arXiv:1202.5754v2 [math.GT] 18 Apr 2012

Preprint (2012)

HIGHER ORDER GENERALIZATION OF FUKAYA’S MORSE HOMOTOPY INVARIANT OF 3-MANIFOLDS I. INVARIANTS OF HOMOLOGY 3-SPHERES

TADAYUKI WATANABE

Abstract. We give a higher order generalization of Fukaya’s Morse homotopy theoretic approach to 2-loop Chern–Simons perturbation theory. In this paper, we construct a sequence of invariants of homology 3-spheres with values in a space of trivalent graphs (Jacobi diagrams) by using Morse homotopy theory.

1. Introduction

K. Fukaya constructed in [Fuk96] a 3-manifold invariant by using his Morse homotopy theory, which is defined by considering several Morse functions simultaneously. Fukaya’s invariant is conjectured to coincide with the 2-loop part of Chern–Simons perturbation theory of Axelrod–Singer and Kontsevich ([AS, Ko]). The universal form of the 3-manifold invariant of Chern–Simons perturbation theory has values in a space of graphs and is known to be universal among Ohtsuki’s finite type invariants if restricted to homology spheres ([Oh96, KT, Les]). Fukaya’s invariant is defined by counting graphs in a manifold whereas Chern–Simons perturbation theory invariant is defined by an integration over the configuration space of a 3-manifold.

Behind the work of [Fuk96], there is a work of physics due to Witten that the open string theory on the cotangent bundle of a 3-manifold is equivalent to the Chern–Simons perturbation theory ([Wi]). Indeed, in [FO], it has been proved mathematically that the 0-loop open string theory on the cotangent bundle of a manifold is equivalent to the Morse homotopy theory, which had been independently developed by Betz–Cohen ([BC]) and by Fukaya ([Fuk93]). There is also a discussion in [Fuk93, Fuk96] about a relationship between the higher genus open string theory and Chern–Simons perturbation theory.

In [Fuk96], Fukaya considered triads of Morse functions (f_1, f_2, f_3) on M and for pairs (M, ζ_i), i = 1, 2, of a closed 3-manifold M and acyclic flat SU(2)-bundles ζ_i, he defined some number Ẑ_2(M, f_1, f_2, f_3; ζ_i). He showed that the difference Ẑ_2(M, f_1, f_2, f_3; ζ_1) − Ẑ_2(M, f_1, f_2, f_3; ζ_2) depends only on the equivalence class of (M, ζ_1, ζ_2). The essential points in his construction may be the following.

Date: April 19, 2012.

2000 Mathematics Subject Classification. 57M27, 57R57, 58D29, 58E05. 1

(1) Several Morse functions are considered at once and graph-shaped flows along the gradients are counted. The moduli spaces of the flows form compact 0-dimensional manifolds for a generic triad of Morse functions.

(2) Graphs with an edge separated in the middle by critical points (as in Figure 1) are considered and a linear combination of the numbers of (possibly separated) graph-flows is considered. Here the coefficients are endomorphisms between tensor products of the Morse complexes (with twisted coefficients).

(3) For each coefficient in the linear combination, combinatorial propagators (or chain contractions) of Morse complexes are composed and then the trace is taken to obtain a number.

The aim of this paper is to construct graph-valued invariants of homology 3- spheres, i.e., closed 3-manifolds M with H_∗(M) ∼= H_∗(S^3), by using Morse homotopy theory, as a higher order generalization of [Fuk96]. In this paper, we generalize the idea of Fukaya to graphs with loop numbers (the first Betti numbers) ≥ 2 for homology 3-sphere M with the trivial connection. To give an explicit formula for our invariant for all orders, we introduce an appropriate graph complex for Morse homotopy theory being based on Kontsevich’s graph complex in [Ko] and formulate the formal cancellation mechanism among different graphs, that will be necessary in the proof of invariance of our invariant, in the graph complex. The principal term Z_{2k,3k} of our invariant is defined by substituting the numbers of graph-flows into cycles in our graph complex.

The proof that our invariant is well-defined is done by a cobordism argument for a 1-parameter family of smooth functions on M without higher singularities. The main point in the cobordism argument is that the relations among the numbers of moduli spaces of graph-flows in 1-parameter family are similar to the relations in the graph complex. In this paper, we consider graphs for all orders, so we attempt to give full details of the structure of a manifold with corners of a moduli space and of arguments of orientations etc.

The moduli space of graph-flows will be described as the transversal intersections of several submanifolds of the configuration space of M or the direct product of the configuration space of M with [0, 1]. To make such definition easier, we will not use, in the cobordism argument, the argument of time dependent trajectories of [Fuk96]. Instead, we confirm the invariance one at a time by using a similar bifurcation analysis as in [Ce].

Also, in this paper, we consider only the trivial connection contribution and define an invariant not by taking the difference as in [Fuk96]. To obtain an invariant not by taking the difference, we need to introduce an anomaly correction term appropriately. In [Fuk96], the existence of such a correction term in the 2-loop case was a conjecture. In this paper, we introduce an anomaly term Z^{anomaly}_{2k,3k} by taking some linear combination of the numbers of infinitesimal graph-flows in a configuration space bundle over a compact 4-manifold having M as a boundary. The key point for the correction term to work well is the spin cobordism invariance of the anomaly term Z^{anomaly}_{2k,3k} . Namely, the spin cobordism invariance allows us to define an analogue of the signature defect, which includes Z^{anomaly}_{2k,3k} instead of the relative L-class in the sigunature defect, and it gives the desired correction term.

There are analogues of our graph complex and the moduli spaces of graph-flows for circle-valued Morse theory. The generalization to circle-valued Morse function would give an invariant of 3-manifolds with the first Betti number 1. We plan to discuss this in [Wa2].

Finally, we mention M. Futaki’s work [Fut]. Futaki discovered in [Fut] some singular phenomena that are missed in [Fuk96]. In [Fuk96], the coefficients in the linear combination of graphs are defined by contracting holonomies along graph-flows by su(2)-invariant tensors. However, Futaki observed with a concrete calculation that when the dumbbell graph contribution is nontrivial (homology 3-sphere with the trivial connection is not the case), the holonomy matrix will suddenly jump at the point on which a trivalent vertex passes through a critical point and thus the invariance fails. Since we construct an invariant via an intersection theory considering only the trivial connection contribution, the coefficients in the linear combination in our definition can be given without using holonomy matrix, so the same problem do not occur. (See also Remark 3.1.)

Organization. The organization of the present paper is as follows. In chapter 2 we introduce our graph complex and construct a cycle in it. The cycle condition in the graph complex is a formal description of the cancellation of singular flows that appear in the proof of invariance of our invariant. In chapter 3, we give definitions of Fukaya’s moduli spaces of graph-flows and the moduli space of infinitesimal graph-flows, and then consider their compactifications and orientations. Also, the definition of our invariant will be given and the main theorem, which says that our invariant is actually an invariant, is stated (Theorem 3.32). In chapter 4, we consider the compactification and orientation for the moduli space of graphflows in 1-parameter family of smooth functions. In chapter 5, in accordance with the contents in previous chapters, we prove the invariance of our invariant by a cobordism argument. For each of the four types of bifurcations that may occur generically, we confirm the invariance one at a time.

Convention. We denote by C^r(M) the space of C^r functions f : M → R on a compact manifold M for sufficiently large r and we equip C^r(M) the C^r-topology. For a C^r function f on a manifold M, we denote by Σ(f) the subset of M of critical points of f. Let Σ^1(f) (resp. Σ^2(f)) denote the subset of Σ(f) consisting of Morse singularities (resp. birth/death points, or A_2-singularities). For a Morse function f, a critical point p of f and a metric μ on a manifold, we denote by D_p(f) = D_p(f; μ) (resp. A_p(f) = A_p(f; μ)) the descending manifold (resp. ascending manifold) of (f, μ) at p. We denote by Γ(E) the space of sections of a fiber bundle E → B. For a sequence of submanifolds A_1, A_2, . . . , A_r ⊂ W of a smooth Riemannian manifold W , we say that the intersection A_1 ∩A_2 ∩· · ·∩A_r is transversal if for each point x in the intersection, the subspace N_xA_1 + N_xA_2 + · · · + N_xA_r ⊂ T_xW spans the direct sum N_xA_1 ⊕ N_xA_2 ⊕ · · · ⊕ N_xA_r. The convention for orientations of manifolds is given in Appendix A.

Figure 1.

2. Graph complex

2.1. Graphs. By a graph, we mean a finite graph with each edge oriented, i.e., an ordering of the boundary vertices of an edge is fixed, and without self-loop. For a graph Γ, let In(Γ) (resp. Out(Γ)) be the set of univalent vertices of Γ that are inputs (resp. outputs). Let W (Γ) be the set of vertices of valence ≤ 2 (“white vertex”). Let B(Γ) be the set of vertices of valence ≥ 3 (“black vertex”). An admissible graph is a graph such that

(1) |In(Γ)| = |Out(Γ)|, (2) a bijection ρ : In(Γ) → Out(Γ) is fixed, and (3) each bivalent vertex has one incoming and one outgoing edges.

A compact edge of Γ is an edge connecting two black vertices. A separated edge of Γ is a pair of edges {(a, x), (y, b)} with x, y ∈ B(Γ), a ∈ In(Γ), b ∈ Out(Γ) such that b = ρ(a). A broken edge of Γ is a pair of edges {(x, a), (a, y)} with x, y ∈ B(Γ), a ∈ W (Γ). A broken separated edge of Γ is either a triple {(a, b), (b, x), (y, c)} or a triple {(a, x), (y, b), (b, c)}, with x, y ∈ B(Γ), a, b, c ∈ W (Γ) such that c = ρ(a). Let Comp(Γ), Se(Γ), Br(Γ), Se^′(Γ) be the set of compact, separated, broken, broken separated edges respectively. A regular edge of Γ is either a compact edge or a separated edge of Γ. Let Reg(Γ) be the set of regular edges of Γ. Let E(Γ) = Comp(Γ) ∪ Se(Γ) ∪ Br(Γ) ∪ Se^′(Γ). See Figure 1.

A labeled graph is an admissible graph Γ equipped with bijections α : {1, 2, . . . , n} → B(Γ) and β : {1, 2, . . . , ℓ} → E(Γ). Let C^{(i)}_∗ = (C^{(i)}_∗ , ∂^{(i)}), C^{(i)}_∗ = Z^{P (i)∗} , i = 1, 2, . . . , ℓ, be a sequence of finitely based acyclic chain complexes over Z. For ⃗C = (C^{(1)}_∗ , . . . , C^{(ℓ)}_∗ ), we define a ⃗C-colored graph as a labeled graph Γ = (Γ, α, β) such that on each white vertex of β(i) a basis vector p ∈ C^{(i)}_∗ is attached for each i.

For each edge e = β(i) in a ⃗C-colored graph, we define its degree by

deg(e) =

1 if e ∈ Comp(Γ) d(p) − d(q) if e ∈ Se(Γ), p ∈ C^{(i)}_∗ on input, q ∈ C^{(i)}_∗ on output 0 if e ∈ Br(Γ) d(p) − d(q) − 1 if e ∈ Se^′(Γ), p ∈ C^{(i)}_∗ on input, q ∈ C^{(i)}_∗ on output where d(x) denotes the degree of x. We define the degree of a ⃗C-colored graph by deg(Γ) = (deg(β(1)), . . . , deg(β(ℓ))).

We will call a ⃗C-colored graph with degree ⃗η = (η_1, . . . , η_ℓ), with n vertices and with |Reg(Γ)| = m a ⃗C-colored graph of type (n, m, ⃗η). We define the closure ^Γ of Γ as the graph obtained from Γ by identifying white vertices of each pair (a, ρ(a)). An example of a ⃗C-colored graph of type (4, 6, (1, 1, 1, 1, 1, 1)) is given in Example 3.2.

2.2. Graph complex. Let G^0_{n,m,⃗η}( ⃗C) be the set of pairs (Γ, or), where (1) Γ is a ⃗C-colored graph of type (n, m, ⃗η) with connected closure ^Γ, (2) or is an orientation of the real vector space R^{B(Γ)} ⊕ ⨁ e∈Comp(Γ) R^{H(e)} , where H(e) = {e_+, e_−} is the set of “half-edges”, Let G_{n,m,⃗η}( ⃗C) be the vector space over Q spanned by G^0_{n,m,⃗η}( ⃗C), quotiented by the relation (Γ, −or) = −(Γ, or).

The bijection α and the edge orientation of a graph Γ defines a canonical graph orientation or_Γ. In the following, we assume that all graphs are oriented by canonical orientation, namely, if a graph is oriented by the opposite orientation to the canonical one, then we represent the oriented graph by minus of the canonically oriented one.

Let G^{comp}_{n,m,(1,...,1)}( ⃗C) be the subspace of G_{n,m,(1,...,1)}( ⃗C) spanned by graphs with only compact edges. The sequence of complexes ⃗C is unnecessary to represent a graph in G^{comp}_{n,m,(1,...,1)}( ⃗C), so there are canonical isomorphisms between G^{comp}_{n,m,(1,...,1)}( ⃗C) for different sequences ⃗C. Identifying G^{comp}_{n,m,(1,...,1)}( ⃗C) for all ⃗C, we simply write G_{n,m} = G^{comp}_{n,m,(1,...,1)}( ⃗C). We define a linear map d : G_{n,m,⃗η}( ⃗C) → ℓ⨁ j=1 G_{n−1,m−1,(η1,..., ^ηj ,...,ηℓ)}(C^{(1)}_∗ , . . . , ^C^{(j)}_∗ , . . . , C^{(ℓ)}_∗ ) by d(Γ, or) = ∑ e∈Comp(Γ)

(Γ/e, induced ori),

where for e_j = (u, v) (u, v are vertices) the induced orientation of Γ/e_j is formally given by i (_∂ ∂v ) (dv_1 ∧ · · · ∧ dv_n) ∧ (de^+_1 ∧ de^−_1 )∧^j^· · · ∧(de^+_m ∧ de^−_m). It follows from the identity i(X)i(Y ) + i(Y )i(X) = 0 that d ∘ d = 0. Also, we define another linear map d^′ : G_{n,m,⃗η}( ⃗C) → ℓ⨁ j=1 G_{n,m−1,(η1,...,ηj −1,...,ηℓ)}( ⃗C) by ∑ e∈Reg(Γ) d ′ e, where

d^′_e = − ∑ r_i∈P^{(i)}_∗ (β(i) = e)

d^′_e = ∑ ri∈P (i) ∗ d(ri )=d(pi)−1 + ∑ si ∈P (i) ∗ d(si)=d(qi )+1 (−1)^{d(pi)−d(si)} (β(i) = e),

where or(d^′_eΓ) is the naturally induced one. (Note that d^′ ∘ d^′ ≠ 0.) The reason for the signs in the formula will be explained in §3.8.

2.3. The space H_n. We shall introduce some relations in the space of graphs to bring them closer to the moduli space of graph flows. Let ∂^{(i)}(x, y), x, y ∈ C^{(i)}_∗ , denote the graph . Let Γ be a ⃗C-labeled graph with β(i) ∈ Se(Γ) and with basis

vectors x and y ∈ C^{(i)}_∗ attached on the input and output white vertex respectively. To specify that Γ has such an edge, we will write Γ = Γ(x, y)_i. This notation enables us to express the graph obtained from Γ by replacing x and y with x^′ and y^′ respectively, as Γ(x^′, y^′)_i. We will write Γ(∅, ∅)_i the graph obtained from Γ by replacing the separated edge β(i) with a compact edge. Let G_{n,∗,⃗η}( ⃗C) = ℓ⨁ m=0 G_{n,m,⃗η}( ⃗C),

H_n( ⃗C) = ⨁ ⃗η≤(2,...,2) Gn,∗,⃗η( ⃗C) ⊕ Gn−1,∗,⃗η( ⃗C) (d + d^′)G_{n,∗,Σ(1,...,1)}( ⃗C), ∂-relation, C-relation , where

(1) Σ(1, 1, . . . , 1) = (2, 1, . . . , 1)+(1, 2, . . . , 1)+· · ·+(1, 1, . . . , 2), i.e., G_{n,∗,Σ(1,...,1)} = G_{n,∗,(2,1,...,1)} ⊕ · · · ⊕ G_{n,∗,(1,1,...,2)}, (2) ∂-relation is given by

∂^{(i)}(p_i, r_i) ∗ Γ(r_i, q_i)_i = ∂^{(i)}_{piri} · Γ(r_i, q_i)_i

Γ(p_i, r_i)_i ∗ ∂^{(i)}(r_i, q_i) = ∂^{(i)}_{riqi} · Γ(p_i, r_i)_i

(∂^{(i)}(p_i, r_i) ∗ Γ(r_i, q_i)_i etc. is a composition of two graphs at the univalent vertices, on which r_i is attached. ∂^{(i)}p_i r_i etc. is the incidence coefficient of r_i in ∂^{(i)}p_i.), (3) C-relation is given by = .

We denote by ⟨Γ⟩ the equivalence class in H_n( ⃗C) represented by Γ. The relation (d+ d^′)G_{n,∗,Σ(1,...,1)}( ⃗C) will correspond to the fact that the signed number of boundaries of a moduli space that is an oriented 1-manifold is 0.

2.4. Cycles in G_{n,m}. In the following, we assume that ℓ = m, i.e., ⃗C = (C^{(1)}_∗ , . . . , C^{(m)}_∗ ). In such a case, we write G_{n,m}( ⃗C) the subspace of G_{n,m,(1,...,1)}( ⃗C) spanned by graphs with no bivalent vertices.

We consider a linear combination γ = ∑ Γ∈G_{n,m}( ⃗C) a(Γ)Γ ∈ G_{n,m}( ⃗C), a(Γ) ∈ Q,

where the sum is taken over all ⃗C-colored graphs in G^0_{n,m}( ⃗C) of type (n, m, (1, . . . , 1)), each equipped with canonical orientation. So we consider all possible labellings and edge orientations. The d-cycle condition dγ = 0 ⇔ ∑ Γ∈G_{n,m}( ⃗C) a(Γ)dΓ = 0

is equivalent to a system of linear equations among coefficients a(Γ). We call the linear system the (∗)-relation. By considering a(Γ) as formal variables, we get a universal cycle. Namely, we define the space A_{n,m}( ⃗C) to be the quotient space of G_{n,m}( ⃗C) by the (∗)-relation and the label change relation, which identifies two labeled oriented graphs with isomorphic underlying graph when one is obtained from another by even swappings of labels or of edge orientations. We denote by [Γ] the equivalence class in A_{n,m}( ⃗C) represented by Γ. Then we put ~γ_{n,m} = ∑ Γ∈G_{n,m}( ⃗C) [Γ] ⊗ Γ ∈ A_{n,m}( ⃗C) ⊗ G_{n,m}( ⃗C).

Clearly, ~γ_{n,m} is a (1 ⊗ d)-cycle.

We will need a (d + d^′)-cycle later^∗. To make ~γ_{n,m} a (d + d^′)-cycle, we define the ξ-relation in A_{n,m}( ⃗C) by ∑ xi∈C(i)∗ d(xi )=d(qi )+1 ∂^{(i)}_{xipi} · [Γ(x_i, q_i)_i] + ∑ yi∈C(i)∗ d(yi )=d(pi)−1 ∂^{(i)}_{qi yi} · [Γ(p_i, y_i)_i] − δ_{piqi} · [Γ(∅, ∅)_i] = 0,

for each Γ(p_i, q_i)_i ∈ G_{n,m,(η1,...,ηm)}( ⃗C), η_j = 1 (j ≠ i), η_i = 0.

Lemma 2.1. ⟨(1 ⊗ (d + d^′))~γ_{n,m}⟩ = 0 in A_{n,m}( ⃗C)/(ξ-relation) ⊗ H_n( ⃗C).

Proof. We have seen that (1⊗d)~γ_{n,m} = 0. So it suffices to show that ⟨(1⊗d^′)~γ_{n,m}⟩ = 0. We show that (1 ⊗ d^′)~γ_{n,m} vanishes in A_{n,m}( ⃗C)/(ξ-relation) ⊗ I_n( ⃗C), where

I_n( ⃗C) = ⨁ ⃗η≤(2,...,2) G_{n,∗,⃗η}( ⃗C) / ∂-relation, C-relation.

We denote by ⟨Γ⟩_1 the equivalence class of Γ in I_n( ⃗C). Since the left hand side of the identity of Lemma 2.1 lies in the image from A_{n,m}( ⃗C)/(ξ-relation) ⊗ I_n( ⃗C),

∗Since d^′ does not satisfy d^′ ∘ d^′ = 0, the word “d^′-cycle” does not in fact make sense. But we merely say that an element of G_{n,m} ( ⃗C) is a d^′-cycle if it lies in the kernel of d^′.

it suffices to check the assertion in the space A_{n,m}( ⃗C)/(ξ-relation) ⊗ I_n( ⃗C). In A_{n,m}( ⃗C)/(ξ-relation) ⊗ I_n( ⃗C), we have ⟨(1 ⊗ d^′)~γ_{n,m}⟩_1 = ∑ Γ∈G_{n,m}( ⃗C) [Γ] ⊗ ⟨d^′Γ⟩_1

= m∑ i=1 ∑ Γ′(pi ,qi )i d(pi)=d(qi ) ( d^{′∗}Γ^′(p_i, q_i)_i ) ⊗ ⟨Γ^′(p_i, q_i)_i⟩_1,

where the second sum of the second line is taken over graphs of degree (η_1, . . . , η_m), η_j = 1 (j ≠ i), η_i = 0 such that β(i) ∈ Se(Γ) and where d^{′∗} : G_{n,m−1,⃗η}( ⃗C) → A_{n,m}( ⃗C) is the linear map defined by

d^{′∗}Γ^′ = ( coefficient of 1 ⊗ ⟨Γ^′⟩_1 in ∑ Γ∈G_{n,m}( ⃗C) [Γ] ⊗ ⟨d^′Γ⟩_1 ) .

This is well-defined since there is a canonical reduced presentation in I_n( ⃗C). But d^{′∗}Γ^′(p_i, q_i)_i, d(p_i) = d(q_i), is precisely the left hand side of the definition of the ξ-relation. □

2.5. The chain complex of endomorphisms of an acyclic chain complex. For a finitely generated, based free acyclic chain complex (C_∗, ∂), C_i = Z^{Pi}, we consider the Z-module End_k(C_∗) of endomorphisms C_∗ → C_{∗+k} of homogeneous degree k. The boundary operator ∂^′ : End_k(C_∗) → End_{k−1}(C_∗) is defined by ∂^′f = ∂ ∘ f + (−1)^{k+1}f ∘ ∂. Then the pair (End_∗(C_∗), ∂^′) forms a chain complex. By the canonical isomorphism

End_k(C_∗) ∼= ⨁ i∈Z C_{i+k} ⊗ Hom(C_i, Z)

and the Künneth theorem, one can show that the complex (End_∗(C_∗), ∂^′) is acyclic.

For example, f ∈ End_0(C_∗) is a cycle iff ∂^′f = ∂f − f∂ = 0. In particular, id ∈ End_0(C_∗) is a cycle and hence is a boundary. So there exists g ∈ End_1(C_∗) such that ∂^′g = ∂g + g∂ = id. We will call such an endomorphism g a combinatorial propagator for (C_∗, ∂). If two such endomorphisms g, g^′ are given, then the difference g − g^′ is a ∂^′-cycle, since ∂^′(g − g^′) = id − id = 0. So there exists h ∈ End_2(C_∗) such that ∂^′h = ∂h − h∂ = g − g^′. 2.6. Combinatorial propagator and trace. We will construct a (d + d^′)-cycle in H_n( ⃗C) by using combinatorial propagators and the trace in [Fuk96]. Let Γ be a ⃗C-labeled graph Γ with p_i ∈ C^{(i)}_∗ on the input and q_i ∈ C^{(i)}_∗ on the output. We put k_i = d(p_i) − d(q_i). For a sequence ⃗h = (h^{(1)}, . . . , h^{(m)}) of endomorphisms h^{(i)} ∈ End_{ki} (C^{(i)}_∗ ), i = 1, 2, . . . , m, we define the trace of Γ by

Tr_{⃗h} = a∏ i=1 h^{(i)}_{qi pi} × Smooth ,

where Smooth is the smoothing operator:

Smooth · · · = · · · .

