arXiv:1202.4551v1 [nucl-th] 21 Feb 2012

Derivation of transient relativistic fluid dynamics from the Boltzmann equation

G. S. Denicol^a, H. Niemi^{b,c}, E. Molnár^{b,d}, and D. H. Rischke^{a,b} aInstitut für Theoretische Physik, Johann Wolfgang Goethe-Universität, Max-von-Laue-Str. 1, D-60438 Frankfurt am Main, Germany bFrankfurt Institute for Advanced Studies, Ruth-Moufang-Str. 1, D-60438 Frankfurt am Main, Germany cDepartment of Physics, P.O. Box 35 (YFL) FI-40014 University of Jyväskylä, Finland and dMTA Wigner Research Centre for Physics, H-1525 Budapest, P.O.Box 49, Hungary (Dated: February 22, 2012)

In this work we present a general derivation of relativistic fluid dynamics from the Boltzmann equation using the method of moments. The main difference between our approach and the traditional 14-moment approximation is that we will not close the fluid-dynamical equations of motion by truncating the expansion of the distribution function. Instead, we keep all terms in the moment expansion. The reduction of the degrees of freedom is done by identifying the microscopic time scales of the Boltzmann equation and considering only the slowest ones. In addition, the equations of motion for the dissipative quantities are truncated according to a systematic power-counting scheme in Knudsen and inverse Reynolds number. We conclude that the equations of motion can be closed in terms of only 14 dynamical variables, as long as we only keep terms of second order in Knudsen and/or inverse Reynolds number. We show that, even though the equations of motion are closed in terms of these 14 fields, the transport coefficients carry information about all the moments of the distribution function. In this way, we can show that the particle-diffusion and shear-viscosity coefficients agree with the values given by the Chapman-Enskog expansion.

PACS numbers:

I. INTRODUCTION

Relativistic fluid dynamics is an effective theory to describe the long-distance, long-time dynamics of macroscopic systems, with important applications in relativistic heavy-ion collisions and astrophysics [1]. Relativistic fluid dynamics describes the conservation of (net) particle number and energy-momentum,

∂_μN^μ = 0 , ∂_μT^{μν} = 0 . (1)

In general, these five equations contain 14 unknown fields, the four components of the particle 4-current N^μ and the ten components of the (symmetric) energy-momentum tensor T^{μν} . Thus, these equations are not closed and one needs to specify nine additional equations of motion to solve them. The coefficients in the equations of motion (equation of state, transport coefficients, etc.) must be determined by matching fluid dynamics to the underlying microscopic theory. In the case of dilute gases, this is the Boltzmann equation.

There are two widespread methods to provide additional equations of motion from the Boltzmann equation: the Chapman-Enskog expansion and the method of moments. In the Chapman-Enskog expansion [2], the corrections to the single-particle distribution function in local equilibrium are assumed to be functions of the five traditional fluid-dynamical variables, temperature, chemical potential, and the three components of the fluid-velocity field, as well as gradients thereof. The corrections are systematically arranged in terms of an expansion in powers of the Knudsen number, given by the ratio of the mean-free path of the particles and a characteristic macroscopic length scale. As is well-known, the first-order truncation of the expansion leads to Navier-Stokes theory. Keeping second and higher-order terms one obtains the Burnett and super-Burnett equations, respectively [3]. However, it has been shown that the Burnett equations suffer from the so-called Bobylev instability [4]. In the relativistic case, even the first-order equations, i.e., the relativistic generalization of the Navier-Stokes equations, are unstable [5].

Therefore, the relativistic extension of Chapman-Enskog theory should not be applied to derive the equations of relativistic fluid dynamics from kinetic theory. On the other hand, the method of moments [6] avoids the above mentioned problems. The method of moments was first developed by Grad [7] for non-relativistic systems. In Grad’s original work, the single-particle distribution function is expanded around its local equilibrium value in terms of a complete set of Hermite polynomials [8]. This expansion is truncated and the distribution function is finally expressed in terms of 13 fluid-dynamical variables: the velocity field, the temperature, the chemical potential, the heat-conduction current, and the shear-stress tensor. In this case the heat-conduction current and shear-stress tensor become independent dynamical variables which satisfy partial differential equations that describe their relaxation towards their respective Navier-Stokes values. Grad’s method is usually considered to be independent of the Chapman- Enskog expansion. However, we emphasize that Burnett-type equations can be obtained as the solution of Grad’s equations in the long-time limit [9, 10].

Nevertheless, Grad’s method has one major drawback: unlike the Chapman-Enskog expansion it lacks a small parameter, such as the Knudsen number, in which one can do power-counting and thus systematically improve the approximation [11]. This deficiency, together with the bad performance of Grad’s method in comparison to microscopic calculations [12], have led researchers to abandon this approach for some time. However, recently a lot of effort has been made to reformulate the method of moments into a more reliable tool to describe nonequilibrium phenomena for large Knudsen numbers [12]. For instance, in Ref. [13] Grad’s equations were regularized to have a wider domain of validity in Knudsen number and then shown to be in good agreement with microscopic calculations. Such approaches, however, were only formulated for non-relativistic systems.

The generalization of Grad’s method of moments to relativistic systems has been pursued by several authors [14]. The most widely employed approach is due to Israel and Stewart [15]. Here, the distribution function is expanded around its local equilibrium value in terms of a series of (reducible) Lorentz tensors formed of particle 4-momentum k^μ, i.e., 1, k^μ, k^μk^ν , . . .. In Israel and Stewart’s 14-moment approximation one truncates the expansion at second order in momentum, i.e., one only keeps the tensors 1, k^μ, and k^μk^ν , with 14 unknown coefficients (the trace of k^μk^ν is equal to m^2, the rest mass of the particles) to describe the distribution function. The coefficients of the truncated expansion can then be uniquely related to the 14 components of the particle 4-current, N^μ, and the energy-momentum tensor, T^{μν} , the so-called matching procedure. While particle and energy-momentum conservation (1) are obtained from the zeroth and the first moment of the Boltzmann equation, the additional nine equations of motion follow from the second moment of the Boltzmann equation. However, Israel and Stewart’s theory shares the same problems of Grad’s original approach: it lacks a parameter in which one can do systematic power-counting of corrections to the local equilibrium distribution function.

It was recently confirmed that, at least for some special problems, the Israel-Stewart equations [15] are not in good agreement with the numerical solution of the Boltzmann equation [16, 17]. Initial attempts to improve Israel and Stewart’s theory were already made in Refs. [18–20], but Israel and Stewart’s 14-moment approximation was still used. In this paper we demonstrate that Israel-Stewart theory, as well as all previous attempts to improve it are actually incomplete. The reason is that the 14-moment approximation neglects infinitely many terms of first order in the Knudsen number. In our approach all terms of the moment expansion are included and the exact equations of motion for these moments are derived. These exact equations still contain the degrees of freedom and microscopic time scales of the Boltzmann equation. We prove that, in order to derive a causal dynamical equation for a given dissipative current, it is necessary to resolve at least the slowest corresponding microscopic time scale arising from the Boltzmann equation, in agreement with the results of Ref. [10]. Unlike in Israel-Stewart theory, the truncation of the resulting equations of motion in terms of only 14 dynamical variables is then implemented by a systematic power-counting scheme in Knudsen number, Kn, and in the ratios, R^{−1}_Π ≡ |Π| /P_0, R^{−1}_n ≡ |n^μ| /n_0, R^{−1}_π ≡ |π^{μν} | /P_0, where Π is the bulk viscous pressure, n^μ is the particle-diffusion current, π^{μν} is the shear-stress tensor, and P_0 and n_0 are the pressure and the particle density in local equilibrium, respectively. The ratio R^{−1}_π is related to the inverse Reynolds number in non-relativistic situations. We shall in somewhat loose terminology refer to all of them as “inverse Reynolds numbers” in the following. The resulting fluid-dynamical equations and coefficients are different from the ones obtained via the 14-moment approximation. We calculate the numerical values of the coefficients for a massless classical gas. We show that our values for the heat-conductivity and shear-viscosity coefficient agree with the ones calculated via Chapman-Enskog theory [6].

This paper is organized as follows. In Sec. II we review how fluid-dynamical variables are extracted from the Boltzmann equation. In Sec. III we demonstrate how to expand the single-particle distribution function in terms of a complete, orthogonal basis in momentum space. In contrast to Israel and Stewart’s non-orthogonal basis 1, k^μ, k^μk^ν , . . ., our approach uses irreducible tensors in 4-momentum k^μ, and is thus orthogonal. The coefficients of the irreducible tensors in the expansion of the single-particle distribution function are orthogonal polynomials in the rest-frame energy and moments of the correction to the equilibrium distribution function. Section IV derives an infinite set of equations for these moments, which is still completely equivalent to the Boltzmann equation. In Sec. V we introduce our power-counting scheme in terms of Knudsen and inverse Reynolds numbers. Then, by diagonalizing the linear part of the set of moment equations, we demonstrate how to identify the slowest microscopic time scale of the Boltzmann equation for each dissipative current. We shall derive dynamical equations for the slowest modes, but approximate faster modes by their asymptotic solution for long times. This will then lead, in Sec. VI, to the complete set of fluid-dynamical equations which contains all terms up to second order in Knudsen and inverse Reynolds numbers, i.e., O(Kn^2, R^{−1}_i R^{−1}_j , Kn R^{−1}_i ). In Sec. VII we first demonstrate the validity of our approach by restricting the calculation to the 14-moment approximation and recovering the results of Ref. [20] for the transport coefficients for the case of an ultrarelativistic, classical gas with constant cross section. We then show how to successively improve the expression for the transport coefficients by extending the number of moments to 14+9×n. We explicitly study the cases n = 1, 2, and 3. We end this work with a discussion and conclusions in Sec. VIII. Various appendices contain intermediate steps of our calculations. We use natural units ℏ = c = k_B = 1. The metric tensor is g_{μν} = diag (+, −, −, −).

II. FLUID-DYNAMICAL VARIABLES FROM THE BOLTZMANN EQUATION

We start with the relativistic Boltzmann equation,

k^μ∂_μf_k = C [f] , (2)

where k^μ = (k^0, k), with k^0 = √ k^2 + m^2 and m being the mass of the particles. For the collision term, we consider only elastic two-to-two collisions with incoming momenta k, k^′, and outgoing momenta p, p^′,

C [f] = 1 ν ∫ dK^′dP dP^′W_{kk′→pp′} ( f_pf_p′f̃_kf̃_k′ − f_kf_k′f̃_pf̃_p′ ) , (3)

where ν is a symmetry factor (= 2 for identical particles), W_{kk′→pp′} is the Lorentz-invariant transition rate, and dK ≡ gd^3k/ [ (2π)^3k^0 ] is the Lorentz-invariant momentum-space volume, with g being the number of internal degrees of freedom. We introduced the notation f̃_k ≡ 1 − af_k, where a = 1 (a = −1) for fermions (bosons) and a = 0 for a classical gas.

In kinetic theory, the conserved particle current N^μ and the energy-momentum tensor T^{μν} are expressed as moments of the single-particle distribution function,

N^μ = ⟨k^μ⟩ , T^{μν} = ⟨k^μk^ν ⟩ , (4)

where we adopted the following notation: ⟨· · · ⟩ ≡ ∫ dK (· · · ) f_k . (5)

The particle current and the energy-momentum tensor can be tensor-decomposed with respect to the fluid 4-velocity u^μ. To this end, we have to specify the rest frame of the fluid. We introduce u^μ as a time-like, normalized (u_μu^μ = 1) eigenvector of the energy-momentum tensor,

T^{μν} u_ν = εu^μ, (6)

where the eigenvalue ε is the energy density, i.e., we work in the Landau frame [21]. Next, we divide the momentum of the particles k^μ into two parts: one parallel and one orthogonal to u^μ,

k^μ = E_ku^μ + k^{⟨μ⟩} , (7)

where we defined the scalar E_k ≡ u_μk^μ ≡ u · k and used the notation A^{⟨μ⟩} = Δ^μ_ν A^ν , with Δ^{μν} = g^{μν} − u^μu^ν being the projection operator onto the 3-space orthogonal to u^μ.

Then, the tensor decomposition of N^μ and T^{μν} reads

N^μ = nu^μ + n^μ, T^{μν} = ε u^μu^ν − Δ^{μν} (P_0 + Π) + π^{μν} , (8)

where the particle density n, the particle-diffusion current n^μ, the energy density ε, the shear-stress tensor π^{μν} , and the sum of thermodynamic pressure, P_0, and bulk viscous pressure, Π, are defined by n ≡ ⟨E_k⟩ , n^μ ≡ ⟨ k^{⟨μ⟩} ⟩ , ε ≡ ⟨ E^2_k ⟩ , π^{μν} ≡ ⟨ k^{⟨μ} k^{ν⟩} ⟩ , P_0 + Π ≡ − 1 3 ⟨Δ^{μν} k_μk_ν ⟩ , (9)

where A^{⟨μν⟩} ≡ Δ^{μν}_{αβ} A^{αβ} and Δ^{μν}_{αβ} ≡ [Δ^μ_αΔ^ν_β + Δ^ν_αΔ^μ_β − (2/3) Δ^{μν} Δ_{αβ} ]/2 denotes a projector onto that part of a rank-2 tensor, which is symmetric, orthogonal to u^μ, and traceless.

Next, we introduce the local-equilibrium distribution function as f_{0k} = [exp (β_0 E_k − α_0) + a]^{−1}, where β_0 and α_0 are the inverse temperature and the ratio of the chemical potential to temperature, respectively. The values of α_0 and β_0 are determined by the matching conditions,

n ≡ n_0 = ⟨E_k⟩_0, ε ≡ ε_0 = ⟨ E^2_k ⟩ 0 , (10)

where ⟨· · · ⟩_0 ≡ ∫ dK (· · · ) f_{0k} . (11)

Then, the separation between thermodynamic pressure and bulk viscous pressure is achieved as P_0 = − ⟨Δ^{μν} k_μk_ν ⟩_0 /3 and Π = − ⟨Δ^{μν} k_μk_ν ⟩_δ /3, where ⟨· · · ⟩_δ = ⟨· · · ⟩ − ⟨· · · ⟩_0 . (12) The fluid-dynamical conservation laws (1) are equations of motion for n, ε, and u^μ, hence one needs nine additional equations to determine the dissipative corrections Π, n^μ, and π^{μν} . In the following, we shall use the method of moments to derive these equations.

III. EXPANSION OF THE SINGLE-PARTICLE DISTRIBUTION FUNCTION IN TERMS OF IRREDUCIBLE TENSORS

In this section, we expand the single-particle distribution f_k in terms of irreducible tensors. It is convenient to factorize the local-equilibrium distribution function f_{0k} from f_k,

f_k = f_{0k} ( 1 + f̃_{0k}ϕ_k ) , (13)

where ϕ_k represents the deviation from local equilibrium and is a function of x^μ and k^μ, which is ultimately determined by the solution of the Boltzmann equation (2).

