arXiv:1202.6029v1 [hep-th] 27 Feb 2012

Comment on integrability in Dijkgraaf-Vafa β-ensembles

A.Mironov^∗, A.Morozov^†, Z.Zakirova^‡

FIAN/TD-01/12 ITEP/TH-07/12

ABSTRACT

We briefly discuss the recent claims that the ordinary KP/Toda integrability, which is a characteristic property of ordinary eigenvalue matrix models, persists also for the Dijkgraaf-Vafa (DV) partition functions and for the refined topological vertex. We emphasize that in both cases what is meant is a particular representation of partition functions: a peculiar sum over all DV phases in the first case and hiding the deformation parameters in a sophisticated potential in the second case, i.e. essentially a reformulation of some questions in the new theory in the language of the old one. It is at best obscure if this treatment can be made consistent with the AGT relations and even with the quantization of the underlying integrable systems in the Nekrasov-Shatashvili limit, which seem to require a full-scale β-deformation of individual DV partition functions. Thus, it is unclear if the story of integrability is indeed closed by these recent considerations.

1 Introduction

Nowadays the abstract matrix model theory [1] is once again on the rise. One of the reasons for that is that the reformulation of the Virasoro constraints or loop equations [2] in terms of the AMM/EO topological recursion [3] allowed to reveal hidden matrix model structures in somewhat unexpected areas like Seiberg-Witten theory and conformal models (through the AGT relations [4]) [5] and knots [6]. This poses the natural questions of how the other properties of matrix models express themselves in these circumstances. The first in the line is, of course, integrability: a mysterious fact that exact (non-perturbative) partition functions in quantum field theory satisfy bilinear relations (while usual Ward identities, like Virasoro constraints, provide only linear relations) [8].

The ordinary partition functions of eigenvalue matrix models are typically the τ-functions of the KP/Toda type hierarchies [1, 7]. Among other things, this fact is reflected in existence of the Harer-Zagier recursion [9], a much more powerful than the ordinary AMM/EO one. However, this property is lost (or, better, modified in a still unknown way) in the two important deviations: after the β-deformation [10] and in the Dijkgraaf-Vafa phases [11]. Recently there were claims to the opposite: that integrable structure survives, moreover, in both cases and presumably even in the combination of two. The goal of this letter is to briefly comment on this kind of statements. We choose two particular examples: the papers [12] on β-deformation and [13] on the Dijkgraaf-Vafa phases. In both cases the claim seems to reduce just to the statement that deformed model can be considered as a particular case of the non-deformed one, thus, integrability of the ordinary Hermitian matrix model implies bilinear relations for the deformed ones. This is, of course, being a correct statement does not provide any new interesting implications. In particular, this does not help to construct any efficient Harer-Zagier recursion, which would not be just a series in powers of (β −1) or a result of peculiar summation over all the Dijkgraaf-Vafa phases. We remind [14] that resolution of this problem could provide a constructive interpretation of the AGT relations as the Hubbard-Stratonovich duality [15] in the doubly-quantized Seiberg-Witten theory (i.e. that in the Ω-background with the both non-zero deformation parameters^1).

2 Integrability of Hermitian matrix model

The old statement [18, 1, 7] is that the integral

Z_N = 1 N! N∏ i=1 ∫ dμ_ie^{V (μi)}Δ^2(μ) = det_{ij} C_{i+j} (1)

∗Lebedev Physics Institute and ITEP, Moscow, Russia; mironov@itep.ru; mironov@lpi.ru †ITEP, Moscow, Russia; morozov@itep.ru ‡Kazan Energy State University, Kazan, Russia; zolya zakirova@mail.ru 1When only one ϵ is non-vanishing, this corresponds to an ordinary quantization [16] of the underlying integrable system [17].

where Van-der-Monde determinant Δ(μ) = ∏ i<j (μ_i − μ_j ) = det_{ij} μ^{j−1}_i and the moment matrix

C_i = ∫ dμ e^{V (μ)}μ^{i−1} ≡< μ^{i−1} > (2) For V (μ) = V_0(μ) + ∑_∞ k=0 t_kμ^k one additionally has ∂C_i ∂t_j = C_{i+j} (3)

and the determinant representation (1) along with this relation is enough to demonstrate that Z_N satisfies the Hirota bilinear equations for the Toda chain τ-function, which, in turn, reduce to an infinite hierarchy of differential equations, starting from^2

∂^2 log Z_N ∂t^2_1 = Z_{N+1}Z_{N−1} Z^2_N (4) Thus, one concludes that Z_N = τ{N; t} (5) What is important, these properties are independent of the choice of the potential V_0(μ) and of the integration contours in the definition of C_i (one may say in a word that they do not depend on the choice of measure).

