arXiv:1202.5716v1 [gr-qc] 26 Feb 2012

Zitterbewegung and gravitational Berry phase

Giorgio Papini

Department of Physics and Prairie Particle Physics Institute, University of Regina, Regina, Sask S4S 0A2, Canada

International Institute for Advanced Scientific Studies, 89019 Vietri sul Mare (SA), Italy.

Abstract

Berry phases mix states of positive and negative energy in the propagation of fermions and bosons in external gravitational and electromagnetic fields and generate Zitterbewegung oscillations. The results are valid in any reference frame and to any order of approximation in the metric deviation.

Keywords: Zitterbewegung, gravitational Berry phase, covariant wave equations. PACS No.: 04.62.+v, 11.30.Fs, 95.30.Sf

1. Introduction

The contribution of external gravitational fields to the solution of covariant wave equations is contained in a Berry phase [1]. This should be expected because in general relativity the space of parameters of Berry’s theory coincides with space-time. The wave equations for fermions and bosons [2], [3], [4], [5] have been solved exactly to first order in the metric deviation γ_{μν} = g_{μν} − η_{μν} for any metric and the solutions give the correct Einstein deflection when applied to geometrical optics and can be used in interferometry, gyroscopy, in the study of neutrino helicity and flavour oscillations [6] and of spin-gravity coupling [7]. They also reproduce a variety of known effects like those discussed in [8], [9], [10],[11].

It is shown below that the gravitational Berry phase gives rise to a fielddependent Zitterbewegung (ZB) in the propagation of particles in a gravitational background.

Email address: papini@uregina.ca (Giorgio Papini)

Preprint submitted to Physics Letters A February 28, 2012

2. Dirac and Klein-Gordon equations

Consider first the covariant Dirac equation

[iγ^μ(x)D_μ − m]Ψ(x) = 0 . (1)

The notations are those of [6]. The first order solutions of (1) are of the form

Ψ(x) = T̂ (x)ψ(x) , (2)

where ψ(x) is a solution of the flat space-time Dirac equation ( iγ^{μ̂}∂_μ − m ) ψ(x) = 0 , (3)

here a plane wave of four-momentum k^α satisfying the relation k_αk^α = m^2, and γ^{μ̂} are the usual constant Dirac matrices. The operator T̂ is given by [6]

T̂ = − 1 2m (−iγ^μ(x)D_μ − m) e^{−iΦT} , (4) Φ_T = Φ_S + Φ_G , Φ_S (x) = ∫_x P dz^λΓ_λ(z) , (5) and Φ_G(x) = − 1 4 ∫_x P dz^λ [γ_{αλ,β}(z) − γ_{βλ,α}(z)] [ (x^α − z^α) k^β − ( x^β − z^β ) k^α ] + (6) 1 2 ∫_x P dz^λγ_{αλ}(z)k^α , where Γ_λ represents the spin connection. The solutions ψ(x) of (3) can include wave packets, if so desired. In this case the ZB decays in time [12], which is not an essential point in what follows. In (5) and (6), the path integrals are taken along the classical world line of the particle starting from a reference point P .

In most applications ψ(x) is represented by a positive energy solution ψ(x) = u(⃗k)e^{−ikμxμ} . However the influence of negative energy solutions ψ^{(1)}(x) = v(⃗k)e^{ikμxμ} can not be neglected because the wave functions ψ(x) by themselves do not form a complete set. A relationship between Ψ(x) and Ψ^{(1)}(x) = T̂_1ψ^{(1)}(x) must therefore be found. The spin-up (↑) and spin-down (↓) components of the spinors u and v obey the well-known equations

u_↓ = γ^5v_↑ , v_↓ = γ^5u_↑ . (7)

