arXiv:1202.4667v1 [math-ph] 17 Feb 2012

On the Relativistic Micro-Canonical Ensemble and Relativistic Kinetic Theory for N Relativistic Particles in Inertial and Non-Inertial Rest Frames.

David Alba

Sezione INFN di Firenze Polo Scientifico, via Sansone 1 50019 Sesto Fiorentino, Italy E-mail alba@fi.infn.it

Horace W. Crater

The University of Tennessee Space Institute Tullahoma, TN 37388 USA E-mail: hcrater@utsi.edu

Luca Lusanna

Sezione INFN di Firenze Polo Scientifico, Via Sansone 1 50019 Sesto Fiorentino (FI), Italy E-mail: lusanna@fi.infn.it

Abstract

A new formulation of relativistic classical mechanics allows a revisiting of old unsolved problems in relativistic kinetic theory and in relativistic statistical mechanics. In particular a definition of the relativistic micro-canonical partition function is given strictly in terms of the Poincaré generators of an interacting N-particle system both in the inertial and non-inertial rest frames. The nonrelativistic limit allows a definition of both the inertial and non-inertial micro-canonical ensemble strictly in terms of the Galilei generators. Also the one-particle relativistic distribution function is defined and a new approach to the relativistic Boltzmann equation is delineated. Finally there are some comments on relativistic dissipative fluids.

February 22, 2012

I. INTRODUCTION

In Ref.[1] we developed a new version of relativistic classical and quantum mechanics (RCM and RQM) for systems of N positive-energy particles in the rest-frame instant form of dynamics previously defined in Refs. [2–6] (it uses 3+1 splittings of Minkowski space-time and radar 4-coordinates, as explained in Section II, to have a well posed Cauchy problem). The non-relativistic limit reproduces classical and quantum mechanics with a Hamilton- Jacobi description of the Newtonian center of mass.

In RCM there is a complete control of the relativistic collective variables, with the noncovariant canonical center of mass; covariant non-canonical Fokker-Pryce center of inertia; non-covariant non-canonical Møller center of energy, all expressed in terms of Poincaré generators, and replacing the Newtonian center of mass and collapsing on it for c → ∞. As shown in Ref. [1], to avoid all the problems with the localization of the relativistic center of mass^1 and the instantaneous spreading of the center-of-mass wave packets in RQM (violation of causality) one has to describe it with frozen (non evolving) Jacobi data ⃗z, ⃗h^2. As a consequence, an isolated system with total 4-momentum P^μ = Mc (√ 1 + ⃗h^2;⃗h ) , where Mc is the invariant mass of the system, is described as an external decoupled (non-local, non-measurable) non-covariant frozen 3-center of mass ⃗z^3 carrying a pole-dipole structure: the invariant mass Mc and the rest angular momentum (or spin) of the isolated system. As it will be shown in Section II, in the so-called Wigner 3-spaces (orthogonal to P^μ) of the rest frame, the N particles are described by Wigner spin-1 phase space 3-vectors ⃗η_i(τ), ⃗κ_i(τ) restricted by rest-frame conditions eliminating the internal center of mass. Therefore the N-particle system is described by the external center of mass with canonical variables ⃗z, ⃗h, and by N-1 relative canonical variables ⃗ρ_a(τ), ⃗π_a(τ), a = 1, .., N − 1. The invariant mass is the Hamiltonian. The particle world-lines x^μ_i (τ) and the standard momenta p^μ_i (τ) are derived quantities: they turn out to be covariant but not canonical predictive coordinates and momenta.

Given this classical framework it is possible to define a consistent RQM taking into account all the known information about relativistic bound states [4, 5, 7–9] and with a total control on the Poincaré generators (both external and internal, see Section II) also in presence of action-at-a-distance interactions.

Moreover, as shown in Ref.[3], it is possible to reformulate RCM in global non-inertial frames of Minkowski space-time by means of parametrized Minkowski theories of isolated systems (see Section II) and to define RQM in some of them [10]^4. In this approach the transition from a non-inertial frame to another (either non-inertial or inertial) one is formulated as a gauge transformation. Therefore, at least at the classical level, one has gauge equivalence of the inertial and non-inertial dynamics. The open problem at the quantum level is the implementation of these gauge transformations as unitary gauge transformations

1 Not being a covariant quantity it is described by a different pseudo-world-line in every inertial frame. 2 The frozen nature of the variables ⃗z, ⃗h, implies the Hamilton-Jacobi description of the center of mass in the non-relativistic limit.

3 ⃗z/Mc = ⃗x_{NW} (0) are the Cauchy data for the Newton-Wigner 3-position.

4 The same happens in the parametrized Galilei theories defined in Ref.[11]. This allows us to define non-relativistic quantum mechanics (QM) in Galilean non-inertial frames.

5. An important class of non-inertial frames are the non-inertial rest frames (see Section III): in them one can give the explicit form of all the quantities relevant in the inertial rest frame.

Also perfect fluids can be described with the 3+1 point of view, as shown in Refs. [13, 14], if one uses the action principle of Brown [15] (see Ref.[16] for a review of relativistic hydrodynamics).

Both particle systems [17] and perfect fluids [18] can be described in ADM tetrad gravity [19] by using 3+1 splittings of globally hyperbolic, asymptotically Minkowskian space-times without super-translations. For perfect fluids it can be shown that the standard energymomentum tensor looks like the one of a dissipative fluid to every congruence of time-like observers with zero vorticity. The standard perfect fluid form holds only for the congruence of comoving observers associated with the unit 4-velocity of the fluid (the 1+3 point of view), which is in general non-surface-forming having non zero vorticity (so that it cannot be used for the Cauchy problem).

In this paper we want to use the framework of this RCM for N-particle systems, fully consistent with Lorentz signature and with the Poincaré group under control, to give a definition of the relativistic micro-canonical ensemble in relativistic statistical mechanics and of the one-particle distribution function in relativistic kinetic theory. We want to study the aspects of relativistic kinetic theory and relativistic statistical mechanics (see for instance Refs. [20, 21]) connected with inertial and non-inertial frames in Minkoski space-time without entering into the foundational problems of relativistic thermodynamics, but taking into account the problem of the relativistic center of mass and the implications of the Wigner covariance of our 3-vectors ⃗η_i(τ), ⃗κ_i(τ), for the transformation properties of the relevant distribution functions. Therefore we will not consider canonical and grand-canonical ensembles, which are not equivalent to the micro-canonical ensemble when long-range interactions are present, and we will define only the micro-canonical temperature.

All these topics are relevant for astrophysics, cosmology, Brownian motion, plasma physics, heavy ion collisions and quark-gluon plasma. A very rich bibliography on many of these arguments can be found in Ref.[22]. In Refs. [3, 16] there is also the inclusion of the electro-magnetic field in the radiation gauge, but the consequences of its presence in non-inertial frames for plasma physics (Vlasov equation) and magneto-hydrodynamics have still to be explored.

We will limit ourselves to the following arguments:

A) In Ref.[23] (see also its bibliography) it was said that the lack of understanding of RCM with action-at-a-distance potentials forced people to develop a relativistic kinetic theory of ”world-lines” and not of particles. This was due to the fact that it was not known how to parametrize the world-lines of N relativistic particles in an arbitrary inertial frame in terms of a Lorentz scalar time-parameter so that their interactions depend only on space-like distances between pairs of particles and not on relative times (the basic problem in the theory

5 With particle systems this can be done only in rotating systems till now [10]. Instead the problem is completely open for the massive Klein-Gordon field due to the no-go theorem of Ref.[12] forbidding unitary evolution in non-inertial frames.

of relativistic bound states). In our new RCM all these problems are solved: it is clarified how to synchronize the clocks of the N particles and how to formulate a Cauchy problem^6 in presence of action-at-a-distance, electro-magnetic and gravitational interactions. We will give the explicit form of the Poincaré generators for a simple model (not yet the most general one) of N positive-energy particles with action-at-a-distance potentials given in Section IV. Before we had only the 2-body model of Ref.[7] and the complicated N-particle model with Coulomb plus Darwin potentials of Refs.[4, 5, 8, 9] (see Appendix A; in Appendix B there is its general relativistic counterpart, without electro-magnetic field, deduced from Ref.[16]). This simple N-particle model allows us to find the Liouville operators for single particles in inertial and non-inertial frames. A crucial difference with respect to other approaches is the decoupling of the external (non-local, non-measurable) relativistic center of mass

Let us remark that in all the previous attempts to define relativistic kinetic theory and relativistic statistical mechanics starting from a system of N relativistic particles, like the ones in Refs.[24–27] (see also the review in Ref.[28]), there are either no interactions or ad hoc ansatzs to avoid the foundational problems of RCM (quoted in Refs.[1, 7, 29]), whose validity is out of control.

B) In Ref.[30] there is the evaluation of the standard extended (i.e. depending also on the conserved angular momentum and not only on the energy of the isolated system like the ordinary one) non-relativistic distribution function for the micro-canonical ensemble for a system of N particles interacting with the long range Newton gravitational interaction (see Ref.[31] for the status of long-range interactions in non-relativistic statistical mechanics and the non-equivalence of micro-canonical and canonical ensembles). This suggested that we look for a formulation of the (ordinary and extended) relativistic micro-canonical ensemble both in the inertial rest frame and in the non-inertial ones (where the inertial forces are long range forces) for N particle systems^7. It turns out that the definitions of these distribution functions depend in a natural way on the ten internal Poincaré generators and that the ensemble depends only upon the canonical relative variables ⃗ρ_a, ⃗π_a, a = 1, .., N − 1, but not on the frozen Jacobi data of the external center of mass. The non-relativistic limit allows us to find the (ordinary and extended) Newtonian micro-canonical ensembles both in inertial and non-inertial rest frames of Galilei space-time by using the generators of the Galilei group in the Hamilton-Jacobi description of the center of mass. Now, unlike with the relativistic case, one can reintroduce the motion of the center of mass to recover the known definition of the distribution function. In the relativistic case the non-covariance of the Jacobi data ⃗z makes the reintroduction of the external center of mass impossible. It is only possible to pass from an expression depending on the relative variables to one depending on the particle world-lines. We are able to evaluate explicitly our modified distribution function in the inertial non-relativistic case, but not in the inertial relativistic case (also in the standard approach its form is not known when m ≠ 0 [33]). Let us remark that to our knowledge this is the first time that one has a definition of micro-canonical ensemble in relativistic and non-relativistic non-inertial frames. In relativistic non-inertial frames naive relative variables

6 Even if non physical we must give the Cauchy data on a space-like 3-space, to be able to use the existence and unicity theorem for the solution of partial differential equations to predict the future. The subsequent evolution is consistent with special relativity even in the case of action-at-a-distance interactions.

7 See Ref. [32] for the extended micro-canonical ensemble of the ideal relativistic quantum gas in relativistic inertial frames.

cannot be defined, but action-at-a-distance potentials V (⃗ρ^2_a) can be described by using the Synge world-function like in general relativity [34].

In inertial frames the (ordinary or extended) distribution function is time independent consistent with the standard notion of equilibrium. This turns out to be true also in the non-inertial rest frames due to the fact that both the Galilei or Poincaré generators are asymptotic constants of motion at spatial infinity. Therefore equilibrium (at least in a passive viewpoint^8) can be defined also in non-inertial rest frames, notwithstanding the fact that the inertial forces are long-range independently from the type of inter-particle interactions. See also Ref.[36] (and its bibliography) and Ref.[37] for the problem of the dependence of the constitutive relations of continuum mechanics on the non-inertial frame in the non-relativistic framework.

C) By using the micro-canonical entropy it is possible to define the micro-canonical temperature T_{(mc)} (see Refs. [38, 39]; see Refs.[40] for the case in which long range forces are present and T_{(mc)} is the only reliable notion of temperature) and to show that it is a Lorentz scalar. Therefore, when the thermodynamical limit (N, V → ∞ with N/V = const., T_{(mc)} → T ) exists, also the canonical temperature T turns out to be a Lorentz scalar. This is our answer to the endless debate on the transformation properties of temperature under Lorentz boosts (T = T_{rest}, T = T_{rest} (1 − v^2/c^2)^{1/2}, T = T_{rest} (1 − v^2/c^2)^{−1/2}): see Ref.[41] for the formulation of the problem and Refs.[42] for recent contributions. In non-inertial frames T_{(mc)} will be a functional of the inertial potentials.

D) Starting from the density function of a non-equilibrium relativistic Gibbs ensemble (assumed to transform like the relativistic micro-canonical distribution function to which it tends at equilibrium) we can give a definition of the one-particle distribution function f(⃗η, ⃗κ, τ) with a statistical average. We only investigate the transformation properties of this one-particle distribution function under Poincaré transformations in the inertial relativistic rest frame. We can show that it is a Lorentz scalar: this is our answer to the long standing debate on the transformation properties of this distribution reviewed in Refs. [43–45].

In the inertial non-relativistic case one can recover the Maxwell-Boltzmann distribution function as the equilibrium solution of the non-relativistic Boltzmann equation, which can be derived (see for instance chapter 3 of Ref.[20]) as an approximation from the BBGKY (Bogoliubov - Born - Green - Kirkwood - Yvon) hierarchy for the coupled equations of motion of the s-particle distributions functions implied by the Liouville theorem using the Hamiltonian of the N-particle system. In the relativistic case in absence of a consistent RCM the Boltzmann equation is either postulated or derived from quantum field theory (see Refs.[46], [21], [47])^9, and for free particles the equilibrium solution is the relativistic

8 This is a different problem from how to describe equilibrium in general relativity [35], where there are physical tidal degrees of freedom of the gravitational field and the equivalence principle forbids the existence of global inertial frames.

9 Starting from the existing relativistic kinetic theory [49, 50] one arrives at the relativistic Boltzmann equation of Ref.[47]. As shown in Ref.[23] if we consider a gas of charged massive particles interacting with external electro-magnetic and gravitational fields, the Hamilton equations of motion of a particle are^{dxμ(λ)}_{dλ} = p^μ(λ),^{dpμ (λ)}_{dλ} = e F^μ_ν (x(λ)) p^ν (λ) − Γ^μ_{αβ}(x(λ)) p^α(λ) p^β (λ) = F^μ(x(λ), p(λ)) (λ is an affine parameter; self-forces are not considered). Therefore, if L̂ = p^{μ ∂}_{∂ xμ} + F^{μ ∂}_{∂ pμ} is the associated Liouville

Boltzmann-Jüttner distribution function [48]. By adapting this construction to the relativistic inertial rest frame, we show that the Jüttner distribution can be obtained also in our approach.

Since in our RCM we have the Hamilton equations for the interacting N-particle systems of Section IV (and of Appendices A and B) described by Wigner-covariant phase space 3- variables ⃗η_i(τ), ⃗κ_i(τ), i = 1, .., N, (or by the relative ones ⃗ρ_a(τ), ⃗π_a(τ), a = 1, .., N − 1, after the elimination of the internal center of mass in the Wigner 3-spaces), we can introduce also the correlation functions f_s(⃗η_1, ⃗κ_1, .., ⃗η_s, ⃗κ_s, τ), s = 1, .., N, and, by using the Liouville operator associated to the relativistic N-particle Hamiltonian (the global invariant mass), find their coupled equations of motion. This produces a relativistic BBGKY hierarchy, from which the form of the relativistic Boltzmann equation implied by our RCM, with a decoupled external relativistic center of mass, could be defined in absence of external forces. However the problem is much more complex than in the non-relativistic case due to the form of the relativistic Hamiltonian and to the momentum-dependence of the potentials (see Section IV) and only for certain models and with drastic approximations can a Boltzmann equation be derived.

E) The moments of the one-particle distribution function, solution of the Boltzmann equation, give rise to a hydrodynamical description of relativistic kinetic theory with an effective dissipative fluid (to be contrasted with the perfect or dissipative fluids of relativistic hydrodynamics). This allows us to study the problems of relativistic dissipative fluids and of causal relativistic thermodynamics, whose foundations are not yet fully established^{10}, but which is used for instance as a hydrodynamical model for describing relativistic heavy-ion collisions [52]. See Refs.[53, 54] for a review of the Eckart, Landau-Lifschitz, Israel-Stewart [49] and Carter [55] points of view and Ref.[56] for the 1+3 point of view^{11}.

The various approaches differ in the parametrization of the relativistic entropy current S^μ = s u^μ + q^μ + V^μ in terms of the fluid 4-velocity u^μ, the ordinary entropy s, the heat transfer 4-vector q^μ and the viscous terms V^μ (with q^μ and V^μ orthogonal to u^μ), in the definition of u^μ and in the order of the deviations from equilibrium (linear for the Eckart and Landau-Lifschitz models, quadratic for the Israel-Stewart and Carter models). See Refs.[50] and the Appendix B of Ref.[13] for reviews; for recent developments see Refs.[57–59].

operator, the relativistic Boltzmann equation is L̂|_{ϵ g}αβ_{(x) pα pβ =m}2_c2 f(x^o, ⃗x, ⃗p) = C[f], where C[f] is the collision term, bilinear in f for 2-body collisions. At equilibrium (no collisions) the distribution function f_{eq} (x^o, ⃗x, ⃗p) satisfies this equation with C[f_{eq} ] = 0 and ∂_xo f_{eq} = 0.

10 For instance there are discussions going on whether the standard definition of relativistic thermodynamics given in Ref.[49]) is acceptable. See for instance Ref.[51] for a proposal to modify the first member of the Gibbs relation de = T ds + μ dn by adding a dependence on the momentum density to the variation de of the local rest frame energy density.

11 In this paper we use a 3+1 point of view, which is defined in Subsection A of Section II. Instead in the 1+3 point of view one gives only the world-line of a time-like observer and the instantaneous 3-spaces are identified with the tangent spaces orthogonal to the unit 4-velocity of the observer in each point of the world-line. As shown in Ref.[3] these tangent planes intersect each other at a certain distance from the observer, so that coordinates like the Fermi or rotating ones can be defined only locally due to these coordinate singularities.

Then one has to implement the second law of thermodynamics in the form ∂_μ S^μ ≥ 0. In Carter’s two-fluid approach one writes S^μ = s u^μ + j^μ and considers j^μ as a second fluid; a Lagrangian-like approach is used to implement ∂_μ S^μ ≥ 0. As shown in Ref.[60] Israel-Stewart and Carter approaches are essentially equivalent.

What is lacking in all these approaches is a variational principle describing relativistic fluids out of equilibrium and implying ∂_μ S^μ ≥ 0. Our last contribution to the relativistic framework is the suggestion that the action principle for relativistic fluids of Ref.[15], in the version of Refs.[13, 14, 18], can be modified to get these results.

Since in Ref.[1] there is only the basic kinematics for the new RCM, in Section II we give a full review of it in the inertial rest frame (Subsections A and B). Then we give new results in Subsection C on how our description of N-particle systems appears in arbitrary inertial frames, since they are needed in the rest of the paper. In Subsection D we recall the non-relativistic limit.

Section III is devoted to the extension of the description of N-particle systems to admissible non-inertial frames (Subsection A) and to the non-inertial rest frames (Subsections B and C). In Subsection D the non-relativistic limit of non-inertial frames is considered.

Since in relativistic kinetic theory and in relativistic statistical mechanics we must consider N-particle systems, in Section IV we recall for which N-particle systems is known an explicit realization of the Poincaré generators and we add the construction of these generators for a new model, where they have the simplest form, to be used as an example in the subsequent Sections.

In Section V, after these preliminaries and after recalling the standard formulation of the micro-canonical ensemble in non-relativistic inertial frames (Subsection A), we give our new definition of it (and of its extension depending also on the angular momentum) in the non-relativistic inertial frames (Subsection B), in the relativistic inertial rest frames (Subsections C, D and E; in Subsection E there is the definition of the relativistic microcanonical temperature), in relativistic non-inertial rest frames (Subsection F) and finally in non-relativistic non-inertial frames (Subsection G).

In Section VI we give our definition of the one-particle distribution function of relativistic statistical mechanics (Subsections A and B) and an introduction to which form of the relativistic Boltzmann equation is implied by our approach (Subsection C). In Subsection D we discuss the problem of how to define the one-particle distribution function in non-inertial frames.

In Section VII there is a proposal for a modification of an existing action principle for relativistic fluids so to reproduce some results on relativistic dissipative fluids.

Section VIII contains the Conclusions and a discussion of the open problems.

In Appendix A there is the form of the Poincaré generators for N charged scalar particles with Coulomb plus Darwin mutual interaction.

In Appendix B there is the form of the ADM Poincaré generators for N scalar particles in the framework of Hamiltonian Post-Minkowskian tetrad gravity.

In Appendix C there the explicit calculations for the non-relativistic micro-canonical partition function for N free particles.

II. CLASSICAL RELATIVISTIC N-BODY SYSTEMS IN THE INERTIAL REST FRAME

Let us consider an isolated system of N positive-energy scalar particles either free or interacting.

A. Classical Relativistic Mechanics in the Rest-Frame Instant Form

Let give a review of relativistic mechanics of isolated systems in special relativity following the approach of Refs.[1–7].

As shown in Ref.[3] we now have a metrology-oriented description of non-inertial frames in special relativity. This can be done with the 3+1 point of view and the use of observerdependent Lorentz-scalar radar 4-coordinates. Let us give the world-line x^μ(τ) of an arbitrary time-like observer carrying a standard atomic clock: τ is an arbitrary monotonically increasing function of the proper time of this clock. Then we give an admissible 3+1 splitting of Minkowski space-time, namely a nice foliation with space-like instantaneous 3-spaces Σ_τ : it is the mathematical idealization of a protocol for clock synchronization (all the clocks in the points of Σ_τ sign the same time of the atomic clock of the observer). On each 3-space Σ_τ we choose curvilinear 3-coordinates σ^r having the observer as origin. These are the radar 4-coordinates σ^A = (τ; σ^r). If x^μ → σ^A(x) is the coordinate transformation from the Cartesian 4-coordinates x^μ of a reference inertial observer to radar coordinates, its inverse σ^A → x^μ = z^μ(τ, σ^r) defines the embedding functions z^μ(τ, σ^r) describing the 3-spaces Σ_τ as an embedded 3-manifold into Minkowski space-time. From now on we shall denote the curvilinear 3-coordinates σ^r with the notation ⃗σ for the sake of simplicity.

The induced 4-metric on Σ_τ is the following functional of the embedding:^4g_{AB}(τ, ⃗σ) = [z^μ_A η_{μν} z^ν_B ](τ, ⃗σ), where z^μ_A = ∂ z^μ/∂ σ^A and^4η_{μν} is the flat metric. The 4-metric^4g_{AB} has signature ϵ (+ − −−) with ϵ = ± (the particle physics, ϵ = +, and general relativity, ϵ = −, conventions); the flat Minkowski metric is η_{μν} = ϵ (+ − −−).

While the 4-vectors z^μ_r (τ, ⃗σ) are tangent to Σ_τ , so that the unit normal l^μ(τ, ⃗σ) is proportional to ϵ^μ_{αβγ} [z^α_1 z^β_2 z^γ_3 ](τ, ⃗σ), we have z^μ_τ (τ, ⃗σ) = [N l^μ + n^r z^μ_r ](τ, ⃗σ) for the so-called evolution 4-vector, where N(τ, ⃗σ) = 1 + n(τ, ⃗σ) = ϵ [z^μ_τ l_μ](τ, ⃗σ) and n_r(τ, ⃗σ) = −ϵ g_{τ r}(τ, ⃗σ) = [^3g_{rs} n^s](τ, ⃗σ) are the lapse and shift functions. We also have |det^4g| = (1 + n) √ γ; √ γ = √ det^3g with^3g_{rs} = −ϵ^4g_{rs} of positive signature.

The conditions for having an admissible 3+1 splitting of space-time are: a) 1 + n(τ, ⃗σ) > 0 everywhere (the instantaneous 3-spaces never intersect each other, so that there are no coordinate singularities as happens with Fermi coordinates); b) the Møller conditions, which imply i) ϵ^4g_{τ τ} > 0, i.e. (1 + n)^2 > ∑ r n_r n^r (the rotational velocity never exceeds the velocity of light c, so that there no coordinate singularities as happens with the rotating disk); ii) ϵ^4g_{rr} = −^3g_{rr} < 0 (satisfied by the signature of^3g_{rs}),^4g_{rr}^4g_{ss} − (^4g_{rs})^2 > 0 and det ϵ^4g_{rs} = −det^3g_{rs} < 0 (satisfied by the signature of^3g_{rs}) so that det^4g_{AB} < 0 (these conditions imply that^3g_{rs} has three definite positive eigenvalues λ_r = Λ^2_r in the non-degenerate case without Killing symmetries, the only one we consider);

c) the 3-spaces Σ_τ tend in a direction-independent way to space-like hyper-planes (all parallel) at spatial infinity.

In this 3+1 point of view the embedding functions z^μ(τ, ⃗σ) describe the inertial effects present in the given non-inertial frame. The 4-metric^4g_{AB} (τ, ⃗σ) is the potential for the induced inertial effects. For instance the extrinsic curvature^3K_{rs}(τ, ⃗σ) =

(_1 2 (1+n) (nr|s + n_{s|r} − ∂_τ^3g_{rs}) ) (τ, ⃗σ) of the non-Euclidean 3-spaces Σ_τ (|r denotes the covariant derivative in it) is one of these induced inertial effects. All these inertial effects derive from the gauge freedoms of clock synchronization and choice of the 3-coordinates.

In Ref.[3] there is a complete description of the isolated systems admitting a Lagrangian description in non-inertial frames by means of parametrized Minkowski theories. In them there is a well defined action principle containing the embeddings z^μ(τ, ⃗σ) as Lagrangian variables and allowing the determination of the energy-momentum tensor T^{μν} (z(τ, ⃗σ)) = ( z^μ_A z^ν_B T^{AB} ) (τ, ⃗σ) of the isolated system. This allows us to find the ten Poincaré generators and to study the configurations of the isolated system having them finite. We shall only consider the case in which the total 4-momentum is time-like.

The embeddings turn out to be gauge variables (i.e. the transition from a frame to another one is a gauge transformation), because their conjugate canonical momenta ρ_μ(τ, ⃗σ) are determined by four first class constraints (a de-parametrization of the super-momentum and super-Hamiltonian constraints of general relativity; they exist due to the invariance of the action principle under frame-preserving diffeomorphisms)

ρ_μ(τ, ⃗σ) = (√ −g z_{A μ} T^{τ A} ) (τ, ⃗σ) = = ( (1 + n)^2 √ γ T^{τ τ} l_μ + (1 + n) √ γ [ T^{τ r} + T^{τ τ} n^r ] z_{r μ} ) (τ, ⃗σ) = def = (√ γ [ l_μ T_{⊥⊥} − z_{r μ} h^{rs} T_{⊥s} ]) (τ, ⃗σ). (2.1) The ten Poincaré generators are

P^μ = ∫ d^3σ ρ^μ(τ, ⃗σ), J^{μν} = ∫ d^3σ ( z^μ ρ^ν − z^ν ρ^μ ) (τ, ⃗σ). (2.2) In special relativity we can restrict ourselves to inertial frames and define the inertial rest-frame instant form of dynamics for isolated systems by choosing the 3+1 splitting corresponding to the intrinsic inertial rest frame of the isolated system centered on an inertial observer: the instantaneous 3-spaces, named Wigner 3-space due to the fact that the 3-vectors inside them are Wigner spin-1 3-vectors [3], are orthogonal to the conserved 4-momentum P^μ of the configuration.

In Ref.[3] there is the extension to admissible non-inertial rest frames, where P^μ is orthogonal to the asymptotic space-like hyper-planes to which the instantaneous 3-spaces tend at spatial infinity.

The simplest form of the embedding of the Wigner 3-spaces in Minkowski space-time described in the inertial frame of an arbitrary inertial observer is

z^μ_W (τ, ⃗σ) = Y^μ(τ) + ϵ^μ_r (⃗h) σ^r = Y^μ(0) + Λ^μ_A(⃗h) σ^A, (2.3) where Y^μ(τ) = Y^μ(0) + h^μ τ = z^μ_W (τ,⃗0) is the world-line of the external Fokker-Pryce 4-center of inertia with η_{μν} ϵ^μ_A(⃗h) ϵ^ν_B (⃗h) = η_{AB} and

ϵ^μ_τ (⃗h) = P^μ Mc = u^μ(P ) = h^μ = (√ 1 + ⃗h^2;⃗h ) = Λ^μ_τ (⃗h), ϵ P^2 = M^2 c^2,

ϵ^μ_r (⃗h) = ( h_r; δ^i_r + h^i h_r 1 + √ 1 + ⃗h^2 ) = Λ^μ_r(⃗h). (2.4)

Since the 3-metric inside the Wigner 3-space is Euclidean with positive signature we have h^i = h_i. The Lorentz matrix Λ^μ_A(⃗h) is obtained from the standard Wigner boost Λ^μ_ν (P^α/Mc), sending the time-like 4-vector P^μ/Mc into (1; 0), by transforming the index ν into an index adapted to radar 4-coordinates (Λ^μ_ν → Λ^μ_A).

The form of this embedding is a consequence of the clarification of the notion of relativistic center of mass of an isolated system after a century of research. It turns out that there are only three notions of collective variables, which can be built using only the Poincaré generators (they are non-local quantities expressed as integrals over the whole Σ_τ ) of the isolated system: the canonical non-covariant Newton-Wigner 4-center of mass (or center of spin) x̃^μ(τ), the non-canonical covariant Fokker-Pryce 4-center of inertia Y^μ(τ) and the noncanonical non-covariant Møller 4-center of energy R^μ(τ). All of them tend to the Newtonian center of mass in the non-relativistic limit.

These three variables can be expressed as known functions:

a) of the Lorentz-scalar rest time τ = c T_s = h · x̃ = h · Y = h · R;

b) of canonically conjugate Jacobi data (frozen Cauchy data) ⃗h = ⃗P /Mc and ⃗z = Mc ⃗x_{NW} (0) ({z^i, h^j } = δ^{ij})^{12};

c) of the invariant mass Mc = √ ϵ P^2 of the isolated system;

d) of the rest spin ⃗S of the isolated system.

