32π^2ϵ^{μνρσ} ∂_μ(T u_ν)∂_ρ(T u_σ) + O(∂^3) .

(B17)

Eq. (B1) is therefore demonstrated.

Appendix C: Chern-Simons contribution to the Gauss-Codazzi equation

In this appendix, we derive eq. (67), i.e.: ( g_{μC} g^{rD} + δ^r_C δ^D_μ ) ϵ^{CKLMN} ∇_E ( F^a_{KL}R_{MND}^E ) = −32π^2T u_μϵ^{νρσλ}∂_ν (μ^au_ρ)∂_σ(T u_λ) − 8su^ν ∂_{[μ} ( Q^a s ω_{ν]} ) , (C1)

where Q^a ≡ (a^a(fk^{′′} − f^′k^′) + a^{′a}fk^′) = f^2(k^′a^a/f)^′.

In appendix A, eq. (A3), we have already written the full expression for the LHS of (C1).

Let us now use the Christoffel symbols, Riemann components and field strength components from appendix E to evaluate each term in (A3) separately (this time without projecting their vector index).

Up to second order in derivatives, we have:

2g_{αr}ϵ^{κλμν} ∂_ϵ (F^a_{κλ}R_{μν}^{rϵ}) = O(∂^3) ≡ 0 2g_{ασ}ϵ^{σκμν} ∂_ϵ (F^a_{κr}R_{μν}^{rϵ}) = 4f [ ω_α∂_ϵ(u^ϵa^{′a}k^′) + a^{′a}k^′ ( u^ϵ∂_ϵω_α − 1 2 u_α∂_ϵω^ϵ )]

2g_{ασ}ϵ^{σκλμ}∂_ϵ (F^a_{κλ}R_{μr}^{rϵ}) = 8fω_αu^ϵ∂_ϵ ( a^a ( k^{′′} 2 − f^′k^′ 4f ))

− 4fP_{ασ}ϵ^{σκλμ}∂_κ (a^au_λ) ∂_μ ( f^′k^′ 4f )

+ (2k^{′′}f − f^′k^′) a^a [2ω_α∂_ϵu^ϵ + 2u^ϵ∂_ϵω_α − u_α∂_ϵω^ϵ] ϵ^{κλμν} g_{δα}∂_r ( F^a_{κλ}R_{μν}^{δr} ) = 4fω^ϵ∂_ϵu_α [ (a^ak^′)^′ − a^a f^′k^′ f ]

+ 2fω_α [( a^ak^′ f u^α∂_αf )_′ − a^ak^′f^′ f^2 u^α∂_αf ]

+ ϵ^{κλμν} ∂_κ(a^au_λ)P_{μα} ( − 2k^′f^′ f ∂_ν f + f^′∂_ν k^′ + 2k^′∂_ν f^′ )

ϵ^{κλμν} g_{αδ}∂_ϵ ( F^a_{κλ}R_{μν}^{δϵ} ) = −2fω_α∂_ϵ ( u^ϵ a^af^′k^′ f ) + 2a^af^′k^′ω^ϵ∂_ϵu_α − a^af^′k^′(2u^ϵ∂_ϵω_α − u_α∂_ϵω^ϵ) Γ_{αϵr}ϵ^{κλμν} F^a_{κλ}R_{μν}^{rϵ} = k^′u_αϵ^{κλμν} ∂_κ(a^au_λ)∂_μ(k^′u_ν ) − 2a^af^′k^′ ( ω^ϵ∂_ϵu_α + 1 2f ω_αu^ϵ∂_ϵf )

2Γ_{αϵβ}ϵ^{βκμν} F^a_{κr}R_{μν}^{rϵ} = 2a^{′a}k^′ω_αu_ϵ∂^ϵf 2Γ_{αϵβ}ϵ^{βκλμ}F^a_{κλ}R_{μr}^{rϵ} = 2a^a ( k^{′′} − f^′k^′ 2f ) ω_αu_ϵ∂^ϵf

Γ^r_{ϵr}ϵ^{κλμν} F^a_{κλ}R_{μνα}^ϵ = 1 2 f^′k^{′2}ϵ^{κλμν} P_{να}u_μ∂_κA^{a(0,1)}_λ + k^′u_αϵ^{κλμν} ∂_μ (k^′u_ν ) ∂_κ (a^au_λ)

