arXiv:1203.1339v2 [hep-th] 28 Mar 2012

Graviton Vertices and the Mapping of Anomalous Correlators to Momentum Space for a General Conformal Field Theory

aClaudio Corianò,^aLuigi Delle Rose,^bEmil Mottola and^aMirko Serino

a Dipartimento di Matematica e Fisica Università del Salento and INFN Lecce, Via Arnesano 73100 Lecce, Italy

b Theoretical Division, Los Alamos National Laboratory Los Alamos, NM, 87545, USA^1

Abstract We investigate the mapping of conformal correlators and of their anomalies from configuration to momentum space for general dimensions, focusing on the anomalous correlators T OO, T V V - involving the energymomentum tensor (T ) with a vector (V ) or a scalar operator (O) - and the 3-graviton vertex T T T . We compute the T OO, T V V and T T T one-loop vertex functions in dimensional regularization for free field theories involving conformal scalar, fermion and vector fields. Since there are only one or two independent tensor structures solving all the conformal Ward identities for the T OO or T V V vertex functions respectively, and three independent tensor structures for the T T T vertex, and the coefficients of these tensors are known for free fields, it is possible to identify the corresponding tensors in momentum space from the computation of the correlators for free fields. This works in general d dimensions for T OO and T V V correlators, but only in 4 dimensions for T T T , since vector fields are conformal only in d = 4. In this way the general solution of the Ward identities including anomalous ones for these correlators in (Euclidean) position space, found by Osborn and Petkou is mapped to the ordinary diagrammatic one in momentum space. We give simplified expressions of all these correlators in configuration space which are explicitly Fourier integrable and provide a diagrammatic interpretation of all the contact terms arising when two or more of the points coincide. We discuss how the anomalies arise in each approach. We then outline a general algorithm for mapping correlators from position to momentum space, and illustrate its application in the case of the V V V and T OO vertices. The method implements an intermediate regularization - similar to differential regularization - for the identification of the integrands in momentum space, and one extra regulator. The relation between the ordinary Feynman expansion and the logarithmic one generated by this approach are briefly discussed.

1claudio.coriano@unisalento.it, luigi.dellerose@le.infn.it, emil@lanl.gov, mirko.serino@le.infn.it

1 Introduction

The analysis of correlation functions in d-dimensional quantum field theory possessing conformal invariance has found widespread interest over the years (see [19] for an overview). Given the infinite dimensional character of the conformal algebra in 2-dimensions, conformal field theories (CFT’s) in 2-dimensions have received the most attention, although 4-dimensional conformal theories have also been studied (see for instance [32, 31]). In d dimensional CFT’s the structure of generic conformal correlators is not entirely fixed just by conformal symmetry, but for 2- and 3-point functions the situation is rather special and these can be significantly constrained, up to a small number of constants.

In several recent works [21] [3, 4] certain correlation functions describing the interaction between a gauge theory and gravity with massless fields in the internal loop and related therefore to the axial and trace anomalies in these theories have been analyzed. The interesting property that such anomalous amplitudes contain massless poles in 2-particle intermediate states has been exposed in these investigations. In particular this has been demonstrated in the TVV amplitude in massless QED and QCD, characterized by the insertion of the energy momentum tensor (T) on 2-point functions of vector gauge currents (V). This amplitude gives the leading order contribution to the interaction between a gauge theory and gravity, mediated by the trace anomaly.

The complete evaluation of this amplitude in the Standard Model [12] confirms the conclusion of [21], namely the presence of an effective massless scalar “dilaton-like” degree of freedom in intermediate 2-particle states intimately connected with the trace anomaly, in the sense that the non-zero residue of the pole is necessarily proportional to the coefficient of the anomaly. The perturbative results of [21] [3, 4] are also in agreement with the anomaly-induced gravitational effective action in 4 dimensions whose non-local form was found in [30], and whose local covariant form necessarily implies effective massless scalar degree(s) of freedom [24, 26, 25]. This is the 4-dimesnional analog of the anomaly-induced action in 2-dimensional CFT’s coupled to a background metric generated by the 2-dimensional trace anomaly and related to the central term in the infinite dimensional Virasoro algebra [28]. The anomalyinduced scalar in the 2-dimensional case is the Liouville mode of non-critical string theory on the 2-dimensional world sheet of the string.

In even dimensions greater than 2 it is important to recognize that the anomaly-induced effective action discussed in [30, 24, 26, 25] is determined only up to Weyl invariant terms. The full quantum effective action is not determined by the trace anomaly alone, and hence only when certain anomalous contributions to the TJJ or other amplitudes are isolated from their non-anomalous parts should any comparison with the anomaly-induced effective action be made. The non-anomalous components are dependent upon additional Weyl invariant terms in the quantum effective action and thus even in the CFT limit need not agree with the anomaly-induced action, without contradicting its validity for determining the anomalous terms [24]. On the other hand these additional Weyl invariant terms for simple amplitudes such as TVV can be determined in principle by the Ward identities of SO(d, 2) conformal invariance, together with those of gauge invariance for the vector currents. Other triangle amplitudes in 4 dimensions such as the graviton-fermion-antifermion vertex function, for which similar considerations should apply have been investigated primarily for phenomenological reasons [14], although this amplitude is anomaly-free.

