arXiv:1202.2540v1 [gr-qc] 12 Feb 2012

Conformal frames and the validity of Birkhoff’s theorem

S. Capozziello^∗ and D. Sáez-Gómez^†

∗Dipartimento di Scienze Fisiche, Università di Napoli “Federico II” and INFN Sez. di Napoli, Compl. Univ. Monte S. Angelo, Ed.N, Via Cinthia, I-80126 Napoli, Italy, EU †Institut de Ciències de l’Espai (ICE-CSIC/IEEC), Campus UAB, Facultat de Ciencies, Torre C5-Par-2a pl, E-08193 Bellaterra (Barcelona), Spain, EU

Abstract. Birkhoff’s theorem is one of the most important statements of Einstein’s general relativity, which generally can not be extended to modified theories of gravity. Here we study the validity of the theorem in scalar-tensor theories using a perturbative approach, and compare the results in the so-called Einstein and Jordan frames. The implications of the results question the physical equivalence between both frames, at least in perturbations.

Keywords: Birkhoff’s theorem, scalar-tensor theory, conformal transformations, modified gravity PACS: 04.50.Kd, 95.36.+x, 98.80.-k

INTRODUCTION

The aim of this work is the study of spherically symmetric solutions and the validity of Birkhoff’s theorem for non-minimally coupling scalar-tensor theories, and its relation with its conformal theory in the so-called Einstein frame (for a review on higher order theories of gravity and conformal transformations, see Ref. [1]). The mathematical equivalence between both frames is a well known fact, while its physical relation is still an old and open discussion in classical gravitation ( see Ref. [2]). Here, we are interested to compare both frames by the analysis of spherically symmetric solutions, and discuss the validity of Birkhoff’s theorem using a perturbative approach (for more details see Ref. [3]). Let us start by writing the general action for a non-minimally scalar-tensor theory,

S_{BD} = ∫ d^4x √ −g [ ϕR − ω ϕ g^{μν} ∇_μ ϕ∇_ν ϕ −V (ϕ) + 2κ^2L_m ] . (1)

Here we assume ω to be a constant. Note that the action (1) is equivalent to f (R) gravity when the kinetic term is null, ω = 0, Ref. [4]. This action is commonly said to be expressed in the Jordan frame, while the Einstein frame is recovered by applying a conformal transformation,

g_{Eμν} = Π^2g_{μν} , → S_E = ∫ d^4x √ −g_E [ R_E − 1 2 ∇_μ φ∇^μ φ −U(φ) + 2κ^2L_{Em} ] . (2) where Π^2 = ϕ. Here the subscript_E denotes the variables defined in the Einstein frame. For convenience, we have redefined the scalar field as ϕ = e^{φ/√3+2ω} , while the scalar potential is given by U(φ) = e^{φ/√3+2w}V (ϕ(φ)), and the matter Lagrangian is L_{Em} =

1 ϕ^2 Lm

(_1

ϕ^2 gEμν ) . The field equations can be obtained by varying the action (2) with respect to g_{Eμν} and ϕ,

R_{Eμν} − 1 2 g_{Eμν} R_E = 1 2 ∂_μ φ∂_ν φ − 1 2 g_{Eμν} [∂_σ φ∂^σ φ +U(φ)] + κ^2T^{(m)}_{Eμν} , (3) □φ − dU(φ) dφ = −2κ^2 δ (L_{Em}) δ φ , (4)

where the energy-momentum tensor is given by T^{(m)}_{Eμν} =^{−2√}_{−gE}^{δ LEm}_{δ g}μν_E . We are interested to study perturbations around a given background solution, and find the range of validity of the Birkhoff’s theorem for both frames. Particularly we assume in the Jordan frame a spherically symmetric solution of the type, which is conformally transformed as,

ds^2 = −A(r,t)dt^2 + B(r,t)dr^2 + r^2dΩ , (5)

and becomes in the Einstein frame,

ds^2_E = −C(ρ,t^′)dt^{′2} + D(ρ,t^′)dρ^2 + ρ^2dΩ , (6)

