arXiv:1202.4117v1 [quant-ph] 18 Feb 2012

Path Integrals for (Complex) Classical and Quantum Mechanics

R.J. Rivers Physics Department, Imperial College London, London SW7 2AZ, UK e-mail: r.rivers@imperial.ac.uk

Abstract

An analysis of classical mechanics in a complex extension of phase space shows that a particle in such a space can behave in a way redolant of quantum mechanics; additional degrees of freedom permit ’tunnelling’ without recourse to instantons and lead to time/energy uncertainty. In practice, ’classical’ particle trajectories with additional degrees of freedom have arisen in several different formulations of quantum mechanics. In this talk we compare the extended phase space of the closed time-path formalism with that of complex classical mechanics, to suggest that ℏ has a role in our understanding of the latter. However, differences in the way that trajectories are used make a deeper comparison problematical. We conclude with some thoughts on quantisation as dimensional reduction.

1 Introduction

It has been argued recently, in a series of papers by Carl Bender and collaborators [1, 2, 3, 4], that classical mechanics in a complex extension of phase space has some attributes of quantum mechanics. With these additional dimensions particles can negotiate otherwise impenetrable classical hills, enabling them to move from one potential well to another as an alternative to quantum tunnelling. Further, classical particles with complex energy in periodic potentials can exhibit a kind of band structure[4]. However, the discussion has now gone beyond the mere cataloguing of these qualitative similarities to suggesting that, for the case of ’tunnelling’, for example, we are seeing behaviour that can approximate the probabilistic results of quantum mechanics quantitatively [3]. Although the emphasis has been on mimicking ℏ-independent (at leading order) probability ratios, for this procedure to be sensible ℏ must be implicit in the analysis, since the formalism of complex classical mechanics cannot, of itself, distinguish between quantum (action O(ℏ)) systems and classical systems (action O(ℏ^0)). In fact, should there be any relationship between complex classical mechanics and quantum mechanics, there is a strong hint as to how this must happen, since the tunnelling complies with time/energy uncertainty relations [1], albeit with no ℏ visible.

On the other hand, if we adopt the contrary position of extending (real) classical behaviour to quantum mechanical behaviour, it is well-known that there are several different ways in which classical or ’quasi-classical’ paths can arise in the formulation of quantum dynamics, for which the role of ℏ is clear. In particular, we are interested in what we might term a Moyal path integral approach which (in co-ordinate space) reduces to the Feynman-Vernon closed time-path approach [5] for the evolution of density matrices, familiar in the analysis of decoherence. In fact, it was thinking about the earlier use of classical trajectories by the author and collaborators [6, 7] to approximate the evolution of the quantum density matrix that provoked this talk. In this commentary we shall contrast the quasi-classical paths of this Moyal formalism to the classical paths in complex phase-space discussed in [3], in each case the solutions to a constrained Hamiltonian system.

For reasons that will rapidly become clear, we shall restrict ourselves to Hermitian Hamiltonians, even though part of the original motivation for considering complex phase space was to accommodate pseudo-Hermitian Hamiltonians which, by virtue of PT-symmetry [8, 9, 10], had real spectra. In the next two sections we introduce path integrals for real classical mechanics, as developed by Gozzi over several years [11, 12, 13] and show how the Moyal path integrals for quantum mechanical systems evolve naturally from them, as originally proposed by Marinov [14] and Gozzi [15, 16]. We show that the dynamics of the quasi-classical trajectories that provide the mean-field approximation to this quantum system has the same symplectic structure as the trajectories of complex classical mechanics shown by Smilga [17].

Insofar as the two approaches have some similarities we may hope to impute ℏ behaviour to complex classical mechanics. On the other hand, insofar as they have differences it might be thought that, the better that Moyal paths represent quantum mechanics, to which they are an established approximation, the poorer the paths from CCM described in [3] will do so. In fact, as we shall see, the situation is somewhat more complicated.

Even prior to the papers of [14] and [15, 16] there was an extensive literature on the role on classical and quasi-classical paths in quantum mechanics (e.g. see [18]) that has been developed since. Given the brevity and simplicity of our observations it is sufficient, in the context of this paper, to cite just [19] and the references therein for interested readers. We conclude with some thoughts on quantisation as dimensional reduction.