The required relation between Ψ(x) and Ψ^{(1)}(x) follows from (7), or simply from the replacement of ψ(x) with γ^5ψ(x) in (3). If, in fact, Ψ(x) = e^{−ikμxμ}T̂ u is a solution of (1), it then follows from (7), the relations { γ^5, γ^{μ̂} } = 0, σ^{α̂β̂} =^i_2 [γ^{α̂}, γ^{β̂}], γ^μ(x) = e^μ_{α̂}(x)γ^{α̂} , Γ_μ(x) = −^1_4 σ^{α̂β̂} e^ν_{α̂}e_ν^_{β; μ} , and [γ^5, Γ^μ] = 0 that Ψ^{(1)}(x) = e^{ikμxμ}T̂_1v also is a solution of (1) and T̂_1 = γ^5T̂ γ^5. It is useful to further isolate the gravitational contribution in the vierbein components by writing e^μ_{α̂} ≃ δ^μ_{α̂} + h^μ_{α̂}, which leads to

T̂ = 1 2m { (1 − iΦ_G) ( m + γ^{α̂}k_α ) − i ( m + γ^{α̂}k_α ) Φ_S + ( k_βh^β_{α̂} + Φ_{G,α} ) γ^{α̂} } ≡ (8)

T̂_0 + T̂_G ,

where T̂_0 ≡^1_{2m} ( m + γ^{α̂}k_α ) and T̂_G contains the gravitational corrections.

The operator T̂_1 can be immediately calculated from (8).

The gravitational field mixes the positive and negative energy solutions of (3). In fact the eigenstates U^± = 1/ √ 2(u ± v) of γ^5 and the eigenstates u and v of T̂_0 are not the same and T̂ , T̂_1 mix u and v. The mixing is effected by T̂_G and T̂_{1G} which are entirely due to Berry phase.

Mixing manifests itself as follows.

The state of a fermion in a gravitational field can be written in the form

|Φ(t)⟩ = α(t)|ψ(t)⟩ + β(t)|ψ^{(1)}(t)⟩ = α_0T̂ (t)|ψ(t)⟩ + β_0T̂_1(t)|ψ^{(1)}(t)⟩ , (9)

where |α_0|^2 + |β_0|^2 = 1, from which one obtains α(t) = ⟨ψ|Φ(t)⟩ = α_0⟨ψ|T̂ |ψ⟩ + β_0⟨ψ|T̂_1|ψ^{(1)}⟩ ; (10) β(t) = ⟨ψ^{(1)}|Φ(t)⟩ = α_0⟨ψ^{(1)}|T̂ |ψ⟩ + β_0⟨ψ^{(1)}|T̂_1|ψ^{(1)}⟩ .

If at t = 0 the gravitational field is not present, then T̂_G = 0 , T̂_{1G} = 0 and α(0) ≡ α_0 = , β(0) ≡ β_0. It follows from (10) that as the system propagates in a gravitational field, shifts from |ψ(t)⟩ to |ψ^{(1)}(t)⟩ produce oscillations. Thus the geometrical structure of space-time, represented by gravity, affects Hilbert space by producing oscillations between the positive and negative energy states.

The presence of an electromagnetic field [13] can be accommodated by adding the term qA_α, where q is the charge of the particle, to Φ_{G,α} in T̂ and T̂_1. The relationship between external electromagnetic fields and ZB has been investigated extensively by Feschbach and Villars [14] for both Dirac and Klein-Gordon equations.

In order to obtain the transition probabilities |α(t)|^2 , |β(t)|^2 from (10) in a concrete case, one can choose for simplicity ψ(x) = f_{0,R}e^{−ikαxα} = √ E + m 2m ( f_{Rσ3 k} E+m f_R ) e^{−ikαxα} , (11) where f_R is the positive helicity eigenvector. The normalizations are ⟨ψ|ψ⟩ = 1, where ⟨ψ| = ⟨ψ^†|γ^{^0}, ⟨ψ^{(1)}|ψ^{(1)}⟩ = −1 and ⟨ψ|ψ^{(1)}⟩ = ⟨ψ^{(1)}|ψ⟩ = 0. In addition, one needs explicit expressions of the metric components for the purpose of calculating T̂ and T̂_1. The choice of the metric

γ_{00} = 2ϕ , γ_{ij} = 2ϕδ_{ij} , (12)

where ϕ = −^{GM}_r , and M, R, are mass and radius of the source, is again dictated by simplicity. The vierbein components to order O(γ_{μν} ) are given by e^0_î = 0 , e^0_{^0} = 1 − ϕ , e^i_{^0} = 0 , e^l_{k̂} = (1 + ϕ) δ^l_k . (13)

Without loss of generality, one may consider particles starting from z = −∞, and propagating along x = b ≥ R , y = 0 in the field of the gravitational source and set k^3 ≡ k and k^0 ≡ E.