Note that the N! factor in the definition of Z_N is essential: for the Gaussian potential case, V (μ) = −^1_{2g} μ^2 + t_1μ

Z_N = 1 N!V_{U(N)} ∫ N×N e^{−tr V (M)}dM = (2π)^{N/2}g^{N 2/2} (_{N−1} ∏ k=1 k! ) exp ( gNt^2_1 2 ) (6) and ∂^2 log Z_N

∂t^2_1 = gN = Z_{N+1}Z_{N−1} Z^2_N (7) The next Toda chain equation is the same as the first equation in KP hierarchy:

3(ττ_{22} − τ^2_2 ) − 4(ττ_{13} − τ_1τ_3) + (ττ_{1111} − 4τ_1τ_{111} + 3τ^2_{11}) = 0 (8)

where the index i refers to the derivatives w.r.t. t_i. One easily checks that the Gaussian Hermitian model satisfies this at the point {all t_k = 0} using formulas from [20]. In these formulas we preserve also the parameter β, which would appear in the power of Van-der-Monde determinant in the eigenvalue representation (1), and put V (μ) = −μ^2/2 + ∑_∞ k=0 t_kμ^k. Then,

τ_1 = τ_3 = τ_{111} = 0, τ_2 = ( βN^2 − (β − 1)N ) τ, τ_{11} = Nτ, τ_{22} = ( β^2N^4 − 2β(β − 1)N^3 + (β^2 + 1)N^2 − 2(β − 1)N ) τ, τ_{13} = 3 ( βN^2 − (β − 1)N ) τ (9)

Using these formulas one deduces that the l.h.s. of (8) equals −6(β − 1)N(N − 1) and vanishes when β = 1.

2A more generic partition function [18, 7] Z_N = det C_{ij} depending on two sets of times {t} and {t̄} is described by the two-dimensional Toda lattice hierarchy with the first equation ∂^2 log Z_N ∂t_1 ∂t̄_1 = Z_{N+1}Z_{N−1} Z^2_N

provided C_{ij} satisfies ∂C_{ij} ∂t_k = C_{i+k,j} , ∂C_{ij} ∂t̄_k = C_{i,j+k} In matrix models, it can be realized by an average C_{ij} =< x^iy^j >, which is the case for multi-matrix models. Similarly, in the unitary matrix model case C_{ij} =< x^{i−j} > and the partition function is a special reduction of the two-dimensional Toda lattice hierarchy or, equivalently and even more naturally, of the two-component Toda hierarchy [19].

3 Sum over Dijkgraaf-Vafa phases

The Dijkgraaf-Vafa phases emerge when the background potential V_0(μ) possesses several different extrema at points μ = α_r, r = 1, . . . , s. Then the DV partition function is defined as a genus expansion around the spectral curve, defined as a resolution of y^2 = (V^′_0 (z))^2 + f(z) and depending on the s extra moduli, hidden in the polynomial f(z) of degree (s − 1). As demonstrated in great detail in [21, 22, 20] this definition is actually equivalent to choosing s different integration contours K_r, so that N_r out of N eigenvalues μ_i are integrated along K_r. These N_r serve as the s additional moduli, if the answer is analytically continued from the integer values of N_r to arbitrary ones. Thus, one can define the Dijkgraaf-Vafa partition function Z_{N1,...,Ns} {t_k} as a matrix (or, better to say, eigenvalue) model with s different integration contours: Z_{N1,...,Ns} {t_k} = s∏ r=1 1 N_r! (_{Nr} ∏ i=1 ∫ K_r e^{V (μi )}dμ_i ) Δ^2(μ) (10)

Now let us apply the determinant formula (1) to this case:

C_i = s∑ r=1 e^{ξr} ∫ K_r μ^{i−1}e^{V (μ)}dμ (11)

with arbitrary parameters ξ_r (thus, the contour in (2) is given as a formal sum of weighted contours, ∑_s r=1 e^{ξr} K_r).

