arXiv:1202.6533v3 [hep-th] 20 Feb 2013

hep-th/1203.nnnn February 21, 2013

Lifshitz/Schrödinger Dp-branes and dynamical exponents

Harvendra Singh

Theory Division Saha Institute of Nuclear Physics 1/AF Bidhannagar, Kolkata 700064, India

Abstract

We extend our earlier study of special double limits of ‘boosted’ AdS_5 black hole solutions to include all black Dp-branes of type II strings. We find that Lifshitz solutions can be obtained in generality, with varied dynamical exponents, by employing these limits. We then study such double limits for ‘boosted’ Dp-brane bubble solutions and find that the resulting non-relativistic solutions instead describe Schrödinger like spacetimes, having varied dynamical exponents. We get a simple map between these Lifshitz & Schrödinger solutions and a relationship between two types of dynamical exponents. We also discuss about the singularities of the Lifshitz solutions and an intriguing thermodynamic duality.

1 Introduction

The holographic studies involving non-relativistic string theory backgrounds have received good attention recently, both from the point of view of uncovering AdS/CFT holographic principle, as well as to understand some quantum critical phenomena in strongly correlated condensed matter systems. The condensed matter systems by nature are usually nonrelativistic but in some systems near some critical point the system may appear to show exotic scaling behaviour. These could be systems, for example atomic gases at ultra low temperatures, or fermions at unitarity [1, 2]. Such systems are known to exhibit Schrödinger or Lifshitz like behaviour.

There have been namely two types of non-relativistic (Galilean) string backgrounds, exhibiting asymmetric space and time scaling symmetry, which have been a subject of several studies recently [1]-[30]. The ones which exhibit Schrödinger symmetries [1, 2] are described as ds^2_{Sch} = ( − (dx^+)^2 z^{2a} − dx^+dx^− z^2 + dx^2_i z^2 ) + dz^2 z^2 (1) and those having Lifshitz type symmetries [4] are like ds^2_{Lif} = ( − dt^2 z^{2a} + dx^2_i z^2 ) + dz^2 z^2

. (2)

In both these cases, x^i’s are flat spatial coordinates while z is known as the holographic coordinate (which is a measure of the energy scale of the boundary theory). The constant parameter a is called the dynamical exponent of time. These bulk geometries are suitable to describe an asymmetric scaling quantum phenomena at some critical point in a nonrelativistic CFT, which resides on the boundary of such spacetimes. The Schrödinger spacetimes can be obtained as solutions in string theory [5, 6]. Not only this, the nonrelativistic spaces can also be obtained as solutions of ‘massive’ type IIA string theory [15]. More recently, the Lifshitz-like spaces have been embedded variously in ordinary string theory as demonstrated by [18, 19, 21]. These explicit examples imply that a wide class of non-relativistic solutions can be constructed in string theory and hopefully some of these could be engineered to explain some strongly coupled phenomena in respective boundary theories. In this work we shall show that a class of these solutions indeed can be obtained consistently as limiting cases of well studied AdS Dp brane solutions.

We wish to extend our last study of D3-branes where vanishing horizon limits of ‘boosted’ AdS_5 × S^5 black holes give rise to the Lifshitz solutions. These a = 3 Lifshitz solutions and similar solutions in M-theory with fractional dynamical exponents were studied in [21, 22]. Repeating the same methods for all Dp-branes here, we obtain a wide class of Lifshitz and Schrödinger type solutions describing nonrelativistic systems with varied dynamical exponents. The paper is organized as follows. In section-II we introduce ‘boosted’ black Dp-brane solutions. These solutions have two parameters namely, the horizon radius and the boost velocity, given by r_0 and γ. We discuss a special double limit in which the black hole horizon is allowed to shrink while the boost is simultaneously taken to be very large, but keeping their product fixed. The new zero temperature geometries thus obtained describe Lifshitz type dynamics with varied dynamical exponents as a_{Lif} = 2(p − 6)/(p − 5). In section-III we study similar limits of the ‘boosted’ bubble p-brane solutions. The resulting solutions are instead of Schrödinger type solutions with dynamical exponents a_{Sch} = 2/(p − 5). We do however find an interesting map between these Lifshitz and Schrödinger solutions under which dynamical exponents get mapped into each other. The section-IV we discuss thermodynamical aspects of Lifshitz solutions and singularities. We also report on an intriguing thermodynamical duality. The conclusion is given in section-V.

2 Double limits of non-BPS Dp-brane geometries

We start with the black Dp-brane solutions which are asymptotically AdS solutions and describe temperature phases of the boundary CFTs.^1 (We shall take α^′ = 1). These AdS black hole solutions are

ds^2_{BH} = R^2_pr^{p−32} [ r^{5−p}(−fdt^2 + d⃗x^2_{(p)}) + dr^2 fr^2 + dΩ^2_{(8−p)} ] ,

e^ϕ = (2π)^{2−p}g^2_{Y M} (

R^4_p r^{7−p} )^{3−p4} ∼ λ^{7−p4}_{eff} N , for 0 ≤ p ≤ 6 (3)

along with electric flux for (p + 2)-form field strength which couples to electrically charged p-branes (p < 3) as F_{p+2} ≃ (7 − p)(R_p)^{2p−2}r^{6−p}dr ∧ dt ∧ [dx_{(p)}] . (4) For the magnetically charged solutions (p > 3) one instead takes F_{8−p} ≃ (7 − p)(R_p)^4ω_{(8−p)}, (5) with ω_{(8−p)} being the volume form of a unit size rigid sphere, S^{8−p}. Especially for the D3-branes field strength F_{(5)} should be taken self-dual. In the metric x_1, · · · , x_p are flat spatial coordinates along the Dp-brane world-volume, N is the number of the branes, whereas dΩ^2_{(8−p)} represents the line element of unit (8 − p)-dimensional sphere, and (R_p)^2 ≡ g_{Y M} √ d_pN represents radius square of the sphere.^2 In the

1 We shall be generally using the common phrases ‘AdS-black hole’ and ‘AdS-Bubble’ in this work, but the reader is alerted to keep in mind that the near horizon geometries such as (3) are usually of the type Ω^2(x)(ds^2[AdS_{p+2}] + ds^2[S^{8−p}]) and there is a running dilaton field, except for p = 3 case where conformal factor is constant. Nevertheless there is a well defined (p + 1)-dimensional boundary CFT description on the boundary of AdS_{p+2} subspace. We have also suitably rescaled t, x^i in Eqs.(3) and (4) so as to absorve some R_p factors.

