arXiv:1202.4768v3 [gr-qc] 8 Mar 2012

Some examples of different descriptions of energy-momentum density in the context of Bianchi IX cosmological model

Z. Nourinezhad^{1, ∗} and S. Hamid Mehdipour^{2, †} 1Islamic Azad University, Bandaranzali Branch, Bandaranzali, Iran 2Islamic Azad University, Lahijan Branch, P. O. Box 1616, Lahijan, Iran (Dated: March 9, 2012)

Abstract

Based on the Bianchi type IX metric, we calculate the energy and momentum density components of the gravitational field for the five different definitions of energy-momentum, namely, Tolman, Papapetrou, Landau-Lifshitz, Møller and Weinberg. The energy densities of Møller and Weinberg become zero for the spacetime under consideration. In the other prescriptions, i.e., Tolman, Papapetrou and Landau-Lifshitz complexes, we find different non-vanishing energy-momentum densities for the given spacetime, supporting the well-known argument in General Relativity that the different definitions may lead to different distributions even in the same spacetime background.

PACS numbers: 04.20.-q, 04.50.+h Keywords: Energy-Momentum Density, General Relativity, Bianchi Type IX Metric

∗Electronic address: z.nourinejad@bandaranzaliiau.ac.ir †Electronic address: mehdipour@liau.ac.ir

I. INTRODUCTION

The interpretation of energy-momentum as a significant conserved quantity is one of the most interesting and stimulating problems in the theory of Einstein General Relativity (GR). There have been numerous efforts to acquire a well-defined illustration for the energy and momentum localization in the literature. Unfortunately, there is still no prevalent accepted interpretation of energy and momentum distributions in GR [1].

The energy-momentum conservation in GR can be written as

∇_μT^μ_ν = 0, (μ, ν = 0, 1, 2, 3), (1)

where T^μ_ν indicates the symmetric energy-momentum tensor including the matter and all non-gravitational fields. In 1915, Einstein [2] acquired an expression for the energymomentum complexes comprised of the contribution from gravitational field energy by introducing the energy-momentum t^μ_ν which is not a tensor and is called the gravitational field pseudotensor. The energy-momentum complex satisfies the local conservation laws, i.e. T^μ_{ν ,μ} ≡ ∂ ∂x^μ (√ −g(T^μ_ν + t^μ_ν ) ) = 0, (2)

where the energy-momentum tensor T^μ_ν is replaced by the energy-momentum complex T^μ_ν which is a combination of the tensor T^μ_ν plus the pseudotensor t^μ_ν but in the ordinary form of conservation laws. So, we have T^μ_ν = θ^{μλ}_{ν ,λ}, (3) where θ^{μλ}_ν are denoted as the superpotentials and are not uniquely determined.

With an appropriate choice of a coordinates system, the pseudotensor t^μ_ν can be identified such to disappear at a special point. Schrodinger demonstrated that the pseudotensor can vanish outside the schwarzschild radius utilizing an appropriate choice of coordinates. There have been many efforts in order to attain a more fitting quantity to illustrate the distribution of energy-momentum on account of matter, non-gravitational fields and gravitational field pseudotensor. Einstein supported the expression of pseudotensor to portray the gravitational field and explained that this energy-momentum pseudo-complex prepares reasonable expressions for the complete energy-momentum of the closed systems. Many authors have prescribed different explanations for the energy-momentum complex [2–9]. These explanations can only give significant outcomes if the computations are carried out in cartesian coordinates. In 1982, Penrose [10] initiated the proposal of quasi-local energy to find the energy-momentum of a curved spacetime by using any coordinate system. Many theoretical physicists [11] considered an assortment of different proposals of the quasi-local energy to study different models of the universe. Very general results for the most general nonstatic spherically symmetric metric is known by Virbhadra [12]. However these proposals of the energy-momentum complexes could not lead to some unique definition of energy in GR because each of these quasi-local expressions have their own issues.

