arXiv:1202.4487v5 [gr-qc] 30 Jul 2012

August 1, 2012 3:24 WSPC/INSTRUCTION FILE slagtfinal

International Journal of Modern Physics D © World Scientific Publishing Company

WARPED SELF-GRAVITATING U(1) GAUGE COSMIC STRINGS IN 5D

REINOUD JAN SLAGTER Dept of Physics, Univ of Amsterdam and ASFYON Astronomisch Fysisch Onderzoek Nederland, 1405EP Bussum, The Netherlands info@asfyon.nl

DERK MASSELINK ASFYON, The Netherlands info@asfyon.nl

Received Day Month Year Revised Day Month Year Communicated by Managing Editor

We present the ”classical” Nielsen-Olesen vortex solution on a warped 5-dimensional spacetime, where we solved the effective 4-dimensional equations from the 5-dimensional equations together with the junction and boundary conditions. 4-dimensional cosmic strings show some serious problems concerning the mechanism of string smoothing related to the string mass per unit length, Gμ ≤ 10^{−6}. Moreover, there is no observational evidence of axially symmetric lensing effect caused by cosmic strings. Also super-massive cosmic strings (Gμ ≳ 1), predicted by superstring theory, possess some problems. They are studied because the universe may have undergone phase transitions at scales much higher than the GUT scale. But Gμ ≳ 1 is far above observational bounds, so one needs an inflationary scenario to smooth them out. Further, it is believed that these supermassive strings never extended to macroscopic size. Brane world models could overcome these problems. Gμ could be warped down to GUT scale, even if its value was at the Planck scale.

In our warped cosmic string model, where the string mass per unit length in the bulk can be of order of the Planck scale, we find that the 4-dimensional brane spacetime is exponential warped down. Moreover, asymptotically the induced 4-dimensional spacetime does not show conical behavior. So there is no angle deficit compared to its value in the bulk and the spacetime seems to be unphysical, at least under fairly weak assumptions on the stress-energy tensor and without a positive brane tension. The results are confirmed by numerical solutions of the field equations.

Keywords: Cosmic strings; warped spacetimes; brane worlds.

1. Introduction

The standard model is extremely successful up to scales M_{EW} ∼ 10^3 GeV. The fundamental scale of gravity is the Planck scale M_{P l} ∼ 10^{19} GeV. It is the scale where quantum gravity will act. The discrepancy between these two scales is called the hierarchy problem. Electro-weak interactions have been tested up to M_{EW} , 1

2 REINOUD JAN SLAGTER and DERK MASSELINK

while gravity, on the other hand, has been tested to several millimeters, 32 orders of magnitude above M_{pl}. Brane world models could overcome the hierarchy problem. The idea originates from string theory. One of the predictions of string theory is the existence of branes embedded in the full bulk space time. Gravitons can then propagate into the bulk, while other fields are confined to these branes. It also predicts that space time is 10-dimensional, with 6 of them are very compact and small, not verifiable by any experiment. There are many models which attacked the hierarchy problem. Essentially there are globally two categories: flat compact extra dimensions1 and warped extra dimensions2. Recently, there is growing interest in the second category, i.e., the Randall-Sundrum(RS) warped 5-dimensional geometry3^,4. We live in a 3+1 dimensional space time embedded in a 5-dimensional space time, with an extra dimension which can be very large compared to the ones predicted in string theory. One estimates that the extra dimension can be as large as 10^{−3}cm, which is the under-bound of Newton’s law in our world. The observed 4-dimensional Planck scale M_{P l} ≡ M_4 is no longer the fundamental scale but an effective one, an important consequence of the extra dimensions, which is now M_5, the Planck scale in 5D. If we consider the Einstein equations in 5D,

(5)G_{μν} = −Λ_5^{(5)}g_{μν} + κ^2_5

(_{(5)} T_{μν} + T^{brane}_{μν} ) , (1)

with T^{brane}_{μν} =^{(4)}T_{μν} −λ_4^{(4)}g_{μν} and y the extra dimension, then κ^2_5 = 8πG_5 =^{8π}_{M 35} is the gravitational coupling constant. If L is the length scale of the extra dimension, then M^2_{P l} ∼ M^3_5 L. So if the extra-dimensional volume is the Planck scale, i.e., L ∼^1_{MP l} , then M_5 ∼ M_4. But if the extra-dimensional volume is significantly larger then the Planck scale, then the true fundamental scale M_5 can be much smaller then the effective scale M_4 ∼ 10^{19}GeV . So the weakness of gravity can be understand by the fact that it ”spreads” into the extra dimension and only a part is felt in 4D. If L is of order 10^{−1}mm ∼ (10^{−15}T eV )^{−1}, then M_5 ∼ 10^9GeV , much smaller than the observed 10^{19}GeV . The RS brane world models will further lower down the M_5 scale, by considering warped space times. In this article we follow the formulation and notation of the brane-world gravity models of Maartens5 and Durrer6

In this paper we will investigate on an axially symmetric 5-dimensional warped space time the modifications of the behavior of a gauge cosmic string in the Abelian Higgs model. Cosmic strings occur as topological defects, consisting of confined regions of false vacuum in gauge theories with spontaneous symmetry breaking. If local strings appeared in phase transitions in the early universe, they could have served as seeds for the formation of galaxies. However, observations of the cosmic microwave background, would rule out this model. M-theory, the improved version of superstring theory, allows, via brane-world scenarios, macroscopic fundamental strings that could play a role very similar to that of cosmic strings. The resulting super-massive cosmic strings are even more exotic, because they could develop singular behavior at finite distance of the core of the string.

