arXiv:1202.6189v1 [gr-qc] 28 Feb 2012

Constraining an Expanding Locally Anisotropic metric from the Pioneer anomaly

P. Castelo Ferreira

pedro.castelo.ferreira@gmail.com

Grupo de Física Matemática – Universidade de Lisboa Instituto para a Investigação Interdisciplinar Av. Prof. Gama Pinto, 2; 1649-003 Lisboa – Portugal

Eng. Electrotécnica – FECN Universidade Lusófona de Humanidades e Tecnologia Campo Grande 376; 1749-024 Lisboa – Portugal

Abstract It is discussed the possibility of a fine-tuneable contribution to the two way Doppler acceleration either towards, either outwards the Sun for heliocentric distances above 20 AU by considering a background described by an Expanding Locally Anisotropic (ELA) metric. This metric encodes both the standard local Schwarzschild gravitational effects and the cosmological Universe expansion effects allowing simultaneously to fine-tune other gravitational effects at intermediate scales, which may be tentatively interpreted as a covariant parameterization of either cold dark matter either gravitational interaction corrections. Are derived bounds for the ELA metric functional parameter by considering the bounds on the deviation from standard General Relativity imposed by the current updated limits for the Pioneer anomaly, taking in consideration both the natural outgassing and on-board radiation pressure, resulting in an average Doppler acceleration outwards the Sun of a_p ≈ +0.4^{+2.1}_{−2.0} × 10^{−10} (m s^{−2}). It is also computed the massenergy density for the ELA metric within the bounds obtained and are discussed the respective contributions to the cosmological mass-energy density which, for compatibility with the ΛCDM model, are included in Ω_{CDM} .

keywords: gravitation, Pioneer, interplanetary medium, equation of state, dark matter, cosmological parameters

1 Introduction

The Pioneer space-crafts have been launch from Earth on 1972 and 1973 travelling outwards of the Solar system [1–3]. In between the heliocentric distances of 20 AU and 70 AU, travelling at an approximately constant velocity of v_p = 12.2 × 10^3 m s^{−1}, it was detected an unmodeled Doppler shift known as the Pioneer effect. Originally attributed to a physical acceleration, this effect was interpreted as a constant radial acceleration towards the Sun of a_p = −(8.74 ± 1.33) × 10^{−10} m s^{−2} [3]. Many possible explanations for this effect have been considered in the literature, including modified gravity theories and models [4], non-gravitational interactions [5], extra-dimensional theories and models [6] and dark matter [7].

However recently the Pioneer data was re-analysed favouring a significant jerk in the measured Doppler acceleration such that the best exponential fit is approximately given as a function of the radial distance to the Sun (for r ∈]20AU, 70AU[) by [8, 9]

a_{exp}(r) ≈ −12.22^{+0.16}_{−0.16} × 10^{−10}e^{− 2.599×10}

−12 log(2) 28.8±0.07 (r−1.496×10 11 ) (m s−2) . (1)

In addition it has been put forward that this acceleration is mainly due to two distinct effects. The more significant contribution a_T is of thermal origin, the antenna located at the back of the space-craft works as a radiation sail propelled by the radiation emissions from the on-board power source and the space-craft electronics [10–12]. Also the natural outgassing of the space-craft material [12] contributes a significant amount a_L for the Pioneer acceleration. These two contributions are (for r ∈]20AU, 70AU[) [12]

a_T (r) ≈ −10.7^{+2.4}_{−2.4} × 10^{−10}e^{−6.238×10−14} (^{r−1.496×1011} ) (m s^{−2}) ,

a_L(r) ≈ −7.15^{+3.15}_{−2.50} × 10^{−11} ( 1 +^{2.389×106√}_r ) (m s^{−2}) . (2)

The resulting acceleration in the range r ∈]20AU, 70AU[ is, within the experimental plus the estimative error bars, null. Its average value in this range is

⟨a_p(r)⟩ = ⟨a_{exp}(r) − a_L(r) − a_T (r)⟩ ≈ 0.4^{+2.1}_{−2.0} × 10^{−10} (m s^{−2}) . (3)

The several contributions for the unmodeled acceleration of Pioneer 10 and the resulting acceleration are plotted in figure 1.

The main purpose of the this paper is to investigate whether a contribution to the Doppler acceleration of the Pioneer space-craft can be consistently obtained considering a background described by the ELA metric [13, 14], an anisotropic [15] ansatz that generalizes the isotropic McVittie metric [16–19] interpolating between the Schwarzschild (SC) metric [20] near massive bodies and the Robertson-Walker (RW) metric [21] at spatial

Figure 1: (a) contributions a_L(r) and a_T (r) (2) to the unmodeled acceleration a_{exp}(r) (1) of Pioneer 10; (b) total Pioneer 10 acceleration a_p(r) = a_{exp}(r) − a_L(r)−a_T (r). The shaded region represents the quoted experimental plus estimative error bars [8, 9, 11, 12].

infinity, hence describing local matter in an expanding Universe [22]. In particular if the bounds on the Pioneer 10 acceleration discussed above can be employed to constraint the parameters of such metric.

The shift function of the ELA metric can be fine-tuned through an exponential functional parameter allowing for a covariant parameterization of intermediate scale gravitational effects [14, 23], hence allowing to describe either local cold dark matter effects [24,25] either modified theories of gravity [26]. Although this fine-tuning is technically more challenging than semiclassical heuristic approaches it has the following advantages:

• it is a covariant formulation allowing to deal with gravitational corrections within the framework of General Relativity;

• in particular allows for direct covariant computations of gravitational accelerations and gravitational frequency-shifts;

• allows as well for QFT cross-section computations in curved backgrounds to include cold dark matter effects;

• it allows for the description of intermediate scale gravitational effects maintaining the local and cosmological physical properties of spacetime.

In the following we will employ two distinct coordinate systems, expanding coordinates, r_1, for which the area of the sphere is A = 4π r^2_1 such that the coordinate quantities correspond directly to measurable lengths and the standard Robertson-Walker coordinates, r, for which the area of the sphere is A = 4π a^3r^2 being suitable for direct computations of measurable redshifts [14]. The map between both these coordinate systems is r_1 = a r and the ansatz for the ELA metric is [13, 14]

ds^2 = (1 − U)(cdt)^2 − dΩ^2_1 − (_{dr1√} 1−U −^{H r1}_c (1 − U)^α2 (cdt)

)_2

= (1 − U)(cdt)^2 − a^2dΩ^2 −a^2 (_{dr√} 1−U +^{H r}_c ( 1 − (1 − U)^α2 ) (cdt) )_2 ,

(4)

where a is the universe scale factor, H = ȧ/a is the time dependent Hubble rate, U = 2GM/(c^2 r_1) = 2GM/(c^2 ar) is the standard SC gravitational potential, M is the standard SC mass (the value of the gravitational mass pole), c is the speed of light, G is the Gravitational constant and the solid angle line-elements are dΩ^2_1 = r^2_1(dθ^2 + sin^2 θdφ^2) and dΩ^2 = r^2(dθ^2 + sin^2 θdφ^2).