From the CFT side some important information is available [27, 18, 10]. These results concern the T OO - with O denoting a generic scalar - T V V and T T T vertices, which are determined by applying the conformal Ward identities in Euclidean position space. Some of the vertices, such as the T T T , for d = 4 are shown in the analysis of [27, 18] to be expressible in terms of three linearly independent tensor structures. Imposing the conformal Ward identities and identifying these tensor structures directly in momentum space turns out the be technically quite involved. The main goal of the present work is to initiate a systematic study enabling comparison of general results of 4-dimensional CFT’s based on position space analysis such as [27, 18] with explicit realizations of anomalous 3- point vertices in free field theory, most commonly expressed in momentum space. Recent results of studies of threeand four- point functions in d = 3 in the context of the ADS_4/CF T_3 correspondence are contained in [9, 23, 29].

For general d dimensions and, specifically, in d = 4, rather than trying to identify these tensor structures directly in momentum space, which is quite cumbersome, it is much simpler to calculate explicitly the T T T correlator for specific free-field theories of scalars, spinors, and vectors in one-loop Lagrangian perturbation theory, thereby identifying the three linearly independent tensor structures a posteriori with the general CFT analysis of [27, 18]. A similar method works for the T V V , V V V and T OO vertices for any dimension, while in the T T T case the contribution coming from the exchange of a spin 1 field in the loop diagrams is conformally invariant only in d = 4.

While the imposition of the conformal Ward identities is technically simpler in position space, the appearance of massless poles associated with anomalies is very much obscured. Indeed conformal anomalies necessarily arise quite differently in momentum space and in Euclidean position space, where the only possibility for anomalous terms lies in appearance of ultralocal divergences proportional to delta functions or derivatives thereof at cooincident spatial points. Thus a very careful regularization procedure is required to determine these anomalous ultralocal contributions which are absent for any finite point separation. The special strategy followed in determining these anomalous ultralocal contributions in position space, developed in [27], merits some comments for its peculiarity. In [27, 18] the Ward identities are solved in each case by combining a homogeneous solution - obtained for separate (noncoincident) points of the correlator - with inhomogenous terms, identified via a regularization of the same correlator in the coincidence limit and with the inclusion of contact terms. The contact terms proportional to delta functions and derivatives thereof determine the anomalies. Such a separation, based on homogeneous and inhomogeneous terms in the Ward identities cannot be easily carried out in momentum space. Moreover in the approach of [21] the origin of the conformal anomaly as an infrared effect (rather than a result of any UV regularization procedure) following from the imposition of all non-anomalous Ward identities and the spectral representation of the amplitude was emphasized. In this approach massless anomaly poles at k^2 = 0 play an essential role. At first glance this appears to be quite different than the ultralocal delta function terms obtained in the position space approach of [27, 18]. Thus the relationship of the several approaches requires some clarification, and this is a principal motivation for the present work. The eventual agreement of the two approaches may seem less surprising if it is remembered that cooincident point singularities in Euclidean position space become light cone singularities in Minkowski spacetime, and these lightcone singularities are associated with the propagation of massless fields, which generally have long range infrared effects.

Our work is composed of two main parts. In the first part, building on the results of [27, 18], we compute the complete structure of the 3-point correlators in configuration and in momentum space for a general CFT. In particular we generalize our previous studies of the T V V correlator, formally studied by us in 4 dimensions [21] [3, 4] in QED and QCD, to d dimensions and for any CFT. We also study the T T T vertex and perform a complete investigation of this correlator by the same approach. The analysis is performed in perturbation theory and the result is secured by a successful test of all the Ward identities satisfied by this vertex, outlining their derivation and their perturbative implementation, and using a symbolic manipulation program written by us. Both for the T V V and T T T cases our computations have been performed under the most general (off-shell) conditions, but the remarkable complexity of the general result allows us to present here, in a compact form, only the expression for the 2-particle on-shell case. We give particular emphasis to the discussion of the connection between the general approach of [27] and the perturbative picture. In particular, we give a diagrammatic interpretation of the various contact terms introduced by Osborn and Petkou in order to solve the Ward identities for generic positions of the points of the correlators. This allows to close a gap between the bootstrap method of [27], our previous investigations of the TVV [21] [3, 4], and the current study of the T T T vertex. We show that the perturbative analysis in momentum space in dimensional regularization is in complete agreement with their results.

It should be remarked that, in general, the momentum space formulation of the correlators of a CFT remains largely unexplored, since in many cases there is no Lagrangian description which may justify such an effort, and the spacetime formulation remains the only significant one. The use of symmetry principles to infer the general solution to conformal Ward identities from some specific correlation functions computed in momentum space perturbation theory, allows to collect information about a conformal theory even when a Lagrangian formulation of the same correlators is not readily found or may not exist at all.

This brings us to the second part of our work, contained in section 8, where we discuss a general and very efficient procedure to map to momentum space any massless correlator, not necessarily related to a Lagrangian description. This part is motivated by the attempt of transforming to momentum space any massless correlator given in position space, independently from whether this is Fourier integrable or not.

The investigation of these correlators in momentum space reveals, in general, some specific facts, such as the presence of single and multi-logarithmic integrands which, in general, can’t be re-expressed in terms of ordinary master integrals, typical of the Feynman expansion. To address these points, one has to formulate an alternative and general approach to perform the transforms, not directly linked to the free-field realization, since in this case such representation, as we have just mentioned, may not exist.

The method that we propose combines a d-dimensional version of differential regularization, similar to the approach suggested in [27, 18]. In our case we use the standard technique of ”pulling out” derivatives (via partial integration) in very singular correlators in such a way to make them Fourier integrable, i.e. expressible as integrals in momentum space which are well-defined for non-coincident points. This is combined with the method of uniqueness [22], here generalized to tensor structures, in order to formulate a complete and self-consistent procedure. As in [27, 18] we need an extra regulator (ω), unrelated to the dimensional regularization parameter (ϵ). Our approach is defined as a generic algorithm which can handle rather straightforwardly any massless correlator written in configuration space. The algorithm has been implemented in a symbolic manipulation program and can handle correlators of any rank.