The three collective variables have the following expression.

1) The pseudo-world-line of the canonical non-covariant external 4-center of mass is

x̃^μ(τ) = ( x̃^o(τ); ~⃗x(τ) ) = (√ 1 + ⃗h^2 (τ + ⃗h · ⃗z Mc ); ⃗z Mc + (τ + ⃗h · ⃗z Mc )⃗h ) = = z^μ_W (τ, ~⃗σ) = Y^μ(τ) + ( 0; −⃗S × ⃗h Mc (1 + √ 1 + ⃗h^2) ) , (2.5)

12 The 3-vector ⃗x_{NW} (τ) is the standard Newton-Wigner non-covariant 3-position, classical counterpart of the corresponding position operator; the use of ⃗z avoids taking into account the mass spectrum of the isolated system in the description of the center of mass.

with ~⃗σ =^{−⃗S×⃗h} Mc (1+ √_{1+⃗h2)} giving its location on the Wigner 3-space.

2) The world-line of the non-canonical covariant external Fokker-Pryce 4-center of inertia (origin of the Wigner 3-space) is

Y^μ(τ) = ( x̃^o(τ); ⃗Y (τ) ) = (√ 1 + ⃗h^2 (τ + ⃗h · ⃗z Mc ); ⃗z Mc + (τ + ⃗h · ⃗z Mc )⃗h + ⃗S × ⃗h Mc (1 + √ 1 + ⃗h^2) ) = = z^μ_W (τ,⃗0), (2.6)

with Y^μ(0) = (√ 1 + ⃗h^{2 ⃗h·⃗z}_{Mc} ;^{⃗z}_{Mc} +^{⃗h·⃗z}_{Mc} ⃗h +^{⃗S×⃗h}_{Mc (1+}√_{1+⃗h2)} ) . 3) The pseudo-world-line of the non-canonical non-covariant external Møller 4-center of energy is

R^μ(τ) = ( x̃^o(τ); ⃗R(τ) ) = (√ 1 + ⃗h^2 (τ + ⃗h · ⃗z Mc ); ⃗z Mc + (τ + ⃗h · ⃗z Mc )⃗h − ⃗S × ⃗h Mc √ 1 + ⃗h^2 (1 + √ 1 + ⃗h^2) ) =

= z^μ_W (τ, ⃗σ_R) = Y^μ(τ) + ( 0; − ⃗S × ⃗h Mc √ 1 + ⃗h^2 ) , (2.7)

with ⃗σ_R =^{− ⃗S×⃗h} Mc √_{1+⃗h2} giving its location on the Wigner 3-space.

While Y^μ(τ) is a 4-vector, x̃^μ(τ) and R^μ(τ) are not 4-vectors.

The transformation properties under Poincaré transformations (a, Λ) of ⃗h, ⃗z, τ, x̃^μ(τ), R^μ(τ) are given in Ref.[1].

Every isolated system (i.e. a closed universe) can be visualized as a decoupled noncovariant collective (non-local) pseudo-particle described by the frozen Jacobi data ⃗z, ⃗h carrying a pole-dipole structure, namely the invariant mass M c and the rest spin ⃗S of the system, and with an associated external realization of the Poincaré group (the last term in the Lorentz boosts induces the Wigner rotation of the 3-vectors inside the Wigner 3-spaces):

P^μ = M c h^μ = M c (√ 1 + ⃗h^2;⃗h ) ,

J^{ij} = z^i h^j − z^j h^i + ϵ^{ijk} S^k, K^i = J^{oi} = − √ 1 + ⃗h^2 z^i + (⃗S × ⃗h)^i 1 + √ 1 + ⃗h^2

, (2.8)

satisfying the Poincaré algebra: {P^μ, P^ν} = 0, {P^μ, J^{αβ}} = η^{μα} P^β − η^{μβ} P^α, {J^{μν} , J^{αβ} } = C^{μναβ}_{γδ} J^{γδ}, C^{μναβ}_{γδ} = δ^ν_γ δ^α_δ η^{μβ} + δ^μ_γ δ^β_δ η^{να} − δ^ν_γ δ^β_δ η^{μα} − δ^μ_γ δ^α_δ η^{νβ}.

The Jacobi data ⃗z can be written in the form ⃗z = Mc ⃗R+^{Mc ⃗S× ⃗P}_{P o (Mc+P o)} , with ⃗S = ⃗J −⃗z ×^{⃗P}_{Mc} ,

and this implies ⃗z = −^{P o}_{Mc} ⃗K +^{⃗P × ⃗K}_{P o (Mc+P o)} ⃗P +^{⃗J× ⃗P}_{Mc+P o} . Eq.(2.8) then allows us to express the external 4-center of mass x̃^μ(τ) in terms of the external Poincaré generators [6]. The same can be done for Y^μ(τ) by using Eq.(2.6). Therefore the three collective variables of an isolated relativistic system are non-local quantities like the Poincaré generators.

The universal breaking of Lorentz covariance is connected to this decoupled non-local collective variable and is irrelevant because all the dynamics of the isolated system lives inside the Wigner 3-spaces and is Wigner-covariant. Inside these Wigner 3-spaces the system is described by an internal 3-center of mass with a conjugate 3-momentum^{13} and by relative variables and there is an unfaithful internal realization of the Poincaré group (whose generators are determined by using the energy-momentum tensor of the isolated system): the internal 3-momentum, conjugate to the internal 3-center of mass, vanishes due the restframe condition. To avoid a double counting of the center of mass, i.e. an external one and an internal one, the internal (interaction-dependent) Lorentz boosts must also vanish. The only non-zero internal generators are the invariant mass M c and the rest spin ⃗S and the dynamics is re-expressed only in terms of internal Wigner-covariant relative variables.

The generators of the unfaithful internal realization of the Poincare’ algebra determined by the energy-momentum tensor (in inertial frames Eqs.(2.1) imply T_{⊥⊥} = T^{τ τ} and T_{⊥r} = δ_{rs} T^{τ s}) are

Mc = ∫ d^3σ T^{τ τ} (τ, ⃗σ), S̄^r = 1 2 δ^{rs} ϵ_{suv} ∫ d^3σ σ^u T^{τ v}(τ, ⃗σ), P^r = ∫ d^3σ T^{τ r}(τ, ⃗σ) ≈ 0, K^r = − ∫ d^3σ σ^r T^{τ τ} (τ, ⃗σ) ≈ 0. (2.9)

The constraints ⃗P ≈ 0 are the rest-frame conditions identifying the inertial rest frame. Having chosen the Fokker-Pryce center of inertia as origin of the 3-coordinates, the (interaction-dependent) constraints ⃗K ≈ 0 are their gauge fixing: they eliminate the internal 3-center of mass so not to have a double counting (external, internal). Therefore the isolated system is described by the external non-covariant 3-center of mass ⃗z, ⃗h, and by an internal space of Wigner-covariant relative variables (M and ⃗S̄ depend only upon them).

As shown in Ref.[3] Eqs. (2.8) and (2.9) are obtained by putting the embedding (2.3) into Eq.(2.1): this implies P^μ = Mc h^μ if Mc = ∫ d^3σ T^{τ τ} (τ, ⃗σ) and P^r = ∫ d^3σ T^{τ r}(τ, ⃗σ) ≈ 0. Then Eq.(2.2) together with Eq.(2.6) for Y^μ(τ) detemine the form of J^i, K^i, S̄^r, K^r ≈ 0.

As shown in Ref.[3], the restriction of the embedding z^μ(τ, σ^u) to the Wigner 3-spaces implies the replacement of the Dirac Hamiltonian with the new one

13 Due to the rest-frame condition ⃗P ≈ 0 of Eq.(2.9), we have ⃗q_+ ≈ ⃗R_+ ≈ ⃗y_+, where ⃗q_+ is the internal canonical 3-center of mass (the internal Newton-Wigner position), ⃗y_+ is the internal Fokker-Pryce 3- center of inertia and ⃗R_+ is the internal Møller 3-center of energy. As a consequence there is a unique internal 3-center of mass, which is eliminated by the vanishing of the internal Lorentz boosts.

H = Mc. (2.10)

Therefore, the effective Hamiltonian is the invariant mass of the isolated system, whose conserved rest spin is ⃗S̄.

The form (2.3) of the embedding of the Wigner 3-spaces into Minkowski space-time holds when the internal center of mass is eliminated with the rest-frame conditions (elimination of the internal 3-momentum and internal Lorentz boost) ⃗P ≈ 0 and ⃗K ≈ 0 [3]^{14}.

In each Lorentz frame one has different pseudo-world-lines describing R^μ and x̃^μ: the canonical 4-center of mass x̃^μ lies in between Y^μ and R^μ in every (non rest)-frame. This leads to the existence of the Møller non-covariance world-tube, around the world-line Y^μ of the covariant non-canonical Fokker-Pryce 4-center of inertia Y^μ. The invariant radius of the tube is ρ = √ −W^2/p^2 = |⃗S|/ √ P^2 where (W^2 = −P^2 ⃗S^2 is the Pauli-Lubanski invariant when P^2 > 0). This classical intrinsic radius delimits the non-covariance effects (the pseudoworld-lines) of the canonical 4-center of mass x̃^{μ 15}. They are not detectable because the Møller radius is of the order of the Compton wave-length: an attempt to test its interior would mean to enter in the quantum regime of pair production.

For N free positive energy spinless particles their world-lines are parametrized in terms of Wigner 3-vectors ⃗η_i(τ), i = 1, .., N, in the following way

x^μ_i (τ) = z^μ_W (τ, ⃗η_i(τ)) = Y^μ(τ) + ϵ^μ_r (⃗h) η^r_i (τ) = Y^μ(0) + Λ^μ_A(⃗h) η^A_i (τ),

η^A_i (τ) = (τ; η^r_i (τ)). (2.11)

At the Hamiltonian level the basic canonical variables describing the particle are ⃗η_i(τ) and their canonically conjugate momenta ⃗κ_i(τ): {η^r_i (τ), κ^s_j (τ)} = δ_{ij} δ^{rs}. The standard momenta of the positive-energy scalar particles are

p^μ_i (τ) = Λ^μ_A(⃗h) κ^A_i (τ), κ^A_i (τ) = (E_i(τ); κ_{ir}(τ)). (2.12)

For free particles we have E_i(τ) = √ m^2_i c^2 + ⃗κ^2_i (τ), ϵ p^2_i = m^2_i c^2 and Mc = ∑ i E_i. In the interacting case it is E_i ≠ √ m^2_i c^2 + ⃗κ^2_i (τ) and ϵ p^2_i ≠ m^2_i c^2. Instead E_i(τ) must be deduced from the form of the invariant mass Mc, which is the Hamiltonian for the τ-evolution in the Wigner 3-spaces. In the two-body model of Ref.[7] and in the N-body model of Section IV, the invariant mass has the form^{16} Mc = ∑ i E_i(τ) with E_i(τ) = √ m^2_i c^2 + ⃗κ^2_i (τ) + V_i(τ),

14 If one modifies ⃗K ≈ 0 to ⃗K ≈ ⃗F (τ) the Fokker-Pryce center of inertia Y^μ(τ) (an inertial observer; being non-locally defined is not measurable) is replaced by another 4-vector describing a non-inertial time-like observer x^μ(τ) as origin of the radar 3-coordinate on the Wigner 3-space.

15 In the rest-frame the world-tube is a cylinder: in each instantaneous 3-space there is a disk of possible positions of the canonical 3-center of mass orthogonal to the spin. In the non-relativistic limit the radius ρ of the disk tends to zero and we recover the non-relativistic center of mass.

16 Instead the rest spin is always ⃗S = ∑ i ⃗η_i × ⃗κ_i being in an instant form of dynamics.

where V_i(τ) = Ṽ_i(⃗η_m(τ)−⃗η_n(τ), ⃗κ_k) are suitable action-at-a-distance potentials. This implies ϵ p^2_i = m^2_i c^2 + V_i(τ). In these cases we have ˙⃗η_i(τ) = {⃗η_i(τ), Mc} =^{⃗κi(τ )}_{Ei(τ )} and p^μ_i (τ) = E_i(τ) ẋ^μ_i (τ) with ẋ^μ_i (τ) = h^μ + ϵ^μ_r (⃗h) η^r_i (τ) from Eqs. (2.11) and (2.6) (so that we have ϵ ẋ^2_i (τ) =^{m2i c2+Vi(τ )}

E^2_i (τ ) ).

This description is not in contrast with scattering theory, where ϵ p^2_i = m^2_i c^2 holds asymptotically for the in and out free particles (no interpolating description due to Haag no-go theorem for the interaction picture: see Ref.[4] for the way out, at least at the classical level, from this theorem in the 3+1 point of view), if the action-at-a-distance potentials (and also interactions with electro-magnetic fields) go to zero for large separations of the particles inside Wigner 3-spaces (the cluster separability in action-at-a-distance theories). In relativistic kinetic theory and in relativistic statistical mechanics E_i = √ m^2_i c^2 + ⃗κ^2_i (τ) holds for a gas of non-interacting particles, otherwise it has to be replaced with an expression dictated by the type of the existing interactions.

For N free positive energy spinless particles the energy-momentum tensor is [3] (z^μ_τ = (1 + n) l^μ + n^r z^μ_r ; this expression holds in non-inertial frames; in Ref.[3] also an electromagnetic field is present)

T^{μν} = z^μ_A z^ν_B T^{AB} = l^μ l^ν T_{⊥⊥} + (l^μ z^ν_r + l^ν z^μ_r ) h^{rs} T_{⊥s} + z^μ_r z^μ_s T^{rs},

T_{⊥⊥} = l_μ l_ν T^{μν} = (1 + n)^2 T^{τ τ} , T_{⊥r} = l_μ z_{r ν} T^{μν} = −(1 + n) h_{rs} (T^{τ τ} n^s + T^{τ s}), T_{rs} = z_{r μ} z_{s ν} T^{μν} = n_r n_s T^{τ τ} + (n_r h_{su} + n_s h_{ru}) T^{τ u} + h_{ru} h_{sv} T^{uv},

T_{⊥⊥}(τ, ⃗σ) = N∑ i=1 δ^3(σ^u − η^u_i (τ)) √ γ(τ, ⃗σ) √ m^2_i c^2 + h^{rs} κ_{ir}(τ) κ_{is}(τ),

T_{⊥s}(τ, ⃗σ) = − N∑ i=1 δ^3(σ^u − η^u_i (τ)) √ γ(τ, ⃗σ) κ_{i s},

T_{rs}(τ, ⃗σ) = N∑ i=1 δ^3(σ^u − η^u_i (τ)) √ γ(τ, ⃗σ) κ_{i r} κ_{i s} √ m^2_i c^2 + h^{uv}(τ, ⃗σ) κ_{iu}(τ) κ_{iv}(τ) , (2.13)

and the internal generators have the following expression in the rest frame

M c = 1 c E_{(int)} = N∑ i=1 √ m^2_i c^2 + ⃗κ^2_i ,

⃗P =^2 ∑ i=1 ⃗κ_i ≈ 0, ⃗S = ⃗J =^2 ∑ i=1 ⃗η_i × ⃗κ_i, ⃗K = −^2 ∑ i=1 ⃗η_i √ m^2_i c^2 + ⃗κ^2_i ≈ 0. (2.14)

In the two-body case (see Refs.[3–5, 7] for the N-body case), by introducing the notation ⃗η_+, ⃗κ_+ = ⃗P, with a canonical transformation we get the following collective and relative variables

⃗η_+ = m_1 m ⃗η_1 + m_2 m ⃗η_2, ⃗ρ = ⃗η_1 − ⃗η_2, ⃗κ_+ = ⃗κ_1 + ⃗κ_2 ≈ 0, ⃗π = m_2 m ⃗κ_1 − m_1 m ⃗κ_2,

⃗η_i = ⃗η_+ + (−)^{i+1} m_{i+1} m ⃗ρ, ⃗κ_i = m_i m ⃗κ_+ + (−)^{i+1} ⃗π, (2.15)

where we use the convention m_3 ≡ m_1.

The collective variable ⃗η_+(τ) has to be determined in terms of ⃗ρ(τ) and ⃗π(τ) by means of the gauge fixings ⃗K^{def}= − M ⃗R_+ ≈ 0. For two free particles Eqs.(2.14) imply (⃗η(τ) ≈ 0 for m_1 = m_2) ⃗η_+(τ) ≈ ⃗η(τ) = m_1 m √ m^2 c^2 + ⃗π^2(τ) −^{m2}_m √ m^2_1 c^2 + ⃗π^2(τ) √ m^2_1 c^2 + ⃗π^2(τ) + √ m^2 c^2 + ⃗π^2(τ)

⃗ρ(τ). (2.16)

In the interacting case the rest-frame conditions ⃗κ_+ ≈ 0 and the conditions eliminating the internal 3-center of mass ⃗K ≈ 0 will determine ⃗η_+ in terms of the relative variables ⃗ρ, ⃗π in an interaction-dependent way.

Then the relative variables satisfy Hamilton equations with the invariant mass M(⃗ρ, ⃗π) as Hamiltonian and the particle world-lines x^μ_i (τ) can be rebuilt [7].

The position of the two positive-energy particles in each instantaneous Wigner 3-space is identified by the intersection of the world-lines (m_3 ≡ m_1) x^μ_i (τ) = Y^μ(τ) + ϵ^μ_r (⃗h) η^r_i (τ) ≈ Y^μ(τ) + ϵ^μ_r (⃗h) [ η^r[⃗ρ(τ), ⃗π(τ)] + (−)^{i+1} m_{i+1} m ρ^r(τ) ]

≈_{free case} Y^μ(τ) + ϵ^μ_r (⃗h) √ m^2_i c^2 + ⃗π^2(τ) √ m^2_1 c^2 + ⃗π^2(τ) + √ m^2 c^2 + ⃗π^2(τ) ρ^r(τ), ⃗x_i(τ) →_{c→∞} ⃗x_{(n)}(t) + (−)^{i+1} m_{i+1} m ⃗r_{(n)}(t) = ⃗x_{(n)i}(t),

p^μ_i (τ) = h^μ √ m^2_i c^2 + ⃗π^2(τ) + (−)^{i+1} ϵ^μ_r (⃗h) π^r(τ), ϵ p^2_i (τ) = m^2_i c^2, (2.17)

with Y^μ(τ) given in Eq.(2.6) in terms of ⃗z, ⃗h and τ. In the non-relativistic limit they identify the Newton trajectories ⃗x_{(n)i}(t) (⃗x_{(n)} and ⃗r_{(n)} are the center-of-mass and relative variable, respectively). The covariant predictive world-lines x^μ_i (τ) depend on the relative position variables ⃗ρ and we get that:

a) if the interaction among the particles is such that the relative position variables have a compact support when τ varies (as happens with the classical analogue of bound states) the world-lines will be included in some finite time-like world-tube;

b) instead, if the interactions describe the classical analogue of scattering states, the world-lines can diverge one from the other (cluster decomposition property).

This qualitative description has to be checked in every system with a well defined actionat-a-distance interaction.

They turn out to have a non-commutative (predictive) associated structure given in Eq.(2.14) of Ref.[1].

B. Collective and Relative Variables for N Particles

Let us introduce collective and relative variables on the Wigner hyper-planes and eliminate the collective ones by using the rest-frame conditions ⃗P ≈ 0 and ⃗K ≈ 0.

In previous papers [6, 7], [4], the problem of replacing the 3-coordinates ⃗η_i(τ), ⃗κ_i(τ) inside a Wigner hyper-plane with internal collective and relative canonical variables in the rest-frame instant form was solved in two different ways:

a) We may introduce naive collective variables ⃗η_+ =^1_N ∑_{1..N} i ⃗η_i (independent of the particle masses), ⃗κ_+ = ⃗P = ∑_{1..N} i ⃗κ_i ≈ 0 and then completing them with either naive relative variables ⃗ρ_a = √ N ∑_N i=1 γ_{ai} ⃗η_i, ⃗π_a =^{1√}_N ∑_N i=1 γ_{ai} ⃗κ_i, a = 1, .., N − 1, or with the relative variables in the so-called spin bases^{17}. This naive canonical basis is obtained with a linear canonical transformation point both in the positions and in the momenta.

17 Both sets can be used to find the expression of the Dixon multipoles for a two-particle open subsystem in terms of canonical c.o.m and relative canonical variables [6].

b) We may find the canonical basis whose collective variables are the internal 3-center of mass ⃗q_+ and ⃗κ_+ = ⃗P = ∑_{1..N} i ⃗κ_i ≈ 0. To these collective variables are then associated relative variables ⃗ρ_{qa}, ⃗π_{qa}, a = 1, .., N − 1. However this non-linear canonical transformation depends upon the interactions present among the particles (through the internal Poincare’ generators), so that it is known only for free particles: even in this case it is point only in the momenta. The advantage of this canonical transformation would be to allow one to write the invariant mass in the form Mc = √ M^2 c^2 + ⃗κ^2_+ ≈ M c^{18}, explicitly showing that in the rest-frame the internal mass depends only on relative variables.

Since it is more convenient to use the naive linear canonical transformation we will use the following collective and relative variables which, written in terms of the masses of the particles, make it easier to evaluate the non-relativistic limit (m = ∑_N i=1 m_i)

⃗η_+ = N∑ i=1 m_i m ⃗η_i, ⃗κ_+ = ⃗P = N∑ i=1 ⃗κ_i,

⃗ρ_a = √ N N∑ i=1 γ_{ai} ⃗η_i, ⃗π_a = 1 √ N N∑ i=1 Γ_{ai} ⃗κ_i, a = 1, .., N − 1,

⃗η_i = ⃗η_+ + 1 √ N N−1∑ a=1 Γ_{ai} ⃗ρ_a,

⃗κ_i = m_i m ⃗κ_+ + √ N N−1∑ a=1 γ_{ai} ⃗π_a, (2.18)

with the following canonicity conditions^{19} N∑ i=1 γ_{ai} = 0, N∑ i=1 γ_{ai} γ_{bi} = δ_{ab}, N−1∑ a=1 γ_{ai} γ_{aj} = δ_{ij} − 1 N ,

Γ_{ai} = γ_{ai} − N∑ k=1 m_k m γ_{ak}, γ_{ai} = Γ_{ai} − 1 N N∑ k=1 Γ_{ak}, N∑ i=1 m_i m Γ_{ai} = 0, N∑ i=1 γ_{ai} Γ_{bi} = δ_{ab}, N−1∑ a=1 γ_{ai} Γ_{aj} = δ_{ij} − m_i m . (2.19)

For N = 2 we have γ_{11} = −γ_{12} =^{1√}_2 , Γ_{11} = √ 2^{m2}_m , Γ_{12} = − √ 2^{m1}_m .

18 For two free particles we have Mc = √ m^2_1 c^2 + ⃗κ^2_1 + √ m^2 c^2 + ⃗κ^2 = √ M^2 c^2 + ⃗κ^2_+ ≈ M c = √ m^2_1 c^2 + ⃗π^2_q + √ m^2 c^2 + ⃗π^2_q .

19 Eqs.(2.18) describe a family of canonical transformations, because the γ_{ai}’s depend on^1_2 (N − 1)(N − 2) free independent parameters.

When the internal boost has the form ⃗K = − ∑ i ⃗η_i E_i like in the free case (where E_i = √ m^2_i c^2 + ⃗κ^2_i ) the gauge fixings ⃗K ≈ 0 to the rest-frame conditions ⃗P ≈ 0 imply ⃗η_+(τ) ≈ ⃗η(⃗ρ_b(τ), ⃗π_b(τ)) = − 1 √ N ∑ a ∑ i Γ_{ai} E_i(τ) Mc ⃗ρ_a(τ). (2.20)

C. More on N-Body Systems

As already said our description of isolated N-particle systems, induced by the need to eliminate time-like oscillations in relativistic bound states, is based on radar 4-coordinates σ^A = (τ; σ^r) centered on the Fokker-Pryce center of inertia Y^μ(τ) and separates the decoupled (non-local, non-covariant, non-measurable) relativistic center of mass, which is parametrized in terms of the frozen (non-evolving) Jacobi data ⃗z, ⃗h.

1. N Particles in the Wigner 3-Spaces Σ_τ with τ = const.

In an arbitrary inertial frame in Minkowski space-time, where the Fokker-Pryce center of inertia and the embedding of the Wigner 3-spaces are given by Eqs. (2.6) and (2.3) respectively, the derived world-lines (2.11) of the particles have the expression

x^o_i (τ) = √ 1 + ⃗h^2 ( τ + ⃗h · ⃗z Mc ) + ⃗h · ⃗η_i(τ), ⃗x_i(τ) = ⃗z Mc + ⃗η_i(τ) + ⃗S × ⃗h 1 + √ 1 + ⃗h^2 + + ⃗h ( τ + ⃗h · ⃗z Mc + ⃗h · ⃗η_i(τ) 1 + √ 1 + ⃗h^2 ) ,

x^o_i (0) = √ 1 + ⃗h^2 ⃗h · ⃗z Mc + ⃗h · ⃗η_i(0), ⃗x_i(0) = ⃗z Mc + ⃗η_i(0) + ⃗S × ⃗h 1 + √ 1 + ⃗h^2 + +⃗h (⃗h · ⃗z Mc + ⃗h · ⃗η_i(0) 1 + √ 1 + ⃗h^2 ) . (2.21)

The inversion of Eqs.(2.21) gives the following form of η^A_i (τ) = (τ; η^r_i (τ))

τ = √ 1 + ⃗h^2 x^o_i (τ) − ⃗h · ⃗x_i(τ), ⃗η_i(τ) = ⃗x_i(τ) − ⃗z Mc − ⃗S × ⃗h 1 + √ 1 + ⃗h^2 + + ⃗h ( ⃗h · ⃗x^i(τ) −^{⃗zMc} 1 + √ 1 + ⃗h^2 − x^o_i (τ) √ 1 + ⃗h^2 ) . (2.22)

We also have ⃗h · ⃗η_i(τ) = √ 1 + ⃗h^2 ⃗h · ( ⃗x_i(τ) −^{⃗z}_{Mc} ) − ⃗h^2 x^o_i (τ).

For the derived (interaction-dependent) momenta (2.12) we have

p^o_i (τ) = √ 1 + ⃗h^2 E_i(τ) + ⃗h · ⃗κ_i(τ), ⃗p_i(τ) = ⃗κ_i(τ) + ⃗h ( E_i(τ) + ⃗h · ⃗κ_i(τ) 1 + √ 1 + ⃗h^2 ) . (2.23)

In the free case the inversion of Eqs.(2.23) to get κ^A_i (τ) = (E_i(τ); κ_{ir}(τ)) is

E_i(τ) = √ m^2_i c^2 + ⃗κ^2_i (τ) = √ 1 + ⃗h^2 p^o_i (τ) − ⃗h · ⃗p_i(τ), ⃗κ_i(τ) = ⃗p_i(τ) − ⃗h ( p^o_i (τ) − ⃗h · ⃗p_i(τ) 1 + √ 1 + ⃗h^2 ) . (2.24)

We also have ⃗h · ⃗κ_i(τ) = √ 1 + ⃗h^2 ⃗h · ⃗p_i(τ) − ⃗h^2 p^o_i (τ), Mc = √ 1 + ⃗h^2 ∑ i p^o_i − ⃗h · ∑ i ⃗p_i and e^{−β Ei} = e^{−βμ pμi} (β = 1/k_BT , β^μ = β h^μ). In the free case the Hamilton equations with Mc as Hamiltonian have the solutions

⃗k_i = m^i c ˙⃗η_i √ 1 − ˙⃗η^2_i = const, ˙⃗η_i = const.,

⃗η_i(τ) = ⃗η_i(0) + ⃗κ_i √ m^2_i c^2 + ⃗κ^2_i τ = ⃗η_i(0) + ˙⃗η_i τ, (2.25)

with ⃗κ_i and ⃗η_i(0) restricted by ⃗P ≈ 0 and ⃗K ≈ 0.

In this case Eqs.(2.21) and (2.23) imply

x^o_i (τ) = x^o_i (0) + (√ 1 + ⃗h^2 + ⃗h · ⃗κ_i √ m^2_i c^2 + ⃗κ^2_i ) τ = x^o_i (0) + p^o_i E_i τ, ⃗x_i(τ) = ⃗x_i(0) + [ ⃗κ_i √ m^2_i c^2 + ⃗κ^2_i + ⃗h ( 1 + ⃗h · ⃗k_i/√m2_i c2 + ⃗κ2_i 1 + √ 1 + ⃗h^2 )] τ, ⇒ ⃗x_i(τ) − ⃗x_i(0) = ⃗p_i p^o_i ( x^o_i (τ) − x^o_i (0) ) . (2.26)

In the inertial rest frame with Cartesian coordinates x^μ_{(cm)} and with ⃗h = 0, where P^μ_{(cm)} = ∑ i p^μ_{(cm)i}(τ) = Mc h^μ_{(cm)} = Mc (1; 0) and Y^μ_{(cm)}(τ) = ( τ;^{⃗z(cm)}_{Mc} ) from Eq. (2.6), from Eq.(2.3) we get x^o_{(cm)} = τ, ⃗x_{(cm)} = ⃗σ, and Eqs. (2.21), (2.18), (2.20), imply x^o_{(cm)i}(τ) = τ = x^o_{(cm)}, p^o_{(cm)i}(τ) = E_i(x^o_{(cm)}), ⃗x_{(cm)i}(τ) = ⃗z_{(cm)} Mc + ⃗η_i(τ) ≈ ≈ ⃗z_{(cm)} Mc + ⃗η(⃗ρ_b(τ), ⃗π_b(τ)) + 1 √ N ∑ a Γ_{ai} ⃗ρ_a(τ) =

= ⃗x_{(cm)i}(x^o_{(cm)}) = ⃗x_{(cm)+}(x^o_{(cm)}) + 1 √ N ∑ a Γ_{ai} ⃗ρ_a(x^o_{(cm)}), ⃗x_{(cm)+}(x^o_{(cm)}) = ⃗z Mc + ⃗η(⃗ρ_b(x^o_{(cm)}), ⃗π_b(x^o_{(cm)})), ⃗p_{(cm)i}(τ) = ⃗κ_i(τ) ≈ √ N ∑ a γ_{ai} ⃗π_a(x^o_{(cm)}) = ⃗p_{(cm)i}(x^o_{(cm)}). (2.27)

In conclusion in the inertial rest frame the N-body system is described by the following 6N+1 variables: a) the proper time τ of the inertial observer corresponding to the Fokker- Pryce center of inertia of the isolated system; b) the frozen (non-evolving) Jacobi data ⃗z and ⃗h of the external decoupled (non-covariant, non-local, non measurable) center of mass; c) the relative (Wigner spin-1) 3-vectors ⃗ρ_a(τ), ⃗π_a(τ), a = 1, .., N − 1.