+ 2a^ak^′f^′ω^ϵ∂_ϵu_α + k^′ϵ^{κλμν} ∂_κ (a^au_λ) { − fP_{μα}P^σ_ν ∂_σ ( f^′ f )

+ P_{μα}u_ν √ fu^σ∂_σ ( f^′ √ f ) + f^′ 2 P_{μα} [ a_ν + g^{′(1)}_{νσ} u^σ ] + u_μ [ k^′ 2 P^σ_α g^{′(1)}_{σν} + f^′ 2 P_{να}u^σg^{′(1)}_{σϵ} u^ϵ ]}

2Γ^r_βϵ^{βκμν} F^a_{κr}R_{μνα}^r = 0 2Γ^r_βϵ^{βκλμ}F^a_{κλ}R_{μrα}^r = − 1 2 f^′k^{′2}ϵ^{βκλμ}P_{μα}u_β∂_κA^{a(0,1)}_λ − 2k^′f^′a^aω^ϵ∂_ϵu_α + k^′ϵ^{βκλμ}∂_κ (a^au_λ) × ( u_β [√ fP_{μα}u^σ∂_σ ( f^′ √ f ) − k^′ 2 P^σ_α g^{′(1)}_{σμ} ] + f^′ 2 P_{μα} [ a_β + g^{′(1)}_{βδ} u^δ − u_βu^δg^{′(1)}_{δσ} u^σ ])

2Γ^r_{ϵβ}ϵ^{βκμν} F^a_{κr}R_{μνα}^ϵ = 0 2Γ^r_{ϵβ}ϵ^{βκλμ}F^a_{κλ}R_{μrα}^ϵ = 0 , where we have used the following definitions:

acceleration vector : a_μ ≡ u^ν∂_ν u_μ , (C2)

vorticity vector : ω^μ ≡ 1 2 ϵ^{μνρσ} u_ν ∂_ρu_σ , (C3)

as well as some geometrical identities (explained in section V of [13]): P_{ασ}ϵ^{σκμν} a_κ∂_μu_ν = 0 u^ν ∂_μω_ν = −ω^ν ∂_μu_ν

a^ν ω_ν = 1 2 ∂_ν ω^ν u^ν ∂_ν ω_μ = u_μa_ν ω^ν + 1 2 ϵ_{μαβγ} u^αu^ν ∂_ν ∂^β u^γ ω^μ∂_μu_α = ω^μP_{αν} ∂^ν u_μ .

(C4)

Summing all the terms, we get:

2k^′u_αϵ^{κλμν} ∂_κ (a^au_λ) ∂_μ (k^′u_ν )

+ 4Q^au^ϵ∂_ϵω_α − 2Q^au_α∂_ϵω^ϵ + 4Q^aω^ϵ∂_ϵu_α + 4Q^aω_α∂_ϵu^ϵ + 4ω_αu_ϵ∂^ϵQ^a

= −32π^2T u_αϵ^{κλμν} ∂_κ (μ^au_λ) ∂_μ (T u_ν ) − 8su^ν∂_{[μ} ( Q^a s ω_{ν]} ) , (C5) where we defined Q^a(x^μ) ≡ (a^a(fk^{′′} − f^′k^′) + a^{′a}fk^′) = f^2(k^′a^a/f)^′, and used the definitions (E2) of the thermal parameters. We also used the the first-order focusing equation ∂_μ(su^μ) = 0 (entropy conservation) for the last equality. Eq. (C1) is therefore demonstrated.

Appendix D: Chern-Simons corrections to the hydrodynamic constitutive relations

In this appendix, we derive the contributions (71) to the charge currents and the stress tensor from the λ_a terms in the Einstein-Maxwell equations (70)-(69).

Using the equivalence (61) to relate the new contributions to conservation laws, one gets: − 1 8π δE^r_μ + 1 4π μ^au_μδM^r_a ⇒ ∂_ν ( δT^ν_μ ) = 0 1 4π δM^r_a ⇒ ∂_μ (δJ^μ_a ) = 0 .