The next step is to expand ϕ_k in terms of a complete basis of tensors formed of k^μ and E_k. As mentioned in the introduction, Israel and Stewart chose the following basis to expand ϕ_k: 1, k^μ, k^μk^ν , k^μk^ν k^λ, . . ., and then truncated the expansion after the second-rank tensor k^μk^ν , that is ϕ_k = ϵ_k + ϵ^μ_kk_μ + ϵ^{μν}_k k_μk_ν , where ϵ_k, ϵ^μ_k, ϵ^{μν}_k are the expansion coefficients [15]. Note that these tensors are not irreducible with respect to Lorentz transformations Λ^μ_ν that leave the fluid 4-velocity u^μ invariant, Λ^μ_ν u^ν = u^μ. As a consequence, they are also not orthogonal, see Chapter VI, Sec. 2a of Ref. [6]. Therefore, the expansion coefficients cannot be straightforwardly obtained: in a non-orthogonal basis, this requires in general the inversion of an infinite-dimensional matrix. Also, this implies that the exact form of the expansion coefficients cannot be obtained once the expansion is truncated. Therefore, the approach of Israel and Stewart does not provide the complete expressions for the expansion coefficients.

In order to avoid such problems, we expand ϕ_k using the irreducible tensors, 1 , k^{⟨μ⟩} , k^{⟨μ} k^{ν⟩} , k^{⟨μ} k^ν k^{λ⟩} , . . . , (14) as a basis. It should be emphasized that these tensors form a complete and orthogonal set, analogous to the spherical harmonics [22]. These irreducible tensors are defined by using the symmetrized and, for m > 1 traceless, projection orthogonal to u^μ as A^{⟨μ1 ···μm⟩} ≡ Δ^{μ1 ···μm}_{ν1 ···νm} A^{ν1 ···νm} , (15) where the projectors Δ^{μ1 ···μm}_{ν1 ···νm} are defined in Ref. [6], see Appendix F for details. In order to obtain the irreducible tensors (14), we apply the projection (15) to A^{ν1 ···νm} ≡ k^{ν1} · · · k^{νm} . The tensors (14) satisfy an orthogonality condition, ∫ dK F_k k^{⟨μ1} · · · k^{μm ⟩} k_{⟨ν1} · · · k_{νn⟩} = m! δ_{mn} (2m + 1)!! Δ^{μ1···μm} ν_1···ν_m ∫ dK F_k ( Δ^{αβ} k_αk_β )_m , (16)

where n, m = 0, 1, 2, . . ., F_k is an arbitrary function of E_k and δ_{mn} denotes the Kronecker-delta. Using the basis (14), ϕ_k can be expanded as

ϕ_k = ∞∑ ℓ=0 λ^{⟨μ1 ···μℓ⟩} k k_{⟨μ1} · · · k_{μℓ⟩} . (17)

The index ℓ indicates the rank of the tensor λ^{⟨μ1 ···μℓ⟩}_k and ℓ = 0 corresponds to the scalar λ. The coefficients λ^{⟨μ1 ···μℓ⟩}_k are complicated functions of E_k and are further expanded in terms of an orthogonal basis of functions P^{(ℓ)}_{kn} , λ^{⟨μ1 ···μℓ⟩} k = N_ℓ∑

n=0 c^{⟨μ1···μℓ ⟩} n P^{(ℓ)}_{kn} , (18)

where N_ℓ is the number of functions P^{(ℓ)}_{kn} considered to describe the ℓ-th rank tensor λ^{⟨μ1···μℓ⟩}_k . In principle, N_ℓ should be infinite, however in practice, the expansion (18) must be truncated and N_ℓ characterizes the truncation order. The function P^{(ℓ)}_{kn} are chosen to be polynomials of order n in energy, E_k,

P^{(ℓ)}_{kn} = n∑ r=0 a^{(ℓ)}_{nr} E^r_k , (19)

which are constructed to satisfy the orthonormality condition ∫ dK ω^{(ℓ)} P^{(ℓ)}_{km}P^{(ℓ)}_{kn} = δ_{mn}, (20) where ω^{(ℓ)} is defined as

ω^{(ℓ)} ≡

W^{(ℓ)} (2ℓ + 1)!! ( Δ^{αβ} k_αk_β )_ℓ f_{0k}f̃_{0k} . (21)

The coefficients a^{(ℓ)}_{nr} and the normalization constants W^{(ℓ)} can be found via Gram-Schmidt orthogonalization using the orthonormality condition (20), see Appendix E for details. We note that, in the limit of massless, classical particles, the polynomials P^{(ℓ)}_{kn} correspond to the associated Laguerre polynomials.

Since the expansion (17) employs an orthogonal basis, the expansion coefficients in Eq. (18) can be immediately determined using Eqs. (16) and (20). For n ≤ N_ℓ they are given by c^{⟨μ1 ···μℓ⟩} n = W^{(ℓ)} ℓ! ⟨ P^{(ℓ)}_{kn} k^{⟨μ1} · · · k^{μℓ⟩} ⟩ δ . (22)

For the sake of later convenience, these expansion coefficients are re-expressed as linear combinations of irreducible moments of δf_k ≡ f_k − f_{0k}, ρ^{μ1 ···μℓ} n ≡ ⟨ E^n_k k^{⟨μ1} · · · k^{μℓ⟩} ⟩ δ , (23)

such that λ^{⟨μ1···μℓ⟩} k = N_ℓ∑

n=0 H^{(ℓ)}_{kn}ρ^{μ1 ···μℓ} n , (24)

where we defined the energy-dependent coefficients

H^{(ℓ)}_{kn} ≡

W^{(ℓ)} ℓ! N_ℓ∑

m=n a^{(ℓ)}_{mn}P^{(ℓ)}_{km} . (25)

Consequently, the distribution function itself can be expressed as a series in the irreducible moments (23) of δf_k,

f_k = f_{0k} + f_{0k}f̃_{0k} ∞∑ ℓ=0

N_ℓ∑

n=0 H^{(ℓ)}_{kn}ρ^{μ1···μℓ} n k_{⟨μ1} · · · k_{μℓ⟩} . (26) We remark that the matching conditions and the definition of the velocity field imply that ρ_1 = ρ_2 = ρ^μ_1 = 0.

IV. GENERAL EQUATIONS OF MOTION

The time-evolution equations for the moments ρ^{μ1···μℓ}_r can be obtained directly from the Boltzmann equation by applying the comoving derivative to the definition (23), together with the symmetrized traceless projection, ρ̇^{⟨μ1 ···μℓ⟩} r = Δ^{μ1 ···μℓ}_{ν1 ···νℓ} d dτ ∫ dKE^r_kk^{⟨ν1} · · · k^{νℓ⟩}δf_k, (27) where Ȧ ≡ u^μ∂_μA ≡ dA/dτ and ρ̇^{⟨μ1 ···μℓ ⟩}_r ≡ Δ^{μ1 ···μℓ}_{ν1 ···νℓ} ρ̇^{ν1···νℓ}_r . Using the Boltzmann equation (2) in the form

δḟ_k = −ḟ_{0k} − E^{−1}_k k_ν ∇^ν f_{0k} − E^{−1}_k k_ν ∇^ν δf_k + E^{−1}_k C [f] , (28)

where ∇_μ = Δ^ν_μ∂_ν , and substituting this expression into Eq. (27), one can obtain the exact equations for the comoving derivatives of ρ^{μ1 ···μl}_r .

Using the power-counting scheme developed in Sec. V, we will show that, in order to derive the equations of motion for relativistic fluid dynamics, it is sufficient to know the time-evolution equations for the moments (23) up to rank two, i.e., for ρ_r, ρ^μ_r , and ρ^{μν}_r . Similar equations could also be derived for higher-rank irreducible moments, if needed.

Thus, using Eqs. (27) and (28), we obtain

ρ̇_r − C_{r−1} = α^{(0)}_r θ − G_{2r} D_{20}

Πθ + G_{2r} D_{20} π^{μν} σ_{μν} + G_{3r} D_{20} ∂_μn^μ + (r − 1) ρ^{μν}_{r−2}σ_{μν} + rρ^μ_{r−1}u̇_μ − ∇_μρ^μ_{r−1} − 1 3 [ (r + 2) ρ_r − (r − 1) m^2ρ_{r−2} ] θ, (29)

ρ̇^{⟨μ⟩}_r − C^{⟨μ⟩}_{r−1} = α^{(1)}_r I^μ + ρ^ν_r ω^μ_ν + 1 3 [ (r − 1) m^2ρ^μ_{r−2} − (r + 3) ρ^μ_r ] θ − Δ^μ_λ∇_ν ρ^{λν}_{r−1} + rρ^{μν}_{r−1}u̇_ν + 1 5 [ (2r − 2) m^2ρ^ν_{r−2} − (2r + 3) ρ^ν_r ] σ^μ_ν + 1 3 [ m^2rρ_{r−1} − (r + 3) ρ_{r+1} ] u̇^μ + β_0J_{r+2,1} ε_0 + P_0 ( Πu̇^μ − ∇^μΠ + Δ^μ_ν ∂_λπ^{λν} ) − 1 3 ∇^μ ( m^2ρ_{r−1} − ρ_{r+1} ) + (r − 1) ρ^{μνλ}_{r−2}σ_{λν} , (30) ρ̇^{⟨μν⟩}_r − C^{⟨μν⟩}_{r−1} = 2α^{(2)}_r σ^{μν} − 2 7 [ (2r + 5) ρ^{λ⟨μ}_r − m^22 (r − 1) ρ^{λ⟨μ}_{r−2} ] σ^{ν⟩}_λ + 2ρ^{λ⟨μ}_r ω^{ν⟩}_λ + 2 15 [ (r + 4) ρ_{r+2} − (2r + 3) m^2ρ_r + (r − 1) m^4ρ_{r−2} ] σ^{μν} + 2 5 ∇^{⟨μ} ( ρ^{ν⟩}_{r+1} − m^2ρ^{ν⟩}_{r−1} )

− 2 5 [ (r + 5) ρ^{⟨μ}_{r+1} − rm^2ρ^{⟨μ}_{r−1} ] u̇^{ν⟩} − 1 3 [ (r + 4) ρ^{μν}_r − m^2 (r − 1) ρ^{μν}_{r−2} ] θ + (r − 1) ρ^{μνλρ}_{r−2} σ_{λρ} − Δ^{μν}_{αβ} ∇_λρ^{αβλ}_{r−1} + rρ^{μνλ}_{r−1}u̇_λ , (31) where we introduced the generalized irreducible collision terms C^{⟨μ1 ···μℓ ⟩} r = ∫ dKE^r_kk^{⟨μ1} · · · k^{μℓ⟩}C [f] . (32) We further defined the shear tensor σ^{μν} ≡ ∇^{⟨μ} u^{ν⟩}, the expansion scalar θ ≡ ∇_μu^μ, the vorticity tensor ω^{μν} ≡ (∇^μu^ν − ∇^ν u^μ) /2 and introduced I^μ = ∇^μα_0. All comoving derivatives of α_0 and β_0 that appeared during the derivation of the above equations were replaced using the exact equations obtained from the conservation laws of particle number, energy, and momentum,

α̇_0 = 1 D_{20}

{−J_{30} (n_0θ + ∂_μn^μ) + J_{20} [(ε_0 + P_0 + Π) θ − π^{μν} σ_{μν} ]} , (33)

β̇_0 = 1

D_{20}

{−J_{20} (n_0θ + ∂_μn^μ) + J_{10} [(ε_0 + P_0 + Π) θ − π^{μν} σ_{μν} ]} , (34)

u̇^μ = 1 ε_0 + P_0 ( ∇^μP_0 − Πu̇^μ + ∇^μΠ − Δ^μ_α∂_β π^{αβ} ) . (35)

The coefficients α^{(0)}_r , α^{(1)}_r , and α^{(2)}_r are functions of temperature and chemical potential and have the general form,

α^{(0)}_r = (1 − r) I_{r1} − I_{r0} − 1 D_{20}

[G_{2r} (ε_0 + P_0) − G_{3r}n_0] , (36)

α^{(1)}_r = J_{r+1,1} − n_0 ε_0 + P_0

J_{r+2,1}, (37)

α^{(2)}_r = I_{r+2,1} + (r − 1) I_{r+2,2} , (38)

where we defined the thermodynamic functions

I_{nq} (α_0, β_0) = 1 (2q + 1)!! ⟨ E^{n−2q}_k ( −Δ^{αβ} k_αk_β )_q⟩ 0 , J_{nq} = ∂I_{nq} ∂α_0 | | | |_{β0} , (39)

G_{nm} = J_{n0}J_{m0} − J_{n−1,0}J_{m+1,0} , D_{nq} = J_{n+1,q}J_{n−1,q} − J^2_{nq} . (40)

The dissipative quantities appearing in the conservation laws can be (exactly) identified with the moments

ρ_0 = − 3 m^2

Π , ρ^μ_0 = n^μ , ρ^{μν}_0 = π^{μν} . (41)

We note that the derivation of these general equations of motion is independent of the form of the expansion of the single-particle distribution we introduced in the previous section.

V. POWER COUNTING AND THE REDUCTION OF DYNAMICAL VARIABLES

So far, we have derived a general expansion of the distribution function in terms of the irreducible moments of δf_k, as well as exact equations of motion for these moments. There is an infinite number of equations (labeled by the index r), and the equations for the moments up to rank two, Eqs. (29) – (31), contain moments of rank higher than two. In general, one would have to solve this infinite set of coupled equations in order to determine the time evolution of the system. However, in the fluid-dynamical limit, it is expected that the macroscopic dynamics of a given system simplifies, and therefore it can be described by the conserved currents N^μ and T^{μν} alone.

From the kinetic point of view, it is usually assumed that the validity of the fluid-dynamical limit can be quantified by the Knudsen number,

Kn ≡ ℓ_{micr} L_{macr}

, (42)

where ℓ_{micr} and L_{macr} are typical microscopic and macroscopic length or time scales of the system, respectively. The relevant macroscopic scales are usually estimated from the gradients of fluid-dynamical quantities, while the microscopic scales are of the order of the mean-free path or time between collisions. It is generally assumed that when there is a clear separation of the microscopic and macroscopic scales, i.e., when Kn ≪ 1, the microscopic details can be safely integrated out and the dynamics of the system can be described using only a few macroscopic fields.

Furthermore, we also expect fluid dynamics to be valid near local thermal equilibrium, i.e., when δf_k ≪ f_{0k}. We can quantify the deviation from equilibrium in terms of the macroscopic variables by defining a set of ratios of dissipative quantities to the equilibrium pressure or density. These can be understood as generalizations of the inverse Reynolds number and will be denoted as

R^{−1}_Π ≡ |Π| P_0

, R^{−1}_n ≡ |n^μ| n_0

, R^{−1}_π ≡ |π^{μν} | P_0

. (43)

Since the non-equilibrium moments are integrals of δf_k while the equilibrium pressure and particle density are integrals over the equilibrium distribution function f_{0k}, these ratios quantify the deviations from equilibrium.