WARPED SELF-GRAVITATING U(1) GAUGE COSMIC STRINGS IN 5D 3

In section 2 we outline the model under consideration and present some numerical solutions. In section 3 we derive the field equations on the brane. In section 4 we investigate the angle deficit and the changes with respect to the 4D model. In the appendix A we give a brief overview of the 4D Nielsen-Olesen U(1) gauge cosmic string and his features. We used the Grtensor program in Maple 13 to check the equations.

2. The Model

Let us consider the 5D model7 S = ∫ d^5x √ −^{(5)}g [ 1 2κ^2_5

(^{(5)}R − Λ_5) + S_{bulk} ] + ∫ d^4x √ −^{(4)}g [ 1 κ^2_5 λ_4 + S_{brane} ] , (2)

with Λ_5 the cosmological constant in the bulk, λ_4 the brane tension, S_{bulk} the matter Lagrangian in the bulk and S_{brane} the effective 4D Lagrangian, which is given by a generic functional of the brane metric and matter fields on the brane and will also contain the extrinsic curvature corrections due to the projection of the 5D curvature. If there is a bulk scalar field^{(5)}Φ (no coupling to a 5D gauge field A_μ , as in the 4D case), which could stabilize the branes8, then we have for the 5D equations (from now on all the indices run from 0..4)

(5)G_{μν} = −Λ_5^{(5)}g_{μν} + κ^2_5^{(5)}T_{μν} ,^{(5)}∇_μ^{(5)}∇^{μ(5)}Φ = 0, (3)

with^{(5)}T_{μν} the energy momentum tensor of the bulk scalar field and where we write^{(5)}Φ =^{(5)}Xe^{iφ}. The equations can easily be obtained from the 4D case in the appendix A, with^{(5)}P = 1,^{(5)}V (^{(5)}Φ) = 0. We will consider here the ”classical” Nielsen-Olesen string on a warped 5 dimensional space time

ds^2 = F (y) [ e^{A(r,t)}(−dt^2 + dz^2) + dr^2 + K(r, t)^2e^{−2A(r,t)}dφ^2 ] + dy^2. (4)

The 4 dimensional coupled field equations of the U(1)-gauge cosmic string is described by Laguna-Castillo and Matzner9 and Garfinkle 10. See appendix A for an overview.

It turns out that on the space time (4)( for P=0) the y-dependent part is separable. We then obtain for F (y) and^{(5)}X(y) the set equations ∂_{yy}F = − 2 3 Λ_5F − 1 3 κ^2_5F (∂_y^{(5)}X)^2 + c_1, (5)

(∂_yF )^2 = − 2 3 Λ_5F^2 + 1 3 κ^2_5F^2(∂_y^{(5)}X)^2 + 2c_1F, (6)

∂_{yy}^{(5)}X = −2

∂_y^{(5)}X∂_yF F , (7)

with c_1 some constant. For c_1 = 0 we obtain a solution of^{(5)}X and F of the form

(5)X(y) = √ 3 2κ_5 ln [ e^{− 2}3^{√−6Λ}5^y +^{(16√3κ5 −4C2C3)Λ5}

C_2 √ −6Λ_5

e^{− 2}3^{√−6Λ5 y} −^{(16} √ 3κ_5+4C_2C_3)Λ_5 C_2 √ −6Λ_5 ] + C_4, (8)

4 REINOUD JAN SLAGTER and DERK MASSELINK

F (y) =

C_1 √ ∂_y^{(5)}X

, (9)

with C_i some constants. The shape of these solutions depends on the several constants, determined by the junctions conditions. In figure 1 we represent a typical solution of^{(5)}X and F.

It is remarkable that these equations for F (y) and^{(5)}X(y) are separable. From now on we will consider the case of an empty bulk ( c_1 ≠ 0) and the field equations on the brane time-independent. There are 2 solutions for F :

F (y) =

3c_1 2Λ_5

+ D_1 sinh( 1 3 √ −6Λ_5y) ± √ 9c^2_1 + 4D^2_1Λ^2_5 2Λ_5 cosh( 1 3 √ −6Λ_5y),

F (y) =

3c_1 2Λ_5

+ D_2 cos( 1 3 √ 6Λ_5y) ± √ 9c^2_1 − 4D^2Λ^2_5 2Λ_5 sin( 1 3 √ 6Λ_5y), (10)

with D_i some constants. Typical plots of the two solutions are depicted in figure 2.