where we have redefined the coordinates, taking ρ^2 = Π^2(r,t)r^2, and t^′ = T (t,r) to avoid cross terms, such that the metric can be written in the familiar form as in (5). It is well known that the only vacuum solution for a spherically symmetric metric in General Relativity is given by the Schwarzschild solution, or Schwarzschild-(A)dS solution with a cosmological constant. This result, called Birkhoff’s theorem states basically that the metric (5) is time independent in vacuum, A(r,t) = A(r) and B(r,t) = B(r), Ref. [5]. However, the theorem is not valid for actions of the type of (1) (neither for the conformal action) unless strong conditions are firstly assumed (see Ref. [6]). Here, we assume that the theory introduces small corrections to General Relativity, so that the zero order solution satisfies the Birkhoff’s theorem, and we study the perturbations around.

BIRKHOFF’S THEOREM IN THE EINSTEIN AND JORDAN FRAMES

Let us start by analyzing the metric (6) in the Einstein frame and explore the range where is static. We consider the perturbed metric,

g_{Eμν} = g^{(0)}_{Eμν} + g^{(1)}_{Eμν} , φ = φ^{(0)} + φ^{(1)} , (7)

where the set {g^{(0)}_{Eμν} ,φ^{(0)}} refers to the zero-order solution, while the perturbations are represented by {g^{(1)}_{Eμν} ,φ^{(1)}}. The components of the metric can be written as

g_{Et}′_t′ = −C(ρ,t^′) ≃ −C^{(0)}(ρ,t^′) −C^{(1)}(ρ,t^′) g_{Eρρ} = D(ρ,t^′) ≃ D^{(0)}(ρ,t^′) + D^{(1)}(ρ,t^′) g_{Eθ θ} = ρ^2 g_{Eψψ} = ρ^2 sin^2 θ (8)

Hence, the field equations (3,4) can be split into different orders of perturbations. As we are interested in vacuum solutions, T^{(m)}_{Eμν} = 0, and we assume a background solution given by a constant scalar field φ^{(0)}(ρ,t^′) = φ_0, the equations (3, 4) at zero-order are given by,

R^{(0)}_{Eμν} − 1 2 g^{(0)}_{Eμν} R^{(0)}_E + g^{(0)}_{Eμν} Λ = 0 , dU(φ^{(0)}) dφ = 0 , (9)

where the cosmological constant is defined as Λ =^1_2U_0. Equations (9) are exactly the same as Einstein field equations with a cosmological constant, such that the solution is the well known Schwarzschild-(A)dS metric, that represents the zero-order solution for the metric (7), C^{(0)}(ρ) = [D^{(0)}(ρ)]^{−1} = 1 − 2μ ρ − Λ 3 ρ^2 , (10)

where μ is an integration constant. Then, at zero-order the solution satisfies the Birkhoff’s theorem, as expected. At first linear order, the equation (3) is,

R^{(1)}_{Eμν} − 1 2 U_0g^{(1)}_{Eμν} = 0 . (11)

where we have used the results obtained at zero order (9), being U^′_0 = 0, and R^{(0)} = 2U_0. The expression (11) is a linear system of differential equations in g^{(1)}_{Eμν} , where the coefficients are given in terms of the zero order solution (10), and whose solutions exhibits a very complex expression. Nevertheless, we can study the system in order to obtain the time dependence of the solution. From the rt-equation,

R^{(1)}_{tr} = 1 r Ḋ^{(1)} D^{(0)}

= 0 → g^{(1)}_{Eρρ} = D^{(1)}(ρ,t^′) = D^{(1)}(ρ) . (12)

Hence, the rr-component of the metric is time independent. By deriving the θθ-equation respect the time, it gives,

dR^{(1)}_{θ θ} dt = − r 2D^{(0)} d^2 drdt ( C^{(1)} C^{(0)} ) = 0 , → C^{(1)}(ρ,t^′) = C^{(0)}(ρ) ( α(t^′) + χ(ρ) ) , (13)

It is straightforward to show by rr- and tt-equations that α(t^′) is an undetermined function of the time t^′, so that can be taken to be a constant α(t^′) = α, while the functions D^{(1)}(ρ) and χ(ρ) are solutions of the system of differential equations (11). As the solutions (12-13) are time-independent, the Birkhoff’s theorem holds, and the metric remains static in vacuum for a general scalar-tensor theory given by the action (2) in the Einstein frame. Let us now transform the metric components (12-13) to the Jordan frame, and check how the metric is affected. In order to obtain the conformal transformation (2), we have to solve the scalar field equation at first linear order, □φ^{(1)} = U^{′′}_0 φ^{(1)}, which can be expanded as,