The aim of the method is to test the Fourier integrability of a given correlator, by checking the cancellation of the singularities in the extra regulator directly in momentum space, and to provide us with the direct expression of the transform. After a few non trivial examples, we will show how to reproduce, by this method, some of the results of the conformal correlators discussed in the first part, the V V V and the T OO being two examples.

Given the large space and scope of this analysis, which is technically quite involved, we will not attempt in this work to address the issue of the presence of anomaly poles in the T T T correlator in analogy to what discussed in [21] [3, 4] for the TVV case. Although this is an important motivation for initiating this study, demonstrating the existence of the pole(s) requires additional analysis which we do not attempt in this paper. We expect to address this final point in a related work making use of the technical framework and building upon the results of the present study.

2 Conformal Correlators and the Trace Anomaly

2.1 Conventions and the trace anomaly equation

Before coming to a discussion of the main correlators investigated in our work we introduce here our definitions and conventions which will be used throughout.

The basic trace anomaly equation for a conformal theory in d = 4 is [15][16]

I β_a(I) × 2880 π^2 β_b(I) × 2880 π^2 β_c(I) × 2880 π^2 S^3_2 −^1_2 −1 F 9 −^{11}_2 −6 V 18 −31 −12

Table 1: Anomaly coefficients for a conformally coupled scalar, a Dirac Fermion and a vector boson

g_{μν} (z)⟨T^{μν} (z)⟩ = ∑ I=f,s,V n_I [ β_a(I) F (z) + β_b(I) G(z) + β_c(I) □R(z) + β_d(I) R^2(z) ] + κ 4 n_V F^{a μν} F^a_{μν} (z) ≡ A(z, g) , (1) whose coefficients β_a, β_b, β_c and β_d depend on the field content of the Lagrangian (fermion, scalar, vector) and we have a multiplicity factor n_I for each particle species^2. Actually the coefficient of R^2 must vanish identically

β_d ≡ 0 (2)

since a non-zero R^2 in this basis cannot be obtained from any effective action (local or not) [8, 2, 24]. In addition, the value of β_c is regularization dependent, corresponding to the fact that it can be changed by the addition of an arbitrary local R^2 term in the effective action. Thus only β_a, β_b and κ correspond to true anomalies in trace of the stress tensor. In dimensional regularization one finds

β_c = − 2 3 β_a . (3)

In table 1 we list the values of the coefficients for the three theories of spin 0,^1_2 , 1 mentioned, that we are going to consider extensively throughout the paper. A(z, g) contains the field-strength of the background gauge field, F^a_{μν} , and the invariants built out of the Riemann tensor, R^α_{βγδ}, as well as the Ricci tensor R_{αβ} and the scalar curvature R. G and F in Eq. (1) are the Euler density and the square of the Weyl tensor respectively. All our conventions are listend in appendix A.

Eq. (1) plays the role of a generating functional for the anomalous Ward identities of any underlying Lagrangian field theory. These conditions are not necessarily linked to any Lagrangian, since the solution of these and of the other (non anomalous) Ward identities - which typically define a certain correlator - are based on generic requirements of conformal invariance. For our purposes, all these identities can be extracted from an ordinary generating functional, defined in terms of a generic Lagrangian L which offers a convenient device to identify such relations. For this reason we introduce the ordinary definition of the energy-momentum tensor

T^{μν} (z) = − 2 √ −g_z δ S δg_{μν} (z) = g^{μα}(z) g^{νβ} (z) 2 √ −g_z δS δg^{αβ}(z) , (4)

in terms of the quantum action S, so that its quantum average is ⟨T^{μν} (z)⟩ = 2 √ −g_z δ W δ g_{μν} (z) , (5)

(with det g_{μν} (z) ≡ g_z) where W is the Euclidean generating functional of the theory^3 W = 1 N ∫ DΦ e^{− S} , (6)

2Equivalent and more popular notations are c ≡ 16π^2β_a and a ≡ −16π^2β_b 3W depends, in general, from the background metric g_{μν} (x), the gauge fields A^a(x) and scalar sources J(x) In the equations below, only those dependences which are relevant for the case at hand will be explicitly indicated.

where N a normalization factor and Φ denotes all the quantum fields of the theory. Inserting these definitions in (1) and multiplying both sides by √ −g_z we obtain

2 g_{μν} (z) δ W δ g_{μν} (z) = √ −g_z A(z, g) . (7) From (1) and (7) we can extract an identity for the anomaly for correlators involving n insertions of energy momentum tensors, by taking n functional derivatives with respect to the metric of both sides of (7) and setting g_{μν} = δ_{μν} at the end. In the same way, the anomalous Ward identity for the T V V can be obtained by functional differentiation of the same equation respect to the background gauge fields. In perturbation theory, however, imposing the conservation Ward identity for the energy-momentum tensor and of the Ward identity for the vector currents - whenever these are present - is sufficient to obtain the corresponding anomalous Ward identity. In the case of the T V V , for instance, this is a common practice, since only one term (F^{a μν} (z) F^a_{μν} (z)) can appear in the anomaly. Therefore the anomaly condition comes as a necessary consequence of the other Ward identities and can be checked at the end of the computation to correspond to the one derived from Eq. (1). Things are far more involved for vertices with multiple insertions of gravitons, such as the T T T vertex, and a successful test of the anomalous Ward identity is crucial in order to secure the correctness of the result of the computation.