This ansatz generalizes previous ansatz and solutions in the literature [16– 19] allowing for local anisotropy [15] and having the novelty of describing a space-time without singularities at the SC radius simultaneously maintaining as asymptotic limits the SC metric near the SC event horizon and the RW metric at spatial infinity. To ensure these properties of space-time the following limits must be obeyed [13, 14]

lim_{r1→0}(1 − U)^α = 0 : SC mass pole M is maintained , lim r_1→r_{1.SC} α ≥ 3 : space − time is singularity free

at SC horizon , lim r_1→∞ (1 − U)^α = 1 : metric converges to RW metric . (5)

The main drawback of this metric is the absence of a direct physical interpretation for the functional parameter α. Here we will not attempt to solve this problem, we recall that the ELA metric was originally introduced phenomenologicaly in [13, 14] to generalize the McVittie metric [16] and it is at most interpreted as a heuristic fine-tuneable parametrization of gravitational interactions at intermediate scales. Hence we consider a branch ansatz with the following properties:

• allows the limits (5) to be obeyed both near the origin and at spatial infinity;

• has no relevant contributions for planetary motion within the solar system;

• allows to fit the Doppler acceleration for the heliocentric distance of 20 AU up to 70 AU;

• allows to model the mass-energy density described by this background for distances above 70 AU up to some upper cut-off distance R_{max}.

In particular, above the cut-off R_{max}, we explicitly consider the McVittie metric, hence α = 0, such that explicitly isotropy is retrieved for large radial distances and the mass-energy density for the background metric coincides with the one for the RW metric. Also we do not discuss here possible effects on planetary motion, leaving an account of this problem to a future work. Here for heliocentric distances below 20 AU we consider the lower possible value of α ≈ 3 compatible with the limits (5) such that the gravitational effects due to the background are negligible for planetary dynamics within the inner Solar system. Therefore we consider the following expression for the functional parameter α:

α(r_1) =

(3 − α_1) + α_1 U , 0 ≤ r_1 < 20 AU α_2(r) , 20 AU ≤ r_1 ≤ R_{max} 0 , r_1 > R_{max} (6)

where −1 ≪ α_1 < 0 is a negative constant arbitrarily close to zero that ensures that the SC mass pole is maintained at the origin [13] being its effects negligible far from the SC horizon, α(2GM/c^2 ≪ r_1 < 20 AU) ≈ 3. As for α_2(r) is a generic function that can be fitted to the Pioneer experimental data above the heliocentric distance of 20 AU.

We have organized this work as follows. In section 2 are derived the Doppler shift for a two way range Doppler measurement as well as the gravitational acceleration correction for the background described by the ELA metric (4). Then in section 3 are derived the mass-energy density and the pressures as well as the mass corrections due to the extended configurations corresponding to the functional parameter ansatz (6). It is also discussed the respective contributions to the relative cosmological mass-energy densities within the ΛCDM model [27]. In section 4 are computed and discussed several fits to the functional parameter α within the error bars of the Pioneer 10 data. Finally in the conclusions are resumed the results obtained and discussed its relevance as well as future research topics.

2 Doppler shift and gravitational acceleration

The Pioneer effect was measured using a two-way Doppler shift [1, 2]. The standard gravitational red-shift as described by the SC metric is null, as for the standard cosmological red-shift is negligible as noted in [3, 14] being below the accuracy of the Pioneer measurements. For this reason the Pioneer effect is often attributed to a correction to the gravitational acceleration [4, 6, 7].

Taking as central mass the Sun and neglecting the contribution of other bodies in the solar system, the corrections to the gravitational acceleration felt by a test mass travelling in the background given by the ELA metric (4) with respect to the General Relativity gravitational acceleration corresponding to a Ricci-flat background described by the SC metric is [14, 23] δr̈_p ≈ H^2r_p 2 (1 − U_⊙)^α ( 2(1 − U_⊙) − (1 + α)r_p U^′_⊙

−2(1 + q)(1 − U_⊙)^{12 − α2}

+r_p(1 − U_⊙) ln(1 − U_⊙)α^′ ) + O(H^4) , (7)

where the primed quantities stand for differentiation with respect to the radial coordinate r_1, r_p stands for the geometrical (measurable) distance from the Sun to the Pioneer space-craft and U_⊙ = 2GM_⊙/(c^2r_p) stands for the standard SC gravitational potential of the Sun with M_⊙ = 1.9891 × 10^{30} kg.

In addition there is a correction to the gravitational red-shift. The measurable red-shift due to the background is obtained from the line element (4). For a light ray travelling approximately at a radial trajectory with respect to the Sun described by the four-vector k^μ ≈ (ω/c, k^r, 0, 0) , from earth at r^{(0)}_1 = a_0r^{(0)} ≈ 1 AU to the Pioneer space-craft at r^{(1)}_1 = a_1 r^{(1)} = r_p and back to earth at r^{(2)}_1 = a_2 r^{(2)} ≈ 1 AU we obtain that the ratios between the radial wave numbers of the emitted radiation from earth k^r_{(0)}, the radiation received at the Pioneer space-craft k^r_{(1)} and the radiation received back at Earth k^r_{(2)} are k^r_{(1)} k^r_{(0)} = a_0 a_1 1 − U_p − δ 1 − U_e , k^r_{(2)} k^r_{(1)} = a_1 a_2 1 − U_e 1 − U_p + δ , δ = H r_p c ( 1 − (1 − U)^{α2 + 12} ) ,