In this paper, we present some well-known energy-momentum densities based on Bianchi IX cosmological model to study the problem of localization of the energy and momentum in GR. The spatially homogeneous and anisotropic Bianchi models play a significant role in modern cosmology. However, on account of intricate essence of the field equations, there are minor works on anisotropic models (see, e.g., [13] and also [14]), particularly on the Bianchi IX cosmological model [15] (the so-called Mixmaster universe [16]). Several generalizations to the Mixmaster universe have also been considered in detail, by some authors (for a comprehensive review, see [17]). The Bianchi universes provide useful paradigms to investigate the nonlinear behavior of the Einstein equations, due to the time-dependency of the gravitational fields (see, for example, [18] and references therein). Studying on the anisotropic models was first considered after finding the anisotropic behavior of the microwave background radiation. In other words, no decisive confirmation is perceived that the early universe had essentially the same properties on the early era. Hence, it is credibly applicable to study the universes established upon the different Bianchi type metrics. A general study of the dynamical properties of anisotropic Bianchi universes in the context of GR is presented by Perez [19]. In this setup, the Bianchi type VIII and IX universes are dynamically equivalent. In 2005, the authors in Ref. [20] applied the canonical quantum theory of gravity (Quantum Geometrodynamics) to the homogeneous Bianchi type IX cosmological model, and accordingly they developed the framework for the quantum theory of homogeneous cosmology. In 2009, Bakas et al [21] considered spatially homogeneous (but generally non-isotropic) cosmologies in the Hořava-Lifshitz gravity and compared them to those of GR using Hamiltonian methods. They exhibited that the Mixmaster dynamics is completely dominated by the quadratic Cotton tensor potential term for very small volume of the universe, by focusing on the closed-space cosmological model (Bianchi type IX). Recently, Damour and Spindel [22] have studied the minisuperspace quantization of spatially homogeneous (Bianchi) cosmological universes sourced by a Dirac spinor field. They presented the exact quantum solution of the Bianchi type II system and discussed the main qualitative features of the quantum dynamics of the (classically chaotic) Bianchi type IX system. Barrow and Yamamoto [23], in a recent paper, have investigated the stability of the Einstein static universe as a non-LRS Bianchi type IX solution of the Einstein equations in the presence of both non-tilted and tilted fluids. They have found that the static universe is unstable due to homogeneous perturbations of Bianchi type IX to the future and the past.

Moreover, the comprehension of type IX solutions, due to its anisotropy, with their oscillatory treatment in the direction of the initial singularity is prevalently related to one of the keys towards a more clear comprehension of singularities in GR and thus could be an interesting candidate to test the quantum theory [24]. We therefore focus on Bianchi IX cosmological model which demonstrates a specifically rich dynamical structure. The Bianchi type IX universe is defined by the line element:

ds^2 = −dt^2 + S^2(t)dx^2 + R^2(t) [ dy^2 + sin^2 y dz^2 ] − S^2(t) cos y [2dx − cos y dz] dz, (4)

where the functions S and R are function in t and determined from the field equations. We will use the above line element to acquire the energy and momentum densities in the next section.

The paper is organized in the following. In Section II, by applying the energy-momentum definitions of Tolman, Papapetrou, Landau-Lifshitz, Møller and Weinberg, we calculate the energy-momentum densities of the universe based on Bianchi type IX metric, respectively. Conclusion is presented in Section III.

II. ENERGY-MOMENTUM COMPLEXES: SOME EXAMPLES

The energy-momentum in Tolman’s prescription [3] has the form [28]

Υ^ν_μ = 1 8π U^{νλ}_{μ ,λ}, (5) where the Tolman’s superpotential U^{νλ}_μ is defined by

U^{νλ}_μ = √ −g ( −g^{κν} V^λ_{μκ} + 1 2 g^ν_μg^{κϑ}V^λ_{κϑ} ) , (6) with V^α_{βγ} = −Γ^α_{βγ} + 1 2 g^α_β Γ^δ_γ + 1 2 g^α_γ Γ^δ_β . (7) The locally conserved energy-momentum complex of Tolman includes contributions from the matter plus the all gravitational and non-gravitational fields [29]. The Tolman energy and momentum complex satisfies the local conservation laws as follows,