In particular, since each (C^{(i)}_∗ , ∂^{(i)}) is acyclic, there exists a combinatorial propagator, i.e., an endomorphism g^{(i)} : C^{(i)}_∗ → C^{(i)}_{∗+1} of homogeneous degree 1 such that ∂^{(i)}g^{(i)} + g^{(i)}∂^{(i)} = id. As a special case of the above definition, the trace by combinatorial propagators ⃗g = (g^{(1)}, . . . , g^{(m)}) defines a linear map Tr_{⃗g} : G_{n,m}( ⃗C) → G_{n,m}. Let A_{n,m} = G_{n,m}/(∗)-relation, label change relation. Since Tr_{⃗g} ((∗)-relation) ⊂ (∗)-relation, the map Tr_{⃗g} descends to a well-defined map Tr_{⃗g} : A_{n,m}( ⃗C) → A_{n,m}. Lemma 2.2. Tr_{⃗g} (ξ-relation) = 0. Hence Tr_{⃗g} induces a well-defined map ~Tr_{⃗g} : A_{n,m}( ⃗C)/(ξ-relation) → A_{n,m}. Proof. For p_i, q_i ∈ P^{(i)}_∗ with d(p_i) = d(q_i), we have Tr_{⃗g} [ ∑ xi∈P (i) ∗ d(xi)=d(qi )+1 ∂^{(i)}_{xipi} · [Γ(x_i, q_i)_i] + ∑ yi∈P (i) ∗ d(yi)=d(pi )−1 ∂^{(i)}_{qi yi} · [Γ(p_i, y_i)_i] − δ_{pi qi} · [Γ(∅, ∅)_i] ]

=Tr_{...,∂}(i)_g(i)_{+g}(i)_∂(i)_{,...} [ [Γ(p_i, q_i)_i] ] − Tr_{⃗g} [ δ_{piqi} · [Γ(∅, ∅)_i] ]

=Tr_{...,id,...} [ [Γ(p_i, q_i)_i] ] − Tr_{⃗g} [ δ_{pi qi} · [Γ(∅, ∅)_i] ]

=δ_{piqi} Tr_{...,id,...} [ [Γ(p_i, q_i)_i] − [Γ(∅, ∅)_i] ] = 0. □ Lemma 2.3. The following assertions hold. (~Tr^′ = ~Tr ⊗ 1)

(1) ⟨(1 ⊗ (d + d^′))~Tr^′_{⃗g}(~γ_{n,m})⟩ = 0.

(2) ⟨~Tr^′_{⃗g}(~γ_{n,m})⟩ ∈ A_{n,m}⊗H_n( ⃗C) does not depend on the choice of combinatorial propagators ⃗g.

Proof. The assertion (1) is immediate from Lemmas 2.1 and 2.2 and from the fact that ~Tr^′_{⃗g} commutes with d and d^′. Now we shall prove (2). We prove the assertion for ⃗g = (g, g^{(2)}, . . . , g^{(m)}) and ⃗g^′ = (g^′, g^{(2)}, . . . , g^{(m)}), where g and g^′ are two combinatorial propagators for (C^{(1)}_∗ , ∂^{(1)}). As mentioned in §2.5, there exists an endomorphism h ∈ End_2(C^{(1)}_∗ ) such that ∂^{(1)}h − h∂^{(1)} = g − g^′. Then we have

⟨~Tr^′_{g,...}(~γ_{n,m})⟩ − ⟨~Tr^′_g′_{,...}(~γ_{n,m})⟩ = ~Tr^′_{g−g}′_{,...} [ ∑ Γ(p1 ,q1 )1 d(p1 )=d(q1 )+1

[Γ(p_1, q_1)_1] ⊗ ⟨Γ(p_1, q_1)_1⟩ ]

= ~Tr^′_∂(1)_{h−h∂}(1)_{,...} [ ∑ Γ(p_1,q_1 )_1

[Γ(p_1, q_1)_1] ⊗ ⟨Γ(p_1, q_1)_1⟩ ]

= ~Tr^′_{h,...} [ ∑ Γ(p_1 ,q_1)_1 ∑ x1 ∈P (1) ∗ d(x1 )=d(p1)+1

∂^{(1)}_{x1 p1} · [Γ(x_1, q_1)_1] ⊗ ⟨Γ(p_1, q_1)_1⟩

− ∑ Γ(p_1 ,q_1)_1 ∑ y1∈P (1) ∗ d(y1 )=d(q1 )−1 ∂^{(1)}_{q1 y1} · [Γ(p_1, y_1)_1] ⊗ ⟨Γ(p_1, q_1)_1⟩ ]

= ~Tr^′_{h,...} [ ∑ Γ(p_1 ,q_1)_1 ∑ x_1

[Γ(x_1, q_1)_1] ⊗ ⟨∂^{(1)}(x_1, p_1) ∗ Γ(p_1, q_1)_1⟩ − ∑ Γ(p_1 ,q_1)_1 ∑ y_1

[Γ(p_1, y_1)_1] ⊗ ⟨Γ(p_1, q_1)_1 ∗ ∂^{(1)}(q_1, y_1)⟩ ]

= ~Tr^′_{h,...} [ ∑ p′1,q′1 ∈P (1) ∗ d(p′1)=d(q′1 )+2 ∑ Γ(p^′_1,q^′_1 )_1

[Γ(p^′_1, q^′_1)_1] ⊗ ⟨(∂^{(1)} ∗ Γ − Γ ∗ ∂^{(1)})(p^′_1, q^′_1)_1⟩ ] .

(2.1)

We show that this vanishes. We write ⃗C[j] = (C^{(1)}_∗ , . . . , ^C^{(j)}_∗ , . . . , C^{(m)}_∗ ) and ⃗η[j] = (η_1, . . . , ^η_j , . . . , η_m) for simplicity. If we define d^∗ : ⨁_m j=1 G_{n−1,m−1,⃗η[j]}( ⃗C[j]) → G_{n,m,⃗η}( ⃗C) by

d^∗Γ = ( coefficient of 1 ⊗ Γ in ∑ Γ^′ ∈G_{n,m,⃗η}( ⃗C) Γ^′ ⊗ dΓ^′ ) ,

then Im d^∗ = (∗)-relation. By the relation (d + d^′)G_{n,∗,Σ(1,...,1)}( ⃗C) of H_n( ⃗C), the following identities hold in A_{n,m} ⊗ H_n( ⃗C)

0 = ~Tr^′_{h,...} [ ∑ p′1,q′1 ∈P (1) ∗ d(p′1)=d(q′1 )+2 ∑ Γ(p′1 ,q′1 )1 ∈ Gn,m,(2,1,...,1)( ⃗C) [Γ(p^′_1, q^′_1)_1] ⊗ ⟨(d + d^′)Γ(p^′_1, q^′_1)_1⟩ ]

= ~Tr^′_{h,...} [ ∑ p′1,q′1 ∈P (1) ∗ d(p′1)=d(q′1 )+2 ∑ Γ′ (p′1 ,q′1)1 ∈ ⨁ j Gn−1,m−1,(2,1,...,1)[j] ( ⃗C[j]) [d^∗Γ^′(p^′_1, q^′_1)_1] ⊗ ⟨Γ^′(p^′_1, q^′_1)_1⟩

+ ∑ p′1,q′1∈P (1) ∗ d(p′1)=d(q′1 )+2 ∑ Γ(p′1 ,q′1 )1 ∈ Gn,m,(2,1,...,1)( ⃗C) [Γ(p^′_1, q^′_1)_1] ⊗ ⟨d^′Γ(p^′_1, q^′_1)_1⟩ ]

= ~Tr^′_{h,...} [ ∑ p′1,q′1 ∈P (1)∗ d(p′1)=d(q′1 )+2 ∑ Γ(p^′_1 ,q^′_1 )_1

[Γ(p^′_1, q^′_1)_1] ⊗ ⟨(∂^{(1)} ∗ Γ − Γ ∗ ∂^{(1)})(p^′_1, q^′_1)_1⟩

+ ∑ p′1,q′1∈P (1) ∗ d(p′1)=d(q′1 )+2 ∑ i≠1 ∑ pi,qi ∈P (i) ∗ d(pi)=d(qi )+1 ∑ Γ(p^′_1 ,q^′_1 )_1(p_i,q_i )_i

[Γ(p^′_1, q^′_1)_1(p_i, q_i)_i]

⊗ ⟨(∂^{(i)} ∗ Γ + Γ ∗ ∂^{(i)})(p^′_1, q^′_1)_1(p_i, q_i)_i⟩ + ∑ p′1,q′1∈P (1) ∗ d(p′1)=d(q′1 )+2 ∑ Γ(p^′_1 ,q^′_1)_1 ∑ e∈Comp(Γ(p′1 ,q′1 )1 ) e≠1 [Γ(p^′_1, q^′_1)_1] ⊗ ⟨d^′_eΓ(p^′_1, q^′_1)_1⟩ ] .

Here the fourth row agrees with (2.1) and the vanishing of the last three rows can be shown as follows: for each p^′_1, q^′_1 ∈ P^{(1)}_∗ with d(p^′_1) = d(q^′_1) + 2, we have ~Tr^′_{h,...,g(i) ,...} [ ∑ pi,qi ∈P (i) ∗ d(pi)=d(qi )+1 ∑ Γ(p^′_1 ,q^′_1 )_1(p_i,q_i )_i

[Γ(p^′_1, q^′_1)_1(p_i, q_i)_i]

⊗ ⟨(∂^{(i)} ∗ Γ + Γ ∗ ∂^{(i)})(p^′_1, q^′_1)_1(p_i, q_i)_i⟩ ]

= ~Tr^′_{h,...,∂}(i)_g(i)_{+g}(i)_∂(i)_{,...} [ ∑ p′i,q′i ∈P (i) ∗ d(p′i)=d(q′i ) ∑ Γ(p^′_1 ,q^′_1 )_1(p^′_i,q^′_i )_i

[Γ(p^′_1, q^′_1)_1(p^′_i, q^′_i)_i]

⊗ ⟨Γ(p^′_1, q^′_1)_1(p^′_i, q^′_i)_i⟩ ]

= ~Tr^′_{h,...,id,...} [ ∑ p^′_i ∈P^{(i)}_∗ ∑ Γ(p^′_1 ,q^′_1)_1 (p^′_i,p^′_i)_i

[Γ(p^′_1, q^′_1)_1(p^′_i, p^′_i)_i] ⊗ ⟨Γ(p^′_1, q^′_1)_1(p^′_i, p^′_i)_i⟩ ] . This cancels with the corresponding term in ~Tr^′_{h,...} [ ∑ Γ(p^′_1,q^′_1 )_1 ∑ e∈Comp(Γ(p′1 ,q′1 )1 ) e≠1 [Γ(p^′_1, q^′_1)_1] ⊗ ⟨d^′_eΓ(p^′_1, q^′_1)_1⟩ ] .

□

3. Fukaya’s moduli space of gradient flow graphs in a manifold and its compactification 3.1. Fukaya’s moduli space M_Γ. Suppose given a sequence ⃗f = (f_1, f_2, . . . , f_m) of C^r Morse functions on a d-dimensional smooth homology sphere M for r ≫ 0 and a Riemannian metric μ on M. Throughout this section we assume that d is odd. Suppose that (f_i, μ) is Morse–Smale for each i. Recall that a pair of Morse function and a metric is Morse–Smale if all the intersections of the descending manifolds and the ascending manifolds are transversal. Let C^{(i)} = (C^{(i)} = Z^{P (i)}, ∂^{(i)}) be the Morse complex associated to (f_i, μ), namely, C^{(i)} is the free Z-module generated by the (finite) set P^{(i)}_∗ of critical points of f_i and ∂^{(i)} : C^{(i)}_{k+1} → C^{(i)}_k is defined by

∂^{(i)}p = ∑ q∈P^{(i)}_k #M (fi; p, q) · q, M (f_i; p, q) = M (f_i; p, q) ⋔ L_p, M (f_i; p, q) = D_p(f_i) ⋔ A_q(f_i),

where L_p is a level surface that lies just below the level of p and M (f_i; p, q) is an oriented 0-dimensional manifold. Take a pair of critical points a_i ∈ P^{(i)}_d and b_i ∈ P^{(i)}_0 arbitrarily, and consider the quotient ~C^{(i)} = C^{(i)}/⟨a_i, b_i⟩. Then ~C^{(i)} together with the induced boundary ~∂^{(i)} forms an acyclic chain complex. We put ⃗C = ( ~C^{(1)}, . . . , ~C^{(m)}). For a ⃗C-colored graph Γ = (Γ, α, β) of type (n, m, (1, . . . , 1)) with ℓ = m, we define the source and the target maps Source : {1, 2, . . . , m} → {1, 2, . . . , n}, Target : {1, 2, . . . , m} → {1, 2, . . . , n} as Source(k) = α^{−1}(source of β(k)), Target(k) = α^{−1}(target of β(k)). We define the subsets In_i(Γ) = {k^i_1, k^i_2, . . . , k^i_{ri} }, In^∞_i (Γ) = {k̄^i_1, k̄^i_2, . . . , k̄^i_{r̄i} }, Out_i(Γ) = {ℓ^i_1, ℓ^i_2, . . . , ℓ^i_{si} }, Out^∞_i (Γ) = {ℓ̄^i_1, ℓ̄^i_2, . . . , ℓ̄^i_{s̄i} }

of the set of labels {1, 2, . . . , m} of edges as the subsets consisting of labels of edges with

k^i_j ∈ In_i(Γ) ⇔ Target(k^i_j ) = i and β(k^i_j ) ∈ Comp(Γ), k̄^i_j ∈ In^∞_i (Γ) ⇔ Target(k̄^i_j ) = i and β(k̄i_j ) ∈ Se(Γ),

ℓ^i_j ∈ Out_i(Γ) ⇔ Source(ℓ^i_j ) = i and β(k^i_j ) ∈ Comp(Γ), ℓ̄^i_j ∈ Out^∞_i (Γ) ⇔ Source(ℓ̄^i_j ) = i and β(k̄i_j ) ∈ Se(Γ).

For example, In_i(Γ) is the subset of labels of incoming compact edges at the i-th vertex and In^∞_i (Γ) is the subset of labels of incoming separated edges at the i-th vertex.

Let Φ^t_f : M → M be the 1-parameter group of diffeomorphisms associated to −grad f considered with respect to a metric μ. For ⃗f = (f_1, . . . , f_m), let M_Γ( ⃗f) = M_Γ( ⃗f; μ) be the space of points (x_1, . . . , x_n) ∈ Conf_n(M) such that

(1) for all 1 ≤ i ≤ n, 1 ≤ j ≤ r_i, there exists t_ki_j ∈ (0, ∞) such that Φ^{tkij}_{fkij} (x_{σ(k}i_{j )}) = x_i, (2) lim_{t→−∞} Φ^t_{fk̄ij} (x_i) = p¯_ki_j for 1 ≤ i ≤ n, 1 ≤ j ≤ r̄_i, (3) lim_{t→+∞} Φ^t_{fℓ̄ij} (x_i) = q¯_ℓi_j for 1 ≤ i ≤ n, 1 ≤ j ≤ s̄_i.

Remark 3.1. Since Φ^t_f (p) = Φ^0_f (p) = p for a critical point p of f, we allow for a point (x_1, . . . , x_n) of M_Γ( ⃗f) that x_i coincides with a critical point of f_j . We will see below that such a point is not a singular point of M_Γ( ⃗f).

3.2. Transversality. Let Γ ∈ G_{n,m,⃗η}( ⃗C) be a ⃗C-colored graph with a inputs (and a outputs) and with only regular edges. For simplicity, we assume that the noncompact edges in Se(Γ) are labeled (via β) by {1, 2, . . . , a}. Let (p_i, q_i) be the pair of basis vectors attached on the edge labeled i. We define a smooth map

Φ_{⃗f} : a∏ j=1 (D_{pj} (f_j ) × A_{qj} (f_j )) × Conf_n(M) × R^{m−a}_+ → M^{n+m+a} by Φ_{⃗f} (u_1, v_1, . . . , u_a, v_a; x_1, . . . , x_n; t_{a+1}, . . . , t_m) = n∏ i=1 (x_i, y_ki_1 , . . . , y_ki_{ri} , u¯_ki_1 , . . . , u¯_ki_{r̄i} , v¯_ℓi_1 , . . . , v¯_ℓi_{s̄i} ), where y_k = Φ^{tk}_{fk} (x_{σ(k)}) and R_+ = [0, ∞). Let Δ ⊂ M^{n+m+a} be the subset consisting of all the points of the form_n ∏ i=1 (x_i, r_i+r̄_i+s̄_i x_i, . . . , x_i) for (x_1, . . . , x_n) ∈ Conf_n(M). Then M_Γ( ⃗f) is the image of Φ^{−1}_{⃗f} (Δ) under the projection onto Conf_n(M) and the projection induces an embedding. Example 3.2. We consider the following graph, for example.

Γ = ∈ G_{4,6}( ⃗C).

The map Φ_{⃗f} : (D_p(f_1) × A_q(f_1)) × Conf_4(M) × R^5_+ → M^{11} is defined by Φ_{⃗f} (u, v; x_1, x_2, x_3, x_4; t_2, t_3, t_4, t_5, t_6)

= (x_1, v) × (x_2, Φ^{t2}_{f2} (x_1)) × (x_3, Φ^{t4}_{f4} (x_1), Φ^{t5}_{f5} (x_2)) × (x_4, Φ^{t3}_{f3} (x_2), Φ^{t6}_{f6} (x_3), u).

Then M_Γ( ⃗f) is the image of Φ^{−1}_{⃗f} (Δ) under the projection onto Conf_4(M), where

Δ = {(x_1, x_1)×(x_2, x_2)×(x_3, x_3, x_3)×(x_4, x_4, x_4, x_4) ; (x_1, x_2, x_3, x_4) ∈ Conf_4(M)}. □ Let U_j be a small neighborhood of a Morse function in C^r (M), so that the set of critical points does not change on U_j . By considering Φ_{⃗f} for all ⃗f ∈ ∏_m j=1 U_j for a fixed Riemannian metric μ on M, we get a smooth map Φ : a∏ j=1 ⋃ f_j ∈U_j (D_{pj} (f_j ) × A_{qj} (f_j )) × Conf_n(M) × R^{m−a}_+ × m∏ j=a+1 U_j → M^{n+m+a}, where we consider ⋃ f_j ∈U_j (Dpj (fj ) × Aqj (fj )) as a subspace of Uj × M 2. Lemma 3.3. The smooth map Φ is transversal to Δ.

Proof. We show that every normal vector V ∈ T_xM^{m+n+a} lies in the image of the differential DΦ : T Domain(Φ) → T M^{m+n+a} on points of Δ. Now suppose that a point x = ∏_n i=1(x_i, . . . , x_i) ∈ Δ lies in the image of Φ. We first prove the claim in the case where each x_i does not belong to Σ(f_1) ∪ · · · ∪ Σ(f_m). Suppose that there exist x ∈ M and t_ℓ ∈ (0, ∞) such that Φ^{tℓ}_{fℓ} (x) = x_i

for some ℓ. Then there exists a local coordinate ψ_U : R^{d ≈}→ U of a neighborhood U of x_i in M such that −grad_{ψU (q)} f_ℓ = Dψ_U (v_1(q), . . . , v_d(q)), q ∈ R^d , v_j (q) = v_j (0) (image of a constant field). Here, we may assume without loss of generality that (Dψ_U )^{−1}(V ) agrees with (0, . . . , 0, b) for some b < 0.

Now for small constants ε > 0, κ > 0 and β > 0, we define a C^∞-function g_{ε,κ} : R → R by g_{ε,κ}(t) = { −κe^{− βt} 2 ε2−t2 −ε < t < ε 0 otherwise We define a C^∞-function h_ℓ : R^d → R by h_ℓ(t_1, . . . , t_d) = f_ℓ ∘ ψ_U (t_1, . . . , t_d) + sg_{ε,κ}(t_d).

for a constant s > 0. By this deformation, the negative gradient, after passing through the part −ε < t_d < ε, shifts by a multiple of (0, . . . , 0, 1). Therefore, for some ε, κ and λ_0 ∈ R, we have dΦ^{tℓ+sλ0} f_ℓ+sg_{ε,κ} ds | | | | |_{s=0} = V. This shows that the differential of Φ is surjective at any point of Φ^{−1}(x), x ∈ Δ.

If x_i agrees with p_ℓ ∈ Σ(f_ℓ) for some ℓ and if the ℓ-th edge of Γ is one of the following forms: , then by a suitable deformation of f_ℓ on a small neighborhood of p_ℓ the position of p_ℓ shifts in an arbitrary direction. This shows the transversality for x_i = p_ℓ case. □

Proposition 3.4 (Fukaya). Suppose that Γ ∈ G_{n,m,⃗η}( ⃗C) has no bivalent vertex, i.e., E(Γ) = Reg(Γ). For a generic choice of ⃗f, the space M_Γ( ⃗f) is an oriented smooth manifold of dimension

dim M_Γ( ⃗f) = d(n − m) + m∑ i=1 η_i. Moreover, ⃗f can be chosen so that this property is satisfied simultaneously for all graphs Γ in G_{n,m,⃗η}( ⃗C) for a fixed triple m, n, ⃗η.

Proof. It follows from Lemma 3.3 that Φ^{−1}(Δ) is a (infinite dimensional) smooth submanifold of codimension (n+m+a−n)d = (m+a)d. Let π : Φ^{−1}(Δ) → ∏_m j=1 U_j be the restriction of the projection. Since the projection a∏ j=1 ⋃ f_j ∈U_j (D_{pj} (f_j ) × A_{qj} (f_j )) × Conf_n(M) × R^{m−a}_+ × m∏ j=a+1 U_j → m∏ j=1 U_j is a Fredholm map of index ∑_a j=1(d(p_j ) + (d − d(q_j ))) + nd + (m − a) = nd + ad + m − a + ∑_a j=1 η_j , the projection π is Fredholm of index nd + ad + m − a + a∑ j=1 η_j − (m + a)d = d(n − m) + m∑ j=1 η_j . Hence for a regular value ⃗f ∈ ∏_m j=1 U_j of π, the fiber is a smooth manifold of dimension d(n − m) + ∑_m j=1 η_j . By the Sard–Smale theorem, the set of regular values of π is dense. The second statement follows from the fact that there are only finitely many graphs in G_{m,n,⃗η}( ⃗C) for a fixed m, n, ⃗η and that finite intersection of dense subsets is dense too. □

3.3. Compactification of the moduli space of gradient trajectories between two non-singular points. For a Morse function f and a metric μ on M, we define

M_2(f) = M_2(f; μ) = {(x, y) ∈ (M − Σ(f))^2; y = Φ^t_f (x) for some t ∈ [0, ∞)}.

We shall construct a natural compactification of M_2(f).

