arXiv:1203.1321v3 [hep-ph] 23 Dec 2012

ADP-12-09/T776

Origin of ΔI = 1/2 Rule for Kaon Decays: QCD Infrared Fixed Point

R. J. Crewther^{1, ∗} and Lewis C. Tunstall^{1, 2, †} 1CSSM and ARC Centre of Excellence for Particle Physics at the Tera-scale, School of Chemistry and Physics, University of Adelaide, Adelaide SA 5005 Australia 2Berkeley Center for Theoretical Physics, Department of Physics, University of California, Berkeley, CA 94720, U.S.A.

We replace ordinary chiral SU(3)L × SU(3)R perturbation theory χPT3 by a new theory χPTσ based on a low-energy expansion about an infrared fixed point α_{IR} for 3-flavor QCD. At α_{IR}, the quark condensate ⟨q̄q⟩vac ≠ 0 induces nine Nambu-Goldstone bosons: π, K, η and a 0^{++} QCD dilaton σ. Physically, σ appears as the f0(500) resonance, a pole at a complex mass with real part ≲ mK . The ΔI = 1/2 rule for nonleptonic K-decays is then a consequence of χPTσ , with a KS σ coupling fixed by data for K^0_S → γγ and γγ → ππ. We estimate RIR ≈ 5 for the nonperturbative Drell-Yan ratio R = σ(e^+e^− → hadrons)/σ(e^+e^− → μ^+μ^−) at α_{IR}.

PACS numbers: 12.38.Aw, 13.25.Es, 11.30.Na, 12.39.Fe Keywords: Nonperturbative QCD, Infrared fixed point, Dilaton, Chiral lagrangians, Nonleptonic kaon decays

The precise determination of the mass and width of the f_0(500) resonance [1–3] prompts us to revisit an old idea [4, 5] that the chiral condensate ⟨q̄q⟩_{vac} ≠ 0 may also be a condensate for scale transformations in the chiral SU(3)_L × SU(3)_R limit. This can occur in QCD if the heavy quarks t, b, c are first decoupled and then the strong coupling^1 α_s of the resulting 3-flavor theory runs nonperturbatively to a fixed point α_{IR} in the infrared limit (Fig. 1). At that point, β(α_{IR}) vanishes, so the gluonic term in the strong trace anomaly [9]

θ^μ = β(α_s) 4α_s G^a_{μν} G^{aμν} + ( 1 − δ(α_s) ) ∑ q=u,d,s m_qq̄q (1)

is absent, which implies θ^μ | |_{αs=αIR} = (1 − δ(α_{IR}))(m_uūu + m_dd̄d + m_ss̄s)

→ 0 , SU(3)_L × SU(3)_R limit (2)

and hence a 0^{++} QCD dilaton^2 σ due to quark condensation.^3 The obvious candidate for this state is the f_0(500), which arises from a pole on the second sheet at a complex mass with typical value [1]

m_{f0} = 441 − i 272 MeV (3)

∗Electronic address: rcrewthe@physics.adelaide.edu.au †Electronic address: lewis.tunstall@adelaide.edu.au 1 We have [D_μ , D_ν ] = igG^a_{μν} T^a where D_μ is the covariant derivative, {T^a} generate the gauge group, α_s = g^2/4π is the strong coupling, and β = μ∂α_s/∂μ and δ = −μ∂ ln m_q /∂μ refer to a mass-independent renormalization scheme with scale μ.

2 We reserve the term dilaton and notation σ for a Nambu- Goldstone boson due to exact scale invariance in some limit. We are not talking about the σ-model, scalar gluonium [10], or “walking gauge theories” [11] where β is small but never zero.

3 In field and string theory, it is often stated that Green’s functions are manifestly conformal invariant for β = 0. That depends on the unlikely assumption that no scale condensates are present; otherwise, conformal invariance becomes manifest only if all 4- momenta are space-like and large.

FIG. 1: The solid line shows a 3-flavor β function (or better, a QCD version [6] of the Gell-Mann–Low Ψ function) with an infrared fixed point α_{IR}. Theoretical interest in α_{IR} [7] is considerable but contradictory about N_f dependence. The lattice result [8] for N_f = 0 (no quarks) is that β remains negative and becomes linear at large αs (dashed line).

and surprisingly small errors [12]. In all estimates of this type, the real part of m_{f0} is less than m_K .