Υ^ν_{μ ,ν} = 0, (8)

where Υ^0_μ is a combination of the energy-momentum tensor including the matter and all non-gravitational fields plus the gravitational field pseudotensor. Therefore we can describe the quantity Υ^0 as representing the energy density of the whole physical system including gravitation, and describe the quantity Υ^0_i as representing the components of the total momentum density. In order to calculate the energy and momentum density components for the Bianchi type IX metric, we need to compute the essential non-zero components of U^{0λ}_μ which give U^{02}_0 = −S(t) cos y, U^{01}_1 =^1_2 R(t) sin y ( Ṡ(t)R(t) − 2S(t)Ṙ(t) ) , U^{00}_2 = −^1_2 S(t)R^2(t) cos y, U^{02}_2 = U^{03}_3 = −^1_2 R^2(t)Ṡ(t) sin y, U^{01}_3 = −R(t) sin y cos y ( Ṡ(t)R(t) − S(t)Ṙ(t) ) ,

(9)

where overdot abbreviates ∂/∂t. Substituting these values for Eq. (5), we obtain the components of energy and momentum density in the prescription of Tolman as follows

Υ^0 = S(t) 8π , (10)

Υ^0_1 = Υ^0_3 = 0, Υ^0_2 = −

R(t) cos y 8π ( Ṡ(t)R(t) + S(t)Ṙ(t) ) . (11) The energy and momentum in the prescription of Papapetrou [4] takes the form

Ω^{μν} = 1 16π N^{μνλκ}_{,λκ}, (12) where N^{μνλκ} = √ −g ( g^{μν} η^{λκ} − g^{μλ}η^{νκ} + g^{λκ}η^{μν} − g^{νκ}η^{μλ} ) . (13) The Papapetrou’s superpotential N^{μνλκ} is symmetric on its first pair of indices with η^{μν} that is the Minkowski metric. The Papapetrou energy-momentum complex obeys the local conservation laws, Ω^{μν}_{,ν} = 0, (14) where Ω^{00} and Ω^{i0} represent the energy and momentum density components respectively. In this prescription, the essential non-zero components of N^{μ0λκ} corresponding to the metric (4) yield the following expressions:

N^{0000} = 2S(t)R^2(t) sin y, N^{0011} =^{R2 (t)}_{S(t)} ( S^2(t) − 1 ) sin y − S(t) cos y cot y, N^{1010} = −^{R2(t)}_{S(t)} ( S^2(t) + 1 ) sin y − S(t) cos y cot y, N^{3010} = N^{1030} = N^{0031} = N^{0013} = −S(t) cot y, N^{0022} = S(t) ( R^2(t) − 1 ) sin y, N^{2020} = −S(t) ( R^2(t) + 1 ) sin y, N^{3030} = −^{S(t)}_{sin y} ( R^2(t) sin^2 y + 1 ) , N^{0033} =^{S(t)}_{sin y} ( R^2(t) sin^2 y − 1 ) .

(15)

Replacing the above expressions in Eq. (12), one can obtain the energy and momentum densities in Papapetrou’s prescription. So, we have

Ω^{00} = π sin y 16 [ 8R(t)Ṙ(t)Ṡ(t) + 2R^2(t)S̈(t) + S(t) ( 4Ṙ^2(t) + 4R(t)R̈(t) − R^2(t) + 1 )] , (16) Ω^{20} = Ω^{30} = 0, Ω^{10} = − π cos y 16 ( Ṡ(t) + R^2(t)Ṡ(t) + 2S(t)R(t)Ṙ(t) ) . (17) The energy and momentum in the prescription of Landau and Lifshitz [5] is given by L^{μν} = 1 16π S^{μνλκ}_{,λκ} (18) with S^{μνλκ} = −g ( g^{μν} g^{λκ} − g^{μλ}g^{νκ} ) , (19) where L^{μν} is symmetric with respect to its indices and the Landau-Lifshitz’s superpotential S^{μνλκ} has the symmetries similar to the curvature tensor. The Landau-Lifshitz’s energymomentum complex L^{μν} confirms the local conservation laws