2 Phase space path integrals for (real) classical mechanics:

We restrict ourselves to a single particle, mass m, moving in phase space φ = (x, p), under the Hamiltonian H_{cl}(φ) := H_{cl}(x, p) = p^2 2m + V (x). The classical solutions φ_{cl} satisfy Hamilton’s equations

φ̇^a − ω^{ab}∂_bH_{cl} = 0, (2.1)

where ω_{ab} = iσ_2 and ∂_a = ∂/∂φ^a.

Classical phase-space densities ρ_{cl}(φ, t) evolve as

ρ_{cl}(φ_f , t_f ) = ∫ Dφ_a K_{cl}(φ_f , t_f |φ_i, t_i)ρ_{cl}(φ_i, t_i) (2.2)

where the kernel K_{cl}(φ_f , t_f |φ_i, t_i) is restricted to the classical paths of (2.1), K_{cl}(φ_f , t_f |φ_i, t_i) = ∫_{φf} φ_i Dφ_a δ[φ^a − φ^a_{cl}] = ∫_{φf} φ_i Dφ_a δ[φ̇^a − ω^{ab}∂_bH_{cl}] (2.3)

The second equality of (2.3) is a consequence of the incompressibility of phase space.

We repeat the earlier analysis of Gozzi [11] in doubling phase space through the functional Fourier transform of the delta functional: K_{cl}(φ_f , t_f |φ_i, t_i) = ∫_{φf} φ_i Dφ^aDΠ_a exp { i ∫_{tf} t_i dt Π_a(φ̇^a − ω^{ab}∂_bH_{cl}) } (2.4)

If ⟨...⟩ denotes averaging with respect to the (normalised) path integral then, on time-splitting, we see that the Π_a are conjugate to the φ^a, with equal-time commutation relations

⟨[φ^a, Π_b]⟩ = iδ^a_b (2.5)

That is, in (2.4) we have the path integral realisation of the canonical Koopman - von Neumann (KvN) Hilbert space description of classical mechanics[20, 21]. This becomes clearer if we rewrite K_{cl}(φ_f , t_f |φ_i, t_i) as K_{cl}(φ_f , t_f |φ_i, t_i) = ∫_{φf} φ_i Dφ^aDΠ_a exp { iS_{cl}[φ, Π] } (2.6)

where S_{cl}[φ, Π] = ∫_{tf} t_i dt L_{cl}(φ, Π) (2.7) with L_{cl}(φ, Π) = φ̇^aΠ_b − H_{cl}(φ, Π). The Hamiltonian H_{cl}(ϕ, Π), H_{cl}(φ, Π) = Π_aω^{ab}∂_bH_{cl}. (2.8) is no more than the Liouville operator (up to a factor of i), as follows immediately if we adopt the φ-representation Π_a = −i∂_a in H_{cl}. The commutators with H_{cl}(φ, Π) (in the sense of (2.5)) determine the evolution of (φ, Π), but it is more convenient to think of these solutions as just the solutions (φ_{cl}, Π_{cl}) to δS_{cl} = 0.

3 Phase Space Path Integrals for Quantum Mechanics:

To explore the role of semi-classical paths in quantum mechanics we stay as close to the classical formalism of the previous section as possible. The classical phase-space density ρ_{cl}(φ, t) is replaced by the Wigner function ρ_W (φ, t) ρ_W (x, p, t) = 1 πℏ ∫ dy ⟨x − y|ρ̂(t)|x + y⟩e^{2ipy/ℏ}, (3.1) which, although not strictly a density, reduces to it in the ℏ → 0 limit.

Its evolution equation

ρ_W (φ_f , t_f ) = ∫ Dφ_i K_{qu}(φ_f , t_f |φ_i, t_i)ρ_W (φ_i, t_i) (3.2)

is determined by the kernel K_{qu}, which we define on the same extended phase-space as K_{qu}(φ_f , t_f |φ_i, t_i) = ∫_{φf} φ_i Dφ^aDΠ_a exp { iS_{qu}[φ, Π] } , (3.3)

with S_{qu}(φ, Π) = ∫_{tf} t_i dt L_{qu}(φ, Π) = ∫_{tf} t_i dt (φ̇^aΠ_b − H_{qu}(φ, Π)) (3.4)

The quantum Hamiltonian H_{qu}(ϕ, Π) is a Planckian finite-difference discretisation of H_{cl}(ϕ, Π), to which it reduces as ℏ → 0. Several choices are possible. For the reasons given in [15, 16] we follow these authors in taking H_{qu}(φ, Π) = − 1 2ℏ [H_{cl}(φ^a + ℏω^{ab}Π_b) − H_{cl}(φ^a − ℏω^{ab}Π_b)]. (3.5)

We note that H_{qu}(φ, Π) = H_{cl}(φ, Π) for quadratic (and linear and constant) potentials.