2.2 Definition of the correlators and Ward identities for the T V V and T OO vertices

We provide the basic definition of the correlators that we are going to investigate, in analogy to [27]. We start from the T V V vertex and use the Euclidean convention. We recall that in this case the functional average of the gauge current V is obtained by functional differentiation of the generating functional with respect to the background gauge field A^a_μ ⟨V^{a μ}(x)⟩ = − 1 √ −g_x δW δA^a_μ(x) | | |_{g=δ,A=0} . (8) To construct the T V V correlator we can first perform a functional derivative with respect to the metric followed by the flat space-time limit (g_{μν} = δ_{μν} ) and then insert the vector currents by taking derivatives with respect to the gauge field source A

⟨T^{μν} (x_1)V^{a α}(x_2)V^{b β}(x_3)⟩ = { δ^2 δA^a_α(x_2)δA^b_β (x_3) [ 2 √ −g_{x1} δW δg_{μν} (x_1) ] g=δ } A=0 = ⟨T^{μν} [A](x_1)V^{a α}(x_2)V^{b β} (x_3)⟩_{A=0} + ⟨ δT^{μν} [A](x_1) δA^a_α(x_2)

V^{b β} (x_3)⟩_{A=0} + ⟨ δT^{μν} [A](x_1) δA^b_β (x_3)

V^{a α}(x_2)⟩_{A=0} (9) where T_{μν} [A] is the energy-momentum tensor calculated in the presence of the background source A^a_μ. The first term in the previous expression represents the insertion of the three operators, while the last two are contact terms, with the topology of 2-point functions, exploiting the linear dependence of the energy-momentum tensor from the source field A.

The construction of the TOO correlator is analogous. If the scalar operator O is coupled to the source J we define ⟨O(x)⟩ = − 1 √ −g_x δW δJ(x) | | |_{g=δ,J=0} (10) and then the three point function is generated as

⟨T^{μν} (x_1)O(x_2)O(x_3)⟩ = { δ^2 δJ(x_2)δJ(x_3) [ 2 √ −g_{x1} δW δg_{μν} (x_1) ] g=δ } J=0 = ⟨T^{μν} [J](x_1)O(x_2)O(x_3)⟩_{J=0} + ⟨ δT^{μν} [J](x_1) δJ(x_2)

O(x_3)⟩_{J=0} + ⟨ δT^{μν} [J](x_1) δJ(x_3)

O(x_2)⟩_{J=0}.

(11)

The third correlator that we will analyze will be the V V V vertex, which is defined by the third functional derivative of the generating functional with respect to the source gauge field A^a_μ(x)

⟨V^{a μ}(x_1)V^{b ν} (x_2)V^{c ρ}(x_3)⟩ = − δ^3W|_{g=δ} δA^a_μ(x_1)δA^b_ν (x_2)δA^c_ρ(x_3) | | |_{A=0}. (12)

The V V V is anomaly free, as is the T V V for general (d ≠ 4) dimensions. To derive the non-anomalous Ward identities for general dimensions we assume that the generating functional W [g, A] is invariant under diffeomorphisms

W[g, A] = W[g^′, A^′] , (13)

where g^′ and A^′ are transformed metric and gauge field under the general infinitesimal coordinate transformation x^μ → x^{′μ} = x^μ + ϵ^μ

δg_{μν} = ∇_μϵ_ν + ∇_ν ϵ_μ , δA^a_μ = ϵ^λ∇_λA^a_μ + A^{a λ}∇_μϵ_λ , (14)

Diffeomerphism invariance and gauge invariance give the relation

∇_μ⟨T^{μν} ⟩ + ∇^ν A^a_μ⟨V^{a μ}⟩ + ∇_μ (A^{a ν} ⟨V^{a μ}⟩) = 0 , (15) ∇_μ⟨V^{a μ}⟩ + f^{abc}A^b_μ⟨V^{cμ}⟩ = 0 , (16) while naive scale invariance gives the traceless condition

g_{μν} ⟨T^{μν} ⟩ = 0. (17)

This last Ward identity is naive, due to the appearance of an anomaly at quantum level, after renormalization of the correlator for d = 4. It is however the correct identity in the T V V, T OO and T T T cases away from d = 4. In this respect, the functional differentiation of (15) and (17) allows to derive ordinary Ward identities for the various correlators. In the T V V case we obtain the conservation equation

∂^{x1}_μ ⟨T^{μν} (x_1)V^{a α}(x_2)V^{b β} (x_3)⟩ = ∂^ν_{x1} δ^d(x_{12})⟨V^{a α}(x_1)V^{b β} (x_3)⟩ + ∂^ν_{x1} δ^d(x_{31})⟨V^{a α}(x_2)V^{b β} (x_1)⟩ − δ^{να}∂^{x1}_μ ( δ^d(x_{12})⟨V^{a μ}(x_1)V^{b β}(x_3)⟩ ) − δ^{νβ} ∂^{x1}_μ ( δ^d(x_{31})⟨V^{a α}(x_2)V^{b μ}(x_1)⟩ ) (18)

and vector current Ward identities

∂^{x2}_α ⟨T^{μν} (x_1)V^{a α}(x_2)V^{b β}(x_3)⟩ = 0 , ∂^{x3}_β ⟨T^{μν} (x_1)V^{a α}(x_2)V^{b β} (x_3)⟩ = 0 , (19)

while the naive identity (17) gives the non-anomalous condition

δ_{μν} ⟨T^{μν} (x_1)V^{a α}(x_2)V^{b β} (x_3)⟩ = 0 (20)

for d ≠ 4.