The evolution equations for A(r, t) and K(r, t) from the 5D Einstein equations are ∂_{tt}A = e^A ( 2∂_{rr}A + 3 2 (∂_rA)^2 + 3c_1 ) , (11) ∂_{tt}K = ∂_tK∂_tA + 2e^A ( 3c_1K + ∂_{rr}K + 3 4 K(∂_rA)^2 − ∂_rA∂_rK ) . (12)

These equations determine the evolution of the brane. We will compare these equations with the induced 4D equations in the next chapter. There is also a constraint equation, i.e.,

(∂_rA)^2 = 4 3 ∂_rK∂_rA K − 2 3 ∂_{rr}K K − c_1. (13)

Constraint systems appear whenever a theory has gauge symmetry, in general relativity equivalent to coordinate change. Gauge invariance implies here general covariance under coordinate transformations. In terms of fields on a space time one

Fig. 1. Typical solution of the bulk scalar field^{(5)}X and warp factor F.

WARPED SELF-GRAVITATING U(1) GAUGE COSMIC STRINGS IN 5D 5

says that the theory has redundancy and the constraint equations are preserved in time11.

3. The Field Equations on the Brane Following the review of R. Maartens5, we have the induced field equations on the brane

(4)G_{μν} = −Λ_{ef f}^{(4)}g_{μν} + κ^2_4^{(4)}T_{μν} + κ^4_5S_{μν} − E_{μν} + 2 3 κ^4_5F_{μν} , (14)

where Λ_{ef f} =^1_2 (Λ_5 + κ^2_4λ_4) =^1_2 (Λ_5 +^1_6 κ^4_5λ^2_4), λ_4 is the vacuum energy in the brane (brane tension) and F_{μν} the energy-stress tensor contribution from the bulk scalar field. The first correction term S_{μν} is the quadratic term in the energy-momentum tensor arising from the extrinsic curvature terms in the projected Einstein tensor S_{μν} = 1 12 (4)T^{(4)}T_{μν} − 1 4 (4)T_{μα}^{(4)}T^α_ν + 1 24 (4)g_{μν} [ 3^{(4)}T_{αβ}^{(4)}T^{αβ} −^{(4)}T^2 ] . (15)

The second correction term E_{μν} is given by

E_{μν} =^{(5)}C_{αγβδ}n^γ n^{δ(4)}g^α_μ^{(4)}g^β_ν (16)

and is a part of the 5D Weyl tensor and carries information of the gravitational field outside the brane and is constrained by the motion of the matter on the brane, i.e., the Codazzi equation

(4)∇_μK^μ_ν −^{(4)}∇_ν K =^{(5)}R_{μρ}^{(4)}g^μ_ν n^ρ, (17)

with n^μ the unit normal vector on the brane and K_{μν} =^{(4)}g^ρ_μ^{(5)}∇_ρn_ν the extrinsic curvature. The induced metric on the brane is given by^{(4)}g_{μν} =^{(5)}g_{μν} − n_μn_ν . E_{μν} represents the 5D graviton effects, i.e., Kaluza-Klein modes in the linearized

Fig. 2. Typical solutions of the warp factor F(y) in the case of an empty bulk. In the left solution, Λ_5 is taken positive, where in the right solution Λ_5 is taken negative.

6 REINOUD JAN SLAGTER and DERK MASSELINK

theory3^,4. Integrating the 5D Einstein equations and using the Israel-Darmois junction conditions, one obtains for the extrinsic curvature K_{μν} = − 1 2 κ^2_5

(_{(4)}

T_{μν} + 1 3 (λ_4 −^{(4)}T )^{(4)}g_{μν} ) . (18)

One then obtains from Eq.(3),(17) and (18)

(4)∇^{ν (4)}T_{μν} = −2^{(5)}T_{αβ} n^αg^β_μ . (19)

It represents the exchange of energy-momentum between the bulk and the brane. From the conservation equation^{(4)}∇^{ν (4)}G_{μν} = 0,we then obtains

κ^2_4^{(4)}∇^{ν (4)}T_{μν} −^{(4)}∇^ν E_{μν} +

6κ^2_4 λ_4

(4)∇^ν S_{μν} + 4 κ^2_4 λ_4

(4)∇^ν F_{μν} = 0. (20)

If we take an empty bulk, we have simply^{(4)}∇^{ν (4)}T_{μν} = 0 and so

(4)∇^ν E_{μν} = κ^4_5^{(4)}∇^ν S_{μν} . (21)

In the static case of the space time Eq.(4), one can evaluate the equations for K and A and the gauge fields X and P . In order to compare the change in behavior of these equations with respect to 4D counterpart equations, we take the same combinations of the components of the Einstein equations as in the 4D case. The result is ∂_{rr}K − 3 7 ∂_rK∂_rA + 9 28 K(∂_rA)^2 = 3 7 κ^2_4 [ − 3 4 βK(X^2 − η^2)^2 + e^{2A} Ke^2 (∂_rP )^2 − 2

X^2P^2 K e^{2A} ] − 2 4 7 KΛ_{ef f} + 1 896 κ^4_5 [ 8β(X 2 − η2)2 e^2K

(∂_rP )^2e^{2A} −

32X^2P^2 K (∂_rX)^2e^{2A} + 48K(∂_rX)^4 + 256X^2P^2

e^2K^3

(∂_rP )^2e^{4A} + 64 e^2K

(∂_rX)^2(∂_rP )^2e^{2A} + 144 e^4K^3

(∂_rP )^4e^{4A}

−3β^2K(X^2 − η^2)^4 +

112X^4P^4 K^3 e^{4A} − 16βX^2P^2(X^2 − η^2)^2 K e^{2A} ] , (22)