With this in mind, it is clear that these two measures, the Knudsen number and the inverse Reynolds number, can be used to quantify the proximity of the system to the fluid-dynamical limit. In general, these two measures are independent of each other, e.g. a system can be initialized in such way that the Knudsen number is large, but the inverse Reynolds number is small or vice versa. When deriving transient fluid dynamics, one should not a priori assume that Kn ∼ R^{−1}_i : while the Reynolds and Knudsen numbers are certainly related, their relation is in principle dynamical and is precisely what we aim to find. Only for asymptotically long times, the solutions of the dynamical equations yield Kn ∼ R^{−1}_i , as will be discussed in more detail below.

In the traditional 14-moment approximation introduced by Israel and Stewart [15], the fluid-dynamical limit is implemented by a truncation of the expansion of the distribution function, which corresponds neither to a truncation in Knudsen nor in inverse Reynolds number. In this sense, the domain of validity of the equations of motion obtained via the traditional 14-moment approximation is not clear, because it is not possible to determine the order of the terms that were neglected. In order to obtain a closed set of macroscopic equations with a clear domain of validity in both Kn and R^{−1}_i , another truncation procedure is necessary. The derivation of this is the main purpose of this section.

First, we re-write the collision terms C^{⟨μ1···μℓ⟩}_{r−1} by linearizing the collision operator C[f] in the deviations from the equilibrium distribution functions. We then use the moment expansion (26) to obtain C^{⟨μ1 ...μℓ ⟩} r−1 = − N_ℓ∑

n=0 A^{(ℓ)}_{rn} ρ^{μ1···μℓ} n + (terms nonlinear in δf) , (44)

where

A^{(ℓ)}_{rn} = 1 ν (2ℓ + 1) ∫ dKdK^′dP dP^′W_{kk′→pp′}f_{0k}f_{0k′}f̃_{0p}f̃_{0p′} × E^{r−1}_k k^{⟨ν1} · · · k^{νℓ⟩} ( H^{(ℓ)}_{kn}k_{⟨ν1} · · · k_{νℓ ⟩} + H^{(ℓ)}_k′_nk^′_{⟨ν1} · · · k^′_{νℓ ⟩} − H^{(ℓ)}_{pn}p_{⟨ν1} · · · p_{νℓ⟩} − H^{(ℓ)}_p′_np^′_{⟨ν1} · · · p^′_{νℓ⟩} ) . (45)

The details of the derivation are relegated to Appendix A. The coefficient A^{(ℓ)}_{rn} is the (rn) element of an (N_ℓ + 1) × (N_ℓ + 1) matrix A^{(ℓ)} and contains all the information of the underlying microscopic theory. We remark that, for ℓ = 0, the second and third rows and columns (r, n = 1, 2) and, for ℓ = 1, the second row and column (r, n = 1) are zero, because the moments ρ_1, ρ_2, and ρ^μ_1 vanish due to the definition of the velocity field and the matching conditions, Eqs. (6) and (10). Therefore, in order to invert A^{(ℓ)}, for ℓ = 0, we have to exclude the second and third rows and columns and, for ℓ = 1, the second row and column.

As already mentioned, fluid dynamics is expected to emerge when the microscopic degrees of freedom are integrated out, and the system can be described solely by the conserved currents. The exact equations of motion (29) – (31) contain infinitely many degrees of freedom, given by the irreducible moments of the distribution function, and also infinitely many microscopic time scales, related to the coefficients A^{(ℓ)}_{rn} . As was argued in Ref. [10], the slowest microscopic time scale should dominate the dynamics at long times, i.e., in the fluid-dynamical limit. In order to extract the relevant relaxation scales, we have to determine the normal modes of Eqs. (29) – (31), i.e., we diagonalize the part which is linear in the irreducible moments ρ^{μ1 ···μℓ}_r . These are the linear terms on the left-hand sides arising from Eq. (44) and the first terms on the right-hand sides. The nonlinear terms from Eq. (44) as well as the remaining terms on the right-hand sides, which are nonlinear in the moments or are gradients of moments, are not considered in the diagonalization procedure. Identifying and separating the microscopic time scales of the Boltzmann equation is also the basic step for obtaining general relations between the irreducible moments and the dissipative currents and, as we shall see, closing the equations of motion in terms of N^μ and T^{μν} .

For this purpose, we shall introduce the matrix Ω^{(ℓ)} which diagonalizes A^{(ℓ)}, ( Ω^{−1} )_{(ℓ)} A^{(ℓ)}Ω^{(ℓ)} = diag ( χ^{(ℓ)}_0 , . . . , χ^{(ℓ)}_j , . . . ) , (46)

where χ^{(ℓ)}_j are the eigenvalues of A^{(ℓ)}. We further define the tensors X^{μ1···μℓ}_i as

X^{μ1···μℓ} i ≡ N_ℓ∑

j=0 ( Ω^{−1} )_{(ℓ)} ij ρ^{μ1 ···μℓ} j . (47)

These are the eigenmodes of the linearized Boltzmann equation. Multiplying Eq. (44) with ( Ω^{−1} )_{(ℓ)} from the left and using Eqs. (46) and (47) we obtain N_ℓ∑

j=0 ( Ω^{−1} )_{(ℓ)} ij C^{⟨μ1 ···μℓ⟩} j−1 = −χ^{(ℓ)}_i X^{μ1 ···μℓ}_i + (terms nonlinear in δf) . (48)

where we do not sum over the index i on the right-hand side of the equation. Then we multiply Eqs. (29) – (31) with ( Ω^{−1} )_{(ℓ)} ir and sum over r. Using Eq. (48), we obtain the equations of motion for the variables X^{μ1···μℓ}_i ,

Ẋ_i + χ^{(0)}_i X_i = β^{(0)}_i θ + (higher-order terms) ,

Ẋ^{⟨μ⟩}_i + χ^{(1)}_i X^μ_i = β^{(1)}_i I^μ + (higher-order terms) ,

Ẋ^{⟨μν⟩}_i + χ^{(2)}_i X^{μν}_i = β^{(2)}_i σ^{μν} + (higher-order terms) , (49)

where we introduced the coefficients

β^{(0)}_i =

N_0∑

j=0,≠1,2 ( Ω^{−1}

)_{(0)} ij α^{(0)}_j , β^{(1)}_i =

N_1∑

j=0,≠1 ( Ω^{−1}

)_{(1)} ij α^{(1)}_j , β^{(2)}_i = 2

N_2∑

j=0 ( Ω^{−1}

)_{(2)} ij α^{(2)}_j . (50)

With “higher-order terms” in Eqs. (49) we refer to the terms nonlinear in δf from Eq. (48) as well as to the nonlinear and gradient terms on the right-hand sides of Eqs. (29) – (31). As expected, the equations of motion for the tensors X^{μ1···μℓ} i decouple in the linear regime. Without loss of generality, we order the tensors X^{μ1···μℓ}_r according to increasing χ^{(ℓ)}r , e.g., in such a way that χ^{(ℓ)}r < χ^{(ℓ)}_{r+1}, ∀ ℓ.

By diagonalizing Eqs. (29) – (31) we were able to identify the microscopic time scales of the Boltzmann equation given by the inverse of the coefficients χ^{(ℓ)}_r . It is clear that, if the nonlinear terms in Eqs. (49) are small enough, each tensor X^{μ1···μℓ}_r relaxes independently to its respective asymptotic value, given by the first term on the right-hand sides of Eqs. (49) (divided by the corresponding χ^{(ℓ)}_r ), on a time scale ∼ 1/χ^{(ℓ)}_r . We will refer to these asymptotic solutions as Navier-Stokes values. By neglecting all these relaxation scales, i.e., taking the limit χ^{(ℓ)}r → ∞ with β^{(ℓ)}r /χ^{(ℓ)}r fixed, all irreducible moments ρ^{μ1 ···μℓ}_r become proportional to gradients of α_0, β_0, and u^μ, and we obtain a Chapman-Enskog-type solution, which at first order in the Knudsen number results in the relativistic Navier-Stokes equations of fluid dynamics. As already mentioned in the introduction, this type of solution is unstable and acausal, hence it cannot serve as a proper description of relativistic fluids.

The solution for this problem was also mentioned in the introduction. To obtain causal and stable equations one must take into account the characteristic times within which the bulk viscous pressure, the particle-diffusion current, and the shear-stress tensor relax towards their asymptotic Navier-Stokes values. As shown in Ref. [10], in the fluiddynamical limit these are given by the slowest microscopic time scales of the underlying microscopic theory, i.e., the fast relaxation scales are not expected to contribute.

In practice, this is implemented by assuming that only the slowest modes with rank 2 and smaller, X_0, X^μ_0 , and X^{μν}_0 , remain in the transient regime and satisfy the partial differential equations (49),

Ẋ_0 + χ^{(0)}_0 X_0 = β^{(0)}_0 θ + (higher-order terms) ,

Ẋ^{⟨μ⟩}_0 + χ^{(1)}_0 X^μ_0 = β^{(1)}_0 I^μ + (higher-order terms) ,

Ẋ^{⟨μν⟩}_0 + χ^{(2)}_0 X^{μν}_0 = β^{(2)}_0 σ^{μν} + (higher-order terms) , (51)

while the modes described by faster relaxation scales, i.e., X_r, X^μ_r , and X^{μν}_r , for any r larger than 0, will be approximated by their asymptotic solutions, X_r ≃ β^{(0)}_r

χ^{(0)}_r θ + (higher-order terms) ,

X^μ_r ≃ β^{(1)}_r

χ^{(1)}r

I^μ + (higher-order terms) ,

X^{μν}_r ≃ β^{(2)}_r

χ^{(2)}r σ^{μν} + (higher-order terms) . (52)

While this approximation is similar to the Chapman-Enskog expansion, Eqs. (51) go beyond the Chapman-Enskog expansion by including the transient dynamics.

Note that, for r ≥ 1, X_r, X^μ_r , and X^{μν}_r are of first order in Knudsen number, O(Kn). The reason is that the gradient terms θ, I^μ, and σ^{μν} are proportional to L^{−1}_{macr}, while 1/χ^{(ℓ)}_r is proportional to ℓ_{micr}. The coefficients β^{(ℓ)}_r are simply functions of the thermodynamic variables α_0, β_0, and thus of order O(1).

Furthermore, in order to obtain the traditional equations of fluid dynamics given in terms of the conserved currents, there should not appear any tensor X^{μνλ...}_r with rank higher than 2. Neglecting such tensors can be justified by proving that they have asymptotic solutions which are at least O(Kn^2, KnR^{−1}_i ), i.e., beyond the order we consider here.

Equations (52) enable us to approximate the irreducible moments that do not appear in the conserved currents in terms of those that do occur, namely the particle-diffusion current, the bulk viscous pressure, and the shear-stress tensor. We now show how to do this. We first invert Eq. (47),

ρ^{μ1 ···μℓ} i = N_ℓ∑

j=0 Ω^{(ℓ)}_{ij} X^{μ1···μℓ} j , (53)

then, using Eqs. (52), we obtain

ρ_i ≃ Ω^{(0)}_{i0} X_0 +

N_0∑

j=3 Ω^{(0)}_{ij} β^{(0)}_j

χ^{(0)}_j θ = Ω^{(0)}_{i0} X_0 + O(Kn) ,

ρ^μ_i ≃ Ω^{(1)}_{i0} X^μ_0 +

N_1∑

j=2 Ω^{(1)}_{ij} β^{(1)}_j

χ^{(1)}_j

I^μ = Ω^{(1)}_{i0} X^μ_0 + O(Kn) ,

ρ^{μν}_i ≃ Ω^{(2)}_{i0} X^{μν}_0 +

N_2∑

j=1 Ω^{(2)}_{ij} β^{(2)}_j

χ^{(2)}_j σ^{μν} = Ω^{(2)}_{i0} X^{μν}_0 + O(Kn) . (54)

Here, we indicated that the contribution from the modes X_r, X^μ_r , and X^{μν}_r for r ≥ 1 is of order O(Kn).

Taking i = 0 in the above equations and, without loss of generality, setting Ω^{(ℓ)}_{00} = 1, we obtain from Eqs. (41) the relations

X_0 ≃ − 3 m^2 Π − N_0∑

j=3 Ω^{(0)}_{0j} β^{(0)}_j

χ^{(0)}_j θ ,

X^μ_0 ≃ n^μ −

N_1∑

j=2 Ω^{(1)}_{0j} β^{(1)}_j

χ^{(1)}_j I^μ ,

X^{μν}_0 ≃ π^{μν} − N_2∑

j=1 Ω^{(2)}_{0j} β^{(2)}_j

χ^{(2)}_j σ^{μν} . (55)

Substituting Eqs. (55) into Eqs. (54),

m^2 3 ρ_i ≃ −Ω^{(0)}_{i0} Π − ( ζ_i − Ω^{(0)}_{i0} ζ_0 ) θ = −Ω^{(0)}_{i0} Π + O(Kn),

ρ^μ_i ≃ Ω^{(1)}_{i0} n^μ + ( κ_{n i} − Ω^{(1)}_{i0} κ_{n 0} ) I^μ = Ω^{(1)}_{i0} n^μ + O(Kn) ,

ρ^{μν}_i ≃ Ω^{(2)}_{i0} π^{μν} + 2 ( η_i − Ω^{(2)}_{i0} η_0 ) σ^{μν} = Ω^{(2)}_{i0} π^{μν} + O(Kn) , ρ^{μνλ···} i ≃ O(Kn^2, Kn R^{−1}_i ) . (56)

To obtain Eqs. (56), we further used that X^{μ1···μℓ}_r ∼ O(Kn^2, Kn R^{−1}_i ) for ℓ ≥ 3, and defined the transport coefficients

ζ_i = m^2 3 N_0∑

r=0,≠1,2 τ^{(0)}_{ir} α^{(0)}_r , κ_{n i} =

N_1∑

r=0,≠1 τ^{(1)}_{ir} α^{(1)}_r , η_i =

N_2∑

r=0 τ^{(2)}_{ir} α^{(2)}_r , (57)

where we introduced the inverse of A^{(ℓ)}, τ^{(ℓ)} ≡ ( A^{−1} )_{(ℓ)} and used the relation,

τ^{(ℓ)}_{in} = N_ℓ∑

m=0 Ω^{(ℓ)}_{im} 1 χ^{(ℓ)}_m ( Ω^{−1} )_{(ℓ)} mn . In the next subsection, we shall identify the coefficients ζ_0, κ_{n 0}, and η_0 as the bulk-viscosity, particle-diffusion, and shear-viscosity coefficients, respectively.

So far we have proved that, by taking into account only the slowest relaxation time scales, all irreducible moments ρ^{μνλ···} i of the deviation of the single-particle distribution function from the equilibrium one can be related, up to first order in Knudsen number, O(Kn), to the dissipative currents, Π, n^μ, and π^{μν} . This demonstrates that in this limit, it is possible to reduce the number of dynamical variables in Eqs. (29) – (31) to quantities appearing in the conserved currents. This will be explicitly shown in the next section.

We remark that similar relations between the irreducible moments and the dissipative currents can also be obtained with the 14-moment approximation, but with a different set of proportionality coefficients. However, in the traditional 14-moment approximation such relations are obtained by explicitly truncating the moment expansion (26) and, as a result, they are not of a definite order in powers of Knudsen number. This is the reason why the 14-moment approximation does not give rise to equations of motion with a definite domain of validity in Knudsen and inverse Reynolds numbers.