(D1)

Then using the explicit form of the new contributions (70)-(69) (remember those were on the RHS of the field equations), one gets:

−8πλ_a { 2T u_μ∂_ν (μ^aT ω^ν) − 4su^ν∂_{[μ} ( μ^aT^2 s ω_{ν]} ) + μ^au_μ∂_ν (T^2ω^ν) } ⇒ ∂_ν T^ν_μ = 0

−∂_μ(8πλ_aT^2ω^μ) ⇒ ∂_μJ^μ_a = 0 ,

(D2)

where we have used

ϵ^{μνρσ} ∂_μ(T u_ν)∂_ρ(T u_σ) = 2∂_μ(T^2ω^μ) (D3)

ϵ^{μνρσ} ∂_μ(μ^au_ν )∂_ρ(T u_σ) = 2∂_μ(μ^aT ω^μ) . (D4)

For the stress-energy tensor, some more work is required. Let us develop it a bit:

− 8πλ_a { 2T u_μ∂_ν (μ^aT ω^ν) + μ^au_μ∂_ν (T^2ω^ν ) − 4su^ν ∂_{[μ} ( μ^aT^2 s ω_{ν]} )} = (D5) − 8πλ_a { 3∂_ν (μ^aT^2u_μω^ν ) − 2∂_ν (T u_μ)μ^aT ω^ν − ∂_ν (μ^au_μ)T^2ω^ν (D6)

− 4u^ν ∂_{[μ}(μ^aT^2ω_{ν]}) + 2su^νμ^aT^2ω_μ∂_ν ( 1 s )} . (D7)

Using the first-order focusing equation ∂_μ(su^μ) (see text above eq. (14)) and remembering we are only interested in second order in derivatives, this becomes:

= − 8πλ_a { 3∂_ν (μ^aT^2u_μω^ν) − 3ω^ν∂_ν u_μμ^aT^2 − ∂_ν (μ^aT^2)u_μω^ν

+ 2∂_ν (μ^aT^2u^ν ω_μ) + 4μ^aT^2ω_{[ν}∂_{μ]}u^ν + 2μ^aT^2ω_μ∂_ν u^ν }

= − 8πλ_a { 4∂^ν (μ^aT^2u_{(μ}ω_{ν)}) + ∂_ν (μ^aT^2u_μω^ν )

− 2ω^ν∂_ν u_μμ^aT^2 − ω^ν ∂_ν (μ^aT^2u_μ) + 2μ^aT^2ω_ν ∂_μu^ν }

= − 8πλ_a { 4∂^ν (μ^aT^2u_{(μ}ω_{ν)}) + ∂_ν (μ^aT^2u_μω^ν ) − 4μ^aT^2ω^ν∂_{[ν} u_{μ]} − ω^ν ∂_ν (μ^aT^2u_μ) } .

Using the hydrodynamic identity:

ω^ν ∂_{[ν} u_{μ]} = 1 2 u_μω^νa_ν = 1 4 u_μ∂_ν ω^ν , (D8)

where a_μ = u^ν ∂_ν u_μ is the acceleration vector, only the first term survives. We finally get:

−32πλ_a∂^ν (μ^aT^2u_{(μ}ω_{ν)}) ,

ending up with:

δT^{μν} = −32πλ_aμ^aT^2u^{(μ}ω^{ν)} (D9) δJ^μ_a = −8πλ_aT^2ω^μ (D10)

We have thus demonstrated eqs. (71).

Appendix E: List of Christoffel symbols, Riemann components and field strength components

We now summarize the Christoffel symbols, Riemann components and field strength components which we need for the calculations in the previous appendices.

As mentioned in sections II C and IV A, we use the following hydrodynamic ansatz for the bulk fields (metric and gauge potential) in the neighborhood of the horizon:

g_{rr} = 0; g_{rμ} = −u_μ; g^{(0)}_{μν} = f(r, x^μ)P_{μν} + k(r, x^μ)u_μu_ν ; A^a_r = 0; A^{a(0)}_μ = a^a(r, x^μ)u_μ ,

(E1)

with first order corrections to the metric g^{(1)}μν satisfying g^{(1)}μν u^ν = 0 on the horizon, and first order corrections A^{a(1)}μ to the gauge potential.