2.3 Definitions for the T T T Amplitude

For the multi-graviton vertices, it is convenient to define the corresponding correlation function as the n-th functional variation with respect to the metric of the generating functional W evaluated in the flat-space limit ⟨T^{μ1ν1} (x_1)...T^{μnνn} (x_n)⟩ = [ 2 √ −g_{x1} ... 2 √ −g_{xn} δ^nW δg_{μ1ν1} (x_1)...δg_{μnνn} (x_n) ]| | |_{gμν =δμν} = 2^n δ^nW δg_{μ1ν1} (x_1)...δg_{μnνn} (x_n) | | |_{gμν =δμν} , (21) so that it is explicitly symmetric with respect to the exchange of the metric tensors. As we are going to deal with correlation functions evaluated in the flat-space limit all through the paper we will omit to specify it from now on, so as to keep our notation easy. The 3-point function we are interested in studying is found by evaluating (21) for n = 3,

⟨T^{μν} (x_1)T^{ρσ}(x_2)T^{αβ}(x_3)⟩ = 8 [ − ⟨ δS δg_{μν} (x_1) δS δg_{ρσ} (x_2) δS δg_{αβ}(x_3) ⟩ + ⟨ δ^2S δg_{αβ} (x_3)δg_{μν} (x_1) δS δg_{ρσ} (x_2) ⟩ + ⟨ δ^2S δg_{ρσ} (x_2)δg_{μν} (x_1) δS δg_{αβ}(x_3) ⟩ + ⟨ δ^2S δg_{ρσ} (x_2)δg_{αβ} (x_3) δS δg_{μν} (x_1) ⟩ − ⟨ δ^3S δg_{ρσ} (x_2)δg_{αβ} (x_3)δg_{μν} (x_1) ⟩ ] , (22)

where the angle brackets denote the vacuum expectation value. Notice that the last term is identically zero in dimensional regularization, being proportional to a massless tadpole. The correlator ⟨ δS δg_{μν} (x_1) δS δg_{ρσ} (x_2) δS δg_{αβ} (x_3) ⟩ , (23)

has the diagrammatic representation of a triangle topology, while the contributions ⟨ δ^2S δg_{ρσ} (x_2)δg_{αβ}(x_3) δS δg_{μν} (x_1) ⟩ , ⟨ δ^2S δg_{αβ} (x_3)δg_{μν} (x_1) δS δg_{ρσ}(x_2) ⟩ , ⟨ δ^2S δg_{ρσ} (x_2)δg_{μν} (x_1) δS δg_{αβ} (x_3) ⟩ (24)

are interpreted in the perturbative analysis as the ”k”, ”q” and ”p” bubble respectively, also termed ”T-bubbles” in [3].

In the perturbative realization of these expressions we will also establish a connection between these contributions and the extra terms generated at the 2-point coincidence limit of the general 3-point vertices discussed in [27]. For a 3-point vertex the dependence in configuration space is labelled as (x_1, x_2, x_3) with an incoming momentum (k) at x_1 and two outgoing momenta q, p at x_2 and x_3 respectively. These conventions are summarized by the transforms ∫ d^4x_1 d^4x_2 d^4x_3 ⟨T^{μν} (x_1)T^{ρσ} (x_2)T^{αβ}(x_3)⟩ e^{−i(k·x1 −q·x2−p·x3)} = (2π)^4 δ^{(4)}(k − p − q) ⟨T^{μν} T^{ρσ}T^{αβ}⟩(p, q) ,

(25)

and ∫ d^4x_2 d^4x_3 ⟨T^{ρσ} (x_2)T^{αβ}(x_3)⟩ e^{−i(q·x2 −p·x3)} = (2π)^4 δ^{(4)}(p − q) ⟨T^{ρσ} T^{αβ}⟩(p) , (26)

for 3- and 2-point functions respectively.

2.4 General covariance Ward identities for the T T T

The requirement of general covariance for the generating functional W immediately leads to the master Ward identity for the conservation of the energy momentum tensor given in (15) (of course we disregard background gauge fields here), ∇_ν ⟨T^{μν} (x_1)⟩ = ∇_ν ( 2 √ −g_{x1} δW δg_{μν} (x_1) ) = 0 , (27)

and expanding the covariant derivative we can write it as 2 √ −g_{x1} ( ∂_ν δW δg_{μν} (x_1)

− Γ^λ_μ(x_1) δW δg_{μν} (x_1)

+ Γ^μ_{κν} (x_1) δW δg_{κν} (x_1)

+ Γ^ν_{κν} (x_1) δW δg_{μκ}(x_1) ) = 0,

(28)

where the first of the three Christoffel symbols is generated by differentiation of 1/ √ −g_{x1} in the definition of T_{μν} together with Γ^α_β (x_1) = 1 2 g^{αγ} (x_1) ∂_β g_{αγ} (x_1) (29)

or, equivalently, as 2 ( ∂_ν δW δg_{μν} (x_1)

+ Γ^μ_{κν} (x_1) δW δg_{κν} (x_1) ) = 0 . (30)

By taking one and two functional derivatives of (30) with respect to g_{ρσ} (x_2) and g_{ρσ} (x_2) and g_{αβ} (x_3) respectively, one gets, in curved space-time, 4 [ ∂_ν δ^2W δg_{ρσ} (x_2)δg_{μν} (x_1) + δΓ^μ_{κν} (x_1) δg_{ρσ} (x_2) δW δg_{κν} (x_1)