Note, however, that the relations (56) are only valid for the moments ρ^{μνλ···}_r with positive r. This is not a problem since similar relations can also be obtained for the irreducible moments with negative r. We expect the expansion (26) to be complete and, therefore, any moment that does not appear in this expansion must be linearly related to those that do appear. This means that, using the moment expansion, Eq. (26), it is possible to express the moments with negative r in terms of the ones with positive r. Substituting Eq. (26) into Eq. (23) and using Eq. (16), we obtain ρ^{ν1···νℓ} −r = N_ℓ∑

n=0 F^{(ℓ)}_{rn} ρ^{ν1 ···νℓ}_n , (58) where we defined the following thermodynamic integral

F^{(ℓ)}_{rn} = ℓ! (2ℓ + 1)!! ∫ dK f_{0k}f̃_{0k}E^{−r}_k H^{(ℓ)}_{kn} ( Δ^{αβ} k_αk_β )_ℓ . (59)

Therefore, Eqs. (56) lead to ρ_{−r} = − 3 m^2 γ^{(0)}_r Π + O(Kn) , ρ^μ_{−r} = γ^{(1)}_r n^μ + O(Kn) , ρ^{μν}_{−r} = γ^{(2)}_r π^{μν} + O(Kn) , ρ^{μν···}_{−r} = O(Kn^3) , (60) where we introduced the coefficients

γ^{(0)}_r =

N_0∑

n=0,≠1,2 F^{(0)}_{rn} Ω^{(0)}_{n0} , γ^{(1)}_r =

N_1∑

n=0,≠1 F^{(1)}_{rn} Ω^{(1)}_{n0} , γ^{(2)}_r =

N_2∑

n=0 F^{(2)}_{rn} Ω^{(2)}_{n0} . (61)

VI. COMPLETE FLUID-DYNAMICAL EQUATIONS TO SECOND ORDER

Now we are ready to close Eqs. (29) – (31) in terms of the dissipative currents appearing in N^μ and T^{μν} and derive the fluid-dynamical equations of motion. For this purpose, it is convenient to use the inverse of A^{(ℓ)}, τ^{(ℓ)} = ( A^{−1} )_{(ℓ)} , which naturally satisfies τ^{(ℓ)}A^{(ℓ)} = 11. Hence, it is straightforward to rewrite Eq. (44) as N_ℓ∑

j=0 τ^{(ℓ)}_{ij} C^{⟨μ1 ···μℓ⟩} j−1 = −ρ^{μ1···μℓ}_i + (terms nonlinear in δf) . (62)

Then we multiply Eqs. (29), (30), and (31) by τ^{(ℓ)}_{nr} , sum over r, and substitute Eq. (62). Next, we use Eqs. (56) and (60) to replace all irreducible moments ρ^{μ1 ···μℓ}_i appearing in the equations by the fluid-dynamical variables. Additionally, all covariant time derivatives of α_0, β_0, and u^μ are replaced by spatial gradients of fluid-dynamical variables using the conservation laws in the form shown in Eqs. (33), (34), and (35). The resulting equations of motion are formally given as τ_ΠΠ̇ + Π = −ζθ + J + K + R , τ_nṅ^{⟨μ⟩} + n^μ = κ_nI^μ + J^μ + K^μ + R^μ , τ_ππ̇^{⟨μν⟩} + π^{μν} = 2ησ^{μν} + J^{μν} + K^{μν} + R^{μν} . (63) We remark that in order to derive these equations of motion, it is necessary to use Eq. (46) in the following form, N_ℓ∑

j=0 τ^{(ℓ)}_{ij} Ω^{(ℓ)}_{jm} = Ω^{(ℓ)}_{im} 1 χ^{(ℓ)}_m . (64)

In the above equations of motion all nonlinear terms and couplings to other currents were collected in the tensors J , K, R, J^μ, K^μ, R^μ, J^{μν} , K^{μν} , and R^{μν} . The tensors J , J^μ, and J^{μν} contain all terms of first order in Knudsen and inverse Reynolds numbers, J = −ℓ_{Πn}∇ · n − τ_{Πn}n · F − δ_{ΠΠ}Πθ − λ_{Πn}n · I + λ_{Ππ} π^{μν} σ_{μν} , J^μ = −n_ν ω^{νμ} − δ_{nn}n^μθ − ℓ_{nΠ}∇^μΠ + ℓ_{nπ}Δ^{μν} ∇_λπ^λ_ν + τ_{nΠ}ΠF^μ − τ_{nπ} π^{μν} F_ν − λ_{nn}n_ν σ^{μν} + λ_{nΠ}ΠI^μ − λ_{nπ}π^{μν} I_ν , J^{μν} = 2π^{⟨μ}_λ ω^{ν⟩λ} − δ_{ππ}π^{μν} θ − τ_{ππ} π^{λ⟨μ} σ^{ν⟩}_λ + λ_{πΠ}Πσ^{μν} − τ_{πn}n^{⟨μ} F^{ν⟩} + ℓ_{πn}∇^{⟨μ} n^{ν⟩} + λ_{πn}n^{⟨μ} I^{ν⟩} . (65) where we defined F^μ = ∇^μP_0. In principle, one could replace this quantity by the acceleration u̇^μ using Eq. (35). The tensors K, K^μ, and K^{μν} contain all terms of second order in Knudsen number, K = ζ_1 ω_{μν} ω^{μν} + ζ_2 σ_{μν} σ^{μν} + ζ_3 θ^2 + ζ_4 I · I + ζ_5 F · F + ζ_6 I · F + ζ_7 ∇ · I + ζ_8 ∇ · F, K^μ = κ_1σ^{μν} I_ν + κ_2σ^{μν} F_ν + κ_3I^μθ + κ_4F^μθ + κ_5ω^{μν} I_ν + κ_6Δ^μ_λ∂_ν σ^{λν} + κ_7∇^μθ, K^{μν} = η_1ω^{⟨μ}_λ ω^{ν⟩λ} + η_2θσ^{μν} + η_3σ^{λ⟨μ} σ^{ν⟩}_λ + η_4σ^{⟨μ}_λ ω^{ν⟩λ} + η_5I^{⟨μ} I^{ν⟩} + η_6F^{⟨μ} F^{ν⟩} + η_7I^{⟨μ} F^{ν⟩} + η_8∇^{⟨μ} I^{ν⟩} + η_9∇^{⟨μ} F^{ν⟩}. (66)

It is important to remark that among the terms of O(Kn^2) is a term ω^{⟨μ}_λ ω^{ν⟩λ}. Such a term was believed not to exist in a derivation of fluid dynamics from the Boltzmann equation and was therefore speculated to be of quantum nature [23]. From our derivation of fluid dynamics, one can see that this is not the case: it simply emerges from a proper truncation of the single-particle distribution function. The tensors R, R^μ, and R^{μν} contain all terms of second order in inverse Reynolds number,

R = φ_1Π^2 + φ_2n · n + φ_3π_{μν} π^{μν} , R^μ = φ_4n_ν π^{μν} + φ_5Πn^μ,

R^{μν} = φ_6Ππ^{μν} + φ_7π^{λ⟨μ} π^{ν⟩}_λ + φ_8n^{⟨μ} n^{ν⟩}. (67)

In Eq. (63), terms of order O(Kn^3), O(R^{−1}_i R^{−1}_j R^{−1}_k ), O(Kn^2R^{−1}_i ) and O(Kn R^{−1}_i R^{−1}_j ) were omitted.

Note that we have obtained equations of motion which are closed in terms of 14 dynamical variables. We remark that this was accomplished without making use of the 14-moment approximation. This means that the reduction of degrees of freedom was not obtained by a direct truncation of the moment expansion, but by a separation of the microscopic time scales and the power-counting scheme itself. The information about all other moments are actually included in the transport coefficients, as will be shown later. If we also neglect the terms of second order in inverse Reynolds number we recover the equations of motion that are of the same form as those derived via the 14-moment approximation [20]. However, even in this case, the coefficients in Eqs. (65) and relaxation times are not the same as those calculated from the 14-moment approximation of Israel and Stewart.

The resulting equations of motion (63) contain a large number of transport coefficients. In particular, the viscosity coefficients and relaxation times of the dissipative currents were found to be,

τ_Π = 1 χ^{(0)}_0

, τ_n = 1 χ^{(1)}_0

, τ_π = 1 χ^{(2)}_0 ,

ζ = m^2 3 N_0∑

r=0,≠1,2 τ^{(0)}_{0r} α^{(0)}_r , κ_n =

N_1∑

r=0,≠1 τ^{(1)}_{0r} α^{(1)}_r , η =

N_2∑

r=0 τ^{(2)}_{0r} α^{(2)}_r . (68)

Note that in general these transport coefficients depend not only on one moment of the distribution function but on all moments of corresponding rank ℓ. As in Chapman-Enskog theory, the viscosity coefficients can only be obtained by inverting A^{(ℓ)}. However, to obtain the transient dynamics of the fluid, characterized by the relaxation times, it is also necessary to find the eigenvalues and eigenvectors of A^{(ℓ)}.

In practice, the expansion (18) is always truncated at some point and the matrices A^{(ℓ)}, Ω^{(ℓ)}, and τ^{(ℓ)} will actually be finite. The truncation of this expansion was already introduced as an upper limit, N_ℓ, in the corresponding summations. In principle, one should only truncate the expansion (18) when the values of all relevant transport coefficients have converged. Note that different transport coefficients may require a different number of moments to converge.

VII. APPLICATIONS

In this section, we compute the transport coefficients for several cases. First, we considered the lowest possible truncation scheme for Eq. (18) with N_0 = 2, N_1 = 1, and N_2 = 0. In this case, the distribution function is expanded in terms of 14 moments and is actually equivalent to the one obtained via Israel-Stewart’s 14-moment ansatz. Second, we consider the next simplest case and take N_0 = 3, N_1 = 2, and N_2 = 1. Then, the distribution function is characterized by 23 moments, and consequently we shall refer to this case as 23-moment approximation. Finally, we include 32 and 41 moments and verify that the numerical values for the transport coefficients converge.

We also compute the transport coefficients of the terms appearing in J , J^μ, and J^{μν} which are displayed in Appendix C. These transport coefficients were also calculated in previous derivations of fluid dynamics from the Boltzmann equation. We shall explicitly point out the corrections to the previous results introduced by our novel approach. Note, however, that we are using a linear approximation to the collision term. Nonlinear contributions could in principle also enter the transport coefficients in the equations of motion (63), but will not be calculated here. Such an investigation will be left for future work. For this reason we also do not compute any coefficient of the terms of O(R^{−1}_i R^{−1}_j ), i.e., entering R, R^μ, and R^{μν} , since all of them originate exclusively from nonlinear contributions to the collision term.

A. 14-moment approximation

The 14-moment approximation is recovered by truncating Eq. (18) at N_0 = 2, N_1 = 1, and N_2 = 0. For this specific truncation A^{(ℓ)} is nothing but a number (because for A^{(0)} we have to exclude the second and third rows and columns and for A^{(1)} the second row and column), and thus

τ^{(ℓ)} = 1 A^{(ℓ)} , Ω^{(ℓ)} = 1, χ^{(ℓ)} = A^{(ℓ)}.

Then, the equations of motion and transport coefficients reduce to those derived in Ref. [20].

For a classical gas of hard spheres with total cross section σ, in the massless limit, the integrals A^{(1)} = A^{(1)}_{00} and A^{(2)} = A^{(2)}_{00} can be computed and have the simple form

A^{(1)} = 4 9λ_{mfp}

, (69)

A^{(2)} = 3 5λ_{mfp}

, (70)

where we defined the mean free-path λ_{mfp} = 1/ (n_0σ). The details of this calculation are shown in Appendix B. The coefficients in the ultra-relativistic limit, mβ_0 → 0, can then be calculated analytically. The coefficients of order O(Kn R^{−1}_i ) are collected for the shear stress and particle diffusion in Tables I and II. Note that, in this limit, the bulk viscous pressure vanishes, and thus we do not need to compute A^{(0)}_{00} . κn τn[λ_{mfp}] δnn[τn] λnn[τn] λnπ [τn] ℓnπ [τn] τnπ [τn] 3/ (16σ) 9/4 1 3/5 β0/20 β0/20 0

TABLE I: The coefficients for the particle diffusion for a classical gas with constant cross section in the ultrarelativistic limit, in the 14-moment approximation.

η τπ [λ_{mfp}] τππ [τπ ] λπn[τπ ] δππ [τπ ] ℓπn[τπ ] τπn[τπ ] 4/(3σβ0 ) 5/3 10/7 0 4/3 0 0

TABLE II: The coefficients for the shear stress for a classical gas with constant cross section in the ultrarelativistic limit, in the 14-moment approximation.

B. Next correction: 23-moment approximation and beyond

In order to better understand our formulas, Eqs. (68), we would like to compute the first correction to the expressions in Tables I and II. For this purpose, we consider N_0 = 3, N_1 = 2, and N_2 = 1. Then, A^{(ℓ)}, Ω^{(ℓ)}, and τ^{(ℓ)} are, after removing trivial rows and colums, 2 × 2 matrices that can be computed from the collision integral Eq. (45). We obtain the elements of A^{(1,2)}, its inverse τ^{(1,2)}, and Ω^{(1,2)} as

A^{(1)} = 1 3λ_{mfp} ( 2 β^2_0 /30 −4β^{−2}_0 1 ) , A^{(2)} = 1 λ_{mfp} ( 9/10 −β_0/20 4/ (3β_0) 1/3 ) , (71)

τ^{(1)} = 3 8 λ_{mfp} ( 15/4 −β^2_0 /8 15β^{−2}_0 15/2 ) , τ^{(2)} = 1 11 λ_{mfp} ( 10 3β_0/2 −40β^{−1}_0 27 ) , (72)

Ω^{(1)} = ( 1 1 − ( 15 + √ 105 ) β^{−2}_0 ( −15 + √ 105 ) β^{−2}_0 ) , Ω^{(2)} = ( 1 1 8β^{−1}_0 10/3β^{−1}_0 ) , (73) see Appendix B for details. The eigenvectors of A^{(1)} and A^{(2)} are

χ^{(1)}_0 = 1 2λ_{mfp} ( 1 − √ 7 135 ) , χ^{(1)}_1 = 1 2λ_{mfp} ( 1 + √ 7 135 ) , (74)

χ^{(2)}_0 = 1 2λ_{mfp}

, χ^{(2)}_1 = 11 15λ_{mfp}

. (75)

Using the formulas derived in this paper, Eqs. (68), we calculate the corrected values for the particle-number diffusion coefficient and diffusion-relaxation time and for the shear viscosity and shear-relaxation time,

κ_n = 21 128 n_0λ_{mfp} ≃ 0.164 n_0λ_{mfp}, (76)

τ_n = 90 45 − √ 105 λ_{mfp} ≃ 2.5897 λ_{mfp} , (77) η = 14 11 P_0λ_{mfp} ≃ 1.2727 P_0λ_{mfp} , (78)

τ_π = 2λ_{mfp} , (79)

where we used that, in the massless and classical limits,

α^{(1)}_0 = 1 12 n_0, α^{(1)}_2 = − 1 β_0

P_0,

α^{(2)}_0 = 4 5 P_0, α^{(2)}_1 = 4 β_0

P_0.