On the horizon g_{μν} becomes degenerate, i.e. k(0) = 0. The other functions and their radial derivatives are related (at zeroth order) to thermal parameters as follows (cf. II C, IV A):

f(0) = (4s)^{2/3}; k^′(0) = −4πT ; a^a(0) = −μ^a; a^{′a}(0) = πn^a/s , (E2)

where primes stand for derivatives with respect to the r coordinate.

The inverse metric in the neighborhood of the horizon at zeroth order immediately follows:

g^{(0)rr} = −k(r); g^{(0)rμ} = u^μ; g^{(0)μν} = 1 f(r) P^{μν} . (E3)

The corrections to the inverse metric are found as:

g^{(1)AB} = −g^{(0)AC} g^{(1)}_{CD}g^{(0)DB} . (E4)

This gives:

g^{(1)rr} = −u^σg^{(1)}_{σδ} u^{δ r=0}−−→ 0 g^{(1)rμ} = − 1 f(r) u^σg^{(1)}_{σδ} P^{δμ r=0}−−→ 0 g^{(1)μν} = − 1 f^2(r) P^{μσ}g^{(1)}_{σδ} P^{δν r=0}−−→ − 1 f^2(0) h^{μσ}g^{(1)}_{σδ} h^{δν} , (E5)

where “r = 0” indicates the horizon value, and h^{μν} is the 4d fluid (flat) metric.

The conventions for the Christoffel symbols and the Riemann are as follows:

Γ_{ABC} = ∂_{(B} g_{C)A} − 1 2 ∂_Ag_{BC} (E6)

Γ^A_{BC} = g^{AD}Γ_{DBC} (E7)

R_{ABC}^D = ∂_B Γ^D_{AC} + Γ^D_{BE} Γ^E_{AC} − (A ↔ B) . (E8)

The non-vanishing lower Christoffel symbols at zeroth order read:

Γ^{(0)}_{μrν} = 1 2 (f^′P_{μν} + k^′u_μu_ν ); Γ^{(0)}_{rμν} = − 1 2 (f^′P_{μν} + k^′u_μu_ν) . (E9)

The non-vanishing upper Christoffel symbols at zeroth order are:

Γ^{r(0)}_{rμ} = − 1 2 k^′u_μ; Γ^{μ(0)}_{rν} = f^′ 2f P^μ_ν ; Γ^{μ(0)}_{νρ} = − 1 2 u^μ(f^′P_{νρ} + k^′u_νu_ρ)

Γ^{r(0)}_{μν} = 1 2 k(r)(f^′P_{μν} + k^′u_μu_ν)^{r=0}−−→ 0 .

(E10)

The Riemann tensor components of type R_{μνA}^B read:

R^{(0)}_{μνr}^r = R^{(0)}_{μνρ}^r = 0; R^{(0)}_{μνr}^{ρ r=0}−−→ − f^′k^′ 4f u_μP^ρ_ν − (μ ↔ ν) R^{(0)}_{μνρ}^{σ r=0}−−→ f^′k^′ 4 u_μu^σP_{νρ} − (μ ↔ ν) . (E11)

The nonzero components of R^{(0)}_{μνAB} are:

R^{(0)}_{μνrρ} = − 1 4 f^′k^′ℓ_μP_{νρ} − (μ ↔ ν) . (E12)

The Riemann tensor components of type R_{μν}^{AB} are:

R^{(0)}_{μν}^{ρr} = 0; R^{(0)}_{μν}^{ρσ r=0}−−→ f^′k^′ 4f u_μ(u^σP^ρ_ν − u^ρP^σ_ν ) − (μ ↔ ν) . (E13)

Some more Riemann components at zeroth order which we will need:

R^{(0)}_{μrα}^{ϵ r=0}−−→ − 1 2 u^ϵ ( P_{μα} ( f^{′′} − f^{′2} 2f ) + u_μu_αk^{′′} ) + f^′k^′ 4f P^ϵ_μu_α R^{(0)}_{μr}^{rϵ r=0}−−→ g^{(0)rβ}R^{(0)}_{μrβ}^ϵ = 1 2 u^ϵu_μk^{′′} − f^′k^′ 4f P^ϵ_μ R^{(0)}_{μrα}^{r r=0}−−→ g^{(0)rβ}g^{(0)}_{rρ} R^{(0)}_{αβμ}^ρ = f^′k^′ 4 P_{αμ} . (E14)