(8)

where U_p and U_e are the gravitational potential of the Sun evaluated at the Pioneer space-craft and at Earth, and a_0, a_1 and a_2 stand for the Universe scale factor a = a(t) evaluated at the time of emission of the radiation from Earth, the time of receiving and re-emission at the Pioneer space-craft and the time of receiving it back at Earth, respectively. Further noting that expanding the Universe scale factor to first order in the Hubble rate we obtain that a_1 = a_0(1+(H/c)r_p)+O(H^2) and a_2 = a_0(1+2(H/c)r_p)+O(H^2), the measurable frequency-shift (red-shift if positive or blue-shift if negative) due to the background for a two way Doppler measurement from Earth to Pioneer and back is Δν ν_0 = k^r_{(1)} k^r_{(0)} k^r_{(2)} k^r_{(1)} − 1 = 1 1 + 2^{H rp}_c 1 − U_p − δ 1 − U_p + δ

− 1 + O(H^4) (9)

Hence the contribution to the Pioneer non-physical acceleration due to the background red-shift is obtained by differentiating the standard two way Doppler shift Δν/ν_0 = −2ṙ_p/c δr̈^{Doppler} p = −c v_p 2 ( Δν ν_0 )_′ , (10)

where the prime denotes differentiation with respect to the radial geometric distance (the coordinate r_1), v_p = ṙ_p for the radial geometric velocity of the space-craft (obtained from the differentiation ∂_t = ∂_tr_1 ∂_{r1} ) and we have neglected relativistic corrections (γ ≈ 1 for v_p ≪ c).

Before proceeding to fit these results to the Pioneer acceleration bounds represented in figure 1 we will further derive and discuss the mass-energy density of the background described by the ELA metric (4).

3 Mass-energy density and pressures

The mass-energy density, ρ_{(α)} and anisotropic pressures p_{r(α)} and p_{θ(α)} = p_{φ(α)} for the ELA metric (4) are

ρ_{(α)} =

H^2 8π G (1 − U)^{α−1} (α U + (1 − U)×

× (3 + r_1 log (1 − U) ∂_{r1} α)) ,

p_{r(α)} = c^2 H^2 8π G (1 − U)^{α−12} ( 2(1 + q) − (1 − U)^{α−12} (α U

+(1 − U)(3 + r_1 log (1 − U) ∂_{r1} α) ) ,

p_{θ(α)} = c^2 H^2 16π G (1 − U)^{α−32} [ 4(1 + q) ( 1 − U ( 1 − α 4 ))

+2 (1 − U)^{α−12} ( 3U ( 2 − U ( 1 − α 2 )) ( 1 − α 3 ) −3 − r_1U(1 − U)∂_{r1} α ) + r_1(1 − U) log(1 − U)× × ( (1 + q)∂_{r1} α − 2U (1 − U)^{α−12} α∂_{r1} α

− (1 − U)^{α+12} ( 6∂_{r1} α + r_1 log(1 − U)(∂_{r1} α)^2

+r_1∂^2_{r1} α )) ] .

(11)

When the limits (5) are obeyed [13], at r_1 = r_{1.SC}, ρ_{(α)} coincides with the mass-energy density for Ricci flat space-times, being null ρ_{(α)}(r_1 → r_{1.SC}) = 0, and at spatial infinity it asymptotically converges to the RW mass-energy density ρ_{(α)}(r_1 → +∞) = ρ_{RW} = 3 h^2/(8π G), as well as p_{r(α)}(r_1 → +∞) = p_{θ(α)}(r_1 → +∞) = p_{φ(α)}(r_1 → +∞) = p_{RW} = (2q − 1) h^2/(8π G) such that at spatial infinity the RW equation of state is obtained ω_{RW} = (2q − 1)/3 = −0.728 (this value is obtained within the ΛCDM model assuming that the pressure of the background is given only by the cosmological constant [27]). Hence this mass-energy distribution has been interpreted in [13], for a constant functional exponent α as a local anisotropic extended correction to the global isotropic cosmological background due to a local point mass vanishing at spatial infinity.

In addition to preserve causality it is required that the mass energy density be positive, hence ρ_{(α)} ≥ 0. This inequality is bounded by the solution of the differential equation α(r_1) = −(1 − U(r_1))(3 + r_1 log(1 − U(r_1))α^′(r_1))/U(r_1) holding the following inequality

α(r_1) ≥ ᾱ_{const} − 3 log(r_1) log(1 − U(r_1))

, (12) where ᾱ_{const} is an arbitrary integration constant.

With respect to the contribution to the cosmological mass-energy density due to the ELA metric, it can be estimated by comparing the total mass contribution of the mass-energy density ρ_{(α)} (11) with the central mass contribution M_⊙. To compute such contribution it is enough to integrate the difference between the ρ_{(α)} and the RW expanding background mass-energy density ρ_{RW} = 3 × H^2/(8πG). Specifically for the branch ansatz (6) we obtain

M_α = 4π ∫_{+∞} 0 r^2_1(ρ_{(α)} − ρ_{RW} )dr_1 = H^2 2 G [( (1 − U(R_{max}))^{α(Rmax)} − 1 ) R^3_{max} + ( (1 − U(20 AU))^{α(20− AU)} − 1 ) (20 AU)^3 − ( (1 − U(20 AU))^{α(20+ AU)} − 1 ) (20 AU)^3 ] ,

(13)

where the last two lines are the contributions due to the discontinuity at r_1 = 20 AU and above R_{max} the ansatz exactly matches the McVittie metric (α = 0) such that ρ_{(α)} = ρ_{RW} and the mass contribution is null. We note that as long as the limits (5) are obeyed near the origin, besides the standard SC mass pole M_⊙, there is no further mass contribution due to the divergence at the origin. In addition convergence of M_α when the cutoff R_{max} is taken to infinity (R_{max} → +∞) requires more severe conditions than the limits (5), in particular it can be fine-tuned either to be null (e.g. for α_2(r_1 → +∞) = constant/r^n_1 , n > 2) or to a multiple of the central mass (e.g. for α_2(r_1 → +∞) = constant/r^2_1 we obtain M_α = H^2 constant M_⊙/(2G)). Nevertheless keeping R_{max} finite in the ansatz (6) keeps the quantity M_α finite and allows to fine-tune the total mass of the background.