As before, the coefficients in the ultra-relativistic limit, mβ_0 → 0, can then be calculated analytically. The coefficients of order O(Kn R^{−1}_i ) are collected for the shear stress and particle diffusion in Tables III and IV. κn τn[λ_{mfp}] δnn[τn] λnn[τn] λnπ [τn] ℓnπ [τn] τnπ [τn] 21/ (128σ) 2.59 1.00 0.96 0.054β0 0.118β0 0.0295β0 /P0

TABLE III: The coefficients for the particle diffusion for a classical gas with constant cross section in the ultrarelativistic limit, in the 23-moment approximation.

η τπ [λ_{mfp}] τππ [τπ ] λπn[τπ ] δππ [τπ ] ℓπn[τπ ] τπn[τπ ] 14/(11σβ0 ) 2 134/77 0.344β^{−1}_0 4/3 −0.689β^{−1}_0 −0.689/n0

TABLE IV: The coefficients for the shear stress for a classical gas with constant cross section in the ultrarelativistic limit, in the 23-moment approximation.

To obtain these expressions we used the results from Appendix D and that, in the massless/classical limits, D_{20} = 3P^2_0 . Note that most of the transport coefficients were corrected by the inclusion of more moments in the computation. The coefficients related to the shear-stress tensor were less affected by the additional moments, when compared to the particle-diffusion coefficients. This might explain the poor agreement between the Israel-Stewart theory and numerical solutions of the Boltzmann equation in Refs. [17] regarding heat flow and fugacity.

We further checked the convergence of this approach by taking 32 and 41 moments. In this case, the matrices A^{(1,2)}, τ^{(1,2)} and Ω^{(1,2)} were computed numerically. There is a clear tendency of convergence as we increase the number of moments. For the particular case of classical particles with constant cross sections, 32 moments seems sufficient. See Tables V and VI for the results.

VIII. DISCUSSION AND CONCLUSIONS

A. Knudsen number and the reduction of dynamical variables

It is important to mention that the terms K, K^μ, and K^{μν} which are of second order in Knudsen number lead to several problems. The terms which contain second-order spatial derivatives of u^μ, α_0, and P_0, e.g., ∇_μI^μ, ∇_μF^μ, number of moments κn τn[λ_{mfp}] δnn[τn] λnn[τn] λnπ [τn] ℓnπ [τn] τnπ [τn] 14 3/ (16σ) 9/4 1 3/5 β0/20 β0/20 0 23 21/ (128σ) 2.59 1.0 0.96 0.054β0 0.118β0 0.0295β0 /P0 32 0.1605/σ 2.57 1.0 0.93 0.052β0 0.119β0 0.0297β0 /P0 41 0.1596/σ 2.57 1.0 0.92 0.052β0 0.119β0 0.0297β0 /P0

TABLE V: The coefficients for the particle diffusion for a classical gas with constant cross section in the ultrarelativistic limit, in the 14, 23, 32 and 41-moment approximation. number of moments η τπ [λ_{mfp}] τππ [τπ ] λπn[τπ ] δππ [τπ ] ℓπn[τπ ] τπn[τπ ] 14 4/(3σβ0 ) 5/3 10/7 0 4/3 0 0 23 14/(11σβ0 ) 2 134/77 0.344β^{−1}_0 4/3 −0.689/β0 −0.689/n0 32 1.268/(σβ0 ) 2 1.69 0.254β^{−1}_0 4/3 −0.687/β0 −0.687/n0 41 1.267/(σβ0 ) 2 1.69 0.244β^{−1}_0 4/3 −0.685/β0 −0.685/n0

TABLE VI: The coefficients for the shear stress for a classical gas with constant cross section in the ultrarelativistic limit, in the 14, 23, 32 and 41-moment approximation.

∇^{⟨μ} I^{ν⟩}, ∇^{⟨μ} F^{ν⟩}, Δ^μ_α∂_ν σ^{αν} , and ∇^μθ, are especially problematic since they change the boundary conditions of the equations. In relativistic systems these derivatives, even though they are space-like, also contain time derivatives and thus require initial values. This means that, by including them, one would have to specify not only the initial spatial distribution of the fluid-dynamical variables but also the spatial distribution of their time derivatives. In practice, this implies that we would be increasing the number of fluid-dynamical degrees of freedom.

There is an even more serious problem. By including terms of order higher than one in Knudsen number, the transport equations become parabolic. In a relativistic theory, this comes with disastrous consequences since the solutions are acausal and consequently unstable [5]. For this reason, if one wants to include terms of higher order in Knudsen number, it is mandatory to include also second-order co-moving time derivatives of the dissipative quantities. Or, equivalently, one could promote the moments ρ_3, ρ^μ_2 , ρ^{μν}_1 or further ones to dynamical variables. For this reason we do not compute the transport coefficients for these higher-order terms in this paper.

In practice, a way around this would be to replace e.g. the σ^{λ⟨μ}σ^{ν⟩}_λ term in K^{μν} using the asymptotic (Navier-Stokes) solution by (1/2η)π^{λ⟨μ}σ^{ν⟩}_λ , and thus effectively rendering it a term contributing to J^{μν} . This should be a reasonable approximation if one is sufficiently close to the asymptotic solution. This would then change the coefficient of the respective term in J^{μν} . In principle, this could be done to all terms in K, K^μ, and K^{μν} , except for the ones containing exclusively powers and/or gradients of F^μ and ω^{μν} . In the same spirit, using the asymptotic solutions one could also shuffle some of the terms in J , J^μ, and J^{μν} (those not containing F^μ, ω^{μν} , and gradients of dissipative currents) into terms contributing to R, R^μ, and R^{μν} (or vice versa). How this changes the actual transient dynamics remains to be investigated in the future.

B. Navier-Stokes limit

Note that one of the main features of transient theories of fluid dynamics is the relaxation of the dissipative currents towards their Navier-Stokes values, on time scales given by the transport coefficients τ_Π, τ_n, and τ_π. From the Boltzmann equation, Navier-Stokes theory is obtained by means of the Chapman-Enskog expansion which describes an asymptotic solution of the single-particle distribution function. It is already clear from the previous section that the equations of motion derived in this paper approach Navier-Stokes-type solutions at asymptotically long times, in which the dissipative currents are solely expressed in terms of gradients of fluid-dynamical variables.

It is interesting to investigate, however, if our equations approach the correct Navier-Stokes theory, i.e., if the viscosity coefficients obtained via our method are equivalent to the ones obtained via Chapman-Enskog theory. It should be noted that this is not the case for Grad’s and Israel and Stewart’s theories [6, 15, 20]. The viscosity coefficients computed by these theories do not coincide with those extracted from the Chapman-Enskog theory. We remark that, after taking into account the first corrections to the shear viscosity coefficient, see Eq. (78) and Table VI, our result approached the solution obtained using Chapman-Enskog theory, η_{NS} = 1.2654/ (β_0σ) [6]. In principle there is no reason for the method of moments to attain a different Navier-Stokes limit than Chapman-Enskog theory. We can show that, if the same basis of irreducible tensors k^{⟨μ1} · · · k^{μℓ⟩} and polynomials P^{(ℓ)}_{nk} is used in both calculations, they both yield the same result, even order by order.

C. “Non-hydrodynamic” modes and the microscopic origin of the relaxation time

One of the features of the theory derived in this paper (and also of Grad’s and Israel-Stewart’s theories) is the appearance of so-called non-hydrodynamics modes, i.e., modes that do not vanish in the limit of zero wave-number. Such modes do not exist in Navier-Stokes theory or its extensions via the Chapman-Enskog expansion. For this reason, these modes are usually not associated with fluid-dynamical behavior, hence the label ”non-hydrodynamic”.

The non-hydrodynamic modes describe the relaxation of the dissipative currents towards their respective Navier- Stokes solutions and can be directly related to the respective relaxation times. For the case of the shear nonhydrodynamic mode, ω^{non−hydro}

shear (k), it can be shown that in the limit of k → 0 the mode is given by ω non−hydro shear (0) =

−i/τ_π [5]. In Chapman-Enskog theory the transient dynamics of the system is neglected, e.g., it is assumed that in the absence of space-like gradients, time-like gradients vanish as well, and it is natural that such modes do not exist.

The appearance of non-hydrodynamic modes in a fluid-dynamical theory seems to counteract the prevalent belief that fluid dynamics effectively describes the asymptotic long-time and long-distance behavior of the microscopic theory. Recently, a microscopic formula for the relaxation time of dissipative currents was obtained in the framework of linear response theory [10]. In that paper, the relaxation time was shown to be intrinsically related to the slowest microscopic time scale of the system, i.e., to the singularity of the retarded Green’s function closest to the origin in the complex-plane. Thus, the non-hydrodynamic modes in Israel and Stewart’s theory and in the equations derived in this paper belong to a description at long, but not asymptotically long, times.

This means that the theory derived in this paper (as well as Israel and Stewart’s theory) attempts to describe the dynamics of the dissipative currents at time scales of the order of the (slowest) microscopic times scale (which is of the order of the mean-free path). Such findings challenge the point of view that a fluid-dynamical description can only be formulated around zero frequency and wave number and that the inclusion of relaxation times can only be understood as a regularization method to control the instabilities of the gradient expansion. In fact, the relaxation times correspond to microscopic time scales, independent of any macroscopic scale related to the gradients of fluiddynamical variables. Note that the expressions presented in Ref. [10] and in this paper for η and τ_π are equivalent.

D. Conclusions

In this work we have presented a general and consistent derivation of relativistic fluid dynamics from the Boltzmann equation using the method of moments. First, a general expansion of the single-particle distribution function in terms of its moments was introduced in Sec. III. We constructed an orthonormal basis which allowed us to expand and obtain exact relations between the expansion parameters and irreducible moments of the deviations of the distribution function from equilibrium. We then proceeded to derive exact equations for these moments.

The main difference of our approach to previous work is that we did not close the fluid-dynamical equations of motion by truncating the expansion of the distribution function. Instead, we kept all terms in the moment expansion and truncated the exact equations of motion according to a power-counting scheme in Knudsen and inverse Reynolds number. Contrary to many calculations, we did not assume that the inverse Reynolds and Knudsen numbers are of the same order. As a matter of fact, in order to obtain relaxation-type equations, we had to explicitly include the slowest microscopic time scales, which are shown to be the characteristic times within which dissipative currents relax towards their asymptotic Navier-Stokes solutions. Thus, Navier-Stokes theory, or the Chapman-Enskog expansion, is already included in our formulation as an asymptotic limit of the dynamical equations derived in this paper.

We concluded that the equations of motion can be closed in terms of only 14 dynamical variables, as long as we only keep terms of second order in Knudsen and/or inverse Reynolds number. Even though the equations of motion are closed in terms of these 14 fields, the transport coefficients carry information about all moments of the distribution function (all the different relaxation scales of the irreducible moments). The bulk-viscosity, particle-diffusion, and shear-viscosity coefficients agree with the values obtained via Chapman-Enskog theory.

IX. ACKNOWLEDGMENTS

G.S.D. and H.N. acknowledge the hospitality of MTA-KFKI, Budapest, where part of this work was accomplished. G.S.D and D.H.R. acknowledge the hospitality of the High-Energy Physics group at Jyväskylä University where this work was completed. The authors thank T. Koide for enlightening discussions. This work was supported by the

Helmholtz International Center for FAIR within the framework of the LOEWE program launched by the State of Hesse. The work of H.N. was supported by the Extreme Matter Institute (EMMI). E.M. was supported by Hungarian National Development Agency OTKA/NFÜ 81655.

Appendix A: Derivation of the collision terms

In this appendix, we derive Eqs. (44) and (45). The first step is to linearize the collision operator,

C [f] = 1 ν ∫ dK^′dP dP^′W_{kk′→pp′} ( f_pf_p′f̃_kf̃_k′ − f_kf_k′f̃_pf̃_p′ ) , (A1)

in the deviations from the equilibrium distribution functions. In the main text, the deviations from the localequilibrium distribution function were parametrized as

δf_p = f_p − f_{0p} = f_{0p}f̃_{0p}ϕ_p . (A2)

Then, only keeping terms of first order in ϕ, we can prove that

f_pf_p′ = f_{0p}f_{0p}′ ( 1 + f̃_{0p}′ ϕ_p′ + f̃_{0p}ϕ_p ) + O ( ϕ^2 ) , (A3) f̃_pf̃_{p′} = f̃_{0p}f̃_{0p′} (1 − af_{0p′} ϕ_{p′} − af_{0p}ϕ_p) + O (ϕ^2) . (A4)

Substituting Eqs. (A3) and (A4) into Eq. (A1), we obtain,

C [f] = 1 ν ∫ dK^′dP dP^′W_{kk′→pp′}f_{0k}f_{0k}′f̃_{0p}f̃_{0p}′ (ϕ_p + ϕ_p′ − ϕ_k − ϕ_k′ ) + O ( ϕ^2 ) , (A5)

where we also used the equalities f̃_{0p} = f_{0p} exp (β_0E_p − α_0) , (A6)

f_{0p}f_{0p}′f̃_{0k}f̃_{0k}′ = f_{0k}f_{0k}′f̃_{0p}f̃_{0p}′ . (A7)

Inserting Eq. (A5) in the expression for the irreducible collision term (32), we obtain C^{⟨μ1 ···μℓ ⟩} r−1 = 1 ν ∫ dKdK^′dP dP^′W_{kk′→pp′}f_{0k}f_{0k}′f̃_{0p}f̃_{0p}′

×E^{r−1}_k k^{⟨μ1} · · · k^{μℓ⟩} (ϕ_p + ϕ_p′ − ϕ_k − ϕ_k′ ) + O ( ϕ^2 ) . (A8)

The next step is to substitute the moment expansion of the single-particle distribution function, Eqs. (17) and (24), into Eq. (A8), expressing it in the following form C^{⟨μ1 ···μℓ⟩} r−1 = − ∞∑ m=0

N_m∑

n=0 (A_{rn})^{μ1···μℓ} ν_1···ν_m ρ ν_1···ν_m n + O ( ϕ^2 ) , (A9)

where we defined the tensor (A_{rn})^{μ1 ···μℓ} ν_1 ···ν_m ≡ 1 ν ∫ dKdK^′dP dP^′W_{kk′→pp′}f_{0k}f_{0k}′f̃_{0p}f̃_{0p}′ E^{r−1}_k k^{⟨μ1} · · · k^{μℓ⟩} × ( H^{(m)}_{kn} k_{⟨ν1} · · · k_{νm ⟩} + H^{(m)}_k′_n k^′_{⟨ν1} · · · k^′_{νm⟩} − H^{(m)}_{pn} p_{⟨ν1} · · · p_{νm⟩} − H^{(m)}_p′_n p^′_{⟨ν1} · · · p^′_{νm ⟩} ) . (A10)

The integral (A_{rn})^{μ1···μℓ}_{ν1···νm} is a tensor of rank m + ℓ, which is symmetric under permutations of μ–type indices and symmetric under permutations of ν–type indices, and which depends only on equilibrium distribution functions. The latter contain only the fluid 4-velocity u^μ. Therefore, (A_{rn})^{μ1 ···μℓ}_{ν1 ···νm} must be constructed from tensor structures made of u^μ and the metric tensor g^{μν} . Also, (A_{rn})^{μ1 ···μℓ}_{ν1 ···νm} was constructed to be orthogonal to u^μ and to satisfy the following property, Δ^{α1 ···αℓ} μ_1 ···μ_ℓ Δ ν_1 ···ν_m β_1 ···β_m (Arn) μ_1 ···μ_ℓ ν_1 ···ν_m = (Arn) α_1···α_ℓ β_1···β_m . (A11)

Since (A_{rn})^{μ1···μℓ}_{ν1···νm} is orthogonal to u^μ, it can only be constructed from combinations of projection operators, Δ^{μν} . This already constrains m + ℓ to be an even number, since it is impossible to construct odd-ranked tensors solely from Δ^{μν} s. This means that both ℓ and m are either even or odd. Therefore, the following type of terms could appear in (A_{rn})^{μ1···μℓ} ν_1···ν_m :

(i) Terms where all μ–type indices pair up on projectors Δ^{μi μj} and all ν–type indices on projectors Δ_{νpνq} , e.g. Δ^{μ1 μ2} · · · Δ^{μi μj} · · · Δ^{μℓ−1 μℓ} Δ_{ν1ν2} · · · Δ_{νpνq} · · · Δ_{νm−1 νm} . (A12) All possible permutations of the μ–type indices among themselves and ν–type indices among themselves are allowed.