2. N Particles in the 3-Spaces Σ_xo with x^o = const.

For the arbitrary inertial observer with Cartesian orthogonal 4-coordinates x^μ = (x^o; ⃗x) the point with radar 4-coordinates σ^A = (τ; ⃗σ) inside the Wigner 3-space Σ_τ has coordinates x^o(τ, ⃗σ) = z^o_W (τ, ⃗σ) = Y^o(0) + √ 1 + ⃗h^2 τ + ⃗h · ⃗σ, ⃗x(τ, ⃗σ) = ⃗z_W (τ, ⃗σ) = ⃗Y (0) + ⃗σ + ⃗h ( τ + ⃗h·⃗σ 1+ √_{1+⃗h2} ) with Y^μ(0) given in Eq.(2.6).

Instead the points x^μ = (x^o; ⃗x) inside the Euclidean 3-space Σ_xo with x^o = const. have radar 4-coordinates

τ(x^o; ⃗x) = √ 1 + ⃗h^2 (x^o − Y^o(0)) − ⃗h · (⃗x − ⃗Y (0)), ⃗σ(x^o, ⃗x) = ⃗x − ⃗Y (0) − ⃗h ( x^o − Y^o(0) − ⃗h · (⃗x − ⃗Y (0) 1 + √ 1 + ⃗h^2 ) . (2.28)

The straight trajectory Y^μ(τ) = Y^μ(0)+h^μ τ of the Fokker-Pryce center of inertia (origin of the radar 3-coordinates) can be parametrized in terms of x^o in the following way. By putting Y^o(τ) = x^o we get τ(x^o) =^{xo−Y o(0)}√_{1+⃗h2}^{def}= τ_{F P} (x^o) (so that^{dτF P (xo)}_{dxo} =^1√_{1+⃗h2} ). Then, by using Eq.(2.6), the new parametrization of the Fokker-Planck center of inertia is

Y^μ(x^o) = ( x^o; ⃗Y(x^o) ) , Y^μ(x^o = Y^o(0)) = Y^μ(0),

⃗Y(x^o) = ⃗Y (τ_{F P} (x^o)) = ⃗z Mc + ⃗h √ 1 + ⃗h^2 x^o + ⃗S × ⃗h Mc (1 + √ 1 + ⃗h^2)

. (2.29)

Let us remark that if we choose the origin of the inertial frame such that Y^μ(0) = 0 then we have ⃗z = −^{⃗S×⃗h} Mc (1+ √_{1+⃗h2)} with ⃗h · ⃗z = 0.

Let us now consider the world-lines of the particles and the associated momenta. By using Eq.(2.21) it is clear that in the Euclidean 3-space Σ_xo the position of each particle has to be evaluated at a different proper time τ_i(x^o) solution of the equations

x^o = x^o_i (τ_i) = √ 1 + ⃗h^2 τ_i + Y^o(0) + ⃗h · ⃗η_i(τ_i). (2.30)

Let us remark that to find the solution τ_i(x^o) of Eqs.(2.30) we need the solution ⃗η_i(τ), ⃗κ_i(τ) of the Hamilton equations with Hamiltonian Mc. Then we get the following new parametrization of the world-lines

x̃^μ_i (x^o) = ( x^o; ⃗x̃_i(x^o) ) = x^μ_i (τ_i(x^o)) = Y^μ(0) + Λ^μ_A(⃗h) η̃^a_i (x^o),

η̃^A_i (x^o) = η^A_i (τ_i(x^o)) = ( τ_i(x^o); ⃗η̃_i(x^o) = ⃗η_i(τ_i(x^o)) ) , ⃗x̃_i(x^o) = ⃗z Mc + ⃗η̃_i(x^o) + ⃗S × ⃗h Mc (1 + √ 1 + ⃗h^2) + ⃗h √ 1 + ⃗h^2 ( x^o − ⃗h · ⃗η̃_i(xo) 1 + √ 1 + ⃗h^2 ) . (2.31)

Then Eqs.(2.23) imply the following parametrization of the momenta

p̃^o_i (x^o) = p^o_i (τ_i(x^o)) = √ 1 + ⃗h^2 Ẽ_i(x^o) + ⃗h · ⃗κ̃_i(x^o),

⃗p̃_i(x^o) = ⃗p_i(τ + i(x^o)) = ⃗κ̃_i(x^o) + ⃗h ( Ẽ_i(x^o) + ⃗h · ⃗κ̃_i(xo) 1 + √ 1 + ⃗h^2 ) , (2.32)

where ⃗κ̃_i(x^o) = ⃗κ_i(τ_i(x^o)) and Ẽ_i(x^o) = E_i(τ_i(x^o)). The kinematical first half of the Hamilton equations with Hamiltonian Mc imply^{dxoi (τi)}_{dτi} =^{p̃oi (xo)}_{Ẽi(xo)} . Eqs.(2.31) and (2.32) can be obtained explicitly only after having solved the Hamilton equations for ⃗η_i(τ) and ⃗κ_i(τ).

In the free case we have ⃗η_i(τ) = ⃗η_i(0) +^{⃗κi}_{Ei} τ, ⃗κ_i(τ) = ⃗κ_i = const. and E_i(τ) = E_i = √ m^2_i c^2 + ⃗κ^2_i = const.. Then the solution of Eqs.(2.30) is

τ_i(x^o) = x^o − Y^o(0) − ⃗h · ⃗η_i(0) √ 1 + ⃗h^2

= τ_{F P} (x^o) − ⃗h · ⃗η_i(0) √ 1 + ⃗h^2

, (2.33)

and Eqs.(2.32) give (one could also replace x^o with Y^o(0) + √ 1 + ⃗h^2 τ_{F P} (x^o))

⃗η̃_i(x^o) = ⃗η̃_i(0) + ⃗κ^i E_i √ 1 + ⃗h^2 x^o, ⃗η̃_i(x^o = 0) = ⃗η_i(τ = 0) − ⃗κ^i E_i ( Y^o(0) + ⃗h · ⃗η_i(τ = 0) ) , ⃗x̃_i(x^o) = ⃗x̃_i(0) + [ ⃗κ_i E_i + ⃗h ( 1 − ⃗h · ⃗κ_i E_i √ 1 + ⃗h^2 (1 + √ 1 + ⃗h^2) )] xo √ 1 + ⃗h^2 , ⃗x̃_i(0) = ⃗z Mc + ⃗S × ⃗h Mc (1 + √ 1 + ⃗h^2)

+ ⃗η̃_i(0) − ⃗h √ 1 + ⃗h^2 ⃗h · ⃗η̃_i(0) 1 + √ 1 + ⃗h^2

. (2.34)

Therefore the transition from the 6N+1 variables τ, ⃗z, ⃗h, ⃗ρ_a(τ), ⃗π_a(τ), a = 1, .., N − 1, in the rest frame Wigner 3-space Σ_τ to the 6N+1 variables x^o, ⃗x̃_i(x^o), ⃗p̃_i(x^o), in the Euclidean 3-space Σ_xo can be done only on-shell, i.e. on the solution of the Hamilton equations.

Finally, if Λ is the Lorentz transformation from the rest frame with coordinates x^μ_{(cm)} = (τ; ⃗σ) and Wigner 3-space Σ_τ to the inertial frame with Cartesian coordinates x^μ and Euclidean 3-spaces Σ_xo , we have

h^μ = ( √ 1 + ⃗h^2;⃗h) = Λ^μ_ν h^ν_{(cm)}, x̃^μ_i (x^o) = x^μ_i (τ_i(x^o)) = Λ^μ_ν x^ν_{(cm)i}(τ = x^o_{(cm)}), p̃^μ_i (x^o) = p^μ_i (τ_i(x^o)) = Λ^μ_ν p^ν_{(cm)i}(τ = x^o_{(cm)}). (2.35)

In this inertial frame the Fokker-Pryce center of inertia is Y^μ(x^o) = Λ^μ_ν Y^ν_{(cm)}(τ = x^o_{(cm)}) = Y^μ(τ). While Y^μ_{(cm)}(τ = x^o_{(cm)}) depends on the non-covariant Jacobi data ⃗z_{(cm)}, its form Y^μ(τ) depends upon the Jacobi data ⃗z of that frame according to Eq.(2.6)^{20}.

D. The Non-Relativistic Limit of the Inertial Rest Frame

As shown in Ref.[1] for the case N = 2, (easily extended to arbitrary N), the nonrelativistic limit of the inertial rest frame leads to the description of N non-relativistic particles in Galilei space-time in terms of the Newton center of mass ⃗x_{(n)}(t), with conjugate momentum ⃗p_{(n)}, and of relative variables ⃗ρ_{(n)a}(t), ⃗π_{(n)}(t), a = 1, .., N − 1 like in Eqs.(2.18). The non-relativistic rest frame is defined with the conditions ⃗x_{(n)}(t) ≈ 0 and ⃗p_{(n)} ≈ 0. Then one can reformulate the theory in terms of the Newton positions ⃗x_{(n)i}(t) and momenta ⃗p_{(n)i}(t) of the particles.

By putting τ = c t and by using Eqs. (2.5), (2.6), (2.7), (2.11), one can show that x̃^o/c, Y^o/c, R^o/c, x^o_i /c, all tend to the absolute Newton time t for c → ∞. Moreover one has:

20 This is due to the transformation properties z^i → z^{′i} = ( Λ^i_j −^{Λi α hα} Λ^o_β h^β Λ o j ) z^j , see Eq.(2.5) of Ref.[1], and is connected with the fact that the relativistic center of mass x̃^μ(τ) of Eq.(2.5) is not a 4-vector (in each inertial frame it is described by a different pseudo-world-line).

⃗x̃(τ), ⃗Y (τ), ⃗R(τ) →_{c→∞} ⃗x_{(n)}(t) and ⃗x_{NW} (0) = ⃗z/Mc →_{c→∞} ⃗x_{(n)}(0). Therefore the external center of mass and all the relativistic collective variables collapse into the Newton center of mass. For the total momentum we have ⃗P = ⃗p_{(n)} and Eqs.(2.4) imply h^μ →_{c→∞} (1; 0), ϵ^μ_r (⃗h) →_{c→∞} (0; δ^i_r).

The spatial part of Eq.(2.3) becomes ⃗z_W (τ, ⃗σ) →_{c→∞} ⃗x_{(n)}(t) + ⃗σ: the non-relativistic inertial frame is centered on the Newton center of mass. The spatial part of the worldlines (2.11) becomes ⃗x_i(τ) →_{c→∞} ⃗x_{(n)i}(t) = ⃗x_{(n)}(t) + ⃗η̃_i(t) (see Eqs.(2.18) with ⃗η_+ → ⃗x_{(n)}), where ⃗η̃_i(t) = ⃗η_i(τ) are restricted by the vanishing of the non-relativistic limit of the internal Lorentz boosts of Eq.(2.9), ⃗K/c →_{c→∞} − ∑ i m_i ⃗η̃_i(t) ≈ 0, so that they define positions ⃗η_{(n)}(t) coinciding with ⃗x_{(n)i}(t) in the non-relativistic rest frame. The particle momenta ⃗κ_i(τ) = ⃗κ̃_i(t) collapse into momenta ⃗κ_{(n)i}(t) restricted by the rest-frame condition ⃗P →_{c→∞} ∑ i ⃗κ_{(n)i}(t) ≈ 0 (see eqs.(2.18) with ⃗κ_+ ≈ 0), so that they coincide with the non-relativistic momenta ⃗p_{(n)i}(t) in the non-relativistic rest frame.

The other internal Poincaré generators Mc and ⃗S (the pole-dipole carried by the external center of mass) of Eq.(2.9) become in the free case (m = ∑ i m_i; ⃗η_{(n)i}(t) = ⃗x_{(n)i}(t)|_{⃗x(n)=⃗p(n)=0}; ⃗κ_{(n)i}(t) = ⃗p_{(n)i}(t)|_{⃗x(n)=⃗p(n)=0})

M c →_{c→∞} m c + H_{rel}, H_{rel} = ∑ i ⃗κ^2_{(n)i}(t) 2m_i , ⃗S →_{c→∞} ∑ i ⃗η_{(n)i}(t) × ⃗κ_{(n)i}(t) = ⃗S_{(n)}. (2.36)

In the interacting case a potential V (⃗η_{(n)i}(t) − ⃗η_{(n)j} (t), ⃗κ_{(n)i}(t)) will be present in the relative Hamiltonian (or internal energy) H_{rel}. Eqs.(2.18) give the connection between the variables ⃗x_{(n)i}(t), ⃗p_{(n)i}(t) and ⃗x_{(n)}(t), ⃗p_{(n)}, ⃗ρ_{(n)a}(t), ⃗π_{(n)a}(t).

The non-relativistic limit of the external Poincaré generators (2.8) gives rise to the generators of the (external) Galilei algebra (centrally extended with the total mass m)

P^o →_{c→∞} mc + E_{Galilei}, E_{Galilei} = ⃗p^2_{(n)} 2m + ∑ i ⃗κ_{(n)i}(t)^2 2m_i = ∑ i ⃗p^2_{(n)i}(t) 2m_i , ⃗P = ⃗p_{(n)} = ⃗P_{Galilei}, ⃗J = ⃗x_{(n)}(t) × ⃗p_{(n)} + ⃗S_{(n)} = ∑ i ⃗x_{(n)i}(t) × ⃗p_{(n)i}(t) = ⃗J_{Galilei}, 1 c ⃗K →_{c→∞} t ⃗p_{(n)} − m ⃗x_{(n)} = ⃗K_{Galilei}. (2.37) In the non-relativistic rest frame ⃗p_{(n)} ≈ 0, ⃗x_{(n)} ≈ 0, there is an unfaithful internal Galilei algebra: E_{int} = H_{rel} = ∑ i ⃗κ^2_{(n)i}(t)

2m_i , ∑ i ⃗κ_{(n)i} ≈ 0, ⃗S_{(n)}, ⃗K_{(n)} = − ∑ i m_i ⃗η_{(n)i}(t) − m ⃗x_{(n)} ≈ 0. This implies that the generators of the external Galilei algebra (2.37) in the rest frame ⃗p_{(n)} = 0, with the origin in the center of mass (⃗x_{(n)} = 0), become E_{Galilei} = E_{int} = H_{rel}, ⃗P_{Galilei} = 0, ⃗J_{Galilei} = ⃗S_{(n)}, ⃗K_{(n)} = 0. But this is the form which can be obtained in this frame by means of a canonical transformation implying the Hamilton-Jacobi description of the center of mass (H_{com} =^{⃗p2(n)}_{2m} → H^{(HJ)}com = 0).

The non-relativistic limit of the relativistic N-body problem reproduces this Hamilton- Jacobi version of the non-relativistic N-body problem [1].

III. EXTENSION TO THE NON-INERTIAL REST FRAMES

Let us extend this construction to an arbitrary admissible non-inertial frame described by suitable embeddings and centered on an arbitrary time-like observer [3] to determine the three pairs of second class constraints eliminating the internal center of mass. Again the isolated system can be visualized as a pole-dipole carried by the external decoupled center of mass. Then the construction will be restricted to the non-inertial rest frame of an isolated system.

A. Admissible Non-Inertial Frames

Let us now see whether in an arbitrary admissible non-inertial frame, centered on an arbitrary non-inertial observer and described by the embeddings (f^A(τ) identifies the worldline of the observer; F^A(τ, ⃗σ) identifies the 3+1 splitting of space-time)

z^μ(τ, ⃗σ) = x^μ(τ) + F^μ(τ, ⃗σ) = x^μ_o + ϵ^μ_A [ f^A(τ) + F^A(τ, ⃗σ) ] , F^μ(τ,⃗0) = 0, x^μ(τ) = x^μ_o + ϵ^μ_A f^A(τ). (3.1)

we can arrive at the same picture of an isolated system as a decoupled external canonical noncovariant center of mass ⃗z, ⃗h, carrying a pole-dipole structure, with the external Poincare’ generators given by expressions like Eqs.(2.8) and with the dynamics described by suitable relative variables after an appropriate elimination of the internal 3-center of mass inside the instantaneous 3-spaces. If this is possible, there will be a new expression for the internal invariant mass M, a new effective spin ⃗S̃ (supposed to satisfy the Poisson brackets of an angular momentum and such that J^i = δ^{im} ϵ_{mnk} ( z^n h^k + S̃^k ) ) and a new form of the three pairs of second class constraints replacing the expressions given in Eqs.(2.9) for the case of the inertial rest frame centered on the Fokker-Pryce center of inertia.

At spatial infinity z^μ(τ, σ^r) of Eq.(3.1) must tend in a direction-independent way to a spacelike hyper-plane with unit time-like normal l^μ_{(∞)} = ϵ^μ_τ : this implies F^μ(τ, ⃗σ) → ϵ^μ_{(∞) r} σ^r with the 3 space-like 4-vectors ϵ^μ_{(∞) r} = ϵ^μ_r orthogonal to l^μ_{(∞)}. The asymptotic orthonormal tetrads ϵ^μ_A are associated to asymptotic inertial observers and satisfy ϵ^μ_A η_{μν} ϵ^ν_B = η_{AB}.

We must evaluate the Poincare’ generators (2.2) by using Eqs.(3.1) and (2.1). By equating the resulting expressions with Eqs.(2.8) we will find the new expression of the invariant mass, of the effective spin and of the second class constraints.

Since the embeddings (3.1) depend on the asymptotic tetrads ϵ^μ_A, we must express them in terms of the tetrads ϵ^μ_A(⃗h) determined by P^μ (whose expression is given in Eq.(2.4)):

ϵ^μ_A = Λ_A^B(⃗h) ϵ^μ_B (⃗h), (3.2)

with Λ(⃗h) a Lorentz matrix.

As shown in Ref.[3] the invariant mass and the effective spin carried by the external decoupled center of mass turn out to be (l^μ(τ, ⃗σ) = ϵ^μ_A l^A(τ, ⃗σ))

Mc ≈ ∫ d^3σ √ γ(τ, ⃗σ) [ T_{⊥⊥} l^A − T_{⊥s} h^{sr} ∂_r F^A ] (τ, ⃗σ) Λ_A^τ (⃗h), S̃^r ≈ 1 2 ϵ^{ruv} ∫ d^3σ √ γ(τ, ⃗σ) [ F^C (τ, ⃗σ) ( T_{⊥⊥} l^D − T_{⊥s} h^{sr} ∂_r F^D ) (τ, ⃗σ) − − F^D(τ, ⃗σ) ( T_{⊥⊥} l^C − T_{⊥s} h^{sr} ∂_r F^C ) (τ, ⃗σ) ] Λ_C^u(⃗h) Λ_D^v(⃗h). (3.3)

Moreover the three pairs of second class constraints eliminating the internal center of mass have the form

P̃^r = ∫ d^3σ √ γ(τ, ⃗σ) [ T_{⊥⊥} l^A − T_{⊥s} h^{sr} ∂_r F^A ] (τ, ⃗σ) Λ_A^r(⃗h) ≈ 0,

K̂^r ≈ Mc h^r ( x^o + f^B(τ) Λ_B^C (⃗h) ϵ^o_C (⃗h) − ∑ u h^u ( x^u_o − z^u + f^B(τ) Λ_B^C (⃗h) ϵ^u_C (⃗h) ) 1 + √ 1 + ⃗h^2 ) − − ( x^r_o − z^r + f^B(τ) Λ_B^C (⃗h) ϵ^r_C (⃗h) + δ^{rm} ϵ_{mnk} h^n S̃^k Mc (1 + √ 1 + ⃗h^2) ) . (3.4)

where K̂^r = ∫ d^3σ √ γ(τ, ⃗σ) [ F^C (τ, ⃗σ) ( T_{⊥⊥} l^D − T_{⊥s} h^{sr} ∂_r F^D ) (τ, ⃗σ) − F^D(τ, ⃗σ) ( T_{⊥⊥} l^C − T_{⊥s} h^{sr} ∂_r F^C ) (τ, ⃗σ) ] Λ_C^r(⃗h) Λ_D^τ (⃗h).

Let us remark that that if we put Λ_A^B (⃗h) = δ^B_A and x^μ_o + f^B(τ) Λ_B^C (⃗h) ϵ^μ_C (⃗h) = Y^μ(0) + h^μ τ, then we recover the results of Subsection A of Section II for the inertial rest frame centered on the Fokker-Pryce inertial observer when F^A(τ, ⃗σ) = σ^A.

Instead the conditions Λ_A^B (⃗h) = δ^B_A and f^B(τ) Λ_B^C (⃗h) ϵ^μ_C (⃗h) = h^μ τ, identifying the inertial rest frame centered on the inertial observer x^μ_o + h^μ τ, have the constraints K^r ≈ 0 replaced by the second of Eqs.(3.4).

Equations of the type (3.3) and (3.4) holds not only for admissible embeddings with pure differential rotations (σ = |⃗σ|)

z^μ(τ, ⃗σ) = x^μ(τ) + ϵ^μ_r R^r_s(τ, σ) σ^s, x^μ(τ) = x^μ_o + f^A(τ) ϵ^μ_A,

R^r_s(τ, σ) = R^r_s(α_i(τ, σ)) = R^r_s(F (σ) α̃_i(τ)), 0 < F (σ) < 1 A σ , d F (σ) dσ ≠ 0 (Moller conditions), (3.5) but also for the admissible embeddings with pure linear acceleration. If in Eq.(2.1) we put F^τ (τ, ⃗σ) = 0, F^r(τ, ⃗σ) = σ^r, so that the embedding becomes z^μ(τ, ⃗σ) = x^μ_o + ϵ^μ_τ f^τ (τ) + ϵ^μ_r ( f^r(τ)+σ^r ) , the instantaneous 3-spaces are space-like hyper-planes orthogonal to l^μ = ϵ^μ_τ

and we get h_{rs} = δ_{rs}, 1 + n(τ) = ḟ^τ (τ), n_r(τ) = δ_{rs} ḟ^s(τ). In the case of the embedding

z^μ(τ, ⃗σ) = x^μ_o + ϵ^μ_τ f(τ) + ϵ^μ_r σ^r, g_{τ τ} (τ, ⃗σ) = ϵ (df(τ) dτ )_2 , g_{τ r}(τ, ⃗σ) = 0, g_{rs}(τ, ⃗σ) = −ϵ δ_{rs}, (3.6) i.e. f^r(τ) = 0 and f^τ (τ) = f(τ), we get 1 + n(τ) = ḟ(τ), n_r = 0. If f^τ (τ) = τ and f^r(τ) = a^r = const., we have inertial frames centered on inertial observers: changing a^r we change the inertial observer origin of the 3-coordinates σ^r.

In Ref.[3] it is shown that in non-inertial frames the final Dirac Hamiltonian does not coincide with Mc like in Eqs.(2.10) due to the presence of the inertial potentials g_{AB} (τ, σ^u).

B. The Non-Inertial Rest Frames

The family of non-inertial rest frames for an isolated system consists of all the admissible 3+1 splittings of Minkowski space-time whose instantaneous 3-spaces Σ_τ tend to space-like hyper-planes orthogonal to the conserved 4-momentum of the isolated system at spatial infinity. Therefore they tend to the Wigner 3-spaces (2.3) of the inertial rest frame asymptotically. They are relevant because they are the only global non-inertial frames allowed by the equivalence principle (forbidding the existence of global inertial frames) in canonical metric and tetrad gravity [19], [17], in globally hyperbolic, asymptotically flat (asymptotically Minkowskian) space-times without super-translations, so to have the asymptotic ADM Poincare’ group.

These non-inertial frames can be centered on the external Fokker-Pryce center of inertia like the inertial ones and are described by the following embeddings (the admissibility conditions are restrictions on the functions g(τ, ⃗σ) and g^r(τ, ⃗σ))

z^μ(τ, ⃗σ) ≈ z^μ_F (τ, ⃗σ) = Y^μ(τ) + u^μ(⃗h) g(τ, ⃗σ) + ϵ^μ_r (⃗h) [σ^r + g^r(τ, ⃗σ)], →_{|⃗σ| →∞}z^μ_W (τ, ⃗σ) = Y^μ(τ) + ϵ^μ_r (⃗h) σ^r, x^μ(τ) = z^μ_F (τ, 0), g(τ, 0) = g^r(τ, 0) = 0, g(τ, ⃗σ) →_{|⃗σ|→∞} 0, g^r(τ, ⃗σ) →_{|⃗σ|→∞} 0. (3.7)

In Ref.[3] there is the expression of the induced 4-metric g_{F AB}(τ, ⃗σ) (with h_{F rs} = −ϵ g_{F rs} being a positive-definite 3-metric), of the unit normal l^μ(τ, ⃗σ) to the 3-space and of the associated lapse and shift functions.

To define the non-inertial rest-frame instant form we must find the form of the internal Poincare’ generators. As shown in Ref.[3] Eq.(2.1) and the first of Eqs.(2.2) imply

P^μ = Mc h^μ = ∫ d^3σ ρ^μ(τ, ⃗σ) ≈ ≈ h^μ ∫ d^3σ √ γ(τ, ⃗σ) (det (δs_r + ∂_r gs) √ γ_F T_{F ⊥⊥} − ∂_r g h^{rs}_F T_{F ⊥s} ) (τ, ⃗σ) + + ϵ^μ_u(⃗h) ∫ d^3σ ( − δ^{ua} ϵ_{asr} ϵ_{vwt} ∂_v g ∂_w g^s ∂_t g^r √ γ_F T_{F ⊥⊥} − − (δ^u_r + ∂_r g^u) h^{rs}_F T_{F ⊥s} ) (τ, ⃗σ) = def = ∫ d^3σ T^μ_F (τ, ⃗σ), (3.8)

so that the internal mass and the rest-frame conditions become (Eqs.(2.9) are recovered for the inertial rest frame)

Mc = ∫ d^3σ (det (δs_r + ∂_r gs) √ γ T_{F ⊥⊥} − ∂_r g h^{rs}_F T_{F ⊥s} ) (τ, ⃗σ), P̂^u = ∫ d^3σ ( − δ^{ua} ϵ_{asr} ϵ_{vwt} ∂_v g ∂_w g^s ∂_t g^r √ γ_F T_{F ⊥⊥} − − (δ^u_r + ∂_r g^u) h^{rs}_F T_{F ⊥s} ) (τ, ⃗σ) ≈ 0. (3.9)

Then it can be shown [3] that the second of Eqs.(2.2) together with Eqs. (2.8) and (2.6) imply the following form of the constraints eliminating the 3-center of mass and of the effective spin

K̂^u = ∫ d^3σ ( g [ δ^{ur} ∂_r g T_{F ⊥⊥} − (δ^u_r + ∂_r g^u) h^{rs}_F T_{F ⊥s} ] − − (σ^u + g^u) [det (δs_r + ∂_r gs) √ γ T_{F ⊥⊥} − ∂_r g h^{rs}_F T_{F ⊥s} ]) (τ, ⃗σ) ≈ 0, S̃^r ≈ Ŝ^r = 1 2 δ^{rn} ϵ_{nuv} ∫ d^3σ ( (σ^u + g^u) [ δ^{vm} ∂_m g T_{F ⊥⊥} − (δ^v_r + ∂_r g^v) h^{rs}_F T_{F ⊥s} ] − − (σ^v + g^v) [ δ^{um} ∂_m g T_{F ⊥⊥} − (δ^u_r + ∂_r g^u) h^{rs}_F T_{F ⊥s} ]) (τ, ⃗σ). (3.10) and these formulas allow to recover Eqs.(2.9) of the inertial rest frame.

Therefore the non-inertial rest-frame instant form of dynamics is well defined since we have: a) a decoupled center of mass carrying a pole-dipole structure; b) well defined internal Poincaré generators Mc, ⃗P ≈ 0, ⃗S̃, ⃗K ≈ 0 at spatial infinity; c) non-Euclidean 3-spaces tending in a direction-independent way to space-like hyper-planes, where they are orthogonal to P^μ.

C. The Hamiltonian of the Non-Inertial Rest-Frame Instant Form

In Ref.[3] there is the determination of the effective Hamiltonian of the non-inertial restframe instant form replacing Mc of the inertial rest-frame one.