For exemplification purposes the contribution to the cosmological massenergy density due to M_α can be estimated by assuming that all barionic matter has a proportional contribution to the one obtained here for the Sun such that Ω_α/Ω_b = M_α/M_⊙, hence

Ω_α = M_α M_⊙ Ω_b , (14)

where Ω_b = 0.0456 is the relative cosmological barionic mass-energy within the ΛCDM model [27]. The contributions to Ω_b are given mostly by detectable massive bodies in the universe, hence a direct estimation is possible. Also we recall that within the ΛCDM model the remaining contributions to the total mass-energy density are due to the cosmological constant Ω_Λ = −(2q − 1)/3 = 0.728 and due to non detectable cold dark matter Ω_{CDM} = 0.226 (also denominated Ω_c). The radiation density as well as the curvature density are negligible such that the total relative density is Ω = Ω_b + Ω_{CDM} + Ω_Λ = 1. With respect to the cosmological equation of state we note that both the barionic matter and cold dark matter have null pressures, while the cosmological constant has a negative pressure with equation of state ω_Λ = −1. Then the only contribution to the cosmological pressure is due to the cosmological constant such that the equation of state of the Universe is ω = p_Λ/Ω = −Ω_Λ = (2q − 1)/3 = −0.728. Further noting that, due to the upper cut-off R_{max} in the ansatz for α (6), the average contributions to the cosmological pressures due to the ELA metric background are null ⟨p_r⟩_{r∈]0,∞[} = lim_{Δ r→+∞} 4π ∫_{Rmax} 0 r^2 p_r dr Δ r = 0 ,

⟨p_θ⟩_{r∈]0,∞[} = lim_{Δ r→+∞} 4π ∫_{Rmax} 0 r^2 p_θ dr Δ r = 0 ,

(15)

we conclude that, within the ΛCDM model, contributions to the cosmological densities from the background (4) with the functional parameter anzatz given in (6) must me included in Ω_{CDM} .

Possible alternatives to the ansatz (6) that consider non-null values (α ≠ 0) for the functional parameter up to spatial infinity would also allow for non-null contributions to the cosmological pressure hence also allowing for a contribution to both the cosmological constant density and pressure. We do not develop this construction here.

As for the local equations of state for the ELA metric we note that generally the pressures p_{r(α)} and p_{θ(α)} = p_{φ(α)} are negative far from the SC event horizon, in particular for constant values of the parameter α ≥ 3, there are regions where both ω_{r(α)} = p_{r(α)}/(c^2ρ_{(α)}) and ω_{θ(α)} = p_{θ(α)}/(c^2ρ_{(α)}) are above −1 and regions where ω_{r(α)} is above −1 and ω_{θ(α)} = p_{θ(α)}/(c^2ρ_{(α)}) is below −1 [13]. The interpretation of the matter content for these two regions is distinct, in the first regions the matter distribution may be interpreted as due to a local configuration of a standard scalar field (ω_{r(α)} > −1 and ω_{θ(α)} = ω_{φ(α)} > −1) [28], while in the second regions the matter distribution is compatible with a standard scalar field along the radial coordinate direction (ω_r > −1), along the angular variables directions it is obtained an equation of state commonly attributed to Phantom matter (ω < −1) [29]. We recall that the main difference between these two scalar fields is the sign of the kinetic term in the action, hence a implementation for these regions requires that the kinetic term along the angular variables directions to be negative while being positive along the radial coordinate directions. Possibly the simpler implementation for these equations of state is to consider a local configuration for a radially symmetric anisotropic scalar field. Such model may be compatible, for instance, with locally anisotropic string theories and string inspired cosmological models [30].

Next we will employ the Pioneer bounds on r̈_p to obtain bounds on the parameter α above the heliocentric distance of 20 AU and discuss the total contributions of such configurations to the cosmological mass-energy densities.

4 Bounds on α

A contribution to the Pioneer Doppler acceleration due to the background encoded in the metric (4) is the sum of the contribution (7) and (10) a_α = δr̈_p + δr̈^{Doppler}_p . (16) Next we consider and analyse 4 distinct fits of the functional parameter α_2(r_p) within the acceleration bounds for a_p as represented by the shaded region in figure 1:

α_{max} the allowed maximum valued fit for α corresponding to positive Doppler acceleration a_{αmax} > 0 as close as possible from the upper boundary of the allowed region;

α_+ a fit for α corresponding to positive Doppler acceleration a_{α+} > 0 half way the positive acceleration allowed region;

α_− a fit for α corresponding to negative Doppler acceleration a_{α−} < 0 half way the negative acceleration allowed region;

α_{min} the allowed minimum valued fit for α corresponding to negative Doppler acceleration a_{αmin} < 0 as close as possible from the from the lower boundary of the allowed region.

First let us note that for positive values of the function α_2(r_p) the effects are of the same order of magnitude of the pure background expansion, a_α ∼ +10^{−14} m s^{−2}, hence to obtain measurable effects it is required to consider negative values for this parameter.

We remark that an exact fit to the upper boundary of the allowed positive Doppler acceleration a_α correspond to strictly negative values for the mass-energy density ρ_{(α)} in the range r_p ∈]20 AU, 70 AU[, therefore for the fit α_{max} < 0 we consider the limiting solution (12) with a_{αmax} (20 AU) = 3.057 × 10^{−10} m s^{−2}, hence with ᾱ_{const} = 106.176. As for the fit a_{α+} , for exemplification purposes and to ensure positive ρ_{(α)} we consider the fitting function to be 9/10 of the limiting solution (12) with a_{αmax} (20 AU) = 1.529 × 10^{−10} m s^{−2}, hence with ᾱ_{const} = 107.650. As for the α_− and α_{min} corresponding to negative values for the Doppler acceleration a_α < 0 we consider a power series fit given by the following expression

α_2(r_p) = N∑ n=−1 α_{2.n} r^n_p . (17)

For the specific case of the α_− and α_{min} we consider N = 10 and the specific coefficients are listed in appendix A. The 4 fits considered are pictured in figure 2 (a). Noting that α_{min} and α_{max} define the lower (negative) and upper (positive) limits on the Doppler acceleration allowed by the bounds on the Pioneer 10 acceleration represented in figure 1 we conclude that in the range r_p ∈]20 AU, 70 AU[ the functional parameter α_2 has the lower bound represented in figure 2 (b).

Figure 2: Fit of the functional parameter α_2(r_1) (6) to the Pioneer acceleration bounds of figure 1: (a) α_{max} corresponds to the limiting solution (12) with ᾱ_{const} = 106.176, the solution α_+ to 9/10’s of the limiting solution (12) with ᾱ_{const} = 107.650, the solution α_− and α_{min} correspond to a power series fit of the parameter α (17); (b) lower bounds for α < 0.