Then, the Toda-chain tau-function is given by τ(⃗α, ⃗ξ){t_k} = ∑ N_1,...,N_s (_s ∏ r=1 e^{Nr ξr} ) Z_{N1,...,Ns} (⃗α){t_k} (12)

One easily recognizes in this formula the sum (5.15) of ref.[13].

To illustrate how the binomial coefficients are automatically taken into account by the factorial in (10), we consider a very simple example of N = 2. For simplicity we also put ξ_i = 0. Then

Z_2 = 1 2! 2∏ i=1 (∫ K_1 + ∫ K_2 ) dμ_ie^{V (μi )}Δ^2(μ) = 1 2! ∫ K_1 ∫ K_1 2∏ i=1 dμ_ie^{V (μi )}Δ^2(μ) +

+ 1 1!1! ∫ K_1 ∫ K_2 2∏ i=1 dμ_ie^{V (μi )}Δ^2(μ) + 1 2! ∫ K_2 ∫ K_2 2∏ i=1 dμ_ie^{V (μi)}Δ^2(μ) = Z_{2,0} + Z_{1,1} + Z_{0,2} (13)

or, in terms of the determinant representation (the indices of the averaging symbol < ... > enumerate contours):

det_{ij} C_{i+j} = ( < μ^2 >_1 + < μ^2 >_2 )( < 1 >_1 + < 1 >_2 ) − ( < μ >_1 + < μ >_2

)_2 = = 1 2! ( 2 < μ^2 >_1< 1 >_1 −2 < μ >^2_1 ) + ( < μ^2 >_1< 1 >_2 + < μ^2 >_2< 1 >_2 −2 < μ >_1< μ >_2 ) + + 1 2! ( 2 < μ^2 >_2< 1 >_2 −2 < μ >^2 ) = 1 2! ∫ K_1 ∫ K_1

dμ_1dμ_2e^{V (μ1)}e^{V (μ2)} (μ_1 − μ_2)^2 + + 1 1!1! ∫ K_1 ∫ K_2

dμ_1dμ_2e^{V (μ1 )}e^{V (μ2 )} (μ_1 − μ_2)^2 + 1 2! ∫ K_2 ∫ K_2

dμ_1dμ_2e^{V (μ1 )}e^{V (μ2 )} (μ_1 − μ_2)^2 = (14)

= Z_{2,0} + Z_{1,1} + Z_{0,2}

It is quite an exercise to check that (12) made from explicit expression for the DV partition function Z_{⃗N} (⃗α) does indeed satisfy (4), (8) and all other equations of the Toda chain and KP hierarchies, in all orders of the genus expansion. In fact, this check is somewhat similar to checking that theta-functions satisfy these equations, by directly using their series expansions rather than analytical properties, what is known to be a tedious exercise. Still, some attempts of such direct checks were made in [13]. We want to emphasize that the general argument, that we just reminded in this section, can be enough, provided one uses the demonstration of [21, 22, 20] that the Dijkgraaf-Vafa partition function Z_{⃗N} (⃗α) can be indeed represented as a result of integrating some different eigenvalues along different integration contours.

At the same time, despite (12) is a τ-function almost trivially due to (1), this sheds only some light on integrability properties of DV partition functions Z_{N1,...,Ns} . The claim is that these functions are a kind of Fourier transform of the τ-function, but in a very obscure kind of variables: in ⃗ξ, which from the point of view of integrable hierarchies describe some very non-explicit locus in the Universal Grassmannian (the universal moduli space [23]). Even interpretation of these ξ’s in terms of Seiberg-Witten theory remains obscure. Thus this result calls for much better understanding before it can be considered as a resolution of the problem of integrability of DV partition functions.

4 What would be the β-deformation of integrability theory?

The recently discovered powerful AGT relation [4] unifies [24] the three kinds of quantities, which are a priori of a somewhat different origin: the Nekrasov functions, conformal blocks and peculiar β-ensembles of Dotsenko- Fateev or Penner type, also known as ”conformal matrix models”. There is little doubt that the basic underlying theory is that of the β-Selberg integrals, related to character expansion into the Jack and MacDonald polynomials for 4d and 5d theories respectively. A lot of these structures can actually be seen already at the level of quantization of related integrable systems, which is associated with the Nekrasov-Shatashvili (ϵ_2 = 0) limit of the full Ω-deformed Seiberg-Witten (SW) structure.