We begin by setting up chiral-scale perturbation theory χPT_σ for amplitudes expanded in α_s about α_{IR}. Its Lagrangian summarises soft-{π, K, η, σ} meson theorems for approximate chiral SU(3)_L × SU(3)_R and scale symmetry, with results for strong interactions similar to those found originally [4, 5]. Effective weak operators are then added to simulate nonleptonic K decays. The main result is a simple explanation of the ΔI = 1/2 rule for kaon decays: in leading order of χPT_σ, there is a dilaton pole diagram (Fig. 2) which accounts for the dominant I = 0 amplitude.

It is well known that dispersive analyses which include f_0(500) pole amplitudes produce excellent fits to data for

FIG. 2: Role of a QCD dilaton σ in K^0_S → ππ with couplings g_{KS σ} and gσππ derived from the effective theory χPTσ .

K → ππ [13–15] and γγ → ππ [16, 17] as well as ππ → ππ. The problem is that, in the context of conventional chiral SU(3)_L ×SU(3)_R perturbation theory χPT_3, these corrections are far too large.^4 They cannot contribute to leading terms A_{LO} in χPT_3 expansions A = { A_{LO} + A_{NLO} + . . . } χPT_3 (4)

because f_0 does not belong to the χPT_3 Goldstone sector {π, K, η}. How can this be reconciled with the success [19] of χPT_3 elsewhere^5 where next to leading order terms A_{NLO} are corrections ≲ 30%? The discrepancy is extreme for K → ππ: an f_0 pole in A_{NLO} producing the factor of 22 enhancement of the I = 0 amplitude would be ≈ 70 times the expected 30% correction.

Our solution to this problem is to replace χPT_3 with χPT_σ. We include f_0 = σ in the Goldstone sector {π, K, η, σ} and identify scale invariance (Eq. (2)) as the symmetry most likely to permit this. The idea works because χPT_σ includes f_0 pole amplitudes in its leading order terms without upsetting successful leading order χPT_3 predictions for amplitudes which do not involve the 0^{++} channel; that is because the χPT_3 Lagrangian equals the σ → 0 limit of the χPT_σ Lagrangian. In next to leading order, new chiral loop diagrams involving σ need to be checked.

Notice that σ becomes a Goldstone boson only if all three quarks u, d, s become massless for α_s → α_{IR}.

In the limit m_{u,d} → 0 with m_s ≠ 0, we use standard chiral SU(2)_L ×SU(2)_R perturbation theory χPT_2, where momenta i∂ are O(m_π ) and the Goldstone sector is {π^+, π^0, π^−}. We do not include a dilaton in χPT_2: f_0 belongs to the non-Goldstone sector, so it retains most of its mass and width in that limit. χPT_2 is not sensitive to the behavior of β because of the relatively large term m_ss̄s in Eq. (1) for θ^μ.

Consider strong interactions at low energies α_s ≲ α_{IR} within the physical region

0 < α_s < α_{IR} . (5)

The gluonic trace anomaly is represented by a term L_{anom} in an effective chiral-scale Lagrangian L [ σ, U, U^† ] = : L^{d=4}_{inv} + L^{d>4}_{anom} + L^{d<4}_{mass} : (6)

constructed from a chiral invariant QCD dilaton field σ and the usual chiral SU(3) field U = U(π, K, η). Both L_{inv} and L_{anom} are SU(3)_L × SU(3)_R invariant, while L_{mass} belongs to the representation (3, ¯3) ⊕ (¯3, 3) associated with the π, K, η (mass)^2 matrix M. The operator dimensions of L_{inv} and L_{mass} satisfy d_{inv} = 4 and 1 ⩽ d_{mass} < 4, with

d_{mass} = 3 + δ ( α_{IR} ) (7)

4 Similarly χPT_3 fails for K_L → π^0γγ [18].

5 Except non-leptonic hyperon decays: either χPT for baryons or the weak sector of the Standard Model will have to be amended.