The first-order lower Christoffel symbols are constructed from the derivatives ∂_μg^{(0)}_{AB} and ∂_rg^{(1)}_{AB} . The nonzero components are:

Γ^{(1)}_{μrν} =∂_{[μ}u_{ν]} + 1 2 g^{′(1)}_{μν} ; Γ^{(1)}_{rμν} = −∂_{(μ}u_{ν)} − 1 2 g^{′(1)}_{μν} Γ^{(1)}_{μνρ} = − 1 2 P_{νρ}∂_μf + P_{μ(ν} ∂_{ρ)}f − 1 2 u_ν u_ρ∂_μk + u_μu_{(ν} ∂_{ρ)}k

+ (f + k) ( −∂_μu_{(ν} u_{ρ)} + ∂_ρu_{(μ}u_{ν)} + ∂_ν u_{(μ}u_{ρ)} ) . (E15)

The first-order upper Christoffel symbols are found as:

Γ^{A(1)}_{BC} = g^{(1)AD}Γ^{(0)}_{DBC} + g^{(0)AD}Γ^{(1)}_{DBC} . (E16)

The nonzero components read:

Γ^{r(1)}_{rμ} = 1 2 a_μ + 1 2 u^ν g^{′(1)}_{μν} − f^′ 2f u^ρg^{(1)}_{ρδ} P^δ_μ^{r=0}−−→ 1 2 ( a_μ + u^νg^{′(1)}_{μν} ) (E17)

Γ^{μ(1)}_{rν} = 1 f ( P^{μρ}∂_{[ρ}u_{ν]} + 1 2 P^{μρ}g^{′(1)}_{ρν} − f^′ 2f P^{μρ}g^{(1)}_{ρδ} P^δ_ν ) (E18)

Γ^{r(1)}_{μν} = 1 2 kg^{′(1)}_{μν} + 1 2 u^σg^{(1)}_{σδ} u^δ (f^′P_{μν} + k^′u_μu_ν ) − 1 2 ( P_{μν} u^β∂_βf + u_μu_ν u^β∂_βk ) − u_{(μ}∂_{ν)}k − fP^ρ_μ P^σ_ν ∂_{(ρ}u_{σ)} − ka_{(μ}u_{ν)}^{r=0}−−→ − 1 2 P_{μν} u^ρ∂_ρf − fP^ρ_μ P^σ_ν ∂_{(ρ}u_{σ)} (E19)

Γ^{μ(1)}_{νρ} = 1 f ( − 1 2 P_{νρ}P^{μβ}∂_βf + P^μ_{(ν} ∂_{ρ)}f − 1 2 u_ν u_ρP^{μα}∂_αk )

+ ( 1 + k f ) ( −P^{μα}∂_αu_{(ν} u_{ρ)} + u_{(ν} ∂_{ρ)}u^μ ) − u^μ ( ∂_{(ν} u_{ρ)} + 1 2 g^{′(1)}_{νρ} )

+ 1 2f u^ρg^{(1)}_{ρδ} P^{δμ} (f^′P_{νρ} + k^′u_νu_ρ)^{r=0}−−→ 1 f ( P^μ_{(ν} ∂_{ρ)}f − 1 2 P_{νρ}P^{μσ}∂_σf )

+ u_{(ν} ∂_{ρ)}u^μ − ∂^μu_{(ν} u_{ρ)} − u^μ ( P^σ_ν P^λ_ρ ∂_{(σ} u_{λ)} + 1 2 g^{′(1)}_{νρ} ) ,

(E20)

where a^μ ≡ u^ν ∂_ν u^μ is the acceleration vector.