L^{μν}_{,ν} = 0. (20)

The L^{00} is the energy density and L^{0i} are the momentum density components. The required non-vanishing components of S^{0νλκ}, associated with the Bianchi type IX metric, lead to the following relations:

S^{0011} = −S^{0101} = −R^2(t) ( R^2(t) sin^2 y + S^2(t) cos^2 y ) , S^{0022} = −S^{0202} = sin^2 y S^{0033} = − sin^2 y S^{0303} = −S^2(t)R^2(t) sin^2 y, S^{0031} = S^{0013} = −S^{0103} = −S^{0301} = −S^2(t)R^2(t) cos y.

(21)

Substituting these components for (18), one can obtain the energy and momentum densities which give the following relations:

L^{00} = 2S^2(t)R^2(t) ( sin^2 y − cos^2 y ) , (22)

L^{01} = L^{03} = 0, L^{02} = 2 sin (2y) ( R^2(t)S(t)Ṡ(t) + R(t)Ṙ(t)S^2(t) ) . (23) The energy and momentum in the prescription of Møller [8] is given by

M^μ_ν = 1 8π χ^{μλ}_{ν ,λ}, (24) where the antisymmetric superpotential χ^{μλ}_ν has the form χ^{μλ}_ν = −χ^{λμ}_ν = √ −g (g_{νσ,κ} − g_{νκ,σ}) g^{μκ}g^{λσ}, (25) where g is the determinant of the metric g_{μν} . It can be simply shown that the Møller’s energy-momentum complex satisfies the local conservation laws

M^μ_{ν ,μ} = 0. (26)

M^0_0 is the energy density and M^0_i are the momentum density components. For the line element given by Eq. (4) the required non-vanishing components of χ^{0λ}_ν are

χ^{01}_1 = −2R^2(t)Ṡ(t) sin y, χ^{02}_2 = χ^{03}_3 = −2S(t)R(t)Ṙ(t) sin y, χ^{01}_3 = −R(t) ( Ṡ(t)R(t) − S(t)Ṙ(t) ) sin(2y).

(27)

Entering the above components in Eq. (24), we can find the energy and momentum densities as follows M^0_0 = 0, (28)

M^0_1 = M^0_3 = 0, M^0_2 = − S(t)R(t)Ṙ(t) cos y 4π . (29) The energy density is zero in Møller’s prescription, as can be seen from Eq. (28).

The Weinberg’s energy-momentum complex [9] is expressed by the equation W^{μν} = 1 16π Δ^{μνλ}_{,λ}, (30) where Weinbergs superpotential Δ^{μνλ} is antisymmetric on its first pair of indices which defines as Δ^{μνλ} = ∂^μh^κη^{νλ} − ∂^ν h^κη^{μλ} − ∂_κh^{κμ}η^{νλ} + ∂_κh^{κν} η^{μλ} + ∂^ν h^{μλ} − ∂^μh^{νλ}, (31) where ∂_μ ≡ ∂/∂x^μ, ∂^μ ≡ ∂/∂x_μ and h_{μν} shows the symmetric tensor defined as h_{μν} = g_{μν} − η_{μν} . The energy-momentum in Weinberg’s prescription satisfies the local conservation laws W^{μν}_{,ν} = 0. (32) W^{00} and W^{i0} are the energy and momentum density components respectively. The following non-zero components of Δ^{μ0λ} are required to find energy-momentum densities in this prescription