2 Here d_p comprises suitable combinatoric factor of 2’s and π’s.

function f(r) = 1−r^{7−p}_0 /r^{7−p}, r = r_0 is the size of black hole horizon. Asymptotically as r → ∞ the spacetime metric becomes conformal to spacetime which is a direct product of an AdS_{p+2} and S^{8−p}. The boundary conformal field theory will have finite temperature where t could be taken imaginary (iτ) and suitably periodic, τ ∼ τ +^{4π}_{(7−p)} r^{p−52}_0 . The effective ’t Hooft coupling of the boundary SYM theory is given as λ_{eff} ∼ λ_0r^{p−3}, while λ_0 = g^2_{Y M} N being the bare ’t Hooft coupling constant.^3 For our purpose here we have instead taken noncompact Lorentzian time. We shall restrict to the branes with 1 ≤ p ≤ 6. For the D0-branes, as they are point like we shall not study them here.

We make the following boost transformation involving one of the brane direction, say y, dt → γdt + vγdy, dy → γdy + vγdt (6) where velocity 0 ≤ v < 1 (c = 1) and the boost parameter γ = 1/ √ 1 − v^2. Since there is no Lorentz symmetry along all brane directions, particularly so involving the y direction, so we get a new boosted BH geometry

ds^2 = R^2_pr^{p−32} [ r^{5−p} ( (1 + r^{7−p}_0 v^2γ^2 r^{7−p} )dy^2 − (1 − r^{7−p}_0 γ^2 r^{7−p} )dt^2 +

2vγ^2r^{7−p}_0 r^{7−p} dtdy + d⃗x^2_{(p−1)} )

+ dr^2 fr^2 + dΩ^2_{(8−p)} ]

e^ϕ = (2π)^{2−p}g^2_{Y M} ( r^{7−p} R^4_p

)^{p−34} , for 1 ≤ p ≤ 6 (7)

while rest of the background fields remain unchanged under the boost, so we shall not writing them again here after, but it should be understood that all branes are charged so we need appropriate flux. Here we would like to note that the periodicity of Euclidean t in the boosted geometry gets modified and it is now 4πγ (7−p) r p−5 2 0 . Correspondingly black hole horizon temperature is T = (7 − p)r^{5−p2}_0 4πγ . (8)

The simultaneous r_0 → 0, γ → ∞ double limits:

While setting r_0 = 0 in (7) will give rise to usual AdS brane solutions, we instead like to consider a double limit in which r_0 is allowed to vanish while boost is simultaneously taken to be infinity, such that

r_0 → 0, γ → ∞, r^{7−p}_0 γ^2 = β^2 = fixed. (9)

3 The details and early discussions on these AdS solutions can be found in [31] and references therein.

In which case we have

(1 + f) ∼ 2 − O(r^{7−p}_0 ), (1 − f)γ^2 → β^2 r^{7−p} (10)

Introducing light-cone coordinates through x^± = (t ± y), the solution (7) reduces to

ds^2_{Lif} = R^2_pr^{p−32} [ r^{5−p}( β^2 r^{7−p} (dx^−)^2 − dx^+dx^− + d⃗x^2_{(p−1)}) + dr^2 r^2

+ dΩ^2_{(8−p)} ]

e^ϕ = (2π)^{2−p}g^2_{Y M} ( r^{7−p} R^4_p

)^{p−34} , (11)

with suitable

F_{p+2} = (7 − p)R^{2p−2}_p r^{6−p}dr ∧ dx^+ ∧ dx^− ∧ [dx_{(p−1)}]

for the electric type branes (p < 3) and

F_{8−p} = (7 − p)R^4_pω_{8−p}

for magnetic type branes (p > 3). For D3-branes instead we shall have F_5 = 4(1 + ⋆)ω_5 which is self-dual.

The temperature vanishes as r^{6−p}_0 for p < 6. Thus our limits imply vanishing temperature as r_0 → 0 for p < 6. Especially for p = 6, the temperature can be arbitrary. We immediately notice that light-cone time is null, i.e. g_{++} = 0, in these solutions. But a finite g_{++} emerges once we compactify along x^−. (Since g_{−−} component is finite we can compactify along x^− lightcone coordinate. This would give rise to a Lifshitz like geometry in lower dimensions [21]. Also see [19] for a = 2 Lifshitz solutions where similar situations arise.) Nevertheless the noncompact solutions (11) make complete solutions of type IIA/B string theory depending upon whether p is even/odd. We can see that the g_{−−} component of the metric is subdominant compared to g_{+−} and g_{ii} when r → ∞. Thus asymptotically the metric (7) will become ds^2_{Lif} ∼ R^2_pr^{p−32} ( r^{5−p}[−dx^+dx^− + d⃗x^2_{(p−1)}] + dr^2 r^2

+ dΩ^2_{(8−p)} )

e^ϕ = (2π)^{2−p}g^2_{Y M} ( r^{7−p} R^4_p

)^{p−34} (12)

along with a suitable (p + 2)-form flux. These precisely are the near horizon (relativistic) geometries representing multiple p-brane systems. Thus we see that, for all 1 ≤ p ≤ 6, the nonrelativistic deformations (β-terms in the metric) become prominent only in the IR region. However this metric deformation will require us to switch on appropriate operators in the boundary field theory. However, these operator deformations will disappear in the UV regime of corresponding CFT. Also due to these nonrelativistic deformations in the IR regime, the scaling behaviours of space and time changes drastically. The time and space will now scale asymmetrically and we get Lifshitz like behaviour.

Scaling symmetry:

Let us redefine the radial coordinate as

r^{p−5} = z^2. (13)

With z as holographic coordinate and some scalings the solutions can be written as (for p ≠ 5) ds^2_{Lif} = R^2_pz^{p−3p−5} [ ( β^2 z^{4/(p−5)} (dx^−)^2 + −dx^+dx^− + d⃗x^2_{(p−1)} z^2 + ( 2 5 − p )^2 dz^2 z^2

) + dΩ^2_{(8−p)} ]

e^ϕ = (2π)^{2−p}g^2_{Y M} R^{3−p}_p (z^{2(7−p)p−5} )^{p−34} (14)

with the (p + 2)-form flux. We find that under asymmetric scalings (dilatation) of the coordinates z → ξz, x^− → ξ^{2−a}x^−, x^+ → ξ^ax^+, ⃗x → ξ⃗x (15) with dynamical exponent a =^{2(p−6)}_{p−5} , the dilaton and the metric in (14) conformally rescale as

g_{MN} → ξ^{p−3p−5} g_{MN} , e^ϕ → ξ^{(7−p)(p−3)2(p−5)} e^ϕ (16)