3.3.1. The idea for the compactification. To explain the idea for the compactification of M_2(f), we introduce the notion of a (gradient) trajectory with nodes as a sequence of points x_0, x_1, . . . , x_r ∈ M such that there is a sequence t_0, t_1, . . . , t_{r−1} ∈ [0, ∞) with x_{i+1} = Φ^{ti}_f (x_i) for each i. Then it is obvious that x_r = Φ^{t0+···+tr−1}_f (x_0), or (x_0, x_r) ∈ M_2(f). So, to describe a nonsingular trajectory connecting x_0 and x_r , the intermediate nodes x_1, . . . , x_{r−1} are unnecessary. However, to describe a broken trajectory as a limit of non-singular trajectories, they are necessary. For example, suppose a 1-parameter family γ_s of nonsingular trajectories between two nodes, say x_0(s) and x_2(s), converges to a twice broken trajectory ξ, broken at two critical points p and q, as s → ∞. See Figure 2. The positions of x_0(∞) and x_2(∞) are not enough to determine ξ uniquely, since there may be not only one possibility for the trajectory connecting p and q. If we consider intermediate point, say x_1(s), on γ_s, that converges to a point x_1(∞) with f(q) < f(x_1(∞)) < f(p), then the position

Figure 2. Convergence to a broken trajectory

of x_1(∞) determines the trajectory between p and q uniquely, and thus the limit ξ is determined uniquely as well. If the limit is k-times broken trajectory, then it suffices to consider appropriate family of nodes x_1(s), . . . , x_{k−1}(s) to describe the limiting behavior.

This observation suggests that the moduli space should be defined as the space of “equivalence classes” of trajectories with nodes, where we say that two trajectories with nodes (x_0, x_1, . . . , x_r) and (y_0, y_1, . . . , y_r′ ) respectively are equivalent if x_0 = y_0 and x_r = y_r′ . Then it will turn out that the limiting behavior of the moduli space near the end is nonsingular, in the sense that the moduli space can be considered as the interior of a smooth manifold with corners. See Proposition 3.10 for precise statement.

3.3.2. Moduli space of short trajectories. From now on we shall construct a compactification of M_2(f). One can easily check the following lemma.

Lemma 3.5. For any C^r Morse function f : M → R, there is an arbitrarily C^rsmall deformation of f in C^r(M) such that all the critical values of the resulting Morse function are distinct.

So, in the following, we assume that f is chosen as in Lemma 3.5. Since a smooth function on M that is sufficiently close in C^r(M) to a Morse function is again a Morse function, we may assume that f is Morse. Suppose that the singular set Σ(f) = {p_1, p_2, . . . , p_N } is ordered so that f(p_k) < f(p_{k+1}) for each k ≤ N − 1. We put c_k = f(p_k). For a small number ε > 0, let L_k = f^{−1}(c_k − ε), L^′_k = f^{−1}(c_k + ε) and W_k = f^{−1}[c_k − ε, c_{k+1}). Note that W_k contains exactly one critical point of f. (See Figure 3.) For a pair of subsets A, B of M, we write

M_2(f; A, B) = M_2(f) ∩ (A × B).

We choose a small open cover U = {U_λ} of W_k . For each λ, we shall describe M_2(f; U_λ, L_k) and its compactification. There are three cases for λ:

(1) U_λ ∩ A_{pk} (f) = ∅, (2) U_λ ∩ {p_k} ≠ ∅ (and thus U_λ ∩ A_{pk} (f) ≠ ∅), (3) U_λ ∩ {p_k} = ∅ and U_λ ∩ A_{pk} (f) ≠ ∅.

Figure 3.

Case (1): In this case, the negative gradient trajectory starting from any point x of U_λ intersects L_k. We denote the intersection point on L_k by μ(x). Then the mapping x → (x, μ(x)) defines a smooth embedding μ̄ : U_λ → U_λ × L_k and we have M_2(f; U_λ, L_k) = Im μ̄. One can see that there are no ends of Im μ̄ in the image of the interior of U_λ, so it is not necessary to compactify the moduli space here, namely, we define

M_2(f; U_λ, L_k) = M_2(f; U_λ, L_k).

Case (2): In this case, M_2(f; U_λ, L_k) is a submanifold of (U_λ \ A_{pk} (f)) × L_k diffeomorphic to U_λ \ A_{pk} (f). By Morse’s lemma, there is a local coordinate of a neighborhood M_{pk} of p_k on which f agrees with

h(x) = c_k − x^2_1 − · · · − x^2_i + x^2_{i+1} + · · · + x^2_d.

One can choose a metric on M so that the metric on M_{pk} corresponds to the standard metric on R^d . We choose ε and U_λ so small that a neighborhood of D_{pk} (f) ∩ L_k in L_k is included in M_{pk} and that U_λ ⊂ M_{pk} . By the local coordinate of M_{pk} , we have the following local description.

A_{pk} (h) = {(x_1, . . . , x_d) ∈ M_{pk} ; x_1 = · · · = x_i = 0}, D_{pk} (h) = {(x_1, . . . , x_d) ∈ M_{pk} ; x_{i+1} = · · · = x_d = 0}.

To simplify the argument, we replace L_k with

L_k = {(x_1, . . . , x_d) ∈ M_{pk} ; x^2_1 + · · · + x^2_i = ε} ⊂ M_{pk} ,

which is tangent to L_k along L_k ∩ D_{pk} (f). This replacement does not cause any trouble since we are interested only in the local form of the moduli space of trajectories on a neighborhood of A_{pk} (h) ∪ D_{pk} (h). Under the local coordinate of M_{pk} , U_λ \ A_{pk} (h) can be considered as a subset of (R^i \ {0}) × R^{d−i} , and similarly L_k = S^{i−1}√_ε × R^{d−i} , where S^{i−1}√_ε = {(x_1, . . . , x_i) ∈ R^i ; x^2_1 + · · · + x^2_i = ε}.

By solving the differential equation d dt γ(t) = −grad_{γ(t)} h, we obtain

M_2(f; U_λ, L_k) = { (x_1, . . . , x_d) × ( √ε r x_1, . . . , √ ε r x_i, r √ ε x_{i+1}, . . . , r √ ε x_d ) ; (x_1, . . . , x_d) ∈ U_λ \ A_{pk} (h) } ,

(3.1)

where r = √ x^2_1 + · · · + x^2_i . Namely, M_2(f; U_λ, L_k) agrees with the image of the restriction of an embedding (R^i \ {0}) × R^{d−i} → R^d × (S^{i−1√}_ε × R^{d−i} ) given by the formula in (3.1) to U_λ \ A_{pk} (h).

Now we shall construct a compactification of M_2(f; U_λ, L_k) as the compactification of the embedding considered above. Let φ_0 : R^i \ {0} → R^i × S^{i−1√}_ε be the embedding defined by

φ_0(x_1, . . . , x_i) = ( x_1, . . . , x_i; √ ε r x_1, . . . , √ ε r x_i ) , where r = √ x^2_1 + · · · + x^2_i . The image of φ_0 has a canonical compactification as follows. Let ~γ^1(R^i ) denote the total space of the tautological oriented half-line ([0, ∞)) bundle over the oriented Grassmannian ~G_1(R^i ) ∼= S^{i−1√}_ε . Let π : ~γ^1(R^i ) → R^d be the map defined by π = pr_1 ∘ φ in the following diagram:

~γ^1(R^i )^φ // π %%KK KKK KKK KKK R^i × S^{i−1}√_ε^{pr2} //

pr_1 fflffl S^{i−1}√_ε

R^i where φ : ~γ^1(R^i ) → R^i ×S^{i−1}√_ε is the embedding, which maps a point u on a half-line ℓ ⊂ R^i (starting at the origin) to the pair (u, ℓ ∩ S^{i−1}√_ε ). Here, π^{−1}(0) = ∂~γ^1(R^i ) is the image of the zero section of the tautological bundle pr_2 ∘ φ : ~γ^1(R^i ) → S^{i−1√}_ε , that is diffeomorphic to S^{i−1}. Moreover, the restriction of π to the complement of π^{−1}(0) is a diffeomorphism onto R^i \ {0} and the restriction of φ ∘ π^{−1} to R^i \ {0} agrees with φ_0. So Im φ is a compactification of Im φ_0 to a smooth submanifold with boundary. (In fact, ~γ^1(R^i ) is the blow-up of 0 in R^i .)

The compactification of M_2(f; U_λ, L_k) is obtained from φ, as follows. Let φ^′_0 : (R^i \ {0}) × R^{d−i} → R^d × S^{i−1√}_ε be the embedding defined by

φ^′_0(x_1, . . . , x_d) = (x_1, . . . , x_d) × pr_2 ∘ φ_0(x_1, . . . , x_i)

= (x_1, . . . , x_d) × (√ε r x_1, . . . , √ ε r x_i )

and let φ^′ : ~γ^1(R^i ) × R^{d−i} → R^d × S^{i−1√}_ε be its compactification: φ^′(u, ℓ, x_{i+1}, . . . , x_d) = π(u, ℓ) × (x_{i+1}, . . . , x_d) × pr_2 ∘ φ(u, ℓ). This is just the direct product of φ with the identity on R^{d−i} . Let φ^{′′}_0 : (R^i \ {0}) × R^{d−i} → R^d × (S^{i−1√}_ε × R^{d−i} ) be the embedding defined by

φ^{′′}_0 (x_1, . . . , x_d) = φ^′_0(x_1, . . . , x_d) × ( r √ ε x_{i+1}, . . . , r √ ε x_d ) and let φ^{′′} : ~γ^1(R^i ) × R^{d−i} → R^d × (S^{i−1}√_ε × R^{d−i} ) be the embedding defined by (3.2) φ^{′′}(u, ℓ, x_{i+1}, . . . , x_d) = φ^′(u, ℓ, x_1, . . . , x_d) × ( r √ ε x_{i+1}, . . . , r √ ε x_d ) . Now the following lemma is evident.

Lemma 3.6. The following assertions hold.

(1) M_2(f; U_λ, L_k) = Im φ^{′′}_0 ∩ ((U_λ \ A_{pk} (h)) × L_k). (2) Im φ^{′′} = Im φ^{′′}_0 in R^d × (S^{i−1}√_ε × R^{d−i} ). (3) Im φ^{′′} is a smooth submanifold with boundary. (4) ∂ Im φ^{′′} = { (0, . . . , 0, x_{i+1}, . . . , x_d) × (x^′_1, . . . , x^′_i; 0, . . . , 0) ∈ R^d × (S^{i−1}√_ε × R^{d−i} ) } . Hence ∂ Im φ^{′′} ∩ (U_λ × L_k) = (U_λ ∩ A_{pk} (h)) × (L_k ∩ D_{pk} (h)).

Namely, ∂ Im φ^{′′} ∩ (U_λ × L_k) is the space of once broken trajectories.

We define M_2(f; U_λ, L_k) = Im φ^{′′} ∩ (U_λ × L_k).

If U_λ is small enough, then the image of U_λ under the negative gradient flow is included in a small neighborhood of L_k ∩ D_{pk} (h) in L_k. Since L_k is tangent to L_k along L_k ∩ D_{pk} (f), the negative gradient flow gives a canonical embedding

ι : M_2(f; U_λ, L_k) → U_λ × L_k,

that induces a diffeomorphism Int M_2(f; U_λ, L_k) ∼= M_2(f; U_λ, L_k). We define

M_2(f; U_λ, L_k) = Im ι.

Case (3): In this case, the negative gradient flow gives an isotopy

Φ^t_f : U_λ → M, t ∈ [0, R]

for every R > 0, such that Φ^0_f = id_{Uλ} . Put U^′_λ = Φ^R_f (U_λ). If U_λ is small enough, then for some choice of R, the open set U^′_λ is included in M_{pk} (a neighborhood of Morse’s lemma). Then the image of the compactification of M_2(f; U^′_λ, L_k) under the diffeomorphism (Φ^R_f )^{−1} × id_{Lk} : U^′_λ × L_k → U_λ × L_k gives a compactification M_2(f; U_λ, L_k) of M_2(f; U_λ, L_k).

Now we define

M_2(f; W_k, L_k) = ⋃ U_λ∈U M_2(f; U_λ, L_k),

where M_2(f; U_λ, L_k) and M_2(f; U_μ, L_k) are glued along M_2(f; U_λ∩U_μ, L_k) through the inclusion induced maps. The compactifications M_2(f; L_{k+1}, L_k), M_2(f; L_{k+1}, W_k ), M_2(f; W_k, W_k) are similarly defined. Lemma 3.6 and its analogues imply the following proposition.

Proposition 3.7. M_2(f; W_k, L_k) (resp. M_2(f; L_{k+1}, L_k), M_2(f; L_{k+1}, W_k)) is a smooth submanifold of W_k × L_k (resp. L_{k+1} × L_k, L_{k+1} × W_k) with corners, with

∂M_2(f; W_k, L_k) = [ (W_k ∩ A_{pk} (f)) × (L_k ∩ D_{pk} (f)) ] ∐ Δ_{Lk}

(resp. (L_{k+1} ∩A_{pk} (f))×(L_k ∩D_{pk} (f)), (L_{k+1} ∩A_{pk} (f))×(W_k ∩D_{pk} (f)) ∐ Δ_{Lk+1} ).

The restriction of M_2(f; W_k, W_k) on the complement of Δ_{Wk} is a smooth submanifold of W_k × W_k with corners, with

∂M_2(f; W_k, W_k) = [ (W_k ∩ A_{pk} (f)) × (W_k ∩ D_{pk} (f)) ] ∪_{(pk ,pk )} Δ_{Wk} . 3.3.3. Moduli space of long trajectories. We will construct a compactification of M_2(f; W_k, W_j ), k > j, by patching together the various compactifications obtained above. First, we construct a compactification of M_2(f; W_k, L_{k−1}). The moduli space M_2(f; W_k, L_{k−1}) can be identified with the intersection of M_2(f; W_k, L_k) × M_2(f; L_k, L_{k−1}) ⊂ W_k ×L_k ×L_k ×L_{k−1} with ^Δ_{Lk} = {(x, z_k, z_k, z_{k−1}); x ∈ W_k, z_k ∈ L_k, z_{k−1} ∈ L_{k−1}}. It is easy to see that the intersection is transversal. Moreover, the transversality extends to the compactifications for a generic (f, μ), as in the following lemma.

Lemma 3.8. M_2(f; W_k, L_k)×M_2(f; L_k, L_{k−1}) ⊂ W_k ×L_k ×L_k ×L_{k−1} is transversal to ^Δ_{Lk} if (f, μ) satisfies the Morse–Smale condition.

Proof. Let x be a point on the intersection. The orthogonal complement of T_x(W_k × Δ_{Lk} × L_{k−1}) ⊂ T_x(W_k × L_k × L_k × L_{k−1}) is N_xΔ_{Lk} , where N_xΔ_{Lk} ⊂ T_x(L_k × L_k) is the orthogonal complement of T_xΔ_{Lk} ⊂ T_x(L_k × L_k). So it suffices to show that T_x(M_2(f; W_k, L_k) × M_2(f; L_k, L_{k−1})) projects surjectively onto N_xΔ_{Lk} . But this follows from the Morse–Smale condition. □

For a Morse–Smale pair (f, μ), we define

M_2(f; W_k, L_{k−1}) = pr [ M_2(f; W_k, L_k) × M_2(f; L_k, L_{k−1}) ∩ ^Δ_{Lk} ] , where pr : ^Δ_{Lk} → W_k ×L_k ×L_{k−1} is the projection (x, z_k, z_k, z_{k−1}) → (x, z_k, z_{k−1}).

Lemma 3.9. If (f, μ) is Morse–Smale, M_2(f; W_k, L_{k−1}) is a smooth manifold with corners, whose boundary is given by pr [ ∂M_2(f; W_k, L_k) × M_2(f; L_k, L_{k−1}) ∩ ^Δ_{Lk} ]

∪ pr [ M_2(f; W_k, L_k) × ∂M_2(f; L_k, L_{k−1}) ∩ ^Δ_{Lk} ]

∪ pr [ ∂M_2(f; W_k, L_k) × ∂M_2(f; L_k, L_{k−1}) ∩ ^Δ_{Lk} ] . The interior of M_2(f; W_k, L_{k−1}) is canonically diffeomorphic to M_2(f; W_k, L_{k−1}).

By repeating similar extensions inductively, we will obtain a compactification M_2(f; W_k, W_j ) of M_2(f; W_k, W_j ) as a submanifold of W_k ×L_k ×L_{k−1} ×· · ·×L_{j+1} × W_j with corners whose boundary is given by the subspace of broken trajectories.

3.3.4. Moduli space of general trajectories. We consider the gluing of M_2(f; W_k, W_j ) and M_2(f; W_{k−1}, W_j ) to construct M_2(f; W_k ∪ W_{k−1}, W_j ) as follows. We consider M_2(f; W_k ∩W_{k−1}, W_j ) as a submanifold of M_2(f; W_k, W_j ) and let i_k : M_2(f; W_k ∩ W_{k−1}, W_j ) → M_2(f; W_k, W_j ) be the inclusion. Let j_k : M_2(f; W_k ∩ W_{k−1}, W_j ) → M_2(f; W_{k−1}, W_j ) be the codimension 0 embedding given by j_k(x, z_k, z_{k−1}, z_{k−2}, . . . , z_j ) = (x, z_k, z_{k−2}, z_{k−3}, . . . , z_j ).

Namely, j_k forgets the node z_{k−1}. This is an embedding since W_k ∩ W_{k−1} does not include critical point of f. Then we define

M_2(f; W_k ∪ W_{k−1}, W_j ) = M_2(f; W_k, W_j ) ∪_{M 2 (f ;Wk ∩Wk−1 ,Wj )} M_2(f; W_{k−1}, W_j ),

where the gluing map is given by j_k ∘ i^{−1}_k .

Extending in this way, we will finally obtain the moduli space M_2(f; M, W_j ). Moreover, a similar extension is valid also for the second factor W_j and we will finally get M_2(f, M, M). We will write

M_2(f) = M_2(f; M, M).

Let Δ_M be the closure of the lift of the diagonal Δ_{M−Σ(f )} in M_2(f). The following proposition is evident.

Proposition 3.10. Let (f, μ) be a Morse–Smale pair that is ordered as in Lemma 3.5. Then M_2(f) is a smooth compact manifold with corners on the complement of Δ_M , whose boundary is given by the space of broken trajectories. The interior of M_2(f) is canonically diffeomorphic to the interior of M_2(f).

Remark 3.11. The compactification M_2(f) is not a submanifold of M ×M whereas M_2(f) is a submanifold of M × M. There is a canonical continuous extension ῑ : M_2(f) → M × M of the inclusion ι : M_2(f) → M × M, that assigns to each trajectory with nodes the pair of boundary nodes. The image of ῑ is not a submanifold of M × M with corners since the dimension of some faces of the boundary decreases.

3.3.5. Compactification of descending and ascending manifolds. By Proposition 3.7, the subspace {p_k} × (L_k ∩ D_{pk} (f)) of M_2(f; W_k, L_k) is a smooth submanifold of ∂M_2(f; W_k, L_k). So, one could construct a compactification M_2(f; {p_k}, M) by a similar construction as above if one starts from {p_k} × (L_k ∩ D_{pk} (f)). We write D_p(f) = M_2(f; {p}, M). One could also construct a compactification A_p(f) = M_2(f; M, {p}) similarly for some j. By a similar argument as given in the proof of Proposition 3.10, the following well-known proposition follows.

Proposition 3.12. Let (f, μ) be a Morse–Smale pair that is ordered as in Lemma 3.5. Then D_p(f) (resp. A_p(f)) has a natural compactification to a smooth manifold with corners D_p(f) (resp. A_p(f)), whose codimension k stratum is

D_p(f)_k = ⋃ q1 ,...,qk ∈Σ(f ) p,q1,...,qk distinct M (f; p, q_1) × M (f; q_1, q_2) × · · · × M (f; q_{k−1}, q_k) × D_{qk} (f),

A_p(f)_k = ⋃ q1 ,...,qk ∈Σ(f ) p,q1,...,qk distinct A_{qk} (f) × M (f; q_k, q_{k−1}) × · · · × M (f; q_2, q_1) × M (f; q_1, p).

3.4. Compactification of Conf_n(M) of Fulton–MacPherson. For a closed ddimensional manifold M, the configuration space Conf_n(M) is a smooth submanifold of M^n, that is the complement of the closed subset

Σ = {(x_1, . . . , x_n) ∈ M^n ; x_i = x_j for some i ≠ j} ⊂ M^n.

There is a natural filtration Σ = Σ_n ⊃ Σ_{n−1} ⊃ · · · ⊃ Σ_1 ⊃ Σ_0 with

Σ_j = {(x_1, . . . , x_n) ∈ M^n ; #{x_1, . . . , x_n} = j + 1}.

The difference Σ_{i+1} − Σ_i is a disjoint union of smooth submanifolds of M^n − Σ_i. This property allows one to iterate (real) blow-ups along the filtration from the deepest one: First, one can consider the blow-up Bℓ(M^n, Σ_0) along the ddimensional submanifold Σ_0 of M^n. Recall that a blow-up replaces a submanifold with its normal sphere bundle. Since the closure of Σ_1 − Σ_0 in Bℓ(M^n, Σ_0) is also a disjoint union of smooth submanifolds (with boundaries), one can apply another blow-up along it, and so on. After the blow-ups along all the strata of Σ of codimension ≥ 1, one obtains a smooth compact manifold with corners Conf_n(M).

We will need a precise description of the boundary of Conf_n(M) in the proof of invariance of ^Z_{2k,3k}, so we shall briefly recall it here. The space Conf_n(M) has a natural stratification corresponding to bracketings of the n letters 1, 2, . . . , n, e.g., ((137)(25))46 (see [FM]). Roughly speaking, a pair of brackets corresponds to a face created by one blow-up. For example, the face corresponding to ((137)(25))46 is obtained by a sequence of blow-ups corresponding to a sequence 1234567 → (12357)46 → ((137)(25))46.

The codimension one (boundary) strata of Conf_n(M) correspond to bracketings of the form (· · · ) · · · , with only one pair of brackets. The stratum ∂_{{1,...,j}}Conf_n(M) of ∂Conf_n(M) corresponding to the bracketings (12 · · · j)j+1 · · · n is the face created by the blow-up along the closure of the following submanifold of M^n:

Δ_j = {(x_1, . . . , x_n) ∈ M^n ; x_1 = · · · = x_j , otherwise distinct}

in the result of the previous blow-ups. More precisely, ∂_{{1,...,j}}Conf_n(M) can be naturally identified with the blow-ups of the total space of the normal S^{(j−1)d−1}- bundle of Δ_j ⊂ M^n along the intersection with the closures of deeper diagonals that correspond to deeper bracketings. The fiber of the normal S^{(j−1)d−1}-bundle over a point (x_j , . . . , x_n) ∈ Δ_j is

({(0, y_2, . . . , y_j ) ∈ (R^d )^j } − {0})/(dilation) ∼= S^{(j−1)d−1},

where the coordinate y_i corresponds to x_i − x_1 (where it makes sense) via a local framing of T_{xj} M. The stratum ∂_{{1,...,j}}Conf_n(M) is a fiber bundle over Δ_j . We denote the fiber of ∂_{{1,...,j}}Conf_n(M) over a point of Δ_j by Conf^{local}_j (R^d ). There is a canonical identification of Conf^{local}_j (R^d ) with the subset of Conf_j (R^d ) consisting of configurations (y_1, . . . , y_j ) such that y_1 = 0 and ∑_j ℓ=2 ‖y_ℓ‖^2 = 1. We denote by Conf^{local}_j (R^d ) the closure of the image of the inclusion Conf^{local}_j (R^d ) → Conf_j (M) → Conf_j (R^d ). The base space Δ_j is naturally diffeomorphic to Conf_{n−j+1}(M) and we denote by pr_j : Δ_j → M the projection (x_j , . . . , x_n) → x_j . So ∂_{{1,...,j}}Conf_n(M) has the structure of the pullback of the associated Conf^{local}_j (R^d )-bundle of T M (Conf^{local}_j (R^d ) is an SO_d-space) pulled back by pr_j . The definition of ∂_AConf_n(M) for a subset A ⊂ {1, . . . , n} corresponding to the bracketing (A)A^c is similar.