Δ^{101} =^2

R^7 (t)S^7(t) sin^6 y ( R^4(t)S^3(t)Ṙ(t) (S^2(t) cos^2 y + 2) sin^4 y +R^5(t)S^2(t)Ṡ(t) (S^2(t) + 2) sin^4 y cos^2 y + 4S^5(t)R^2(t)Ṙ(t) sin^2 y cos^2 y +R^7(t)Ṡ(t) (S^2(t) + 1) sin^6 y + R^3(t)S^4(t)Ṡ(t) sin^2 y cos^2 y (cos^2 y + 1) +R^2(t)S^7(t)Ṙ(t) sin^2 y cos^2 y (cos^2 y + 1) +S^7(t)Ṙ(t) cos^2 y ( 3 cos^2 y + sin^2 y + 1 ) ) , Δ^{103} =^{sin(2y)}

(R(t)S(t) sin y)^7 ( 2R^2(t)S^3(t)Ṙ(t) sin^2 y + S^5(t)Ṙ(t) ( 3 cos^2 y + sin^2 y + 1 ) +R^5(t)Ṡ(t) (S^2(t) + 1) sin^4 y + R^3(t)S^2(t)Ṡ(t) sin^2 y (cos^2 y + 1) +R^2(t)S^5(t)Ṙ(t) sin^2 y (cos^2 y + 1) ) , Δ^{200} = −^{4 cot y}

R^4(t) sin^2 y ,

Δ^{202} =^2

R^7 (t)S^3(t) sin^2 y ( Ṙ(t)S3(t) cos2 y + Ṡ(t)R3(t) sin^2 y + Ṙ(t)R3(t) sin^2 y +Ṙ(t)S^3(t) + R^2(t)S^3(t)Ṙ(t) sin^2 y ) , Δ^{301} =^{cos y}

(S(t) sin y)^4 ( R^2(t) sin^2 y + S^2(t) cos^2 y ) Δ^{202}, Δ^{303} =^{1+cos2 y}_{sin4 y} Δ^{202}.

(33)

We find the components of energy and momentum density distribution in the prescription of Weinberg as follows W^{00} = 0, (34) W^{10} = W^{30} = 0, W^{20} = π cot yṘ(t) (2R^2(t) − 1) 2R^7(t) sin^2 y

. (35) As can be seen from Eq. (34), the energy density is zero in Weinberg’s prescription.

III. CONCLUSION

In conclusion, we have demonstrated some examples of the different descriptions of the energy-momentum density in the context of Bianchi IX cosmological model. We have found that the energy-momentum complexes of Møller and Weinberg provide the zero energy density in the gravitational background under consideration. Also, it is possible to vanish both Møller’s and Weinberg’s momentum density components at a specific spacetime point, e.g., y = π/2. However, this vanishing by no means holds in general. So, these results may be supported by this statement which tells us that different energy and momentum complexes can give the same results for the same gravitational background [25]. In the remaining prescriptions, i.e., Tolman, Papapetrou and Landau-Lifshitz complexes, we have acquired different non-zero energy and momentum densities which sustain this statement that different energy and momentum complexes could yield different energy and momentum distributions for a given gravitational background [26]. In fact, in all the prescriptions for the spacetime under consideration, each of the different expressions might indicate a physically and geometrically consequence connected to the boundary conditions. Furthermore, according to the equivalence principle, the appearance of pseudotensors as noncovariant objects is the origin of these discrepancies which reflects the fact that the gravitational field cannot be perceived at a point. Therefore, according to Ref. [27], the main outcome of this paper points out that energy cannot be localized in this type of time-dependent gravitational background of the spacetime.

Acknowledgments

ZN thanks H. Farajollahi for discussions. We thank the anonymous referees for their useful comments.

[1] See for example, S S Xulu The Energy-Momentum Problem in General Relativity [arXiv:hep-th/0308070] [2] A Einstein Preuss. Akad. Wiss. Berlin 47 778 (1915); Addendum-ibid. 47 799 (1915)

[3] R C Tolman Relativity, Thermodynamics and Cosmology Oxford University Press London p.