Returning to (10), if originally the system is in a positive energy state, then α_0 = 1 , β_0 = 0, |Φ(t)⟩ = T̂ |ψ⟩ and from (9) and Φ_{G,3} = (E^2/k + k)ϕ one gets β(t) = e^{−2iqαxα} 2m { −⟨ψ^{(1)}| [ Eh^0_{^0}γ^{^0} + ( −kh^3_{^3} + ( E^2 k + k ) ϕ(z) ) γ^{^3} ] |ψ⟩ } , (14) where q_0 ≡ E because the field does not depend on time, hence energy is conserved, and q_i ≡ k^{(i)}_i − k^{(f)}_i . The first two terms in (14) are due to Γ_μ and refer to Φ_S . The remaining two terms come from Φ_{G,3} and are also Berry phase contributions. Thus, according to (10) and (14), the propagation of the particle has two overlapping components: one in which the state of the particle does not change, the other in which oscillations take place from and to energy states of opposite sign with a frequency 2E, or in ordinary units 2E/ℏ. This is at least as large as the ZB frequency 2m. The particle therefore behaves as if it were trying to conserve energy-momentum and angular momentum during its propagation. The presence of the gravitational Berry phase translates into a ZB that vanishes when there is no gravity acting on the particle and is therefore due to a real force, as pointed out in [14] for the case of an external electromagnetic field. Because the approach is covariant, the result holds true in any frame of reference. Moreover, the non-local potential K_λ(x, x_0) = Φ_{G,λ}(x, x_0) + Γ_λ(x) can be calculated to any order, meaning that a ZB also exists at any order.

The transition amplitude ⟨ψ|T̂ |ψ⟩ can be better calculated using the re- lation ⟨ψ|T̂ |ψ⟩ = ∫_λ λ_0 ⟨ψ|ẋ μ∂_μT̂ |ψ⟩dλ, where ẋ^μ = k^μ/m and λ is an affine parameter along the particle world line. The calculation is outlined in [6].

The probability of the transition ψ → ψ^{(1)} follows from (14) and is

P_{ψ→ψ}(1) = |β(t)|^2 = [ 1 2m^2

(k^2 −

E^3 k ) ]_2 ϕ^2(z) . (15)

If α_0 = 0, β_0 = 1, then |α(t)|^2 represents the probability for the inverse process ψ^{(1)} → ψ. One finds

P_ψ(1)_{→ψ} = |α(t)|^2 = |⟨ψ|T̂ |ψ^{(1)}⟩|^2 = |⟨ψ|γ^5T̂_1γ^5|ψ^{(1)}⟩|^2 = (16) |⟨ψ^{(1)}|T̂_1|ψ⟩|^2 = P_{ψ→ψ}(1) .

According to (15) and (16), the transitions proceed in both directions with the same probability, as expected.

As mentioned above, an external electromagnetic field can be introduced by simply adding the corresponding Berry phase to (14). The additional term in curly brackets is therefore ⟨ψ^{(1)}| − qA_μγ̂^μ|ψ⟩. If the addition corresponds to an electromagnetic wave of amplitude f and frequency ω, in vanishing gravity, there is a resonance at ω = 2E that leads to |β(t)|^2 = (qkf/m^2ω)^2 cos^2(2Ex_0). If gravity is also present, the resonance condition becomes ω = 2E, C = qkf/m^2ω ≡ A, with C represented by the terms of (14) in curly brackets, and |β(t)|^2 = (A/m)^2 sin^2(Et). The prospects of achieving resonance in laboratory conditions in the near future do not appear favourable.

ZB appears to be universal in condensed matter physics and is the subject of recent, intense research [15]. It is in this area that lie the best opportunities to observe ZB.