+ Γ^μ_{κν} (x_1) δ^2W δg_{μν} (x_1)δg_{ρσ} (x_2) ] = 0 (31) 8 [ ∂_ν δ^3W δg_{αβ} (x_3)δg_{ρσ} (x_2)δg_{μν} (x_1) + δΓ^μ_{κν} (x_1) δg_{ρσ} (x_2) δ^2W δg_{αβ}(x_3)δg_{κν} (x_1) + δΓ^μ_{κν} (x_1) δg_{αβ} (x_3) δ^2W δg_{ρσ} (x_2)δg_{κν} (x_3) + δ^2Γ^μ_{κν} (x_1) δg_{ρσ}(x_2)δg_{αβ} (x_3) δW δg_{μν} (x_1)

+ Γ^μ_{κν} (x_1) δ^3W δg_{ρσ} (x_2)δg_{αβ} (x_2)δg_{κν} (x_1) ] = 0 , (32)

where δ(x_1, x_2) ≡ δ(x_1 − x_2) and so on.

As we are interested in the flat space-time limit, we must evaluate 31 and (32) by letting the Christoffel symbols go to zero. Another simplification is obtained by noticing that the Green’s functions ⟨ δS δg_{μν} (x_1) ⟩ = − δW δg_{μν} (x_1)

(33) and ⟨ δ^2S δg_{μν} (x_1)δg_{αβ}(x_3)

⟩ (34)

are proportional to massless tadpoles, so that we can ignore them in the following expression

δ^2W δg_{αβ} (x_3)δg_{μν} (z) = ⟨ δS δg_{μν} (x_1) δS δg_{αβ} (x_3) ⟩ − ⟨ δ^2S δg_{αβ} (x_3)δg_{μν} (x_1) ⟩ = ⟨ δS δg_{μν} (x_1) δS δg_{αβ} (x_3) ⟩ . (35)

So the Ward identity for the 2-point function in flat coordinate space-time is immediately seen to be

∂_ν ⟨T^{μν} (x_1)T^{ρσ} (x_2)⟩ = 0 , (36)

where, due to the vanishing of (34), we have set

⟨T^{μν} (x_1)T^{ρσ} (x_2)⟩ ≡ 4 ⟨ δS δg_{μν} (x_1) δS δg_{ρσ} (x_2) ⟩ . (37)

Obviously, its form in momentum space, exploiting (26), is

p_μ⟨T^{μν} T^{ρσ}⟩(p) = 0 . (38)

The terms surviving in (32) are those in the first line. In order to make them explicit, we evaluate the functional derivative of the Christoffel symbols using (239), (244) and (245), finding δΓ^μ_{κν} (x_1) δg_{ρσ}(x_2) = 1 2 δ^{μα} [ − s^{ρσ}_{κν} ∂_α + s^{ρσ}_{αν} ∂_κ + s^{ρσ}_{ακ}∂_ν ] δ(x_1, x_2) , (39)

where the s tensor is defined by eq. (245) in the Appendix. Plugging this into (32) and using (37), the second term becomes 8 δΓ^μ_{κν} (x_1) δg_{ρσ}(x_2) δ^2W δg_{αβ} (x_3)δg_{κν} (x_1) = [ δ^{μρ}⟨T^{νσ}(x_1)T^{αβ}(x_3)⟩ ∂_ν + δ^{μσ} ⟨T^{νρ}(x_1)T^{αβ} (x_3)⟩ ∂_ν

− ⟨T^{ρσ}(x_1)T^{αβ}(x_3)⟩ ∂^μ ] δ(x_1, x_2) . (40)

A completely analogous relation holds for the exchanged term ( g_{αβ}(x_3) ↔ g_{ρσ} (x_2) ) . Finally, we can recast the Ward identity (32) in the form

∂_ν ⟨T^{μν} (x_1)T^{ρσ}(x_2)T^{αβ} (x_3)⟩ = [ ⟨T^{ρσ}(x_1)T^{αβ}(x_3)⟩∂^μδ(x_1, x_2) + ⟨T^{αβ} (x_1)T^{ρσ}(x_2)⟩∂^μδ(x_1, x_3) ]

− [ δ^{μρ}⟨T^{νσ}(x_1)T^{αβ}(x_3)⟩ + δ^{μσ} ⟨T^{νρ}(x_1)T^{αβ}(x_3)⟩ ] ∂_ν δ(x_1, x_2) − [ δ^{μα}⟨T^{νβ} (x_1)T^{ρσ} (x_2)⟩ + δ^{μβ} ⟨T^{να}(x_1)T^{ρσ}(x_2)⟩ ] ∂_ν δ(x_1, x_3) ,

(41)

having used the definitions (21) and (22).

Fourier-transforming according to (25) and (26), we get the Ward identity in momentum space that we need, i.e. k_ν ⟨T^{μν} T^{αβ}T^{ρσ}⟩(p, q) = p^ν ⟨T^{αβ}T^{ρσ}⟩(p) + q^μ⟨T^{ρσ}T^{αβ}⟩(q) −p_ν [ δ^{μβ} ⟨T^{να}T^{ρσ}⟩(q) + δ^{μα}⟨T^{νβ} T^{ρσ}⟩(q) ] − q_ν [ δ^{μσ} ⟨T^{νρ}T^{αβ}⟩(p) + δ^{μρ}⟨T^{νσ}T^{αβ}⟩(p) ] . (42)

Similar Ward identities can be obtained when we contract with the momenta of the other lines. These are going to be essential in order to test the correctness of the computation once we turn to perturbation theory.