(ii) Terms where at least one μ–type index pairs with a ν–type index on a projector, e.g. Δ^{μ1}_{ν1} Δ^{μ2 μ3} · · · Δ^{μiμj} · · · Δ^{μℓ−1 μℓ} Δ_{ν2ν3} · · · Δ_{νpνq} · · · Δ_{νm−1 νm} . (A13) Again, all possible permutations of the μ–type and ν–type indices are allowed. If there is an odd number of projectors of the type Δ^{μi}_{νp} , both ℓ and m must be odd. If there is an even number, both ℓ and m must be even, too. Without loss of generality, suppose that ℓ > m. For ℓ + m to be even, ℓ must be m + 2, m + 4, . . .. Then one could pair all ν–type indices with μ–type indices on projectors of the form Δ^{μi}_{νp} , with some projectors left over which carry only μ–type indices, e.g. Δ^{μj μk} .

(iii) If ℓ = m, all μ–type indices could be paired up with ν–type indices on projectors of the form Δ^{μi}_{νp} , with no left-over projectors like explained at the end of (ii),

Δ^{μ1}_{ν1} · · · Δ^{μℓ}_{νℓ} . (A14)

Again, all permutations of the μ–type indices among themselves and ν–type indices among themselves are allowed.

Note that terms of the type (i) and (ii) by themselves do not satisfy the property (A11). This happens because any term which contains at least one projector of the type Δ^{μi μj} or Δ_{νp νq} vanishes when contracted with Δ^{α1···αℓ}_{μ1 ···μℓ} Δ^{ν1 ···νm}_{β1···βm} . Therefore, (A_{rn})^{μ1 ···μℓ}_{ν1 ···νm} cannot be solely constructed from terms of type (i) and (ii), because otherwise it would vanish trivially, and property (A11) would not be satisfied. There must at least be one term of type (iii). However, this implies that m = ℓ. This does not imply that terms of type (i) and (ii) do not appear; they do occur, but in such a way that Eq. (A11) is satisfied. In summary, (A_{rn})^{μ1 ···μℓ}_{ν1 ···νm} has the form (A_{rn})^{μ1···μℓ} ν_1···ν_m = δℓm { A^{(ℓ)}_{rn} Δ^{(μ1}_{(ν1} · · · Δ^{μℓ )}_{νℓ)} + [terms of type (i) and (ii)] } , (A15)

where the parentheses denote the symmetrization of all Lorentz indices. Contracting Eq. (A15) with Δ^{α1 ···αℓ}_{μ1 ···μℓ} Δ^{ν1 ···νℓ}_{β1···βℓ} and using Eq. (A11), we prove that (A_{rn})^{α1 ···αℓ} β_1···β_m = δℓm A (ℓ) rn Δ^{α1 ···αℓ} β_1 ···β_ℓ . (A16)

Finally, substituting Eq. (A16) into Eq. (A9) we derive Eq. (44), introduced in the main text of the paper, C^{⟨μ1 ···μℓ⟩} r−1 = − ∞∑ m=0 A^{(ℓ)}_{rn} ρ^{μ1 ···μℓ} n . (A17)

The coefficients A^{(ℓ)}_{rn} can be obtained from the following projection of (A_{rn})^{μ1 ···μℓ}_{ν1···νℓ} ,

A^{(ℓ)}_{rn} = 1 Δ^{μ1 ···μℓ} μ_1 ···μ_ℓ Δ^{ν1 ···νℓ} μ_1 ···μ_ℓ (Arn) μ_1 ···μ_ℓ ν_1 ···ν_ℓ , = 1 ν (2ℓ + 1) ∫ dKdK^′dP dP^′W_{kk′→pp′}f_{0k}f_{0k}′f̃_{0p}f̃_{0p}′ E^{r−1}_k k^{⟨μ1} · · · k^{μℓ⟩} × ( H^{(ℓ)}_{kn} k_{⟨μ1} · · · k_{μℓ⟩} + H^{(ℓ)}_k′_n k^′_{⟨μ1} · · · k^′_{μℓ⟩} − H^{(ℓ)}_{pn} p_{⟨μ1} · · · p_{μℓ ⟩} − H^{(ℓ)}_p′_n p^′_{⟨μ1} · · · p^′_{μℓ⟩} ) , (A18)

where we used that Δ^{μ1 ···μℓ}_{μ1 ···μℓ} = 2ℓ + 1.

Appendix B: Calculation of the collision integrals

In this appendix, we calculate the collision integrals, Eq. (45), for a classical gas, i.e., f̃_{0k} = 1, of hard spheres in the ultrarelativistic limit, mβ_0 ≪ 1. Then, Eq. (45) becomes

A^{(ℓ)}_{rn} = 1 ν (2ℓ + 1) ∫ dKdK^′dP dP^′W_{kk′→pp′}f_{0k}f_{0k′} × E^{r−1}_k k^{⟨ν1} · · · k^{νℓ⟩} ( H^{(ℓ)}_{kn}k_{⟨ν1} · · · k_{νℓ ⟩} + H^{(ℓ)}_k′_nk^′_{⟨ν1} · · · k^′_{νℓ⟩} − H^{(ℓ)}_{pn}p_{⟨ν1} · · · p_{νℓ⟩} − H^{(ℓ)}_p′_np^′_{⟨ν1} · · · p^′_{νℓ⟩} ) . (B1)

The functions H^{(ℓ)}_{kn} were defined in the main text, see Eq. (25). The transition rate W_{kk′→pp′} is written in terms of the differential cross section σ(s, Θ) as

W_{kk′→pp′} = sσ(s, Θ) (2π)^6 δ^{(4)} (k^μ + k^{′μ} − p^μ − p^{′μ}) . (B2)

The variable s and Θ are defined as

s = (k + k^′)^2 , cos Θ = (k − k^′) · (p − p^′) (k − k^′)^2

. (B3)

We further define the total cross section as the integral

σ_T (s) = 2π ν ∫ dΘ sin Θ σ(s, Θ) . (B4)

In order to calculate A^{(ℓ)}_{rn} it is convenient to first define the tensors X^n_{μνγ1 ···γm} X^n_{μνγ1 ···γm} = 1 ν ∫ dKdK^′dP dP^′W_{kk′→pp′}f_{0k}f_{0k}′ × E^n_k k_μk_ν ( k_{γ1} · · · k_{γm} + k^′_{γ1} · · · k^′_{γm} − p_{γ1} · · · p_{γm} − p^′_{γ1} · · · p^′_{γm} ) , (B5)

The collision integrals A^{(ℓ)}_{rn} can always be expressed as linear combinations of contractions/projections of X^n_{μνγ1 ···γm} . For the purpose of this paper, we shall only need X^n_{μνγ1 ···γm} for m = 2 and 3. For now we concentrate on calculating these integrals. We separate X^n_{μνγ1 ···γm} as X^n_{μνγ1 ···γm} = A^n_{μνγ1 ···γm} + B^n_{μνγ1 ···γm} , (B6) with A^n_{μνγ1 ···γm} = 1 ν ∫ dKdK^′dP dP^′W_{kk′→pp′}f_{0k}f_{0k}′ E^n_k k_μk_ν ( k_{γ1} · · · k_{γm} + k^′_{γ1} · · · k^′_{γm} ) , B^n_{μνγ1 ···γm} = − 1 ν ∫ dKdK^′dP dP^′W_{kk′→pp′}f_{0k}f_{0k}′ E^n_k k_μk_ν ( p_{γ1} · · · p_{γm} + p^′_{γ1} · · · p^′_{γm} ) . (B7)

The dP dP^′ integration in the first tensor, A^n_{μνγ1 ···γm} , can be immediately performed and written in terms of the total cross section, σ_T (s), as A^n_{μνγ1 ···γm} = ∫ dKdK^′f_{0k}f_{0k}′ E^n_k k_μk_ν ( k_{γ1} · · · k_{γm} + k^′_{γ1} · · · k^′_{γm} ) s 2 σ_T (s) . (B8)

The calculation of the second tensor, B^n_{μνγ1...γm} , is cumbersome. First, we write it in the general form B^n_{μνγ1···γm} = − ∫ dKdK^′f_{0k}f_{0k}′ E^n_k k_μk_ν Θ_{γ1···γm} , (B9)

where we introduced the tensor Θ_{γ1···γm} = 2 ν ∫ dP dP^′W_{kk′→pp′}p_{γ1} · · · p_{γm} . (B10) The integral Θ_{γ1···γm} is an m-th rank tensor. Strictly speaking, for isotropic cross sections, this tensor can only depend on the normalized total momentum of the collision P̃^μ_T ≡ s^{−1/2} (k^μ + k^{′μ}) ≡ s^{−1/2}P^μ_T . Thus, the tensor structure of

Θ_{γ1···γm} must be constructed by combinations of P̃^μ_T and the projection operator orthogonal to P̃^μ_T , Δ^{μν}_P = g^{μν} −P̃^μ_T P̃^ν_T . In general,

Θ_{γ1···γm} = [m/2]∑

q=0 (−1)^q a_{mq} C_{mq}C^q_{γ1 ···γm} , (B11) where we defined a_{mq} = m! (m − 2q)!2q! (2q − 1)!!, C^q_{γ1 ···γm} = Δ^{(γ1γ2}_P · · · Δ^{γ2q−1 γ2q}_P P̃^{γ2q+1}_T · · · P̃^{γm)}_T , C_{mq} = 2 ν (2q + 1)!! ∫ dP dP^′W_{kk}′_{→pp}′ ( P̃^μ_T p_μ )_{m−2q} ( −Δ^{αβ}_P p_αp_β )_q . (B12)

The parentheses () denote the symmetrization of the tensor. For example,

Θ_{γ1γ2} = C_{20}P̃_{T γ1}P̃_{T γ2} − C_{21}Δ_{P γ1 γ2} ,

Θ_{γ1γ2 γ3} = C_{30}P̃_{T γ1}P̃_{T γ2}P̃_{T γ3} − C_{31} ( Δ_{P γ1 γ2}P̃_{T γ3} + Δ_{P γ1γ3}P̃_{T γ2} + Δ_{P γ2 γ3}P̃_{T γ1} ) , (B13)

The integrals C_{nq} are scalars and can be computed in any frame. It is most convenient to calculate them in the center-of-momentum frame, where, P̃^μ_T = (1, 0, 0, 0) and Δ^{μν}_P = diag (0, −1, −1, −1). Then, it is straightforward to prove that C_{nq} = σ_T (s) 2^n (2q + 1)!! s^{(n−2q+1)/2} ( s − 4m^2 )_{(2q+1)/2} =_{m→0} σ_T (s) 2^n (2q + 1)!!

s^{(n+2)/2}. (B14)

In the massless limit, the tensors X^n_{μνγ1 γ2} and X^n_{μνγ1 γ2γ3} become X^n_{μνγ1 γ2} = ∫ dKdK^′f_{0k}f_{0k}′ E^n_k k_μk_ν σ_T (s) k^λk^′_λ ( k_{γ1} k_{γ2} + k^′_{γ1} k^′_{γ2} − 2 3 P_{T γ1} P_{T γ2} + 1 6 sg_{γ1γ2} ) , X^n_{μνγ1γ2 γ3} = ∫ dKdK^′f_{0k}f_{0k}′ E^n_k k_μk_ν σ_T (s) k^λk^′_λ [ k_{γ1} k_{γ2} k_{γ3} + k^′_{γ1} k^′_{γ2} k^′_{γ3} − 1 2 P_{T γ1} P_{T γ2} P_{T γ3} + 1 6 k^β k^′_β (g_{γ1γ2} P_{T γ3} + g_{γ1γ3} P_{T γ2} + g_{γ2γ3} P_{T γ1} ) ] , (B15)

where we used that, in the massless limit, s = 2k^λk^′_λ.

1. Particle-diffusion current

For the collision integrals related to the particle-number diffusion current, we need the following two contractions

Δ^{μγ1} u^ν u^{γ2} X^n_{μνγ1 γ2} = −σ_T (I_{10}I_{n+5,1} − 4I_{21}I_{n+4,1} − I_{31}I_{n+3,1}) ,

Δ^{μγ1} u^ν u^{γ2} u^{γ3} X^n_{μνγ1γ2 γ3} = − σ_T 2 (3I_{10}I_{n+6,1} − 11I_{21}I_{n+5,1} − 5I_{31}I_{n+4,1} − 3I_{41}I_{n+3,1}) . (B16)

To obtain the above relations, we used Eq. (16) and the definitions (39). In the massless and classical limits the integrals I_{nq} = J_{nq} can be calculated analytically I_{nq} = g e^{α0} (2q + 1)!! 1 2π^2

(n + 1)! β^{n+2}_0 = (n + 1)! (2q + 1)!!

P_0 2β^{n−2}_0

. (B17)

Then,

Δ^{μγ1} u^ν u^{γ2} X^{−2}_{μνγ1 γ2} = 4 3 n_0σ_T

P_0 β_0 , Δ^{μγ1} u^ν u^{γ2} X^0_{μνγ1 γ2} = −24n_0σ_T

P_0 β^3_0 , Δ^{μγ1} u^ν u^{γ2} u^{γ3} X^{−2}_{μνγ1γ2 γ3} = 12n_0σ_T

P_0 β^2_0 , Δ^{μγ1} u^ν u^{γ2} u^{γ3} X^0_{μνγ1γ2 γ3} = −280n_0σ_T

P_0 β^4_0

. (B18)

As a consistency check, we confirmed that Δ^{μγ1} u^ν u^{γ2} X^{−1}_{μνγ1 γ2} = Δ^{μγ1} u^ν u^{γ2} u^{γ3} X^{−1}_{μνγ1 γ2γ3} = 0.