This is nothing but the standard Weyl rescaling behaviour of near horizon Dpbranes AdS solutions [31]. The Weyl scaling of the bulk metric and e^ϕ is indicative of the fact that the boundary non-relativistic CFT (NRCFT) is not a conformal theory instead it has got a running effective coupling (λ_{eff} ). But what we find most surprising is the fact that the RG flow is still of the standard type inspite of the asymmetric scalings of the coordinates. Only for D3-branes we have a scaling symmetry which involves no Weyl rescaling of the bulk metric. For D3-brane case, discussed earlier in [21], one finds a Lifshitz spacetime

ds^2_{D3} = R^2_3 [ ( β^2 z^{−2} (dx^−)^2 +

−dx^+dx^− + d⃗x^2_{(2)} z^2 ) + dz^2 z^2

+ dΩ^2_{(5)} ] e^ϕ = (2π)^{−1}g^2_{Y M} , F_{(5)} = 4R^4_3(1 + ⋆)ω_5 (17)

where the dynamical exponent is a = 3. These 5-dimensional spaces were previously also known as Kaigorodov spacetimes in literature or as ‘Einstein spaces of maximum mobility’ [33, 34]. The dual field theory thus involves an infinitely boosted CFT. If we mainly focus on the coordinate patch (x^+, x^−, ⃗x) at the boundary where the CFT lives, we can see that the spacetime indeed possess asymmetric scaling symmetry. Since x^− coordinate is not null, we can also think of compactifying along this direction. In [21] it was shown that the lower dimensional solution resembles a Lifshitz geometry. To see this we could rewrite the metric of Eq.(17) in a diagonal basis as

ds^2_{D3} = R^2_3 ( [− (dx^+)^2 4β^2z^6 + dx^2_1 + dx^2 + dz^2 z^2

]_{Lif4} + β^2z^2(dx^− − dx^+ 2β^2z^4

)^2 + dΩ^2_5 )

(18)

From metric Eq.(18) it is obvious that the nonrelativistic geometry indeed represents a system of Kaluza-Klein particles (gravi-photons) in lower dimensions. That is upon compactification, we will simply be dealing with, a dilaton and graviphotons in a 4-dimensional Lifshitz universe ( −^{(dx+)2}_{4β2z6} +^{dx21+dx2+dz2}_{z2} ) . This story will repeat itself for all p-branes as and when we compactify the x^− direction.

Note that once x^− is compactified, x^− ∼ x^− + 2πr^−, the Lifshitz geometry (17) acquires a complete distinct notion. They can provide a valid holographic description but only in a definite z range. For example, solutions (18) cannot be trusted near the AdS boundary (in UV) because the physical size of x^− circle R^−_{phys} l_s = R_3 l_s βr^−z (19)

becomes sub-stringy as z → 0. This would necessitate higher derivative string (world-sheet) corrections to the solutions. Alternatively, as suggested in [6], when such a situation arises, it will also be appropriate to go over to a T-dual type II string solution where the T-dualised x^− circle can have a finite radius.

In addition to the scaling properties in Eqs.(15),(16) as described earlier, the Lifshitz solutions (11) or (14) also have invariances under the translations

x^+ → x^+ + b^+, x^− → x^− + b^−, x^i → x^i + b^i (20)

and under the rotations of x^i coordinates. However, due to nontrivial g_{−−} components these spaces (17) do not have any explicit invariance under the Galilean boost x^+ → x^+, x^− → x^− − 2⃗v.⃗x + v^2x^+, ⃗x → ⃗x − ⃗vx^+ , (21) ⃗v is constant velocity. However there exists an unusual symmetry under space-like shifts of the time (x^+) x^− → x^−, x^+ → x^+ − 2⃗v.⃗x + v^2x^−, ⃗x → ⃗x − ⃗vx^−. (22) The latter shift symmetry will be absent when x^− coordinate is compactified. Thus our noncompact solutions (14) represent Lifshitz geometry when compactified along x^−, in which the time scales asymmetrically with dynamical exponent a_{Lif} = 2 p − 6 p − 5 . (23)

Note, however, no extra matter fields are present in the backgrounds (11) except dilaton and (p + 2)-form fluxes.

Let us now find the supersymmetries preserved by the Lifshitz solutions (11). Since all these solutions are in the same class, let us pick up the simplest case of D3- branes. We have checked that for p = 3 Lifshitz backgrounds (11) all superconformal Killing spinors identically vanish, while remaining sixteen Poincare´ Killing spinors have to satisfy an additional condition Γ^+ϵ = 0. Thus only 8 Poincare´ supersymmetries survive for the Lifshitz background, so they are only 1/4-BPS solutions, see also [21]. The same would be true for the case of p other than 3.

Separately, for D5-branes we get the solution (following from (11) and defining r = 1/z) as

ds^2_{D5} = R^2_5 1 z [ (β^2z^2(dx^−)^2 − dx^+dx^− + d⃗x^2_{(4)}) + dz^2 z^2

+ dΩ^2_{(3)} ]

e^ϕ = (2π)^{−3} g^2_{Y M} R^2_5z

, F_{(3)} = 2R^4_5ω_{(3)} (24)

where Lifshitz scaling is z → ξz, x^+ → ξx^+, x^− → ξ^{−1}x^−, x^i → x^i along with the Weyl rescalings. Note x^i’s do not need to rescale in these 5-brane solutions and they have dynamical exponent a = 1. So they appear to remain relativistic branes, but they are not due to nontrivial g_{−−} metric component.

For D6-branes from (14) we have

ds^2_{D6} = R^2_6z^3 [ ( β^2 z^4

(dx^−)^2 +

−dx^+dx^− + d⃗x^2_{(5)} z^2 + 4 dz^2 z^2

) + dΩ^2_{(2)} ]

e^ϕ = (2π)^{−4}g^2_{Y M} ( z R^2_6

)^{32} (25)

where scaling invariance is z → ξz, x^+ → x^+, x^− → ξ^2x^−, x^i → ξx^i along with Weyl rescaling. Note x^+ does not need to rescale in these 6-brane Lifshitz solutions, so they have dynamical exponent of time as a = 0. So for these solutions, their Euclidean counter part can have x^+ with arbitrary periodicity, which means an arbitrary unfixed temperature.

3 Double limits of AdS-Bubble geometries and Schrödinger spacetime

Here we start with the ‘bubble’ spacetimes which are asymptotically AdS solutions of type II string theory. The AdS-bubble solutions are well known to describe the low temperature phases in their respective holographic SYM theories. These bubble geometries are ds^2_{Bubble} = R^2_pr^{p−32} [ r^{5−p}(−dt^2 + fdy^2 + d⃗x^2_{(p−1)}) + dr^2 fr^2 + dΩ^2_{(8−p)} ] , e^ϕ = (2π)^{2−p}g^2_{Y M} ( r^{7−p} R^4_p

)^{p−34} (26)

with appropriate flux for F_{p+2} form field strength. We shall consider again 1 ≤ p ≤ 6. We note here that the above bubble p-brane geometries can be obtained by performing a double Wick rotation t → iy, y → it (27) of the black hole solutions given in (3). But they make two physically distinct solutions, one involves black holes and the others do not. In the above f(r) = (1 − r^{7−p}_b /r^{7−p}) with r range being r_b ≤ r ≤ ∞. Since the radial coordinate is restricted in the IR region, they describe what is commonly known as ‘bubble geometry’, inside of the bubble is empty. The coordinate y has to have correct periodicity, y ∼ y +^{4π}_{(7−p)} r^{p−52}_b , in order that metric avoids the singularity at r = r_b and assumes a sigar like spatial geometry. Asymptotically bubble spacetimes become conformal to a geometry which is a product of an AdS spacetime with a compact spatial coordinate and a round sphere, and having a running dilaton field, except for the case of p = 3 case where dilaton becomes constant. The boundary is at r → ∞. Since r is the holographic (energy) coordinate, the boundary conformal field theory has an effective IR cut-off scale as r = r_b. The field theory can have finite small temperature if the Euclidean t is taken to be periodic. The period of Euclidean time can be arbitrary in these solutions but it is usually fixed by the temperature of the boundary CFT. Here we have taken Lorentzian time for the purpose of this work.