as a result of expanding in α_s about α_{IR}. The dimension of L_{anom} is found by noting that the gluonic anomaly corresponds to the β∂/∂α_s term in the Callan-Symanzik equation μ ∂A ∂μ + β(α_s) ∂A ∂α_s = ( δ(α_s) − 1 ) ∑ q m_q ∂A ∂m_q (8) for renormalization-group invariant QCD amplitudes A. Taking ∂/∂α_s, we find { μ ∂ ∂μ + β ∂ ∂α_s + β^′(α_s) } ∂A ∂α_s = ∑ q m_q ∂^2(δ − 1)A ∂m_q∂α_s (9)

so for α_s ≲ α_{IR}, L_{anom} has a positive anomalous dimension equal to the slope of β at the fixed point (Fig. 1):

d_{anom} = 4 + β^′ ( α_{IR} ) > 4 . (10)

As α_s → α_{IR}, the gluonic anomaly vanishes, so for consistency, we must suppose that terms in L_{anom} contain derivatives O(∂∂) = O(M) or have O(M) coefficients. The result is a chiral-scale perturbation expansion χPT_σ about α_{IR} with QCD dilaton mass m_σ = O(m_K ).

Note that QCD in the limit (2) resembles the physical theory in the resonance region, but differs completely at high energies because it lacks asymptotic freedom: instead, Green’s functions scale with nonperturbative anomalous dimensions. All particles except π, K, η and σ remain massive. Strong gluon fields set the scale of the condensate ⟨q̄q⟩_{vac}, which then sets the scale for massive particles and resonances except (possibly) glueballs.

An explicit formula for the χPT_σ Lagrangian (6) can be found by applying the method of Ellis [4, 20]. Let F_σ be the coupling of σ to the vacuum via the energy momentum tensor θ_{μν} , improved [21] when spin-0 fields are present: ⟨σ(q)|θ_{μν} |vac⟩ = (F_σ /3) ( q_μq_ν − g_{μν} q^2 ) . (11)

The dilaton field is given a scaling property σ → σ + {constant} such that e^{σ/Fσ} has dimension 1. Then the dimensions of chiral Lagrangian operators such as K [ U, U^† ] =^1_4 F^2_π Tr(∂_μU∂^μU^†) (12)

and the dilaton operator K_σ =^1_2 ∂_μσ∂^μσ can be adjusted by powers of e^{σ/Fσ} to form terms in L. In leading order,

L^{d=4}_{inv, LO} = { c_1K + c_2K_σ + c_3e^{2σ/Fσ} } e^{2σ/Fσ} , L^{d>4}_{anom, LO} = { (1 − c_1)K + (1 − c_2)K_σ + c_4e^{2σ/Fσ} } e^{(2+β′)σ/Fσ} , L^{d<4}_{mass, LO} = Tr(MU^† + UM^†)e^{(3+δ)σ/Fσ} , (13)

where β^′ and δ are the anomalous dimensions β^′(α_{IR}) and δ(α_{IR}) of Eqs. (10) and (7). The constants c_1 and c_2 are not fixed by general arguments, while c_3 and c_4 depend on how the field σ is chosen. For the vacuum to be stable in the σ direction at σ = 0, terms linear in σ must cancel:

4c_3 + (4 + β^′)c_4 = −(3 + δ) ⟨ Tr(MU^† + UM^†) ⟩ vac = −(3 + δ)F^2_π ( m^2_K +^1_2 m^2_π ) . (14)

Because of our requirement L_{anom} = O(∂^2, M), both c_3 and c_4 are O(M).