∂_{rr}A + 1 2 ∂_rK∂_rA K + 3 8 (∂_rA)^2 + 1 2 ∂_{rr}K K = 3 2 κ^2_4

[ (∂_rP )2 e^2K^2 e^{2A} − 1 4 β(X^2 − η^2)^2 ] − 3Λ_{ef f} + 1 256 κ^4_5 [ 8β(X 2 − η2)2 e^2K^2 e^{2A}(∂_rP )^2 +

32X^2P^2

K^2 e^{2A}(∂_rX)^2 + 16(∂_rX)^4 + 64X^2P^2 e^2K^4 e^{4A}(∂_rP )^2 + 64 e^2K^2

(∂_rX)^2(∂_rP )^2e^{2A} + 48 e^4K^4

(∂_rP )^4e^{4A} − β^2(X^2 − η^2)^4 +

16X^4P^4

K^4 e^{4A} ] , (23)

∂_{rr}X = − ∂_rX∂_rK K + e^{2A}XP^2

K^2 + 1 2 βX(X^2 − η^2), ∂_{rr}P = ∂_rP ∂_rK K − 2P_rA_r + e^2X^2P. (24)

WARPED SELF-GRAVITATING U(1) GAUGE COSMIC STRINGS IN 5D 7

We see that the left hand sides of the Einstein equations are different with respect to the ones in the 4D case. This is a consequence of the E_{μν} term entering the equations. On the right hand sides we recognize the κ^2_4-terms of the 4D case [ see Eq.(A.7)and (A.8)]. When we substitute the constraint equation of (A_r)^2 (Eq.13) of the 5D equations (valid for all t) and using the same notations as is the 4D case ( see Appendix), i.e.,

Θ_1 ≡ K∂_rA, Θ_2 ≡ ∂_rK, T_{μν} = σk̂_tk̂_t + ϱ_zk̂_zk̂_z + ϱ_φk̂_φk̂_φ + ϱ_rk̂_rk̂_r, S_{μν} = ξ_tk̂_tk̂_t + ξ_zk̂_zk̂_z + ξ_φk̂_φk̂_φ + ξ_rk̂_rk̂_r, (25)

then the equations for the metric components become

∂_rΘ_2 = 6 11 K [ κ^2_4(3ϱ_r − 2σ + ϱ_φ) + κ^4_5(3ξ_r − 2ξ_t + ξ_φ) +

3c_1 4 − 6Λ_{ef f} ] . (26)

4∂_rΘ_1 + ∂_rΘ_2 = 6K [ κ^2_4(ϱ_r + ϱ_φ) + κ^4_5(ξ_r + ξ_φ) + c_1 4 − 2Λ_{ef f} ] . (27)

In the special case of c_1 = 8Λ_{ef f} , we see on the right hand side the same combinations of the energy-momentum tensor components. We will use these equations to evaluate the angle deficit in our model.

If we would take κ^2_4 =^1_6 λ_4κ^4_5, we then have 5 parameters for the model, i.e., β, e, η, λ_4 and κ_5. The effective field equations are supplemented by the 5D equations and the conservation of stress-energy.

We can compare the numerical solution of the 4D-brane equations with the ”classical” Nielsen-Olesen solution of the appendix A. In figure 3 we plotted the solution with the same initial conditions and parameters. We used a standard routine using solely initial conditions. In order to find an ”acceptable” solution, one has to fine tune the initial values.12. We observe that only K behaves differently.

We can also use a two point boundary condition routine. In figures 4 and 5 we plotted the results.

This system should be numerically investigated with a more advanced integration model, specially in the full time dependent situation. This is currently under study by the authors.

4. Analysis of the Angle Deficit

The angle deficit can be calculated for a class of static translational symmetric space times which are asymptotically Minkowski minus a wedge. If we denote with l the length of an orbit of (_∂ ∂φ )_a in the brane, then the angle deficit is given by10^,14^,16

(2π − Δθ) = lim_{r→∞} dl dr , (28)

with l = ∫_{2π} 0 √ g_{ab} ( ∂ ∂φ )_a( ∂ ∂φ )_b dφ = 2πe^{−A}K. (29)

8 REINOUD JAN SLAGTER and DERK MASSELINK

Fig. 3. Two characteristic solution of the brane induces U(1) gauge string. We used a standard ”shooting” routine. We observe the same behavior of Φ and P , but a significant different behavior of K and K.e^{−A}. The dashed line represents the Minkowski space time.

Fig. 4. As figure 3. Typical numerical solution of the brane induces U(1) gauge string using a two point boundary value routine. The behavior of e^{−A}K is non-regular.