227 (1934) [4] A Papapetrou Proc. R. Ir. Acad. A 52 11 (1948) [5] L D Landau and E M Lifshitz The Classical Theory of Fields Addison-Wesley Press Reading MA p. 317 (1951) [6] P G Bergmann and R Thompson Phys. Rev. 89 400 (1953) [7] J N Goldberg Phys. Rev. 111 315 (1958) [8] C Møller Ann. Phys. (N.Y.) 4 347 (1958) [9] S Weinberg Gravitation and Cosmology: Principles and Applications of General Theory of Relativity Wiley New York p. 165 (1972) [10] R Penrose Proc. Roy. Soc. London A 381 53 (1982) [11] There is a large literature on this subject; see for example, K S Virbhadra Pramana 38 31 (1992); N Rosen and K S Virbhadra Gen. Rel. Grav. 25 429 (1993); K S Virbhadra Pramana 44 317 (1995); and Pramana 45 215 (1995); S S Xulu Int. J. Theor. Phys. 37 1773 (1998); S S Xulu Mod. Phys. Lett. A 15 1511 (2000); M Sharif Int. J. Mod. Phys. A 17 1175 (2002); S S Xulu Int. J. Theor. Phys. 46 2915 (2007); A M Abbassi S Mirshekari and A H Abbassi Phys. Rev. D 78 064053 (2008); M Sharif and M F Shamir Gen. Relativ. Grav. 42 1557 (2010); A Tyagi K Sharma and P Jain Chin. Phys. Lett. 27 079801 (2010) [12] K S Virbhadra Phys. Rev. D 60 104041 (1999) [13] A P Mishra R K Mohapatra P S Saumia and A M Srivastava Indian J. Phys. 85 909 (2011) [14] D S Wamalwa and J A Omolo Indian J. Phys. 84 1241 (2010) [15] V A Belinski I M Khalatnikov and E M Lifshitz Adv. Phys. 19 525 (1970) [16] C Misner Phys. Rev. Lett. 22 1071 (1969) [17] T Damour M Henneaux and H Nicolai Class. Quant. Grav. 20 R145 (2003) [18] A Pradhan and K Jotania Indian J. Phys. 85 497 (2011) [19] J Perez Dynamics of Anisotropic Universes [arXiv:gr-qc/0603124] [20] A Kheyfets W A Miller and R Vaulin Class. Quant. Grav. 23 4333 (2006) [21] I Bakas F Bourliot D Lust and M Petropoulos Class. Quant. Grav. 27 045013 (2010) [22] T Damour and P Spindel Phys. Rev. D 83 123520 (2011) [23] J D Barrow K Yamamoto The Instabilities of Bianchi Type IX Einstein Static Universes [arXiv:1108.3962]

[24] V A Belinsky E M Lifshitz and I M Khalatnikov Soviet Phys. JETP 33 1061 (1971); V A Belinsky and I M Khalatnikov Soviet. Phys. JETP 29 911 (1969) [25] See for instance, K S Virbhadra Phys. Rev. D 41 1086 (1990); Phys. Rev. D 42 1066 (1990);

and Phys. Rev. D 42 2919 (1990); K S Virbhadra and J C Parikh Phys. Lett. B 317 312 (1993); and Phys. Lett. B 331 302 (1994); A Chamorro and K S Virbhardra Int. J. Mod. Phys. D 5 251 (1997); J M Aguirregabiria A Chamorro and K S Virbhadra Gen. Relativ. Gravit. 28 1393 (1996); S S Xulu Int. J. Mod. Phys. D 7 773 (1998); Int. J. Mod. Phys. A 15 2979 (2000); and Astrophys. Space Sci. 283 23 (2003) [26] G Bergqvist Class. Quant. Grav. 9 1753 (1992); and Class. Quant. Grav. 9 1917 (1992) [27] F I Cooperstock and R S Sarracino J. Phys. A: Math. Gen. 11 877 (1978) [28] Throughout this paper, Latin indices (i, j, . . .) represent the spatial coordinate values while Greek indices (μ, ν, . . .) represent the spacetime labels. We set the fundamental constants equal to unity; G = c = 1.

[29] Note that the elements of the energy-momentum complex containing matter plus all gravitational and non-gravitational fields are the same in all other prescriptions as follows in this paper.