We employ the following boost transformation along compact y coordinate dt → γdt + vγdy, dy → γdy + vγdt (28) with boost parameter γ = 1/ √ 1 − v^2. Since there is no Lorentz symmetry involving y direction, we get a boosted bubble metric

ds^2 = R^2_pr^{p−32} [ r^{5−p} ( −(1 + r^{7−p}_b v^2γ^2 r^{7−p} )dt^2 + (1 − r^{7−p}_b γ^2 r^{7−p} )dy^2 + 2vγ^2r^{7−p}_b r^{7−p} dtdy + d⃗x^2_{(p−1)} )

+ dr^2 fr^2 + dΩ^2_{(8−p)} ] (29)

while other background fields remain unchanged under the boost. Here we would like to note that the y-periodicity in the boosted geometry gets modified to y ∼ y +^{4πγ}_{(7−p)} r^{p−52}_b ,

The simultaneous r_b → 0, γ → ∞ limit:

In order to find nonrelativistic brane solutions we consider double limits in which r_b is allowed to vanish while boost is simultaneously taken to be large, such that

r_b → 0, γ → ∞, r^{7−p}_b γ^2 = β^2 = fixed. (30)

Note that while we take these double limits y coordinate indeed gets decompactified (p < 6). In lightcone coordinates the solution (29) reduces to

ds^2_{Sch} = R^2_pr^{p−32} [ r^{5−p}(− β^2 r^{7−p} (dx^+)^2 − dx^+dx^− + d⃗x^2_{(p−1)}) + dr^2 r^2

+ dΩ^2_{(8−p)} ]

e^ϕ = (2π)^{2−p}g^2_{Y M} (

R^4_p r^{7−p} )^{3−p4} (31)

with appropriate (p+2)-form flux. We can notice that x^− is null in these Schrödinger type solutions. Which is juxtapose of the Lifshitz like solutions obtained earlier from AdS black holes. Although, x^− is an isometry direction, but as it remains a null direction, it will not be possible to compactify along this lightcone coordinate. Indeed the situation is much like for Schrödinger solutions with dynamical exponent 2, see Maldacena et.al [6]. Nevertheless the Schrödinger solutions (31) are complete solutions of type II string theory. Asymptotically in the region where r^{7−p} ≫ β^2 the metrics precisely become AdS geometries representing multiple p-branes. Thus for all p ≤ 6 the nonrelativistic (Schroedinger type) deformations (namely g_{++} components) become prominent only in the IR region. While all NR effects disappear in the UV regime.

Asymmetric scaling symmetry:

Let us introduce the holographic z-coordinate again. With z coordinate the solutions become (for p ≠ 5) ds^2_{Sch} = R^2_pz^{p−3p−5} [ [− β^2 z^{4p−5} (dx^+)^2 + −dx^+dx^− + d⃗x^2_{(p−1)} z^2 + 4 (5 − p)^2 dz^2 z^2

] + dΩ^2_{(8−p)} ]

e^ϕ = (2π)^{2−p}g^2_{Y M} (R^4_pz^{2(p−7)p−5} )^{3−p4} (32)

with (p + 2) form flux. Thus we see that there is an asymmetric scaling invariance involving the coordinates z → ξz, x^− → ξ^{2−a}x^−, x^+ → ξ^ax^+, ⃗x_{p−1} → ξ⃗x_{p−1} (33) with dynamical exponent a_{Sch} = 2 p − 5 , (34)

where dilaton and the metric conformally scale as

g_{MN} → ξ^{p−3p−5} g_{MN} , e^ϕ → ξ^{(7−p)(p−3)2(p−5)} e^ϕ (35)

It is nothing but precisely the usual Weyl scaling behaviour of the Dp-branes near horizon AdS geometries. If we focus only on the coordinate patch (x^+, x^−, ⃗x) where the CFT lives, we see that the CFT will exhibit Schrödinger symmetry but devoid of special conformal symmetry. The solutions (32) are also invariant under translations, rotations and Galilean boosts Eqs. (20) and (21).

Especially for D3-branes case we find

ds^2_{D3} = R^2_3 [ − β^2z^2(dx^+)^2 +

−dx^+dx^− + d⃗x^2_{(2)} z^2 + dz^2 z^2

+ dΩ^2_{(5)} ] e^ϕ = (2π)^{−1}g^2_{Y M} , F_{(5)} = 4R^4_3(1 + ⋆)ω_5 (36)

which is a Schrödinger spacetime but with the dynamical exponent as a = −1. Let us note that Schrödinger spacetimes with dynamical exponent a = 2 only admit special conformal symmetry [1, 2].

The Schrödinger spacetime with a = −1 can also be called a Kaigorodov space. The Kaigorodov spaces are known as Einstein spacetimes of maximum mobility [33]. Corresponding boundary dual theories have been described as CFTs in infinite momentum frame [34]. So it is not surprising that we obtained our solutions from boosted ‘black’ and ‘bubble’ p-brane solutions under the limits involving infinite boosts. For example, the Ricci tensor for the 5D Kaigorodov space is simply given by R_{μν} = −4g_{μν} , and so the curvature scalar is just a constant. Given only these quantities the Schrödinger spacetimes would look just like an ordinary AdS_5 space, however the Weyl tensor for Schrödinger-Kaigorodov spaces remains nonvanishing, see also Appendix. Thus unlike pure AdS spaces which are conformally flat, the Schrödinger spaces will not be so. Also the isometries and local structure of spacetimes are completely different, see [34].

Especially for D6-branes from (32) we have

ds^2_{D6} = R^2_6z^3 [ (− β^2 z^4

(dx^+)^2 +

−dx^+dx^− + d⃗x^2_{(5)} z^2

) + 4 dz^2 z^2

+ dΩ^2_{(2)} ]

e^ϕ = (2π)^{−4}g^2_{Y M} ( z R^2_6

)^{32} (37)

where scaling invariance involves z → ξz, x^− → x^−, x^+ → ξ^2x^+, x^i → ξx^i. Note x^− does not need to rescale in these 6-brane Lifshitz solutions, so they have a dynamical exponent a = 2. So only for D6 solutions, we can have x^− with arbitrary periodicity. Although these solutions have interesting value a = 2, but there is an overall Weyl scaling of metric and dilaton required.