C^{(0)}(ρ) d^2φ^{(1)} dρ^2 − ( C^{′(0)} + 2 r C^{(0)} ) dφ^{(1)} dρ − 1 C^{(0)}(ρ) d^2φ^{(1)} dt^2

−U^{′′}_0 φ^{(1)} = 0 . (14)

This equation clearly has a solution of the type φ^{(1)}(ρ,t^′) = φ^{(1)}_ρ φ^{(1)}_{t′} Hence, the corresponding time part of the equation is given by,

φ̈^{(1)}_{t′}

φ^{(1)}_{t′}

= k → φ^{(1)}_{t′} = C_1e √ kt^′ +C

2e^− √ kt^′ , (15)

where C_{1,2} and k are constants. While the radial dependence of φ^{(1)}_ρ can be obtained by solving the differential equation (14). Hence, the conformal transformation yields,

Π^2 = ϕ = ϕ^{(0)} + ϕ^{(1)} = e^{φ/} √ 3+2ω ≃ ϕ (0) ( 1 + 1 √ 3 + 2ω φ^{(1)}(t^′,ρ) ) , (16)

where ϕ^{(0)} = e^{φ(0)/√3+2ω} = constant. Hence, the conformal transformation is time dependent, and the metric in the Jordan frame yields,

ds^2 = ds^2_E ϕ(ρ,t^′) ≃ ϕ^{(0)} − ϕ^{(1)}(ρ,t^′) ( ϕ^{(0)}

)_2 ( −C(ρ)dt^{′2} + D(ρ)dρ^2 + ρ^2dΩ ) . (17)

Hence, the perturbations on the metric are not static at first linear order in the Jordan frame, and the Birkhoff’s theorem is not valid, which differs from the results in the Einstein frame. Note also that the result given in (15) suggests that the zero-order solution will be unstable in the Jordan frame due to the perturbations induced by the scalar field. This fact suggests the non-physical equivalence between both frames, as has already pointed out in Ref. [7]. At zero order, where ϕ^{(0)} in (17) is a constant, the result in the Jordan frame gives also a Schwarzschild-(A)dS metric, and the Birkhoff’s theorem is satisfied. Nevertheless, at first linear order the metric is obviously not static, and the theorem is not satisfied, which contradicts the result obtained in the Einstein frame, and points to the different physical meaning of both frames at least in a perturbative approach.

ACKNOWLEDGMENTS

We thank professor Sergei Odintsov for discussions and suggestions on the topic. DSG acknowledges a FPI fellowship from MICINN (Spain), project FIS2006-02842.

REFERENCES

1. S. Capozziello and M. De Laurentis, Phys. Rept. 509, 167 (2011) [arXiv:1108.6266 [gr-qc]]. 2. V. Faraoni, E. Gunzig and P. Nardone, Fund. Cosmic Phys. 20, 121 (1999) [gr-qc/9811047]. 3. S. Capozziello and D. Sáez-Gómez, arXiv:1107.0948 [gr-qc].

4. S. Nojiri and S. D. Odintsov, Phys. Rev. D 74, 086005 (2006) [arXiv:hep-th/0608008]; D. Sáez- Gómez, Gen. Rel. Grav. 41 1527 (2009) [arxiv:0809.1311 [hep-th]]; E. Elizalde and D. Sáez-Gómez, Phys. Rev. D 80 044030 (2009) [arXiv:0903.2732 [hep-th]].

5. G. D. Birkhoff, Relativity and Modern Physics (Harvard University Press, Cambrigde, USA 1923); J.

T. Jebsen, Ark. Mat. Ast. Fys. 15 nr. 18 (1921).

6. V. Faraoni, Phys. Rev. D 81 044002 (2010) [arxiv:1001.2287 [gr-qc]].

7. S. Capozziello, P. Martin-Moruno, C. Rubano, Phys. Lett. B 689 117 (2010) [arxiv:1003.5394].