The dominant contribution to a_α for the above fits between heliocentric distances of r_p ∈]20 AU, 70 AU[ is the background frequency-shift, δr̈^{Doppler}_p ∼ −10^{−10} ms^{−2}. As for the value of the physical gravitational acceleration, it is 4 to 5 orders of magnitude below this value, for α_{max} and α_+ we obtain δr̈_p ∼ −10^{−14} ms^{−2} (towards the Sun) and for α_{min} and α_− we obtain δr̈_p ∼ +10^{−15} ms^{−2} (outwards the Sun). These values are well below the standard General Relativity acceleration which is of order r̈_{GR} ∼ −10^{−6} ms^{−2}. Nevertheless the effects of this correction to the gravitational acceleration can be measurable at least for Pluto and Neptune [31], for instance if this correction is fully accounted by an orbital radius variation we would obtain at an orbital radius of r_{orb} = 20 AU for α_{max} and α_+ the value ṙ_{orb}/r_{orb} ∼ −10^{−28} s^{−1} and for α_{min} and α_− the value ṙ_1/r_1 ∼ +10^{−29} s^{−1}. These values are well below the experimentally measured orbital radius variation for inner planets in the

Solar system such as Venus and Mars, |ṙ_{orb}/r_{orb}| < 10^{−21} s^{−1} [32]. We postpone a detailed account of the effect of the ELA metric in planetary orbits to another work, here we have considered that below the heliocentric distances of 20 AU α(r_1 < 20 AU) = 3 (6) for which the physical gravitational acceleration is of order r̈_p ∼ 10^{−24} ms^{−2} such that ṙ_{orb}/r_{orb} ∼ −10^{−37} s^{−1}, hence of the same order of magnitude of pure expansion effects.

As for the mass-energy densities (11) we note that up to the heliocentric distance of 20 AU it is slightly below the cosmological quantity ρ_{RW} , hence contributing a negative amount to the cosmological mass-energy density (14), ρ_{(α)} − ρ_{RW} < 0. Above the heliocentric distances of 70 AU the mass-energy densities for the fit α_{max} is exactly null due to saturating the bound (12) while the remaining 3 fits, α_+, α_− and α_{min} correspond to mass-energy densities well above the cosmological quantity ρ_{(α)} − ρ_{RW} ≫ 0, hence while α_{max} contributes a negative amount to the cosmological massenergy density, α_+, α_− and α_{min} contribute a positive amount. Although the Pioneer experimental data only extends up to the heliocentric distance of 70 AU, for exemplification purposes of estimating maximal contributions to the relative cosmological mass-energy density Ω_α we extend the fits obtained up to some heliocentric distance R_{max} > 70 AU. Above R_{max} we consider α = 0 (6) for which the ELA metric coincides with the isotropic McVittie metric [16] such that spatial isotropy is exactly recovered and ρ_{(α)}(r_1 > R_{max}) = ρ_{RW} , hence the contribution to M_α above R_{max} due to the ELA metric background is null. The contributions for the 4 fits of the functional parameter α represented in figure 2, as well as the respective mass ratios M_α/M_⊙, are plotted in figure 3 up to the heliocentric distance 100 AU.

Figure 3: (a) mass-energy densities ρ_{(α)} for the fits α_{max}, α_+, α_− and α_{min} represented in figure 2; (b) respective mass ratios M_α/M_⊙, the negative mass ratio M_{αmax} /M_⊙ ∼ −10^{−17} is several orders of magnitude below the remaining fits not being represented in the figure.

Therefore, in the range of the heliocentric distances r_p ∈]20 AU, 70 AU[, the fits obtained contribute at most an amount of order ∼ 10^{−9} to the relative cosmological mass-energy density Ω. We note that, as already discussed in the previous section, within the ΛCDM model these contributions can only be included in the relative cosmological mass-energy density of cold dark matter Ω_{CDM} = 0.226. Hence these contributions are negligible up to 70 AU. For exemplification and analysis purposes, let us extend these fits above the Pioneer data range of 70 AU. For the fit α_{max} the mass-energy density is null, hence the contribution to Ω_α is negative being given by −Ω_b^{4πρRW}_{3 M⊙} R^3_{max} (14). This contribution can be fine-tuneable being unbounded from below, hence increasing the required value of contributions to Ω_{CDM} of other sources that not the ELA metric background. For the fit α_− the mass-energy density is positive above the heliocentric distance of 20 AU up to spatial infinity decreasing monotonically with r_p such that at r_p = 10930 AU it exactly matches the cosmological quantity ρ_{RW} and vanishes at spatial infinity. Hence the maximum positive relative contribution to the cosmological mass-energy density is Ω_α = +6.412 × 10^{−10}Ω_b corresponding to the cutoff R_{max} = 10930 AU. As for the maximum negative relative contribution to the cosmological density it is fine-tuneable and unbounded from below similarly to the fit α_{max}. As for the fit α_−, the mass-energy density ρ_{α−} is positive above the heliocentric distance of 20 AU up to approximately r_1 = 95.48 AU becoming negative above these distances such that the maximum allowed value of the ansatz cut-off (6) coincides approximately with this value, R_{max} ⪅ 95.48 AU. For this fit the contribution to the relative cosmological density is always positive having the maximum value of Ω_α = +3.367 × 10^{−10}Ω_b for R_{max} = 95.477 AU. Finally for the fit α_{min} the mass-energy density ρ_{αmin} is positive above 20 AU increasing monotonically above the heliocentric distances of 96.596 AU. Hence the contribution to the relative cosmological mass-energy density is unbounded from above exactly matching the cold dark matter contribution Ω_α = 5Ω_b = Ω_{CDM} for R_{max} = 183.328 AU. These results are summarized in table 1.

From the above discussion we conclude that the fits α_{max} and α_+ represented in figure 2, corresponding to a positive Doppler shift in the range r_p ∈]20 AU, 70 AU[, are compatible with the cosmological ΛCDM model only when the fits are extended up to ∼ 10 pc. When higher ranges for these fits are considered the negative contributions to the relative cosmological mass-energy densities become relevant such that the required relative (positive) density of cold dark matter to offset these contribution increases significantly hence becoming non-compatible with estimative for dark matter density in the universe [24, 27]. As for the fits α_− and α_{min}, corresponding to a negative Doppler shift in the range r_p ∈]20 AU, 70 AU[ have more restrictive bounds being valid only up to order ∼ 10^2 AU. Above this range the mass-energy density corresponding to the fit α_− becomes strictly nega-

Fit ρ R_{max} Ω_α

α_{max} = 0 fine-tunable = −Ω_b^{4πρRW}_{3 M⊙} R^3_{max} < 0

α_+ > ρ_{RW} = 10930 AU = +6.412 × 10^{−10}Ω_b (< ρ_{RW} > 10930 AU < +6.412 × 10^{−10}Ω_b)

α_− > ρ_{RW} = 95.477 AU = +3.367 × 10^{−10}Ω_b

α_{min} > ρ_{RW} = 183.328 AU = +5Ω_b = Ω_{CDM}

Table 1: Resume of maximal contributions to the relative cosmological massenergy densities for the fits to α_{max}, α_+, α_− and α_{min}.

tive and for the fit α_{min} the relative mass-energy contribution exceeds the one attributed to cold dark matter. Hence the fits α_{max} and α_+ allow for a relatively larger range than the fits α_− and α_{min}.