3.1 A relationship of dynamical exponents

An intriguing but interesting aspect of our Lifshitz and Schrödinger p-brane solutions, in eqs. (14) and (32), is that they can be mapped into each other under the following exchange of the light-cone metric components g^{(Lif)}_{++} → −g^{(Sch)}_{−−} , g^{(Lif)}_{−−} → −g^{(Sch)}_{++} . (38) While respective dynamical exponents get mapped as

a_{Lif} = 2 − a_{Sch} (39) for all the Dp-branes. We have a_{Lif} = 2(^{p−6}_{p−5} ) while a_{Sch} =^2_{p−5} , for all 0 < p ≤ 6 but p ≠ 5. Especially, the D5-branes have a_{Lif} = 1. So the relation (39) is obeyed by all nonrelativistic Dp-branes presented here. This could be understood as follows. Under the Wick rotations (27), which takes AdS-BH into AdS-Bubble and vice versa, the lightcone coordinates map as

x^+ → −ix^−, x^− → ix^+. (40)

The above double Wick rotation^4 will exactly perform the operation given in (38), keeping g_{+−} fixed. Although related mathematically in this simple manner, the Lifshitz and Schrödinger p-Brane solutions represent physically distinct spacetimes, having different dynamical exponents. Thus it is not surprising that just as AdS-BH and Bubble solutions get mapped into eath other under double Wick rotations, the Lifshitz (14) and Schrödinger (32) spacetimes do as well map into each other. A comparative list of dynamical exponents is provided in the table (1). p-brane a_{Lif} a_{Sch} (a_{Lif} + a_{Sch}) 1 5/2 - 1/2 2 2 8/3 -2/3 2 3 3 -1 2 4 4 -2 2 5 1 1 2 6 0 2 2

Table 1: Dynamical scaling exponents of the Lifshitz and the Schrödinger solutions

It is interesting to notice that the dynamical exponents of Lifshitz geometries are all positive. Especially, for 3-branes it is a = 3. We study it a bit further. Compactifying the Lifshitz solution (18) along x^− and S^5, the remaining 4-dimensional Lifshitz spacetime can be written in the Einstein frame as ds^2_{Lif4} ∼ z[− (dx^+)^2 β^2z^6 + dx^2_1 + dx^2 + dz^2 z^2

]. (41)

Since the number of spatial dimensions is d = 2 here, the Lifshitz geometry (41) indeed represents a spacetime which has a hyperscaling exponent given as θ = 1, and under the asymmetric scalings x^+ → λ^3x^+, x^1 → λx^1, x^2 → λx^2, r → λr the metric (41) scales as ds^2 → λ^{2θd} ds^2.

We also note that this a = 3 solution satisfies an important criterion a ≥^θ_d + 1 and also has θ = d − 1. These conditions involve putting Null energy conditions on

4 We are thankful to the referee to have suggested this.

the energy-momentum tensor in the Lifshitz spacetime. These studies have been a subject of much attention recently in the literature, see [35, 36].

Similarly for other Lifshitz p-brane solutions in (14), after compactifications along x^− and S^{8−p}, we find that the hyperscaling dimensions are

θ_{(p)} = p^2 − 6p + 7 p − 5 , p ≠ 5. (42)

and corresponding (p+1)-dimensional Lifshitz geometries can be written in Einstein frame as ds^2_{Lifp+1} ∼ z^{2(p} 2 −6p+7) (p−1)(p−5) − (dx^+)^2 β^2z^{4(p−6)(p−5)} + (d⃗x_{p−1})^2 + dz^2 z^2 . (43) We find that physically interesting cases of p = 2, 3, 4 they all satisfy a ≥^θ_d +1. These correspond to the cases where boundary CFTs have spatial dimensions d = 1, 2, 3 respectively. The Schrödinger geometries in the table are rather puzzling as all lower dimensional cases have negative dynamical exponents, except for p = 5 and p = 6. Also the spatial lightcone coordinate x^− is null there, so we cannot compactify along this direction. The problem we face here is similar to the case of Schrödinger solutions in [6]. It would be worth while to explore them further and we hope to return to them in near future.

4 Lifshitz singularities and thermodynamics

It has been recently shown that Lifshitz solutions have essential null curvature singularities [30]. It is due to fact that a test string become infinitely excited as it nears r = 0, even though the curvature scalar may be uniformally constant for the Lifshitz solutions (at least for the case of D3-branes). These instabilities would necessitate us to include higher (derivative) order corrections to these classical backgrounds. However, it would also be a safer approach to hide these essential Lifshitz singularities behind some event horizon. Correspondingly, the finite temperature Lifshitz solutions will be those which have finite horizon size r_0 and also finite boost. Let us write them down explicitely following from (7) (direction of the boost is taken to be along negative y direction)

ds^2 = R^2_pr^{p−32} [ r^{5−p} ( (1 + r^{7−p}_0 v^2γ^2 r^{7−p} )dy^2 − (1 − r^{7−p}_0 γ^2 r^{7−p} )dt^2 −

2vγ^2r^{7−p}_0 r^{7−p} dtdy + d⃗x^2_{(p−1)} )

+ dr^2 fr^2 + dΩ^2_{(8−p)} ]

e^ϕ = (2π)^{2−p}g^2_{Y M} ( r^{7−p} R^4_p

)^{p−34} , (44) along with (p + 2)-form flux. Introducing lightcone coordinates, x^± = t ± y, the metric can be reexpressed as

ds^2 = R^2_pr^{p−32} [ r^{5−p}{( r^{7−p}_0 4r^{7−p} (dx^+)^2 λ^2 + r^{7−p}_0 λ^2 4r^{7−p} (dx^−)^2 −

1 + f 2 dx^+dx^−) + d⃗x^2_{(p−1)}} + dr^2 fr^2 + dΩ^2_{(8−p)} ]

= R^2_pr^{p−32} [ {r^{5−p}(−f r^{7−p} W^2

(dx^+)^2 + d⃗x^2_{(p−1)}) + dr^2 fr^2 } + dΩ^2_{(8−p)} + W^2 4r^2 (dx^− − 1 + f r^{p−7} dx^+ W^2

)^2 ] . (45)

The parameters are related as W^2 ≡ r^{7−p}_0 λ^2 and the function

f = (1 − r^{7−p}_0 r^{7−p} ), and r = r_0 is the horizon.^{5 6} Note that we can rescale W out of these BH solutions, which is possible if we exploit the lightcone scaling x^+ → W x^+, x^− → W^{−1}x^−. So we can set W to unity if we wish but it is an useful parameter in the following analysis. For very large W value these black holes in the intermediate range r_0 < r < W^{27−p} will always behave as thermal Lifshitz like solutions. Let us call this region as the Lifshitz window region where parameter W provides the effective width of this window. While in the deep UV region, r ≫ W^{27−p} the solutions become asymptotically AdS, see the figure (1). Note that the size of Lifshitz window

Figure 1: The Lifshitz window appears as the shaded region. It starts at r_0 and ends at r_w ∼ W^{27−p} .

can be widened if we take λ (boost) sufficiently large. But if λ = 1 the Lifshitz region altogether disappears and we get ordinary AdS-BH solutions; see figure (2). We

5 The boost parameter λ ≥ 1 is written as λ =

√_{1+v} 1−v . 6 To clarify, we have purposely written down boosted black brane geometries in the form as in (45) because we are interested in studying these solutions when x^− is compact (coordinate on a circle). Clearly, the remaining noncompact part of the metric resembles the thermal Lifshitz solutions. Note the thermal expressions in (46) are for such a 3-brane solution, with x^− being compact.