However, there is an interesting option to treat the deformed SW structure as an ordinary one. This possibility is provided by the fact that the ordinary SW equations { a_i = ∮ A_i Ω(z) ∂F ∂a_i = ∮ B_i Ω(z)

(15)

hold for the full prepotential F (a|ϵ_1, ϵ_2) with ϵ_1, ϵ_2 ≠ 0 and any β = −ϵ_2/ϵ_1, only with a sophisticated ϵdependent SW differential Ω(z|ϵ_1, ϵ_2) (which is actually a full, i.e. summed over all genera, 1-point resolvent of the Dotsenko-Fateev β-ensemble, to be provided by the yet unknown β-deformation of the Harer-Zagier recursion).

An intimately related observation [12] is that such a sophisticated representation exists also for the refined topological vertex [25], relevant to β-deformation of Chern-Simons theory, and for the HOMFLY knot polynomials.

The problem is that such approaches hide all the relevant structures, which one wants to reveal in the β-deformation, in sophisticated quantities like Ω(z) or a sophisticated matrix model potential V (z), and the problem is not resolved before the structure of these quantities is fully understood.

Taking this to extreme, one may say that one can represent the same quantity in two forms: ∫ Δ^2(λ_i) ~dμ(λ_i) = ∫ Δ^{2β} (m_i) dμ(m_i) (16)

as ordinary matrix model and as a β-ensemble, with a relatively simple measure dμ(m_i) and a complicated measure ~dμ(λ_i). The two sides of this relation imply the two different ways to switch on the time-variables: insertion of ∏ i exp ∑ k ( t̃_kλ^k_i ) at the l.h.s. provides an ordinary τ-function of the KP/Toda type, while insertion of ∏ i exp ∑ k ( t_km^k_i ) at the r.h.s. does not give rise to anything satisfactory. The way to find an appropriate β-deformed version of this exponential (and, more generally, of a (β, q)-exponential) at the r.h.s. is exactly the problem of β-deformation of integrability theory.

A very serious motivation for the study of relations like (16) is that the two measures at the two sides of the equality are associated with different sets of symmetric functions: the Schur and Jack polynomials respectively (and the MacDonald polynomials would arise for the further q-deformed β-ensemble). The point is that all these sets can be considered as different bases in the space of symmetric functions and are therefore linearly related (through the so called Kostka coefficients). This means, first, that correlation functions in both representations should indeed by somehow related, after the character expansion technique is applied to express them through these polynomials. Second, this makes the story of [12] about the refined topological vertex especially interesting, because in the associated theory of superpolynomials [26, 27] it is still unclear what is the preferred basis: that of the MacDonald, of Schur or rather of the Hall-Littlewood polynomials [28]. Amusingly a place is still not found there for the Jack polynomials, putting under a big question the literal β-ensemble approach to topological vertices (this is also illustrated by the failure to generalize the Chern-Simons matrix model for torus HOMFLY polynomials to the case of superpolynomials by switching from ordinary matrix models to β-ensembles [29]).

5 Conclusion

To conclude, we tried to argue that integrability properties of β-deformed and weighted-averaged Dijkgraaf-Vafa partition functions remain an important and deep problem, which is still far from being solved. The results of [12] and [13] respectively, in this direction are very important, but seem to reflect only straightforward consequences of those of Hermitian matrix model. In this sense they do not provide any new non-trivial information about above deformations. In particular, they do not yet help to generalize the Harer-Zagier recursion and matrix model interpretation of the AGT relations and knot polynomials to the case of β ≠ 1. However, it also remains an open question, if any less trivial deformations of integrability properties exist at all in these cases.

Acknowledgements

Our work is partly supported by Ministry of Education and Science of the Russian Federation under contract 02.74.11.0081, by NSh-3349.2012.2, by RFBR grants 10-02-00509 (A.Mir. and Z.Z.), 10-02-00499 (A.Mor.) and by joint grants 11-02-90453-Ukr, 12-02-91000-ANF, 12-02-92108-Yaf-a, 11-01-92612-Royal Society.