Using boundary conditions at the axis, we obtain Δθ = −2π ∫_∞ 0 d^2 dr^2 (e^{−A}K)dr = −2π ∫_∞ 0 [ e^{−A} ( dΘ_2 dr − dΘ_1 dr ) − Θ_1 K e^{−A}(Θ_2 − Θ_1) ] dr. (30) Let us now evaluate^d_{dr} (κ^2_4K^2ϱ_r), using the conservation of stress energy ( see appendix Eq.(A.15)) and the two field equations Eq.(26)-(27) for A and K. d dr (κ^2_4K^2ϱ_r) = κ^2_4(2K dK dr ϱ_r + K^2 dϱ_r dr ) = κ^2_4K ( ϱ_r dK dr + d dr (Kϱ_r) ) = κ^2_4K ( Θ_2ϱ_r + Θ_2ϱ_φ − Θ_1(σ + ϱ_φ) ) = κ^2_4K ( Θ_2(ϱ_r + ϱ_φ) − Θ_1(σ + ϱ_φ) )

= Θ_2( 2 3 dΘ_1 dr + 1 6 dΘ_2 dr ) + 1 2 κ^2_4K(−2σ − 2ϱ_φ)

WARPED SELF-GRAVITATING U(1) GAUGE COSMIC STRINGS IN 5D 9

Fig. 5. Numerical solution of the metric component e^{−A}K for different values of the brane and bulk cosmological constants. The last one represents the most realistic situation, where λ_4 > 0 and Λ_5 < 0. The behavior don’t change significantly with increasing η.

= Θ_2( 2 3 dΘ_1 dr + 1 6 dΘ_2 dr ) + κ^2_4KΘ_1 ( 1 2 (−2σ + 3ϱ_r + ϱ_φ) + (− 3 2 ϱ_r − 3 2 ϱ_φ) )

= Θ_2( 2 3 dΘ_1 dr + 1 6 dΘ_2 dr ) + 11 12 Θ_1 dΘ_2 dr − 3 2 Θ_1( 2 3 dΘ_1 dr + 1 6 dΘ_2 dr ) = Θ_2( 2 3 dΘ_1 dr + 1 6 dΘ_2 dr ) + 11 12 Θ_1 dΘ_2 dr − Θ_1 dΘ_1 dr − 1 4 Θ_1 dΘ_2 dr = 2 3 Θ_2 dΘ_1 dr + 1 6 Θ_2 dΘ_2 dr − Θ_1 dΘ_1 dr + 2 3 Θ_1 dΘ_2 dr = d dr [ 2 3 Θ_1Θ_2 + 1 12 Θ^2 − 1 2 Θ^2_1 ] . (31)

Boundary conditions at the axis then imply 2 3 Θ_1Θ_2 + 1 12 Θ^2 − 1 2 Θ^2_1 = κ^2_4K^2ϱ_r. (32)

We used the case where c1 = 8Λ_{ef f} . Further, we used that S_{μν} ∼ (T_{μν} )^2, so

|κ^2_4S_{μν} /λ_4| |κ^2_4^{(4)}T_{μν} | ∼ |^{(4)}T_{μν} |

λ_4

. (33)

10 REINOUD JAN SLAGTER and DERK MASSELINK

Further we assumed |^{(4)}T_{μν} | << λ_45.

As in the 4D case we assume that

lim_{r→∞} K^2σ → 0

and that σ > |ϱ_r| > |ϱ_φ|. From the field equations we then have that Θ_1 and Θ_2 approach constant values k_1, k_2 as r → ∞. We then obtain from Eq.(32)

Θ̄_1 = 1 −4 ± √ 22 Θ̄_2, (34)

where we denote with Θ̄_1 and Θ̄_2 the asymptotic values. So we have for ∂_rĀ

∂_rĀ = ∂_rK̄ K̄(−4 ± √22) . (35)

The solutions for K̄ and Ā are then

K̄ = k_2r + a_2, Ā = ln(k^2r + a^2) −4 ± √ 22 + a_0, (36)

and the space time becomes

ds^2 = e^{a0} (k_2r + a_2)^{1−4±√22} [−dt^2 + dz^2] + dr^2 + e^{−2a0} (k_2r + a_2)^{2+ 24∓√22} dφ^2. (37)

Let us compare our relation Eq.(32) with the 4D counterpart of Eq.(A.16). The 4D solution k_1 = K̄∂_rĀ = 0 is no option here ( see Eq.(A.17)). We have now two possibilities for the asymptotic space time: both non- Kasner-like and non-conical.

Combined with the warp factor F (y), the space time Eq.(4) becomes

ds^2 = F (y) [ e^{a0} (k_2r + a_2)^{1.448}[−dt^2 + dz^2] + dr^2 + e^{−2a0} (k_2r + a_2)^{−0,897}dφ^2 ] + dy^2, (38) or ds^2 = F (y) [ e^{a0} (k_2r + a_2)^{−0.115}[−dt^2 + dz^2] + dr^2 + e^{−2a0} (k_2r + a_2)^{2.23}dφ^2 ] + dy^2, (39) with F (y) in the empty bulk situation given by Eq.(10) These solutions are in general un-physical. The behavior depends on the sign of^{k2}_{a2} . Under less restrictive conditions, for example, c_1 ≠ 8Λ_{ef f} and with special choices of the parameters, the numerical solutions show some regular behavior.