In conclusion the effective Hamiltonian M c of the non-inertial rest-frame instant form is not the internal mass Mc, since Mc describes the evolution from the point of view of the asymptotic inertial observers. There is an additional term interpretable as an inertial potential producing relativistic inertial effects (T^μ_F is defined in Eq.(3.8))

M c = Mc + ∫ d^3σ (∂ gr ∂ τ T_{F r} + ∂g ∂τ T_{F τ} ) (τ, ⃗σ) = = ∫ d^3σ ϵ ([ h_μ ( 1 + ∂g ∂τ ) + ϵ_{μ r} ∂g^r ∂τ ] T^μ_F ) (τ, ⃗σ) = = ∫ d^3σ √ γ(τ, σ^u) ( (1 + n_F ) T_{F ⊥⊥} + n^r_F T_{F ⊥ r} ) (τ, ⃗σ) (3.11)

where √ γ(τ, ⃗σ) T_{F ⊥⊥}(τ, ⃗σ) = ∑ i δ^3(σ^u − η^u_i ) √ m^2_i c^2 + h^{rs}_F (τ, ⃗σ) κ_{ir}(τ) κ_{is}(τ), √ γ(τ, ⃗σ) T_{F ⊥ r}(τ, ⃗σ) = − ∑ i δ^3(σ^u − η^u_i ) κ_{ir}(τ). (3.12)

D. The Non-Relativistic Limit of the Non-Inertial Rest Frame

In Ref.[11] there is the non-relativistic version of parametrized Minkowski theories. If x^a are the Cartesian coordinates of an inertial frame in Galilei space-time centered on an inertial observer, a global non-inertial frame can be defined by means of an invertible, global coordinate transformation (t is the absolute Newton time; a = 1, 2, 3; A^a(t, ⃗σ) →_{|⃗σ|→∞} A^a_b(t) σ^b) x^a = A^a(t, ⃗σ), with inverse σ^r = S^r(t, ⃗x). (3.13) The Jacobian of this transformation is J^a_r(t, ⃗σ) = ∂ A^a(t, ⃗σ) ∂ σ^r , det J(t, ⃗σ) > 0, (3.14) and its inverse is denoted

J̃^r_a(t, ⃗σ) = [∂ Sr(t, ⃗x ∂ x^a ] ⃗x= ⃗S(t,⃗σ) , J^a_r(t, ⃗σ) J̃^r_b(t, ⃗σ) = δ^a_b , J̃^s_a(t, ⃗σ) J^a_r(t, ⃗σ) = δ^s_r . (3.15)

The non-inertial frame is centered on an accelerated observer ⃗x_o(t) = ⃗A(t, 0). As shown in Section IV of Ref.[11] the traditional rigid non-inertial frames are contained in the definition (3.13) if we put A^a(t, ⃗σ) = x^a_o (t) + σ^r R_{ra}(t) with R(t) a time-dependent rotation matrix.

In Ref.[11] there is the definition of parametrized Galilei theories for isolated particle systems. The Lagrangian depends on the particle positions ⃗η̃_i(t) and on the functions ⃗A(t, ⃗σ) as Lagrangian variables. Since the action is invariant under 3-diffeomorphisms the momenta ⃗ρ(t, ⃗σ), conjugate to the variables ⃗A(t, ⃗σ), are determined by three first-class constraints (like Eqs.(2.1) of the relativistic case): ρ^a(t, ⃗σ) ≈ ∑ i δ^3(σ^r − η̃^r_i (t)) J̃^r_a(t, ⃗σ) p_{ir}(t), where ⃗p_i(t) are the particle momenta. Therefore, the variables ⃗A(t, ⃗σ) are gauge variables: a change of frame is a gauge transformation.

The resulting Galilei generators are

E_{Galilei} = H_c = ∑ iars 1 2m_i J̃^r_a(t, ⃗η̃_i(t)) p_{ir}(t) J̃^s_a(t, ⃗η̃_i(t)) p_{is}(t), P^a_{Galilei} = ∑ ir J̃^r_a(t, ⃗η̃_i(t)) p_{ir}(t), J^a_{Galilei} = 1 2 ∑ bcd ϵ^{abc} ∑ i [ A^b(t, ⃗η̃_i(t)) δ^{cd} − A^c(t, ⃗η̃_i(t)) δ^{bd} ]

J̃^r_d(t, ⃗η̃_i(t)) p_{ir}(t), K^a_{Galilei} = − ∑ i m_i A^a(t, ⃗η̃_i(t)), (3.16)

where H_c is the canonical Hamiltonian. Instead the effective non-inertial Hamiltonian is M_{Galilei} = E_{Galilei} − ∑ i J^r_a(t, ⃗η̃_i(t)) ∂ A^a(t, ⃗η̃_i(t)) ∂ t |_{⃗η̃i(t)} p_{ir}(t). (3.17)

When one uses the functions A^a(t, ⃗σ) = x^a_o (t) + σ^r R_{ra}(t), one recovers the standard Euler, Jacobi, Coriolis and centrifugal forces in the equation of motion of the particles (see Eq.(4.9) of Ref.[11]).

By using the Hamilton equations associated with the Hamiltonian (3.17), i.e.^d_{dt} B = ∂ ∂ t B + {B, M_{Galilei}}, one can check that the Galilei generators (3.16) are constants of the motion.

Let us now consider the non-relativistic limit of the non-inertial rest frame, whose embedding is given in Eq.(3.7). We put τ = c t and ⃗η_i(τ) = ⃗η̃_i(t) = ⃗x_{(n)i}(t)|_{⃗x(n)(t)=⃗p(n)=0}, ⃗κ_i(τ) = ⃗κ̃_i(t) = ⃗p_{(n)i}(t)|_{⃗x(n)(t)=⃗p(n) =0} and we use the notations of Subsection C of Section II.

The non-relativistic limit of the embedding (3.7) can be done by putting ⃗h =^{⃗v}_c + O(c^{−2}) and σ^r + g^r(τ, ⃗σ) →_{c→∞} A^r(t, ⃗σ) and by assuming g(τ, ⃗σ) = O(c^{−2}). Then we get 1 c z^o(τ, ⃗σ) →_{c→∞} t, ⃗z(τ, ⃗σ) →_{c→∞} ⃗y_o + ⃗v t + ⃗A(t, ⃗σ). (3.18)

If in Eq.(3.13) we put ⃗x_o(t) = ⃗A(t,⃗0) = 0, we see that we are in a non-inertial frame centered on the Newton center of mass ⃗x_{(n)}(t) = ⃗y_o + ⃗v t; if we put ⃗p_{(n)} = 0 we are in a non-relativistic non-inertial rest frame.

The previous conditions imply the following expression for the induced 3-metric on the 3-space h_{rs}(τ, ⃗σ) = −ϵ g_{rs}(τ, ⃗σ) = H_{rs}(t, ⃗σ) + O(c^{−2}), H_{rs} = δ_{rs} + ∂g^r ∂ σ^s + ∂g^s ∂ σ^r + ∑ u ∂g^u ∂ σ^r ∂g^u ∂ σ^s , √ γ = √ H_{rs} + O(c^{−2}). (3.19) Then Eqs.(3.14), (3.15) and (3.19) imply (H^{rs} is the inverse of H_{rs})

J^a_r = δ^a_r + ∂g^a ∂ σ^r , with inverse J̃^r_a, H_{rs} = ∑ a J^a_r J^a_s, H^{rs} = ∑ a J̃^r_a J̃^s_a. (3.20)

With these notations the non-relativistic limit of the external and internal Poincaré generators (2.8), (3.9), (3.10) produces the following form for the Galilei generators (3.16)

P^o →_{c→∞} mc + E_{Galilei}, E_{Galilei} = H_c = ⃗p^2_{(n)} 2m + E_{Galilei}, ⃗P = ⃗p_{(n)} = ⃗P_{Galilei}, ⃗J = ⃗x_{(n)}(t) × ⃗p_{(n)} + ⃗S_{Galilei} = ⃗J_{Galilei}, 1 c ⃗K →_{c→∞} t ⃗p_{(n)} − m ⃗x_{(n)} = ⃗K_{Galilei},

E_{Galilei} = ∑ i 1 2m_i H^{rs}(t, ⃗η̃_i(t)) κ̃_{ir}(t) κ̃_{is}(t), S^r_{Galilei} = ∑ uv ϵ^{ruv} ∑ i A^u(t, ⃗η̃_i(t)) J^v_r(t, ⃗η̃_i(t)) ∑ s H^{rs}(t, ⃗η̃_i(t)) κ̃_{is}(t), P^r_{Galilei} = ∑ ius J^r_u(t, ⃗η̃_i(t)) H^{rs}(t, ⃗η̃_i(t)) κ̃_{is}(t) ≈ 0, K^r_{Galilei} = − ∑ i m_i A^r(t, ⃗η̃_i(t)) ≈ 0. (3.21)

The time constancy of the generators (3.16) implies the time constancy of the internal Galilei generators E_{Galilei}, ⃗S_{Galilei}, ⃗P_{Galilei}, ⃗K_{Galilei}. Let us remark that if we put ⃗x_o(t) = ⃗A(t,⃗0) ≠ 0, we are in an arbitrary non-inertial frame and we should study the non-relativistic limit of Eqs. (2.8), (3.3), (3.4).

IV. RELATIVISTIC N-BODY SYSTEMS

Let us remark that the Lagrangian, and therefore the energy-momentum tensor, of directly interacting N-particle systems is not known. Therefore we have to find by hand the ten generators of the internal Poincaré algebra in the inertial rest frame. For two-body systems this was done in Ref.[7] with E_i(τ) = √ m^2_i c^2 + ⃗κ^2_i (τ) + Φ(⃗ρ^2(τ)) (⃗ρ = ⃗η_1 − ⃗η_2), ϵ p^2_i = m^2_i c^2 + Φ(⃗ρ^2) and ⃗K = − ∑ i ⃗η_i(τ) E_i(τ). See Ref.[7] for a review of the older attempts of solving the problem of a consistent relativistic mechanics.

In this Section we give a generalization of this two-body model to N particle systems. In this class of models the potentials in the Hamiltonian Mc appear under the square root as an addition to the rest mass in the particle kinetic energy. Instead, in absence of a Lagrangian, no closed form of the Lorentz boosts is known when the Hamiltonian has the form Mc = ∑ i E_i + V (E_i = √ m^2_i c^2 + ⃗κ^2_i ).

However the Lagrangian is known for the two relevant cases of particles interacting with the electro-magnetic [4, 8, 9] and gravitational [17] fields. By solving the field equations with a no-incoming radiation condition we can find the energy-momentum tensor and the internal Poincaré generators for the N particles in these cases. These are the only cases in which we have an expression of the generators with the potentials appearing outside the square roots of the kinetic energy terms.

See Appendix A for the resulting Poincaré generators in the case of N charged scalar particles with Coulomb plus Darwin potential. Instead see Appendix B for such generators in the case of N scalar particles in the Hamiltonian Post-Minkowskian (HPM) linearization of tetrad gravity: the model can be seen as living in the inertial rest frame of the asymptotic Minkowski space-time with the extra inertial potential depending on the York time (it gives the trace of the extrinsic curvature of the HPM 3-spaces; the rest of the extrinsic curvature is dynamically determined). The terms in the ADM energy containing the HPM GW are the gravitational counterpart of the Darwin potential. This model replaces the non-relativistic one of Ref.[34] and tends to it in the non-relativistic case.

In this Section we give a simple example of N-body system, whose internal Poincaré generators have been found with a suitable canonical transformation starting from the free case.

If g is the coupling constant of the interaction, let us define a canonical transformation U(g) (U(0) = I in the free case) of the type^{21}

U(g) ⃗η_i = ⃗η_i + ⃗U_i(g; ⃗η_l, ⃗κ_l), U(g) ⃗κ_i = ⃗κ_i + ⃗W_i(g; ⃗η_l, ⃗κ_l), (4.1)

such that the internal 3-momentum and angular momentum are left fixed

21 If U(g) f(⃗η_k, ⃗κ_k) = f(U(g) ⃗η_k, U(g) ⃗κ_k), then {U(g) f_1, U(g) f_2} = U(g) {f_1, f_2}.

U(g) ⃗P = ⃗P, U(g) ⃗J = ⃗J . (4.2)

The functions ⃗U_i(g; ⃗η_l, ⃗κ_l) and ⃗W_i(g; ⃗η_l, ⃗κ_l) are assumed to depend only upon relative positions ⃗η_l − ⃗η_m.

Then the other internal Poincaré generators (2.14) take the form

M(g) c = U(g) M c = ∑ i √ m^2_i c^2 + ⃗κ^2_i + V_i(g; ⃗η_l − ⃗η_m, ⃗κ_k),

K^r(g) = U(g) K^r = − ∑ i [ η^r_i + U^r_i (g; ⃗η_l − ⃗η_m, ⃗κ_k) ] √ m^2_i c^2 + ⃗κ^2_i + V_i(g; ⃗η_l − ⃗η_m, ⃗κ_k), V_i(g; ⃗η_l − ⃗η_m, ⃗κ_k) = 2 ⃗κ_i · ⃗W_i(g; ⃗η_l − ⃗η_m, ⃗κ_k) + ⃗W^2_i (g; ⃗η_l − ⃗η_m, ⃗κ_k). (4.3) The simplest case is

U(g) ⃗η_i = ⃗η_i, U(g) ⃗κ_i = ⃗κ_i + ∂ F ∂ ⃗η_i (g; ⃗η_l − ⃗η_m), (4.4)

with F(g; ⃗η_l − ⃗η_m) = F̄(g; ⃗ρ_a · ⃗ρ_b) by using Eqs.(2.18).

We get

M(g) c = ∑ i E_i = ∑ i √ m^2_i c^2 + ⃗κ^2_i + V_i(g; ⃗η_l − ⃗η_m, ⃗κ_i),

K^r(g) = − ∑ i η^r_i E_i = − ∑ i η^r_i √ m^2_i c^2 + ⃗κ^2_i + V_i(g; ⃗η_l − ⃗η_m, ⃗κ_i),

V_i(g; ⃗η_l − ⃗η_m, ⃗κ_i) = 2 ⃗κ_i · ∂ F(g; ⃗η_l − ⃗η_m) ∂ ⃗η_i + (∂ F(g; ⃗η_l − ⃗η_m) ∂ ⃗η_i )_2 . (4.5)

Therefore we have E_i = √ m^2_i c^2 + ⃗κ^2_i + V_i(g; ⃗η_l − ⃗η_m, ⃗κ_i), i.e. ϵ p^2_i = m^2_i c^2 + V_i(g; ⃗η_l − ⃗η_m, ⃗κ_i) like in the models with first-class constraints [7] and in the model of Ref.[27]. As it happens in the models of Appendices A and B generically the potentials leading to a correct Poincaré algebra are momentum dependent in the N-body case. Let us remark that the potentials V_i must be restricted in such a way that one has ϵ p^2_i > 0 for each massive particle. Therefore in this RCM the inertial mass of the particles is modified by the interactions.

For F =^g_2 ∑ a ⃗ρ^2_a, we get^{∂F}_{∂ ⃗ηi} = g √ N ∑ a γ_{ai} ⃗ρ_a and V_i = g √ N ∑ a γ_{ai} ⃗κ_i · ⃗ρ_a + g^2 N ∑ ab γ_{ai} γ_{bi} ⃗ρ_a · ⃗ρ_b.

The rest-frame conditions ⃗P ≈ 0 and ⃗K ≈ 0 and Eqs.(2.18) imply

M(g) c ≈ ∑ i E_i = ∑ i √ m^2_i c^2 + N ∑ ab γ_{ai} γ_{bi} ⃗π_a · ⃗π_b + V_i(g; ⃗ρ_b, ⃗π_b),

⃗η_+ ≈ ⃗η(⃗ρ_b, ⃗π_b) = − 1 √ N ∑ ia Γ_{ai} √ m^2_i c^2 + N ∑ bc γ_{bi} γ_{ci} ⃗π_b · ⃗π_c + V_i(g; ⃗ρ_b, ⃗π_b) ∑ k √ m^2_k c^2 + N ∑ bc γ_{bk} γ_{ck} ⃗π_b · ⃗π_c + V_k(g; ⃗ρ_b, ⃗π_b) ⃗ρ_a. (4.6)

Since the invariant mass Mc is the Hamiltonian for the τ-evolution in the Wigner 3- spaces, the total time derivative along the solutions of Hamilton equations, i.e. the Liouville operator, acting on particle ”i” is (V_i(τ) = V_i(g; ⃗η_l − ⃗η_m, ⃗κ_i))

L̂_i = ∂ ∂ τ + {η^r_i (τ), Mc} ∂ ∂ η^r_i + {κ_{ir}(τ), Mc} ∂ ∂ κ_{ir} = = ∂ ∂ τ + 1 E_i(τ) ( κ_{ir}(τ) + 1 2 ∂ V_i(τ) ∂ κ_{ir} ) ∂ ∂ η^r_i − ∑ j 1 2 E_j(τ) ∂ V_j(τ) ∂ η^r_i ∂ ∂ κ_{ir} . (4.7)

When we take into account the rest-frame conditions ⃗P ≈ 0 and ⃗K ≈ 0, these operators have to be restricted to the Liouville operators for the relative variables ⃗ρ_a(τ), ⃗π_a(τ)

L̂_a = ∂ ∂ τ + {ρ^r_a(τ), Mc} ∂ ∂ ρ^r_a + {π^r_a(τ), Mc} ∂ ∂ π^r_a = = ∂ ∂ τ + ∑ i γ_{ai} ∑ b γ_{bi} π^r_b +^1_2^{∂ Vi(g;⃗ρb,⃗πb)}_{∂ πra} √ m^2_i c^2 + N ∑ bc γ_{bi} γ_{ci} ⃗π_b · ⃗π_c + V_i(g; ⃗ρ_b, ⃗π_b) ∂ ∂ ρ^r_a −

− ∑ i

∂ V_i(g;⃗ρ_b,⃗π_b) ∂ ρ^r_a 2 √ m^2_i c^2 + N ∑ bc γ_{bi} γ_{ci} ⃗π_b · ⃗π_c + V_i(g; ⃗ρ_b, ⃗π_b) ∂ ∂ π^r_a . (4.8)

Let us remark that collisions happen when 0 = ⃗η_i(τ) − ⃗η_j (τ) =^{1√}_N ∑ a (Γ_{ai} − Γ_{aj}) ⃗ρ_a(τ).

The model can be reformulated in the non-inertial rest frames along the lines of Section III.

V. THE MICRO-CANONICAL ENSEMBLE

In this Section we will give a definition of the micro-canonical ensemble for an isolated system of N particles with arbitrary either short- or long-range interactions both in nonrelativistic and relativistic classical mechanics and both in inertial and non-inertial rest frames. In this way we can get a description of the equilibrium configurations of the system both in non-relativistic and relativistic statistical mechanics not only in inertial rest frames but also in the non-inertial ones.

Firstly in Subsection A we recall the standard definition of the non-relativistic ordinary micro-canonical partition function Z_{(nr,st)}(E, V, N) (see for instance ch.6 of Ref.[20]) and of its extended form Z̃_{(nr,st)}(E, ⃗S, V, N) used in Ref.[30] (Z_{(nr,st)}(E, V, N) = ∫ d^3S Z̃_{(nr,st)}(E, ⃗S, V, N)), depending not only on the volume V , on the particle number N and on the value E of the total conserved energy (H = E, where H is the non-relativistic Hamiltonian of the isolated system) but also on the value ⃗S of the total conserved angular momentum ⃗J.

Then in Subsection B both the ordinary and extended micro-canonical partition functions, Z_{(nr)}(E, V, N) and Z̃_{(nr)}(E, ⃗S, V, N), are defined in the non-relativistic inertial rest frame defined in Subsection D of Section II, where the center of mass of the isolated system is put at the origin of the 3-coordinates (⃗x_{(nr)} = 0) and the total energy E =^{⃗p2(nr)}_{2 N m} + E is replaced with the internal energy E, which is an invariant of the centrally extended Galilei algebra. These definitions use only the internal Galilei generators of the isolated system. It is possible to reintroduce the dependence on the center of mass and to recover the standard partition functions.

In Subsection C there is the main new result, namely the definition of the ordinary and extended micro-canonical partition functions, Z(E, V, N) and Z̃(E, ⃗S, V, N), in the relativistic rest frame of Section II. In Subsection D we study their transformation properties under Lorentz transformations. These definitions use only the internal Poincaré generators of the isolated system and do not depend on the decoupled external relativistic center of mass. Now E is the conserved invariant mass Mc of the isolated system ( ⃗S is its rest spin) and it is not possible to reintroduce a dependence on the external center of mass as was possible in the non-relativistic case.

Both in the non-relativistic and relativistic cases we define the micro-canonical temperature (see Subsection E) and we show that it is a Lorentz-scalar. We do not discuss the canonical ensemble and the canonical temperature because we consider both short- and longrange interactions among the particles so that in general these ensembles are not equivalent to the micro-canonical ones.

Finally in Subsection F the two micro-canonical partition functions are defined in the relativistic non-inertial rest frame of Section III and it is shown how to make the nonrelativistic limit to the non-relativistic non-inertial rest frame in Subsection G. These noninertial partitions functions do not seem to have been defined till now. We introduce the problem of the notion of non-inertial equilibrium and of whether it could be gauge equivalent to inertial equilibrium at least in the passive viewpoint.

A. The Standard Micro-Canonical Ensemble in Non-Relativistic Inertial Frames

The standard non-relativistic micro-canonical distribution function f_{(mc,nr,st)}(⃗x_1, .., ⃗p_N |E, V, N) of a system of N particles with Hamiltonian H is defined in a spatial volume V^{22} in the following way

f_{(mc,nr,st)}(⃗x_1, .., ⃗p_N |E, V, N) = 1 Z_{(nr,st)}(E, V, N) χ(V ) δ(H_N (⃗x_1, .., ⃗p_N ) − E), χ(V ) = 1 for ⃗x_i ∈ V, χ(V ) = 0 for ⃗x_i /∈ V,

Z_{(nr,st)}(E, V, N) = ∫ dΓ_N χ(V ) δ(H_N (⃗x_1, .., ⃗p_N ) − E) = ∂ Ω_{(nr,st)}(E, V, N) ∂E , Ω_{(nr,st)}(E, V, N) = ∫ dΓ_N χ(v) θ(H(⃗x_1, .., ⃗p_N ) − E), dΓ_N = (N!)^{−1} ∏ i=1,..,N d^3x_i d^3p_i, ∫ dΓ_n f_{(mc,nr,st)}(⃗x_1, .., ⃗p_N |E, V, N) = 1. (5.1) Z_{(nr,st)}(E, V, N) is the standard micro-canonical partition function.

Due to the Hamilton equations of the particles, it satisfies^{∂ f(mc,nr,st)}_{∂ t} + {f_{(mc,nr,st)}, H} = L̂ f_{(mc,nr,st)} = 0 (Liouville theorem), where L̂ =^∂_{∂ t} +∑_i (_{∂ H} ∂ ⃗p_i · ∂ ∂ ⃗x_i − ∂ H ∂ ⃗x_i · ∂ ∂ ⃗p_i ) is the Liouville operator. Since the system is isolated we have^{∂ f(mc,nr,st)}_{∂ t} = 0, so that we are in the framework of equilibrium statistical mechanics.

The statistical average of a function F (⃗x, ⃗p; ⃗x_i, ⃗p_i) in the micro-canonical ensemble is

F_{(mc)}(⃗x, ⃗p|E, V, N) =< F >_{(mc)}= ∫ dΓ_N F (⃗x, ⃗p; ⃗x_i, ⃗p_i) f_{(mc,nr,st)}(⃗x_1, .., ⃗p_N |E, V, N). (5.2)

As shown in Eq.(C5) of Appendix C (compare with Ref.[61]) for N free particles of mass m (H = ∑_∞ i=1 ⃗p^2_i 2m ) we have the following expression for the micro-canonical distribution function (with a spherical volume V =^4_3 π R^3: χ(V ) = 0 for ⃗x^2_i > R^2 and χ(V ) = 1 for ⃗x^2_i < R^2) Z_{(nr,st)}(E, V, N) = 1 N! (√ 2πm )_{3N} E^{3N/2} V^N EΓ(3N/2) θ(E). (5.3)

22 There two points of view regarding the volume: a) it is non-dynamical (one considers only the motions of the isolated system of particles contained in it); b) it is dynamical (the particles have elastic reflections at the boundaries of the volume, so that they are not an isolated system). We consider only the case of isolated systems as it is done in Ref.[30].

The standard extended partition function Z̃_{(nr,st)}(E, ⃗S, V, N) is used in Ref.[30], whose Hamiltonian is given in Eq.(B1) (long range Newtonian gravity interactions), without eliminating the center of mass. It is defined starting from the following extended distribution function

f̃_{(mc,nr,st)}(⃗x_1, ..., ⃗p_N |E, ⃗S, V, N) = Z̃^{−1}_{(nr,st)}(E, ⃗S, V, N) χ(V ) δ(H_N (⃗x_1, .., ⃗p_N ) − E) δ^3(⃗S_N − ⃗S), (5.4) with Z_{(nr,st)}(E, ⃗S, V, N) = ∫ dΓ_N χ(V ) δ(H_N (⃗x_1, .., ⃗p_N ) − E) δ^3(⃗S_N − ⃗S) (see Eq.(5.10) for its expression).

B. The Micro-Canonical Ensemble in the Non-Relativistic Inertial Rest Frame

Let us now reformulate the micro-canonical ordinary and extended partition functions in the non-relativistic rest frame of the N-particle system, in which the Newtonian center of mass is at rest and is chosen as the origin of the 3-coordinates of the Euclidean 3-spaces by using the generators of the Galilei group given in Eqs.(2.37). The rest frame conditions are ⃗P_{Galilei} = 0 and ⃗K_{Galilei} = 0 (implying ⃗x_{(n)} = 0).

From Eqs (2.36) and (2.37) we get the following expression for the extended and ordinary micro-canonical partition functions for an isolated system of N particles(−^1_m ⃗K_{Galilei,N} |_{⃗PGalilei,N =0} = ⃗x_{(n)} = 0; the volume V is assumed to have the center in the origin; ⃗ρ_{(n)a} and ⃗π_{(n)a}, a = 1, .., N − 1 are relative variables)

Z̃_{(nr)}(E, ⃗S, V, N) = 1 N! ∫ 1..N∏ i d^3η_i χ(V ) ∫ 1..N∏ j d^3κ_j δ(E_{Galilei,N} − E)

δ^3(⃗S_{Galilei,N} − ⃗S) δ^3( ⃗P_{Galilei,N} ) δ^3( ⃗K_{Galilei,N} m ) = = 1 N! ∫ 1..N−1∏ a d^3ρ_{(n)a} χ(V ) ∫ 1..N−1∏ b d^3π_{(n)b} δ(E_{Galilei,N} − E) δ^3(⃗S_{Galilei,N} − ⃗S),

Z_{(nr)}(E, V, N) = ∫ d^3S Z_{(nr)}(E, ⃗S, V, N) = = 1 N! ∫ 1..N∏ i d^3η_i χ(V ) ∫ 1..N∏ j d^3κ_j δ(E_{Galilei,N} − E)

δ^3( ⃗P_{Galilei,N} ) δ^3( ⃗K_{Galilei,N} m ) = = 1 N! ∫ 1..N−1∏ a d^3ρ_{(n)a} χ(V ) ∫ 1..N−1∏ b d^3π_{(n)b} δ(E_{Galilei,N} − E) (5.5)

Since at the non-relativistic level it is possible to find a canonical basis of relative variables such that E_{Galilei,N} =^1_{2m} ∑_{1..N−1} a ⃗π^2_a + potentials, the ordinary micro-canonical distribution function Z_{(nr)}(E, V, N) is equal to the standard one with N-1 particles.

For the micro-canonical distribution function we have

f_{(mc,nr)}(⃗η_1, .., ⃗κ_N |E, V, N) = Z^{−1}_{(nr)}(E, V, N) χ(V ) N! δ(E_{Galilei,N} − E) δ^3(⃗S_{Galilei,N} − ⃗S) δ^3( ⃗P_{Galilei,N} ) δ^3( ⃗K_{Galilei,N} m ) ≈ ≈ f̃_{(mc,nr)}(⃗ρ_{(n)1}, .., ⃗π_{(n)N−1}|E, V, N). (5.6) It satisfies the Liouville equation with Hamiltonian H = E = E_{Galilei}|_{⃗P(n)=⃗x(n)=0} (it corresponds to the Hamilton-Jacobi description of the center of mass in the rest frame centered on the center of mass). Moreover it satisfies ∂_t f_{(mc,nr)} = 0, so that it is an equilibrium distribution function in statistical mechanics. The statistical average of a function F (⃗x, ⃗p; ⃗η_i, ⃗κ_i) is

F_{(mc,nr)}(⃗x, ⃗p|E, V, N) = ∫ N∏ i=1 d^3η_i d^3κ_i F (⃗x, ⃗p; ⃗η_i, ⃗κ_i) f_{(mc,nr)}(⃗η_1, .., ⃗κ_N |E, V, N). (5.7)

In the non-relativistic case, by using the results in Subsection D of Section II, we can undo the Hamilton-Jacobi transformation on the center of mass and we can recover Eq.(5.1) from the second of Eqs.(5.5)

Z_{(nr,st)}(E, V, N) = ∫ d^3x_{(nr)} d^3p_{(nr)} θ(R − |⃗x_{(n)}|) Z_{(nr)}(E =

⃗p^2_{(n)} 2m + E, V, N). (5.8) This is possible because the Galilei energy generator is the sum of the kinetic energy of the center of mass and of the internal energy, which is an invariant at the non-relativistic level. This property does not exist at the relativistic level with the Poincaré group.