It will turn out that the faces of ∂Conf_n(M) corresponding to coincidence of two points are special among the codimension one strata of Conf_n(M). We denote by

∂^{pri}Conf_n(R^d ) (“pri” for principal) the union of the faces corresponding to coincidence of two points and we denote by ∂^{hi}Conf_n(R^d ) (“hi” for hidden) the union of all the faces corresponding to coincidence of at least three points.

3.5. Compactification of Fukaya’s moduli space of gradient flow graphs in a manifold. We shall construct a compactfication M_Γ( ⃗f) of M_Γ( ⃗f). We shall first give another definition of M_Γ( ⃗f) using M_2(f). For simplicity, we again assume that the non-compact edges in Se(Γ) are labeled (via β) by {1, 2, . . . , a}. We define an embedding

Ψ_{⃗f} : a∏ j=1 (D_{pj} (f_j ) × A_{qj} (f_j )) × m∏ j=a+1 M_2(f_j ) → M^{2m}

as follows. For simplicity, we only give a definition of Ψ_{⃗f} for Γ of Example 3.2. In that case, we define

Ψ_{⃗f} (u, v; x_2, y_2; . . . ; x_6, y_6) = (v, x_2, x_4) × (x_3, x_5, y_2) × (x_6, y_4, y_5) × (u, y_3, y_6).

Let C^Δ be the subspace of M^{12} defined by

{(z_1, z_1, z_1) × (z_2, z_2, z_2) × (z_3, z_3, z_3) × (z_4, z_4, z_4) ; z_i ∈ M, z_i ≠ z_j if i ≠ j}.

Then there exists a canonical diffeomorphism ϖ : C^Δ → Conf_4(M) and one may see that ϖ(Im Ψ_{⃗f} ∩ C^Δ) = M_Γ( ⃗f).

We will construct a compactification of Im Ψ_{⃗f} ∩ C^Δ. There is a straightforward extension

Ψ_{⃗f} : a∏ j=1 (D_p(f_j ) × A_q (f_j )) × m∏ j=a+1 M_2(f_j ) → M^{2m}

of Ψ_{⃗f} . For example, for Γ of Example 3.2,

Ψ_{⃗f} (u, v; x_2, y_2; . . . ; x_6, y_6) = (σ(v), x_2, x_4) × (x_3, x_5, y_2) × (x_6, y_4, y_5) × (τ(u), y_3, y_6),

where τ : D_p(f_1) → M (resp. σ : A_q (f_1) → M) be the continuous map that assigns the terminal point (resp. source point) in a (possibly broken) trajectory, that extend the inclusions D_p(f_1) → M (resp. A_q(f_1) → M). There is a canonical embedding γ : Conf_n(M) → Conf_n(M), that induces a diffeomorphism onto the interior. Then we define

M_Γ( ⃗f) = Closure ( γM_Γ( ⃗f) ) = Closure ( γ ∘ ϖ(Im Ψ_{⃗f} ∩ C^Δ) ) ⊂ Conf_n(M).

The following proposition follows immediately.

Proposition 3.13. (1) Int M_Γ( ⃗f) = γM_Γ( ⃗f). The space M_Γ( ⃗f) is compact.

(2) On a neighborhood U of a point on the strata of codimension ≤ 1 of Domain(Ψ_{⃗f} ), Ψ_{⃗f} is transversal to C^Δ. Thus M_Γ( ⃗f) ∩ Ψ_{⃗f} (U) is a smooth submanifold with boundary.

(3) ∂(M_Γ( ⃗f) ∩ Ψ_{⃗f} (U)) = [ γ ∘ ϖ(Ψ_{⃗f} ∂Domain(Ψ_{⃗f} ) ∩ C^Δ) ∪ ∂Conf_n(M) ] ∩ (M_Γ( ⃗f) ∩ Ψ_{⃗f} (U)).

Namely, the codimension one stratum of M_Γ( ⃗f) consists of flows having (a) one once broken edge, or

(b) one subgraph collapsed into a point.

Remark 3.14. By Remark 3.11, M_Γ( ⃗f) may not be a smooth submanifold of Conf_n(M) on the image from the strata of codimension ≥ 2. To make this smooth submanifold, one needs to replace Conf_n(M) with Conf_n(M)×M^r for some positive integer r. Then Ψ_{⃗f} induces an embedding of the smooth manifold Ψ^{−1}⃗_f (C^Δ).

3.6. Orientations of ∂D_p(f) and ∂A_q (f). Let f : M → R be a Morse function and μ be a metric on M that is Morse–Smale. We emphasize that we are assuming that d = dim M is odd. We shall describe the induced orientation on the codimension 1 stratum F_rD_p(f) of broken trajectories γ(t) with lim_{t→−∞} γ(t) = p that is broken at a critical point r when (f, μ) is Morse–Smale. We consider F_rD_p(f) as a submanifold of M × M. In the following we use the orientation convention of Appendix A.

3.6.1. Orientation of ∂D_p(f). Let a be a point on D_r(f) that is close to r and choose a small neighborhood U_a of a in M, which is so small that U_a is included in a local model M_r of the Morse lemma around r. Let c_r = f(r) and let L^′_r = f^{−1}(c_r + ε). Choose a local coordinate (x_1, . . . , x_d) ∈ R^d on the Morse model M_r so that 0 ∈ R^d corresponds to r. If f(x)−c_r agrees on M_r with the standard quadratic form h(x) = −x^2_1 −· · ·−x^2_i +x^2_{i+1} +· · ·+x^2_d, then we put L^′_r = {x^2_{i+1} +· · ·+x^2_d = ε} ⊂ R^d . We shall describe the orientation of ∂D_p(f)_1 ∩ (L^′_r × U_a) that is induced from the orientation of D_p(f).

Suppose that d(r) = i, d(p) = i + k + 1 (so that dim M (f; p, r) = k). Let φ^{′′}_0 : R^i × (R^{d−i} \ {0}) → (R^i × S^{d−i−1}√_ε ) × R^d ⊂ R^d × R^d be the embedding defined by φ^{′′}_0 (x_1, . . . , x_i; x_{i+1}, . . . , x_d) = ( r √ ε x_1, . . . , r √ ε x_i ) × (√ε r x_{i+1}, . . . , √ ε r x_d ) × (x_1, . . . , x_d), where r = √ x^2_{i+1} + · · · + x^2_d and let φ^{′′} : R^i × ~γ^1(R^{d−i} ) → (R^i × S^{d−i−1√}_ε ) × R^d be its compactification as above (see (3.2)). Then we have M_2(f; L^′_r, U_a) = Im φ^{′′} ∩ (L^′_r × U_a), and ∂ Im φ^{′′} = ({0} × S^{d−i−1}√_ε ) × (R^i × {0}). Note that the image of φ^{′′} agrees with the following subspace {( r √ ε x^′_1, . . . , r √ ε x^′_i; x_{i+1}, . . . , x_d ) × ( x^′_1, . . . , x^′_i; r √ ε x_{i+1}, . . . , r √ ε x_d ) ; (x_{i+1}, . . . , x_d) ∈ S^{d−i−1√}_ε , (x^′_1, . . . , x^′_i) ∈ R^i , r ∈ [0, ∞) } . Let b = (0, . . . , 0, √ ε) ∈ L^′_r. By symmetry, we need only to consider the orientations on a neighborhood ~U_b of {b} × (D_r (f) ∩ U_a) ⊂ L^′_r × U_a. Moreover we assume for simplicity that T_b(D_p ∩ L^′_r) = {(x_1, . . . , x_{i+k} , 0, . . . , 0, √ ε)} ⊂ {(x_1, . . . , x_{d−1}, √ ε)} = T_bL^′_r. We put o(D_r (f))_x = α dx_1 ∧ · · · ∧ dx_i, o(D_p(f))_x = β dx_1 ∧ · · · ∧ dx_{i+k} ∧ dx_d, (3.3) for x ∈ M_r, α, β ∈ {+1, −1}, where these make sense. This gives o^∗(A_r(f))_x = α dx_1 ∧ · · · ∧ dx_i, o^∗(D_p(f))_x = (−1)^{d−1−i−k}β dx_{i+k+1} ∧ · · · ∧ dx_{d−1}. We also consider D_p(f) ∩ U_a as a submanifold of R^d × R^d via the embedding φ^{′′}_0 . The orientation of D_p(f) ∩ U_a, considered as a submanifold of R^d × R^d , induced from (3.3) is o(D_p(f))_{(x,x}′_) = β dx^′_1 ∧ · · · ∧ dx^′_i ∧ dx_{i+1} ∧ · · · ∧ dx_{i+k} ∧ dx_d. Hence we obtain

o^∗(D_p(f))_{(x,x}′_) = (−1)^iβ dx^′_{i+1} ∧ · · · ∧ dx^′_d ∧ dx_1 ∧ · · · ∧ dx_i ∧ dx_{i+k+1} ∧ · · · ∧ dx_{d−1}. This induces the following orientation on the boundary: (−1)^i(−1)^{2d−1}β dx^′_{i+1} ∧ · · · ∧ dx^′_d ∧ dx_1 ∧ · · · ∧ dx_i ∧ dx_{i+k+1} ∧ · · · ∧ dx_d =(−1)^{i+1}β dx^′_{i+1} ∧ · · · ∧ dx^′_d ∧ dx_1 ∧ · · · ∧ dx_i ∧ dx_{i+k+1} ∧ · · · ∧ dx_d. (3.4)

Note that the inward normal direction of ∂M_2(f; L^′_r, U_a) ∩ ~U_b corresponds to the outward normal direction of S^{d−i−1√}_ε (recall that S^{d−i−1√}_ε corresponds to the boundary face of ~γ^1(R^{d−i} )). So the dual of the inward vector field with respect to the standard metric is given by dx_d. Then apply (A.1).

Given these data, we compute o^∗(M (f; p, r)) as follows.

o^∗(M_2(f; p, r))_x = o^∗(D_p(f) ⋔ A_r(f))_x = o^∗(D_p(f))_x ∧ o^∗(A_r(f))_x = (−1)^{k(i+1)}αβ dx_1 ∧ · · · ∧ dx_i ∧ dx_{i+k+1} ∧ · · · ∧ dx_{d−1}. So we have o^∗(M (f; p, r))_x = (−1)^{k(i+1)}αβ dx_1 ∧ · · · ∧ dx_i ∧ dx_{i+k+1} ∧ · · · ∧ dx_{d−1} ∧ dx_d, where dx_d corresponds to the dual of grad_x f with respect to the standard metric . Therefore,

o^∗(M (f; p, r))_x ∧ o^∗(D_r(f))_x′ = (−1)^{i+1}β dx^′_{i+1} ∧ · · · ∧ dx^′_d ∧ dx_1 ∧ · · · ∧ dx_i ∧ dx_{i+k+1} ∧ · · · ∧ dx_d. This agrees with the orientation of ∂D_p(f)_1 induced from o^∗(D_p(f))_{(x,x}′_) given above in (3.4).

Lemma 3.15. The normal orientation on ∂D_p(f)_1 ∩ (L^′_r × U_a) induced from o^∗(D_p(f))_{(x,x}′_) agrees with o^∗(M (f; p, r))_x ∧ o^∗(D_r (f) × U_a)_x′ .

3.6.2. Orientation of ∂A_q (f). Suppose that d(r) = i and d(q) = i − k − 1 (so that dim M (f; r, q) = k). The orientation of ∂A_q (f)_1 is described as follows. Let φ^{′′}_0 : (R^i \ {0}) × R^{d−i} → R^d × (S^{i−1√}_ε × R^{d−i} ) be the embedding defined by

φ^{′′}_0 (x_1, . . . , x_i; x_{i+1}, . . . , x_d)

= (x_1, . . . , x_d) × ( √ε r x_1, . . . , √ ε r x_i ) × ( r √ ε x_{i+1}, . . . , r √ ε x_d ) , (3.5)

where r = √ x^2_1 + · · · + x^2_i and let φ^{′′} : ~γ^1(R^i ) × R^{d−i} → R^d × (S^{i−1}√_ε × R^{d−i} ) be its compactification. Then we have

M_2(f; U_a, L_r) = Im φ^{′′} ∩ (U_a × L_r) and ∂ Im φ^{′′} = ({0} × R^{d−i} ) × (S^{i−1}√_ε × {0}). Note that the image of φ^{′′} agrees with the following subspace {( r √ ε x^′_1, . . . , r √ ε x^′_i; x_{i+1}, . . . , x_d ) × ( x^′_1, . . . , x^′_i; r √ ε x_{i+1}, . . . , r √ ε x_d ) ; (x_{i+1}, . . . , x_d) ∈ R^{d−i} , (x^′_1, . . . , x^′_i) ∈ S^{i−1√}_ε , r ∈ [0, ∞) } . Let b = ( √ ε, 0, . . . , 0) ∈ L_r and we consider the orientations on a neighborhood ~U_b of (A_r(f) ∩ U_a) × {b} ⊂ U_a × L_r. Moreover we assume that T_b(A_q(f) ∩ L_r) = {( √ ε, x_2, . . . , x_{k+1}, 0, . . . , 0, x_{i+1}, . . . , x_d)} for simplicity. We put o(A_r(f))_x = α dx_{i+1} ∧ · · · ∧ dx_d, o(A_q (f))_x = β dx_1 ∧ · · · ∧ dx_{k+1} ∧ dx_{i+1} ∧ · · · ∧ dx_d, (3.6)

for x ∈ M_r, α, β ∈ {+1, −1}, where these make sense. This gives o^∗(D_r(f))_x = α dx_{i+1} ∧ · · · ∧ dx_d, o^∗(A_q(f))_x = (−1)^{(i−k−1)(d−i)}β dx_{k+2} ∧ · · · ∧ dx_i. We also consider A_q(f) ∩ U_a as a submanifold of R^d × R^d via the embedding φ^{′′}_0 . The orientation of A_q(f) ∩ U_a, considered as a submanifold of R^d × R^d , induced from (3.6) is o(A_q (f))_{(x,x}′_) = β dx^′_1 ∧ · · · ∧ dx^′_{k+1} ∧ dx_{i+1} ∧ · · · ∧ dx_d. Hence we obtain

(3.7) o^∗(A_q (f))_{(x,x}′_) = (−1)^{k+1}β dx_1 ∧ · · · ∧ dx_i ∧ dx^′_{k+2} ∧ · · · ∧ dx^′_d.

This induces the following orientation on the boundary: (−1)^{2d−1}(−1)^{k+1}β dx_1 ∧ · · · ∧ dx_i ∧ dx^′_{k+2} ∧ · · · ∧ dx^′_d ∧ dx^′_1 = − (−1)^{k+1}β dx_1 ∧ · · · ∧ dx_i ∧ dx^′_{k+2} ∧ · · · ∧ dx^′_d ∧ dx^′_1. (3.8)

Given these data, we compute o^∗(M (f; r, q)) as follows. o^∗(M_2(f; r, q))_x = o^∗(D_r (f) ⋔ A_q (f))_x = o^∗(D_r (f))_x ∧ o^∗(A_q(f))_x = αβ dx_{k+2} ∧ · · · ∧ dx_d.

So we have o^∗(M (f; r, q))_x = αβ dx_{k+2} ∧ · · · ∧ dx_d ∧ (−dx_1), where −dx_1 corresponds to the dual of grad_x f. Therefore, o^∗(A_r(f))_x ∧ o^∗(M (f; r, q))_x′ = −β dx_1 ∧ · · · ∧ dx_i ∧ dx^′_{k+2} ∧ · · · ∧ dx^′_d ∧ dx^′_1. This agrees with (−1)^{k+1} = (−1)^{d(r)−d(q)} of the orientation of ∂A_q (f)_1 induced from o^∗(A_q(f))_{(x,x}′_) given above in (3.8).

Lemma 3.16. The normal orientation on ∂A_q (f)_1 ∩ (U_a × L_r) induced from o^∗(A_q (f))_{(x,x}′_) agrees with (−1)^{d(r)−d(q)}o^∗(A_r(f) ∩ U_a)_x ∧ o^∗(M (f; r, q))_x′ . 3.7. Orientation of ∂M_2(f). To describe orientation of M_2(f), we need to describe orientations of M_2(f; U, U^′) for all charts U, U^′ ⊂ M. It suffices to describe orientations of the basic cases M_2(f; U, L_r), U ∩ A_r(f) ≠ ∅, since the orientations of any pieces M_2(f; U, U^′) are canonically induced from the basic ones.

The orientation of ∂M_2(f; U, L_r) is as follows. Let φ^{′′}_0 : (R^i \ {0}) × R^{d−i} → R^d × (S^{i−1√}_ε × R^{d−i} ) and φ^{′′} : ~γ^1(R^i ) × R^{d−i} → R^d × (S^{i−1√}_ε × R^{d−i} ) be the same as above (in (3.5)). Then as above we have M_2(f; U, L_r) = Im φ^{′′} ∩ (U × L_r) and ∂ Im φ^{′′} = ({0} × R^{d−i} ) × (S^{i−1√}_ε × {0}). Let b = ( √ ε, 0, . . . , 0) ∈ L_r and we consider the orientations on a neighborhood ~U_b of (A_r(f) ∩ U) × {b} ⊂ U × L_r. We put o(A_r(f))_x = α dx_{i+1} ∧ · · · ∧ dx_d, for x ∈ M_r, α, β ∈ {+1, −1}, where these make sense. This gives o^∗(D_r(f))_x = α dx_{i+1} ∧ · · · ∧ dx_d, o^∗(A_r(f))_x = α dx_1 ∧ · · · ∧ dx_i. We also consider M_2(f; U, L_r) as a submanifold of R^d × R^d via the embedding φ^{′′}_0 . The orientation of M_2(f; U, L_r), considered as a submanifold of R^d × R^d , induced from the standard orientation dx_1 ∧ · · · ∧ dx_d of U is o(M_2(f; U, L_r))_{(x,x}′_) = dx^′_1 ∧ · · · ∧ dx^′_i ∧ dx_{i+1} ∧ · · · ∧ dx_d. Hence we obtain o^∗(M_2(f; U, L_r))_{(x,x}′_) = −dx_1 ∧ · · · ∧ dx_i ∧ dx^′_{i+1} ∧ · · · ∧ dx^′_d. This induces the following orientation on the boundary: − (−1)^{2d−1}dx_1 ∧ · · · ∧ dx_i ∧ dx^′_{i+1} ∧ · · · ∧ dx^′_d ∧ dx^′_1 =dx_1 ∧ · · · ∧ dx_i ∧ dx^′_{i+1} ∧ · · · ∧ dx^′_d ∧ dx^′_1 for x^′ close to b = ( √ ε, 0, . . . , 0). Now the normal orientation of D_r(f) ∩ L_r is as follows. o^∗(D_r (f) ∩ L_r)_x′ = o^∗(D_r(f))_x′ ∧ (−dx^′_1) = −α dx^′_{i+1} ∧ · · · ∧ dx^′_d ∧ dx^′_1.

Therefore, o^∗(A_r(f))_x ∧ o^∗(D_r (f) ∩ L_r)_x′ = −dx_1 ∧ · · · ∧ dx_i ∧ dx^′_{i+1} ∧ · · · ∧ dx^′_d ∧ dx^′_1. This agrees with −1 of the normal orientation of ∂M_2(f; U, L_r) induced from o^∗(M_2(f; U, L_r))_{(x,x}′_) given above.

Lemma 3.17. The normal orientation on ∂M_2(f; U, L_r) induced from o^∗(M_2(f; U, L_r))_{(x,x}′_) agrees with −o^∗(A_r(f) ∩ U)_x ∧ o^∗(D_r(f) ∩ L_r)_x′ .

3.8. Orientation of M_Γ.

3.8.1. Standard orientation of M_Γ from graph orientation. For a graph Γ without bivalent vertices, the moduli space M_Γ( ⃗f) can be defined as the intersection of submanifolds of Conf_n(M), as follows. Suppose for simplicity that the separated edges of Γ are labeled 1, 2, . . . , a. Let π_{ij} : Conf_n(M) → Conf_2(M) be the projection (x_1, . . . , x_n) → (x_i, x_j ) and let Θ_k and H_k be the submanifolds of Conf_n(M) defined by

Θ_k = π^{−1}_{ij} (M_2(f_k)), H_k = π^{−1}_{ij} (D_{pk} (f_k) × A_{qk} (f_k)),

where i = σ(k), j = τ(k). Note that codim Θ_k = d−1, codim H_k = d−d(p_k)+d(q_k). Then we have

M_Γ( ⃗f) = a⋂ j=1 H_j ∩ m⋂ j=a+1 Θ_j ,

where the intersection is transversal. Let o^∗(Θ_j ) ∈ Ω^{d−1}_{dR} (B) and o^∗(H_j ) ∈ Ω^{d−d(pj )+d(qj )}_{dR} (B) be differential forms that represent normal orientations of Θ_j and H_j , and that are locally defined on a neighborhood B of a crossing point in Conf_n(M). We represent orientation of M_Γ( ⃗f) by a wedge product of o^∗(H_j )’s and o^∗(Θ_j )’s.

Now we assume that Γ ∈ G_{n,m}( ⃗C), so that codim Θ_j and codim H_j are even. We shall define a standard orientation of M_Γ( ⃗f) from the orientation of Γ, as follows. Recall that the orientation o(Γ) of Γ is an orientation of the real vector space R^{B(Γ)} ⊕ ⨁ e∈Comp(Γ) R

H(e) and we write o(Γ) = o(RB(Γ) ) ∧ ⋀

e o(R^{H(e)} ). The o(R^{B(Γ)} ) part determines an orientation of Conf_n(M) and the ⋀ e o(R^{H(e)} ) part together with the orientations of the descending manifolds determine o^∗(Θ_j )’s and o^∗(H_j )’s. Then we define the standard orientation of M_Γ( ⃗f) by the formula

o^∗(M_Γ( ⃗f)) = a⋀ j=1 o^∗(H_j ) ∧ m⋀ j=a+1 o^∗(Θ_j ) ∈ Ω^{md−} ∑_m j=1 η_j dR (B).

Since codim Θ_j and codim H_j are even, the order of wedge product does not matter.

The same rule equally works for graphs in G_{n,m,(2,1,...,1)}( ⃗C), G_{n,m,(0,1,...,1)}( ⃗C) etc. without bivalent vertices, since in that case only one H_j is odd codimensional, so again the orientation of M_Γ( ⃗f) is canonically determined from the graph orientation.

For a graph in G_{n,m,⃗η}( ⃗C) without bivalent vertices such that there is exactly one j with η_j = 2, exactly one j with η_j = 0 and otherwise η_j = 1, let j_2 and j_0 be such that η_{j2} = 2, η_{j0} = 0. Then we define a standard orientation of M_Γ( ⃗f) by

o^∗(M_Γ( ⃗f)) = o^∗(H_{j0} ) ∧ o^∗(H_{j2} ) ∧ ⋀ 1≤j≤a j≠j0 ,j2 o^∗(H_j ) ∧ m⋀ j=a+1 o^∗(Θ_j ).

We also consider orientations of M_Γ( ⃗f) for graphs Γ ∈ G_{n,m,(1,1,...,1)}( ⃗C) with only one bivalent vertex. For three possiblilies for the position of the bivalent vertex in Γ, we define a standard orientation of M_Γ( ⃗f) as follows.

(1) Γ = , d(p_i) = d(r_i) + 1. Let Γ^′ be the graph obtained from Γ

by removing the segment ∂^{(i)}(p_i, r_i). In this case, M_Γ( ⃗f) is canonically diffeomorphic to M (f_i; p_i, r_i) × M_Γ′ ( ⃗f). We define

o^∗(M_Γ( ⃗f)) = o^∗(M (f_i; p_i, r_i)) ∧ o^∗(M_Γ′ ( ⃗f)).