References

[1] A.Morozov, Phys.Usp.(UFN) 35 (1992) 671-714; 37 (1994) 1, hep-th/9303139; hep-th/9502091; hepth/0502010

[2] A.A.Migdal, Phys.Rep. 102 (1983) 199;

J.Ambjørn, J.Jurkiewicz and Yu.Makeenko, Phys.Lett. B251 (1990) 517; F.David, Mod.Phys.Lett. A5 (1990) 1019;

A.Mironov and A.Morozov, Phys.Lett. B252 (1990) 47-52 J.Ambjørn and Yu.Makeenko, Mod.Phys.Lett. A5 (1990) 1753; H.Itoyama and Y.Matsuo, Phys.Lett. 255B (1991) 202.

[3] A.Alexandrov, A.Mironov and A.Morozov, Int.J.Mod.Phys. A19 (2004) 4127, hep-th/0310113;

Teor.Mat.Fiz. 150 (2007) 179-192, hep-th/0605171; Physica D235 (2007) 126-167, hep-th/0608228; JHEP 12 (2009) 053, arXiv:0906.3305;

A.Alexandrov, A.Mironov, A.Morozov, P.Putrov, Int.J.Mod.Phys. A24 (2009) 4939-4998, arXiv:0811.2825; B.Eynard, JHEP 0411 (2004) 031, hep-th/0407261;

L.Chekhov and B.Eynard, JHEP 0603 (2006) 014, hep-th/0504116; JHEP 0612 (2006) 026, mathph/0604014;

N.Orantin, arXiv:0808.0635

[4] L.Alday, D.Gaiotto and Y.Tachikawa, Lett.Math.Phys. 91 (2010) 167-197, arXiv:0906.3219;

N.Wyllard, JHEP 0911 (2009) 002, arXiv:0907.2189;

A.Mironov and A.Morozov, Phys.Lett. B680 (2009) 188-194, arXiv:0908.2190; Nucl.Phys. B825 (2009) 1-37, arXiv:0908.2569

[5] R.Dijkgraaf and C.Vafa, arXiv:0909.2453;

H.Itoyama, K.Maruyoshi and T.Oota, Prog.Theor.Phys. 123 (2010) 957-987, arXiv:0911.4244; T.Eguchi and K.Maruyoshi, arXiv:0911.4797; arXiv:1006.0828; R.Schiappa and N.Wyllard, arXiv:0911.5337;

A.Mironov, A.Morozov, Sh.Shakirov, JHEP 02 (2010) 030, arXiv:0911.5721; Int.J.Mod.Phys. A25 (2010) 3173-3207, arXiv:1001.0563

[6] R.Lawrence and L.Rozhansky, Comm.Math.Phys. 205 (1999) 287;

M.Mariño, Comm.Math.Phys. 254 (2004) 25-49, hep-th/0207096; C.Beasley and E.Witten, J.Diff.Geom. 70 (2005) 183-323, hep-th/0503126; Y.Dolivet and M.Tierz, J.Math.Phys. 48 (2007) 023507, hep-th/0609167; A.Brini, B.Eynard and M.Mariño, arXiv:1105.2012

[7] A.Mironov, Int.J.Mod.Phys. A9 (1994) 4355, hep-th/9312212; Phys.Part.Nucl. 33 (2002) 537

[8] See a review and a list of references in:

A.Mironov, Theor.Math.Phys. 114 (1998) 127, q-alg/9711006

[9] J.Harer and D.Zagier, Invent.Math. 85 (1986) 457-485;

S.K.Lando and A.K.Zvonkin, Embedded graphs, Max-Plank-Institut für Mathematik, Preprint Series 2001 (63);

A.Morozov and Sh.Shakirov, JHEP 0912 (2009) 003, arXiv:0906.003; arXiv:1007.4100

[10] A.Morozov, arXiv:1201.459

[11] K.Demeterfi, N.Deo, S.Jain and C.-I Tan, Phys.Rev. D42 (1990) 4105-4122;

J.Jurkiewicz, Phys.Lett. 245 (1990) 178;

C̆.Crnković and G.Moore, Phys.Lett. B257 (1991) 322;

G.Akemann and J.Ambjørn, J.Phys. A29 (1996) L555–L560, cond-mat/9606129; G.Bonnet, F.David, and B.Eynard, J.Phys. A33 (2000) 6739–6768;

R.Dijkgraaf and C.Vafa, Nucl.Phys. 644 (2002) 3–20, hep-th/0206255; Nucl.Phys. 644 (2002) 21–39, hepth/0207106; hep-th/0208048