First-order Riemann components whose r dependence is needed:

R^{(1)}_{μνr}^r = 1 2 ∂_μ(k^′u_ν ) + f^′ 2f ( k∂_{[ν} u_{μ]} − 1 2 u_ν ∂_μk ) − (μ ↔ ν)^{r=0}−−→ 1 2 ∂_μ(k^′u_ν) − (μ ↔ ν) (E21)

R^{(1)}_{μνρ}^r = 1 4 ∂_ν k (f^′P_{μρ} + k^′u_μu_ρ) + 1 2 k (∂_ν f^′P_{μρ} + ∂_ν k^′u_μu_ρ) + k(f^′ + k^′)∂_ν u_{(μ}u_{ρ)} − 1 2 k^′u_ν ( − 1 2 u^σ∂_σ fP_{μρ} − 1 2 u_ρ∂_μk − fP^σ_ρ ∂_{(μ}u_{σ)} − 1 2 ka_μu_ρ )

+ kf^′ 2f ( − 1 2 P_{μρ}P^δ_ν ∂_δf + 1 2 P_{νρ}∂_μf − 1 2 u_μu_ρ∂_ν k )

+ kf^′ 2 ( 1 + k f ) ( −P^δ_ν ∂_δ u_{(μ}u_{ρ)} + u_{(μ}∂_{ρ)}u_ν ) + kk^′ 2 u_ν ∂_{(μ}u_{ρ)} − (μ ↔ ν) r=0−−→ − 1 2 k^′u_μ ( 1 2 P_{νρ}u^σ∂_σf + fP^λ_ν P^σ_ρ ∂_{(λ}u_{σ)} ) − (μ ↔ ν)

(E22)

R^{(1)}_{μν}^{ρr} = 1 2 u^ρu_ν ∂_μk^′ + ( k^′ − kf^′ f ) [ 1 2 u^ρ∂_μu_ν + 1 4 ( 1 − k f ) u_ν ∂_μu^ρ + 1 4 ( 1 + k f ) u_ν P^{ρσ}∂_σu_μ + 1 4f P^ρ_μ P^δ_ν ∂_δ f ] − 1 4f P^ρ_μ ( k^′ + kf^′ f ) ∂_ν f − f^′ 4f ∂_μk(u^ρu_ν + P^ρ_ν ) + k 2f ∂_ν f^′ P^ρ_μ − (μ ↔ ν) r=0−−→ 1 2 u^ρ∂_μ(k^′u_ν ) + k^′ 4 u_ν [ 2P^{ρσ}∂_{(σ} u_{μ)} + 1 f P^ρ_μ u^δ∂_δf ] − (μ ↔ ν) .

(E23)

For the other needed Riemann components (whose r dependence is not needed), we have:

R^{(1)}_{μνr}^{ρ r=0}−−→ 1 4f u_μ { f^′ ( 1 f P^ρ_ν u^σ∂_σf + 2P^{ρσ}∂_{(σ} u_{ν)} )

− k^′ ( 2P^{ρσ}∂_{[σ}u_{ν]} + P^{ρσ}g^{′(1)}_{σν} − f^′ f P^{ρσ}g^{(1)}_{σν} )}

+ 1 2 P^ρ_μ ( ∂_ν f^′ f − f^′ 2f (a_ν + g^{′(1)}_{νσ} u^σ) ) − (μ ↔ ν) (E24)

R^{(1)}_{μνρ}^{σ r=0}−−→ − 1 4 (f^′P_{μρ} + k^′u_μu_ρ) ( 1 f P^σ_ν u^λ∂_λf + P^λ_ν ∂_λu^σ + ∂^σ u_ν − u^σg^{′(1)}_{νλ} u^λ )

− u^σu_μ 2 {√ fP_{νρ}u^λ∂_λ f^′ √ f + u_ρ∂_ν k^′ + k^′ ( ∂_{[ν} u_{ρ]} − g^{′(1)}νρ 2 ) + f^′P^λ_ρ ∂_{(λ}u_{ν)} }

+ 1 2 u^σ ( k^′u_ρ∂_μu_ν − fP_{μρ}P^λ_ν ∂_λ f^′ f )

+ 1 2 f^′P^σ_μ ( 1 2f P_{νρ}u^λ∂_λf + P^κ_ν P^λ_ρ ∂_{(κ}u_{λ)} ) − (μ ↔ ν)

(E25)

R^{(1)}_{μrα}^{r r=0}−−→ g^{rβ(0)}g^{(0)}_{rρ} R^{(1)}_{αβμ}^ρ = − 1 2 u_μP_{αλ}∂^λk^′ + k^′ 4 ( ∂_μu_α − u_μa_α − P_{αλ}∂^λu_μ )

− f^′ 2 P_{λ(μ}∂^λu_{α)} − 1 2 √ fP_{αμ}u^λ∂_λ ( f^′ √ f ) + k^′ 4 ( u_μu^λg^{′(1)}_{λα} + P^λ_α g^{′(1)}_{λμ} )

+ 1 4 [f^′P_{μα} + k^′u_μu_α] u^δg^{′(1)}_{δλ} u^λ .