Although we appreciate that the paths themselves can be less important than the ways in which they are put together, what singles out complex classical mechanics (CCM) is the importance attached to individual paths in tracking their times of passage through the important regions of the complexified classical potential landscape, as in [3]. A priori, we take the same stance here, in assuming that K_{qu} is dominated by solutions to

δS_{qu}[φ, Π] = 0. (3.6)

That is , we treat S_{qu}[φ, Π] as a quasi-classical theory in its own right, which we shall term mean-field quantum mechanics (MFQM). Since S_{qu} = O(ℏ^0), (3.6) is a stationary phase approximation with no small parameter, and therefore to be taken circumspectly.

In what follows we compare MFQM to CCM. Although they do not match they have suggestive similarities. To cast S_{qu} in a more familiar form, we reproduce Marinov [14] by introducing new phase space variables:

ξ^a := ℏω^{ab}Π_b. (3.7)

K_{qu} then takes the integral form K_{qu}(φ_f , t_f |φ_i, t_i) = ∫_{ϕf} ϕ_i Dφ^aDξ^a exp { i ℏ S_M [ϕ, ξ] } , (3.8)

where S_M [φ, ξ] = ∫_{tf} t_i dt L_M (ϕ, ξ) (3.9)

with L_M (ϕ, ξ) = φ̇^aω_{ab}ξ^b + 1 2 [H_{cl}(φ + ξ) − H_{cl}(φ − ξ)] (3.10) We stress again that the formalism of (3.8) is misleading, in that it suggests that the stationary phase approximation is also a small-ℏ result, whereas S_M is O(ℏ). Despite that, there has been considerable work that successfully utilises the stationary-phase solutions [see [19] and applications cited therein].

3.1 Structure of MFQM Let us define ξ^1 := y, ξ^2 := q and

H^± := 1 2 [H_{cl}(φ + ξ) ± H_{cl}(φ − ξ)] (3.11)

with φ ± ξ = (x ± y, p ± q). We rearrange the original extended phase-space (φ, Π) into the 4D phase space X:

X^1 := x, X^2 := y, X^3 := p, X^4 = q. On X we introduce the Poisson bracket {{·, ·}}: {{A, B}} := Ω^{ab} ∂_aA ∂_bB, (3.12) where Ω = ( 0 I −I 0 ) . (3.13)

Hamilton’s equations, which reduce to δS_{qu} = 0, then take the form Ẋ^a = {{X^a, H^+(X)}} = Ω^{ab}∂_bH^+(X). (3.14)

Since H^+ and H^− are related by ∂_aH^− = Γ^b_a∂_bH^+, where Γ = ( σ_1 0 0 σ_1 ) (3.15)

it follows that {{H^−, H^+}} = Ω^{ac}Γ^b_c ∂_aH^+ ∂_bH^+ = 0, (3.16) since ΩΓ is antisymmetric. H^− = const is a first class constraint upon the effective classical theory.

We note that there is an equivalence between H^+ and H^− in that, with respect to a slightly different symplectic matrix Ω^′, we could equally derive the equations of motion from H^− as Ẋ^a = {{X^a, H^−(X)}}^′ = Ω^{′ab}∂_bH^−(X). (3.17) This latter is more in accord with the closed timepath formalism (CTP), defined in the extended (x, y) coordinate space, for which H^− is the relevant Hamiltonian prior to momentum integration. We shall not pursue this further.

The classical limit is straightforward. Remember that y = ℏȳ, q = ℏq̄ where ȳ, q̄ are the O(ℏ^0) KvN conjugate variables to p and x. As ℏ → 0 then y, q → 0, as does H^− = O(ℏ) → 0. (3.18) At the same time we get the contraction H^+ → H_{cl}, Ω → ω.