As shown in Appendix C (Eqs.(C17) and (C42)-(C43) with ⃗κ_+ = 0) we get the following expressions for the standard and the extended micro-canonical distribution functions in the rest frame for N free particles of mass m

Z_{(nr)}(E, V, N) = 1 N! (√ m 2π )_{3N} E^{(3N−5)/2} Γ((3N − 3)/2) θ(E) √ 32π N^3m^9 3^{N−1}V^{N−1} ∫_∞ 0 x^2dx ( j_1(x) x )_N , (5.9)

Z_{(nr)}(E, V, N, ⃗S) = = 1 N!(2π)^{9N} (√ 8π^3 )_{N+1} (√ m^3

)_{N−1} (2π)3

(m)^3 ( 3V 4π )_{N−1}

× N∏ i ∫_1 0 x^2_i dx_i ∫_π 0 sin θ_idθ_i ∫_{2π} 0 dϕ_iδ^3( N∑ i=1 ⃗x_i) (E − Ẽ(⃗η_i, ⃗S))^{(3N−3)/2−1} Γ((3N − 3)/2) θ(E − Ẽ(⃗η_i, ⃗S)), (5.10)

in which

Ẽ(⃗η_i, ⃗S) = (S^1)^2 2m ∑_N i=1(η^1_i )^2 + (S^2)^2 2m ∑_N i=1 (η^2_i )^2 + (S^3)^2 2m ∑_N i=1 (η^3_i )^2 =

= 1 2mR^2 ( (S^1)^2 ∑_N i=1 x^2_i cos^2 ϕ_i sin^2 θ_i + (S^2)^2 ∑_N i=1 x^2_i sin^2 ϕ_i sin^2 θ_i + (S^3)^2 2m ∑_N i=1 x^2_i cos^2 θ_i ) . (5.11)

C. The Micro-Canonical Ensemble in the Relativistic Inertial Rest Frame

Let us remark that in the relativistic case there exists the following definition of the standard micro-canonical partition function Z_{(st)}(E, V, N) = 1 N! ∫ χ(V ) 1..N∏

I d^3x_i d^3p_i δ(H_N − E), (5.12)

in an arbitrary inertial frame in the free case with H_N = ∑_{1..N} i √ m^2 c^2 + ⃗p^2_i . Its form is not known in closed form for m ≠ 0 (for m=0 see Ref.[33]).

This definition is obtained by describing the N free particles in an inertial frame by means of their world-lines x^μ_i and of the conjugate momenta p^μ_i by putting by hand x^o_1 = ... = x^o_N = x^o and by using the mass-shell conditions ϵ p^2_i = m^2_i c^2 to eliminate the energies p^o_i ’s. This description includes the center of mass but no consistent way to include interactions among the N particles is known. The inclusion of interactions was the motivation of the new relativistic classical and quantum mechanics of Ref.[1] in which the world-lines x^μ_i and their momenta p^μ_i are derived quantities as shown in Section II. In the new formulation the Wigner 3-vectors ⃗η_i(τ) and ⃗κ_i(τ) are the fundamental canonical variables together with the rest-frame conditions.

Instead in this Subsection we define the micro-canonical partition function (with given internal energy E and given rest spin ⃗S in the rest frame) inside the instantaneous Wigner 3-spaces of the rest frame (in the inertial frame centered on the Fokker-Pryce external 4- center of inertia with 3-velocity ⃗h = 0) after the elimination of the internal 3-center of mass. We define everything in the inertial rest frame but without including the external center of mass ⃗z, ⃗h.

The new partition function will be defined in terms of the internal Poincaré generators living inside the Wigner 3-spaces Σ_τ . For N free particles they are given in Eq.(2.14), while for the simple model of N interacting particles defined in Section IV they are given in Eq.(4.5). See Appendix A and B for such generators in more realistic interacting cases.

The natural volume V is a spherical box centered on the Fokker-Pryce center of inertia in the Wigner 3-space (|⃗η_i(τ)| ≤ R). Let χ(V ) = ∏ i θ(R − |⃗η_i(τ)|) be the characteristic function identifying the volume V. However, since the internal center of mass is eliminated, it is more convenient to use a characteristic function depending only on the relative variables, namely χ(V ) = ∏ a θ(2R − |⃗ρ_a|). Then the extended and ordinary partition functions of the micro-canonical ensemble are^{23} (in what follows we have M_N = M_N (⃗η_i, ⃗κ_i); the Jacobian J(⃗ρ_a, ⃗π_a) is defined by δ^3(^{⃗KN}_{MN c} ) = J(⃗ρ_a, ⃗π_a) δ^3(⃗η − ⃗η_+(⃗ρ_a, ⃗π_a)))

Z̃(E, ⃗S, V, N) = 1 N! ∫ 1..N∏ i d^3η_i χ(V ) ∫ 1..N∏ j d^3κ_j δ(M_N c^2 − E)

δ^3(⃗S_N − ⃗S) δ^3( ⃗P_N ) δ^3( ⃗K_N M_N c ) =

= 1 N! ∫ d^3η N−1∏ a=1 d^3ρ_a χ(V ) ∫ 1..N−1∏ b d^3π_b J(⃗ρ_a, ⃗π_a) δ^3(⃗η − ⃗η_+(⃗ρ_a, ⃗π_a))

δ(M_N (⃗ρ_a, ⃗π_a) c^2 − E) δ^3( N−1∑ a=1 ⃗ρ_a × ⃗π_a − ⃗S),

Z(E, V, N) = ∫ d^3S Z̃(E, ⃗S, V, N) = = 1 N! ∫ 1..N∏ i d^3η_i χ(V ) ∫ 1..N∏ j d^3κ_j δ(M_N c^2 − E) δ^3( ⃗P_N ) δ^3( ⃗K_N M_N c ) =

= 1 N! ∫ d^3η N−1∏ a=1 d^3ρ_a χ(V ) ∫ 1..N−1∏ b d^3π_b J(⃗ρ_a, ⃗π_a) δ^3(⃗η − ⃗η_+(⃗ρ_a, ⃗π_a)) δ(M_N (⃗ρ_a, ⃗π_a) c^2 − E). (5.13)

Their evaluation should be done with the methods introduced in Appendix C for the non-relativistic case, but the calculations are much more involved. In particular one should need a closed form for the inverse Laplace transform of multiple powers of modified Bessel functions.

Let us remark that the 3-vectors ⃗η_i(τ), ⃗κ_i(τ) are Wigner spin-1 3-vectors so that quantities like ⃗κ^2_i (τ) are Lorentz scalars. The invariant mass Mc (and therefore E) is a Lorentz

23 When we have ⃗K = − ∑ i ⃗η_i E_i, we get − ⃗K/M_N c = ⃗η_+ +^{1√}_N ∑ a ∑ i Γ_{ai} E_i Mc ⃗ρ_a from Eqs.(2.18).

scalar. ⃗P and ⃗K/Mc are Wigner spin-1 3-vectors: under a Lorentz transformation Λ they undergo a Wigner rotation R(Λ), so that expressions like δ^3( ⃗P) are Lorentz scalars. Also the rest spin ⃗S is a Wigner spin-1 3-vector. Therefore under a Lorentz transformation we get Z̃(E, ⃗S, V, N) → Z̃(E, R(Λ)^{−1} ⃗S, V, N), ( the volume is a Lorentz scalar because both |⃗η_i(τ)| and |⃗ρ_a(τ)| are Lorentz scalars). Instead Z(E, V, N) is a Lorentz scalar.

Now we have the distribution function

f_{(mc)}(⃗ρ_1, .., ⃗π_{N−1}|E, V, N) = Z^{−1}(E, V, N) χ(V ) N! δ(M_N c^2 − E) δ^3( ⃗P_N ) δ^3( ⃗K_N M_N c ), (5.14)

and its extended version

f̃_{(mc)}(⃗ρ_1, .., ⃗π_{N−1}|E, ⃗S, V, N) = Z̃^{−1}(E, ⃗S, V, N) χ(V ) N! δ(M_N c^2 − E) δ^3(⃗S_N − ⃗S)

δ^3( ⃗P_N ) δ^3( ⃗K_N M_N c ). (5.15)

It satisfies the Liouville theorem with H = Mc. Moreover it satisfies ∂_τ f_{(mc)} = 0, so that it is an equilibrium distribution function in statistical mechanics. The statistical average of a function F (⃗η, ⃗κ; ⃗η_i, ⃗κ_i) is (f_{(mc)} is considered as a function of ⃗η_i and ⃗κ_i through the equations defining the relative variables) F_{(mc)}(⃗η, ⃗κ) = ∫ N∏ i=1 d^3η_i d^3κ_i F (⃗η, ⃗κ; ⃗η_i, ⃗κ_i) f_{(mc)}(⃗ρ_1, .., ⃗π_{N−1}|E, V, N). (5.16)

D. The Micro-Canonical Ensemble in the Relativistic Inertial Rest Frame as seen by an Arbitrary Inertial Observer

Eq.(5.13) is evaluated by considering the phase space measure over the Wigner 3-space Σ_τ associated with an arbitrary value of the proper time τ, where the 6N variables ⃗η_i(τ), ⃗κ_i(τ), restricted by the rest-frame conditions ⃗P(τ) = 0 and ⃗K(τ) = 0, depend on the independent 6N-6 relative variables ⃗ρ_a(τ), ⃗π_a(τ). The invariant mass (the Hamiltonian) Mc and the rest spin ⃗S depend on these relative variables, but are τ-independent being Casimir invariants (i.e. constants of the motion).

Unlike with the non-relativistic case we cannot reintroduce the external center of mass by using the frozen Jacobi data ⃗z, ⃗h: even if the measure d^3z d^3h is Lorentz invariant, ⃗z is a non-covariant quantity.

In the rest frame, where τ = x^o_{(cm)} = const. in the Wigner 3-space Σ_τ , we can rewrite the distribution function in the following form f_{(mc)}(⃗ρ_1(τ), .., ⃗π_{N−1}(τ)|E, V, N) = f̃_{(mc)}(⃗η_1(τ), .., ⃗κ_N (τ)|E, V, N), (5.17) due to Eqs.(2.18). Then Eqs.(2.27) allows us to rewrite it in the form f_{(mc)}(⃗ρ_1(τ), .., ⃗π_{N−1}(τ)|E, V, N) = f̂_{(mc)}(⃗x_{(cm)i}(x^o_{(cm)}) − ⃗z_{(cm)} Mc , ⃗p_{(cm)i}(x^o_{(cm)})|E, V, N), (5.18) depending on the rest-frame world-lines and their momenta. Then Eqs.(2.35) allow to get the form

f_{(mc)}(⃗ρ_1(τ), .., ⃗π_{N−1}(τ)|E, V, N) = f̌_{(mc)}(Λ^k_ν x̃^ν_i (x^o) − ⃗z_{(cm)} Mc , Λ^k_ν p̃^ν_i (x^o)|E, V, N), (5.19)

in an arbitrary Lorentz frame in the 3-space Σ_xo with x^o = x^o_i (τ_i) = const., see Eq. (2.30).

As a consequence, due to the frame-dependence of the Jacobi data ⃗z_{(cm)} of the external relativistic center of mass we cannot put ⃗z_{(cm)} = 0 like in the non-relativistic case and get a micro-canonical distribution function of the type F_{(mc)}(⃗x̃_i(x^o), ⃗p̃_i(x^o)|E, V, N), i.e. depending on the world-lines and their momenta in an arbitrary Lorentz frame.

However the basic obstruction to get this type of distribution function is that the Poincaré energy cannot be written as the center-of-mass energy plus an internal energy like in the case of the Galilei group.

E. The Micro-Canonical Temperature in the Non-Relativistic and Relativistic Inertial Rest-Frame

In the standard non-relativistic micro-canonical ensemble the micro-canonical entropy is S_{(mc,nr,st)}(E, V, N) = 1 N ln Z_{(nr,st)}(E, V, N). (5.20) and the micro-canonical temperature T_{(mc)} = T_{(mc)}(E, V, N) (see Refs.[33–35]; k_B is the Boltzmann constant) is

1 k_B T_{(mc)} = ∂ S_{(mc,nr,st)}(E, V, N) ∂ E |_{V,N} = 1 Z_{(nr,st)}(E, V, N) ∂ Z_{(nr,st)}(E, V, N) ∂ E |_{V,N} . (5.21)

Then one can introduce the Gibb’s relation dE = T_{(mc)} dS_{(mc,nr,st)} − P_{(mc)} dV + μ_{(mc)} dN (μ_{(mc)} chemical potential) with^{P(mc)}_{kB T(mc)} =^{∂ S(mc)(E,V,N)}_{∂ V} |_{E,N} and^{μ(mc)}_{kB T(mc)} =^{∂ S(mc)(E,V,N)}_{∂ N} |_{E,V} , and the second law of thermodynamics dS_{(mc,nr,st)} ≥ 0. With long range forces the microcanonical ensemble is inequivalent to the canonical ensemble (in which there is negative heat capacity ) as shown Refs. [31].

These definitions can be adapted to the non-relativistic rest frame and then extended to the relativistic rest frame by replacing the micro-canonical entropy (5.20) with the entropies S_{(mc,nr)}(E, V, N) =^1_N ln Z_{(nr)}(E, V, N) and S_{(mc)}(E, V, N) =^1_N ln Z(E, V, N), respectively.

This implies that in the relativistic inertial rest frame the micro-canonical temperature T_{(mc)} (^1_{kB T(mc)} =^1_{Z(E,V,N)}^{∂ Z(E,V,N)}_{∂ E} |_{V,N} ) is a Lorentz scalar, because the relativistic internal energy E is a Lorentz scalar like the internal energy Mc^2.

Therefore in the short range case (equivalence of the micro-canonical and canonical ensembles) the thermodynamic limit N, V → ∞ with N/V = const. gives rise to a canonical temperature T , limit of T_{(mc)}(E, V, N), which is a Lorentz scalar. Therefore in the relativistic rest-frame instant form of dynamics we have T = T_{rest} (see the Introduction for the existing three points of view).

In the case of the ideal Boltzmann gas (N free non-relativistic particles of mass m and energy^{⃗p2}_{2m} ) Eqs. (5.21) and (5.3) imply^1_{kB T(mc)} →_{N→∞}^{3N}_{2E} (like in the classical virial theorem).

Moreover one gets p_{(mc)} = k_B T_{(mc)}^{∂ S(mc,nr,st)(E,V,N)}_{∂ V} |_{E,N} →_{N→∞} k_B T_{(mc)}^N_V and the resulting equation of state is p_{(mc)} V = N k_B T_{(mc)}. When the thermodynamics limit is well defined, then T_{(mc)} and p_{(mc)} become the canonical temperature and pressure, respectively.

These results can be reproduced also in the non-relativistic inertial rest frame by replacing Eq.(5.3) with Eq.(5.9) as shown in Subsection 5 of Appendix C.

Instead in the relativistic rest frame we are not able to find an explicit analytic form of the micro-canonical entropy S_{(mc)}(E, V, N) =^1_N ln Z(E, V, N) (see Subsection 6 of Appendix C), so that we cannot obtain an explicit equation of state for a relativistic ideal Boltzmann gas (N free relativistic particles of mass m and energy √ m^2c^2 + ⃗κ^2). However in Ref.[21], by using the equilibrium Jüttner one particle distribution function and Eqs.(7.1) - (7.2) (see the next two Sections), it is shown that also in the relativistic case one obtains p =^N_V k_B T .

F. The Micro-Canonical Ensemble in the Relativistic Non-Inertial Rest Frame

Let us extend the definition (5.13) of the extended micro-canonical partition function to the relativistic non-inertial rest frames by using the 10 asymptotic Poincaré generators given in Eqs.(3.9) and (3.10) (see also Ref.[3] Section 5.3 (p.77)) and the non-inertial Hamiltonian Mc of Eq.(3.11). The non-inertial extended partition function, depending on the inertial potentials g and g^r appearing in Eq.(3.7), is

Z̃(E, ⃗S, V, N|g, g^r) = 1 N! ∫ χ(V ) N∏ i=1 d^3η_i d^3κ_i δ(M_N (⃗η_i, ⃗κ_i; g, g^r) c^2 − E)

δ^3(J^u_N (⃗η_i, ⃗κ_i; g, g^r) − S^u) δ^3(P̂^u_N (⃗η_i, ⃗κ_i; g, g^r)) δ^3( K̂u_N (⃗η_i, ⃗κ_i; g, gr) M_N (⃗η_i, ⃗κ_i; g, g^r)c ), (5.22)

Let us remark that now we cannot introduce relative variables, because they are not tensorially defined in non-Euclidean 3-spaces. In the interacting case with potentials V (⃗η_i(τ) − ⃗η_j(τ); ⃗κ_i(τ)) = Ṽ ( √ (⃗η_i(τ) − ⃗η_j (τ))^2; ⃗κ_i(τ)) we must replace the quantity (⃗η_i(τ) − ⃗η_j(τ))^2 with the bi-scalar Synge world function for Riemannian 3-spaces σ_{(ij)}(⃗η_i(τ), ⃗η_j (τ)) =^1_2 (λ_1 − λ_0) ∫_{λ1} λ_o dλ 3g_{rs}(η_{(ij)}(λ, τ))^{∂ηr(ij)(λ,τ}_{∂ λ}^{∂ηs(ij)(λ,τ}_{∂ λ} , where η_{(ij)}(λ, τ) is the 3-geodesic joining ⃗η_i(τ) and ⃗η_j(τ) (see Ref. [33]). The momenta are covectors defined at the positions of the particles

In this case the distribution function is f̃_{(mc)}(⃗ρ_1, .., ⃗π_{N−1}|E, ⃗S, V, N|g, g^r) = Z̃^{−1}(E, ⃗S, V, N|g, g^r) χ(V ) δ(M_N (⃗η_i, ⃗κ_i; g, g^r) c^2 − E)

δ^3(J^u_N (⃗η_i, ⃗κ_i; g, g^r) − S^u) δ^3(P̂^u_N (⃗η_i, ⃗κ_i; g, g^r)) δ^3( K̂u_N (⃗η_i, ⃗κ_i; g, gr) M_N (⃗η_i, ⃗κ_i; g, g^r)c ). (5.23)

It satisfies the Liouville theorem with the Hamiltonian M of Eq.(3.11). In the noninertial rest frames J^u_N (⃗η_i, ⃗κ_i; g, g^r), P̂^u_N (⃗η_i, ⃗κ_i; g, g^r),^{K̂uN (⃗ηi,⃗κi;g,gr)}_{MN (⃗ηi,⃗κi;g,gr)c} are asymptotic constants of the motion at spatial infinity. As a consequence we have ∂_τ f_{(mc)} = 0 notwithstanding the presence of the time-dependent long-range inertial potentials. Therefore in this passive viewpoint (we do not actively accelerate the gas but we go passively from an inertial to a non-inertial frame) we get an equilibrium distribution function also in non-inertial rest frames in accord with their gauge equivalence to the inertial ones shown in Section II.

By using a definition of entropy like in Eq.(5.20) the micro-canonical temperature turns out to be a functional of the inertial potentials.

G. The Micro-Canonical Ensemble in the Non-Relativistic Non-Inertial Rest Frame

By using the results of Subsection D of Section III for the form (3.21) of the non-inertial Galilei generators we get the following definition of the non-relativistic extended partition function in non-inertial rest frames

Z̃_{(nr)}(E, ⃗S, V |g, g^r) = 1 N! ∫ 1..N∏ i d^3η_i χ(V ) ∫ 1..N∏ j d^3κ_j δ(E_{Galilei,N} − E)

δ^3(⃗S_{Galilei,N} − ⃗S) δ^3( ⃗P_{Galilei,N} ) δ^3( ⃗K_{Galilei,N} m ). (5.24)

For the distribution function we have f̃_{(mc,nr)}(⃗ρ_1, .., ⃗π_{N−1}|E, ⃗S, V, N|g, g^r) = Z̃^{−1}_{(nr)}(E, ⃗S, V, N|g, g^r) χ(V ) δ(E_{Galilei,N} − E) δ^3(⃗S_{Galilei,N} − ⃗S) δ^3( ⃗P_{Galilei,N} ) δ^3( ⃗K_{Galilei,N} m ). (5.25)

By using the Hamilton equations generated by the Hamiltonian (3.17) it can be checked that it satisfies the Liouville theorem. Due to the asymptotic constancy of the Galilei generators at spatial infinity we get again an equilibrium distribution function, ∂_t f̃_{(mc,nr)} = 0, like in inertial frames.

VI. ON THE ONE-PARTICLE DISTRIBUTION FUNCTION AND ON THE BOLTZMANN EQUATION IN RELATIVISTIC KINETIC THEORY IN THE IN- ERTIAL REST FRAME

As shown in Ref.[20] in non-relativistic kinetic theory of diluted gases one can introduce the (non-equilibrium) one-particle distribution function

f(⃗x, ⃗p, t) = < ∑ i δ^3(⃗x − ⃗x_i) δ^3(⃗p − ⃗p_i) >_{(Gibbs)}=

= ∫ N∏ i=1 d^3x_id^3p_i ∑ i δ^3(⃗x − ⃗x_i) δ^3(⃗p − ⃗p_i) ρ(⃗x_1, ⃗p_1, ..., ⃗x_N , ⃗p_n, t) =

= N ∫ N∏ i=2 d^3x_id^3p_i ρ(⃗x_1, ⃗p_1, ..., ⃗x_N , ⃗p_n, t), (6.1) by means of an average on a Gibbs ensemble. The normalized density function ρ(⃗x_1, ⃗p_1, ..., ⃗x_N , ⃗p_n, t) ( ∫ ∏_N i=1 d^3x_id^3p_i ρ(⃗x_1, ⃗p_1, ..., ⃗x_N , ⃗p_N , t) = 1) is symmetric in the exchange of particles (all equal with mass m) and satisfies the Liouville theorem (^{d ρ}_{dt} = ∂ ρ ∂ t + ∑_N i=1 (^{∂ ρ}_{∂ ⃗xi} ·^{d⃗xi}_{dt} +^{∂ ρ}_{∂ ⃗pi} ·^{d⃗pi}_{dt} ) = 0) implied by the Hamilton equations for the N particles with given Hamiltonian H.

The function f(⃗x, ⃗p, t) satisfies the Boltzmann transport equation ( ⃗F is an external force) ( ∂ ∂ t + ⃗p m · ∂ ∂ ⃗x + ⃗F · ∂ ∂ ⃗p ) f(⃗x, ⃗p, t) = (∂ f ∂ t ) coll. , (6.2)

where (_{∂ f} ∂ t ) coll. is the collision term^{24}. In the case of free particles this term is an integral whose argument is a bilinear in the distribution function and linear in the differential cross section of the elastic scattering of pairs of particles.

In absence of external forces an equilibrium distribution is assumed to be independent from ⃗x and to satisfy^∂_{∂ t} f_{(eq)}(⃗x, ⃗p, t) = 0. Therefore it is a solution of the Boltzmann equation (_{∂ f(eq)} ∂ t ) coll. = 0. In the case of free particles the solution is the Maxwell-Boltzmann

distribution function e^{−β ⃗p2}2m with β = 1/k_B T (T the canonical temperature).

The Boltzmann equation for f(⃗x, ⃗p, t) can be derived as an approximation starting from the coupled equations of motion (the BBGKY hierarchy) for the s-particle distribution functions f_s(⃗x_1, ⃗p_1, ..., ⃗x_s, ⃗p_s, t) =^{N!}_{(N−s)!} ∫ ∏_N i=s+1 d 3x_id^3p_i ρ(⃗x_1, ⃗p_1, ..., ⃗x_N , ⃗p_n, t) by using the Liouville theorem.

Till now, in absence of a consistent RCM for N interacting particles, the relativistic Boltzmann equation is either postulated or derived from the Klein-Gordon quantum field theory (see Refs.[46], [21], [47]). In absence of external forces and assuming p^o = √ m^2c^2 + ⃗p^2

24 The hypothesis of molecular chaos is needed for its evaluation. Moreover the distribution function must change slowly over distances and times of the order of the characteristic interaction lengths and durations.

it takes the form p_μ^∂_{∂ xμ} f(x^α, p^α) = C(x^α, p^α) with the second member being the collision term (it has the same structure as in the non-relativistic case, but now it depends on the relativistic differential cross section for elastic scattering).

For free particles the equilibrium solution of the standard relativistic Boltzmann equation [21], [47], is the equilibrium homogeneous Boltzmann-Jüttner distribution [48]^{25}

f_{(eq)}(⃗x, ⃗p) = f_{(eq)}(⃗p) = A e^{−βμ pμ} = rest frame= A e−β √m2+⃗p2 , (6.3)

where T is the canonical temperature in the rest frame (the 4-vector β^μ =^1_{kB T} U^μ, with U^μ a unit 4-vector equal to (1; 0) in the rest frame, is a Killing vector; the limit N, V → ∞ with N/V = const. is assumed) and A =^{const.}_{4π kB T m2 c K2( mc2kB T )} . See for instance the first paper in

Ref.[44]. The non-relativistic limit reproduces the Maxwell-Boltzmann distribution e^{−β ⃗p2}2m .

An open problem is whether f(⃗x, ⃗p, t) is a Lorentz scalar: this is discussed in Ref. [44], where there is also a discussion of the existing alternatives to the Jüttner distribution and their rebuttal.

In Subsection A we delineate how to define the relativistic one-particle distribution function f(⃗η, ⃗κ, τ) in the Wigner 3-spaces of the inertial rest frame, showing that in our approach it is a Lorentz scalar.

In the case of free particles this scalar can be postulated to be solution of a relativistic Boltzmann equation of the type (√ m^2c^2 + ⃗κ^{2 ∂}_{∂ τ} + ⃗κ ·^∂_{∂ ⃗η} ) f(⃗η, ⃗κ, τ) = C(⃗η, ⃗κ, τ) with the collision term evaluated in the standard way. However in this evaluation inside the Wigner 3-spaces of the inertial rest frame the elastic scattering of the two particles is described in their rest frame and their 3-coordinates ⃗η_1 and ⃗η_2 are kinematically restricted by the restframe condition ⃗K =

∑_2 i=1 ⃗η_i √ m^2c^2 + ⃗κ^2_i = 0. These conditions are compatible with the invariant differential cross section appearing in the collision term.

With this ansatz on the relativistic Boltzmann equation for free particles the equilibrium one-particle distribution function is the Jüttner distribution f_{(eq)}(⃗η, ⃗κ) = f_{(eq)}(⃗κ) = A e^− √_{m2c2+⃗κ2} kB T . In our approach one expects that the 4-vector βμ has the form βμ = 1 k_B T h μ with h^μ = P^μ/ √ ϵ P^2 and with T being the canonical temperature.

Then in Subsection B we delineate which are the problems in trying to justify this relativistic Boltzmann equation when one starts from a relativistic BBGKY hierarchy based on a model like the one in Section IV for N interacting relativistic particles.

25 It satisfies p_μ^∂_{∂ xμ} f_{(eq)}(x^α, p^α) = 0 and C(x^α, p^α) = 0; the ⃗x-dependence is absent if there are no global rigid rotations.

A. The One-Particle Distribution Function in the Relativistic Inertial Rest Frame

Let us consider a particle in the Wigner 3-space of the inertial rest frame with canonical coordinates ⃗η(τ), ⃗κ(τ), whose world-line is x^μ(τ) = Y^μ(τ) + ϵ^μ_r (⃗h) η^r(τ) according to Eq.(2.11).

A relativistic one-particle distribution function in the inertial rest frame can be defined by considering a normalized density function for a relativistic Gibbs ensemble of the type ρ(⃗η_1, ⃗κ_1, ..., ⃗η_N , ⃗κ_N , τ). Then the natural definition for the one-particle distribution function in the Wigner 3-spaces without a dependence on both the external and internal centers of mass is

f(⃗η(τ), ⃗κ(τ), τ) = < ∑ i δ^3(⃗η(τ) − ⃗η_i(τ)) δ^3(⃗κ(τ) − ⃗κ_i(τ)) >_{(Gibbs)}=

= ∫ 1..N∏ i d^3η_i d^3κ_i ρ(⃗η_1, ⃗κ_1, ..., ⃗η_N , ⃗κ_N , τ) δ^3( ⃗P_N ) δ^3( ⃗K_N M_N c ) [ ∑ i δ^3(⃗η(τ) − ⃗η_i(τ)) δ^3(⃗κ(τ) − ⃗κ_i(τ)) ] , (6.4)

with the following normalization of the density function, ∫ ∏_{1..N} i d^3η_i d^3κ_i ρ(⃗η_1, ⃗κ_1, ..., ⃗η_N , ⃗κ_N , τ) δ^3( ⃗P_N ) δ^3(^{⃗KN}_{MN c} ) = 1.

In the case of an equilibrium ensemble the replacement ρ(⃗η_1, ⃗κ_1, ..., ⃗η_N , ⃗κ_N , τ) → Z^{−1}(E, V, N)^{χ(V )}_{N!} δ(M_N c^2 − E) transforms Eq.(6.4) in a statistical average in the relativistic micro-canonical ensemble of the type of Eq.(5.16). Therefore the density function depends only on relative variables, ρ(⃗η_1, ⃗κ_1, ..., ⃗η_N , ⃗κ_N , τ) δ^3( ⃗P_N ) δ^3(^{⃗KN}_{MN c} ) =

ρ̃(⃗ρ_1, ⃗π_1, ..., ⃗ρ_{N−1}, ⃗π_{N−1}, τ) δ^3( ⃗P_N ) δ^3(^{⃗KN}_{MN c} ), and has the same transformation properties like the micro-canonical distribution function f_{(mc)}(⃗ρ_1, .., ⃗π_{N−1}|E, V, N) of Eq.(5.14).