(2) Γ = , d(q_i) = d(s_i) − 1. Let Γ^′ be the graph obtained from Γ

by removing the segment ∂^{(i)}(s_i, q_i). In this case, M_Γ( ⃗f) is canonically diffeomorphic to M_Γ′ ( ⃗f) × M (f_i; s_i, q_i). We define

o^∗(M_Γ( ⃗f)) = o^∗(M_Γ′ ( ⃗f)) ∧ o^∗(M (f_i; s_i, q_i)).

(3) Γ = . In this case, the orientation of M_Γ( ⃗f) is determined by the

intersection of H^′_k = π^{−1}_{ij} (D_{rk} (f_k) × A_{rk} (f_k)) (codimension (d − d(r_k )) + d(r_k) = d) with the intersection of Θ_j ’s and H_j ’s. We define o^∗(M_Γ( ⃗f)) as

(3.9) o^∗(M_Γ( ⃗f)) = o^∗(H_{j2} ) ∧ ⋀ 1≤j≤a j≠j2 o^∗(H_j ) ∧ o^∗(H^′_k) ∧ ⋀ a+1≤j≤m j≠k o^∗(Θ_j ).

3.8.2. Induced orientation on ∂M_Γ. Suppose that Γ ∈ G_{n,m,Σ(1,1,...,1)}( ⃗C) has no bivalent vertices. We shall compare the orientation of a face of ∂M_Γ( ⃗f) induced from o^∗(M_Γ( ⃗f)) and the standard orientation of the same face of ∂M_Γ( ⃗f) fixed in §3.8.1.

Suppose that Γ ∈ G_{n,m,⃗η}( ⃗C) has no bivalent vertex and that there is only one number j with η_j = 2 and η_k = 1 for k ≠ j. Let j_2 be such that η_{j2} = 2. As in §3.8.1, we consider M_Γ( ⃗f) as the intersection of the chains H_j ’s and Θ_j ’s in Conf_n(M).

Choose a number k such that 1 ≤ k ≤ m and put

Σ_k = { ⋂_{1≤j≤a} j≠k H j ∩ ⋂_m j=a+1 Θj if 1 ≤ k ≤ a ⋂_a j=1 H_j ∩ ⋂_{a+1≤j≤m} j≠k Θ j if a + 1 ≤ k ≤ m

Then

codim Σ_k = codim M_Γ( ⃗f) − codim H_k

= (dn − d(n − m) − m − 1) − (d + η_k ) = (d − 1)(m + 1) − 2d − η_k. Let X be one of the graphs that appear in the sum d^′_{β(k)}Γ. We shall describe the orientation on the face S_X of ∂M_Γ( ⃗f) corresponding to X, induced from the standard orientation of M_Γ( ⃗f).

(1) X = . By Lemma 3.15, the orientation of F_{rk} M_Γ( ⃗f) induced

from the standard one

o^∗(M_Γ( ⃗f)) = o^∗(D_{pk} (f_k)) ∧ o^∗(A_{qk} (f_k)) ∧ o^∗(Σ_k) is given by

o^∗(M (f_k; p_k, r_k)) ∧ o^∗(D_{rk} (f_k)) ∧ o^∗(A_{qk} (f_k)) ∧ o^∗(Σ_k) = o^∗(M (f_k; p_k, r_k)) ∧ o^∗(M_Γ′ ( ⃗f)).

This agrees with the standard orientation fixed in §3.8.1.

(2) X = . By Lemma 3.16, the induced orientation of F_{sk} M_Γ( ⃗f)

induced from the standard one

o^∗(M_Γ( ⃗f)) = o^∗(Σ_k) ∧ o^∗(D_{pk} (f_k)) ∧ o^∗(A_{qk} (f_k)) is given by (−1)^{d(sk)−d(qk )}o^∗(Σ_k) ∧ o^∗(D_{pk} (f_k)) ∧ o^∗(A_{sk} (f_k)) ∧ o^∗(M (f_k; s_k, q_k)) = (−1)^{d(sk )−d(qk )}(−1)^{(d−d(pk)+d(qk )+1)codim Σk}

× o^∗(D_{pk} (f_k)) ∧ o^∗(A_{sk} (f_k)) ∧ o^∗(Σ_k) ∧ o^∗(M (f_k; s_k, q_k)) = (−1)^{d(pk )−d(sk )}o^∗(M_Γ′ ( ⃗f)) ∧ o^∗(M (f_k; s_k, q_k)). This differs from the standard orientation by (−1)^{d(pk )−d(sk )}.

(3) X = . The induced orientation on the boundary is as in Lemma 3.17,

which agrees with −1 of the standard orientation (3.9).

Now we have seen that the signs in the formula of the definition of d^′ is consistent with the induced orientations on the boundary of M_Γ( ⃗f). Namely, we have the following proposition.

Proposition 3.18. Suppose that d = 3. For Γ ∈ G_{2k,3k,Σ(1,...,1)}( ⃗C) without bivalent vertices, we have ∂M_Γ( ⃗f) = M_{(d+d}′_{)Γ}( ⃗f) ∐ (∂^{hi}Conf_{2k}(M) ∩ M_Γ( ⃗f)) as oriented 0-dimensional manifolds.

3.9. Moduli space of infinitesimal graph flows. Fix a smooth Riemannian manifold X and a graph Γ with only compact edges that is a subgraph of a graph in G_{2k,3k,Σ(1,...,1)}( ⃗C). We consider the moduli space of a singular graph with Γ collapsed into a point. Since Γ is a subgraph of a graph in G_{2k,3k,Σ(1,...,1)}( ⃗C), it may have vertices of valence ≤ 2 that is a part of a black vertex. We call such a vertex a bivalent or a univalent black vertex. Suppose that Γ has n vertices and m edges. We consider the trivial bundles π : X × S^{d−1} → X, π^′ : X × Conf^{local}_n (R^d ) → X.

Note that X is not necessarily d dimensional. Let ϕ_{ij} : Conf^{local}_n (R^d ) → S^{d−1} be the Gauss map that assigns the unit vector^{xj −xi}_{‖xj −xi‖} and let

~ϕ_{ij} : X × Conf^{local}_n (R^d ) → X × S^{d−1}

be the map defined by ~ϕ_{ij} (y, x) = (ϕ_{ij} (y), x). Suppose given a smooth section γ : X → X × S^{d−1} of π. Since ~ϕ_{ij} is obviously transversal to γ(X) on each fiber, the subset Θ_k(γ) = ~ϕ^{−1}_{ij} (γ(X)) ⊂ X × Conf^{local}_n (R^d ) forms a smooth subbundle of π^′. Now we define

(3.10) M^{local}_Γ (⃗γ) = m⋂ k=1 Θ_k(γ_k) ⊂ X × Conf^{local}_n (R^d )

for a sequence ⃗γ = (γ_1, . . . , γ_m) of sections of the sphere bundle π. One can also define M^{local}_Γ (⃗γ) for a section ⃗γ of the trivial R^d − {0}-bundle over X similarly. The formula (3.10) also defines an orientation of M^{local}_Γ (⃗γ) if the intersection is transversal.

Lemma 3.19. For a generic choice of ⃗γ, the moduli space M^{local}_Γ (⃗γ) is a smooth submanifold of X × Conf^{local}_n (R^d ) of codimension (d − 1)m. If X is compact, then so is M^{local}_Γ (⃗γ).

Proof. Note that Θ_k(γ) is a smooth submanifold of codimension d − 1. By the transversality theorem, one can deform ⃗γ slightly and inductively so that the intersection (3.10) is transversal in the above sense. Thus for a generic choice of ⃗γ, M^{local}_Γ (⃗γ) is a smooth submanifold. □

Lemma 3.20. Suppose that Γ has a bivalent black vertex a and that the edges of Γ including the vertex a are (b, a) and (a, c). Let Γ^′ be the labeled graph obtained from Γ by exchenging labels for edges (b, a) and (a, c). Then there is an involution S : X × Conf^{local}_n (R^d ) → X × Conf^{local}_n (R^d ) which leaves M^{local}_Γ (⃗γ) ∐ M^{local}_Γ′ (⃗γ) invariant and reverses the orientation.

Proof. Let (t, x_1, . . . , x_n) ∈ X × Conf^{local}_n (R^d ) be a point on M^{local}_Γ (⃗γ). Suppose that the vertices a, b and c of Γ correspond to x_α, x_β and x_γ respectively. Then the automorphism of Conf^{local}_n (R^d ) which sends x_α to x_β + x_γ − x_α gives rise to the desired involution. □

Lemma 3.21. Suppose that Γ has a univalent black vertex a and |V (Γ)| ≥ 3. Then M^{local}_Γ (⃗γ) admits a smooth free R-action.

Proof. Suppose that the edge of Γ including the vertex a is (a, b). Since |V (Γ)| ≥ 3, there is a dilation of the trajectory corresponding to (a, b) in a graph flow, which is independent of overall dilation. This gives a desired R-action. □

Now we consider the case d = 3, Γ ∈ G_{2k,3k,Σ(1,...,1)}( ⃗C), in which case M_Γ( ⃗f) is 1-dimensional by Proposition 3.4. For a subset A of {1, . . . , n}, let Γ_A denote the subgraph of Γ with V (Γ_A) = α(A) such that E(Γ_A) = Comp(Γ_A). Let ⃗f_A ⊂ ⃗f be the subsequence corresponding to E(Γ_A). According to the description of ∂Conf_n(M) in §3.4, the face of ∂M_Γ( ⃗f) corresponding to the face ∂_AConf_n(M) is diffeomorphic via the induced map by a trivialization T M^≈→ M × R^d (framing), to

M_{Γ/ΓA} ( ⃗f \ ⃗f_A) × M^{local}_{ΓA} (−grad_0j^1 ⃗f_A),

which is at most a 0-dimensional oriented manifold. By Lemma 3.20, we have #M^{local}_{ΓA} (−grad_0j^1 ⃗f_A) + #M^{local}_Γ′_A (−grad_0j^1 ⃗f_A) = 0 if Γ_A has a bivalent black vertex. By Lemma 3.21, if |A| ≥ 3 and if Γ_A has a univalent vertex, then

M^{local}_{ΓA} (−grad_0j^1 ⃗f_A) ∼= ∅ × R = ∅.

Since Γ ∈ G_{2k,3k,Σ(1,...,1)}( ⃗C), the subgraph Γ_A must have bivalent or univalent black vertices. Thus Proposition 3.18 implies the following lemma.

Proposition 3.22. Suppose that d = 3, Γ ∈ G_{2k,3k,Σ(1,...,1)}( ⃗C). Then we have

#M_{(d+d}′_{)Γ}( ⃗f) = #∂M_Γ( ⃗f) = 0.

3.10. Definition of ^Z_{2k,3k}. Now we assume that d = 3, n = 2k, m = 3k.

3.10.1. Definition of Z_{2k,3k}. By Proposition 3.4, for any graph Γ ∈ G_{2k,3k}( ⃗C) without bivalent vertices the moduli space M_Γ( ⃗f) is a compact 0-dimensional submanifold of Conf_{2k}(M). So the number of the components can be counted with signs if we orient M_Γ( ⃗f) by the standard orientation of §3.8. Let #M_Γ( ⃗f) be the number of components counted with signs. Then the correspondence Γ → #M_Γ( ⃗f) defines a linear map #M_•( ⃗f) : G_{2k,3k}( ⃗C) → Q. Lemma 3.23. Let H^′_{2k}( ⃗C) be the image of G_{2k,3k}( ⃗C) under ⟨·⟩ : G_{2k,3k}( ⃗C) → H_{2k}( ⃗C). There is a unique linear map

#M^′_•( ⃗f) : H^′_{2k} ( ⃗C) → Q

such that #M_•( ⃗f) = #M^′_•( ⃗f) ∘ ⟨·⟩.

Proof. That the ∂-relation and C-relation are included in the kernel of #M_•( ⃗f) is obvious from the definition of the moduli space M_Γ( ⃗f) and the Morse complex. We show that (d + d^′)G_{2k,3k,Σ(1,...,1)}( ⃗C) is included in the kernel of #M_•( ⃗f). But this follows immediately from Proposition 3.22. The proof is completed. □

Now we define Z_{2k,3k}( ⃗f) = #M^′_•( ⃗f) ⟨~Tr^′_{⃗g}(~γ_{2k,3k} )⟩ = ∑ Γ∈G_{2k,3k} ( ⃗C) ~Tr_{⃗g} [[Γ]] · #M_Γ( ⃗f) ∈ A_{2k,3k}.

By Lemma 2.3, Z_{2k,3k}( ⃗f) does not depend on the choice of ⃗g. However it may still depend on the choice of ⃗f. We need to consider a correction term to make this an invariant of M.

3.10.2. Differential relation H . Let H ⊂ J^3(R^d , R) be the subspace of all f ∈ J^3(R^d , R) such that one of the following holds:

(1) 0 ∈ R^d is not a critical point of f, (2) 0 ∈ R^d is a nondegenerate critical point of f (⇔ 0 ∈ Σ^1(f)), (3) 0 ∈ R^d is a birth/death singularity of f (⇔ 0 ∈ Σ^2(f)).

Since H is GL_+(R^d )-invariant, we can consider the associated subbundle H (T X) of the jet bundle J^3(X, R) with the structure group GL_+(R^d ) if X is an oriented smooth d-manifold. By K. Igusa’s lemma saying that the “framed” version of H is weakly contractible ([Ig1]), one obtains the following lemma immediately.

Lemma 3.24. Let M be a closed oriented d-manifold and let W be a compact oriented (d + 1)-manifold with ∂W = M. Suppose that there exists a rank d subbundle T^vW of T W with T^vW |_M = T M. Then any section γ ∈ Γ(H (T M)) has an extension ~γ ∈ Γ(H (T^vW )).

3.10.3. Correction term. Now we shall define a correction term. We consider S^3 as the one point compactification R^3 ∪ {∞}. Let U_∞ = {x ∈ R^3 ; ‖x‖ > R} ∪ {∞} ⊂ S^3 for some large R. Choose a compact spin 4-manifold W with ∂W = M and choose a point ∞ ∈ M and a small open ball U^′_∞ ⊂ M including ∞. Fix a diffeomorphism φ_∞ : U^′_∞ → U_∞ which sends ∞ to ∞. Since Ω^{spin}_3 = 0, if a framing τ_M on T (M \ {∞}) is given, then one can find a compact spin 4-manifold W with ∂W = M and with a spin structure that is compatible with the spin structure of M determined by τ_M . We fix τ_M such that it agrees on U^′_∞ \ {∞} with the pullback of the standard one on U_∞ \ {∞} by φ_∞. We extend the trivial stabilization n ⊕ τ_M on ε^1 ⊕ T (M \ {∞}) to a 4-framing τ^′_M on ε^1 ⊕ T M, which is possible since S^3 is stably parallelizable.

Lemma 3.25 (Lemma 2.3 of [KM]). Suppose that τ^′_M is compatible with the spin structure on W . Then τ^′_M extends to a framing on W if and only if p_1(T W ; τ^′_M ) = 0 and χ(W ) = 1, where p_1(T W ; τ^′_M ) ∈ Z denotes the relative Pontrjagin number.

Lemma 3.26 (Lemma 2.3 of [KM]). We have p_1(T W ; τ^′_M ) ≡ 0 mod 2. Moreover, p_1(T W ; τ^′_M ) can be changed by ±2 by changing τ_M by a fiberwise SO_3-action given by a section M → SO_3.

By Lemma 3.26, there is a unique framing τ_M with p_1(T W ; τ^′_M ) = 0. Moreover, since T^4 is a parallelizable spin 4-manifold and since χ(W #T^4) = χ(W ) − 2, one can find a pair (W, τ^′_M ) satisfying the condition of Lemma 3.25, if χ(W ) ≡ 1 mod 2 and χ(W ) > 0. The following lemma follows from the proof of [KM, Theorem 2.6].

Lemma 3.27. For a Z-homology 3-sphere M (with a canonical spin structure), there exists a simply-connected compact spin 4-manifold W with ∂W = M as the spin boundary such that χ(W ) ≡ 1 mod 2 and χ(W ) > 0.

There is another extension of τ_M that is canonical. The standard framing τ_R3 on R^3 can be replaced within U_∞ \ {∞} so that it extends to a framing of T S^3. We denote the resulting framing of T S^3 by τ_S3 . Moreover τ_S3 can be choosen so that the signature defect vanishes: 1 3 p_1(T D^4; τ_S3 ⊕ n) − sign D^4 = 0.

Such a choice is canonical up to homotopy ([KM]). Then by gluing the pullback φ^∗_∞(τ_S3 |_{U∞} ) with τ_M |_{M\U} ′_∞ , we obtain a honest framing τ_M of T M. The two framings τ_M and τ^′_M define the bundle monomorphism

θ_M = τ^{′−1}_M ∘ τ_M : T M → T W |_M = ε^1 ⊕ T M.

Note that θ_M is unique up to homotopy in the sense that if one changes the honest framing τ_M within T (M \ U^′_∞) by a map (M \ U^′_∞, ∂(M \ U^′_∞)) → (GL(R^3 ), id), then τ_M and τ^′_M may change while θ_M will not change.

Now let (W, τ^′_M ) be a pair satisfying the condition of Lemma 3.25. Then one can find a sub 3-framing τ^v_W of T W that extends τ_M and that is a sub 3-framing of τ^′_M . The 3-framing τ^v_W spans a rank 3 subbundle T^vW of T W . Let H (T^vW ) be the associated H -bundle to T^vW . Then θ_M induces a bundle isomorphism θ_M : H (T M) → H (T^vW ). For each i, let ρ_i be a section of H (T^vW ) given by θ_M (j^3f_i) and put ⃗ρ_W = (ρ_1, . . . , ρ_{3k}). We define

Z^{anomaly} 2k,3k (⃗ρW ) = ∑ Γ∈G_{2k,3k} [Γ] · #M^{local}_Γ (−grad_0j^1⃗ρ_W ) ∈ A_{2k,3k},

where the moduli space M^{local}_Γ (−grad_0j^1⃗ρ_W ) is considered inside the trivial Conf^{local}_{2k} (R^3 )- bundle over ⋂_{3k} j=1(W \ Σ(ρ_j )) associated to the restriction of the R^3 -bundle T^vW .

Lemma 3.28. For a generic choice of the extension ⃗ρ_W , the number #M^{local}_Γ (−grad_0j^1⃗ρ_W ) is finite.

Proof. We put ⃗γ = (γ_1, . . . , γ_{3k}) = −grad_0j^1⃗ρ_W for simplicity. Since Σ(γ_i) ⊂ W is a smooth 1-dimensional submanifold of W , we may assume without loss of generality that Σ(γ_i) ∩ Σ(γ_j ) = ∅ if i ≠ j. We shall show that the projection of M^{local}_Γ (⃗γ) on W is disjoint from a neighborhood of Σ(γ_j ) and hence from a neighborhood of ∐_{3k} j=1 Σ(γ_j ). Let Γ^′ be the graph obtained from Γ by replacing E(Γ) with E(Γ) \ {β(j)}. By a similar argument as in the proof of Lemma 3.19, one sees that M^{local}_Γ′ (⃗γ \ {γ_j }) is a smooth submanifold of W × Conf^{local}_{2k} (R^3 ) of codimension 2(3k − 1) = 6k − 2, i.e., a 2-dimensional submanifold. So, for a generic choice of ⃗γ, the projection of M^{local}_Γ′ (⃗γ \{γ_j }) on W is disjoint from a neighborhood of Σ(γ_j ) due to a dimensional reason. Recall from definition that M^{local}_Γ (⃗γ) is the intersection of M^{local}_Γ′ (⃗γ \ {γ_j }) with Θ_j (γ_j ). Hence for a generic choice of ⃗γ, the projection of M^{local}_Γ (⃗γ) on W is disjoint from a neighborhood of Σ(γ_j ). By Lemma 3.19, the restriction of M^{local}_Γ (⃗γ) to the complement of a neighborhood of ∐_{3k} j=1 Σ(γ_j ) is compact. So, for a generic choice of ⃗γ, M^{local}_Γ (⃗γ) is a compact 0-dimensional submanifold. □

We say that two compact spin 4-manifolds W and W^′ with ∂W = ∂W^′ = M are relatively spin cobordant if there is a compact spin 5-manifold V with ∂V = W ∪_∂ (−W^′) whose spin structure is an extension of those of W and −W^′.

Proposition 3.29. Let W and W^′ be two compact spin 4-manifolds with ∂W = ∂W^′ = M and χ(W ) = χ(W^′) = 1. If W and W^′ are relatively spin cobordant, then the following assertions hold.

(1) There exists a framing τ_M of T (M \ {∞}) such that τ^′_M can be extended to 4-framings of both T W and T W^′. Hence one can find sequences of sections ⃗ρ_W ∈ Γ(H (T^vW ))^m and ⃗ρ_W ′ ∈ Γ(H (T^vW^′))^m with ⃗ρ_W |_M = ⃗ρ_W ′ |_M = θ_M (j^3 ⃗f).

(2) For any such extensions ⃗ρ_W and ⃗ρ_W ′ , which are generic in the sense of Lemma 3.28, we have

(3.11) Z^{anomaly}_{2k,3k} (⃗ρ_W ) = Z^{anomaly}_{2k,3k} (⃗ρ_W ′ ).

Proof. (1) Put X = W ∪_g (M × [0, 1]) ∪_g′ (−W^′), where the gluing maps g : ∂W = M → M × {1} and g^′ : −∂W = −M → M × {0} are the natural ones. By assumption, we have [X] = 0 ∈ Ω^{spin}_4 . Then by the isomorphism sign : Ω^{spin}_4^∼→ 16Z and by Hirzebruch’s signature theorem sign X = 1 3 ⟨p_1(T X), [X]⟩ for X closed, it holds that

p_1(T W ; τ^′_M ) − p_1(T W^′; τ^′_M ) = 0

for any choice of τ_M . Hence by choosing τ_M suitably, we may assume that p_1(T W ; τ^′_M ) = p_1(T W^′; τ^′_M ) = 0 by Lemma 3.26. Thus by Lemma 3.25, such a τ^′_M extends to 4- framings on both W and W^′.

(2) One obtains a 4-framing τ_X on T X by gluing the framings on T W , T W^′ and pr^∗_1τ^′_M on T (M × [0, 1]) that are compatible at M × {0, 1}. The sub 3-framing of τ_X that extends τ_M spans a rank 3 subbundle T^vX of T X. One obtains a section ⃗ρ_X of H (T^vX) by gluing ⃗ρ_W and ⃗ρ_W ′ together at the boundary. By definition of Z^{anomaly}

2k,3k , we have

(3.12) Z^{anomaly}_{2k,3k} (⃗ρ_X ) = Z^{anomaly}_{2k,3k} (⃗ρ_W ) − Z^{anomaly}_{2k,3k} (⃗ρ_W ′ ).

Since X is spin null-cobordant, there exists a compact spin 5-manifold V with ∂V = X. We want a parallelizable one for such a V . We consider the obstruction to extending the stable framing n ⊕ τ_X of ε^1 ⊕ T X over a 5-framing on T V . Since V is spin and since π_2(SO_5) = 0, π_3(SO_5) = Z and π_4(SO_5) = Z_2, the first obstruction o_1(V ; n ⊕ τ_X ) to the extension lies in the group H^4(V, ∂V ; π_3(SO_5)) ∼= H_1(V ; Z). It is easy to see that any class in H_1(V ; Z) can be realized by an embedding f : S^1 → Int V . Since V is spin, the normal bundle N_f of the image of f is trivial. So by a surgery along a framed embedding (f, τ_f ), the homology class [f] can be eliminated. Moreover, by choosing τ_f suitably, we may assume that the resulting 5-manifold of the surgery is spin again since π_1SO_4 → π_1SO_5 is surjective.