4 Complex Classical Mechanics (CCM)

We now consider complex phase space, repeating the analysis of Smilga [17], taking the complex extension of the real phase-space as x → Z = x + iy, p → P = p − iq. (4.1) The Hamiltonian H_{cl} is decomposed as H_{cl}(p, x) → H_{cl}(P, Z) = H_R(P, Z) + iH_I (P, Z), (4.2) where H_R = 1 2 [H_{cl}(x + iy, p − iq) + H_{cl}(x − iy, p + iq)], (4.3) H_I = 1 2i [H_{cl}(x + iy, p − iq) − H_{cl}(x − iy, p + iq)]. (4.4) To see the symplectic structure of CCM we label the phase-space variables X^a as before: X^1 := x, X^2 := y, X^3 := p, X^4 = q. (4.5) and introduce an identical Poisson bracket {{·, ·}} to (3.12): {{A, B}} := Ω^{ab} ∂_aA ∂_bB, (4.6) for the same Ω. Hamilton’s equations are now [17] Ẋ^a = {{X^a, H_R}} = Ω^{ab}∂_bH_R(X). (4.7) H_R and H_I are related by Cauchy-Reimann as ∂_aH_I = Λ^b_a∂_bH_R, (4.8) where Λ = ( −iσ_2 0 0 iσ_2 ) . (4.9) It follows that {{H_I , H_R}} = (ΩΛ)^{ab} ∂_aH_R ∂_bH_R = 0, (4.10) since ΩΛ is also antisymmetric. That is, as before we have a constrained system with firstorder constraint H_I = constant.

5 CCM v. MFQM:

There are obvious similarities between the two approaches, a consequence of the identities H^+(x, iy, p, −iq) = H_R(x, y, p, q) H^−(x, iy, p, −iq) = iH_I (x, y, p, q). (5.1) Since {{y, q}} = {{iy, −iq}} we can see why the symplectic structure remains unchanged.

The similarity between the two formalisms is very apparent for the SHO, with Hamiltonian H_{cl} =^1_2 (p^2 + x^2).

In the x − y plane we find identical solutions for x and y in both CCM and MFQM. These are tilted ellipses x = A sin(t + α_1), y = B sin(t + α_2), leading to identical H^− and H_I , H^− = H_I = AB cos(α_1 − α_2) This suggests a possible role for ℏ in CCM for this and other potentials. We remember that y = ℏȳ, q = ℏq̄ in MFQM, which encourages us to take y = ℏȳ, q = ℏq̄ in CCM. Then

• CCM can now distinguish between ’large’ and ’small’ systems. The conventional classical limit is simply understood as the recovery of real phase space.

• With ℑmE now O(ℏ) the empirical CCM tunnelling observation ℑmE Δt ≈ const. is understood as the quantum uncertainty relation ΔEΔt = O(ℏ).

• The CCM tunnelling results in [3] are understood as anomalous behaviour in the limit ℑmE → 0. We now understand this as the familiar small ℏ behaviour when looking for the persistence of ’quantum’ effects.

Looking at more general potentials, even in [14] and [15] it was appreciated that the extra dimensions in MFQM permitted tunnelling without instantons. However, this should not blind us to strong differences between the two formalisms, for which the factors of i are crucial. Most importantly, the constant energy surfaces of MFQM are bounded, whereas those of CCM are unbounded. As a result, individual particle trajectories in CCM go to infinite distances in the x − y plane (and back) in finite time, whereas those of MFQM are always bounded.

To see the effects of this boundedness, it is convenient (with the former) to work with z_± = φ ± ξ, since H_{cl}(z_±) are individually conserved: ż^a_± = ω^{ab} ∂H_{cl}(z_±) ∂z^b_± We can think of the classical paths for z_± as the tips of chords of length O(ℏ) whose midpoints are quantum paths, only constrained by boundary conditions. In the Lagrangian formalism (on integrating out p, q) this is the familiar closed time-path approach.

For example, now consider ’tunnelling’ in a double-well potential with binding energy E_0. In CCM we take H_R = E_n < E_0 to match the energy of a bound state of the potential and fix H_I = ℑmE = ΔE ≠ 0. If, for example, we then consider paths with starting points y = 0, x = x_0 the particle flips from well to well in a ’symmetric’ way using the additional dimensions [3]. If we now measure the ratio of the time the particle spends in each well as ΔE → 0 we can compare this with the QM results obtained from the wavefunctions as H_I = ℑmE → 0. See [3] for details. While not being compelling, the results are certainly interesting.