(E26)

Sometimes it’s useful to decompose the last two indices of R^{(1)}μνρ^σ along and orthogonally to u^μ: R^{(1)}_{μνρ}^σu^ρu_σ^{r=0}−−→ 1 2 ∂_μ(k^′u_ν ) − (μ ↔ ν) R^{(1)}_{μνρ}^β u^ρP^σ_β^{r=0}−−→ 1 2 k^′u_μ ( 1 2f P^σ_ν u^λ∂_λf + P^{σλ}∂_{(λ}u_{ν)} ) − (μ ↔ ν) R^{(1)}_{μνα}^σP^α_ρ u_σ^{r=0}−−→ 1 2 u_μ (√ fP_{νρ}u^λ∂_λ f^′ √ f + f^′P^λ_ρ ∂_{(λ}u_{ν)} + k^′ ( P^λ_ρ ∂_{[ν} u_{λ]} − 1 2 g^{′(1)}_{νλ} P^λ_ρ ))

+ 1 2 P_{μρ} ( fP^λ_ν ∂_λ f^′ f − 1 2 f^′(a_ν + g^{′(1)}_{νλ} u^λ) ) − (μ ↔ ν) R^{(1)}_{μνα}^β P^α_ρ P^σ_β^{r=0}−−→ 1 2 f^′ ( P^σ_μ ( 1 f P_{νρ}u^λ∂_λf + P^κ_ν P^λ_ρ ∂_{(κ}u_{λ)} ) − P_{μρ}P^κ_ν P^{σλ}∂_{(κ}u_{λ)} )

− (μ ↔ ν) .

(E27)

As for the field strength tensor, all we will need is:

A^{a(0)}_r = A^{a(1)}_r = 0; A^{a(0)}_μ = a^a(r, x^μ)u_μ

F^{a(0)}_{κr} = −a^{′a}u_κ; F^{a(0)}_{μν} = 0

F^{a(1)}_{κr} = −A^a_κ^{′(1)}; F^{a(1)}_{μν} = ∂_μ(a^au_ν ) − ∂_ν (a^au_μ)

F^{a(2)}_{μν} = ∂_μ(A^a_ν^{(1)}) − ∂_ν (A^a_μ^{(1)}) .

(E28)

[1] O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri and Y. Oz, “Large N field theories,

string theory and gravity”, Phys. Rept. 323 (2000) 183, [arXiv:9905111].

[2] S. Bhattacharyya, V. E. Hubeny, S. Minwalla and M. Rangamani, “Nonlinear Fluid Dynamics

from Gravity”, JHEP 0802, 045 (2008), [arXiv:0712.2456].

[3] T. Damour, these de doctorat d’etat, University of Paris VI, 1979 (unpublished); T. Damour,

“Surface Effects in Black-Hole Physics”, Proceedings of the Second Marcel Grossmann Meeting

on General Relativity, edited by R. Ruffini (North-Holland, Amsterdam, 1982), p. 587.

[4] C. Eling, I. Fouxon and Y. Oz, “The Incompressible Navier-Stokes Equations From Membrane

Dynamics”, Phys. Lett. B 680, 496 (2009), [arXiv:0905.3638].

[5] C. Eling and Y. Oz, “Relativistic CFT Hydrodynamics from the Membrane Paradigm”, JHEP

1002, 069 (2010), [arXiv:0906.4999].

[6] I. Bredberg, C. Keeler, V. Lysov and A. Strominger, “From Navier-Stokes To Einstein”, [arXiv:1101.2451].

[7] G. Compere, P. McFadden, K. Skenderis and M. Taylor, “The relativistic fluid dual to vacuum Einstein gravity”, [arXiv:1201.2678].