[12] P.Sulkowski, Phys.Rev. D83 (2011) 085021, arXiv:1012.3228; Advances in High Energy Physics (2011) 357016, arXiv:1106.4873 See also B.Eynard, C.Kozcaz, arXiv:1107.5181 for a generalization

[13] G.Borot and B.Eynard, arXiv:1110.4936

[14] A.Mironov, A.Morozov and Sh.Shakirov, arXiv:1011.5629

[15] A.Mironov, A.Morozov and Sh.Shakirov, JHEP 1102 (2011) 067, arXiv:1012.3137

[16] N.Nekrasov and S.Shatashvili, arXiv:0908.4052;

A.Mironov and A.Morozov, JHEP 04 (2010) 040, arXiv:0910.5670; J.Phys. A43 (2010) 195401, arXiv:0911.2396;

M.Aganagic, M.Cheng, R.Dijkgraaf, D.Krefl and C.Vafa, arXiv:1105.0630

[17] A.Gorsky, I.Krichever, A.Marshakov, A.Mironov, A.Morozov, Phys.Lett., B355 (1995) 466-477, hepth/9505035;

R.Donagi and E.Witten, Nucl.Phys., B460 (1996) 299-334, hep-th/9510101

[18] A.Gerasimov, A.Marshakov, A.Mironov, A.Morozov, A.Orlov, Nucl.Phys., B357 (1991) 565-618;

S.Kharchev, A.Marshakov, A.Mironov, A.Orlov, A.Zabrodin, Nucl.Phys., B366 (1991) 569-601; S.Kharchev, A.Marshakov, A.Mironov and A.Morozov, Nucl.Phys. B397 (1993) 339, hep-th/9203043

[19] S.Kharchev and A.Mironov, Int.J.Mod.Phys. A7 (1992) 4803-4824;

S.Kharchev, A.Mironov and A.Zhedanov, Int.J.Mod.Phys. A12 (1997) 2675-2724, hep-th/9606144; hepth/9612094

[20] A.Morozov and Sh.Shakirov, arXiv:1004.2917

[21] A.Klemm, M.Marino, and S.Theisen, JHEP 0303 (2003) 051, hep-th/0211216

[22] A.Mironov, Theor.Math.Phys. 146 (2006) 63-72 [Teor.Mat.Fiz. 146 (2006) 77-89], arXiv:hep-th/0506158

[23] D.Friedan and S.Shenker, Phys.Lett. 175B (1986) 287;

N.Ishibashi, Y.Matsuo amd H.Ooguri, Mod.Phys.Lett. 2A (1987) 119; L.Alvarez-Gaume, C.Gomez and C.Reina, Phys.Lett. 190B (1987) 55; E.Witten, Comm.Math.Phys. 113 (1988) 529; A.Morozov, Phys.Lett. 196B (1987) 325

[24] See a review and a list of references in [14].

[25] H.Awata and H.Kanno, JHEP 0505 (2005) 039, hep-th/0502061; Int.J.Mod.Phys. A24 (2009) 2253, hepth/0805.0191;

A.Iqbal, C.Kozcaz and C.Vafa, JHEP 0910 (2009) 069, hep-th/0701156; M.Taki, JHEP 0803 (2008) 048, he-th/0710.1776

[26] S.Gukov, A.Schwarz and C.Vafa, Lett.Math.Phys. 74 (2005) 53-74, arXiv:hep-th/0412243;

N.M.Dunfield, S.Gukov and J.Rasmussen, Experimental Math. 15 (2006) 129-159, math/0505662; E.Gorsky, arXiv:1003.0916;

M.Aganagic and Sh.Shakirov, arXiv: 1105.5117; N.Carqueville and D.Murfet, arXiv:1108.1081; I.Cherednik, arXiv:1111.6195;

A.Oblomkov, J.Rasmussen and V.Shende, arXiv:1201.2115 (with an Appendix by Eugene Gorsky)

[27] P.Dunin-Barkowski, A.Mironov, A.Morozov, A.Sleptsov and A.Smirnov, arXiv:1106.4305 v2

[28] A.Mironov, A.Morozov, Sh.Shakirov and A.Sleptsov, arXiv:1201.3339

[29] D.Galakhov, A.Mironov and A.Morozov, S-duality in the context of AGT relations, to appear