However, the situation is very different in MFQM because of the boundedness of the constant energy surfaces. We now have

H^+ =^1_2 [H_{cl}(z_+) + H_{cl}(z_−)].

As shown in [19], to proceed we choose H^+ = E < E_0 with H_{cl}(z_+) > E_0 and H_{cl}(z_−) < E_0 (or v.v) and fix H^− = ΔE ≠ 0. That is, one end of the chord is trapped in a well, while the other end is free. The initial conditions mean that the particle flips from well to well ’asymmetrically’ using additional dimensions. For this reason it is not sensible to attempt to measure the relative time the particle spends in each well as ΔE → 0. These trajectories make fundamentally clear a profound difference between CCM and MFQM that lies at the heart of quantum mechanics. For all the qualitative similarities between CCM and quantum mechanics, the defining ingredient of the latter is interference. This is immediately clear from the evolution equation (3.3) for real density matrices, which demands that K_{qu} be real. At the very least, if (φ_{cl}, ξ_{cl}) are solutions to (4.7) then so are (φ_{cl}, −ξ_{cl}) and both solutions have to be combined (z_+ ↔ z_−) in (3.3), with the appropriate determinant of small fluctuations around the classical solutions. Unfortunately, this makes a direct comparison between the approaches impossible. Thus we can’t use MFQM directly to criticise CCM, or vice-versa, as we had hoped.

In fact, we need more than interference between quasi-classical paths in MFQM, as can be seen from the simple V (x) = −^1_2 x^2 potential. Quasi-classical solutions in MFQM show that the particle rebounds for E < 0 i.e. there is no ’tunnelling’ despite the extra dimension. Nonetheless, tunnelling happens in MFQM because of state preparation [22], whereby the tail of the wavefunction crosses the x − p separatrix and is stretched to the other side of the potential hill.

We conclude with a comment on the first order constraints H^− = 0 and H_I = 0 that the formalisms possess. To accommodate them fully requires gauge fixing in the path integrals (or a change of bracket). At our simple level of comparison this is unnecessary, but see Smilga [17] for a detailed discussion of gauge-fixing for CCM.

6 Quantisation as dimensional reduction

So far we have compared the classical trajectories of particles in complex phase space with the classical trajectories z_± of the ends of the chords whose midpoints are the stationary phase solutions that define what we have called mean-field quantum mechanics. The doubling of the degrees of freedom by having to take account of two chord ends has its counterpart in the doubling of degrees of freedom by making phase space complex. Since the chords are of length O(ℏ) we recover real classical mechanics from mean-field quantum mechanics trivially and, if the complex phase-space coordinates are, equally, O(ℏ), recover real classical mechanics from complex classical mechanics at the same time. However, the real significance of the doubling of degrees of freedom in the chords is that these new coordinates are the quantum generalisations of the classical ’momenta’ conjugate to the real phase space variables in the KvN Hilbert space formalism of classical mechanics.

This suggests an entirely different approach to ’deriving’ quantum mechanics from classical mechanics due to Gozzi [11], that we sketch below. It relies on the extension of the formalism of Section 2 to differential forms that we have already alluded to above. For the moment we stay firmly with classical mechanics in real phase space. The rightmost integral of (2.3) contains the Jacobian J := det(δ^a_b ∂_t − ω^{ac}∂_c∂_bH) (6.1)

which we have set to unity, as a consequence of the incompressibility of phase space. However, we can equally express it in terms of 2 + 2 ghost-field Grassmann variables (c^a, c̄_a) as [11] J = ∫ Dc̄_aDc^a exp [ − ∫ dtc̄_a[δ^a_b ∂_t − ω^{ac}∂_c∂_bH]c^b ] . (6.2)

Inserting this in the integrand of the rightmost path integral in (2.3) enables us to write the kernel K_{cl} as K_{cl} = ∫ DX^aDΠ_aDc̄_aDc^a exp [ i ∫ dt L̄_{cl} ] (6.3)

where we have dropped explicit mention of boundary conditions to simplify the notation. In

(6.3) L_{cl} of (2.8) is replaced by

L̄_{cl} = Π_a[Ẋ^a − ω^{ab}∂_bH] + ic̄_a[δ^a_b ∂_t − ω^{ac}∂_c∂_bH]c^b = Π_aẊ^a + ic̄_aċ^a − H̄_{cl}, (6.4)

where the Hamiltonian associated with L̄ of (6.4) is now

H̄_{cl} = Π_aω^{ab}∂_bH + ic̄_aω^{ac}∂_c∂_bHc^b. (6.5)

The equations of motion that follow from ~L_{cl} show that the (c^a, c̄_a) are conjugate Jacobi variables in the sense of (2.5) and that H̄_{cl} is the Lie derivative of Hamiltonian flow associated with H_{cl} [11].