Figure 2: Depiction of an usual AdS black hole spacetime. There is no Lifshitz like region here.

Figure 3: In zero temperature solutions the Lifshitz window (the shaded region) starts at r = 0 and ends at r_w.

mentioned it earlier also that all our Lifshitz solutions become AdS spaces asymptotically. These Lifshitz BH solutions (45) with an intermediate Lifshitz region should present a good IR description (at finite temperature), where the black hole horizon size provides an effective IR (thermal) cut-off in the dual CFT. Of course, there is a black hole singularity but it will be hidden behind a horizon and cannot be seen by an asymptotic observer. So the issue of curvature singularity appears to be fine for black hole Lifshitz solutions (45). On the other hand our double limits in Eq.(9), however correspond to the widening of the Lifshitz window such that the left edge of the window moves to r = 0 while the right edge is held fixed at r = r_w. Consequently the limits give rise to zero temperature Lifshitz solutions given in equations (7) and (11). The zero temperature Lifshitz region is sketched in figure (3).

4.1 Double limits and thermodynamic duality

Having obtained the nonrelativistic geometries We shall need to study the effect of our double limits on the thermodynamic quantities. These finite temperature boundary field theories involve DLCQ description [6]. For our Lifshitz spacetimes, the compactification along x^− implies that there is a conserved charge (momentum) P_− which is quantized in units of^1_{r−} . The number (momentum) density depends upon the choice of two parameters, namely boost γ (or λ) and r_0. It would be worth while to know what happens to the number density, energy density (−P_+) and other thermodynamical quantities; like temperature (T ), entropy (S) and chemical potential (μ_N ), relevant for the black-hole solutions, as we consider the double limits. These thermodynamic expressions are considered here for the case of D3-branes for concreteness ρ = N V_2 = r^−(−P_−) v_2 = L^3 G^5_N

(r^−)^2λ^2r^4_0 8 E = H V_2 = (−P_+)

v_2 = L^3 G^5_N r^−r^4_0 16 s = S V_2 = L^3 4G^5_N

(2πr^−) λr^3_0 2 T = r_0 πλ , μ_N = 1 r^−λ^2

(46)

where L represents the AdS_5 radius, G^5_N is 5-dimensional Newton’s constant and V_2 is some finite volume of x_1 − x_2 plane. These quantities eventually satisfy the first law of thermodynamics δE(T, μ_N ) = T δS − μ_N δN (47) We see that under the limits (9), the temperature of boundary (2 + 1) dimensional nonrelativistic field theory effectively vanishes, so also the entropy and the chemical potential. Although these quantities are vanishing, worth noticing is their unique scaling behaviour as powers of vanishing horizon size r_0, observed initially in [21], T ∼ r^3_0 ∼ 0, ρ = fixed, μ_N ∼ r^4_0 ∼ 0, s ∼ r_0 ∼ 0. (48) Especially, the temperature vanishes as cubic power of r_0, which is an indication of the fact that system behaves nonrelativistically having dynamical exponent a = 3 as it undergoes a condensation in the DLCQ theory. [21]. We can however reexpress (48) as T → 0, μ_N → T^{43} ∼ 0, s → T^{13} ∼ 0, ρ ∼

T^4 μ^3_N

= fixed (49)

These kind of strange behaviours, s ∼ T^13 , and specific heat C = T^{∂S}_{∂T} ∼ T^13 , have recently been related to some non-Fermi liquids (strage metals) in 2d systems [35, 36]. Curiously though, we observe that the number density has to remain fixed in order to achieve this condensation. Obviously the energy density is also vanishing. We may also write down expressions for free energy density and the entropy density F ∼ −E ∼ − T^4 μ^2_N

∼ r^4_0 ∼ 0, s ∼

T^3 μ^2_N

∼ r_0 ∼ 0 (50)

Let us compare above double limits i) r_0 → 0, λ = ∞ with the ii) r_0 → 0, λ = finite limit. Under the latter kind of vanishing horizon (extremal) limit, the thermodynamical expressions behave as T ∼ r_0 ∼ 0, μ_N ∼ fixed, ρ ∼ r^4_0 ∼ 0 s ∼ r^3_0 ∼ 0 (51) and E ∼ r^4_0 ∼ 0, as horizon size shrinks to zero. Particularly, the temperature vanishes as unit power of r_0 which is an indication of the fact that system behaves ordinarily relativistic, having dynamical exponent a = 1, as it undergoes a condensation. Juxtapose to the double limit case of (48), we find here that the chemical potential in (51) remains fixed while the number (momentum) density becomes vanishing, O(r^4_0), in the relativistic situation.

From the above rather crude exercise and from the power law behaviour of the thermal quantities in (48) and (51), we would infer that two different limits describe two distinct types of condensation phenomenon; non-relativistic (Lifshitz) and the relativistic (Lorentzian). However, these two condensation points appear to be thermodynamically dual points. They could be Legendre transformed into each other, T ↔ S, μ_N ↔ N, E(T, μ_N ) ↔ Ẽ(S, N). (52) Since Legendre transformations of thermodynamic variables do map micro-canonical ensemble into a canonical/grand-canonical ensemble and vice versa, the two types of condensation (T → 0) limits described above seem to represent two different physical ensembles near respective fixed points. We indeed observe that the condensation behaviour of the canonically conjugate variables, (T, S) and (μ_N , ρ) does seem to get mapped into each other.

5 Conclusion

We have extended our previous study of D3-branes where vanishing horizon double limits of ‘boosted’ AdS_5 × S^5 black holes gave rise to Lifshitz type solutions with dynamical exponent a = 3 [21]. Taking the similar limits for all Dp-branes, we obtain a wide class of Lifshitz like solutions. However the asymmetric scaling of the coordinates has to be accompanied by a Weyl rescaling of the metric and dilaton field etc. This rescaling is identical to the standard Weyl scaling behaviour of Dpbranes AdS metrics [31]. Thus the Weyl rescaling of the string metric and e^ϕ is indicative of the fact that the boundary NRCFT is not conformal instead it has got running effective couplings. But what we find most interesting is that this RG flow of the NRCFT is still of the standard type. The new geometries so obtained describe nonrelativistic Lifshitz type dynamics with varied dynamical exponents, a_{Lif} = 2^{p−6}_{p−5} . We have also studied similar double limits for boosted ‘bubble’ Dpbrane solutions. The resulting Galilean solutions instead are classified as Schrödinger type, with varied dynamical exponents as a_{Sch} =^2_{p−5} . We did find an interesting map between these Lifshitz and Schrödinger type solutions, such that for a given p-brane case respective dynamical exponents get related as a_{Lif} = 2 − a_{Sch} .