The components of A^{(1)} change according to the number of moments included. In the 14-moment approximation, using Eqs. (25) and (19), we obtain

A^{(1)}_{00} =

W^{(1)} 3 a^{(1)}_{10} a^{(1)}_{11} Δ^{μγ1} u^ν u^{γ2} X^{−2}_{μνγ1γ2} = 4 9 n_0σ_T . (B19)

In the 23-moment approximation, e.g. considering three polynomials in the expansion (18), for ℓ = 1,

A^{(1)}_{r0} =

W^{(1)} 3 [( a^{(1)}_{10} a^{(1)}_{11} + a^{(1)}_{20} a^{(1)}_{21} ) Δ^{μγ1} u^ν u^{γ2} X^{r−2}_{μνγ1 γ2} + a^{(1)}_{20} a^{(1)}_{22} Δ^{μγ1} u^ν u^{γ2} u^{γ3} X^{r−2}_{μνγ1γ2 γ3} ] , A^{(1)}_{r2} =

W^{(1)} 3 ( a^{(1)}_{22} a^{(1)}_{21} Δ^{μγ1} u^ν u^{γ2} X^{r−2}_{μνγ1 γ2} + a^{(1)}_{22} a^{(1)}_{22} Δ^{μγ1} u^ν u^{γ2} u^{γ3} X^{r−2}_{μνγ1γ2γ3} ) . (B20)

Then, using the results from Appendix E for the coefficients a^{(ℓ)}_{nq} together with Eqs. (B17) and (B18), we obtain

A^{(1)}_{00} = 2 3 n_0σ_T , A^{(1)}_{02} = β^2_0 90 n_0σ_T ,

A^{(1)}_{20} = − 4 3β^2_0 n_0σ_T , A^{(1)}_{22} = 1 3 n_0σ_T . (B21)

2. Shear-stress tensor

For the collision integrals related to the shear-stress tensor, we need the following two contractions

Δ^{μνγ1 γ2} X^n_{μνγ1 γ2} = 10 3 σ_T (I_{10}I_{n+5,2} + 4I_{21}I_{n+4,2}) ,

Δ^{μνγ1 γ2} u^{γ3} X^n_{μνγ1 γ2γ3} = 5σ_T (I_{10}I_{n+6,2} − I_{21}I_{n+5,2} + 2I_{31}I_{n+4,2}) . (B22)

In order to obtain the above relations, we used Eq. (16) and the definitions (39). Using Eq. (B17), Δ^{μναβ} X^{−1}_{μναβ} = 24σ_T P^2_0 β_0 , Δ^{μναβ} X^0_{μναβ} = 400 3 σ_T P^2_0 β^2_0 , Δ^{μναβ} u^{γ1} X^{−1}_{μναβγ1} = 132σ_T P^2_0 β^2_0 , Δ^{μναβ} u^{γ1} X^0_{μναβγ1} = 880σ_T

P^2_0 β^3_0

. (B23)

The components of A^{(2)} change according to the number of moments included. In the 14-moment approximation, using Eqs. (25) and (19), we obtain

A^{(2)}_{00} =

W^{(2)} 10 Δ^{μνγ1 γ2} X^{−1}_{μνγ1γ2} = 3 5 n_0σ_T , (B24) where we used Eqs. (B17) and (B23), together with the results from Appendix E.

In the 23-moment approximation, e.g. considering two polynomials in the expansion (18), for ℓ = 2,

A^{(2)}_{r0} =

W^{(2)} 10 ( 1 + a^{(2)}_{10} a^{(2)}_{10} ) Δ^{μνγ1 γ2} X^{r−1}_{μνγ1γ2} + W^{(2)} 10 a^{(2)}_{10} a^{(2)}_{11} Δ^{μνγ1 γ2} u^{γ3} X^{r−1}_{μνγ1γ2γ3} ,

A^{(2)}_{r1} =

W^{(2)} 10 a^{(2)}_{11} a^{(2)}_{10} Δ^{μνγ1 γ2} X^{r−1}_{μνγ1γ2} +

W^{(2)} 10 a^{(2)}_{11} a^{(2)}_{11} Δ^{μνγ1 γ2} u^{γ3} X^{r−1}_{μνγ1γ2 γ3} . (B25)

Then, using once more the results from Appendix E and Eqs. (B17) and (B23), we obtain

A^{(2)}_{00} = 9 10 n_0σ_T , A^{(2)}_{01} = − 1 20 β_0n_0σ_T ,

A^{(2)}_{10} = 4 3β_0 n_0σ_T , A^{(2)}_{11} = 1 3 n_0σ_T . (B26)

We did not calculate the coefficients related to the bulk viscous pressure, since this quantity vanishes in the massless limit. Also, if the mass was taken to be finite, some of the steps taken in this appendix would not be possible.

Appendix C: Transport coefficients

In this appendix we list all the transport coefficients of fluid dynamics calculated in this paper. The transport coefficients for the bulk viscous pressure are

ℓ_{Πn} = − m^2 3 γ^{(1)}_1 τ^{(0)}_{00} −

N_0∑

r=0,≠1,2 τ^{(0)}_{0r} G_{3r} D_{20} + N_0−3∑

r=0 τ^{(0)}_{0,r+3}Ω^{(1)}_{r+2,0} , (C1)

τ_{Πn} = m^2 3 (ε_0 + P_0) τ^{(0)}_{00} ∂γ^{(1)1}

∂ ln β_0 − N_0∑

r=0,≠1,2 τ^{(0)}_{0r} G_{3r} D_{20} + N_0−3∑

r=0 τ^{(0)}_{0,r+3}β_0

∂Ω^{(1)}_{r+2,0} ∂β_0 + N_0−3∑

r=0 (r + 3) τ^{(0)}_{0,r+3}Ω^{(1)}_{r+2,0} , (C2)

δ_{ΠΠ} = 2 3 τ^{(0)}_{00} + m^2 3 γ^{(0)}_2 τ^{(0)}_{00} − m^2 3 N_0∑

r=0,≠1,2 τ^{(0)}_{0r} G_{2r} D_{20} + 1 3 N_0−3∑

r=0 (r + 5) τ^{(0)}_{0,r+3}Ω^{(0)}_{r+3,0} − m^2 3 N_0−5∑

r=0 (r + 4) τ^{(0)}_{0,r+5}Ω^{(0)}_{r+3,0}

+ (ε_0 + P_0) J_{10} − n_0J_{20} D_{20}

N_0∑

r=3 τ^{(0)}_{0r}

∂Ω^{(0)}_{r0} ∂α_0 + (ε_0 + P_0) J_{20} − n_0J_{30} D_{20}

N_0∑

r=3 τ^{(0)}_{0r}

∂Ω^{(0)}_{r0} ∂β_0 , (C3)

λ_{Πn} = − m^2 3 ( τ^{(0)}_{00}

∂γ^{(1)}_1 ∂α_0 + τ^{(0)}_{00} 1 h_0

∂γ^{(1)}_1 ∂β_0 + N_0−3∑

r=0 τ^{(0)}_{0,r+3} 1 h_0

∂Ω^{(1)}_{r+2,0} ∂β_0 + N_0−3∑

r=0 τ^{(0)}_{0,r+3}

∂Ω^{(1)}_{r+2,0} ∂α_0 ) , (C4)

λ_{Ππ} = − m^2 3 −γ^{(2)}_2 τ^{(0)}_{00} +

N_0∑

r=0,≠1,2 τ^{(0)}_{0r} G_{2r} D_{20} + N_0−3∑

r=0 (r + 2) τ^{(0)}_{0,r+3}Ω^{(2)}_{r+1,0} , (C5)

where h_0 = (ε_0 + P_0)/n_0 is the enthalpy per particle. The transport coefficients for the particle-diffusion current are

δ_{nn} = τ^{(1)}_{00} + 1 3 m^2γ^{(1)}_2 τ^{(1)}_{00} − 1 3 m^2 N_1−2∑

r=0 (r + 1) τ^{(1)}_{0,r+2}Ω^{(1)}_{r0} + 1 3 N_1∑

r=2 (r + 3) τ^{(1)}_{0r} Ω^{(1)}_{r0}

− N_1∑

r=2 τ^{(1)}_{0r} [ n_0 D_{20} ( J_{20}

∂Ω^{(1)}_{r0} ∂β_0 + J_{30}

∂Ω^{(1)}_{r0} ∂α_0 ) − ε_0 + P_0

D_{20} ( J_{10}

∂Ω^{(1)}_{r0} ∂β_0 + J_{20}

∂Ω^{(1)}_{r0} ∂α_0 )] , (C6)

ℓ_{nΠ} = 1 h_0 τ^{(1)}_{00} − γ^{(0)}_1 τ^{(1)}_{00} + N_1−2∑

r=0 τ^{(1)}_{0,r+2} β_0J_{r+4,1} ε_0 + P_0 + 1 m^2 N_1−2∑

r=0 τ^{(1)}_{0,r+2}Ω^{(0)}_{r+3,0} − N_1−4∑

r=0 τ^{(1)}_{0,r+4}Ω^{(0)}_{r+3,0}, (C7) τ_{nΠ} = 1 ε_0 + P_0 [ 1 h_0 τ^{(1)}_{00} − τ^{(1)}_{00}

∂γ^{(0)}_1 ∂ ln β_0 + N_1−2∑

r=0 τ^{(1)}_{0,r+2} β_0J_{r+4,1} ε_0 + P_0 + 1 m^2 N_1−2∑

r=0 (r + 5) τ^{(1)}_{0,r+2}Ω^{(0)}_{r+3,0}

+ 1 m^2 N_1−2∑

r=0 τ^{(1)}_{0,r+2}

∂Ω^{(0)}_{r+3,0} ∂ ln β_0 − N_1−4∑

r=0 (r + 4) τ^{(1)}_{0,r+4}Ω^{(0)}_{r+3,0} − N_1−4∑

r=0 τ^{(1)}_{0,r+4}

∂Ω^{(0)}_{r+3,0} ∂ ln β_0 ] , (C8)

ℓ_{nπ} = −γ^{(2)}_1 τ^{(1)}_{00} + 1 h_0 τ^{(1)}_{00} + N_1−2∑

r=0 τ^{(1)}_{0,r+2} β_0J_{r+4,1} ε_0 + P_0 − N_1−2∑

r=0 τ^{(1)}_{0,r+2}Ω^{(2)}_{r+1,0}, (C9)

τ_{nπ} = 1 ε_0 + P_0 [ 1 h_0 τ^{(1)}_{00} − τ^{(1)}_{00}

∂γ^{(2)}_1 ∂ ln β_0 + N_1−2∑

r=0 τ^{(1)}_{0,r+2} β_0J_{r+4,1} ε_0 + P_0 − N_1−2∑

r=0 τ^{(1)}_{0,r+2}

∂Ω^{(2)}_{r+1,0} ∂ ln β_0 − N_1−2∑

r=0 (r + 2) τ^{(1)}_{0,r+2}Ω^{(2)}_{r+1,0} ] , (C10)

λ_{nn} = 3 5 τ^{(1)}_{00} + 2 5 m^2γ^{(1)}_2 τ^{(1)}_{00} − 2 5 m^2 N_1−2∑

r=0,r≠1 (r + 1) τ^{(1)}_{0,r+2}Ω^{(1)}_{r0} + 1 5 N_1∑

r=2 (2r + 3) τ^{(1)}_{0r} Ω^{(1)}_{r0} , (C11)

λ_{nΠ} = τ^{(1)}_{00} ( 1 h_0

∂γ^{(0)}_1 ∂β_0 + ∂γ^{(0)}_1 ∂α_0 ) − 1 m^2 N_1−2∑

r=0 τ^{(1)}_{0,r+2} ( 1 h_0

∂Ω^{(0)}_{r+3,0} ∂β_0 + ∂Ω^{(0)}_{r+3,0} ∂α_0 )

+ N_1−4∑

r=0 τ^{(1)}_{0,r+4} ( 1 h_0

∂Ω^{(0)}_{r+3,0} ∂β_0 + ∂Ω^{(0)}_{r+3,0} ∂α_0 ) , (C12)

λ_{nπ} = ( 1 h_0

∂γ^{(2)}_1 ∂β_0 + ∂γ^{(2)}_1 ∂α_0 ) τ^{(1)}_{00} + N_1−2∑

r=0 τ^{(1)}_{0,r+2} ( 1 h_0

∂Ω^{(2)}_{r+1,0} ∂β_0 + ∂Ω^{(2)}_{r+1,0} ∂α_0 ) . (C13)

The transport coefficients for the shear-stress tensor are δ_{ππ} = 1 3 m^2γ^{(2)}_2 τ^{(2)}_{00} + 1 3 N_2∑

r=0 (r + 4) τ^{(2)}_{0r} Ω^{(2)}_{r0} − 1 3 m^2 N_2−2∑

r=0 (r + 1) τ^{(2)}_{0,r+2}Ω^{(2)}_{r0}

+ N_2∑

r=0 τ^{(2)}_{0r} [ (ε_0 + P_0) J_{10} − n_0J_{20} D_{20}

∂Ω^{(2)}_{r0} ∂β_0 + (ε_0 + P_0) J_{20} − n_0J_{30}

D_{20}

∂Ω^{(2)}_{r0} ∂α_0 ] , (C14)

τ_{ππ} = 2 7 N_2∑

r=0 (2r + 5) τ^{(2)}_{0r} Ω^{(2)}_{r0} + 4 7 m^2γ^{(2)}_2 τ^{(2)}_{00} − 4 7 m^2 N_2−2∑

r=0 (r + 1) τ^{(2)}_{0,r+2}Ω^{(2)}_{r0} , (C15)

λ_{πΠ} = 6 5 τ^{(2)}_{00} + 2 5 m^2γ^{(0)}_2 τ^{(2)}_{00} + 2 5m^2 N_2−1∑

r=0 (r + 5) τ^{(2)}_{0,r+1}Ω^{(0)}_{r+3,0}

+ 2 5 N_2∑

r=3 (2r + 3) τ^{(2)}_{0r} Ω^{(0)}_{r0} − 2 5 m^2 N_2−2∑

r=0,≠1,2 (r + 1) τ^{(2)}_{0,r+2}Ω^{(0)}_{r0} , (C16)

τ_{πn} = 1 ε_0 + P_0 − 2 5 m^2τ^{(2)}_{00}

∂γ^{(1)}_1 ∂ ln β_0 + 2 5 N_2−1∑

r=0 (r + 6) τ^{(2)}_{0,r+1}Ω^{(1)}_{r+2,0} − 2 5 m^2 N_2−1∑

r=0,≠1 (r + 1) τ^{(2)}_{0,r+1}Ω^{(1)}_{r0}

+ 2 5 N_2−1∑

r=0 τ^{(2)}_{0,r+1}

∂Ω^{(1)}_{r+2,0} ∂ ln β_0 − 2 5 m^2 N_2−3∑

r=0 τ^{(2)}_{0,r+3}

∂Ω^{(1)}_{r+2,0} ∂ ln β_0 ] , (C17)