The use of Eq.(2.18) allows us to rewrite Eq.(6.4) in the following form

f(⃗η(τ), ⃗κ(τ), τ) = ∫ 1..N−1s∏ a d^3ρ_a d^3π_a ρ̃(⃗ρ_1, ⃗π_1, ..., ⃗ρ_{N−1}, ⃗π_{N−1}, τ) N∑ i=1 ( δ^3(⃗κ(τ) − √ N N−1∑ a=1 γ_{ai} ⃗π_a)

δ^3(⃗η(τ) − ⃗η_+(⃗ρ_a, ⃗π_a) − 1 √ N N−1∑ a=1 Γ_{ai} ⃗ρ_a) ) , ∫ 1..N−1∏ a d^3ρ_a d^3π_a ρ̃(⃗ρ_1, ⃗π_1, ..., ⃗ρ_{N−1}, ⃗π_{N−1}, τ) = 1. (6.5)

By using Eq.(2.27) we can rewrite the internal Poincaré generators in terms of ⃗x_{(cm)i}(τ = x^o_{(cm)}) and ⃗p_{(cm)i}(τ = x^o_{(cm)}) and we have d^3η_i d^3κ_i = d^3x_{(cm)i} d^3p_{(cm)i}. Since the density function depends only on the relative variables, the dependence on the non-covariant Jacobi data ⃗z_{(cm)} of the external center of mass drops out. Therefore Eq.(6.4) can be rewritten in the Cartesian coordinates of the rest frame in the following form

f(⃗η(τ), ⃗κ(τ), τ) = ∫ 1..N∏ i d^3η_i χ(V ) ∫ 1..N∏ j d^3κ_j

ρ(⃗η_1, ⃗κ_1, ..., ⃗η_N , ⃗κ_N , τ) δ^3( ⃗P_N ) δ^3( ⃗P_N ) δ^3( ⃗K_N M_N c ) [ ∑ i δ^3(⃗x(τ = x^o_{(cm)}) − ⃗x_{(cm)i}(τ = x^o_{(cm)}))

δ^3(⃗p(τ = x^o_{(cm)}) − ⃗p_{(cm)i}(τ = x^o_{(cm)})) ] = = F_{(cm)}(x^o_{(cm)}, ⃗x_{(cm)}(x^o_{(cm)}), ⃗p_{(cm)}(x^o_{(cm)})). (6.6)

In the free case we can use the results of Subsection C of Section II to rewrite the one-particle distribution function in an arbitrary inertial frame with Cartesian coordinates x^μ = Λ^μ_ν x^ν_{(cm)}. By using τ = x^o_{(cm)} = x^o_{(cm)i}(τ), we get ∑ i δ^3(⃗x(τ = x^o_{(cm)}) − ⃗x_{(cm)i}(τ = x^o_{(cm)})) δ^3(⃗p(τ = x^o_{(cm)}) − ⃗p_{(cm)i}(τ = x^o_{(cm)})) = = ∑ i ∫ dτ_i dx^o_{(cm)i}(τ_i) dτ_i δ(x^o_{(cm)} − x^o_{(cm)i}(τ_i)) δ^3(⃗x_{(cm)}(x^o_{(cm)}) − ⃗x_{(cm)i}(τ_i))

δ^3(⃗p_{(cm)}(x^o_{(cm)}) − ⃗p_{(cm)i}(τ_i)) = = ∑ i ∫ dτ_i dx^o_{(cm)i}(τ_i) dτ_i δ^4(x^μ_{(cm)} − x^μ_{(cm)i}(τ_i)) δ^3(⃗p_{(cm)}(x^o_{(cm)}) − ⃗p_{(cm)i}(τ_i)). (6.7)

We used a different τ_i for each particle and we introduced^{dxo(cm)i(τi)}_{dτi} = 1 (also equal to p^o_{(cm)i} E_i = 1 in the free case).

Then we get the following results: A) Eq.(2.35) implies

δ^4(x^μ_{(cm)} − x^μ_{(cm)i}(τ_i)) = δ^4(x^μ_{(cm)}(x^o_{(cm)}) − (Λ^{−1} x_i(τ_i))^μ) = δ^4((Λx_{(cm)}(x^o_{(cm)})^μ − x^μ_i (τ_i)); (6.8)

B) the invariance of δ^4(p) with ϵ p^2 = m^2 c^2 implies

δ^3(⃗p_{(cm)}(x^o_{(cm)}) − ⃗p_{(cm)i}(τ_i)) = δ^3(⃗p_{(cm)}(x^o_{(cm)}) − → Λ^{−1} p_i(τ_i)) = = p^o_i (τ_i) (Λ^{−1} p_i(τ_i))^o δ^3(^→Λ p_{(cm)}(x^o_{(cm)}) − ⃗p_i(τ_i)); (6.9)

C) Eq.(2.26) implies

p^o_i (τ_i) (Λ^{−1} p_i(τ_i))^o = p^o_i (τ_i) E_i dx^o_{(cm)i}(τ_i) dτ_i = dx^o_i (τ_i) dτ_i . (6.10)

As a consequence, by putting x^μ(x^o) = (Λx_{(cm)}(x^o_{(cm)})^μ and ⃗p(x^o) =^→Λ p_{(cm)}(x^o_{(cm)}) we have ∑ i ∫ dτ_i dx^o_{(cm)i}(τ_i) dτ_i δ^4(x^μ_{(cm)} − x^μ_{(cm)i}(τ_i)) δ^3(⃗p_{(cm)}(x^o_{(cm)}) − ⃗p_{(cm)i}(τ_i)) = = ∑ i ∫ dτ_i dx^o_i (τ_i) dτ_i δ^4(x^μ(x^o) − x^μ_i (τ_i)) δ^3(⃗p(x^o) − ⃗p_i(τ_i)). (6.11)

Therefore by using χ(V ) = χ(V (Λ)) and after having re-expressed the internal Poincaré generators in terms of x = Λ x_{(cm)} and p = Λ p_{(cm)}, we get that Eq.(6.11) implies

f(⃗η(τ), ⃗κ(τ), τ) = F_{(cm)}(x^o_{(cm)}, ⃗x_{(cm)}(x^o_{(cm)}), ⃗p_{(cm)}(x^o_{(cm)})) = = F (x^o = ((Λ x_{(cm)}(x^o_{(cm)}))^o, ⃗x(x^o)) =^→Λ x_{(cm)}(x^o_{(cm)}, ⃗p(x^o)) =^→Λ p_{(cm)}(x^o_{(cm)})). (6.12)

This means that the one-particle distribution function is a Lorentz scalar in our approach. See Refs. [43, 44] for the existing points of view on this topic.

B. On the Relativistic Boltzmann Equation when we Start from a System of N Relativistic Interacting Particles

Let us show which are the problems in trying to apply the method of the BBGKY hierarchy, used in Chapter 3 of Ref.[20] to derive the non-relativistic Boltzmann equation by using the Liouville equation, to an isolated system of N interacting relativistic particles of equal mass m like the one described in Section IV.

Let us consider a simple form of the model of Section IV in which the function F(g; ⃗η_l − ⃗η_m) appearing in Eq.(4.4) has the form F(g; ⃗η_l − ⃗η_m) = ∑ i,j≠i F̃(|⃗ηi − ⃗ηj |), so that the potentials appearing in Eq.(4.5) have the form V_i(g; ⃗η_l − ⃗η_m, ⃗κ_i) = V_i(|⃗η_l − ⃗η_m|, ⃗κ_i) = 2 ⃗κ_i · ∑ k≠i ∂ F̃(|⃗η_i−⃗η_j |) ∂ ⃗η_i + ( ∑ k≠i ∂ F̃(|⃗η_i−⃗η_j |) ∂ ⃗η_i )_2 . In this case like in Ref.[20] we can assume that the density function ρ(⃗η_1, ⃗κ_1, .., ⃗η_N , ⃗κ_N , τ) is symmetric in the exchange of the particles. Moreover in this case also the functions ⃗P_N and ⃗K_N /M_N c are symmetric in the exchange of the particles.

If we use the same notation of Ref.[20], namely z_i = (⃗η_i, ⃗κ_i), dz_i = d^3η_i d^3κ_i, we can rewrite Eq.(6.4) in the form f_1(z_1, τ) = f(z_1, τ) = N ∫ dz_2....dz_N ρ(z_1, z_2, .., z_N , τ) δ^3( ⃗P_N ) δ^3( ⃗K_N M_N c ), (6.13)

and we can also define the s-particle distribution functions

f_s(z_1, .., z_s, τ) = N! (N − s)! ∫ s+1..N∏ j d^3η_j χ(V ) ∫ dz_{s+1}....dz_N ρ(z_1, .., z_s, τ)

δ^3( ⃗P_N ) δ^3( ⃗K_N M_N c ). (6.14)

The Liouville operator implied by Eq.(4.7) is (E_i(τ) = √ m^2c^2 + ⃗κ^2_i + V_i(|⃗η_l − ⃗η_m|, ⃗κ_i))

L̂ = ∂ ∂τ + ĥ_N ,

ĥ_N =^{1..N} ∑ i [ 1 E_i(τ) ( κ_{ir}(τ) + ∑ k≠i ∂ F̃(|⃗η_i − ⃗η_k|) ∂ η^r_i ) ∂ ∂ η^r_i − − ∑ j 1 E_j(τ) ∂ V_j(|⃗η_l − ⃗η_m|, ⃗κ_i) ∂ η^r_i ∂ ∂ κ_{ir} ] , (6.15)

and we get ∂ ∂ τ f_s(z_1, .., z_s, τ) = = N! (N − s)! ∫ dz_{s+1}...dz_N ∂ ∂τ ρ(z_1, ..., z_nN, τ) δ^3( ⃗P_N ) δ^3( ⃗K_N M_N c ) = = − N! (N − s)! ∫ dz_{s+1}...dz_N ( ĥ_N ρ(1, ..., N, τ) ) δ^3( ⃗P_N ) δ^3( ⃗K_N M_N c ). (6.16)

The presence of the terms E_i(τ), containing potentials depending upon all the ⃗η_k and also on the momentum ⃗κ_i, does not allow us to write ĥ_N (z_1, .., z_N ) = ĥ_s(z_1, .., z_s) + ĥ_{N−s}(z_{s+1}, .., z_N ) + ∑^s_{u=1} ∑^N_{v=s+1} P̂_{uv} (with P̂_{ij} = ⃗f(|⃗η_i − ⃗η_J |) · (^∂_{∂ ⃗κi} −^∂_{∂ ⃗κj} )

like in the non-relativistic case (where ĥ_N = ∑_N i=1 ⃗κ_i m ∂ ∂ ⃗η_i + 1 2 ∑ i≠j P̂ij ) and to have ∫ dz_{s+1}...dz_N ĥ_{N−s}(z_{s+1}, ..., z_N ) ρ(z_1, ..., z_N , τ) = 0.

Therefore we do not get (^∂_{∂τ} + ĥ_s) f_s(z_1, .., z_s, τ) = .... − ∑_s j=1 ∫ dz_{s+1} P̂_{i,s+1} f_{s+1}(z_11, .., z_{s+1}, τ) (Eq.(3.57) of Ref.[20]), namely a set of coupled equations for the distribution functions f_s from which to extract the Boltzmann equation for f_1 by means of the physical approximations described in Ref.[20].

However in the more physically relevant model of N charged particles interacting through the Coulomb plus Darwin potential whose Hamiltonian is given in Eq.(A1), the procedure of Ref.[20] can be used to get a relativistic Boltzmann equation, (^∂_{∂ τ} +^{⃗κ√}_{m2c2+⃗κ2} ·^∂_{∂ ⃗η} ) f_1(⃗η, ⃗κ, τ) = C(⃗η, ⃗κ), if the term V_{Darwin}(⃗η_i − ⃗η_j, ⃗κ_k) corresponding to the Darwin potential (relevant for relativistic bound states) is negligible.

VII. RELATIVISTIC DISSIPATIVE FLUIDS

In equilibrium relativistic statistical mechanics [49] a perfect fluid with internal energy ρ and pressure p (connected by some equation of state) has an energy-momentum tensor T^{μν} = ϵ ρ U^μ U^ν − p (η^{μν} − ϵ U^μ U^ν ), where the unit hydrodynamical 4-velocity U^μ is a timelike eigenvector of the energy-momentum tensor, ϵ U_μ T^{μν} = ρ U^ν . The conserved particle current is J^μ = n U^μ with n the particle number density. All the relevant 4-vectors are parallel to U^μ at equilibrium: P^μ = p U^μ, V^μ = V U^μ, β^μ = β U^μ (β = 1/k_B T ). In relativistic thermodynamics also the entropy is a 4-vector parallel to U^μ: S^μ = S U^μ = p c^2 β

μ − α J^μ − ϵ β_ν T^{νμ} (α = β (μ − k_B T S/n) is the thermal potential with μ the chemical potential). At equilibrium one has the Killing equation ∂_μ α = ∂_μ β_ν + ∂_ν β_μ = 0.

As shown in Refs.[49, 50] near equilibrium all these 4-vector quantities are no longer parallel to U^μ and T^{μν} has the decomposition of a viscous fluid. To treat dissipative fluids out of equilibrium one needs a relativistic kinetic theory, in which the one-particle distribution function of the diluted gas is used to obtain a hydrodynamical description of an effective fluid.

In relativistic kinetic theory the one-particle distribution function f(x, p) = f̃(⃗x, ⃗p, x^o), with the particle energy given by p^o = √ m^2c^2 + ⃗p^2, is used to define:

a) a conserved particle current

J^μ(x) = ∫ mc h^3 d^3p p^o p^μ mc f(x, p); (7.1)

b) an energy-momentum tensor^{26}

T^{μν} (x) = ∫ mc h^3 d^3p p^o p^μ mc p^ν f(x, p), with ϵ p^2 = m^2c^2, (7.2)

c) an infinite number of higher moments F^{μναβ..}(x) = ∫_{mc} h^3 d^3p p^o p^μ mc p^ν p^α p^β ... f(x, p) (in some approximate model one gets a closed description only in terms of 14 of them; see Ref.[62]).

It is assumed that this is the description of a perfect gas with some equation of state like the Boltzmann perfect gas.

Then one defines an entropy 4-vector S^μ(x) = −k_B ∫ mc h^3 d^3p p^o p^μ mc f(x, p) ln f(x, p). (7.3) and the second law of thermodynamics ∂_μ S^μ(x) ≥ 0 (H-theorem) emerges.

As said in the Introduction this is the standard way to study relativistic dissipative fluids and their transport coefficients. The results of Section VI can be relevant for a sound relativistic treatment of these problems.

26 It has no connection with the T^{μν} of Eq.(2.13).

On the other hand equilibrium perfect fluids with equation of state ρ = ρ(n, s) (n is the particle number density, s the equilibrium entropy) can be described by means of the action principle of Ref.[15], which has been adapted to the framework of our RCM in Refs.[13, 14, 18]. In this approach the isentropic fluid is described in terms of Lagrangian comoving 3-coordinates α^i(τ, ⃗σ) on Wigner 3-spaces and the action is S = ∫ dτd^3σ ρ(n(α^i), s(α^i))(τ, ⃗σ). (7.4) The particle number density has the form n(α^i(τ, ⃗σ)) = √ ϵ η_{AB} J^A(α^i(τ, ⃗σ)) J^B(α^i(τ, ⃗σ)) and the unit 4-velocity is U^A(α^i(τ, ⃗σ)) = J^A(α^i(τ, ⃗σ))/n(α^i(τ, ⃗σ)). It satisfies the comoving condition U^A(α^i(τ, ⃗σ)) ∂_A α^i(τ, ⃗σ) = 0. This implies the conservation of the particle number, ∂_A J^A(α^i(τ, ⃗σ)) = ∂_A ( n(α^i(τ, ⃗σ)) U^A(α^i(τ, ⃗σ)) ) = 0 and the conservation of entropy (no no entropy exchange between different fluid particles), ∂_A ( s(α^i(τ, ⃗σ)) n(α^i(τ, ⃗σ)) U^A(α^i(τ, ⃗σ)) ) = 0, i.e. U^A(α^i(τ, ⃗σ)) ∂_A s(α^i(τ, ⃗σ)) = 0.

As shown in Ref.[15] this description is in accord with standard relativistic thermodynamics: one has the Euler relation ρ + p = T s + μ n (μ is the chemical potential), the Gibbs relation (first law of thermodynamics) dρ = μdn + nT ds and the second law of thermodynamics at equilibrium, i.e. U^A(α^i(τ, ⃗σ)) ∂_A s(α^i(τ, ⃗σ)) = 0.

We want to add a suggestion about the possibility of using our RCM framework to describe relativistic dissipative fluids with an action principle, by relaxing the condition that the fluid is isentropic (see Ref.[63] for what is known about non-isentropic fluids).

If we replace the equilibrium entropy s(α^i(τ, ⃗σ)) with a function s̃ = √ ϵ η_{AB} S^A S^B built in terms of a 4-vector S^A(α^i, ∂_r α^i, ∂_r ∂_s α^i, ..)(τ, ⃗σ), we loose the equilibrium condition, i.e. U^A(α^i(τ, ⃗σ)) ∂_A s̃(α^i(τ, ⃗σ), ∂_r α^i(τ, ⃗σ), ..) ≠ 0 due to an entropy exchange among different fluid particles. Following the existing literature on dissipative systems, quoted in the Introduction, the 4-vector S^A is assumed to have a parametrization of the type

S^A = s U^A + V^A, U_A V^A = 0, (7.5)

with V^A = q^A + viscous terms (q^A is the heat transfer 4-vector).

The new action principle is

S = ∫ dτd^3σ [ ρ(n(α^i), s̃(α^i, ∂_r α^i, ..))(τ, ⃗σ) + + λ(τ, ⃗σ) ( ∂_A S^A − ∑ k A^2_k(V^B ) ) (τ, ⃗σ) ] , (7.6)

with λ(τ, ⃗σ) a Lagrange multiplier implying the second law of thermodynamics, ∂_A S^A(τ, ⃗σ) ≥ 0. The functions A^2_k(V^B )(τ, ⃗σ) can be taken to have the form resulting from the structure of ∂_A S^A(τ, ⃗σ) in the models existing in the literature (like the Eckart or the Israel-Steward models). In this way we could have both a Lagrangian and Hamiltonian formulation of the equations of motion of dissipative systems and study the difference between the cases in which the Lagrange multiplier remains arbitrary (first class constraints at the Hamiltonian level) and those in which it turns out to be determined by the dynamics (second class constraints at the Hamiltonian level). In some cases it could also happen that the assumed functions A^2_k(V^B )(τ, ⃗σ) are incompatible with the dynamics leading to contradictions. These problems will be studied in a future paper.

Let us add a final remark. The previous formulation of the action principle is based on the admissible 3+1 splittings of Minkowski space-time of Section II. In non-inertial rest frames we have the unit normal to the 3-spaces l^μ(τ, ⃗σ) to be used as a unit 4-velocity (the congruence of the time-like Eulerian observers) as an alternative to both ”Eckart theory” (4-velocity parallel to the particle current^{27} ) and ”Landau-Lifshitz theory” (4-velocity as the time-like eigenvector of the energy-momentum tensor).

27 In the 3+1 formalism it is connected to the skew congruence of time-like observers with 4-velocity z^μ_τ (τ, ⃗σ).

See Ref.[18] for the properties of the two congruences of observers in the case of dust: in general the dust 4-velocity is different from both these 4-velocities.

VIII. CONCLUSIONS

Our new consistent RCM allowed us to revisit long standing problems in relativistic statistical mechanics and relativistic kinetic theory.

The first part of the paper is devoted to a clarification of the kinematical background which was the basic tool to develop a relativistic theory of isolated systems in accord with what is known about relativistic bound states and using a methodology for the definition of the instantaneous 3-spaces which is a mathematical idealization of the protocols for clock synchronization used in atomic and space physics. In this way we can arrive at a description of N-particle systems with various kinds of interactions and with an explicit knowledge of the Poincaré generators and a control on the relativistic collective variables in Minkowski space-time. The non-relativistic limit allows to recover a Hamilton-Jacobi description of the Galilei generators in Galilei space-time.

After a study of the inertial rest frames of isolated systems we also gave their description in the non-inertial rest frames, both at the relativistic and non-relativistic level.

The main result of the paper is the use of this framework to give a definition of the micro-canonical ensemble both in relativistic and non-relativistic statistical mechanics which utilizes only the Poincaré or Galilei generators. The definition is given in the inertial rest frames, but it can be extended to the non-inertial ones (till now no such an extension was known). The so defined non-inertial micro-canonical ensemble turns out to describe an equilibrium configuration notwithstanding the presence of long-range inertial potentials due to the fact the asymptotic Poincaré or Galilei generators are constants of the motion in non-inertial rest frames.

With our definition of the relativistic micro-canonical ensemble the micro-canonical temperature turns out to be a Lorentz scalar. Since we do not discriminate between long- and short-range interactions, we have no statement about the relativistic canonical ensemble, except that when the thermodynamic limit exists also the canonical temperature is a Lorentz scalar. We have no new statement about the definition of relativistic thermodynamics.

Then we have given a definition of the one-particle distribution function in nonequilibrium relativistic kinetic theory by using a density function for a relativistic Gibbs ensemble with the same transformation properties of the relativistic micro-canonical distribution function. It turns out that this one-particle distribution function is a Lorentz scalar in our approach. Then we show that the form of the Poincaré generators for N interacting particles in general prevents to copy the non-relativistic derivation of the Boltzmann equation based on the BBGKY hierarchy except in special cases and with drastic approximations.

Finally we made some comments on relativistic dissipative fluids in the framework of inertial and non-inertial rest frames, an argument relevant for relativistic heavy ion collisions and for cosmology. In particular we suggest the possibility to give their description by means of an action principle with the second law of thermodynamics enforced with a Lagrange multiplier. Future work will be needed to see whether it is a constructive proposal.

In conclusion we begin to understand the complications of relativistic physics, complications induced by the Lorentz signature of Minkowski space-time and which disappear in the non-relativistic limit.

Appendix A: N Charged Scalar Particles with Coulomb plus Darwin Potentials

The internal Poincaré generators of a system of N charged scalar particles (with Grassmann-valued electric charges to regularize the electro-magnetic self-energies) interacting with the Coulomb plus Darwin potentials were evaluated in Ref.[4]. They have the following expression

E_{(int)} = M c^2 = c N∑ i=1 √ m^2_i c^2 + ⃗κ^2_i + 1..N∑

i≠j Q_i Q_j 4π |⃗η_i − ⃗η_j | + V_{DARW IN} ,

V_{DARW IN} = 1..N∑

i≠j Q_i Q_j ( ⃗κ_i · ⃗A_{⊥Sj}(τ, ⃗η_i(τ)) √ m^2_i c^2 + ⃗κ^2_i + + ∫ d^3σ [1 2 ( ⃗π_{⊥Si} · ⃗π_{⊥Sj} + ⃗B_{Si} · ⃗B_{Sj} ) + + ( ⃗κ_i √ m^2_i c^2 + ⃗κ^2_i · ∂ ∂ ⃗η_i ) ( ⃗A_{⊥Si} · ⃗π_{⊥Sj} − ⃗π_{⊥Si} · ⃗A_{⊥Sj} )] (τ, ⃗σ) ) .

⃗P_{(int)} =^N ∑ i=1 ~⃗κ_i ≈ 0,

⃗J_{(int)} =^N ∑ i=1 ~⃗η_i × ~⃗κ_i,

⃗K_{(int)} = −^N ∑ i=1 ⃗η_i(τ) [√ m^2_i c^2 + ⃗κ^2_i +

+ ⃗κ_i 2 c √ m^2_i c^2 + ⃗κ^2_i · 1..N∑

j≠i Q_i Q_j (1 2 ∂ K_{ij}(⃗κ_i, ⃗κ_j, ⃗η_i − ⃗η_j ) ∂ ⃗η_i − 2 ⃗A_{⊥Sj}(⃗κ_j, ⃗η_i − ⃗η_j ) ) S ] −

− 1 2 N∑ i=1

1..N∑

j≠i Q_i Q_j c √ m^2_i c^2 + ⃗κ^2_i ∂ K_{ij}(⃗κ_i, ⃗κ_j , ⃗η_i − ⃗η_j) ∂ ⃗κ_i +

+ N∑ i=1

1..N∑

j≠i Q_i Q_j 8π c ⃗η_i − ⃗η_j |⃗η_i − ⃗η_j | − N∑ i=1

1..N∑

j≠i Q_i Q_j 4π c ∫ d^3σ ⃗π_{⊥Sj}(⃗σ − ⃗η_j, ⃗κ_j ) |⃗σ − ⃗η_i| −

− 1 2c N∑ i=1

1..N∑

j≠i Q_i Q_j ∫ d^3σ ⃗σ [ ⃗π_{⊥Si}(⃗σ − ⃗η_i, ⃗κ_i) · ⃗π_{⊥Sj}(⃗σ − ⃗η_j , ⃗κ_j) + + ⃗B_{Si}(⃗σ − ⃗η_i, ⃗κ_i) · ⃗B_{Sj}(⃗σ − ⃗η_j, ⃗κ_j ) ] ≈ 0, (A1)

with Q_i Q_j K_{ij}(τ) = Q_i Q_j ∫ d^3σ [ ⃗A_{⊥Si} · ⃗π_{⊥Sj} − ⃗π_{⊥Si} · ⃗A_{⊥Sj} ] (τ, ⃗σ).

These generators depend upon the Lienard-Wiechert transverse electromagnetic potential, electric field and magnetic field, inhomogeneous solution of the equations □ A^r_⊥(τ, ⃗σ)^∘= j^r_⊥(τ, ⃗σ) = ∑ i Q_i P^{rs}_⊥ (⃗σ) η̇^s_i (τ)δ^3(⃗σ−⃗η_i(τ)), which were evaluated in Ref.[8] (and extended to spinning particles in Ref.[9]). The functions ⃗A_{⊥S}(τ, ⃗σ), ⃗E_{⊥S}(τ, ⃗σ) = ⃗π_{⊥S}(τ, ⃗σ) and ⃗B_S (τ, ⃗σ) have the following expression

⃗A_{⊥S}(τ, ⃗σ)^∘=^N ∑ i=1 Q_i ⃗A_{⊥Si}(⃗σ − ⃗η_i(τ), ⃗κ_i(τ)), ⃗A_{⊥Si}(⃗σ − ⃗η_i, ⃗κ_i) = 1 4π|⃗σ − ⃗η_i| 1 √ m^2_i c^2 + ⃗κ^2_i + √ m^2_i c^2 + (⃗κ_i ·^{⃗σ−⃗ηi}_{|⃗σ−⃗ηi|} )^2 × [ ⃗κ_i + [⃗κ_i · (⃗σ − ⃗η_i)] (⃗σ − ⃗η_i) |⃗σ − ⃗η_i|^2 √ m^2_i c^2 + ⃗κ^2_i √ m^2_i c^2 + (⃗κ_i ·^{⃗σ−⃗ηi}_{|⃗σ−⃗ηi|} )^2 ] , (A2)

⃗E_{⊥S}(τ, ⃗σ) = ⃗π_{⊥S}(τ, ⃗σ) = −∂ ⃗A_{⊥S} (τ, ⃗σ) ∂τ = = N∑ i=1 Q_i ⃗π_{⊥Si}(⃗σ − ⃗η_i(τ), ⃗κ_i(τ)) =

= N∑ i=1 Q_i ⃗κ_i(τ) · ⃗∂_σ √ m^2_i c^2 + ⃗κ^2_i (τ) ⃗A_{⊥Si}(⃗σ − ⃗η_i(τ), ⃗κ_i(τ)) =

= − N∑ i=1 Q_i × 1 4π|⃗σ − ⃗η_i(τ)|^2 [ ⃗κ_i(τ) [⃗κ_i(τ) · ⃗σ − ⃗η_i(τ) |⃗σ − ⃗η_i(τ)| ] √ m^2_i c^2 + ⃗κ^2_i (τ)

[m^2_i c^2 + (⃗κ_i(τ) ·^{⃗σ− ⃗ηi(τ )}_{|⃗σ−⃗ηi(τ )|} )^2]^{3/2} +

+ ⃗σ − ⃗η_i(τ) |⃗σ − ⃗η_i(τ)| ( ⃗κ^2_i (τ) + ( ⃗κ_i(τ) ·^{⃗σ−⃗ηi(τ )}_{|⃗σ−⃗ηi(τ )|} )^2 ⃗κ^2_i (τ) − (⃗κ_i(τ) ·^{⃗σ− ⃗ηi(τ )}_{|⃗σ−⃗ηi(τ )|} )^2 ( √ m^2_i c^2 + ⃗κ^2_i (τ) √ m^2_i c^2 + (⃗κ_i(τ) ·^{⃗σ− ⃗ηi(τ )}_{|⃗σ−⃗ηi(τ )|} )^2 − 1)+

+ (⃗κ_i(τ) ·^{⃗σ−⃗ηi(τ )} |⃗σ−⃗η_i(τ )| ) 2 √ m^2_i c^2 + ⃗κ^2_i (τ)

[m^2_i c^2 + (⃗κ_i(τ) ·^{⃗σ−⃗ηi(τ )}_{|⃗σ−⃗ηi(τ )|} )^2 ]^{3/2} )] , (A3)

⃗B_S (τ, ⃗σ) = ⃗∂ × ⃗A_{⊥S}(τ, ⃗σ) =^N ∑ i=1 Q_i ⃗B_{Si}(⃗σ − ⃗η_i(τ), ⃗κ_i(τ)) =

= N∑ i=1 Q_i 1 4π|⃗σ − ⃗η_i(τ)|^2 m^2_i c^2 ⃗κ_i(τ) ×^{⃗σ−⃗ηi(τ )}_{|⃗σ− ⃗ηi(τ )|} [m^2_i c^2 + (⃗κ_i(τ) ·^{⃗σ−⃗ηi(τ )}_{|⃗σ− ⃗ηi(τ )|} )^2 ]^{3/2}

. (A4)

Appendix B: N Scalar Particles in Newtonian Gravity and in Post-Minkowskian Tetrad Gravity

Let us now consider a system of N particles with mutual gravitational interaction both in Newtonian gravity and in the Hamiltonian Post-Minkowskian (HPM) linearization of ADM tetrad gravity defined in the three papers of Ref.[17].