We also discussed thermodynamical aspects involving Lifshitz black hole solutions and the issue of null curvature singularities. We find that in order to study Lifshitz systems at finite temperature one can include black holes. In this way we can avoid seeing the essential Lifshitz singularities. Indepedently an observation regarding an intriguing thermodynamical duality is also reported.

As we were typesetting this work a few papers [37, 38] appeared in last couple of days which might see some overlap with us.

Acknowledgements:

I take this opportunity to thank the organisers of the ‘National Strings Meeting 2011’, University of Delhi, for the warm hospitality where part of this work was carried out.

A Double limits of some flat space solutions and plane waves

Consider a Schwarzschild black hole solution in D spacetime dimensions which is delocalised (isometry) along one of the spatial coordinates

ds^2_{BH} = −fdt^2 + dy^2 + dr^2 f + r^2dΩ^2_{(D−3)}, (53)

The function f(r) = 1 − r^{D−4}_0 /r^{D−4}. This can also be called an uncharged black string and it has a asymptotic geometry R^{D−1} × R^1.

Let us make the following boost along y, dt → γdt + vγdy, dy → γdy + vγdt (54) so we get a boosted BH geometry

ds^2 = (1 + r^{D−4}_0 v^2γ^2 r^{D−4} )dy^2 − (1 − r^{D−4}_0 γ^2 r^{D−4} )dt^2 +

2vγ^2r^{D−4}_0 r^{D−4} dtdy + dr^2 f + r^2dΩ^2_{(D−3)}

(55)

We note that the periodicity of Euclidean time in the boosted geometry gets modified and it is now^{4πr0γ}_{D−4} . Correspondigly horizon temperature after the boost is T = D − 4 4πr_0γ . (56)

Thus these BH solutions have two parameters r_0, γ.

The simultaneous r_0 → 0, γ → ∞ limit: We incorporate the double limit such that r_0 → 0, γ → ∞, r^{D−4}_0 γ^2 = β^2 = fixed. (57)

In which case the BH temperature would behave as

T ∼ O(r^{D−62}_0 ) ∼ 0, for D > 6 (58)

However such double limits exist only for D > 6. For D = 5 the temperature would blow up under the limit r_0 → 0, so we do not include them here. Under the double limits we get following wave like solution (introducing light-cone coordinates)

ds^2 = β^2 r^{D−4} (dx^−)^2 − dx^+dx^− + dr^2 + r^2dΩ^2_{(D−3)}, for D > 6 (59)

We can notice that light-cone time is null, i.e. g_{++} = 0, in these wave solutions. These are the simplest type of plane-wave solutions in flat spacetime [32]. Actually the expression for g_{−−} in Eq.(59) is nothing but a harmonic function over the transverse (D − 2)-dimensional space.

Next we can consider a ‘bubble’ like spatial geometry (Euclidean Schwarzschild type geometry) in D > 6 spacetime dimensions ds^2_{bubble} = −dt^2 + gdy^2 + dr^2 g + r^2dΩ^2_{(D−3)}, (60)

The function g(r) = 1 − r^{D−4}_b /r^{D−4}, with coordinate range r_b ≤ r ≤ ∞. The asymptotic spacetime geometry is R^1 × S^1 × R^{(D−2)}, having a y periodicity y ∼ y +^{4πrb}_{D−4} . The asymptotic periodicity of y is chosen such that there is no singularity at r = r_b. Now we make a boost along y

ds^2 = −(1 + r^{D−4}_b v^2γ^2 r^{D−4} )dt^2 + (1 − r^{D−4}_b γ^2 r^{D−4} )dy^2 + 2vγ^2r^{D−4}_b r^{D−4} dtdy + dr^2 f + r^2dΩ^2_{(D−3)}

(61)

Note that the periodicity of y in the boosted geometry gets modified to y ∼ y+^{4πrbγ}_{D−4} . Now consider the double limits

r_b → 0, γ → ∞, r^{D−4}_b γ^2 = β^2 = fixed. (62)

Under this limit y circle essentially gets decompactified, if we keep D > 6. It gives another wave geometry

ds^2 = − β^2 r^{D−4} (dx^+)^2 − dx^+dx^− + dr^2 + r^2dΩ^2_{(D−3)} (63)

which is also a wave in empty space but has nontrivial g_{++} component. Thus our double limits generally produce wave like solutions.

B Kaigorodov Spaces

Let us consider the following 5-dimensional metric which is a solution of the Einstein gravity with a negative cosmological constant, ds^2_{Kaigorodov} = ±β^2z^2(dx^∓)^2 + −dx^+dx^− + dx^2_1 + dx^2 z^2 + dz^2 z^2

(64)

where both plus and minus signs can be considered. In our conventions the solution with upper signs would classify as Lifshitz like, while with the lower signs we will identify it as Schrödinger spacetime. The Riemann tensor for this metric can be separated as R_{μνλρ} = (g_{μλ}g_{νρ} − g_{μρ}g_{νλ}) + δ_{μνλρ} (65) The expression δ_{μνλρ} collects deviations from pure AdS geometry (the β-dependent terms). For maximally symmetric Einstein spacetimes such as AdS, these extra terms are of course vanishing. But for above Kaigorodov-Lifshitz metrics (upper signs) the nonvanishing components are

δ_{−1−1} = 2β^2, δ_{−2−2} = 2β^2, δ_{−z−z} = −4β^2, (66)

While for Kaigorodov-Schroedinger metrics (lower signs) the nonvanishing components are δ_{+1+1} = −2β^2, δ_{+2+2} = −2β^2, δ_{+z+z} = 4β^2 . (67)

Due to these contributions the corresponding Weyl tensor is nontrivial. As a consequence the Kaigorodov spacetimes are not conformally flat. But interestingly these corrections to the Riemann tensor do not contribute to the Ricci tensor. The Ricci tensor for Kaigorodov Lifshitz/Schroedinger spaces is still given as R_{μν} = −4g_{μν} just like for the pure AdS_5 spacetime. For the anti de Sitter spacetimes, which are also conformally flat, Weyl tensor is vanishing. More discussion about Kaigorodov spacetimes can be found in [34].

References

[1] D. T. Son, “Toward an AdS/cold atoms correspondence: a geometric realization of the Schrödinger symmetry,” Phys. Rev. D 78, 046003 (2008) [arXiv:0804.3972 [hep-th]].

[2] K. Balasubramanian and J. McGreevy, “Gravity duals for non-relativistic CFTs,” Phys. Rev. Lett. 101, 061601 (2008) [arXiv:0804.4053 [hep-th]].

[3] P. Horava, “Quantum Gravity at a Lifshitz Point,” Phys. Rev. D 79, 084008 (2009) [arXiv:0901.3775 [hep-th]].