Now we can evaluate the angle deficit Eq.(30). We can make a linear combination of Eq.(26),(27) and (32) in order to isolate the term e^{−A}Kσ ( as in the 4D case):

Δθ = −2π ∫_∞ 0 e^{−A} [( 5 6 dΘ_2 dr − 1 3 dΘ_1 dr ) + 1 6 dΘ_2 dr − 2 3 dΘ_1 dr − Θ_1 K (Θ_2 − Θ_1) ] dr = −2π ∫_∞ 0 e^{−A} [ κ^2_4K(ϱ_r − σ) + 1 6 dΘ_2 dr − 2 3 dΘ_1 dr − Θ_1 K (Θ_2 − Θ_1) ] dr = 2πκ^2_4 ∫_∞ 0 e^{−A}Kσdr − 2π ∫_∞ 0 e^{−A} [ 1 K ( 2 3 Θ_1Θ_2 + 1 12 Θ^2 − 1 2 Θ^2_1 )

WARPED SELF-GRAVITATING U(1) GAUGE COSMIC STRINGS IN 5D 11 + 1 6 dΘ_2 dr − 2 3 dΘ_1 dr − Θ_1 K (Θ_2 − Θ_1) ] dr = 2πκ^2_4 ∫_∞ 0 e^{−A}Kσdr − 2π ∫_∞ 0 e^{−A} [ 1 K ( − 1 3 Θ_1Θ_2 + 1 12 Θ^2 + 1 2 Θ^2_1 )

+ 1 6 dΘ_2 dr − 2 3 dΘ_1 dr ] dr = 2πκ^2_4 ∫_∞ 0 e^{−A}Kσdr − 2π ∫_∞ 0 [ e−A K ( − 1 3 Θ_1Θ_2 + 1 12 Θ^2 + 1 2 Θ^2_1 )

+ 1 6 ( d dr (e^{−A}Θ_2) + e^{−A}Θ_1Θ_2 K ) − 2 3 ( d dr (e^{−A}Θ_1) + e^{−A}Θ^2_1 K )] dr = κ^2_4μ − 2π ∫_∞ 0 [ e−A K ( 2 3 Θ_1Θ_2 − 1 6 Θ^2_1 + 1 12 Θ^2 )

+ 1 6 d(e^{−A}Θ_2) dr − 2 3 d(e^{−A}Θ_1) dr ] dr.(40)

The first term is again the linear energy density of the string ( see Eq.(A.23)) and is of order η^2. The correction terms are in contrast with the 4D case, unbounded and will give chaotic results, as is seen in the numerical solutions of figure (5). Only for positive brane tension and negative bulk tension (the 5D brane-world preferred values) there seems to be a stable solution for e^{−A}K. However, this is not a ”classical” cosmic string situation.

5. Conclusions In earlier attempts17^,18^,19^,20, we tried to build a 5-dimensional cosmic string without a warp factor and investigated the causal structure. Here we considered on a warped 5D space time the ”classical” self-gravitating Nielsen-Olesen vortex. It seems possible that the absence of evidence of cosmic strings in observational data could be explained by our model, where the effective angle deficit resides in the bulk and not in the brane.

In the super-massive case of Laguna and Garfinkle13, i.e., where the linear mass per unit length Gμ >> 10^{−6}, a continuous transition occurs from a conical space time to a Kasner-type with a curvature singularity at finite distance of the core , when the energy scale of the symmetry breaking increases. Super-massive cosmic strings are however inconsistent with observation and would have to be formed before an inflationary era. In our induced brane space time we find a different result. On the brane, there is no conical space time measured far from the core of the string. The solutions don’t change significantly for increasing symmetry breaking scale η. We find an exact expression for the warp factor, which will warp down the found Kasner-like solutions.

The next step in evaluation of this model, will be the dynamical behavior of the brane, by solving the full time-dependent equations. This subject in under study by the authors.

12 REINOUD JAN SLAGTER and DERK MASSELINK

Acknowledgments

We are grateful to Professor Stanley Deser of Brandeis University at Waltham, for reading our manuscript.

Appendix A. Summary of the U(1)-gauge cosmic string in 4D

For the reader unfamiliar with cosmic strings, we will give a brief overview of the main features. It is believed that topological defects, remnants of phase transitions caused by spontaneously broken symmetry, hold the promise of finding a satisfactory model for the formation of the large scale structure of the galaxy distribution in our universe. Cosmic strings play a crucial role in these models. Apart from their possible astrophysical role, they are fascinating objects in their own right and can give rise to a rich variety of unusual physical phenomena such as the (2+1) dimensional spinning point source, which admits closed time like curves. See however22^,23. The book of A. Vilenkin and E. Shellard14 presents a fine complete overview of all the features of the cosmic string. The thickness of a cosmic string is η^{−1}, where η defines the energy scale of symmetry breaking. For GUT-scales, η ∼ 10^{16}GeV , leading to a thickness of δ ∼ 10^{−30}cm. However, in analyzing the properties of the string, one cannot neglect their thickness. When solving the coupled Einstein-scalar-gauge field equations, one finds that the space time outside the string exhibits an angle deficit, i.e., Minkowski minus a wedge and is of order Δθ ≈ κ^2_4μ , where μ is the linear energy density of the string.The ratio^μ_{η2} depends only on the ratio of the scalarand gauge masses. The Lagrangian is9 L = 1 2κ^2_4 R − 1 2 D_μΦ(D^μΦ)^∗ − V (| Φ |) − 1 4 F_{μν} F^{μν} , (A.1)

where D_μ ≡ ∇_μ + ieA_μ, F_{μν} = ∇_μA_ν − ∇_ν A_μ and V (Φ) =^β_8 (| Φ |^2 −η^2)^2 The field equations then become