Now we assume H_1(V ; Z) = 0 by doing surgeries as in the previous paragraph, if necessary. Then the next obstruction o_2(V ; n ⊕ τ_X ) for the extension lies in the group H^5(V, ∂V ; π_4(SO_5)) ∼= Z_2. To eliminate o_2(V ; n ⊕ τ_X ), we consider the connected sum V^′ = V #V between the interiors. Then one can check that the obstruction o_2(V^′; n ⊕ τ_X ∐ n ⊕ τ_X ) ∈ H^5(V^′, ∂V^′; π_4(SO_5)) vanishes in any case.

This change makes both sides of (3.11) just multiplied by 2. So we may assume without trouble that the obstruction o_2(V ; n ⊕ τ_X ) vanishes in advance. Thus we assume that we have a framed 5-manifold (V, τ_V ), that extends (X, n ⊕ τ_X ). Then a sub 3-framing of τ_V defines a rank 3 subbundle T^vV of T V , that is an extension of T^vX. Moreover there is an extension ⃗ρ_V = (ρ_{V,1}, . . . , ρ_{V,3k}) ∈ Γ(H (T^vV )) of ⃗ρ_X . We put ⃗γ = (γ_1, . . . , γ_{3k}) = −grad_0j^1⃗ρ_V . Let Γ^′ be the graph obtained from Γ by replacing E(Γ) with E(Γ) \ {β(j)}. We identify the total space of the associated Conf^{local}_{2k} (R^3 )-bundle to T^vV with V × Conf^{local}_{2k} (R^3 ) via τ_V . Let π^′ : V × Conf^{local}_{2k} (R^3 ) → V be the projection. Then as mentioned in the proof of Lemma 3.28, M^{local}_Γ′ (⃗γ \ {γ_j }) is a smooth submanifold of V × Conf^{local}_{2k} (R^3 ) of codimension 6k − 2, i.e., 3-dimensional. On the other hand, π^{′−1}(Σ(γ_j )) is a codimension 3 submanifold of V × Conf^{local}_{2k} (R^3 ). For a generic choice of γ_j , the intersection of the two submanifolds is transversal and hence the intersection is a 0-dimensional submanifold.

Take a point x ∈ M^{local}_Γ′ (⃗γ \ {γ_j }) ⋔ π^{′−1}(Σ(γ_j )) and a small neighborhood U^′_x of x in V × Conf^{local}_{2k} (R^3 ) so that U^′_x contains exactly one intersection point. Let U_x = π^′(U^′_x). By a suitable small deformation of ⃗γ \ {γ_j }, we may assume that

(1) π^′(x) is a Morse point of ρ_{V,j} and U_x ∩ Σ^2(ρ_{V,j} ) = ∅, (2) π^′(M^{local}_Γ′ (⃗γ \ {γ_j })) is tangent to T^vV . (This is possible since Σ(γ_j ) is transversal to T^vV .)

We consider the blow-up Bℓ(U_x, U_x ∩ Σ(γ_j )) and consider the closure of

M^{local}_Γ′ (⃗γ \ {γ_j }) ∩ (π^{′−1}(U_x \ Σ(γ_j )))

in Bℓ(U_x, U_x∩Σ(γ_j ))×Conf^{local}_{2k} (R^3 ). We denote the closure by M^{local}_Γ′ (⃗γ\{γ_j }; U_x). Since M^{local}_Γ′ (⃗γ \ {γ_j }) is transversal to π^{′−1}(Σ(γ_j ) ∩ U_x), the closure M^{local}_Γ′ (⃗γ \ {γ_j }; U_x) is a smooth submanifold of Bℓ(U_x, U_x∩Σ(γ_j ))×Conf^{local}_{2k} (R^3 ) with boundary. On the other hand, Θ_j (γ_j ) ⊂ (V − ∐_{3k} ℓ=1 Σ(γ_ℓ)) × Conf^{local}_{2k} (R^3 ) has the closure Θ_j (γ_j ; U_x) in Bℓ(U_x, U_x ∩ Σ(γ_j )) × Conf^{local}_{2k} (R^3 ), that is a smooth submanifold with boundary. Since U_x ∩ Σ(γ_j ) consists only of Morse points, we may assume that the intersection of Θ_j (γ_j ; U_x) and M^{local}_Γ′ (⃗γ \ {γ_j }; U_x) is transversal (even on the boundary) and forms a 1-dimensional smooth submanifold of Bℓ(U_x, U_x ∩ Σ(γ_j )) × Conf^{local}_{2k} (R^3 ) with boundary. Now we define

M^{local}_Γ (⃗γ; U_x) = Θ_j (γ_j ; U_x) ⋔ M^{local}_Γ′ (⃗γ \ {γ_j }; U_x).

Figure 4.

By the assumption (2), the boundary of π^′(M^{local}_Γ (⃗γ; U_x)) lies in the fiber S^2_x of the normal sphere bundle S(T^vV ) at π^′(x). Let Γ^∗ denote the graph obtained from Γ by reversing the orientation of the edge labeled j. Since M^{local}_Γ (⃗γ; U_x) ∐ M^{local}_Γ∗ (⃗γ; U_x) is transversal to ∂Bℓ(U_x, U_x ∩ Σ(γ_j )) × Conf^{local}_{2k} (R^3 ) and since on a neighborhood of Σ(γ_j ) there is a symmetry between the moduli spaces M^{local}_Γ (⃗γ; U_x) and M^{local}_Γ∗ (⃗γ; U_x) due to the symmetry of the standard model of a Morse point, the intersection of π^′(M^{local}_Γ (⃗γ; U_x) ∐ M^{local}_Γ∗ (⃗γ; U_x)) with ∂Bℓ(U_x, U_x ∩Σ(γ_j )) consists of two points in S^2_x that are in an antipodal position by the assumption (1). Hence one can check that [Γ] · #∂M^{local}_Γ (⃗γ; U_x) + [Γ^∗] · #∂M^{local}_Γ∗ (⃗γ; U_x)

=[Γ] ( #∂M^{local}_Γ (⃗γ; U_x) − #∂M^{local}_Γ∗ (⃗γ; U_x) )

=[Γ] ( #∂M^{local}_Γ (⃗γ; U_x) − #∂M^{local}_Γ (⃗γ; U_x) ) = 0 since the symmetry reverses the orientation of Θ_j , and the inward normal vectors at #∂M^{local}_Γ (⃗γ; U_x) and #∂M^{local}_Γ∗ (⃗γ; U_x) are opposite. See Figure 4. Hence we have 0 = ∑ Γ∈G_{2k,3k} [Γ] · #∂M^{local}_Γ (⃗γ)

= Z^{anomaly} 2k,3k (⃗ρX ) − ∑ Γ∈G_{2k,3k} [Γ] · #M^{local}_{dΓ} (⃗γ).

By the relation of A_{2k,3k}, the second term in the second row vanishes. This together with (3.12) gives the desired identity. □

Next we consider general pairs of spin 4-manifolds W , W^′ with χ(W ) = χ(W^′) = 1 which may not be relatively spin cobordant. We choose 3-framings σ_M and τ_M on T (M \ {∞}) so that p_1(T W ; τ^′_M ) = p_1(T W^′; σ^′_M ) = 0.

Then by Lemma 3.25, τ^′_M extends to a 4-framing of W and σ^′_M extends to a 4- framing of W^′. But in general τ_M may not be homotopic to σ_M , so we may not have a 4-framing of X = W ∪_g (M ×[0, 1])∪_g′ (−W^′), namely, X may be just almost parallelizable. Although we do not have a framing of X, we have a natural rank 3 (possibly nontrivial) subbundle T^vX of T X that agrees with pr^∗_1T (M \ {∞}) on (M \ {∞}) × [0, 1], which extends those determined by σ_M and τ_M . By choosing a generic section ⃗ρ_X ∈ Γ(H (T^vX)), one can also define Z^{anomaly}_{2k,3k} (⃗ρ_X ) ∈ A_{2k,3k}. By a similar argument, one can define Z^{anomaly}_{2k,3k} (⃗ρ_X ) for any almost parallelizable, closed, connected, spin 4-manifold with χ(X) = 2. Let Ω^{spin}_4 (2) denote the set of spin cobordism classes of almost parallelizable, closed, connected, spin 4-manifolds X with χ(X) = 2. By Proposition 3.29, the correspondence X → Z^{anomaly}_{2k,3k} (⃗ρ_X ) for generic ⃗ρ_X defines a well-defined map Z^{anomaly} 2k,3k : Ω spin

4 (2) → A_{2k,3k}.

The set Ω^{spin}_4 (2) has a group structure given by connected sum. More precisely, if X is an almost parallelizable, closed, connected, spin 4-manifold with χ(X) = 2, then there is a framing on X − D^4. If X^′ is another almost parallelizable, closed, connected, spin 4-manifold with χ(X^′) = 2, then by forming the boundary connected sum X − D^4 ♮ X^′ − D^4 and capping by D^4 along the boundary in a natural way, we will obtain an almost parallelizable, closed, conneced, spin 4-manifold X^{′′} with χ(X^{′′}) = 2 that is diffeomorphic to X#X^′. This defines an abelian group structure on Ω^{spin}_4 (2) on which the inverse of X is given by −X.

Lemma 3.30. The map Z^{anomaly}_{2k,3k} : Ω^{spin}_4 (2) → A_{2k,3k} is a group homomorphism.

Proof. If [X] = 0 ∈ Ω^{spin}_4 (2), then we have 0 = sign X =^1_3 ⟨p_1(T X), [X]⟩ so the stabilization of the 4-framing on ∂X − D^4 induced from that of X −D^4 extends over D^4. This implies that X is stably parallelizable. Then the proof of Proposition 3.29 shows that Z^{anomaly}

2k,3k (⃗ρX ) = 0 for any generic ⃗ρX ∈ (Γ(H (T

vX)))^{3k}. The additivity of Z^{anomaly}

2k,3k follows from the fact that Z anomaly 2k,3k is spin cobordism invariant, as shown

in the proof of Proposition 3.29, and that X ∐ X^′ and X#X^′ are spin cobordant.

Hence Z^{anomaly}

2k,3k is a homomorhism. □

Proposition 3.31. Let W and W^′ be compact, connected, spin 4-manifolds with ∂W = ∂W^′ = M, χ(W ) = χ(W^′) = 1 and suppose that ⃗ρ_W |_M = ⃗ρ_W ′ |_M . Then for each k ≥ 1 there exists a constant μ_k ∈ A_{2k,3k} such that

Z^{anomaly} 2k,3k (⃗ρW ) − μk sign W = Z anomaly 2k,3k (⃗ρW^′ ) − μk sign W ′. Hence Z^{anomaly}

2k,3k (⃗ρW ) − μk sign W does not depend on the choice of (W, ⃗ρW ) such

that ∂W = M, χ(W ) = 1, ⃗ρ_W |_{∂M} = θ_M (j^3 ⃗f).

Proof. By Lemma 3.30, Z^{anomaly}_{2k,3k} is a restriction of a homomorphism Ω^{spin}_4 → A_{2k,3k}. So there exists a constant μ_k ∈ A_{2k,3k} such that

Z^{anomaly} 2k,3k (⃗ρX ) = μk sign X, for X = W ∪_g (M × [0, 1]) ∪_g′ (−W^′). Hence

Z^{anomaly} 2k,3k (⃗ρW ) − Z anomaly 2k,3k (⃗ρW^′ ) = μk sign X = μ_k sign W − μ_k sign W^′. □ Here is the main theorem.

Theorem 3.32. For k ≥ 1, there is a constant μ_k ∈ A_{2k,3k} such that ^Z_{2k,3k}( ⃗f) = Z_{2k,3k}( ⃗f) − Z^{anomaly}_{2k,3k} (⃗ρ_W ) + μ_k sign W ∈ A_{2k,3k}

does not depend on the (generic) choices made. Thus ^Z_{2k,3k}( ⃗f) is an invariant of diffeomorphism type of M.

Figure 5. Cerf’s graphic

Proof of the theorem is given in §5. Theorem 3.32 allows us to put ^Z_{2k,3k}(M) = ^Z_{2k,3k}( ⃗f). Conjecture 3.33. ^Z_{2k,3k}(M) is nontrivial. In particular, the sequence { ^Z_{2k,3k}(M)}_k recovers all Ohtsuki’s finite type invariants ([Oh96]) over Q.

Conjecture 3.34. ^Z_{2k,3k}(M) agrees with the configuration space integral invariant of Axelrod–Singer ([AS]) and Kontsevich ([Ko]).

4. Moduli space of gradient flow graphs in 1-parameter family

4.1. Bifurcations in 1-parameter family. We shall extend the moduli spaces M_2(f) and M_Γ( ⃗f) to those for 1-parameter families of functions f_s : M → R, s ∈ [0, 1] and metrics μ_s. To connect two Morse functions on a manifold in the space of smooth functions, 1-parameter families of Morse functions are not enough. The following fact is known.

Lemma 4.1 ([Ce]). Two Morse functions on a manifold can be connected by a 1- parameter family of smooth functions with only Morse and birth/death singularities.

Thus, the following bifurcations, that may change the topology of moduli spaces, may happen finitely many times in a generic 1-parameter family.

(1) Level exchange point, i.e., the point where the order of the critical values changes.

(2) Birth/death point.

(3) Gradient i/i-intersection point, i.e., a point where a descending manifold and an ascending manifold of the same index i intersect transversally.

We may assume that no two different bifurcations overlap on a single time. In the following, we will call such a 1-parameter family a generic 1-parameter family.

It is convenient to represent bifurcations in a 1-parameter family by the graph of critical values, equipped with the information of gradient i/i-intersections. See Figure 5 for an example. Such a diagram is called a graphic ([Ce]). In a graphic, a level exchange point corresponds to a crossing of two curves, a gradient i/iintersection between a pair of critical points is represented by a dotted arrow, and a birth/death point corresponds to beaks.

4.2. Acyclicity in 1-parameter family. When we associated an acyclic chain complex ~C^{(i)} to a Morse function f_i : M → R in §3.1, we have chosen a pair (a_i, b_i) ∈ P^{(i)}_d × P^{(i)}_0 of critical points. We show that two such choices can be connected by a pair of connected critical point loci in a generic 1-parameter family of functions.

Let f_0, f_1 : M → R be two C^r Morse functions and take pairs (a_0, b_0) ∈ P^{(0)}_d × P^{(0)}_0 , (a_1, b_1) ∈ P^{(1)}_d × P^{(1)}_0 of critical points of f_0, f_1 respectively.

Lemma 4.2. There is a generic 1-parameter family of C^r functions {f_s}_{s∈[0,1]} on M, considered as a single C^r-map M × [0, 1] → R, such that

(1) f_s : M × {s} → R has only Morse or birth/death singularities for each s, (2) there are critical point loci ~a(s) and ~b(s) in M × [0, 1] for {f_s} that are nondegenerate on every fiber M × {s}, with pr_1 ∘ ~a(0) = a_0, pr_1 ∘ ~a(1) = a_1, pr_1 ∘ ~b(0) = b_0, pr_1 ∘ ~b(1) = b_1.

Thus we may assume the acyclicity through a generic 1-parameter family.

Proof. One can raise the level of a neighborhood of a_0 freely so that the level of a_0 is higher than other critical values of f_0. Similarly, one can lower the level of a neighborhood of b_0 so that the level of b_0 is lower than other critical values of f_0. For a small number ε > 0, we define f_s in 0 ≤ s ≤ ε as a 1-parameter family that gives the rising of a_0 and the falling of b_0.

We also do the same for (a_1, b_1), i.e., we define f_s in 1 − ε ≤ s ≤ 1 as a 1- parameter family that gives the rising of a_1 and the falling of b_1 as s decreases. Here we may assume that f_ε(a_0) = f_{1−ε}(a_1) and f_ε(b_0) = f_{1−ε}(b_1). We put c_a = f_ε(a_0), c_b = f_ε(b_0), M^′ = f^{−1}_ε [c_b + ε^′, c_a − ε^′] and M^{′′} = f_{1−ε}[c_b + ε^′, c_a − ε^′] for a small number ε^′ > 0. Take smooth sections γ_a, γ_b : [ε, 1 − ε] → M × [ε, 1 − ε] with disjoint images and their fiberwise tubular neighborhoods N(γ_a) and N(γ_b), so that (N(γ_a) ∐ N(γ_b)) ∩ (M × {ε}) = M − M^′, (N(γ_a) ∐ N(γ_b)) ∩ (M × {1 − ε}) = M − M^{′′}. Then one can find a family of C^r functions f^′_s : (M × {s}) \ (N(γ_a) ∐ N(γ_b)) → R, s ∈ [ε, 1 − ε] such that

(1) f^′_ε = f_ε|_M ′ and f^′_{1−ε} = f_{1−ε}|_M ′′ , (2) f^′_s is nonsingular on the boundary, (3) f^′_s takes the maximum value c_a − ε^′ on ∂_+(M × {s}) := ∂N(γ_a) ∩ (M × {s}) and f^{′−1}_s (c_a − ε^′) = ∂_+(M × {s}), (4) f^′_s takes the minimum value c_b + ε^′ on ∂_−(M × {s}) := ∂N(γ_b) ∩ (M × {s}) and f^{′−1}_s (c_b + ε^′) = ∂_−(M × {s}), (5) f^′_s has only Morse or birth/death singularities.

Now the existence of the extension of f^′_s on N(γ_a) ∐ N(γ_n) so that the result is as desired, is straightforward. □

4.3. Moduli space M_Γ in 1-parameter family and transversality. Let J = [s_0, s_1] be a closed interval in [0, 1]. For a generic 1-parameter family ⃗f_s = (f_s, f_2, . . . , f_m), s ∈ J, the moduli space M_Γ( ⃗f_s) is defined similarly as M_Γ( ⃗f) by replacing f_1 in the definition of M_Γ( ⃗f) with f_s if s is generic. Note that if β(1) ∈ Se(Γ), then M_Γ( ⃗f_s) is defined only on the complement of birth/death parameters in J, since the set of critical points changes at birth/death parameters. For graphs Γ with the dimension of the moduli space being negative (see the formula of Proposition 3.4), the moduli space M_Γ( ⃗f_s) is empty at a generic parameter s, but we will see that M_Γ( ⃗f_s) may be non-empty at finitely many non-generic parameters in J if dim M_Γ( ⃗f_s) = −1.

We check the transversality on the moduli space M_Γ( ⃗f_s), considered as the intersection, only for the graph Γ of Example 3.2 since other cases are similar. We fix the underlying sequence ⃗C of acyclic complexes for the graph as the restriction at s = s_0 of the family of acyclic Morse complexes obtained in §4.2. Suppose that J = [s_0, s_1] does not include birth/death parameters and that ⃗f_{s0} = (f_{s0} , f_2, . . . , f_6) ∈ (C^r(M))^6 is generic in the sense of Proposition 3.4. We decompose Γ into two parts:

Γ^′ = , and Γ^{′′} = .

The moduli space M_Γ′′ ( ⃗f^{′′}), ⃗f^{′′} = (f_2, . . . , f_6), is given by M_Γ′′ ( ⃗f^{′′}) = pr_1 ∘ Φ^{−1}_{⃗f ′′} (Δ^{′′}),

where Φ_{⃗f ′′} : Conf_4(M) × R^5_+ → M^9 is defined by

Φ_{⃗f ′′} (x_1, x_2, x_3, x_4, t_2, . . . , t_6) = x_1 × (x_2, Φ^{t2}_{f2} (x_1)) × (x_3, Φ^{t4}_{f4} (x_1), Φ^{t5}_{f5} (x_2)) × (x_4, Φ^{t3}_{f3} (x_2), Φ^{t6}_{f6} (x_3)), and Δ^{′′} = {x_1 × (x_2, x_2) × (x_3, x_3, x_3) × (x_4, x_4, x_4) ; x_1, x_2, x_3, x_4 ∈ M}. The genericity of ⃗f_{s0} implies that M_Γ′′ ( ⃗f^{′′}) is a smooth submanifold of Conf_4(M) of dimension (4d + 4) + 4d − 9d = 5 − d. On the other hand, the moduli space M_Γ′ (f_J ) = ⋃ s∈J M_Γ′ (f_s) is given by the (d + η_1 + 1)-dimensional manifold

M_Γ′ (f_J ) = ⋃ s∈J (D_p(f_s) × A_q (f_s)) ⊂ Conf_2(M) × J.

Then we have M_Γ( ⃗f_J ) = ~π^{−1}_{14} (M_Γ′ (f_s)) ∩ (M_Γ′′ ( ⃗f^{′′}) × J), where ~π_{14} : Conf_4(M)×J → Conf_2(M)×J is the projection defined by (x_1, x_2, x_3, x_4, s) → (x_1, x_4, s). By the transversality theorem, we may assume after a suitable small deformation of the family {(f_s, μ_s)}_{s∈J} that the intersection is transversal, and hence M_Γ( ⃗f_J ) = ⋃ s∈J M_Γ( ⃗f_s) is a smooth submanifold of dimension (d + η_1 + 1 + 2d) + (5 − d + 1) − (4d + 1) = 6 + η_1 − 2d.

The deformation can be chosen so small that it does not affect the genericity of ⃗f_0. More generally, we have the following proposition.

Proposition 4.3. Suppose that Γ ∈ G_{n,m,⃗η}( ⃗C) has no bivalent vertex. For a generic choice of a 1-parameter family {( ⃗f_s, ⃗μ_s)}_{s∈J} , the space M_Γ( ⃗f_J ) is an oriented smooth manifold of dimension

dim M_Γ( ⃗f_J ) = d(n − m) + m∑ i=1 η_i + 1.

4.4. Compactification of the moduli space of trajectories in 1-parameter family of Morse functions. We construct a compactification of the moduli space M_2(f_J ) = ⋃ s∈J M_2(f_s), where J ⊂ [0, 1] is an open interval that does not include birth/death parameters, i.e., f_J is a 1-parameter family of Morse functions.

4.4.1. Moduli space on a level exchange point. In the construction of M_2(f) (in §3.3.2), we assumed that the critical values of f are all distinct. However, in 1- parameter family, the loci of critical values can not in general be ordered because of crossings of curves in a graphic. Instead, we consider the moduli space of “semishort” trajectories that are close to an exchanging pair of critical point loci.

Let u ∈ J be a point on which a level exchange bifurcation occurs and choose a small neighborhood J_u of u in J so that there are no other bifurcations on J_u. We shall construct a compactification of M_2(f_{Ju} ). Let p = p_s, q = q_s be the pair of critical point loci of f_{Ju} = {f_s}_{s∈Ju} that are in a level exchange position. Then there exists a smooth functions γ_a, γ_b : J_u → R such that

(1) f_s(p_s), f_s(q_s) ∈ (γ_a(s), γ_b(s)) for all s ∈ J_u, (2) for each s ∈ J_u, there are no critical points of f_s in f^{−1}_s [γ_a(s), γ_b(s)] except p_s and q_s.

We put ~L_a = ⋃ s∈J_u f −1 s (γ_a(s)), ~L_b = ⋃ s∈J_u f −1 s (γ_b(s)), W_{pq} (s) = f^{−1}_s [γ_a(s), γ_b(s)], ~W_{pq} = ⋃_{s∈Ju} W_{pq} (s). Let ~K_p = ⋃ s∈J_u (D_{ps} (f_s) ∪ A_{ps} (f_s)) ∩ W_{pq} (s), ~K_q = ⋃ s∈J_u (D_{qs} (f_s) ∪ A_{qs} (f_s)) ∩ W_{pq} (s).

We take small neighborhoods ~B_p and ~B_q of ~K_p ∩ ~L_b and ~K_q ∩ ~L_b in ~L_b respectively. Let ~A_p ⊂ ~L_a be the union of ~K_p ∩ ~L_a and the subset of ~L_a consisting of points (s, ℓ) such that ℓ = Φ^t_{fs} (x) for some t > 0 and for a point x ∈ ~B_p ∩ L_p(s). In other words, ~A_p be the union of ~K_p ∩ ~L_a and the image of the negative gradient flow from ~B_p ∩ ~L_b. The subset ~A_q of ~L_a is similarly defined.