For last let us discuss the equation of state corresponding to the functional parameter fits. We have already concluded that the cosmological equation of state is not affected by the ansatz for α (6), the average correction to the pressure is null (15) and within the ΛCDM the corrections to the mass-energy may be included in the relative density of Ω_{CDM} . However locally there are significant deviations from the cosmological equation of state as already analysed in [13] for a constant parameter α. Specifically for the limiting case corresponding to the fit α_{max} the mass-energy density is exactly null from heliocentric distances of 20 AU up to R_{max}, hence it is not possible to define a equation of state. As for the anisotropic equations of state ω_r and ω_θ = ω_φ for the fits α_+, α_− and α_{min} are plotted in figure 4, figure 5 and figure 6, respectively. For the fit α_+ the radial equation of state ω_r above heliocentric distance of 20 AU is above −1, being negative up to 12154.3 AU and positive above this distance while the angular equation of state ω_θ = ω_φ is always positive. For the fit α_− the radial equation of state ω_r is negative and above −1 in the range r_p ∈]20 AU, R_{max} = 95.48[ while the angular equation of state is positive in this range. For the fit α_{min} the radial equation of state ω_r is negative and above −1 in the range r_p ∈]20 AU, R_{max} = 183.328 AU[ while the angular equation of state is negative being below −1 in the range r_p ∈]20 AU, 25.86 AU[∪]96.60 AU, R_{max} = 183.328 AU[ and above −1 in the range r_p ∈]25.86 AU, 96.60 AU[.

As for the possible interpretation for the matter content corresponding to the several fits discussed we note that the fits α_+ and α_− have equation of state compatible with a standard gauge field (ω_{r(α)} > −1 and ω_{θ(α)} = ω_{φ(α)} > −1) while the fit α_{min} has a equation of state along the radial direction compatible with a standard gauge field (ω_{r(α)} > −1) as well as

Figure 4: Equation of state for the fit α_+ of the functional parameter α_2(r_1) (6): (a) radial equation of state ω_r; (b) angular equation of state ω_θ = ω_φ.

Figure 5: Equation of state for the fit α_− of the functional parameter α_2(r_1) (6): (a) radial equation of state ω_r; (b) angular equation of state ω_θ = ω_φ.

along the angular variable directions in the range r_p ∈]25.86 AU, 96.60 AU[ while in the range r_p ∈]20 AU, 25.86 AU[∪]96.60 AU, R_{max} = 183.328 AU[ it has a equation of state that resembles Phantom matter (ω_{θ(α)} = ω_{φ(α)} < −1).

5 Conclusions

In this work we have computed the measurable Doppler acceleration corrections for a background described by the ELA metric (4) and fitted an ansatz for the functional parameter of this metric (6) to the current Pioneer anomaly bounds on the range r_p ∈]20 AU, 70 AU[, hence setting lower bounds for the functional parameter α in this range.

Figure 6: Equation of state for the fit α_{min} of the functional parameter α_2(r_1) (6): (a) radial equation of state ω_r; (b) angular equation of state ω_θ = ω_φ.

In particular we have consider the 4 fits represented in figure 2 within the error bars for the Pioneer Doppler acceleration, the fit α_{max} corresponding to the limiting solution (12), the fit α_+ corresponding to 9/10 of the limiting solution (12) and the power series (17) fits α_− and α_{min}. The main contribution to the Doppler acceleration corresponding to these fits is due to the background gravitational frequency-shift (10), being of order δr̈^{Doppler} p ∼ 10^{−10} ms^{−2} while the physical gravitational acceleration (7) is lower by 4 orders of magnitude, δr̈_p ∼ 10^{−14} ms^{−2}.

We have also computed the mass-energy density and anisotropic pressures for the ELA metric (11) and analysed the possible contributions due to this background to the relative cosmological mass-energy densities and pressures. There are no contributions for the cosmological pressure, however extrapolating the fits above the heliocentric distance of 70 AU are obtained significant contributions to the cosmological mass-energy density. For compatibility with the ΛCDM model we conclude that these corrections must be included in the mass-energy density attributed to cold dark matter Ω_{CDM} such that the cosmological equation of state is not modified. Hence we note that the ELA metric background may constitute a covariant parameterization for cold dark matter. We also discuss the anisotropic local equation of state for the fits obtained noting that, although along the radial coordinate direction the equation of state is above the value −1, hence being compatible with the equation of state for a standard scalar field, along the angular variables directions, depending on the heliocentric distance r_p, the equation of state is either above, either below the value −1, hence being either compatible with the equation of state for a standard scalar field, either compatible with the equation of state for a Phantom field.

In addition let us recall that the original motivation for considering the existence of either cold dark matter, either gravitational interaction corrections is the observed flattening of galaxies rotation curves [24] which is equivalent to a significant correction to the gravitational acceleration towards the centre of the galaxies growing with the radial distance to the centre core of the galaxies. With respect to our fits we note that, for heliocentric distances above 70 AU up to ∼ 10 pc the gravitational acceleration correction for the fits α_{max} and α_+ is exclusively towards the Sun decreasing monotonically in absolute value. As for the fit α_− the gravitational acceleration correction is exclusively outwards the Sun up to the heliocentric distance R_{max} = 95.477 AU and for the fit α_{min} it is outwards the Sun up to 91 AU turning towards the Sun above this distance having a pronounced peak at 113 AU. Hence, if the ELA metric is interpreted as a covariant parameterization of cold dark matter, a extrapolation to galaxy scales with higher values for the central mass, tends to single out the fit α_{min} as the only fit that simultaneously allows for a positive contribution to Ω_{CDM} and a gravitational acceleration correction towards the central mass at large radial distances, excluding the fit α_− and still allowing both the fits α_{max} and α_+ although not justifying the contribution for Ω_{CDM} . We will develop such study in another work [23].

Acknowledgments

Work supported by grant SFRH/BPD/34566/2007 from FCT-MCTES. Work developed in the scope of the strategical project of GFM-UL PEst-OE/MAT/UI0208/2011.