2.5 The anomalous Ward identities for the TTT

The anomalous Ward identities for the 3-graviton vertex is obtained after a lengthy computation, performing two functional variations of (7) and taking the flat-space limit, thereby obtaining δ_{μν} ⟨T^{μν} T^{ρσ}T^{αβ}⟩(p, q) = 4 A^{αβρσ} (p, q) − 2 ⟨T^{αβ}T^{ρσ}⟩(p) − 2 ⟨T^{ρσ}T^{αβ}⟩(q) = 4 [ β_a ([ F ]_{αβρσ} (p, q) − 2 3 [√ −g□ R ]_{αβρσ} (p, q) ) + β_b [ G ]_{αβρσ} (p, q) ]

− 2 ⟨T^{αβ}T^{ρσ}⟩(p) − 2 ⟨T^{ρσ}T^{αβ}⟩(q) , (43) where A^{αβρσ} (p, q), A^{μνρσ} (−k, q) and A^{αβμν} (−k, p) are generated by the anomaly. We remark, if not obvious, that all the contractions with the metric tensor in the flat spacetime limit (δ_{μν} ) should be understood as being 4-dimensional. This is the case for all the anomaly equations. The various contributions to the trace anomaly are given in terms of the functional derivatives of quadratic invariants in appendix C. Analogous anomalous Ward identities can be obtained by tracing the other two pairs of indices.

Figure 1: The fermion and the scalar sectors contributing to the conformal VVV vertex in any dimension.

3 Inverse mappings: the correlators V V V , T OO and T V V in position space using the Feynman expansion

Having by now defined all the fundamental (anomalous and regular) Ward identities which allow to test the consistency of all the correlator which we are interested in, we now turn to provide the expression of these correlators in position space using their realization in free field theory.

We remind that an important result of [27] is the identification of the solution of the Ward identities in terms of a set of constants and of certain linearly independent tensor structures in (Euclidean) position space. Since these same tensor structures must occur in direct computations of the same vertex functions in free field theories in momentum space, we can use the one-loop computations of the vertex functions in momentum space to infer what those tensor structures must be, and find the exact correspondence between CFT amplitudes in position space and momentum space a posteriori, provided that we have enough linearly independent vertex functions for different free theories to determine the linear combinations uniquely. We call this procedure an ”inverse mapping”, as it allows to re-express the correlators of [27] in such a form that their Fourier integrability is explicit. This result is obtained by pulling out derivatives of the corresponding diagrams in such a way that integrability becomes trivial. More details on this procedure is contained in section 8.

We start with the V V V vertex function. The two types of diagrams contributing to the general conformal expression of the V V V in any dimensions are shown in Fig. (3). In [27] the V V V , as all the other correlators, are fixed by general CFT requirements. It takes the form [27]

⟨V^a_μ (x_1)V^b_ν (x_2)V^c_ρ (x_3)⟩ = f^{abc} (x^2_{12})^{d/2−1} (x^2_3)^{d/2−1} (x^2_{31})^{d/2−1} { (a − 2b) X_{23 μ} X_{31 ν} X_{12 ρ} − b [ 1 x^2_3

X_{23 μ} I_{νρ}(x_{23}) + 1 x^2_{31}

X_{31 ν} I_{μρ}(x_{31}) + 1 x^2_{12}

X_{12 ρ} I_{μν} (x_{12}) ] } , (44)

where f^{abc} are the structure constants of the gauge group, I_{μν} (x) is the inversion operator defined as

I^{μν} (x) = δ^{μν} − 2 x^μx^ν x^2

(45) and x_{ij} ≡ x_i − x_j , X_{ij} = −X_{ji} ≡ x_{ik} x^2_{ik} − x_{jk} x^2_{jk} , i, j, k = 1, 2, 3 . (46) The correlator is Fourier integrable, although this is not immediately evident from (44). The simplest way to prove this point consists in showing that (44) can be reproduced in d-dimensions by the combination of the scalar and the fermion sectors of a free field theory. For this purpose we use two realizations of the vector current V^a_μ , using scalar and fermion fields

V^a_μ = ϕ^∗t^a∂_μϕ − ∂_μϕ^∗t^aϕ , V^a_μ = ψ̄t^aγ_μψ . (47)

The diagrammatic expansion of this correlator consists of two triangle diagrams, the direct and the exchanged, both in the scalar and fermion sectors. Using the Feynman rules in coordinate space we obtain, after some manipulations

⟨V^a_μ (x_1)V^b_ν (x_2)V^c_ρ (x_3)⟩_{f ermion} = − c_f f^{abc} (d − 2)^3

Δ_{μανβργ} ∂^α_{12}∂^β_{23}∂^γ_{31} 1 (x^2_{12})^{d/2−1}(x^2_3)^{d/2−1}(x^2_{31})^{d/2−1}

, (48)

⟨V^a_μ (x_1)V^b_ν (x_2)V^c_ρ (x_3)⟩_{scalar} = c_s f^{abc} (d − 2)^2 ( ∂^{12}_μ + ∂^{31}_μ ) ( ∂^{23}_ν + ∂^{12}_ν ) ( ∂^{31}_ρ + ∂^{23}_ρ ) 1 (x^2_{12})^{d/2−1}(x^2_3)^{d/2−1}(x^2_{31})^{d/2−1} (49)

where Δ_{μανβργ} = 1 4 T r [γ_μγ_αγ_ν γ_β γ_ργ_γ ] , (50)

and c_f , c_s are normalization constants whose numerical values are irrelevant here. Written in these forms, the two expressions are manifestly integrable. Tracing over the γ matrices and applying the derivatives over all the denominators, we generate the result of [27] by taking a linear combination of these two sectors