ℓ_{πn} = − 2 5 m^2γ^{(1)}_1 τ^{(2)}_{00} + 2 5 N_2−1∑

r=0 τ^{(2)}_{0,r+1}Ω^{(1)}_{r+2,0} − 2 5 m^2 N_2−1∑

r=0,≠1 τ^{(2)}_{0,r+1}Ω^{(1)}_{r0} , (C18) λ_{πn} = − 2 5 m^2τ^{(2)}_{00} ( 1 h_0

∂γ^{(1)}_1 ∂β_0 + ∂γ^{(1)}_1 ∂α_0 ) + 2 5 N_2−1∑

r=0 τ^{(2)}_{0,r+1} ( 1 h_0

∂Ω^{(1)}_{r+2,0} ∂β_0 + ∂Ω^{(1)}_{r+2,0} ∂α_0 )

− 2 5 m^2 N_2−3∑

r=0 τ^{(2)}_{0,r+3} ( 1 h_0

∂Ω^{(1)}_{r+2,0} ∂β_0 + ∂Ω^{(1)}_{r+2,0} ∂α_0 ) . (C19)

Appendix D: Calculations

In this appendix we compute the quantity γ^{(2)}_1 in the 14-moment approximation and the 23-moment approximation. This variable was defined in the main text and is given by,

γ^{(2)}_1 =

N_2∑

n=0 F^{(2)}_{rn} Ω^{(2)}_{n0} . (D1)

The first step is to compute the thermodynamic integral F^{(ℓ)}_{rn} ,

F^{(ℓ)}_{rn} = ℓ! (2ℓ + 1)!! ∫ dK f_{0k}f̃_{0k}E^{−r}_k H^{(ℓ)}_{kn} ( Δ^{αβ} k_αk_β )_ℓ . (D2)

1. 14-moment approximation

In this case, N_1 = 1 and N_2 = 0, and

γ^{(2)}_1 = F^{(2)}_{10} . (D3)

Also, in the 14-moment approximation,

H^{(2)}_{k0} ≡

W^{(2)} 2! a^{(2)}_{00} P^{(2)}_0 =

W^{(2)} 2! . In the massless/classical limits

H^{(2)}_{k0} = β^2_0 8P_0 , and finally

γ^{(2)}_1 = β^2_0 4P_0 1 5!! ∫ dKf_{0k}E^{−1}_k ( Δ^{αβ} k_αk_β )_2 = β_0 5 . (D4)

2. 23-moment approximation

In this case, N_1 = 2 and N_2 = 1, and

γ^{(2)}_1 = F^{(2)}_{10} + Ω^{(2)}_{10} F^{(2)}_{11} . (D5)

Also, in the 23-moment approximation,

H^{(2)}_{k0} =

W^{(2)} 2! ( 1 + a^{(2)}_{10} P^{(2)}_1 ) = W^{(2)} 2! [ 1 + ( a^{(2)}_{10}

)_2

+ a^{(2)}_{10} a^{(2)}_{11} E_k ] , H^{(2)}_{k1} =

W^{(2)} 2! a^{(2)}_{11} P^{(2)}_1 =

W_{(2)} 2! [ a^{(2)}_{10} a^{(2)}_{11} + ( a^{(2)}_{11}

)_2 E_k ] . (D6)

We know that

W^{(2)} = β^2_0 4P_0 , ( a^{(2)}_{11}

)_2 = β^2_0 6 , a^{(2)}_{10} a^{(2)}_{11} = − 6 β_0

. (D7)

Thus,

H^{(2)}_{k0} = β^2_0 8P_0

(7 − β_0E_k) ,

H^{(2)}_{k1} = β^3_0 8P_0 ( −1 + 1 6 β_0E_k ) , (D8) and F^{(2)}_{10} = β^2_0 4P_0 1 5!! ∫ dK f_{0k}E^{−1}_k (7 − β_0E_k) ( Δ^{αβ} k_αk_β )_2 = 2 5 β_0,

F^{(2)}_{11} = β^3_0 4P_0 1 5!! ∫ dK f_{0k}E^{−1}_k ( −1 + 1 6 β_0E_k ) ( Δ^{αβ} k_αk_β )_2 = − β^2_0 30 . (D9)

Substituting Ω^{(2)} from Eq. (71) we obtain

γ^{(2)}_1 = 2 15 β_0 = 0.133β_0. (D10)

Appendix E: Orthogonal Polynomials

In this appendix, we construct the set of orthogonal polynomials used in the main text. These will be polynomials in energy, E_k = u_μk^μ, i.e., orthogonal polynomials generated by the set 1, E_k, E^2_k, . . .. We construct this orthogonal set using the Gram-Schmidt orthogonalization method. First we introduce

ω^{(ℓ)} ≡

W^{(ℓ)} (2ℓ + 1)!! ( Δ^{αβ} k_αk_β )_ℓ f_{0k}f̃_{0k} , (E1)

where f_{0k} is the equilibrium distribution function as defined in the main text. The weight W^{(ℓ)} will be determined such that the orthogonal polynomial P^{(ℓ)}_{kn} of order n = 0 and index ℓ is normalized, ∫ dKω^{(ℓ)}P^{(ℓ)}_{k0} P^{(ℓ)}_{k0} = 1, (E2)

Without loss of generality, the polynomials of order 0 are set to 1 for all values of ℓ,

P^{(ℓ)}_{k0} ≡ a^{(ℓ)}_{00} = 1 . (E3)

Then the normalization parameter W^{(ℓ)} is obtained from Eq. (E2),

W^{(ℓ)} = (−1)^ℓ 1 J_{2ℓ,ℓ} . (E4)

The thermodynamic functions J_{nq} were defined in the main text, see Eq. (39).

The polynomials are parametrized as

P^{(ℓ)}_{kn} = n∑ r=0 a^{(ℓ)}_{nr} E^r_k . (E5)

We construct the polynomials in sequence according to the parametrization (E5) starting from n = 0, Eq. (E3), using the orthonormality condition (20). The orthogonality/normalization condition implies that, for a polynomial of order i, P^{(ℓ)}_{ki} , ∫ dKω^{(ℓ)}P^{(ℓ)}_{ki} P^{(ℓ)}_{kj} = δ_{ij} , (E6) for all j ≤ i. Substituting Eq. (E5), we obtain the following equation for the coefficients a^{(ℓ)}_{ij} , i∑ j=0 D^{(ℓi)}_{kj} a^{(ℓ)}_{ij} a^{(ℓ)}_{ii} = J_{2ℓ,ℓ} ( a^{(ℓ)}_{ii} )_2 δki, (E7)

where k = 0, . . . , i, and we defined the (i + 1) × (i + 1) matrix D^{(ℓi)}_{kj} ≡ J_{k+j+2ℓ,ℓ}. The solution of Eq. (E7) is ( a^{(ℓ)}_{ii} )_2 = ( D^{−1} )_{(ℓi)} ii J_{2ℓ,ℓ}, a^{(ℓ)}_{ij} a^{(ℓ)}_{ii} = ( D^{−1} )_{(ℓi)} ji (D^{−1})^{(ℓi)}_{ii}

, (E8)

where ( D^{−1} )_{(ℓi)} is the inverse of D^{(ℓi)}. For example, for any polynomial of order 1, the coefficients are ( a^{(ℓ)}_{11}

)_2 = ( D^{−1} )_{(ℓ1)} 11 J_{2ℓ,ℓ} =

(J_{2ℓ,ℓ})^2 J_{2ℓ+2,ℓ}J_{2ℓ,ℓ} − (J_{2ℓ+1,ℓ})^2 , a^{(ℓ)}_{10} a^{(ℓ)}_{11} = ( D^{−1} )_{(ℓ1)} 01 (D^{−1})^{(ℓ1)}_{11} = − J_{2ℓ+1,ℓ} J_{2ℓ,ℓ} . (E9)

Appendix F: Irreducible tensors

In this appendix, we give some practical relations concerning the irreducible tensors k^{⟨μ1} k^{μ2} · · · k^{μℓ ⟩} introduced in the main text. The definition of these tensors is k^{⟨μ1} k^{μ2} · · · k^{μℓ⟩} = Δ^{μ1 ···μℓ}_{ν1 ···νℓ} k^{ν1} · · · k^{νℓ} . (F1) The projection operator Δ^{μ1 ···μℓ}_{ν1 ···νℓ} is symmetric and traceless in the indexes μ and ν Δ^{μ1 ···μℓ} ν_1 ···ν_ℓ = Δ (μ_1···μ_ℓ ) (ν_1···ν_ℓ ) , g_{μi μj} Δ^{μ1 ···μℓ}_{ν1 ···νℓ} = g^{νi νj} Δ^{μ1 ···μℓ}_{ν1 ···νℓ} = 0, ∀ 1 ≤ i, j ≤ ℓ. (F2) The parentheses () on the indices denotes symmetrization of the tensor. These projections are constructed in Ref. [6] and can be obtained from Δ^{μ1 ···μℓ ν1···νℓ} = [ℓ/2]∑

k=0 C (ℓ, k) Φ^{μ1 ···μℓν1 ···νℓ} (ℓk) , C (ℓ, k) = (−1)^k (ℓ!)^2 (2ℓ)!

(2ℓ − 2k)! k! (ℓ − k)! (ℓ − 2k)! , (F3)

where in the last summation the symbol [ℓ/2] denotes the largest integer not exceeding ℓ/2 and Φ^{μ1···μℓν1 ···νℓ} (ℓk) = (ℓ − 2k)! ( 2^kk! ℓ! )_2 ∑ ℘_μ ℘_ν Δ^{μ1 μ2} · · · Δ^{μ2k−1 μ2k} Δ^{ν1 ν2} · · · Δ^{ν2k−1 ν2k} Δ^{μ2k+1 ν2k+1} · · · Δ^{μℓνℓ} . (F4)

This summation is supposed to run over all distinct permutations of μ–type and ν–type indices (we do not permute the indices μ with ν). For ℓ = 2 this recipe gives the usual double symmetric and traceless projection operator Δ^{μν}_{αβ} commonly employed in relativistic fluid dynamics. As mentioned in the main text, this set of tensors are useful because they form an orthogonal basis, see Eq. (16).

[1] See for example, Y. Hama, T. Kodama, and O. Socolowski Jr, Braz. J. Phys. 35, 24 (2005); P. Huovinen and P.V.

Ruuskanen, Ann. Rev. Nucl. Part. Sci. 56, 163 (2006); and references therein.

[2] S. Chapman and T. G. Cowling, The mathematical theory of non-uniform gases, 3rd edition (Cambridge University Press, Cambridge, 1970).

[3] D. Burnett, Proc. Lond. Math. Soc. 39, 385 (1935); Proc. Lond. Math. Soc. 40, 382 (1936). [4] A.V. Bobylev, Sov. Phys. Dokl. 27, 29 (1982).

[5] W. A. Hiscock and L. Lindblom, Ann. Phys. (N.Y.) 151, 466 (1983); Phys. Rev. D 31, 725 (1985); Phys. Rev. D 35, 3723 (1987); Phys. Lett. A 131, 509 (1988); Phys. Lett. A 131, 509 (1988); G. S. Denicol, T. Kodama, T. Koide, and Ph. Mota, J. Phys. G 35, 115102 (2008); S. Pu, T. Koide, and D.H. Rischke, Phys. Rev. D 81, 114039 (2010).

[6] S. R. de Groot, W. A. van Leeuwen, and Ch. G. van Weert, Relativistic kinetic theory - Principles and applications (North-Holland, 1980).

[7] H. Grad, Comm. Pure Appl. Math. 2, 331 (1949). [8] H. Grad, Comm. Pure Appl. Math. 2, 325 (1949).

[9] S. Reinecke and G. M. Kremer, Phys. Rev. A 42, 815 (1990); Continuum Mech. Thermodyn. 8, 121 (1996); H. Struchtrup, IMA Vol. Math Appl. 735. Springer (2004); I. V. Karlin and A. N. Gorban, Ann. Phys. (Leipzig) 11, 783 (2002).

[10] G. S. Denicol, J. Noronha, H. Niemi, and D. H. Rischke, Phys. Rev. D83, 074019 (2011); J. Phys. G 38, 124177 (2011);

G. S. Denicol, H. Niemi, J. Noronha, and D. H. Rischke, arXiv:1103.2476 [hep-th]. [11] H. Struchtrup and P. Taheri, IMA J. Appl. Math. (published online 2011). [12] see for example M. Torrilhon, Cont. Mech. Thermodyn. 21, 341 (2009), and references therein. [13] H. Struchtrup and M. Torrilhon, Phys. Fluids 15/9, 2668 (2003) ; M. Torrilhon and H. Struchtrup, J. Fluid Mech. 513, 171 (2004) ; H. Struchtrup and M. Torrilhon, Phys. Rev. Lett. 99, 014502 (2007).

[14] N. A. Chernikov, Phys. Lett. 5, 115 (1963); Acta Phys. Pol. 27, 465 (1965); B. Vignon, Ann. Inst. H. Poincare 10, 31 (1969); C. Marle, Ann. Inst. H. Poincare 10, 127 (1969); M. Kranys, Phys. Lett. 33A, 77 (1970); Nuovo Cim. 8B, 417 (1972).

[15] W. Israel and J. M. Stewart, Phys. Lett. 58A, 213 (1976); Ann. Phys. (N.Y.) 118, 341 (1979); Proc. Roy. Soc. London A 365, 43 (1979).

[16] P. Huovinen and D. Molnar, Phys. Rev. C 79, 014906 (2009); A. El, Z. Xu, and C. Greiner, Phys. Rev. C 81, 041901 (2010).

[17] I. Bouras, E. Molnar, H. Niemi, Z. Xu, A. El, O. Fochler, C. Greiner, and D. H. Rischke, Phys. Rev. C82, 024910 (2010). [18] A. Muronga, Phys. Rev. C76, 014910 (2007).

[19] B. Betz, D. Henkel, and D. H. Rischke, Prog. Part. Nucl. Phys. 62, 556 (2009); B. Betz, D. Henkel, and D. H. Rischke, J. Phys. G36, 064029 (2009); B. Betz, G. S. Denicol, T. Koide, E. Molnar, H. Niemi, and D. H. Rischke, EPJ Web of Conferences 13, 07005 (2011).

[20] G. S. Denicol, T. Koide, and D. H. Rischke, Phys. Rev. Lett. 105, 162501 (2010).

[21] L. D. Landau and E. M. Lifshitz, Fluid Mechanics, (Pergamon; Addison-Wesley, London, U.K.; Reading, U.S.A., 1959). [22] J. L. Anderson, J. Math. Phys. 15, 1116 (1974); Physica 79A, 569 (1975); Physica 85A, 287 (1976). [23] R. Baier, P. Romatschke, D. T. Son, A. O. Starinets, and M. A. Stephanov, JHEP 0804, 100 (2008).