A Appendix

The coefficient values for the power series fit (17) obtained by a least square minimization method to α_− are

α_{2.−1} = +1.31715 × 10^{20} m , α_{2.0} = +5.37413 × 10^8 , α_{2.1} = −0.00612127 m^{−1} , α_{2.2} = +1.07833 × 10^{−17} m^{−2} , α_{2.3} = +1.5718 × 10^{−30} m^{−3} , α_{2.4} = −1.07371 × 10^{−43} m^{−4} , α_{2.5} = +3.98678 × 10^{−57} m^{−5} , α_{2.6} = +1.59514 × 10^{−70} m^{−6} , α_{2.7} = −4.3892 × 10^{−83} m^{−7} , α_{2.8} = +3.39347 × 10^{−96} m^{−8} , α_{2.9} = −9.79789 × 10^{−110} m^{−9} (18) and to α_{min} are

α_{2.−1} = −1.33106 × 10^{20} m , α_{2.0} = 5.69474 × 10^8 , α_{2.1} = −0.00573066 m^{−1} , α_{2.2} = +2.66023 × 10^{−17} m^{−2} , α_{2.3} = 3.59912 × 10^{−31} m^{−3} , α_{2.4} = −1.69481 × 10^{−43} m^{−4} , α_{2.5} = +1.18619 × 10^{−56} m^{−5} , α_{2.6} = 9.43547 × 10^{−70} m^{−6} , α_{2.7} = −7.82415 × 10^{−83} m^{−7} , α_{2.8} = −6.14959 × 10^{−96} m^{−8} , α_{2.9} = 4.64438 × 10^{−109} m^{−9} (19)

References

[1] Anderson J. D. et al.,Indication, from Pioneer 10/11, Galileo, and Ulysses Data, of an Apparent Anomalous, Weak, Long-Range Acceleration, Phys. Rev. Lett. 81 (1998) 2858-2861, gr-qc/9808081

[2] Anderson J. D. et al., Study of the anomalous acceleration of Pioneer 10 and 11, Phys. Rev. D65 (2002) 082004, gr-qc/0104064; Search for a Standard Explanation of the Pioneer Anomaly, Mod. Phys. Lett. A17 (2002) 875-886, gr-qc/0107022.

[3] Turyshev S. G. and Toth V. T., The Pioneer Anomaly, Living Rev. Rel.

13 (2010) 4, arXiv:1001.3686.

[4] Østvang D., An Explanation of the ”Pioneer Effect” based on Quasi-Metric Relativity, Class. Quant. Grav. 19 (2002) 4131-4140, gr-qc/9910054; Jaekel M.-T. and Reynaud S., Gravity tests in the solar system and the Pioneer anomaly, Mod. Phys. Lett. A20 (2005) 1047-1055, gr-qc/0410148; Brownstein J. R. and Moffat J. W., Gravitational solution to the Pioneer 10/11 anomaly, Class. Quant. Grav. 23 (2006) 3427-3436, gr-qc/0511026; McCulloch M. E., Modelling the Pioneer anomaly as modified inertia, Mon. Not. Roy. Astron. Soc. 376 (2007) 338-342, astro-ph/0612599; Saffari R. and Rahvar S., f(R) Gravity: From the Pioneer Anomaly to the Cosmic Acceleration , Phys. Rev. D77 (2008) 104028, arXiv:0708.1482; Smolyakov M. N., Gravity in Brans-Dicke theory with Born-Infeld scalar field and the Pioneer anomaly, Int. J. Mod. Phys. A25 (2010) 1135-1145, arXiv:0907.3744.

[5] Capozziello S., De Martino S., De Siena S. and Illuminati F., Non- Newtonian Gravity, Fluctuative Hypothesis and the Sizes of Astrophysical Structures, Mod. Phys. Lett. A16 (2001) 693-706, gr-qc/0104052; Foot R. and Volkas R. R., A mirror world explanation for the Pioneer spacecraft anomalies?, Phys. Lett., B517 (2001) 13-17, hep-ph/0108051; Hall W. F., Can charge drag explain the Pioneer anomaly?, Phys. Lett. B646 (2007) 1-5; Nieto M. M., Turyshev S.

G. and Anderson J. D., Directly Measured Limit on the Interplanetary Matter Density from Pioneer 10 and 11, Phys. Lett. B613 (2005) 11-19, astro-ph/0501626; Wood J., Moreau W., Solutions of Conformal Gravity with Dynamical Mass Generation in the Solar System,

gr-qc/0102056.

[6] Belayev W. B., Five-dimensional Gravity and the Pioneer Effect, gr-qc/0209095; Bertolami O. and Páramos J., Class. Quant. Grav.

21 (2004) 3309-3321, gr-qc/0310101.

[7] Munyaneza F. and Viollier R. D., Heavy neutrino dark matter in the solar system, astro-ph/9910566; Schmutzer E., Distribution of Dark Matter around a Central Body, Pioneer Effect and Fifth Force, Astronom. Nachr. 322 (2001) 93, gr-qc/0106049.

[8] Toth V. T., Independent analisys of the orbits of Pioneer 10 and 11, Int. J. Mod. Phys. D18 (2009) 717-741, arXiv:0901.3466.

[9] Turyshev S. G., Toth V. T., Ellis J. and Markwardt C. B., Support for temporally varying behavior of the Pioneer anomaly from the extended Pioneer 10 and 11 Doppler data sets, Phys. Rev. Lett. 107 (2011) 081103, arXiv:1107.2886.

[10] Katz J. I., Comment on “Indication, from Pioneer 10/11, Galileo and Ulysses Data, of an Apparent Anomalous, Weak, Long-Range Acceleration”, Phys. Rev. Lett. 83 (1999) 1892, arXiv:gr-qc/9809070v3; Murphy E. M. A Prosaic Explanation for the Anomalous Acceleration Seen in Distant Spacecraft, Phys. Rev. Lett. 83 (1999) 1890,

gr-qc/9810015v1.

[11] Bertolami O., Francisco F., Gil P. J. S. and Páramos J., Thermal analysis of the Pioneer anomaly: a method to estimate radiative momentum transfer, Phys. Rev. D78 (2008) 103001, arXiv:0807.0041; Estimating radiative momentum transfer through a thermal analysis of the Pioneer Anomaly, Space Sci. Rev. 151 (2010) 75-91, arXiv:0809.2633v1.