Since ~K_p ∩ ~K_q = ∅, we may assume that any trajectory starting from ~B_p are disjoint from trajectories starting from ~B_q. Thus we have

M_2(f_{Ju} ; ~B_p, ~L_a) = M_2(f_{Ju} ; ~B_p, ~A_p), M_2(f_{Ju} ; ~B_q, ~L_a) = M_2(f_{Ju} ; ~B_q , ~A_q)

and in particular, the two moduli spaces are disjoint as subspaces of M_2(f_{Ju} ; ~L_b, ~L_a). Since each of M_2(f_{Ju} ; ~B_p, ~A_p) and M_2(f_{Ju} ; ~B_p, ~A_p) has only one end for broken trajectories, the compactifications

M_2(f_{Ju} ; ~B_p, ~A_p), M_2(f_{Ju} ; ~B_q , ~A_q )

can be defined in a similar way as §3.3 (using parameterized Morse lemma [Ig2, Appendix]). So it may be natural to define

M_2(f_{Ju} ; ~B_p, ~L_a) = M_2(f_{Ju} ; ~B_p, ~A_p),

M_2(f_{Ju} ; ~B_q , ~L_a) = M_2(f_{Ju} ; ~B_q, ~A_q ).

Then we construct an extension of M_2(f_{Ju} ; ~B_p, ~L_a) ∐ M_2(f_{Ju} ; ~B_q , ~L_a) to M_2(f_{Ju} ; ~L_b, ~L_a) as follows. Let ~X ⊂ ~L_b be an open subset such that (1) ~X ∪ ~B_p ∪ ~B_q = ~L_b, (2) ~X ∩ ~K_p = ∅, ~X ∩ ~K_q = ∅. Then the negative gradient flow carries ~X diffeomorphically onto an open subset ~Y of ~L_a. Obviously, ~Y satisfies the following conditions: (1) ~Y ∪ ~A_p ∪ ~A_q = ~L_a, (2) ~Y ∩ ~K_p = ∅, ~X ∩ ~K_q = ∅. Since there are no ends in M_2(f_{Ju} ; ~X, ~Y ) for broken trajectories, we define

M_2(f_{Ju} ; ~X, ~L_b) = M_2(f_{Ju} ; ~X, ~L_b) = M_2(f_{Ju} ; ~X, ~Y ).

Now we define

M_2(f_{Ju} ; ~L_b, ~L_a) = M_2(f_{Ju} ; ~B_p, ~L_a) ∪ M_2(f_{Ju} ; ~X, ~L_a) ∪ M_2(f_{Ju} ; ~B_q , ~L_a),

where they are glued along M_2(f_{Ju} ; ~B_p ∩ ~X, ~L_a) and M_2(f_{Ju} ; ~B_q ∩ ~X, ~L_a) via the inclusions. The compactifications M_2(f_{Ju} ; ~L_b, ~W_{pq} ), M_2(f_{Ju} ; ~W_{pq} , ~L_a) etc. can be constructed by a similar gluing construction from moduli spaces of trajectories around a single critical point locus.

Over the interval J_u, we may assume that critical point loci except p and q are ordered, and after a suitable small deformation of the family of Morse pairs that does not change the graphic, we may assume that (f_s, μ_s) is Morse–Smale for all s ∈ J_s. So similar extensions as in §3.3 works for other critical point loci and we will finally get a compactification

M_2(f_{Ju} ) = M_2(f_{Ju} ; J_u × M, J_u × M).

By the same construction at all the level exchange points u_1, u_2, . . . , u_r ∈ J_u, we will obtain a compactification on ∐_r j=1 J_{uj} .

4.4.2. Moduli space on ordered 1-parameter family. We would like to extend the compactifications of moduli spaces on ∐_r j=1 J_{uj} , obtained in §4.4.1, over the whole of J. We assume u_1 < u_2 < · · · < u_r. Let I_j ⊂ J, j = 0, 1, 2, . . . , r be a sequence of mutually disjoint open intervals such that (1) ⋃_r j=0 I_j ∪ ⋃_r j=1 J_{uj} = J, (2) ( ∐_r j=0 I_j ) ∩ {u_1, . . . , u_r} = ∅, (3) I_j ⊂ (u_j , u_{j+1}).

See Figure 6. We shall construct a compactification M_2(f_{Ij} ) of M_2(f_{Ij} ) connecting M_2(f_{Juj} ) and M_2(f_{Juj+1} ).

Over each I_j , the critical values are ordered everywhere, so we can separate critical point loci into small pieces by families of level surfaces. We already have a compactification on each piece which includes only one critical point locus. However, there is a problem in making the intersection between two moduli spaces as in Lemma 3.8, because an analogue of the Morse–Smale condition for 1-parameter family, which requires the Morse–Smale condition on each fiber, fails. Instead, we consider as follows: Although we can not require fiberwise Morse–Smale condition, we can require the transversality between a family of descending manifolds and a

Figure 6.

family of ascending manifolds. This requirement suffices for the moduli space to be a smooth submanifold of a fiber bundle over I_j (with fiber Conf_2(M)), though it may not be a subbundle. See §3.1 of [Wa] for detail.

Let ~A_p(f_{Ij} ) = ⋃ s∈I_j Aps (fs) and ~Dp(fIj ) = ⋃ s∈I_j Dps (fs). By changing the

1-parameter family {μ_s}_{s∈Ij} of metrics on M over I_j , one can show by a similar argument as the proof of the genericity of Morse–Smale condition, that generically ~A_p(f_{Ij} )’s and ~D_q (f_{Ij} )’s intersect mutually transversal in the trivial M-bundle over I_j . Thus we will get the following proposition, which is an analogue of Proposition 3.10.

Proposition 4.4. For a generic 1-parameter family, M_2(f_{Ij} ) has a canonical compactification M_2(f_{Ij} ) to a smooth manifold with corners, whose codimension k stratum consists of families of k times broken trajectories. Hence we have a canonical compactification M_2(f_J ) of M_2(f_J ) over J.

By using the compactification M_2(f_J ), one can also define the compactification M_Γ(f_J ) of M_Γ(f_J ). Then we have the following corollary.

Corollary 4.5. If Γ does not have bivalent vertices, then on a neighborhood of the strata of codimension ≤ 1, M_Γ(f_J ) is a smooth manifold with boundary, that is a smooth submanifold of J × Conf_n(M) with boundary. The boundary consists of flows with a broken trajectory or with a subgraph collapsed.

4.5. Gluing at birth/death bifurcation. Let s_0 ∈ [0, 1] be a death parameter in a generic 1-parameter family and let J_{s0} ⊂ [0, 1] be a small open interval around s_0. Let v ∈ M be the death point at s_0. By the parametrized normal form lemma for birth/death singularity (e.g., [Ig2, Appendix], [Ce]), there is a local coordinate on a neighborhood M_v of v in J_{s0} × M on which f_s agrees with

h_u(x) = c(u) + x^3_1 3 + ux_1 − x^2 2 − · · · − x^2_i 2 + x^2_{i+1} 2 + · · · + x^2_d 2 , u ∈ R, where u is a rescaling of s and c(u) is a smooth function of u, and one can deform the metric on M_v so that it agrees on M_v with the restriction of the standard metric on R^d . The negative gradient field of h_u with respect to the standard metric is −grad h_u = (−x^2_1 − u, x_2, . . . , x_i, −x_{i+1}, . . . , −x_d). So, on u > 0, there are no critical points of h_u. At u = 0, there is only one critical point at the origin, and on u < 0, there are exactly two critical points p_± = (± √ u, 0, . . . , 0) of h_u. We shall describe how a pair of trajectories going from/to critical points of h_u on u < 0 are glued together into a single trajectory on u > 0. 4.5.1. Gradient trajectories of h_u, u > 0 case. The integral curve γ : R → R^d , γ(t) = (γ_1(t), . . . , γ_d(t)) of −grad h_u is determined by the system of differential equations: dγ_1(t) dt = −γ_1(t)^2 − u, dγ_2(t) dt = γ_2(t), . . . , dγ_i(t) dt = γ_i(t), dγ_{i+1}(t) dt = −γ_{i+1}(t), . . . , dγ_d(t) dt = −γ_d(t), (4.1)

for each given initial point (γ_1(0), . . . , γ_d(0)). In u > 0, the solution of (4.1) is given by γ_1(t) = √ u γ_1(0) − u tan √ u t √ u + γ_1(0) tan √ u t , γ_2(t) = γ_2(0)e^t, . . . , γ_i(t) = γ_i(0)e^t,

γ_{i+1}(t) = γ_{i+1}(0)e^{−t}, . . . , γ_d(t) = γ_d(0)e^{−t}.

For a small number ε > 0, let L_ε and L_{−ε} be the subsets of R^d given by L_ε = {(ε, x_2, . . . , x_d) ; x_2, . . . , x_d ∈ R}, L_{−ε} = {(−ε, x_2, . . . , x_d) ; x_2, . . . , x_d ∈ R}. Since −grad_{(0,x2,...,xd)} h_u = (−u, x_2, . . . , x_i, −x_{i+1}, . . . , −x_d), one may see that any trajectory of h_u in u > 0 and in M_v intersects both L_ε and L_{−ε}. Conversely, for any point a of L_ε ∩ M_v (resp. L_{−ε} ∩ M_v), there exists a unique (shift equivalence class of) gradient trajectory of h_u which intersects L_ε ∩ M_v (resp. L_{−ε} ∩ M_v) at a. So there is a one-to-one correspondence between a point on L_ε or L_{−ε} and a gradient trajectory of h_u.

Now suppose that an integral curve γ(t) of −grad h_u starts at a point of L_ε. We shall describe the point Im γ ∩ L_{−ε}. If γ(t_{−ε}) ∈ L_{−ε} at t_{−ε} > 0, then by (4.1), t_{−ε} = − ∫_{−ε} ε dx x^2 + u = − 2 √ u Tan^{−1} ε √ u = − 1 √ u ( Tan^{−1} 2ε √ u u − ε^2 + π )

for 0 < u < ε^2. We put τ_ε(u) =^{1√}_u ( Tan^{−1 2ε√u}_{u−ε2} + π ) for simplicity. Then τ_ε(u) has the following expansion (convergent on 0 < u < ε^2):

(4.2) τ_ε(u) = π √ u − 2 ∞∑ k=0 (−1)^k (2k + 1)ε^{2k+1} u^k. The point γ(t_{−ε}) can be expressed by using τ_ε(u) as follows. γ(t_{−ε}) = ( −ε, γ_2(0)e^{τε(u)}, . . . , γ_i(0)e^{τε(u)}, γ_{i+1}(0)e^{−τε(u)}, . . . , γ_d(0)e^{−τε(u)} ) . If we put ε_2 = γ_2(0)e^{τε(u)}, . . . , ε_i = γ_i(0)e^{τε(u)}, ε_{i+1} = γ_{i+1}(0), . . . , ε_d = γ_d(0), then the integral curve starting at the point

(4.3) ( ε, ε_2e^{−τε(u)}, . . . , ε_ie^{−τε(u)}, ε_{i+1}, . . . , ε_d ) ∈ L_ε intersects L_{−ε} at the point

(4.4) ( −ε, ε_2, . . . , ε_i, ε_{i+1}e^{−τε(u)}, . . . , ε_de^{−τε(u)} ) ∈ L_{−ε}.

Figure 7.

This observation suggests a way to glue trajectories.

4.5.2. Gradient trajectories of h_u going from/to critical points, u ≤ 0 case. In u < 0, the ascending/descending manifolds of h_u are described as follows. See Figure 7.

A_{p+} (h_u) = {x_2 = · · · = x_i = 0, x_1 ≥ − √ u}, D_{p+} (h_u) = {x_{i+1} = · · · = x_d = 0, x_1 = √ u}, A_{p−} (h_u) = {x_2 = · · · = x_i = 0, x_1 = − √ u}, D_{p−} (h_u) = {x_{i+1} = · · · = x_d = 0, x_1 ≤ √ u}. Hence L_ε ∩ A_{p+} (h_u) = {(ε, 0, . . . , 0, ε_{i+1}, . . . , ε_d) ∈ R^d ; ε_{i+1}, . . . , ε_d ∈ R}, L_{−ε} ∩ D_{p−} (h_u) = {(−ε, ε_2, . . . , ε_i, 0, . . . , 0) ∈ R^d ; ε_2, . . . , ε_i ∈ R}. (4.5)

One may check that this holds also for u = 0, in which case p_+ = p_− = v.

4.5.3. Gluing at u = 0. We define a map

φ : (−ε^2, ε^2) × R^{d−1} → (−ε^2, ε^2) × R^{d−1} × R^{d−1} by φ(u; ε_2, . . . , ε_d) = u × ( ε_2e^{−τε(u)}, . . . , ε_ie^{−τε(u)}, ε_{i+1}, . . . , ε_d ) × ( ε_2, . . . , ε_i, ε_{i+1}e^{−τε(u)}, . . . , ε_de^{−τε(u)} ) , if u > 0 u × ( 0, . . . , 0, ε_{i+1}, . . . , ε_d ) × ( ε_2, . . . , ε_i, 0, . . . , 0 ) , if u ≤ 0

We consider the space of gradient trajectories of h_u or pairs of gradient trajectories of h_u intersecting both L_ε and L_{−ε}, as a subspace of L_ε × L_{−ε}. By (4.5), the part φ((−ε^2, 0] × R^{d−1} ) is the space of pairs (γ_{p+} (t), γ_{p−} (t)) of integral curves of −grad h_u satisfying the conditions lim_{t→∞} γ_{p+} (t) = p_+, γ_{p+} (0) ∈ L_ε, lim t→−∞ γ_{p−} (t) = p_−, γ_{p−} (0) ∈ L_{−ε}. (4.6)

On the other hand, by (4.3) and (4.4), the part φ((0, ε^2) × R^{d−1} ) is the space of negative gradient trajectories of h_u, u > 0, near the origin.

Figure 8. The image of φ (in the uε_2ε^′_2-space). Example of d = 2 case : φ(u; ε_2) = u × (ε, ε_2) × (−ε, ε_2e^{−τε(u)}).

Figure 9. Gluing of trajectories. d = 3 case.

Proposition 4.6. The map φ is smooth and is an embedding. Hence any smooth path ξ on Im φ that goes from u < 0 to u = 0 with non-degenerate tangent on T_0(−ε^2, ε^2) has a smooth extension on u > 0 part. In other words, a pair (γ_{p+} (t), γ_{p−} (t)) of integral curves of −grad h_u as (4.6) above are glued together at u = 0 into a single trajectory if the pair goes along the path ξ (as in Figure 9).

For the proof of Proposition 4.6, we need two lemmas.

Lemma 4.7. There exist series P_n(u), Q_n(u) ∈ R[[u]][ √ u], n ≥ 0, that are welldefined as C^∞ differentiable functions on (0, ε^2) such that

d^n du^n e^{−τε(u)} = Q_n(u) + π^nε^{2n} P_n(u) e^{−τε(u)}, lim_{u→0} P_n(u) = lim_{u→0} Q_n(u) = 0.

Proof. We prove the lemma by induction on n. The case n = 0 is obvious. Suppose the assertion holds true for n. Then we have d^{n+1} du^{n+1} e^{−τε(u)} = d du ( Q_n(u) + π^nε^{2n} P_n(u) e^{−τε(u)} )

= − e^{−τε(u)} √ u(2u^2 + 2ε^2u)P_n(u) × [ √ u {( (2u + 2ε^2) uP^′_n(u) P_n(u) − 2ε ) π^nε^{2n} + (−2u − 2ε^2)uQ^′_n(u)

+ (2u + 2ε^2)Q_n(u) uP^′_n(u) P_n(u) − 2εQ_n(u) }

+ { (−u − ε^2)Tan^{−1} 2ε √ u u − ε^2 + (−πu − πε^2) } π^nε^{2n} +(−u − ε^2)Q_n(u)Tan^{−1} 2ε √ u u − ε^2 + (−πu − πε^2)Q_n(u) ] .

(4.7)

By (4.2), one may see that

Tan^{−1} 2ε √ u u − ε^2 ∈ R[[u]][ √ u], uP^′_n(u) P_n(u) ∈ R[[u]][ √ u], lim_{u→0} Tan^{−1} 2ε √ u u − ε^2 = 0, lim_{u→0} uQ^′_n(u) = 0, lim_{u→0} uP^′_n(u) P_n(u) < ∞. This implies that the right hand side of (4.7) is of the form Q_{n+1}(u) + π^{n+1}ε^{2n+2} √ u(2u^2 + 2ε^2u)P_n(u) e^{−τε(u)} for some C^∞ differentiable function Q_{n+1}(u) ∈ R[[u]][ √ u] with lim_{u→0} Q_{n+1}(u) = 0 that is well-defined on (0, ε^2). The proof completes if we put P_{n+1}(u) = √ u(2u^2 + 2ε^2u)P_n(u). □

Lemma 4.8. For all n ≥ 0,

lim_{u→0} d^n du^n e^{−τε(u)} = 0. Proof. Since lim_{u→0}(Q_n(u) + π^nε^{2n}) = π^nε^{2n}, it suffices to show that

lim_{u→0} e^{−τε(u)} P_n(u) = lim_{u→0} exp(−τ_ε(u) − log P_n(u)) = 0.

The assertion follows if we show that lim_{u→0} (−τ_ε(u) − log P_n(u)) = −∞.

We put s_n(u) = −τ_ε(u) − log P_n(u). Then we have

lim_{u→0} us^′_n(u) = lim_{u→0} ( (u + ε2)Tan^{−1}(^{2ε√u}_{u−ε2} ) + πu + 2ε√u + πε2 √ u(2u + 2ε^2) − uP^′_n(u) P_n(u) )

= ∞ and hence lim_{u→0} s^′_n(u) = ∞. So we must have lim_{u→0} s_n(u) = −∞. □

We put

σ_ε(u) = { e^{−τε(u)} if u > 0 0 if u ≤ 0

Then Lemma 4.8 shows that σ_ε(u) is C^∞ differentiable.

Proof of Proposition 4.6. The map φ can be rewritten as φ(u; ε_2, . . . , ε_d) = u × (ε_2σ_ε(u), . . . , ε_iσ_ε(u), ε_{i+1}, . . . , ε_d) × (ε_2, . . . , ε_i, ε_{i+1}σ_ε(u), . . . , ε_dσ_ε(u)). This shows that φ is C^∞ differentiable. That the Jacobian matrix has full rank is obvious from the definition of φ on u ≤ 0. Hence φ is an embedding. □

Recall that s_0 ∈ [0, 1] is a death parameter. Let (p_1, q_1) be the pair of critical points of f_{s0−ε}′ for sufficiently small number ε^′ > 0, such that d(p_1) = d(q_1) + 1 = i + 1 and such that they are eliminated on s > s_0 after passing through the death point v. Let Γ(p_1, q_1)_1 ∈ G_{n,m}( ⃗C_{s0 −ε}′ ) be a graph with no bivalent vertices and let Γ(∅, ∅)_1 ∈ G_{n,m}( ⃗C_{s0 ±ε}′ ) be the graph obtained from Γ(p_1, q_1)_1 by replacing the edge β(1) with a compact edge.

If d = 3 and if 3n = 2m, then by Proposition 3.4, dim M_Γ( ⃗f_s) = 0 for Γ ∈ G_{n,m}( ⃗C). Since the moduli space is oriented, the number #M_Γ( ⃗f_s) can be counted with signs.

Corollary 4.9. Suppose d = 3 and 3n = 2m. The embedding φ induces a smooth cobordism between M_{Γ(∅,∅)1} ( ⃗f_{s0 +ε}′ ) and −M_{Γ(p1 ,q1)1} ( ⃗f_{s0−ε}′ ) ∐ −M_{Γ(∅,∅)1} ( ⃗f_{s0 −ε}′ ). Hence we have

#M_{Γ(∅,∅)1} ( ⃗f_{s0+ε}′ ) = #M_{Γ(p1 ,q1)1} ( ⃗f_{s0 −ε}′ ) + #M_{Γ(∅,∅)1} ( ⃗f_{s0−ε}′ ).

4.6. Orientation in 1-parameter family. For a graph Γ ∈ G_{2k,3k}( ⃗C), we consider the orientation of ∂M_Γ( ⃗f_J ) induced from o^∗(M_Γ( ⃗f_J )).

Choose a number k in 1 ≤ k ≤ m and put ~H_j = J × H_j , ~Θ_j = J × Θ_j ⊂ J × Conf_{2k}(M),

~Σ_k = { ⋂_{1≤j≤a} j≠k ~H_j ∩ ⋂^m_{j=a+1} ~Θ_j if 1 ≤ k ≤ a ⋂_a j=1 ~H_j ∩ ⋂_{a+1≤j≤mj≠k} ~Θ_j if a + 1 ≤ k ≤ m Then codim ~Σ_k = codim M_Γ( ⃗f_J ) − codim ~H_k = (dn + 1 − d(n − m) − m − 1) − (d + η_k) = (d − 1)(m + 1) − 2d + 1 − η_k ≡ 0 (mod 2)

Let X be a graph obtained from Γ with one edge replaced by a broken edge so that M_X ( ⃗f_J ) is 0-dimensional. Suppose for simplicity that separated edges of Γ are labeled 1, 2, . . . , a. We shall describe the orientation of the face S_X of ∂M_Γ( ⃗f_J ) corresponding to X, induced from the standard orientation of M_Γ( ⃗f_J ). We define the standard orientation of M_Γ( ⃗f_J ) by the formula

o^∗(M_Γ( ⃗f_J )) = a⋀ j=1 o^∗( ~H_j ) ∧ m⋀ j=a+1 o^∗(~Θ_j ).

(1) X = . For M_X ( ⃗f_J ) to be 0-dimensional, d(r_k ) = d(p_k) − 1 or

d(r_k) = d(p_k ). The same statement as Lemma 3.15 holds true even if D_p(f) is replaced with a 1-parameter family of descending manifolds of p. The orientation of F_{rk} M_Γ( ⃗f_J ) induced from the standard one

o^∗(M_Γ( ⃗f_J )) = o^∗( ~D_{pk} (f_k)) ∧ o^∗( ~A_{qk} (f_k)) ∧ o^∗(~Σ_k ) is given by

o^∗(M (f_k; p_k, r_k)) ∧ o^∗( ~D_{rk} (f_k)) ∧ o^∗( ~A_{qk} (f_k)) ∧ o^∗(~Σ_k) = o^∗(M (f_k; p_k, r_k)) ∧ o^∗(M_Γ′ ( ⃗f_J )).

This agrees with the standard orientation o^∗(M_Γ( ⃗f_J )).

(2) X = . For M_X ( ⃗f_J ) to be 0-dimensional, d(s_k ) = d(q_k ) + 1

or d(s_k) = d(q_k). If A_q (f) in the statement of Lemma 3.16 is replaced with a 1-parameter family of ascending manifolds of q, then the induced orientation would be

(−1)^{d(r)−(d(q)+1)}o^∗( ~A_r(f))_x ∧ o^∗(M (f_k; r, q))_x′ , since the sign (−1)^{k+1} in the formula (3.7) becomes (−1)^{d(r)−(d(q)+1)}. Thus, the orientation of F_{sk} M_Γ( ⃗f_J ) induced from the standard one

o^∗(M_Γ( ⃗f_J )) = o^∗(~Σ_k ) ∧ o^∗( ~D_{pk} (f_k)) ∧ o^∗( ~A_{qk} (f_k)) is given by (−1)^{d(sk )−d(qk )−1}o^∗(~Σ_k) ∧ o^∗( ~D_{pk} (f_k)) ∧ o^∗( ~A_{sk} (f_k)) ∧ o^∗(M (f_k; s_k, q_k)) = (−1)^{d(sk )−d(qk )−1}o^∗( ~D_{pk} (f_k)) ∧ o^∗( ~A_{sk} (f_k)) ∧ o^∗(~Σ_k) ∧ o^∗(M (f_k; s_k, q_k)) = (−1)^{d(sk )−d(qk )−1}o^∗(M_Γ′ ( ⃗f)) ∧ o^∗(M (f_k; s_k, q_k)).