G_{μν} = k^2_4 T_{μν} , (A.2)

D_μD^μΦ − 2 ∂V ∂Φ^∗ = 0, (A.3) and ∇^ν F_{μν} − 1 2 ie [ Φ(D_μΦ)^∗ − Φ^∗(D_μΦ) ] = 0, (A.4)

with T_{μν} the energy momentum tensor. Further, one has m^2_Φ = βη^2 and m^2_A = e^2η^2, so^{m2A}_{m2Φ} =^{e2}_β ≡ α. The scalar, gauge and gravitational fields take the form

Φ = Q(r)e^{iφ} A_μ = P (r) − 1 e ∇_μφ, (A.5)

ds^2 = e^{A(r)}(−dt^2 + dz^2) + dr^2 + K(r)^2e^{−2A(r)}dφ^2. (A.6)

WARPED SELF-GRAVITATING U(1) GAUGE COSMIC STRINGS IN 5D 13

If one re-scales Q ≡ ηX, r →^r_η^√_β and K →^K_η^√_β , then the radii of the core false vacuum and magnetic field tube are r_Φ ≈ 1, r^2_A ≈^1_α and one has only two free parameters α and η. The set of equations become

∂_{rr}K = 1 2 κ^2_4η^2 [ − 3 4 K(X^2 − 1)^2 − 2e^{2A}

X^2P^2 K + e^{2A} αK (∂_rP )^2 ] , (A.7)

∂_{rr}A + ∂_rA∂_rK K = κ^2_4η^2 [ e2A(∂_rP )2 αK^2 − 1 4 (X^2 − 1)^2 ] , (A.8)

∂_{rr}X = − ∂_rK∂_rX K + 1 2 X(X^2 − 1) +

XP^2e^{2A} K^2

, (A.9)

∂_{rr}P = −2∂_rP ∂_rA + ∂_rP ∂_rK K + αX^2P. (A.10)

There don’t exist a solution in closed form. A typical numerical solution is plotted in figures 6 and 7. We used a standard two-point boundary value program with initial and boundary conditions:

e^{A(0)} = 1, A_r(0), K(0) = 1, X(0) = 0, P (0) = 1, X(∞) = 1, P (∞) = 0. (A.11)

Fig. 6. Characteristic solution of X, P, A and e^{−A}K of the U(1) gauge string for η = 0.1, α = 0.25 using a ”shooting” method. The dashed line represents Minkowski space time.

Following Garfinkle10 one defines

Θ_1 ≡ K∂_rA Θ_2 ≡ ∂_rK, (A.12)

and the stress energy of the fields as

T_{μν} = σk̂_tk̂_t + ϱ_zk̂_zk̂_z + ϱ_φk̂φk̂φ + ϱ_rk̂_rk̂_r, (A.13)

with σ = −ϱ_z and where k̂_t = e^{A2} (^∂_{∂t} ), k̂_z = e^{A2} (^∂_{∂z} ), k̂_φ = Ke^{−A}(^∂_{∂φ} ), k̂_r = (^∂_{∂r} ) are the set of orthonormal vectors. The field equations Eq.(A.7) and (A8) can then be written as

∂_rΘ_1 = κ^2_4K(ϱ_φ + ϱ_r) ∂_rΘ_2 = 1 2 κ^2_4K(3ϱ_r + ϱ_φ − 2σ). (A.14)

14 REINOUD JAN SLAGTER and DERK MASSELINK

Fig. 7. Characteristic solution of the U(1) gauge string using a two point boundary routine for η = 0.07, α = 0.2 and κ_4 = √ 8π as in the Laguna Castillo-Matzner solution. We see an angle deficit in the graph of e^{−A}K. The dashed line represents Minkowski space time.

From the conservation of stress energy we obtain k̂_μ∇_ν T^{νμ} = ∇_ν (T^{νμ}k̂_μ) − T^{νμ}∇_νk̂_μ = ∂_r(Kϱ_r) − ϱ_φ∂_rK + (σ + ϱ_φ)K∂_rA = 0. (A.15)