The critical exponent β^′ normalises the gluonic term in the trace of the effective energy-momentum tensor: θ^μ | |_{eff} = : β^′L^{d>4}_{anom} + (δ − 1)L^{d<4}_{mass} : . (15)

In leading order, L gives formulas for the σππ coupling L_{σππ} = {( 2 + (1 − c_1)β^′ ) |∂π|^2 − (3 + δ)m^2_π |π|^2 } σ/(2F_σ ) (16) and dilaton mass m_σ

m^2_σF^2_σ = F^2_π ( m^2_K +^1_2 m^2_π ) (3+δ)(1−δ)−β^′(4+β^′)c_4 (17)

which resemble pre-QCD results [4, 5, 20, 22] but have extra gluonic terms proportional to β^′. We assume that the unknown coefficient 2+(1−c_1)β^′ in Eq. (16) does not vanish accidentally. That preserves the key feature of the original work, that L_{σππ} is mostly derivative: for soft ππ scattering (energies ∼ m_π), the dilaton pole amplitude is negligible because the σππ vertex is O(m^2_π ), while the σππ vertex for an on-shell dilaton g_{σππ} = − ( 2 + (1 − c_1)β^′ ) m^2_σ/(2F_σ ) + O(m^2_π) (18)

is O(m^2_σ ), consistent with σ being the broad resonance f_0(500).

Comparisons with data require an estimate of F_σ , most simply from NN scattering and the dilaton relation − F_σ g_{σNN} ≈ M_N . (19) The data imply [23] a mean value g_{σNN} ∼ 9 and hence F_σ ∼ −100 MeV but with an uncertainty which is either model dependent or very large (≈ 70%). That accounts for the large uncertainty in

1^1_2 ⪅ |2 + (1 − c_1)β^′| ⪅ 6 (20)

when we compare Eq. (18) with |g_{σππ} | = 3.31^{+0.35}_{−0.15} GeV [2] and m_σ ≈ 441 MeV.

The convergence of our chiral-scale expansion can be tested by adding σ-loop diagrams to the standard analysis [19, 24] for χPT_3. These involve the (as yet) undetermined constants β^′, δ, c_{1...4}: for example, corrections to g_{σππ} involve the σσσ and σσππ vertices derived from Eq. (13). However, when we apply the dimensional arguments of Manohar and Georgi [24] to our scheme, we find that there are two χPT_σ scales χ_π = 4πF_π and χ_σ = 4πF_σ , which are numerically similar (F_σ ∼ F_π). The following points should be noted:

1. The α_s ⪅ α_{IR} scales χ_{π,σ} ≈ 1 GeV must not be confused with the scale Λ_{QCD} ≈ 200 MeV for ultraviolet expansions α_s ⪆ 0 (asymptotic freedom).

2. The small value of F_σ ≪ χ_{π,σ} implies a σ width Γ_{σππ} ≈ |g_{σππ}|^2 16πm_σ ∼ m^3_σ 16πF^2_σ

∼ 250 MeV (21)

which is numerically misleading: Γ_{σππ} is O(m^3_σ ) and hence non-leading relative to the mass m_σ. So tree diagrams produce the leading order^6 of χPT_σ, as in χPT_2 and χPT_3.

3. The technique used to obtain Eq. (13) from χPT_3 also works for O(∂^4, M∂^2, M^2) terms in L (and in L_{weak} below). For example, a term ∼ (Tr∂U∂U^†)^2 appears in L^{d=4}_{inv,NLO} without σ-field dependence, but within L^{d>4}_{anom,NLO}, it becomes^7

{coefficient} ( Tr∂U∂U^† )_2 e^{β′σ/Fσ} . (22) The most important feature of χPT_σ is that it explains the ΔI = 1/2 rule for K → ππ decays.

In the leading order of standard χPT_3, the effective weak Lagrangian

L_{weak}|_{σ=0} = g_8Q_8 + g_{27}Q_{27} + Q_M + h.c. (23)

contains an octet operator [28]

Q_8 = J_{13}J_{21} − J_{23}J_{11} , J_{ij} = (U∂_μU^†)_{ij} (24)

the U-spin triplet component [29, 30] of a 27 operator

Q_{27} = J_{13}J_{21} +^3_2 J_{23}J_{11} (25)

and a weak mass operator [31]

Q_M = Tr(λ_6 − iλ_7) ( g_M MU^† + ḡ_M UM^† ) . (26)

Although Q_M has isospin 1/2, it cannot be used to solve the ΔI = 1/2 puzzle if dilatons are absent: when Q_M is added to the strong mass term L_{mass}|_{σ=0}, it can be removed by a chiral rotation which aligns the vacuum [30] such that ⟨U⟩_{vac} = I and M = real diagonal. Therefore the conclusion that |g_8/g_{27}| is unreasonably large (≈ 22) is not avoided.