[4] S. Kachru, X. Liu and M. Mulligan, ”Gravity duals of Lifshitz-like Fixed Points”, Phys. Rev. D78 (2008) 106005, [arXiv:0808.1725[hep-th]].

[5] C. P. Herzog, M. Rangamani and S. F. Ross, “Heating up Galilean holography,” JHEP 0811, 080 (2008) [arXiv:0807.1099 [hep-th]].

[6] J. Maldacena, D. Martelli and Y. Tachikawa, JHEP 0810 (2008) 072, arXiv:0807.1100.

[7] J.P. Gauntlett, S. Kim, O. Varela and D. Waldram, JHEP 0904 (2009) 102, [arXiv:0901.0676 [hep-th]].

[8] A. Donos and J. P. Gauntlett, “Supersymmetric solutions for non-relativistic holography,” JHEP 0903 (2009) 138 [arXiv:0901.0818 [hep-th]].

[9] N. Bobev, A. Kundu and K. Pilch, JHEP 0907 (2009) 107

[arXiv:0905.0673[hep-th]].

[10] A. Donos and J. P. Gauntlett, “Solutions of type IIB and D=11 supergravity with Schrodinger(z) symmetry,” JHEP 0907 (2009) 042 [arXiv:0905.1098 [hepth]]; A. Donos and J. P. Gauntlett, “Schrodinger invariant solutions of type IIB with enhanced supersymmetry,” [arXiv:0907.1761 [hep-th]].

[11] A. Bagchi and R. Gopakumar. ”Galilean Conformal Algebras and AdS/CFT.”

JHEP 0907:037,2009, arXiv:0902.1385 [hep-th].

[12] C. Duval and P. A. Horvathy, “Non-relativistic conformal symmetries and Newton-Cartan structures,” arXiv:0904.0531 [math-ph]; C. Duval, M. Hassaine and P. A. Horvathy, “The geometry of Schrödinger symmetry in non-relativistic CFT.” Ann. Phys. 324 1158-1167 (2009) arXiv:0809.3128 [hep-th].

[13] J.P. Gauntlett, J. Sonner and T. Wiseman, Phys.Rev.Lett. 103 (2009) 151601,

[arXiv:0907.3796[hep-th]].

[14] S.S. Gubser, C.P. Herzog, S. Pufu and T. Tesileau, Phys.Rev.Lett. 103 (2009) 141601, [arXiv:0907.3510[hep-th]].

[15] H. Singh, “Galilean anti-de-Sitter spacetime in Romans theory”, Phys. Lett.

B682 (2009) 225, [arXiv:0909.1692[hep-th]]; H. Singh “Galilean type IIA backgrounds and a map,” arXiv:1007.0866 [hep-th].

[16] J. Jeong, H.-C. Kim, S. Lee, E. Colgain, H. Yavartanoo,

[arXiv:0911.5281[hep-th]].

[17] Y. Nakayama and S. J. Rey, “Observables and Correlators in Nonrelativistic ABJM Theory,” JHEP 0908, 029 (2009) [arXiv:0905.2940 [hep-th]].

[18] K. Balasubramanian and K. Narayan, “Lifshitz spacetimes from AdS null and cosmological solutions,” JHEP 1008, 014 (2010) [arXiv:1005.3291 [hep-th]].

[19] A. Donos, J. P. Gauntlett, “Lifshitz Solutions of D=10 and D=11 supergravity”, JHEP 1012 (2010) 002, [arXiv:1008.2062[hep-th]].

[20] R. Gregory, S. L. Parameswaran, G. Tasinato and I. Zavala, “Lifshitz solutions in supergravity and string theory,” JHEP 1012 (2010) 047, [arXiv:1009.3445 [hep-th]].

[21] H. Singh, “Special limits and non-relativistic solutions,” JHEP 1012, 061 (2010) [arXiv:1009.0651 [hep-th]].

[22] H. Singh, “Holographic flows to IR Lifshitz spacetimes,” JHEP 1104, 118 (2011) [arXiv:1011.6221 [hep-th]].

[23] G. Bertoldi, B. A. Burrington, A. W. Peet and I. G. Zadeh, “Lifshitz-like black brane thermodynamics in higher dimensions,” Phys. Rev. D 83, 126006 (2011) [arXiv:1101.1980 [hep-th]].

[24] D. Cassani, A. F. Faedo, ”Constructing Lifshitz solutions from AdS”, JHEP 1105 (2011) 013, arXiv:1102.5344 [hep-th]

[25] K. Narayan, “Lifshitz-like systems and AdS null deformations,” Phys. Rev. D 84, 086001 (2011) [arXiv:1103.1279 [hep-th]].

[26] W. Chemissany and J. Hartong, “From D3-Branes to Lifshitz Space-Times,” Class. Quant. Grav. 28, 195011 (2011) [arXiv:1105.0612 [hep-th]].

[27] N. Iizuka, N. Kundu, P. Narayan and S. P. Trivedi, “Holographic Fermi and Non-Fermi Liquids with Transitions in Dilaton Gravity,” JHEP 1201, 094 (2012) [arXiv:1105.1162 [hep-th]].

[28] D. Mateos and D. Trancanelli, “Thermodynamics and Instabilities of a Strongly Coupled Anisotropic Plasma,” JHEP 1107, 054 (2011) [arXiv:1106.1637 [hepth]].

[29] W. Song and A. Strominger, “Warped ADS3/Dipole-CFT Duality”, arXiv:1109.0544 [hep-th].

[30] G. T. Horowitz and B. Way, “Lifshitz Singularities,” arXiv:1111.1243 [hep-th].

[31] N. Itzhaki, J. Maldacena, J. Sonnenschein and S. Yankilowicz,

[arXiv:9802042[hep-th]].

[32] G. T. Horowitz and A. R. Steif, “Space-Time Singularities in String Theory,” Phys. Rev. Lett. 64, 260 (1990).

[33] V.R. Kaigorodov, Dokl. Akad. Nauk. SSSR 146 (1962) 793; Sov. Pjys. Doklady 7 (1963) 893.

[34] M. Cvetic, H. Lu and C.N. Pope, Nucl. Phys. B545 (1999) 309;

[arXiv:9810123[hep-th]].

[35] N. Ogawa, T. Takayanagi and T. Ugajin, “Holographic Fermi Surfaces and Entanglement Entropy,” JHEP 1201, 125 (2012) [arXiv:1111.1023 [hep-th]].

[36] L. Huijse, S. Sachdev and B. Swingle, “Hidden Fermi surfaces in compressible states of gauge-gravity duality,” Phys. Rev. B 85, 035121 (2012) [arXiv:1112.0573 [cond-mat.str-el]].

[37] K. Narayan, ‘On Lifshitz scaling and hyperscaling violation in string theory’, arXiv:1202.5935 [hep-th].

[38] Bom Soo Kim, ‘Schrdinger Holography with and without Hyperscaling Violation’, arXiv:1202.6062v1 [hep-th].