One can then write the total derivative of a combination of Θ_i10as ∂_r [ Θ_1(Θ_2 − 3 4 Θ_1) ] = ∂_r [ k^2_4 K^2ϱ_r ] , (A.16)

where one uses Eq.(A.15) and the two field equations. If we assume that ∫_∞ 0 Kσdr converges and that

lim_{r→∞} K^2σ = 0,

which are fairly weak assumptions about the stress-energy and assuming suitable boundary condition at the axis, we then obtain from Eq.A.16)

k_1(k_2 − 3 4 k_1) = 0, (A.17)

where k_1 and k_2 are the asymptotic values of Θ_1 and Θ_2 respectively. One also uses the fact that σ > |ϱ_r|. The solution k_2 =^3_4 k_1 represents a Kasner-like solution14. For k_1 = 0 we then obtain ∂_rA = 0, ∂_rK = k_2. The asymptotic metric becomes

ds^2 = −e^{a0} (dt^2 − dz^2) + dr^2 + e^{−2a0} (k_2r + a_2)^2dφ^2, (A.18)

where a_0 and a_2 are integration constants. So the metric field K can be approximated for large r by (k_2r + a_2), where k_2 will be determined by the energy scale η and the ratio^{mA}_{mΦ} = √ α. This metric can be brought to Minkowski form by the change of variables

r^′ = r + a_2 k_2

, φ^′ = e^{−a0} k_2φ, t^′ = e^{a0/2}t, z^′ = e^{a0/2}z, (A.19)

WARPED SELF-GRAVITATING U(1) GAUGE COSMIC STRINGS IN 5D 15

where now φ^′ takes values 0 ≤ φ^′ ≤ 2πe^{−a0} k_2. So we have a Minkowski metric minus a wedge with angle deficit

Δθ = 2π(1 − e^{−a0} k_2). (A.20)

The angle deficit can we written as10

Δθ = 2π [ 1 − lim_{r→∞} d dr (e^{−A}K) ]

= κ^2_4 ∫_∞ 0 2πe^{−A}Kσdr + π 2 ∫_∞ 0 e^{−A}K (dA dr )_2 dr. (A.21) Or Δθ = κ^2_4μ + π 2 ∫_∞ 0 e^{−A}K (dA dr )_2

dr, (A.22)

with μ ∼ η^2 the linear energy density of the string μ ≡ 2π ∫_∞ 0 e^{−A}Kσdr, (A.23) and σ the (tt) component of the energy momentum tensor. The angle deficit will increase with the energy scale of symmetry breaking. Further,^μ_{μ0} ≈ (^{mA}_{mΦ} )^{−0.424} 24, where μ_0 is the energy scale for m_A = m_Φ.

For GUT scale, η ∼ 10^{16} GeV, so the mass per unit length is Gμ ∼ 10^{−6}. Numerical analysis of super massive cosmic strings13, where Gμ ≫ 10^{−6}, shows that the solution becomes singular at finite distance of the string or the angle deficit becomes greater than 2π.

Appendix B. References

References 1. N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, Phys. Lett. B 429 (1988) 26. 2. T. Shiromizu, K. Maeda and M. Sasaki, Preprint arXiv: gr-qc/9910076 (1999). 3. L. Randall and R. Sundrum, Phys. Rev. Lett. 83 (1999) 3370. 4. L. Randall and R. Sundrum, Phys. Rev. Lett. 83(1999) 4690. 5. R. Maartens Preprint arXiv: gr-qc/0312059 (2003). 6. R. Durrer, Preprint arXiv: hep-th/0507006 (2005). 7. K. Aoyanagi and K. Maeda, Preprint arXiv: hep-th/0602149 (2006). 8. W. D. Goldberger and M. B. Wise,Preprint arXiv: hep-ph/9907447 (1999). 9. P. Laguna-Castillo and R. A. Matzner, Phys. Rev. D 36,12 (1987) 3663. 10. D. Garfinkle, Phys. Rev. D 32,6 (1985) 1323.

11. M. Bojowald,Canonical Gravity and Applications, 1st edn. (Cambridge University Press, Cambridge, 2011).

12. C. Dyer and F. Marleau F, Phys. Rev. D 52, 10 (1995) 5588. 13. P. Laguna and D. Garfinkle,Phys. Rev. D 40(1989) 1011.

14. A. Vilenkin and E. P. S. Shellard, Cosmic Strings and Other Topological Defects, eds.

P. V. Landshoff, D. R. Nelson, D. W. Sciama and S. Weinberg (Cambridge University Press, Cambridge, 1994).

15. A. Vilenkin, Phys. Rev. D 23(1981) 852.

August 1, 2012 3:24 WSPC/INSTRUCTION FILE slagtfinal

16 REINOUD JAN SLAGTER and DERK MASSELINK

16. L. H. Ford and A. Vilenkin, J. Phys. A: Math. Gen. 14(1981) 2353. 17. R. J. Slagter, in proc. XI Conference Marcel Grossmann Meeting on General Relativity, Berlin ed. R. Ruffini ( World Scientific, Singapore, 2006), p.

18. R. J. Slagter, Int.J.Mod.Phys. D 18(2008) 613.

19. R. J. Slagter, in proc. The Invisible Universe, Paris ed. J. M. Alimi (American Institute of Physics, 2009), p.

20. R. J. Slagter and D. Masselink, Preprint arXiv: gr-qc/11110026 (2011). 21. R. Gregory, Preprint arXiv: hep-th/9911015v2 (2008). 22. S. Deser and R. Jackiw, Ann.Phys. 152 (1984) 220. 23. S. Deser, R. Jackiw and G. ’t Hooft, Phys. Rev. Lett. 68 (1992) 267. 24. L. Jacobs and C. Rebbi, Phys. Rev. D 19 (1979) 4486.