Entirely similar conclusions can be reached for the covariant Klein-Gordon equation ( g^{μν} ∇_μ∇_ν + m^2 ) Φ(x) = 0 ≡ T̂ Φ(x) , (17) which has the first order solution

Φ(x) = e^{−iΦG} φ(x) , (18)

where φ(x) satisfies the Klein-Gordon equation in flat space-time ( η^{μν} ∂_μ∂_ν + m^2 ) φ(x) = 0 ≡ T̂_0φ(x) . (19)

Following the procedure of [14] one can write the plane wave solutions of (19) as φ^+(x) = e^{−ipμxμ} χ^+(p) , φ^−(x) = e^{ipμxμ} χ^−(p) , (20) where χ^±(p) are known functions of p. Representing a generic state of the system Λ(x) in terms of the free-field solutions φ^± one sees immediately that Λ(x) is not an eigenstate of T̂_0 and that, therefore, the gravitational part T̂ − T̂_0 due to Φ_G mixes the states of positive and negative energy.

Similar results can be obtained for all known relativistic wave equations.

3. Summary and discussion

It was shown in [14] that static electric and magnetic fields in flat spacetime excite a field-dependent ZB. This result has been extended, in this work, not only to electromagnetic fields of any type in curved space-time, but also to any gravitational fields of weak to intermediate strength. The extension is based on the notion of Berry phase. Since the approach is covariant, the result holds true in any reference frame. Moreover, the gauge potential K_λ(x, x_0) exists to any order, hence the results remain valid to any order of approximation in γ_{μν} for both fermions and bosons.

Particle propagation is affected by gravitational and electromagnetic Berry phases. They imply gauge structures that mix the field-free states giving rise to oscillations of frequency at least as high as 2m. This action can be interpreted, in the gravitational case, as an example of how the curvature of space-time can affect Hilbert space by determining transitions between states of positive and negative energy. The transitions involve ℏ. Though resonance conditions between ZB and the external fields exist in principle, their realization for particles in vacuum seems unlikely at present. The significance of the results is related to the role played by Berry phase and the related potential K_λ(x, x_0) in the mixing of positive and negative energy states that are necessarily contained in the eigenfunctions of relativistic particles. ZB oscillations appear as the particles strive to conserve energy-momentum and angular momentum along their world lines.

References [1] Y. Q. Cai and G. Papini, Gen. Rel. Gravit. 22, 259 (1990); Class. Quantum Grav. 7, 269 (1990).

[2] Y. Q. Cai and G. Papini, Class. Quantum Grav. 6, 407 (1989). [3] Y. Q. Cai and G. Papini, Phys. Rev. Lett. 66, 1259 (1991). [4] G. Papini, G. Scarpetta, A. Feoli, G. Lambiase, Int. J. Mod. Phys. D 18, 485 (2009).

[5] G. Papini, Phys. Rev. D 75, 044022 (2007).

[6] G. Lambiase, G. Papini, R. Punzi, G. Scarpetta, Phys. Rev. D 71, 073011 (2005).

[7] Giorgio Papini, Gen. Rel. Gravit., 40, 1117 (2008).

[8] R. Colella, A. W. Overhauser and S. A. Werner, Phys. Rev. Lett. 34, 1472 (1975).

[9] L. A. Page, Phys. Rev. Lett. 35, 543 (1975). S. A. Werner, J-L. Staudenmann and R. Colella, Phys. Rev. Lett. 42 1103 (1979).

[10] V. Bonse and T. Wroblewski, Phys. Rev. Lett. 51, 1401 (1983). [11] B. Mashhoon, Phys. Rev. Lett. 61, 2639 (1988); Phys. Lett. A139, 103 (1989).

[12] J. A. Lock, Am. J. Phys. 47, 797 (1979). [13] D. Singh, G. Papini, Nuovo Cim. B 115, 223 (2000). [14] Herman Feshbach and Felix Villars, Rev. Mod. Phys. 30, 24 (1958). [15] For a recent review see: Wlodak Zawadzki and Tomasz M. Rusin, J.

Phys.:Condens. Matter 23, 143201 (2011).