1. The Galilei Generators for Newtonian Gravity

In Ref.[29] there is the definition of the ordinary and extended micro-canonical ensembles in inertial frames of Galilei space-time in the case of the long-range interactions of Newtonian gravity. The Galilei generators (not in the rest frame) for N particles with the same mass m have the following expression

E = H = N∑ i=1 ⃗p^2_i 2m − G m^2 ∑ i<j 1 ⃗x_i − ⃗x_j ,

⃗P = N∑ i=1 ⃗p_i, ⃗J =^N ∑ i=1 ⃗x_i × ⃗p_i, ⃗K = t^N ∑ i=1 ⃗p_i − 1 N N∑ i=1 ⃗x_i. (B1)

2. The Internal Weak ADM Poincare’ Generators in Hamiltonian Post- Minkowskian Gravity

Let us now consider N particles in Einstein gravity by using its ADM formulation extended to ADM tetrad gravity (for a future inclusion of spinning particles and fermionic fields). In Ref.[17] this theory is fully developed in asymptotically Minkowskian space-times without super-translations, in which it is possible to use 3+1 splittings like the ones of Section II to define the instantaneous 3-spaces. In this class of space-times it is possible to define asymptotic ADM Poincaré generators, using point particles and the electro-magnetic field as matter. By turning off the Newton constant these generators collapse in the ones of Appendix A in Minkowski space-time. The absence of super-translations implies that the instantaneous 3-spaces are non-inertial rest frames of the 3-universe. The asymptotic Minkowski metric at spatial infinity is used as an asymptotic background.

Now also the sign of the energy of the particles is Grassmann-valued to regularize the gravitational self-energies. In the second paper of Ref.[17] there is a HPM linearization of the theory with the identification of PM gravitational waves (GW) described by functions Γ^{(1)}a (τ, ⃗σ) with

∑_3 a=1 Γ^{(1)}a (τ, ⃗σ) = 0. One has to put a ultraviolet cutoff on the matter for consistency.

The HPM linearization is done in 3-orthogonal Schwinger time gauges in which the 3- metric of the 3-spaces is diagonal. This fixes the 3-coordinates on the 3-spaces. The only left gauge freedom is an inertial potential^3K_{(1)}(τ, ⃗σ), the York time, namely the trace of the extrinsic curvature of the 3-spaces as 3-sub-manifolds of the space-time.

The HPM linearization of the ADM Poincare’ generators is given in Eqs. (4-21)-(4.24) of paper II of Ref.[17]. The final expression of the generators in absence of the electro-magnetic field is^{28} 1 c Ê_{ADM} ≈ M_{(1)} c + 1 c Ê_{ADM(2)} = = ∑ i η_i √ m^2_i c^2 + ⃗κ^2_i (τ) −

− G c^3 ∑ i>j η_i η_j √ m^2_i c^2 + ⃗κ^2_i (τ) √ m^2_j c^2 + ⃗κ^2_j (τ) |⃗η_i(τ) − ⃗η_j(τ)| + G c^3 ∑ i>j η_i η_j ( 4 ⃗κ_i(τ) · ⃗κ_j (τ) |⃗η_i(τ) − ⃗η_j (τ)| −

− 1 4 π ∑ rs κ_{ir}(τ) κ_{js}(τ) ∫ d^3σ

(σ^r − η^r_i (τ)) (σ^s − η^s_j (τ)) |⃗σ − ⃗η_i(τ)|^3 |⃗σ − ⃗η_j (τ)|^3 ) −

− ∑ i η_i ⃗κ^2_i (τ) [_G c^3 ∑ j≠i ηj √_{m2j c2+⃗κ2j (τ )} |⃗η_i(τ )−⃗η_j (τ )| + ∑ c ∂^2_c

2 △ Γ^{(1)}c (τ, ⃗η_i(τ)) ] + ∑ c κ^2_{ic}(τ) Γ^{(1)}c (τ, ⃗η_i(τ)) √ m^2_i c^2 + ⃗κ^2_i (τ) + + c^3 16πG ∑ āb̄ ∫ d^3σ [ ∂_τ R_ā M_ā¯_b ∂_τ R¯_b + ∑ a ∂_a R_ā M_ā¯_b ∂_a R¯_b ] ) (τ, ⃗σ) − − ∑ i η_i ⃗κ_i(τ) · ⃗∂^3K_{(1)}(τ, ⃗η_i(τ)), (B2)

P̂^r_{ADM} ≈ p^r_{(1)} + p^r_{(2)} = = ∑ i η_i κ_{ir}(τ) − c^3 8π G ∫ d^3σ ∑ āb̄ ( ∂_r R_ā M_ā¯_b ∂_τ R¯_b ) (τ, ⃗σ) + + ∑ i η_i ∑ a κ_{ia}(τ) ∂_r ∂_a △ ( ∑ c ∂^2_c 2 △ Γ^{(1)}_c − 2 Γ^{(1)}_a ) (τ, ⃗η_i(τ)) − − ∑ i η_i √ m^2_i c^2 + ⃗κ^2_i (τ) ∂_r^3K_{(1)}(τ, ⃗η_i(τ)) ≈ 0, (B3)

28 √

m^2_i c^2 + ⃗κ^2_i (τ) = m_i c/ √ 1 − ˙⃗η^2_i (τ); the spatial operator M_ā¯_b is given in Eq.(2.6) of the second paper of Ref.[17]; L is the GW wavelength of Section III of the second paper of Ref.[17];^3K(τ, ⃗σ) =^1_△^3K(τ, ⃗σ).

Ĵ^{rs}_{ADM} = j^{rs}_{(1)} + j^{rs}_{(2)} = = ∑ i η_i ( η^r_i (τ) κ_{is}(τ) − η^s_i (τ) κ_{ir}(τ) ) − − 2 ∑ i η_i ∑ u κ_{iu}(τ) ( η^r_i (τ) ∂ ∂ η^s_i − η^s_i (τ) ∂ ∂ η^r_i )

∂_u △ ( Γ^{(1)}_u (τ, ⃗η_i(τ)) − 1 4 ∑ c ∂^2_c △ Γ^{(1)}_c ) + + 2 ∑ i η_i [ κ_{ir}(τ) ∂_s △ ( Γ^{(1)}_s − 1 4 ∑ c ∂^2_c △ Γ^{(1)}_c ) − − κ_{is}(τ) ∂_r △ ( Γ^{(1)}_r − 1 4 ∑ c ∂^2_c △ Γ^{(1)}_c )] (τ, ⃗η_i(τ)) − − c^3 8π G ∫ d^3σ [ ∑ āb̄ (σ^r ∂_s − σ^s ∂_r) R_ā M_ā¯_b ∂_τ R¯_b + 2^3K_{(1)} ∂_r ∂_s (Γ^{(1)}_s − Γ^{(1)}_r ) +

+ 2 (∂_τ Γ^{(1)}_r + ∂_τ Γ^{(1)}_s − 1 2 ∑ c ∂^2_c △ ∂_τ Γ^{(1)}_c ) ∂_r ∂_s △ (Γ^{(1)}_s − Γ^{(1)}_r ) ] (τ, ⃗σ) + + ∑ i η_i √ m^2_i c^2 + ⃗κ^2_i (τ) ( η^r_i (τ) ∂ ∂η^s_i − η^s_i (τ) ∂ ∂ η^r_i )_3 K_{(1)}(τ, ⃗η_i(τ)), (B4)

Ĵ^{τ r}_{ADM} = −Ĵ^{rτ}_{ADM} ≈ j^{τ r}_{(1)} + j^{τ r}_{(2)} = = − ∑ i η_i η^r_i (τ) √ m^2_i c^2 + ⃗κ^2_i (τ) −

− G c^3 ∑ i≠i η_iη_j ⃗κ^2_i (τ) √ m^2_j c^2 + ⃗κ^2_j (τ) √ m^2_i c^2 + ⃗κ^2_i (τ) η^r_i (τ) | ⃗η_i(τ) − ⃗η_j(τ) | +

+ ∑ i η_i η^r_i (τ) ∑ a κ^2_{ia}(τ) ( Γ^{(1)}a +^1_2 ∑ c ∂^2_c

Δ Γ^{(1)}c ) (τ, ⃗η_i(τ)) √ m^2_i c^2 + ⃗κ^2_i (τ) − − ∫ d^3σ σ^r [ c3 16πG ∑ a,b (∂_a Γ^{(1)}_b (τ, ⃗σ))^2 −

− c^3 8πG ∑ a ∂_a Γ^{(1)}_a (τ, ⃗σ) ∂_a ( Γ^{(1)}_a − 1 2 ∑ c ∂^2_c Δ Γ^{(1)}_c ) (τ, ⃗σ) − − c^3 32πG ∑ a ∂_a ( ∑ c ∂^2_c Δ Γ^{(1)}_c (τ, ⃗σ) ) ∂_a ( ∑ d ∂^2_d Δ Γ^{(1)}_d (τ, ⃗σ) ) +

+ 1 2 ∑ a ∑ i η_i √ m^2_i c^2 + ⃗κ^2_i (τ) σ^a − η^a_i (τ) 4π | ⃗σ − ⃗η_i(τ) |^3 ∂_a ( Γ^{(1)}_a − 1 2 ∑ c ∂^2_c Δ Γ^{(1)}_c (τ, ⃗σ) ) + + 2 G π c^3 ∑ i≠j η_iη_j √ m^2_i c^2 + ⃗κ^2_i (τ) √ m^2_j c^2 + ⃗κ^2_j (τ) (⃗σ − ⃗η_i(τ)) · (⃗σ − ⃗η_j(τ)) | ⃗σ − ⃗η_i(τ) |^3| ⃗σ − ⃗η_j (τ) |^3 +

+ c^3 16πG ∑ a,b ( ~M_{ab}(⃗σ) ∂_τ Γ^{(1)}_b (τ, ⃗σ) )_2 +

+ c^3 16πG ∑ a≠b [∂_a∂_b∂_τ Δ ( Γ^{(1)}_a + Γ^{(1)}_b − 1 2 ∑ c ∂^2_c Δ Γ^{(1)}_c ) (τ, ⃗σ) ]_2 − − 1 2π ∑ a,b ( ~M_{ab}(⃗σ) ∂_τ Γ^{(1)}_b (τ, ⃗σ) ) ∑ i η_i κ_{ia}(τ) (σ^a − η^a_i (τ)) | ⃗σ − ⃗η_i(τ) |^3 +

+ 1 2π ∑ a≠b ∂_a∂_b∂_τ Δ ( Γ^{(1)}_a + Γ^{(1)}_b − 1 2 ∑ c ∂^2_c Γ^{(1)}c Δ ) (τ, ⃗σ) ∑ i η_i κ_{ia}(τ) (σ^a − η^a_i (τ)) | ⃗σ − ⃗η_i(τ) |^3 −

− c^3 8πG ∑ a,b ( ~M_{ab}(⃗σ) ∂_τ Γ^{(1)}_b (τ, ⃗σ) ) ∂2_a Δ (_3 K_{(1)}(τ, ⃗σ) − G c^3 ∑ i η_i ⃗κ_i(τ) · (⃗σ − ⃗η_i(τ)) | ⃗σ − ⃗η_i(τ) |^3 ) +

+ c^3 8πG ∑ a≠b ∂_a∂_b∂_τ Δ ( Γ^{(1)}_a + Γ^{(1)}_b − 1 2 ∑ c ∂^2_c Δ Γ^{(1)}_c ) (τ, ⃗σ) ∂_a∂_b Δ (_3 K_{(1)}(τ, ⃗σ)) − G c^3 ∑ i η_i ⃗κ_i(τ) · (⃗σ − ⃗η_i(τ)) | ⃗σ − ⃗η_i(τ) |^3 ) + + c^3 16πG ∑ a,b [∂_a∂_b Δ (_3 K_{(1)}(τ, ⃗σ) − G c^3 ∑ i η_i ⃗κ_i(τ) · (⃗σ − ⃗η_i(τ)) | ⃗σ − ⃗η_i(τ) |^3 )]_2 + + 1 2π ∑ a,b ∑ i η_i κ_{ib}(τ) (σ^a − η^a_i (τ)) | ⃗σ − ⃗η_i(τ) |^3 ∂_a∂_b Δ (_3 K_{(1)}(τ, ⃗σ) − G c^3 ∑ j η_j ⃗κ_j (τ) · (⃗σ − ⃗η_j(τ)) | ⃗σ − ⃗η_j (τ) |^3 ) −

− c^3 48πG (_3

K_{(1)}(τ, ⃗σ) + 3G c^3 ∑ i η_i ⃗κ_i(τ) · (⃗σ − ⃗η_i(τ)) | ⃗σ − ⃗η_i(τ) |^3 )_2 − c^3 24πG (_3 K_{(1)}(τ, ⃗σ) )_2 + + G 2π c^3 ∑ i≠j η_iη_j ⃗κ_i(τ) · ⃗κ_j(τ) (⃗σ − ⃗η_j (τ)) · (⃗σ − ⃗η_i(τ)) + ⃗κ_i(τ) · (⃗σ − ⃗η_j(τ)) ⃗κ_j (τ) · (⃗σ − ⃗η_i(τ)) | ⃗σ − ⃗η_i(τ) |^3| ⃗σ − ⃗η_j (τ) |^3 ] +

+ ∫ d^3σ [ 3 8π ∑ i η_i √ m^2_i c^2 + ⃗κ^2_i (τ) | ⃗σ − ⃗η_i(τ) | ∂_r Γ^{(1)}_r +

3c^3 16πG ∂_r Γ^{(1)}_r ( ∑ c ∂^2_c Δ Γ^{(1)}_c )] (τ, ⃗σ) + − ∫ d^3σ ∂_r [ c3 16πG [ 2 ( Γ^{(1)}_r (τ, ⃗σ)

)_2 − ∑ s ( Γ^{(1)}_s (τ, ⃗σ)

)_2 − 1 2 ( ∑ c ∂^2_c Δ Γ^{(1)}_c (τ, ⃗σ)

)_2] −

− G 8π c^3 ∑ i≠j η_iη_j √ m^2_i c^2 + ⃗κ^2_i (τ) √ m^2_j c^2 + ⃗κ^2_j (τ) | ⃗σ − ⃗η_i(τ) || ⃗σ − ⃗η_j(τ) | ] ≈ 0. (B5)

From Eq.(2.7) of the third paper of Ref.[17] with we get the following expression for the term Γ^{(1)}a describing the HPM gravitational waves

Γ^{(1)}_a (τ, ⃗σ)^∘= − 2G c^2 ∑ b M̃^{−1}_{ab} (⃗σ) ∑ uv P_{bbuv} (⃗σ) ∑ i η_i κ_{iu}(τ) κ_{iv}(τ) c √ m^2_i c^2 + ⃗κ^2_i [ 1 |⃗σ − ⃗η_i(τ)| + ∞∑ m=1 1 (2m)! ( ⃗κ_i(τ) √ m^2_i c^2 + ⃗κ^2_i · ∂ ∂ ⃗σ )_{2m} |⃗σ − ⃗η_i(τ)|^{2m−1} ] . (B6)

At the lowest order they reduce to the special relativistic internal Poincare’ generators in the rest-frame instant form of Ref.[4]. They are p^o_{(1)} = M_{(1)}c = ∑ i η_i √ m^2_i c^2 + ⃗κ^2_i (τ), p^r_{(1)} = ∑ i η_i κ_{ir}(τ) ≈ 0, j^{rs}_{(1)} = ∑ i η_i ( η^r_i (τ) κ_{is}(τ) − η^s_i (τ) κ_{ir}(τ) ) , j^{τ r}_{(1)} = ∑ i η_i η^r_i (τ) √ m^2_i c^2 + ⃗κ^2_i (τ) ≈ 0. The conditions j^{τ r}_{(1)} ≈ 0 and p^r_{(1)} ≈ 0 are the restframe conditions eliminating the 3-center of mass and its conjugate 3-momentum inside the 3-spaces of the rest frame. Like in special relativity there is a decoupled external (canonical but not covariant) 4-center of mass.

The non-relativistic limit of the Poincaré generators are the Galilei generators (B1) restricted to the rest frame and with the Newton center of mass decoupled.

Appendix C: The Non-Relativistic Micro-Canonical Partition Function for N Free Particles

In this Appendix we evaluate the standard non-relativistic micro-canonical partition function for N free particles [see also Ref.[61]] in Subsection 1. Then in the other Subsections we evaluate the new micro-canonical partition function for N free particles in the inertial rest frame defined in Subsection B of Section V. Finally in Subsection 5 we consider the ideal Boltzmann gas.

1. The Standard Micro-Canonical Partition Function with only the Energy Restriction

The partition function (5.1) for equal mass particles with coordinates ⃗η_i(t) and canonical momenta ⃗κ_i(t) (i = 1, .., N) is Z_{(st,nr)}(E, V, N) = 1 N! ∫ N∏ i=1 χ(V )d^3η_id^3κ_iδ( N∑ i=1 ⃗κ^2_i 2m_i − E), (C1)

in which

χ(V ) = 0, η^2_i > R^2, χ(V ) = 1, η^2_i ≤ R^2. (C2) We follow the method of Ref.[30] and take the Laplace transform Z̃_{(nr,st)}(s, V, N) = ∫_∞ 0 dE exp(−sE)Z(E, V, N), (C3) so that we get

Z̃_{(nr,st)}(s, V, N) = 1 N! ∫ N∏ i=1 d^3η_id^3κ_i exp[−s( N∑ i=1 ⃗κ^2_i 2m_i )] =

= 1 N! ∫ N∏ i=1 d^3η_i (√ 2mπ s )_{3N} . (C4)

The inverse Laplace transform of the function s^{−n/2} is^{(E)n/2−1}_{Γ(n/2)} θ(E). Thus with n = 3N we have

Z_{(nr,st)}(E, V, N) = 1 N! (√ 2πm )_{3N} E^{3N/2} EΓ(3N/2) θ(E) ∫ N∏ i=1 d^3η_i =

= 1 N! (√ 2πm )_{3N} E^{3N/2} EΓ(3N/2) θ(E)V^N . (C5)

This is the standard micro-canonical partition function for N free particles as shown in Ref.[61]

2. Towards the Rest-Frame Micro-Canonical Partition Function: with Energy and Momentum Restrictions Only

To arrive at the partition function Z_{(nr)}(E, V, N) of Eq.(5.5) we start by evaluating the following function (at the end one will put ⃗κ_+ = 0) Z(E, V, N, ⃗κ_+) = 1 N! ∫ N∏ i=1 d^3η_id^3κ_iδ( N∑ i=1 ⃗κ^2_i 2m_i − E)δ^3( N∑ i=1 ⃗κ_i − ⃗κ_+). (C6)

As before we take the Laplace transform Z̃(s, V, N, ⃗κ_+) = ∫_∞ 0 dE exp(−sE)Z(E, V, N, ⃗κ_+), (C7) and furthermore replace the delta functions by plane wave integrals

Z̃(s, V, N, ⃗κ_+) = 1 N!(2π)^{3N} ∫ d^3λ N∏ i=1 d^3η_id^3κ_i exp[−s( N∑ i=1 ⃗κ^2_i 2m_i )] × exp[i⃗λ · ( N∑ i=1 ⃗κ_i − ⃗κ_+)]. (C8)

Consider the momentum space integral N∏ i=1 ∫ d^3κ_i exp[−s ⃗κ^2_i 2m_i + i⃗κ_i · ⃗λ] = (√ 8π^3m^3_i s^3 )_N exp[− Nm⃗λ^2 2s ]. (C9)

Next we perform the λ integral and we obtain (for equal masses)

Z̃(s, V, N, ⃗κ_+) = 1 N!(2π)^{3N} (√ 8π^3m^3

s^3 )_N √ 8π^3s^3 N^3m^3 exp(−

2s⃗κ^2_+ Nm ) N∏ i=1 d^3η_i.

(C10)

The inverse Laplace transform of the function s^{−n/2} exp(−^s_{s0} ) is (E − 1/s_0)^{n/2−1} Γ(n/2) θ(E − 1/s_0). (C11)

Thus with

s_0 = Nm 2⃗κ^2_+

, n = 3N − 3, (C12)

we obtain

Z(E, V, N, ⃗κ_+) = 1 N! (√ m 2π )_{3N} (E − 2⃗κ^2_+/Nm)^{(3N−5)/2} Γ((3N − 3)/2) θ(E − 2⃗κ^2_+/Nm) √ 8π^3 N^3m^3 ∫ N∏ i=1 d^3η_i.

(C13)

As with the case above, performing the spatial integrals gives

Z(E, V, N, ⃗κ_+) = 1 N! (√ m 2π )_{3N−3} (E − 2⃗κ^2_+/Nm)^{(3N−5)/2} N^{3/2}Γ((3N − 3)/2) θ(E − 2⃗κ^2_+/m)V^N . (C14)

3. The Rest-Frame Micro-Canonical Partition Function with Energy, Momentum and Boost Restrictions

The inclusion of the boost restriction modifies Eq.(C6) to the function

Z(E, V, N, ⃗κ_+) = 1 N! ∫ N∏ i=1 d^3η_id^3κ_iδ( N∑ i=1 ⃗κ^2_i 2m_i − E)δ^3( N∑ i=1 ⃗κ_i − ⃗κ_+)δ^3( N∑ i=1 ⃗η_im_i), (C15)

where we have used the non-relativistic form of the boost give in Eq. (2.14) (essentially a center of mass restriction). All is as in the above case leading to the last step we obtain

Z(E, V, N, ⃗κ_+) = 1 N! (√ m 2π )_{3N} (E − 2⃗κ^2_+/Nm)^{(3N−5)/2} Γ((3N − 3)/2) θ(E − 2⃗κ^2_+/m) √ 8π^3 N^3m^3 ∫ N∏ i=1 δ^3( N∑ i=1 ⃗η_im_i)d^3η_i.

= 1 N! (√ m 2π )_{3N} (E − 2⃗κ^2_+/Nm)^{(3N−5)/2} Γ((3N − 3)/2) θ(E − 2⃗κ^2_+/m) √ 8π^3 N^3m^3 1 (2π)^3 ∫ ∫ d^3ρ N∏ i=1 d^3η_i exp(i⃗ρ · N∑ i=1 ⃗η_im). (C16)

For the finite volumes we have spatial integrals of the form ∫ d^3η exp(i⃗ρ · ⃗ηm) = 4π (ρm)^3 (sin Rρm − Rρm cos Rρm). Thus we get (x = Rρm)

Z(E, V, N, ⃗κ_+) = = 1 N! (√ m 2π )_{3N} (E − 2⃗κ^2_+/Nm)^{(3N−5)/2} Γ((3N − 3)/2) θ(E − 2⃗κ^2_+/m) √ 8π^3 N^3m^3 1 (2π)^3 ( 4π m^3 )_N ∫ d^3ρ ( sin Rρm − Rρm cos Rρm ρ^3 )_N = = 1 N! (√ m 2π )_{3N} (E − 2⃗κ^2_+/Nm)^{(3N−5)/2} Γ((3N − 3)/2) θ(E − 2⃗κ^2_+/m) √ 32π N^3m^9 3^{N−1}V^{N−1} ∫_∞ 0 x^2dx ( sin x − x cos x

x^3 )_N = = 1 N! (√ m 2π )_{3N} (E − 2⃗κ^2_+/Nm)^{(3N−5)/2} Γ((3N − 3)/2) θ(E − 2⃗κ^2_+/Nm) √ 32π N^3m^9 3^{N−1}V^{N−1} ∫_∞ 0 x^2dx ( j_1(x) x )_N . (C17)

4. The Rest-Frame Extended Micro-Canonical Partition Function with Energy, Momentum, Boost and Angular Momentum Restrictions

The partition function Z̃_{(nr)}(E, V, N, ⃗S) of Eq.(5.5) is obtained by putting ⃗κ_+ = 0 in the following function

Z(E, V, N, ⃗κ_+, ⃗S) = 1 N! ∫_N∏ i=1 d^3η_id^3κ_iδ( N∑ i=1 ⃗κ^2_i 2m_i − E)δ^3( N∑ i=1 ⃗η_i × ⃗κ_i − ⃗S)

×δ^3( N∑ i=1 ⃗κ_i − ⃗κ_+)δ^3( N∑ i=1 ⃗η_im_i). (C18)

Proceeding as before Z̃(s, V, N, ⃗S) = ∫_∞ 0 dE exp(−sE)Z(E, V, N, ⃗S), (C19) and Z̃(s, V, N, ⃗κ_+, ⃗S) = = 1 N!(2π)^{9N} ∫ ∫ ∫ d^3ωd^3λd^3ρ N∏ i=1 d^3η_id^3κ_i exp[−s( N∑ i=1 ⃗κ^2_i 2m_i )]

× exp[i⃗ω · ( N∑ i=1 ⃗η_i × ⃗κ_i − ⃗S)] exp[i⃗λ · ( N∑ i=1 ⃗κ_i − ⃗κ_+)] exp(i⃗ρ · N∑ i=1 ⃗η_im_i), (C20) and N∏ i=1 ∫ d^3κ_i exp[−s ⃗κ^2_i 2m_i + i⃗κ_i · (⃗ω × ⃗η_i + ⃗λ)] =

= (√ 8π^3m^3_i

s^3 )_N exp[− m ∑_N i=1(⃗ω × ⃗η_i + ⃗λ)^2 2s ]. (C21)

Thus, assuming equal masses, we get Z̃(s, V, N, ⃗κ_+, ⃗S) = = 1 N!(2π)^{9N} (√ 8π^3m^3 s^3 )_N ∫ ∫ ∫ d^3ωd^3λd^3ρ N∏ i=1 d^3η_i exp[− m(⃗ω × ⃗η_i + ⃗λ)^2 2s ]

× exp[−i⃗ω · ⃗S] exp[−i⃗λ · ⃗κ_+] exp(i⃗ρ · N∑ i=1 ⃗η_im). (C22)

Next we do the ⃗λ integral ∫ d^3λ N∏ i=1 exp[− m(⃗ω × ⃗η_i + ⃗λ)^2 2s ] exp[−i⃗λ · ⃗κ_+] =

= ∫ d^3λ exp[− m(⃗ω × ∑ i ⃗η_i + ⃗λ)^2 2s ] exp[−i⃗λ · ⃗κ_+] = = ∫ d^3λ^′ exp[− m⃗λ^{′2} 2s ] exp[−i(⃗λ^′ − ⃗ω × ∑ i ⃗η_i) · ⃗κ_+)] =

= exp[i(⃗ω × ∑ i ⃗η_i) · ⃗κ_+] ∫ d^3λ^′ exp[− m⃗λ^{′2} 2s ] exp[−i⃗λ^′ · ⃗κ_+)], (C23)

and so we have

Z̃(s, V, N, ⃗κ_+, ⃗S) = (√ 8π^3m^3

s^3 )_N √ 8s^3π^3 m^3 exp[−

2s⃗κ^2_+ m ] N!(2π)^{9N} ∫ ∫ d^3ωd^3ρ N∏ i=1 d^3η_i

× exp[i(⃗ω × ∑ i ⃗η_i) · ⃗κ_+] exp[−i⃗ω · ⃗S] exp(i⃗ρ · N∑ i=1 ⃗η_im). (C24)

Consider the ⃗η integrals

∫ N∏ i=1 d^3η_i exp[− N∑ i=1 m(⃗ω × ⃗η_i)^2+ 2s + i N∑ i=1 ⃗ρ · ⃗η_im] =

= ∫ N∏ i=1 d^3η_i exp[−m N∑ i=1 (⃗ω × ⃗η_i)^2 2s + i N∑ i=1 ⃗ρ · ⃗η_im] =

= ∫ N∏ i=1 d^3η_i exp[−m N∑ i=1 ⃗ω^2⃗η^2_i − (⃗ω · ⃗η)^2 2s + i N∑ i=1 ⃗ρ · ⃗η_im]]. (C25) To perform the ⃗η_i integrals we would need to find the transformation that diagonalizes the matrix δ_{αβ} ⃗ω^2 − ω_αω_β. The equation R̃_{αγ} (δ_{γβ}⃗ω^2 − ω_γ ω_β) R_{βδ} = ω^{′2}_α δ_{αδ} , (C26) implies η_{ia} = R_{αβ} η^′_{iβ} = R̃_{γα}η^′_{iγ} , ⃗ω^2⃗η^2_i − (⃗ω · ⃗η_i)^2 = η^′_{iγ}R̃_{γα}(δ_{αβ} ⃗ω^2 − ω_αω_β)R_{βδ}η^′_{iδ} = = η^′_{iγ} ω^{′2}_γ δ_{γδ} η^′_{iδ} = η^′_{i1}ω^{′2}_1 η^′_{i1} + η^′_{i2}ω^{′2}_2 η^′_{i2} + η^′_{i3}ω^{′2}_3 η^′_{i3}. (C27) Before the rotation, each of the N ⃗η integral is of the form ∫_R 0 η^2dη ∫_π 0 sin θ_η dθ_η ∫_{2π} 0 dϕ_ηf(⃗η). (C28) The volume is spherically symmetric and we have that after the rotation we get (det R =1) ∫_R 0 η^{′2}dη^′ det R ∫_π 0 sin θ^′_ηdθ^′_η ∫_{2π} 0 dϕ^′_ηf(⃗η^′) = = ∫_R 0 η^{′2}dη^′ ∫_π 0 sin θ^′_η dθ^′_η ∫_{2π} 0 dϕ^′_ηf(⃗η^′). (C29) And so ∫ N∏ i=1 d^3η_i exp[−m N∑ i=1 ⃗ω^2⃗η^2_i − (⃗ω · ⃗η)^2 − 2i⃗η_i · ⃗ρs 2s ] =

= ∫ N∏ i=1 d^3η^′_i exp[−m N∑ i=1 ω^{′2}_1 η^{′2}_{i1} + ω^{′2}_2 η^{′2}_{i2} + ω^{′2}_3 η^{′2}_{i3} − 2iR̃·⃗η^′_i · ⃗ρs) 2s ]. (C30) Now −2iR̃·⃗η^′_i · ⃗ρs) = −2i (R_{αβ} ) η^′_{βi}(⃗ρs)_α = −2iη^′_{βi}(⃗ρs)_αR_{αβ} = = −2i⃗η^′_{αi}(⃗ρ^′s)_α = −2i⃗η^′_i · ⃗ρ^′, (C31) where, since det R = 1, we have ⃗ρ^′ = ⃗ρ · R.