All that matters for this discussion is that, on introducing Grassmann partners (θ, θ̄) to time t, Gozzi [11] constructed superspace phase space variables Φ = (X, P )

Φ^a(t, θ, θ̄) := φ^a(t) + θc^a(t) + θ̄c̄^a(t) + iθ̄θω^{ab}Π_b (6.6)

We note that θ̄θ has the dimensions of inverse action. It follows [11] that i ∫ dθdθ̄ H_{cl}(Φ) = H_{cl}(φ, Π). (6.7) Similarly, i ∫ dtdθdθ̄ L_{cl}(Φ) = ∫ dt L_{cl}(φ, Π), (6.8) where L_{cl} = pẋ − H_{cl}. (6.9) The theory possesses BRS invariance. We retrieve quantum mechanics from classical mechanics by making the dimensional reduction [23] iℏ ∫ dtdθdθ̄ → ∫ dt (6.10)

in superspace, together with (X, P ) → (x, p) in phase space. [See also [24] for the relationship of this approach to ’t Hooft’s derivation of quantum from classical physics [25, 26].]

This analysis permits a natural extension to classical mechanics in complex phase space, with co-ordinates X^a of (4.5). The first step is to double this already doubled phase space by introducing four conjugate variables Π̄_a, to be supplemented by (now 4 + 4) Grassmann variables (c^a, c̄_a). We then look for BRS symmetry (and its breaking) in this extended space. If dimensional reduction is possible, the outcome will be quantum mechanics defined on complex phase space i.e. we shall be looking at probability densities in the complex plane [27]. This is to be distinguished from the results of [3], in which comparison is made between CCM and quantum mechanics in the real plane. However, it will allow for a discussion of pseudo-Hermitian Hamiltonians, whose quantum mechanics has already been described in detail [8, 9, 10] and with which much of the discussion of [17] was concerned. Work on this is in preparation [28].

7 Conclusions:

Our conclusions derived from these explorations of path integrals are somewhat schizophrenic. On the one hand, if we take the behaviour of particles in complex classical mechanics (CCM) as really reflecting attributes of quantum mechanics (QM), then formal similarities between CCM and mean-field quantum mechanics (MFQM) suggest that the complex dimensions of CCM should be taken as O(ℏ). This resolves several issues with CCM, such as how classical mechanics distinguishes between classical and quantum systems, and how to interpret uncertainty relations.

On the other hand, the differences between CCM and MFQM are at least as important as the similarities. In particular, the boundedness of the energy surfaces of the latter (in comparison to the unbounded nature of those of the former) mean that the trajectories are very different, even though each permits tunnelling without instantons and we know that, in many circumstances, MFQM gives a reliable description of quantum mechanical particles. However, for MFQM quantum superposition is a necessary ingredient, whereas (for real phase space at least) superposition plays no role in the path integrals of classical mechanics [29, 30].

Much of the original work on CCM was concerned with comparing its results to quantum mechanics in the real plane e.g. [3]. As an alternative, we have raised the possibility of looking for supersymmetric realisations of CCM, with the potential of getting quantum mechanics in complex phase space. This will be pursued elsewhere [28].

Acknowledgments

We acknowledge stimulating discussions with Ennio Gozzi and thank him for access to unpublished notes on ’tunnelling without instantons’ (December, 1995). We also thank Daniel Hook for empirically demonstrating the nature of ’tunnelling’ paths in MFQM.