In χPT_σ, the outcome is entirely different. The weak mass operator’s dimension (3 + δ_w) is not the same as the dimension (3 + δ) of L_{mass}, so the σ dependence of

6 Beyond leading order, and in degenerate cases like the K_L–K_S mass difference, methods used to estimate corrections at the Z^0 peak [25] and the ρ resonance [26] may be necessary.

7 To the extent allowed by data for soft-σ amplitudes, O(∂^4) coefficients can be predicted by saturation by non-Goldstone resonances — like χPT_3 [27], but with f_0 excluded.

FIG. 3: Leading order diagrams for K^0_S → γγ in χPTσ , including finite loop graphs [32]. The grey vertex contains π^±, K^± loops as in the four χPT3 diagrams to the right. An analogous set of diagrams contributes to γγ → π^0π^0.

Q_M e^{(3+δw )/Fσ} cannot be eliminated by a chiral rotation. Instead, after aligning the vacuum, we find

L^{align}_{weak} = Q_8 ∑ n g_{8n}e^{d8nσ/Fσ} + g_{27}Q_{27}e^{d27σ/Fσ} + Q_M { e^{(3+δw )σ/Fσ} − e^{(3+δ)σ/Fσ} } + h.c. , (27)

noting that Q_8 represents quark-gluon operators with differing dimensions at α_{IR}. As a result, there is a residual interaction L_{KS σ} = g_{KS σ} K^0_S σ which mixes K_S and σ in leading order

g_{KS σ} = (δ_w − δ)Re{(2m^2_K − m^2_π)ḡ_M − m^2_πg_M }F_π/2F_σ (28) and produces the ΔI = 1/2 amplitude A_{σ-pole} of Fig. 2. From γγ → π^0π^0 and K^0_S → γγ (Fig. 3), we estimate

|g_{KS σ}| ≈ 4.4 × 10^3 keV^2 (29)

to about 30% precision and so, to the extent that g_{σNN} and hence F_σ can be determined,

|A_{σ-pole}| ≈ 0.34 keV. (30)

This accounts for the large I = 0 ππ amplitude A_0 [3]

|A_0|_{expt.} = 0.33 keV (31)

compared with A_2. So we conclude that the observed ratio |A_0/A_2| ≃ 22 is mostly due to the dilaton-pole diagram of Fig. 2, that g_8 = ∑ n g_{8n} and g_{27} may have similar magnitudes as simple calculations indicate, and that only g_{27} can be fixed precisely (from K^+ → π^+π^0).

Consequently, the leading order of χPT_σ solves the ΔI = 1/2 problem for kaon decays. The chiral Ward identities which relate the on-shell K → 2π and K → π amplitudes have extra terms due to σ poles, but the notadpoles theorem [30] is still valid: ⟨K|H_{weak}|vac⟩ = O ( m^2_s − m^2_d ) , K on shell. (32)

The presence of the σγγ vertex in Fig. 3 leads us to apply the electromagnetic trace anomaly [33, 34] θ^μ | strong + e^′mag = θ μ μ + (Rα/6π)F_{μν} F^{μν} , R = σ(e^+e^− → hadrons) σ(e^+e^− → μ^+μ^−) | | |_{high−energy} (33) to QCD at the infrared fixed point α_s = α_{IR}. Here F_{μν} and α are the electromagnetic field strength tensor and fine-structure constant.

The χPT_σ result for the σγγ amplitude is affected by the observation [32] that in γγ channels, charged π, K loop diagrams are finite in the chiral limit. This means that they are of the same order as σ-pole diagrams: partial conservation of the dilatation current is not equivalent to simple σ-pole dominance in γγ channels. The electromagnetic trace anomaly remains the same (with R → R_{IR}), but because of the extra (π^±, K^±) loops in ⟨γγ|θ^μ|vac⟩, the σγγ coupling is proportional to R_{IR} −^1_2 , not R_{IR}: L_{σγγ} = ( R_{IR} −^1_2 ) α(6πF_σ )^{−1}σF_{μν} F^{μν} . (34)