This differs from the standard orientation by (−1)^{d(sk)−d(qk )−1} = (−1)^{d(pk )−d(sk )}.

(3) X = . The induced orientation on the boundary is as in Lemma 3.17,

which agrees with −1 of the standard orientation (3.9).

5. Proof of main theorem 5.1. Invariance on ordered 1-parameter family without i/i-intersections. Lemma 5.1. Suppose that {f_s} is ordered and has no i/i-intersections over J = [s_0, s_1]. Then ^Z_{2k,3k}( ⃗f_{s0} ) = ^Z_{2k,3k}( ⃗f_{s1} ).

Proof. By Corollary 4.5 and the observation of §4.6, we have

∂M_Γ( ⃗f_J ) = −M_Γ( ⃗f_{s1} ) ∐ M_Γ( ⃗f_{s0} ) ∐ M_{(d+d}′_{)Γ}( ⃗f_J ) ∐ (∂^{hi}Conf_n(M) ∩ M_Γ( ⃗f_J )), as oriented manifolds. Hence by Lemmas 3.20 and 3.21, we have

#M_Γ( ⃗f_{s1} ) − #M_Γ( ⃗f_{s0} ) = { #M_{(d+d}′_{)Γ}( ⃗f_J ) if E(Γ) ≠ Comp(Γ) #M_{(d+d}′_{)Γ}( ⃗f_J ) + #M^{local}_Γ (−grad_0j^1 ⃗f_J ) if E(Γ) = Comp(Γ)

(5.1)

If Γ in the formula (5.1) is replaced with ~Tr^′_{⃗g}(~γ_{2k,3k} ), then the right hand side of (5.1) becomes Z^{anomaly} 2k,3k (j 3 ⃗f_J ). For the correction terms of ^Z_{2k,3k} ( ⃗f_{s0} ) and ^Z_{2k,3k}( ⃗f_{s1} ), we may choose the same spin 4-manifold W . Then we choose generic sections ⃗ρ_W and ⃗ρ^′_W of (H (T^vW ))^m for the correction terms of ^Z_{2k,3k}( ⃗f_{s0} ) and ^Z_{2k,3k}( ⃗f_{s1} ) respectively, as in §3.10.3. Then by the proof of Proposition 3.29, we have Z^{anomaly} 2k,3k (j 3 ⃗f_J ) − Z^{anomaly} 2k,3k (⃗ρW ) + Z anomaly 2k,3k (⃗ρ ′ W ) = 0.

This completes the proof. □ 5.2. Invariance at level exchange point.

Lemma 5.2. Suppose that s_0 ∈ J is a level exchange point for the 1-parameter family {f_s}_{s∈J} . Then ^Z_{2k,3k} ( ⃗f_{s0−ε}) = ^Z_{2k,3k}( ⃗f_{s0+ε}). The proof is the same as Lemma 5.1.

5.3. Invariance at birth/death point. We say that a birth/death point v in a 1-parameter family {(f_s, μ_s)}_{s∈[0,1]}, say at s = s_0, is almost independent if on a neighborhood of s_0 in [0, 1] the descending and ascending manifolds of v are disjoint from all the other descending and ascending manifolds of critical points except those of the pair (~a(s),~b(s)) chosen in Lemma 4.2.

Lemma 5.3 ([HW], page 62). A 1-parameter family {(f_s, μ_s)}_{s∈[0,1]} of pairs of generalized Morse functions and metrics on M can be deformed so that every birth/death points are almost independent.

Lemma 5.4. Suppose that s_0 ∈ J is a parameter on which an almost independent birth/death point v occurs. Then ^Z_{2k,3k} ( ⃗f_{s0−ε}) = ^Z_{2k,3k}( ⃗f_{s0+ε}). Proof. We prove the lemma only for death point since the case of birth point is symmetric. If (p, q) is the critical point pair at s = s_0 − ε that disappears on s ≥ s_0, then the Morse complex at s = s_0 − ε is the direct sum ~C^{(s0 +ε)}_∗ ⊕ C^{elem}_∗ , where ~C^{(s0 +ε)}_∗ = ( ~C^{(s0 +ε)}_∗ , ~∂^{(s0+ε)}) is the reduced Morse complex at s = s_0 + ε and C^{elem}_∗ = {0 → C^{elem}_{i+1} = Z^{{p} ≈}→ C^{elem}_i = Z^{{q}} → 0}.

Choose a combinatorial propagator g of ~C^{(s0 +ε)}_∗ . The acyclic complex C^{elem}_∗ has a unique combinatorial propagator g^{elem}, defined by g^{elem}(q) = p. We consider g and g^{elem} as homogeneous degree 1 maps of ~C^{(s0 +ε)}_∗ ⊕C^{elem}_∗ by setting g(C^{elem}_∗ ) = 0 and g^{elem}( ~C^{(s0 +ε)}_∗ ) = 0. Then one can check that g^′ = g + g^{elem} is a combinatorial propagator for ~C^{(s0 +ε)}_∗ ⊕ C^{elem}_∗ .

We need only to check the identity of the lemma in the case where a gluing of trajectories happens at v. Suppose that the separated edge labeled by k in a graph flow of Γ(p, q)_k ∈ G_{2k,3k}( ⃗C^{(s0 −ε)}) converges to a broken edge as s → s_0 and that p and q converges to v. Then by Corollary 4.9 we have ~Tr_{··· ,g′ ,···}[[Γ(p, q)_k]] · #M_{Γ(p,q)k} ( ⃗f_{s0 −ε}) + ~Tr_{··· ,g′ ,···}[[Γ(∅, ∅)_k]] · #M_{Γ(∅,∅)k} ( ⃗f_{s0 −ε}) = ~Tr_{··· ,g,···} [ [Γ(∅, ∅)_k] ]( #M_{Γ(p,q)k} ( ⃗f_{s0 −ε}) + #M_{Γ(∅,∅)k} ( ⃗f_{s0 −ε}) ) = ~Tr_{··· ,g,···} [ [Γ(∅, ∅)_k] ] · #M_{Γ(∅,∅)k} ( ⃗f_{s0+ε}). The proof of the invariance of the other terms in ^Z_{2k,3k}( ⃗f_{s0−ε}) is the same as Lemma 5.1 and 5.2 since v is almost independent. □

5.4. Invariance at i/i-intersection point. Suppose that a gradient i/i-intersection between critical points (loci) p and q occurs at s = s_0. For a small number ε > 0, the underlying Z-modules of ~C^{(s0 −ε)}_∗ and ~C^{(s0 +ε)}_∗ are the same. We put J = [s_0 − ε, s_0 + ε], ~C^{(J)}_∗ = ~C^{(s0 −ε)}_∗ = ~C^{(s0 +ε)}_∗ and P^{(J)}_∗ = P^{(s0 −ε)}_∗ = P^{(s0 +ε)}_∗ . Let h : ~C^{(J)}_∗ → ~C^{(J)}_∗ be the homomorphism of homogeneous degree 0, defined for each critical point (locus) a ∈ P^{(J)}_i by h(a) = ∑ b∈P^{(J)}_i #M (f_J ; a, b) · b, M (f_J ; a, b) = M (f_J ; a, b) ⋔ ~L_a, M (f_J ; a, b) = ~D_a(f_J ) ⋔ ~A_b(f_J ).

We denote the boundary operators of ~C^{(s0 −ε)}_∗ and ~C^{(s0 +ε)}_∗ by ∂ and ∂^′ respectively.

Lemma 5.5. Under the assumption above, we have ∂^′ − ∂ = ∂^′h − h∂ = ∂h − h∂^′, or equivalently, ∂^′(1 − h) = (1 − h)∂ and ∂(1 + h) = (1 + h)∂^′.

More explicitly, if p, q ∈ P^{(J)}_i and if r ∈ P^{(J)}_{i+1} is any other critical point of index i + 1, then it follows from Lemma 5.5 that h(x) = { ±q if x = p 0 otherwise and that the difference of ∂^′ and ∂ is given by

(5.2) ∂^′p = ∂p ± ∂q ∂^′r = ∂r ∓ ∂_{rp} · q = ∂r ∓ ∂^′_{rp} · q ∂^′q = ∂q In particular, we have h^2 = 0.

Proof of Lemma 5.5. We know from Corollary 4.5 what happens at s_0, so it suffices to check that the signs are correct. We may assume without loss of generality that only the ascending manifold of q changes as s moves within J if ε is small enough. So we may replace the problem with the intersection orientations in a single fiber in which the ascending manifold of q moves around, depending on a parameter s ∈ J.

There is a small neighborhood of F_pM_2(f_J ; r, q) ∼= M (f_{s0} ; r, p) × M (f_J ; p, q) that is a subspace of U_a × L_p for some small open ball U_a in a Morse model M_p around p (for the quadratic form −x^2_1 − · · · − x^2_i + x^2_{i+1} + · · · + x^2_d). By an analogue of Lemma 3.16, the normal orientation o^∗(M_2(f_J ; r, q))_{(x,x}′_) at (x, x^′) ∈ U_a × L_p induces an orientation o^∗(D_r(f_{s0} ))_x ∧ (−1)^{d(p)−(d(q)+1)}o^∗(A_p(f_{s0} ))_x ∧ o^∗(M (f_J ; p, q))_x′ = −o^∗(M (f_{s0} ; r, p))_x ∧ o^∗(M (f_J ; p, q))_x′

(5.3)

on the space of (partially parametrized) broken trajectories. We assume without loss of generality that U_a ∩ L^′_p ≠ ∅ and that the points x and (0, . . . , 0, √ ε) ∈ M_p lie on the same gradient trajectory. Since o^∗(M (f_J ; p, q))_x′ is a d-form, o^∗(L^′_p)_x = dx_d and o^∗(L^′_p × R^d )_{(x,x}′_) = ∗ι (_∂ ∂x_d ) dx_1 ∧ · · · ∧ dx_d ∧ dx^′_1 ∧ · · · ∧ dx^′_d = (−1)^ddx_d, the orientation (5.3) induces the following orientation on the intersection with L^′_p × L_p:

− o^∗(M (f_{s0} ; r, p))_x ∧ o^∗(M (f_J ; p, q))_x′ ∧ (−1)^ddx_d

= −o^∗(M (f_{s0} ; r, p))_x ∧ dx_d ∧ o^∗(M (f_J ; p, q))_x′

= −o^∗(M (f_{s0} ; r, p))_x ∧ o^∗(M (f_J ; p, q))_x′ = −o^∗(M (f_{s0 −ε}; r, p))_x ∧ o^∗(M (f_J ; p, q))_x′

(5.4)

This gives the sign of the incidence coefficient of q in h∂(r).

Similarly, for a critical point r^′ of index i−1, a small neighborhood of F_q M_2(f_J ; p, r^′) ∼= M (f_J ; p, q)×M (f_{s0} ; q, r^′) can be considered as a subspace of L^′_q ×U_a for some small open ball U_a in a Morse model M_q around q (for the quadratic form −x^2_1 − · · · − x^2_i + x^2_{i+1} + · · · + x^2_d). Then by an analogue of Lemma 3.15, the normal orientation o^∗(M_2(f_J ; p, r^′))_{(x,x}′_) at (x, x^′) ∈ L^′_q × U_a induces an orientation

o^∗(M (f_J ; p, q))_x ∧ o^∗(D_q (f_{s0} ))_x′ ∧ o^∗(A_r′ (f_{s0} ))_x′

= o^∗(M (f_J ; p, q))_x ∧ o^∗(M (f_{s0} ; q, r^′))_x′

(5.5)

on the space of (partially parametrized) broken trajectories. We assume without loss of generality that U_a ∩ L_q ≠ ∅ and that the points x^′ and ( √ ε, 0, . . . , 0) ∈ M_q lie on the same gradient trajectory. Since o^∗(L_q )_x′ = o^∗(R^d × L_q)_{(x,x}′_) = −dx^′_1, (5.5) induces the following orientation on the intersection with L^′_q × L_q :

o^∗(M (f_J ; p, q))_x ∧ o^∗(M (f_{s0} ; q, r^′))_x′ ∧ (−dx^′_1)

= o^∗(M (f_J ; p, q))_x ∧ o^∗(M (f_{s0} ; q, r^′))_x′

= o^∗(M (f_J ; p, q))_x ∧ o^∗(M (f_{s0 +ε}; q, r^′))_x′

(5.6)

This gives the sign of the incidence coefficient of r^′ in ∂^′h(p).

The induced orientations (5.4) and (5.6) give the desired identities ∂ − ∂^′ − h∂ + ∂^′h = 0 and ∂ − ∂^′ − h∂^′ + ∂h = 0. □

Choose a combinatorial propagator g for ( ~C^{(s0 −ε)}_∗ , ∂). Then one can check that the endomorphism

g^′ = (1 − h) ∘ g ∘ (1 + h) ∈ End_1( ~C^{(s0 +ε)}_∗ )

is a combinatorial propagator for ( ~C^{(s0 +ε)}_∗ , ∂^′). One can check that hgh = 0 and hence

g^′ − g = gh − hg.

We put ⃗C = ( ~C^{(s0 −ε)}_∗ , ~C^{(2)}_∗ , . . . , ~C^{(m)}_∗ ) and ⃗C^′ = ( ~C^{(s0 +ε)}_∗ , ~C^{(2)}_∗ , . . . , ~C^{(m)}_∗ ). We define the operator d^{′′} : G_{n,m,⃗η}( ⃗C) → G_{n,m−1,d}′′_{⃗η} ( ⃗C) by ∑ e∈Se(Γ) d ′′ e , where

d^{′′}_e = ∑ ri∈P (i) ∗ d(ri )=d(pi) + ∑ si∈P (i) ∗ d(si)=d(qi ) (−1)^{d(pi)−d(si)} (β(i) = e)

and or(d^{′′}_e Γ) is the induced one. The reason for the sign has been explained in §4.6.

Lemma 5.6. Suppose that s_0 ∈ J is a point on which a gradient i/i-intersection between critical points (loci) p and q occurs in a 1-parameter family {(f_s, μ_s)}_{s∈J} . Then

^Z_{2k,3k} ( ⃗f_{s0−ε}) = ^Z_{2k,3k}( ⃗f_{s0+ε}).

Proof. As oriented manifolds, we may assume that

∂M_Γ( ⃗f_J ) = −M_Γ( ⃗f_{s0+ε}) ∐ M_Γ( ⃗f_{s0 −ε}) ∐ M_d′′_Γ( ⃗f_J )

if ε is small enough. Hence we have

#M_Γ( ⃗f_{s0 +ε}) − #M_Γ( ⃗f_{s0 −ε}) − #M_d′′_Γ( ⃗f_J ) = 0.

We put ⃗g = (g, g_2, . . . , g_m) and ⃗g^′ = (g^′, g_2, . . . , g_m). We have ∑ Γ∈G_{2k,3k} ( ⃗C) ~Tr_{⃗g′} [[Γ]] · #M_Γ( ⃗f_{s0+ε}) − ∑ Γ∈G_{2k,3k} ( ⃗C^′) ~Tr_{⃗g}[[Γ]] · #M_Γ( ⃗f_{s0 −ε})

= ∑ Γ ~Tr_{⃗g′} [[Γ]] · ( #M_Γ( ⃗f_{s0 −ε}) + #M_d′′_Γ( ⃗f_J ) ) − ∑ Γ ~Tr_{⃗g} [[Γ]] · #M_Γ( ⃗f_{s0−ε}) = ∑ Γ ~Tr_{g′ −g,...}[[Γ]] · #M_Γ( ⃗f_{s0−ε}) + ∑ Γ ~Tr_{⃗g′} [[Γ]] · #M_{d′′Γ}( ⃗f_J ) = ∑ Γ ~Tr_{gh−hg,...}[[Γ]] · #M_Γ( ⃗f_{s0 −ε}) + ∑ Γ ~Tr_{⃗g′} [[Γ]] · #M_{d′′ Γ}( ⃗f_J ) = ~Tr_{g,...} [ ∑ p1,q1 d(p1)=d(q1 )+1 ∑ Γ(p_1 ,q_1)_1

[Γ(p_1, q_1)_1] · #M_{(Γ∗h−h∗Γ)(p1,q1 )1} ( ⃗f_J ) ]

+ ~Tr_{⃗g}′ [ ∑ p1,q1 d(p1)=d(q1 )+1 ∑ Γ(p_1,q_1 )_1

[Γ(p_1, q_1)_1] · #M_d′′_{Γ(p1,q1 )1} ( ⃗f_J ) ]

= ∑ p_1 ,q_1 ∑ Γ(p_1 ,q_1 )_1

~Tr_{g′ −g,...}[[Γ(p_1, q_1)_1]] · #M_{d′′Γ(p1 ,q1 )1} ( ⃗f_J )

= ∑ p_1 ,q_1 ∑ Γ(p_1 ,q_1 )_1 ~Tr_{gh−hg,...}[[Γ(p_1, q_1)_1]]·#M_{d′′ Γ(p1,q1 )1} ( ⃗f_J )

= − ∑ p_1 ,q_1 ∑ Γ(p_1 ,q_1)_1 ~Tr_{g,...}[[Γ(p_1, q_1)_1]]·#M_{d′′d′′Γ(p1 ,q1 )1} ( ⃗f_J ) = 0 since h^2 = 0 and hgh = 0. This completes the proof. □

Proof of Theorem 3.32. Lemmas 5.1, 5.2, 5.4, 5.6 show that ^Z_{2k,3k}( ⃗f_s) is invariant under all possible bifurcations listed in §4.1. This completes the proof. □

Appendix A. Orientations on manifolds and their intersections

A.1. Orientation on a manifold. For a d-dimensional orientable manifold M, we will represent an orientation on M by a nowhere vanishing d-form of Ω^d_R(M) and denote by o(M). If M is a submanifold of an oriented d^′-dimensional manifold N, then we define o(M) from an orientation o^∗(M) of the normal bundle of M by the rule o(M) ∧ o^∗(M) ∼ o(N). Note that o^∗(M) is defined canonically by the Hodge star operator: o^∗(M) = ∗o(M). A.2. Induced orientation. If M has boundary ∂M, we provide an induced orientation on ∂M from o(M) as follows: let n be an inward normal vector field on ∂M, then we define o(∂M)_x = ι(n_x)o(M)_x. In other words, if n^∗_x is the dual of n_x with respect to the metric and if o(M)_x = ε n^∗_x ∧ α_x for α_x ∈ Ω^{d−1}_{dR} (M) and ε ∈ {1, −1}, then o(∂M)_x = εα_x. This change induces a change on normal orientation o^∗(M) as follows: o^∗(M)_x → (−1)^{d′−1}o^∗(M)_x∧ n^∗_x. So we have

(A.1) o^∗(∂M)_x = (−1)^{d′−1}o^∗(M)_x ∧ n^∗_x.

Example A.1. Suppose M = {(x_1, . . . , x_i, 0, . . . , 0) ∈ R^d ; x_1 ≥ 0} and N = R^d . We assume that o(M)_x = dx_1 ∧ · · · ∧ dx_i and o(R^d )_x = dx_1 ∧ · · · ∧ dx_d, then o(∂M)_x = ι (_∂ ∂x_1 ) o(M)_x = dx_2 ∧ · · · ∧ dx_i. On the other hand, we have o^∗(M)_x = dx_{i+1} ∧ · · · ∧ dx_d and o^∗(∂M)_x = (−1)^{i−1}dx_1 ∧ dx_{i+1} ∧ · · · ∧ dx_d = (−1)^{d−1}dx_{i+1} ∧ · · · ∧ dx_d ∧ dx_1. We equip each level surface L of a Morse function f : M → R by the rule

o(L)_x = ι(grad f)_xo(M)_x.

A.3. Orientation of intersection. Suppose M and M^′ are two oriented submanifolds of N of dimension i and i^′ that intersect transversally. The transversality implies that at an intersection point x, the form o^∗(M)_x ∧ o^∗(M^′)_x is a non-trivial (2d − i − i^′)-form. We define

o^∗(M ⋔ M^′)_x = o^∗(M)_x ∧ o^∗(M^′)_x.

Acknowledgments. I would like to thank Professor Kenji Fukaya for encouraging me to write my result for publication. I would also like to thank Professor Masamichi Takase for valuable comments on invariants of spin 4-manifolds. I am supported by JSPS Grant-in-Aid for Young Scientists (B) 70467447.

References

[AS] S. Axelrod, I. M. Singer, Chern–Simons perturbation theory, in Proceedings of the XXth DGM Conference, Catto S., Rocha A. (eds.), pp. 3–45, World Scientific, Singapore, 1992.

[BC] M. Betz, R. Cohen, Graph Moduli Spaces and Cohomology Operations, Turkish J. Math.

18 (1995), 23–41.

[Ce] J. Cerf, La stratification naturelle des espaces de fonctions différentiables réelles et le théorème de la pseudo-isotopie, Publ. Math. I.H.É.S. 39 (1970), 5–173.

[Fuk93] K. Fukaya, Morse homotopy, A^∞-category and Floer homologies, in Proceedings of GARC Workshop on Geometry and Topology, ed. H. J. Kim, Seoul National University, Korea, 1993.

[Fuk96] K. Fukaya, Morse Homotopy and Chern–Simons Perturbation Theory, Comm. Math.

Phys. 181 (1996), 37–90.

[Fut] M. Futaki, Master thesis, Univ. of Tokyo.

[FO] K. Fukaya, Y-G. O, Zero-loop open strings in the cotangent bundle and Morse homotopy, Asian J. Math. 1 (1997), no. 1, 96–180.

[FM] W. Fulton, R. MacPherson, A compactification of configuration spaces, Ann. of Math.

139 (1994), 183–225.

[HW] A. Hatcher, J. Wagoner, Pseudo-isotopies of compact manifolds, Astérisque, No. 6.

Société Mathématique de France, Paris, 1973. i+275 pp.

[Ig1] K. Igusa, The space of framed functions, Trans. Amer. Math. Soc. 301 (1987), no. 2, 431–477.

[Ig2] K. Igusa, The stability theorem for smooth pseudoisotopies, K-Theory 2 (1988), 1–355. [KM] R. Kirby, P. Melvin, Canonical framings for 3-manifolds, Proceedings of 6th Gökova Geometry-Topology Conference, Turkish J. Math. 23 (1999), no. 1, 89–115.

[Ko] M. Kontsevich, Feynman diagrams and low-dimensional topology, First European Cogress of Mathematics, Vol. II (Paris, 1992), Progr. Math. 120 (Birkhauser, Basel, 1994), 97– 121.

[KT] G. Kuperberg, D. Thurston, Perturbative 3-manifold invariants by cut-and-paste topology, preprint, arXiv:math/9912167.

[Les] C. Lescop, Splitting formulae for the Kontsevich–Kuperberg–Thurston invariant of rational homology 3-spheres, math.GT/0411431.

[Oh96] T. Ohtsuki, Finite type invariants of integral homology 3-spheres, J. Knot Theory Ramifications 5 (1996), 101–115.

[Wa] T. Watanabe, Obstructions for π_1 of the space of pseudo-isotopies of disks in non-stable range, preprint.

[Wa2] T. Watanabe, Higher order generalization of Fukaya’s Morse homotopy invariant of 3- manifolds II, in preparation.

[Wi] E. Witten, Chern–Simons gauge theory as a string theory, The Floer memorial volume, 637–678, Progr. Math., 133, Birkhäuser, Basel, 1995.

Department of Mathematics, Hokkaido University, Kita 10, Nishi 8, Kita-Ku, Sapporo, Hokkaido, 060-0810, Japan

E-mail address: tadayuki@math.sci.hokudai.ac.jp