References

[1] C.M. Bender, D.J. Brody and D.W. Hook, ”Quantum effects in classical systems having complex energy”, J. Phys. A41 352003 (2008)

[2] C.M. Bender, D.W. Hook, P.N. Meisinger and Q-H Wang, ”Complex Correspondence Principle”, Phys.Rev.Lett.104 061601 (2010)

[3] C.M. Bender and D.W. Hook, ”Tunneling in classical mechanics”, J. Phys. A44 372001 (2011)

[4] C.M. Bender and T. Arpornthip, ”Conduction bands in classical periodic potentials”, Pramana J. Phys. 73, 259 (2009)

[5] R. Feynman and F. Vernon, ”The Theory of a General Quantum System Interacting with a Linear Dissipative System”, Ann. Phys. (N. Y.) 24, 118 (1963)

[6] F.C. Lombardo, F.D. Mazzitelli and R.J. Rivers, ”Classical behaviour after a phase transition”, Phys.Lett. B523 317 (2001)

[7] F.C. Lombardo, R.J. Rivers and P. I. Villar, ”Decoherence of domains and defects at phase transitions”, Phys. Lett. B648 64 (2007) [8] C.M. Bender and S. Boettcher, ”Real Spectra in Non-Hermitian Hamiltonians Having PT Symmetry”, Phys. Rev. Lett. 80 (1998) 5243.

[9] C.M. Bender, ”Introduction to PT-Symmetric Quantum Theory”, Contemp. Phys. 46 (2005) 277 [10] C.M. Bender, ”Making Sense of Non-Hermitian Hamiltonians”, Rept.Prog.Phys.70 947 (2007) [11] E. Gozzi, M. Reuter and W. D. Thacker, ”Hidden BRS invariance in classical mechanics.

II”, Phys. Rev. D 40, 3363 (1989);

[12] E. Gozzi, M. Reuter and W. D. Thacker, ” Symmetries of the classical path integral on a generalized phase-space manifold” ibid. 46, 757 (1992) [13] E. Gozzi and M. Reuter, ”Classical mechanics as a topological field theory”, Phys. Lett.

B 240, 137 (1990).

[14] M.S. Marinov, ”A new type of phase-space path integral”, Phys. Lett. A153, 5 (1991) [15] E. Gozzi and M. Reuter, ”Quantum-deformed geometry on phase-space”, Mod. Phys.

Lett. A8 1433 (1993) [16] E. Gozzi and M. Reuter, ”A Proposal for a Differential Calculus in Quantum Mechanics”, Int. Jour. Mod. Phys. A 9 2191 (1994) [17] A.V. Smilga, ”Cryptogauge symmetry and cryptoghosts for crypto-Hermitian Hamiltonians”, J.Phys. A41, 244026 (2008) [18] M.C. Gutzwiller (1990): Chaos in Classical and Quantum Mechanics (Springer-Verlag New York)).

[19] T. Dittrich, E.A. Gomez and L.A. Pachon,”Semiclassical propagation of Wigner functions”, J.Chem.Phys.132, 214102 (2010) [20] B.O. Koopman, ”Hamiltonian Systems and Transformations in Hilbert Space”, Proc.

Natl. Acad. Sci. USA 17, 315 (1931) [21] J. von Neumann, ”Zur Operatorenmethode In Der Klassischen Mechanik”, Ann. Math.

33, 587 (1932); ibid. 33, 789 (1932).

[22] N.L. Balazs and A. Voros, ”Wigner’s function and tunneling”, Ann. Phys. 199 (1990) 123 [23] A.A. Abrikosov (Jr.), E. Gozzi and D. Mauro, ”Geometric Dequantization”, Ann.

Phys.317 24 (2005) [24] M. Blasone, P. Jizba and H. Kleinert, ”Path Integral Approach to ’t Hooft’s Derivation of Quantum from Classical Physics”, Phys.Rev. A71 052507 (2005)

[25] G. ’t Hooft, ”Quantum mechanical behaviour in a deterministic model”, Quant. Grav.

13 1023 (1996) [26] G. ’t Hooft, ”Quantum Gravity as a Dissipative Deterministic System”, Quant. Grav.

16 3263 (1999) [27] C.M. Bender, D.W. Hook, P.N. Meisinger, Q-H Wang, ”Probability Density in the Complex Plane”, Ann. Phys. 325, 2332 (2010) [28] P. Jizba and R.J. Rivers, to be published in Phil. Trans. R. Soc. A (2012) [29] E. Deotto, E. Gozzi and D. Mauro, ”Hilbert Space Structure in Classical Mechanics:

(II)”, J. Math. Phys. 44, 5902 (2003).

[30] E. Gozzi and C. Pagani, ”Universal Local symmetries and non-superposition in classical mechanics”, Phys.Rev.Lett.105, 150604 (2010)