Evidently, data used to estimate |g_{KS σ}| can also be used to find a phenomenological value for R_{IR}. In a dispersive analysis of γγ → ππ, it was shown [16] that the residue of the f_0(500) pole can be extracted from the Crystal Ball data [35]. We use an updated value [17] of the width Γ(f_0 → γγ) = 1.98^{+0.30}_{−0.24} keV. Within the large uncertainty due to that in F_σ , we find:

R_{IR} ≈ 5 . (35)

This result is a feature of the non-perturbative theory at α_{IR}, so it has nothing to do with asymptotic freedom or the free-field formula (N_f = 3)

R(α_s = 0) = ∑ {quark charges}^2 = 2 . (36)

Notice that χPT_σ relates amplitudes in the physical region (5) to high-energy quantities like δ(α_{IR}) and R_{IR} characteristic of massless QCD at α_{IR}. Does QCD simplify in that limit and, unlike QED [36], allow β^′ ≠ 0 at the fixed point?

Unfortunately, our analysis does not explain the failure of chiral theory to account for non-leptonic |ΔS| = 1 hyperon decays. We have shown that octet dominance is not necessary, but that makes no difference for hyperon decays: the Pati-Woo ΔI = 1/2 mechanism [37] forbids all contributions from 27 operators.

Acknowledgments

We thank Ross Young and Peter Minkowski for valuable discussions at various stages of this work. L.C.T. thanks Mary K. Gaillard and her colleagues for their kind hospitality at the Berkeley Center for Theoretical Physics, where part of this work was completed. L.C.T. is supported in part by the Australian-American Fulbright Commission, the Australian Research Council, the U.S. Department of Energy under Contract DE-AC02- 05CH11231, and the National Science Foundation under grant PHY-0457315.

[1] I. Caprini, G. Colangelo, and H. Leutwyler, Phys. Rev.

Lett. 96, 132001 (2006).

[2] R. García-Martín, R. Kamiński, J. R. Peláez, and J. R.

de Elvira, Phys. Rev. Lett. 107, 072001 (2011). [3] J. Beringer et al. (Particle Data Group), Phys. Rev. D 86, 010001 (2012).

[4] J. Ellis, Nucl. Phys. B 22, 478 (1970). [5] R. J. Crewther, Phys. Lett. B 33, 305 (1970). [6] G. Grunberg, Phys. Rev. D 29, 2315 (1984). [7] T. Banks and A. Zaks, Nucl. Phys. B 196, 189 (1982);

L. von Smekal, A. Hauck and R. Alkofer, Phys. Rev. Lett. 79, 3591 (1997); A. C. Aguilar, D. Binosi and J. Papavassiliou, J. High Energy Phys. 07 (2010) 002; S. J. Brodsky, G. F. de Teramond and A. Deur, Phys. Rev. D 81, 096010 (2010); L. Del Debbio, Proc. Sci. LATTICE2010 (2010) 004.

[8] M. Lüscher, R. Sommer, P. Weisz, and U. Wolff, Nucl.

Phys. B 413, 481 (1994).

[9] S. L. Adler, J. C. Collins and A. Duncan, Phys. Rev. D 15, 1712 (1977); P. Minkowski, Berne PRINT-76-0813, September 1976; N. K. Nielsen, Nucl. Phys. B 120, 212 (1977); J. C. Collins, A. Duncan and S. D. Joglekar, Phys. Rev. D 16, 438 (1977).

[10] J. Schechter, Phys. Rev. D 21, 3393 (1980); A. A. Migdal and M. A. Shifman, Phys. Lett. B 114, 445 (1982); J. Ellis and J. Lánik, Phys. Lett. B 150, 289 (1985); J. F. Donoghue and H. Leutwyler, Z. Phys. C 52, 343 (1991).

[11] T. Appelquist and Y. Bai, Phys. Rev. D 82, 071701(R) (2010).

[12] For a dissenting view, see: P. Minkowski, Proc. Conf.

Murray Gell-Mann’s 80^{th} birthday, Singapore 2010, ed. H. Fritzsch and K. K. Phua (World Scientific 2011) p. 74;

http://www.mink.itp.unibe.ch/lectures.html.