We now are in a position to set up the η^′_{αi} integrals. We can drop the primes on the ⃗η^′ so that we are left with ∫ N∏ i=1 d^3η_i exp[−m N∑ i=1 ω^{′2}_1 η^2_{i1} + ω^{′2}_2 η^2_{i2} + ω^{′2}_3 η^2_{i3} 2s ] × exp[im N∑ i=1 ⃗η_i · ⃗ρ^′]. (C32)

Let us do the ⃗ω integral first. It is I = ∫ d^3ω^′_i exp[−m N∑ i=1 ω^{′2}_1 η^2_{i1} + ω^{′2}_2 η^2_{i2} + ω^{′2}_3 η^2_{i3} 2s ] exp(−i⃗ω^′ · ⃗S^′). (C33)

Let us drop the primes and we have

I = ∫_{+∞} −∞ dω_1 exp[− m 2s N∑ i=1 ( ω^2_1 η^2_{i1} ) − iω_1S^′_1]

× ∫_{+∞} −∞ dω_2 exp[− m 2s N∑ i=1 ( ω^2 η^2_{i2} ) − iω_2S^′_2]

× ∫_{+∞} −∞ dω_3 exp[− m 2s N∑ i=1 ( ω^2_3 η^2_{i3} ) − iω_3S^′_3]. (C34)

The first integral is ∫_{+∞} −∞ dω_1 exp[− m 2s ( ω^2_1 N∑ i=1 η^2_{i1} ) − iω_1S^′_1] =

= exp[ ( m 2s N∑ i=1 η^2_{i1} ) a^2_1] √ 2πs m ∑_N i=1 η^2_{i1} , a_1 = isS^′_1 m ∑_N i=1 η^2_{i1}

. (C35)

Thus, we now have that Z̃(s, V, N, ⃗κ_+, ⃗S) = = 1 N!(2π)^{9N} (√ 8π^3m^3

s^3 )_N √ 8s^3π^3 m^3 exp[−

2s⃗κ^2_+ m ] ∫ ∫ d^3ρ N∏ i=1 d^3η_i exp[im N∑ i=1 ⃗η_i · ⃗ρ^′]

× exp[ ( m 2s ∑_N i=1 η^2_{i1} ) ( isS^′_1 m )_2 ]

× exp[ ( m 2s ∑_N i=1 η^2_{i2} ) ( isS^′_2 m )_2 ]

× exp[ ( m 2s ∑_N i=1 η^2_{i3} ) ( isS^′_3 m )_2

]. (C36)

If we perform the ρ integral we get back the boost delta function, so that

Z̃(s, V, N, ⃗κ_+, ⃗S) = 1 N!(2π)^{9N} (√ 8π^3m^3 s^3 )_N √ 8s^3π^3 m^3 exp[−

2s⃗κ^2_+ m ](2π)^3 ∫ N∏ i=1 d^3η_iδ^3(m N∑ i=1 ⃗η_i)

× exp[ ( m 2s ∑_N i=1 η^2_{i1} ) ( isS^′_1 m )_2 ]

× exp[ ( m 2s ∑_N i=1 η^2_{i2} ) ( isS^′_2 m )_2 ]

× exp[ ( m 2s ∑_N i=1 η^2_{i3} ) ( isS^′_3 m )_2 ] =

= 1 N!(2π)^{9N} (√ 8π^3m^3 s^3 )_N √ 8s^3π^3 m^3 exp[−

2s⃗κ^2_+ m ](2π)^3 ∫ N∏ i=1 d^3η_iδ^3(m N∑ i=1 ⃗η_i)

× exp[− ( sS^{′2}_1 2m ∑_N i=1 η^2_{i1} ) − ( sS^{′2}_2 2m ∑_N i=1 η^2_{i2} ) − ( sS^{′2}_3 2m ∑_N i=1 η^2_{i3} ) ]. (C37)

Now we perform the inverse Laplace transform, where the form to be transformed is exp(−s Ẽ)s^{(3−3N)/2}, Ẽ(⃗η_i, ⃗S) = 3∑ r=1 (S^r)^2 2m ∑_N i=1 (η^r_i )^2 + 2⃗κ^2_+ m . (C38)

Its transform is (E − Ẽ)^{(3N−3)/2−1} Γ((3N − 3)/2) θ(E − Ẽ), (C39) and consequently

Z(E, V, N, ⃗κ_+, ⃗S) = = 1 N!(2π)^{9N} (√ 8π^3 )_{N+1} (√ m^3 )_{N−1} (2π)^3 × ∫ N∏ i=1 d^3η_iδ^3(m N∑ i=1 ⃗η_i) (E − Ẽ)^{(3N−3)/2−1} Γ((3N − 3)/2) θ(E − Ẽ), Ẽ = 3∑ r=1 S^2_r 2m ∑_N i=1 η^2_{ir} + 2⃗κ^2_+ m . (C40)

Each integral is of the form

∫ d^3η = ∫_R 0 η^2dη ∫_π 0 sin θ_ηdθ_η ∫_{2π} 0 dϕ_η, η = R x, ∫ d^3η = R^3

∫_1 0 x^2dx ∫_π 0 sin θ_ηdθ_η ∫_{2π} 0 dϕ_η = = 3V 4π ∫_1 0 x^2dx ∫_π 0 sin θ_ηdθ_η ∫_{2π} 0 dϕ_η. (C41)

Thus, with

Ẽ = (S^1)^2 2m ∑_N i=1 η^2_{i1} + (S^2)^2 2m ∑_N i=1 η^2_{i2} + (S^3)^2 2m ∑_N i=1 η^2_{i3} + 2⃗κ^2_+ m =

= 1 2mR^2 ( (S^1)^2 ∑_N i=1 x^2_i cos^2 ϕ_i sin^2 θ_i + (S^2)^2 ∑_N i=1 x^2_i sin^2 ϕ_i sin^2 θ_i + (S^3)^2 2m ∑_N i=1 x^2_i cos^2 θ_i ) + 2⃗κ^2_+ m , (C42)

we have Z(E, V, N, ⃗κ_+, ⃗S) = = 1 N!(2π)^{9N} (√ 8π^3 )_{N+1} (√ m^3

)_{N−1} (2π)3

(m)^3 ( 3V 4π )_{N−1}

× N∏ i ∫_1 0 x^2_i dx_i ∫_π 0 sin θ_idθ_i ∫_{2π} 0 dϕ_iδ^3( N∑ i=1 ⃗x_i) (E − Ẽ(⃗η_i, ⃗S))^{(3N−3)/2−1} Γ((3N − 3)/2) θ(E − Ẽ(⃗η_i, ⃗S)). (C43)

5. The Ideal Boltzmann Gas

In this subsection we take the partition functions given in the above subsections and see the connections between temperature and internal energy and the ideal gas law. For the standard micro-canonical partition function with only the energy restriction, Eq. (C5) with S_{(nr,st)}(E, V, N) = k_B ln Z_{(nr,st)}(E, V, N) leads to 1 k_BT = [ ∂S_{(nr,st)}(E, V, N) ∂E ] V,N = k_B [ ∂Z_{(nr,st)}(E, V, N)/∂E Z_{(nr,st)}(E, V, N) ] V,N = k_B 3N/2 − 1 E → k_B 3N 2E , P T = [ ∂S_{(nr,st)}(E, V, N) ∂V ] E,N = k_B [ ∂Z_{(nr,st)}(E, V, N)/∂V Z_{(nr,st)}(E, V, N) ] E,N = k_B N V . (C44)

From Eq. (C14) with ⃗κ_+ = 0 we obtain with energy and momentum restrictions only in the rest frame

1 k_BT = [ ∂S_{(nr,st)}(E, V, N,⃗0) ∂E ] V,N = k_B [ ∂Z_{(nr,st)}(E, V, N,⃗0)/∂E Z_{(nr,st)}(E, V, N,⃗0) ] V,N = k_B 3N/2 − 5/2 E → k_B 3N 2E , P T = [ ∂S_{(nr,st)}(E, V, N,⃗0) ∂V ] E,N = k_B [ ∂Z_{(nr,st)}(E, V, N,⃗0)/∂V Z_{(nr,st)}(E, V, N,⃗0) ] E,N = k_B N V . (C45)

From Eq. (C16) with ⃗κ_+ = 0 we obtain with energy, momentum, and boost restrictions only in the rest frame

1 k_BT = [ ∂S_{(nr,st)}(E, V, N,⃗0) ∂E ] V,N = k_B [ ∂Z_{(nr,st)}(E, V, N,⃗0)/∂E Z_{(nr,st)}(E, V, N,⃗0) ] V,N = k_B 3N/2 − 5/2 E → k_B 3N 2E , P T = [ ∂S_{(nr,st)}(E, V, N,⃗0) ∂V ] E,N = k_B [ ∂Z_{(nr,st)}(E, V, N,⃗0)/∂V Z_{(nr,st)}(E, V, N,⃗0) ] E,N = k_B N − 1 V → .k_B N V . (C46)

From Eq. (C43) we obtain with energy, momentum, boost, and angular momentum restrictions only in the rest frame

1 k_BT = [ ∂S_{(nr,st)}(E, V, N,⃗0, ⃗S) ∂E ] V,N = k_B [ ∂Z_{(nr,st)}(E, V, N,⃗0, ⃗S)/∂E Z_{(nr,st)}(E, V, N,⃗0, ⃗S) ] V,N = k_B 3N/2 − 5/2 E → k_B 3N 2E , P T = [ ∂S_{(nr,st)}(E, V, N,⃗0, ⃗S) ∂V ] E,N = k_B [ ∂Z_{(nr,st)}(E, V, N,⃗0, ⃗S)/∂V Z_{(nr,st)}(E, V, N,⃗0, ⃗S) ] E,N = k_B N − 1 V → .k_B N V .(C47)

All results for large N lead to the ideal gas law forms of

E = 3 2 k_B T, P V = k_BNT. (C48) 6. The Relativistic Micro-Canonical Partition Function for N Free Particles with only the Energy Restriction

The desired partition function for equal mass particles with coordinates ⃗η_i(t) and canonical momenta ⃗κ_i(t) (i = 1, .., N ) is Z_{(st,nr)}(E, V, N) = 1 N! ∫ N∏ i=1 χ(V )d^3η_id^3κ_iδ( N∑ i=1 √ ⃗κ^2_i c^2 + m^2_i c^4 − E), (C49)

in which

χ(V ) = 0, η^2_i > R^2, χ(V ) = 1, η^2_i ≤ R^2. (C50)

We follow the method of [30] and take the Laplace transform Z̃_{(nr,st)}(s, V, N) = ∫_∞ 0 dE exp(−sE)Z(E, V, N), (C51) so that we get

Z̃_{(nr,st)}(s, V, N) = 1 N! ∫ N∏ i=1 d^3η_id^3κ_i exp[−s( N∑ i=1 √ ⃗κ^2_i c^2 + m^2_i c^4)] =

= 1 N! ∫ N∏ i=1 d^3η_i.(4π)^N ∫_∞ 0 dκ_iκ^2_i exp[−s( √ κ^2_i c^2 + m^2_i c^4)]

(C52)

From integral tables we get ∫_∞ 0 dκ_iκ^2_i exp[−s( √ κ^2_i c^2 + m^2_i c^4)] = m^2_i c s K_2(sm_ic^2). (C53)

Thus, with equal masses we get

Z̃_{(nr,st)}(s, V, N) = 1 N! ∫ N∏ i=1 d^3η_id^3κ_i exp[−s( N∑ i=1 √ ⃗κ^2_i c^2 + m^2_i c^4)] =

= 1 N! ∫ N∏ i=1 d^3η_i.(4π)^N ( m^2c s K_2(smc^2) )_N

(4πV )^N N! ( m^2c s K_2(smc^2) )_N . (C54)

Unfortunately there does not appear an analytic expression for the inverse Laplace transform of the Nth power of^{m2c}_s K_2(smc^2).

[1] D.Alba, H.W.Crater and L.Lusanna, Relativistic Quantum Mechanics and Relativistic Entanglement in the Rest-Frame Instant Form of Dynamics, J.Math.Phys. 52, 062301 (2011) (arXiv 0907.1816).

[2] L.Lusanna, The N- and 1-Time Classical Descriptions of N-Body Relativistic Kinematics and the Electromagnetic Interaction, Int.J.Mod.Phys. A12, 645 (1997).

[3] D.Alba and L.Lusanna, Charged Particles and the Electro-Magnetic Field in Non-Inertial Frames: I. Admissible 3+1 Splittings of Minkowski Spacetime and the Non-Inertial Rest Frames, Int.J.Geom.Methods in Physics 7, 33 (2010) (arXiv 0908.0213) and II. Applications: Rotating Frames, Sagnac Effect, Faraday Rotation, Wrap-up Effect , Int.J.Geom.Methods in Physics, 7, 185 (2010) (arXiv 0908.0215).

[4] D.Alba, H.W.Crater and L.Lusanna, Towards Relativistic Atom Physics. I. The Rest-Frame Instant Form of Dynamics and a Canonical Transformation for a system of Charged Particles plus the Electro-Magnetic Field, Canad.J.Phys. 88, 379 (2010) (arXiv 0806.2383).

[5] D.Alba, H.W.Crater and L.Lusanna, Towards Relativistic Atom Physics. II. Collective and Relative Relativistic Variables for a System of Charged Particles plus the Electro-Magnetic Field, Canad.J.Phys. 88, 425 (2010) (arXiv 0811.0715).

[6] D.Alba, L.Lusanna and M.Pauri, New Directions in Non-Relativistic and Relativistic Rotational and Multipole Kinematics for N-Body and Continuous Systems (2005), in Atomic and Molecular Clusters: New Research, ed.Y.L.Ping (Nova Science, New York, 2006) (arXiv hepth/0505005).

D.Alba, L.Lusanna and M.Pauri, Centers of Mass and Rotational Kinematics for the Relativistic N-Body Problem in the Rest-Frame Instant Form, J.Math.Phys. 43, 1677-1727 (2002) (arXiv hep-th/0102087).

D.Alba, L.Lusanna and M.Pauri, Multipolar Expansions for Closed and Open Systems of Relativistic Particles , J. Math.Phys. 46, 062505, 1-36 (2004) (arXiv hep-th/0402181).

[7] D.Alba, H.W.Crater and L.Lusanna, Hamiltonian Relativistic Two-Body Problem: Center of Mass and Orbit Reconstruction, J.Phys. A40, 9585 (2007) (arXiv gr-qc/0610200).

[8] H.W.Crater and L.Lusanna, The Rest-Frame Darwin Potential from the Lienard-Wiechert Solution in the Radiation Gauge, Ann.Phys. (N.Y.) 289, 87 (2001).

[9] D.Alba, H.W.Crater and L.Lusanna, The Semiclassical Relativistic Darwin Potential for Spinning Particles in the Rest Frame Instant Form: Two-Body Bound States with Spin 1/2 Constituents, Int.J.Mod.Phys. A16, 3365-3478 (2001) (arXiv hep-th/0103109).

[10] D.Alba and L.Lusanna, Quantum Mechanics in Noninertial Frames with a Multitemporal Quantization Scheme: I. Relativistic Particles, Int.J.Mod.Phys. A21, 2781 (2006) (arXiv hep-th/0502194).

[11] D.Alba, Quantum Mechanics in Noninertial Frames with a Multitemporal Quantization Scheme: II. Nonrelativistic Particles, Int.J.Mod.Phys. A21, 3917 (arXiv hep-th/0504060).

[12] C.G.Torre and M.Varadarajan, Functional Evolution of Free Quantum Fields, Class. Quantum Grav. 16, 2651 (1999); Quantum Fields at Any Time, Phys.Rev. D58, 064007 (1998).

[13] L. Lusanna and D. Nowak-Szczepaniak, The Rest-Frame Instant Form of Relativistic Perfect Fluids with Equation of State ρ = ρ(η, s) and of Nondissipative Elastic Materials., Int. J. Mod. Phys. A15, 4943 (2000).

[14] D.Alba and L.Lusanna, Generalized Eulerian Coordinates for Relativistic Fluids: Hamiltonian

Rest-Frame Instant Form, Relative Variables, Rotational Kinematics Int.J.Mod.Phys. A19, 3025 (2004) (arXiv hep-th/020903).

[15] J.D.Brown, Action Functionals for Relativistic Perfect Fluids, Class.Quantum Grav. 10, 1579 (1993).

[16] E.Gourgoulhon, An Introduction to Relativistic Hydrodynamics, in Stellar Fluid Dynamics and Numerical Simulations: from the Sun to Neutron Stars, eds. M.Rieutord and B.Dubrulle, EAS Publication Series 21, 43 (2006) (arXiv gr-qc/0603009); An Introduction to the Theory of Rotating Relativistic Stars, lectures at the COMPSTAR 2010 School, GANIL, Caen, 2010 (arXiv 1003.5015).

[17] D.Alba and L.Lusanna, The Einstein-Maxwell-Particle System in the York Canonical Basis of ADM Tetrad Gravity: I) The Equations of Motion in Arbitrary Schwinger Time Gauges., 2009 (arXiv 0907.4087); II) The Weak Field Approximation in the 3-Orthogonal Gauges and Hamiltonian Post-Minkowskian Gravity: the N-Body Problem and Gravitational Waves with Asymptotic Background., (arXiv 1003.5143); III) The Post-Minkowskian N-Body Problem, its Post-Newtonian Limit in Non-Harmonic 3-Orthogonal Gauges and Dark Matter as an Inertial Effect. (arXiv 1009.1794).

[18] D.Alba and L.Lusanna, Dust in the York Canonical Basis of ADM Tetrad Gravity: the Problem of Vorticity (arXiv 1106.0403).

[19] D.Alba and L.Lusanna, The York Map as a Shanmugadhasan Canonical Transformationn in Tetrad Gravity and the Role of Non-Inertial Frames in the Geometrical View of the Gravitational Field, Gen.Rel.Grav. 39, 2149 (2007) (arXiv gr-qc/0604086, v2).

[20] K.Huang, Statistical Mechanics (Wiley, New York, 1987).

[21] S.R.deGroot, W.A. van Leeuwen and Ch.G. van Weert, Relativistic Kinetic Theory. Principles and Applications (North-Holland, Amsterdam, 1980).

[22] J.Dunkel and P. Hänggi, Relativistic Brownian Motion, Phys.Rep. 471, 1 (2009)........ [23] J.M.Steward, Non-Equilibrium Relativistic Kinetic Theory (Springer, Berlin, 1971). [24] R.Balescu, Relativistic Statistical Thermodynamics, Physica 40, 309 (1968). [25] R.Hakim, Remarks on Relativistic Statistical Mechanics I, J.Math.Phys. 8, 1315 (1967); Introduction to Relativistic Statistical Mechanics: Classical and Quantum (World Scientific, Singapore, 2011).

R.Hakim and A.Mangeney, Relativistic Kinetic Equations Includin Radiation Effects, I. Vlasov Approximation, J.Math.Phys. 9, 116 (1968).

[26] E.Lehmann, Covariant Equilibrium Statistical Mechanics, J.Math.Phys. 47, 023303 (arXiv math-ph/0602060).

[27] L.P.Horwitz, W.C.Schieve and C.Piron, Gibbs Ensembles in Relativistic Classical and Quantum Mechanics, Ann. Phys. (N.Y.) 137, 306 (1981).

L.P.Horwitz, S.Shashoua and W.C.Schieve, A Manifestly Covariant Relativistic Boltzmann Equation for the Evolution of a System of Events, Physica A161, 300 (1989).

[28] G.Ares de Parga and B.López-Carrera, Relativistic Statistical Mechanics vs. Relativistic Thermodynamics, Entropy 13, 1664 (2011).

[29] L.Lusanna, Gauge Fixings, Evolution Generators and World-line Conditions in Relativistic Classical Mechanics with Constraints, Nuovo Cimento 65B, 135 (1981).

[30] E.V.Votyakov, H.I.Hidmi, A.DeMartino and D.H.E.Gross, Microcanonical Mean-Field Thermodynamics of Self-Gravitating and Rotating Systems, Phys.Rev.Lett. 89, 031101 (2002).

[31] G.Rickayzen and J.G.Powles, Temperature in the Classical Microcanonical Ensemble, J.Chem.Phys. 114, 4333 (2001).

A.Campa, T.Dauxois and S.Ruffo, Statistical Mechanics and Dynamics of Solvable Models with Long-Range Interactions, 2009 (arXiv 0907.0323).

T.M.Rocha Filho, M.A. Amato and A. Figueiredo, A Novel Approach to the Determination of Equilibrium Properties of Classical Hamiltonian Systems with Long-Range Interactions, J.Phys. A42, 165001 (2009).

H.Touchette, The Large Deviation Approach to Statistical Mechanics 2009 (arXiv 0804.0327). [32] F.Becattini and L.Ferroni, The Microcanonical Ensemble of the Ideal Relativistic Quantum Gas with Angular Momentum Conservation, Eur.Phys.J. C 52, 597 (2007).

[33] T.Matolcsi, J.Kristóf and M.Székely, On the momentum Distribution of Molecules of an Ideal Gas, Publ.Appl.Anal. 7, 1 (1996).

[34] E.Poisson, The Motion of Point Particles in Curved Spacetime, Living Reviews in Relativity 7, 6 (2004) (arXiv gr-qc/0306052).

[35] P.Bergmann, Generalized Statistical Mechanics, Phys. Rev. 84, 1026 (1951). [36] P.Biscari and C.Cercignani, Stress and Heat Flux in Non-Inertial Reference Frames, Continuum Mech.Thermodyn. 9, 1 (1997).

[37] M.Frewer, More Clarity on the Concept of Material Frame-Indifference in Classical Continuum Mechanics, Acta Mech. 202, 213 (2009).

[38] G.Rickayzen and J.G.Powles, Temperature in the Classical Microcanonical Ensemble, J.Chem.Phys. 114, 4333 (2001).

H.H.Rugh, Dynamical Approach to Temperature, Phys.Rev.Lett. 78, 772 (1997); A Geometric, Dynamical Approach to Thermodynamics, J.Phys. A31, 7761 (1998) (arXiv chaodyn/9703013).

[39] J.U.Andersen, E.Bonderup and K.Hansen, On the Concept of Temperature for a Small Isolated System, J.Chem.Phys. 114, 6518 (2001).

E.D.Belega, E.A.Cheremukhin, P.V.Elyutin and D.N.Trubnikov, On the Definition of the Microcanonical Temperature of Small Weakly Bound Molecular Clusters, Chem.Phys.Lett. 496, 167 (2010).

[40] C.Giardiná and R.Livi, Ergodic Properties of Microcanonical Observables, J.Stat.Phys. 91, 1027 (1998).

[41] N.G. van Kampen, Relativistic Thermodynamics of Moving Systems, Phys.Rev. 173, 295 (1968).

[42] T.S.Bíró and P. Ván, About the Temperature of moving Bodies (arXiv 0905.1650).

D.Mi, H.Y.Zhong and D.M.Tong, The Existing Different Proposals for Relativistic Temperature Transformations: the Whys and Wherefores, Mod.Phys.Lett. A24, 73 (2009). Z.C.Wu, Inverse Temperature 4-Vector in Special Relativity (arXiv 0804.3827). G.I.Sewell, Note on the Relativistic Thermodynamics of Moving Bodies, J.Phys. A43, 485001 (2010) (arXiv 1010.2045).

C.K.Yuen, Lorentz Transformations of Thermodynamic Quantities, Am.J.Phys. 38, 246 (1970).

T.K.Nakamura, Three Views of a Secret in Relativistic Thermodynamics (arXiv 0812.3725); Covariant Thermodynamics of an Object with Finite Volume (arXiv physics/0505004). G.Ares de Parga and B.López-Carrera, Redefined Relativistic Thermodynamics based on the Nakamura Formalism, Physica A388, 4345 (2009).

[43] N.G. van Kampen, Lorentz-Invariance of the Distribution in Phase Space, Physica 43, 244 (1969).

[44] F.Debbasch, Equilibrium Distribution Function of a Relativistic Dilute Perfect Gas, Physica

A387, 2443 (2007).

F.Debbasch, J.P.Rivet and W.A. van Leeuwen, Invariance of the Relativistic One-Particle Distribution Function, Physica A301, 181 (2001).

[45] G.Chacón-Acosta, L.Dagdug and H.A.Morales-Técotl, Manifestly Covariant Jüttner Distribution and Equipartition Theorem, Phys.Rev. E81, 021126 (2010) (arXiv 0910.1625). R.A.Treumann, R.Nakamura and W.Baumjohann, Relativistic Transformation of Phase-Space Distributions (arXiv 1105.2120).

D.Cubero, J.Casado-Pascual, J.Dunkel, P.Talkner and P.Hänggi, Thermal Equilibrium and Statistical Thermometers in Special Relativity (arXiv 0705.3328).

[46] B.Boisseau and W.A.van Leeuwen, Relativistic Boltzmann Theory in D+1 Spacetime Dimensions, Ann.Phys.(N.Y.) 195, 376 (1989).

[47] C.Cercignani and G.M.Kreimer, The Relativistic Boltzmann Equation: Theory and Applications (Birkhäuser, Basel, 2002).

R.M.Strain, Global Newtonian Limit for the Relativistic Boltzmann Equation near Vacuum, SIAM J.Math.Anal. 42, 1568 (2010); Coordinates in the Relativistic Boltzmann Equation (arXiv 1011.5093).

[48] F.Jüttner, Das Maxwellsche Gesetz der Geschwindigkeitsverteilung in der Relativtheorie, Ann.Physik 34, 856 (1911); Die Dynamik eines bewegten Gases in der Relativtheorie, Ann.Physik 35, 145 (1911); Die relativistische Quantentheorie des idealen Gases, Z.Phys. 47, 542 (1928).

[49] W.Israel and J.M.Steward, Transient Relativistic Thermodynamics and Kinetic Theory, Ann.Phys. 118, 341 (1979).

[50] G.M.Kremer, On the Kinetic Theory of Relativistic Gases, Continuum Mech. Thermodyn. 9, 13 (1997).

[51] P.Ván, Kinetic Equilibrium and Relativistic Thermodynamics, EPJ Web of Conferences 13, 07004 (2011) (arXiv 1102.0323); Internal Energy in Dissipative Relativistic Fluids, J.Mech. Materials and Structures 3, 1161 (2008) (arXiv 0712.1437).

P.Ván and T.S.Bíró, Relativistic Hydrodynamics - Causality and Stability, EPJ Special Topics 155, 201 (2008) (arXiv 0704.2039).

[52] T.Hirano, N. van der Kolk and A.Bilandzic, Hydrodynamics and Flows, in The Physics of the Quark-Gluon Plasma, ed. S.Sarkar, H.Satz and B.Sinha (Springer, Berlin, 2010). P.Romatschke, Relativistic Viscous Fluid Dynamics and Non-Equilibrium Entropy, Clas.Quant.Grav. 27 (2010) 025006 (arXiv 0906.4787); New Developments in Relativistic Viscous Hydrodynamics, Int.J.Mod.Phys. E19, 1 (2010) (arXiv 0902.3663). L.P.Csernai, Introduction to Relativistic Heavy Ion Collisions, 2008 (www.csernay.no/Csernaytextbook.pdf).

[53] N.Andersson and G.L.Comer, Relativistic Fluid Dynamics: Physics for Many Different Scales, Living Rev. Relativity 10, 1 (2007) (arXiv gr-qc/0605010).

N.Andersson and C.Lopez-Monsalvo, A Consistent First-Order Model for Relativistic Heat Flow, (arXiv 1107.0165).

N.Andersson and G.L.Comer, Variational Multi-Fluid Dynamics and Causal Heat Conductivity (arXiv 0908.1707).

[54] C.López-Monsalvo, Covariant Thermodynamics and Relativity, PhD thesis (arXiv 1107.1005). [55] B.Carter, Covariant Theory of Conductivity in Ideal Fluids or Solid Media, Lecture Notes in Mathematics 1385 (Springer, Berlin, 1989).

[56] R.Maartens, Causal Thermodynamics in Relativity (arXiv astro-ph/9609091).

[57] G.S.Denicol, T.Koide and D.H.Rischke, Dissipative Relativistic Fluid Dynamics: A New Way to Derive the Equations of Motion from Kinetic Theory, Phys.Rev.Lett. 105, 162501 (2010) (arXiv 1004.5013).

B.Betz, G.S.Denicol, T.Koide, E. Molnár, H.Niemi and D.H.Rischke, Second order Dissipative Fluid Dynamics from Kinetic Theory (arXiv 1012.5772).

B.Betz, G.S.Denicol, T.Koide, E. Molnár, H.Niemi and D.H.Rischke, Second order Dissipative Fluid Dynamics from Kinetic Theory (arXiv 1012.5772).

B.Betz, D.Henkel and D.H.Rischke, Complete Second-Order Dissipative Fluid Dynamics, J.Phys. G36, 064029 (2009).

[58] C.S.Monsalvo and N.Andersson, Thermal Dynamics in General Relativity (arXiv 1006.2978). [59] X.Chen, Causal Relativistic Fluid Dynamics (arXiv 1107.0319).

[60] D.Priou, Comparison between Variational and Traditional Approaches to Relativistic Thermodynamics of Dissipative Fluids, Phys.Rev. D43, 1223 (1991).

[61] M.Tuckerman, The Ideal Gas. Microcanonical Ensemble Treatment, lectures in statistical me- chanics 2003, www.nyu.edu/classes/tuckerman/stat.mech/lectures/lecture_− 6/node2.htlm. [62] M.Takamoto and S.Inutsuka, The Relativistic Kinetic Dispersion Relation: Comparison of the Relativistic Bhatnagar-Gross-Krook Model and Grad’s 14-Moment Expansion (arXiv 1006.2663).

[63] S.C.Anco and A.Dar, Conservation Laws of Inviscid Non-Isentropic Compressible Fluid Flow in n > 1 Spatial Dimension (arXiv 0911.0882).