[8] C. Eling, A. Meyer and Y. Oz, “The Relativistic Rindler Hydrodynamics”, [arXiv:1201.2705]. [9] J. D. Bekenstein, “Black holes and entropy”, Phys. Rev. D 7, 2333 (1973). [10] S. W. Hawking, “Particle Creation By Black Holes”, Commun. Math. Phys. 43, 199 (1975), [Erratum-ibid. 46, 206 (1976)].

[11] S. Bhattacharyya et al., “Local Fluid Dynamical Entropy from Gravity”, JHEP 0806, 055 (2008), [arXiv:0803.2526].

[12] R. M. Wald, “Black hole entropy is the Noether charge”, Phys. Rev. D48, 3427-3431 (1993), [arXiv:9307038].

[13] C. Eling, Y. Neiman and Y. Oz, “Holographic Non-Abelian Charged Hydrodynamics from the Dynamics of Null Horizons”, JHEP 1012, 086 (2010), [arXiv:1010.1290].

[14] J. Erdmenger, M. Haack, M. Kaminski and A. Yarom, “Fluid dynamics of R-charged black holes”, JHEP 0901, 055 (2009) [arXiv:0809.2488].

[15] N. Banerjee, J. Bhattacharya, S. Bhattacharyya, S. Dutta, R. Loganayagam and P. Surowka, “Hydrodynamics from charged black branes”, [arXiv:0809.2596].

[16] I. Amado, K. Landsteiner and F. Pena-Benitez, “Anomalous transport coefficients from Kubo formulas in Holography”, JHEP 1105, 081 (2011), [arXiv:1102.4577].

[17] K. Landsteiner, E. Megias, L. Melgar and F. Pena-Benitez, “Holographic Gravitational Anomaly and Chiral Vortical Effect”, [arXiv:1107.0368].

[18] K. Landsteiner, E. Megias and F. Pena-Benitez, “Gravitational Anomaly and Transport”, Phys. Rev. Lett. 107, 021601 (2011), [arXiv:1103.5006].

[19] D. T. Son and P. Surowka, “Hydrodynamics with Triangle Anomalies”, Phys. Rev. Lett. 103, 191601 (2009), [arXiv:0906.5044v2].

[20] Y. Neiman and Y. Oz, “Relativistic Hydrodynamics with General Anomalous Charges”, JHEP 03 (2011) 023, [arXiv:1011.5107v1].

[21] D. E. Kharzeev, L. D. McLerran and H. J. Warringa, “The effects of topological charge change in heavy ion collisions: ’Event by event P and CP violation’ ”, Nucl. Phys. A 803, 227 (2008), [arXiv:0711.0950].

[22] D. E. Kharzeev and D. T. Son, “Testing the chiral magnetic and chiral vortical effects in heavy ion collisions”, Phys. Rev. Lett. 106, 062301 (2011), [arXiv:1010.0038].

[23] B. Keren-Zur and Y. Oz, “Hydrodynamics and the Detection of the QCD Axial Anomaly in Heavy Ion Collisions”, JHEP 1006, 006 (2010), [arXiv:1002.0804].

[24] B. I. Abelev et al. [STAR Collaboration], “Azimuthal Charged-Particle Correlations and Possible Local Strong Parity Violation”, Phys. Rev. Lett. 103, 251601 (2009), [arXiv:0909.1739].

[25] S. W. Hawking, “Gravitational radiation from colliding black holes”, Phys. Rev. Lett. 26 (1971) 1344.

[26] R. Loganayagam, “Entropy Current in Conformal Hydrodynamics”, JHEP 0805, 087 (2008), [arXiv:0801.3701].

[27] T. Jacobson, G. Kang, R. C. Myers, “On black hole entropy”, Phys. Rev. D49, 6587-6598 (1994), [arXiv:9312023].

[28] G. Lopes Cardoso, B. de Wit, T. Mohaupt, “Deviations from the area law for supersymmetric black holes”, Fortsch. Phys. 48, 49-64 (2000), [arXiv:9904005].

[29] I. Racz and R. M. Wald, “Extension of space-times with Killing horizon”, Class. Quant. Grav.

9, 2643 (1992).