[13] A. D. Polosa, N. A. Tornqvist, M. D. Scadron, and V. Elias, Mod. Phys. Lett. A 17, 569 (2002); Workshop on Scalar Mesons and Related Topics (Scadron70), ed. G. Rupp et al., AIP Conf. Proc. 1030 (AIP 2008).

[14] R. García-Martín, J. R. Peláez and F. J. Ynduráin, Phys.

Rev. D 76, 074034 (2007).

[15] N. N. Trofimenkoff, arXiv:1202.6254v1 [hep-ph] (2012). [16] M. R. Pennington, Phys. Rev. Lett. 97, 011601 (2006);

Mod. Phys. Lett. A 22, 1439 (2007).

[17] J. A. Oller and L. Roca, Eur. Phys. J. A 37, 15 (2008). [18] J. Kambor and B. R. Holstein, Phys. Rev. D 49, 2346

(1994).

[19] J. Gasser and H. Leutwyler, Nucl. Phys. B 250, 465 (1985); A. Pich, Rep. Prog. Phys. 58, 563 (1995).

[20] J. Ellis, in Broken Scale Invariance and the Light Cone, 1971 Coral Gables Conference on Fundamental Interactions at High Energy, Vol. 2, ed. M. Dal Cin et al. (Gordon and Breach, New York 1971), p. 77.

[21] C. G. Callan, S. Coleman, and R. Jackiw, Ann. Phys. 59, 42 (1970).

[22] H. Kleinert and P. H. Weisz, Nucl. Phys. B 27, 23 (1971);

Nuovo Cimento A 3, 479 (1971).

[23] A. Calle Cordón and E. Ruiz Arriola, AIP Conf. Proc.

1030, 334 (2008); Phys. Rev. C 81, 044002 (2010). [24] A. Manohar and H. Georgi, Nucl. Phys. B 234, 189 (1984); H. Georgi, Phys. Lett. B 298, 187 (1993).

[25] R. G. Stuart, Phys. Lett. B 262, 113 (1991); 272, 353 (1991); A. Sirlin, Phys. Rev. Lett. 67, 2127 (1991); Phys. Lett. B 267, 240 (1991); F. Jegerlehner, M. Yu. Kalmykov and O. Veretin, Nucl. Phys. B 641, 285 (2002); 658, 49 (2003).

[26] D. Djukanovic, J. Gegelia, A. Keller, and S. Scherer, Phys. Lett. B 680, 235 (2009).

[27] G. Ecker, J. Gasser, A. Pich, and E. de Rafael, Nucl.

Phys. B 321, 311 (1989); J. F. Donoghue, C. Ramirez, and G. Valencia, Phys. Rev. D 39, 1947, 1989.

[28] J. A. Cronin, Phys. Rev. 161, 1483 (1967). [29] M. K. Gaillard and B. W. Lee, Phys. Rev. Lett. 33, 108 (1974).

[30] R. J. Crewther, Nucl. Phys. B 264, 277 (1986). [31] C. Bernard, T. Draper, A. Soni, H. D. Politzer, and M. B. Wise, Phys. Rev. D 32, 2343 (1985).

[32] G. D’Ambrosio and D. Espriu, Phys. Lett. B 175, 237 (1986); J. L. Goity, Z. Phys. C 34, 341 (1987).

[33] R. J. Crewther, Phys. Rev. Lett. 28, 1421 (1972). [34] M. S. Chanowitz and J. Ellis, Phys. Lett. B 40, 397 (1972).

[35] H. Marsiske et al. (Crystal Ball Collaboration), Phys.

Rev. D 41, 3324 (1990).

[36] K. Johnson, M. Baker, and R. Willey, Phys. Rev. 136, B1111 (1964); S. Adler, Phys. Rev. D 5, 3021 (1972); Adventures in Theoretical Physics (World Scientific, 2006).

[37] J. C. Pati and C. H. Woo, Phys. Rev. D 3, 2920 (1971);

K. Miura and T. Minamikawa, Prog. Theor. Phys. 38, 954 (1967).