[12] Schläppi B., Altwegg K., Riesen T. and Rubin M., An underestimated onboard generated recoil force contributing to the Pioneer anomaly, Advances in Space Research 49 (2012) 579-585; Francisco F., Bertolami O., Gil P. J. S. and Páramos J., Modelling the reflective thermal contribution to the acceleration of the Pioneer spacecraft, arXiv:1103.5222.

[13] Castelo Ferreira P., An expanding locally anisotropic (ELA) metric describing matter in an expanding universe., Phys. Lett. B684 (2010) 73-76, arXiv:1006.1617.

[14] Castelo Ferreira P., A Locally Anisotropic Metric for Matter in an Expanding Universe: I. The Ansatz and the Modified Newton Law,

arXiv:0907.0847.

[15] Davis M. and Peebles P. J. E., Evidence for local anisotropy of the Hubble flow, Ann. Rev. Astron. Astrophys. 21 (1983) 109-130.

[16] McVittie G. C., The Mass Particle in an Expanding Universe, Mon. N.

Roy. A. Soc. 93 (1933) 325.

[17] Ferraris M., Francaviglia M. and Spallicci A., Associated radius, energy and pressure of McVittie’s metric in its astrophysical application, Nuovo Cimento B111 (1996) 1031-1036.

[18] Mizony M. and Lachièze-Rey M., 2005, Astron. Astrophys., 434, 45-52,

gr-qc/0412084.

[19] Atkins G. S., McDonnell J. and Fell R.N., Cosmological perturbations on local systems, Phys. Rev. D75 (2007) 064011, gr-qc/0612146.

[20] Schwarzschild K., 1916, Sitzungsber. Preuss. Akad. Wiss. Berlin - Math.

Phys., 189-196, physics/9905030; 1916, Sitzungsber. Preuss. Akad. Wiss. Berlin - Math. Phys., 424-434, physics/9912033.

[21] Lemaître G., Expansion of the universe, The expanding universe, Monthly Notices of the Royal Astronomical Society 91 (1931) 490- 501; Robertson H. P., Kinematics and World Structure, Astr. J. 82 (1935) 284-301; Kinematics and World-Structure II 83 (1936) 187-201; Kinematics and World-Structure III 257-271; Walker A. G., On Milne’s Theory of World Structure, Proc. London Math. Soc. 42 (1936) 90-127.

[22] Hubble E. P., 1929, A Relation Between Distance and Radial Velocity Among Extragalactic Nebulae, Proc. Nat. Acad. Sci. U.S. 15 (1929) 169- 173; Sandage A., The Change of Redshift and Apparent Luminosity of Galaxies due to the Deceleration of Selected Expanding Universes, Astrophys. J. 136 (1962) 319.

[23] Castelo Ferreira P., arXiv:1006.1619, the metric in this e-print is only an approximated expression valid to first order, work in progress.

[24] Zwicky F., Die Rotverschiebung von extragalaktischen Nebeln, 1933, Hlv. Phys. Acta 6 (1933) 110-127; On the Masses of Nebulae and of Clusters of Nebulae, Astrop. J. 86 217-246.

[25] Olive K. A., ASI Lectures on Dark Matter, astro-ph/0301505; Hooper D., TASI 2008 Lectures on Dark Matter, arXiv:0901.4090.

[26] Pilgrim M., A Modification of the Newtonian Dynamics as a Pos sible Alternative to the Hidden Mass Hypothesis, Astrophys. J. 270 (1983) 365-370; Moffat J. W., Gravitational Theory, Galaxy Rotation Curves and Cosmology Without Dark Matter, JCAP 0505 (2005) 003, astro-ph/0412195; Scalar-Tensor-Vector Gravity Theory, JCAP 0603 (2006) 004, gr-qc/0506021.

[27] Komatsu E. et al., Five-Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations: Cosmological Interpretation, Astr. J. Supp. 180 (2009) 225-245, arXiv:0803.0732; Jarosik N. et al., Seven-Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations: Sky Maps, Systematic Errors, and Basic Results, arXiv:1001.4744.

[28] Zlatev I., Wang L. and Steinhardt P. J., Quintessence, Cosmic Coincidence, and the Cosmological Constant, Phys. Rev. Lett. 82 (1999) 896-899, astro-ph/9807002; Sahni V. and Wang L., A New Cosmological Model of Quintessence and Dark Matter, Phys. Rev. D62 (2000) 103517, astro-ph/9910097; Zimdahl W. and Pavon D., Interacting Quintessence Phys. Lett. B521 (2001) 133-138, astro-ph/0105479.

[29] Caldwell R. R., A Phantom Menace? Cosmological consequences of a dark energy component with super-negative equation of state, Phys. Lett. B545 (2002) 23-29, astro-ph/9908168.

[30] Damour T., Dark Matter, Time-Varying G and a Dilaton Field, Phys. Rev. Lett. 64 (1990) 123-126; Batakis N. A., Kehagias A. A.,Anisotropic space-times in homogeneous string cosmology, Nucl.Phys. B449 (1995) 248-264, hep-th/9502007; Vacaru S. I., Locally Anisotropic Gravity and Strings, Annals Phys. 256 (1997) 39-61, gr-qc/9604013; Herdeiro C., Hirano S. and Kallosh R., String Theory and Hybrid Inflation/Acceleration, JHEP 0112 (2001) 027, arXiv:hep-th/0110271; Gibbons G. W., Cosmological Evolution of the Rolling Tachyon, Phys. Lett. B537 (2002) 1-4,

arXiv:hep-th/0204008;

[31] Iorio L. and Giudice G., What do the orbital motions of the outer planets of the Solar System tell us about the Pioneer anomaly?, New Astron. 11 (2006) 600-607, gr-qc/0601055; Tangen K., Could the Pioneer anomaly have a gravitational origin?, Phys. Rev. D76 (2007) 042005, gr-qc/0602089 ; Iorio L., Can the Pioneer anomaly be induced by velocity-dependent forces? Tests in the outer regions of solar system with planetary dynamics, Int. J. Mod. Phys. D18 (2009) 947-958, arXiv:0806.3011; Does the Neptunian system of satellites challenge a gravitational origin for the Pioneer anomaly?, Mon. Not. R. Astron. Soc. 405 (2010) 2615-2622, arXiv:0912.2947.

[32] Uzan J.-P., The Fundamental Constants and Their Variation: Observational Status and Theoretical Motivations, Rev. Mod. Phys. 75 (2003) 403, hep-ph/0205340; Varying constants, Gravitation and Cosmology, Living Rev.Rel. 14 (2011) 2, arXiv:1009.5514.