⟨V^a_μ (x_1)V^b_ν (x_2)V^c_ρ (x_3)⟩ = ( a t^a_{μνρ} + b t^b_{μνρ} ) f^{abc} (x^2_{12})^{d/2−1}(x^2_3)^{d/2−1}(x^2_{31})^{d/2−1}

(51)

where t^a_{μνρ} = 1 d(d − 2)^2 ( ∂^{12}_μ + ∂^{31}_μ ) ( ∂^{23}_ν + ∂^{12}_ν ) ( ∂^{31}_ρ + ∂^{23}_ρ ) − 1 d t^b_{μνρ} , (52) t^b_{μνρ} = − 1 (d − 2)^3

Δ_{μανβργ} ∂^α_{12}∂^β_{23}∂^γ_{31} . (53)

The equivalence between this expression and Eq. (44) can be verified explicitly.

3.1 The TOO case

The next correlator that we are going to investigate extensively is the T OO. The structure of this function in coordinate space - for non coincident points - is given by [27]

⟨T_{μν} (x_1) O(x_2) O(x_3)⟩ = a (x^2_{12})^{d/2} (x^2_3)^{η−d/2} (x^2_{31})^{d/2} h^1_{μν} (X̂_{23}) , (54)

where a is a constant, η the dimension of the scalar field O and where

X̂_μ = X^μ√ X^2

, h^1_{μν} (X̂) = X̂_μ X̂_ν − 1 d δ_{μν} . In the short-distance limits of its external points this vertex is singular and needs regularization. In [27] the authors, in their direct solutions of the Ward identites, introduce some extra terms which are given by [ Â_{μν} (x_{12}) − A_{μν} (x_{12}) + Â_{μν} (x_{31}) − A_{μν} (x_{31}) ] 1 (x^2_3)^η

, (55)

where

A_{μν} (s) = a s^d ( s_μs_ν s^2 − 1 d δ_{μν} ) , Â_{μν} (s) = a d ( ∂_{μν} d − 2 1 s^{d−2} + η − d + 1 η S_dδ_{μν} δ^d(s) ) . (56)

These are contact terms. In the expression above S_d denotes the volume of the d-dimensional sphere, S_d = 2 π^{12} /Γ(d/2). The delta function term in Â reflects the arbitrariness typical of any regularization scheme, and its coefficient is chosen to satisfy the Ward identities.

3.1.1 Manifest integrability of the CFT result and comparisons with free field theory

Expanding the previous expression and bringing it in the derivative form we obtain

⟨T_{μν} (x_1) O(x_2) O(x_3)⟩ = a (d − 2)^2 { (∂^{12}_μ ∂^{31}_ν + ∂^{12}_ν ∂^{31}_μ ) + d − 2 d (∂^{12}_{μν} + ∂^{31}_{μν} ) } 1 (x^2_{12})^{d/2−1}(x^2_3)^{η−d/2+1}(x^2_{31})^{d/2−1} + a x^2_{12}x^2_3 + x^2_{31}x^2_3 − (x^2_3)^2 (x^2_{12})^{d/2}(x^2_3)^{η−d/2+1}(x^2_{31})^{d/2} δ_{μν} d + a η − d + 1 dη S_dδ_{μν} δ^d(x_{12}) + δ^d(x_{31}) (x^2_3)^η

. (57)

Notice that the first term of the second line proportional to δ_{μν} is not manifestly integrable. As we have already mentioned, one can use identities such as x^2_{12} + x^2_{13} − x^2_3 = 2x_{12} · x_{13} in order to rewrite it in the form

x^2_{12} x^2_3 + x^2_{31} x^2_3 − (x^2_3)^2 (x^2_{12})^{d/2} (x^2_3)^{d/2} (x^2_{31})^{d/2} = 2 (d − 2)^2

∂^{12}_μ ∂^{31 μ} 1 (x^2_{12})^{d/2−1}(x^2_{31})^{d/2−1}(x^2_3)^{η−d/2+1}

(58)

which shows its integrability when η < d − 1.

In order to test the consistency of the result (54) obtained from the application of the conformal Ward identities for the T OO, we can consider a particular scalar free field theory. We suppose for instance that the scalar operator O is given by O = ϕ^2 with dimensions η = d − 2, whose energy-momentum tensor T is given by T_{μν} = ∂_μϕ ∂_ν ϕ − 1 2 δ_{μν} ∂_αϕ ∂^αϕ + 1 4 d − 2 d − 1 [ δ_{μν} ∂^2 − ∂_μ ∂_ν ] ϕ^2 (59)

which is conserved and traceless in d dimensions.

Using the Feynman rules in coordinate space together with the expression of a scalar propagator we obtain the T ϕ^2ϕ^2 correlation function

⟨T_{μν} (x_1)ϕ^2(x_2)ϕ^2(x_3)⟩ = 2a(d − 1) d(d − 2)^2 [ ∂^{12}_μ ∂^{31}_ν + ∂^{12}_ν ∂^{31}_μ − δ_{μν} ∂^{12} · ∂^{31} − d − 2 2(d − 1) ( − ∂^{12}_{μν} − ∂^{31}_{μν} + ∂^{12}_μ ∂^{31}_ν

+ ∂^{12}_ν ∂^{31}_μ + δ_{μν} ( ∂^2_{12} + ∂^2_{31} − 2∂^{12} · ∂^{31} ) )] 1 (x^2_{12})^{d/2−1}(x^2_3)^{d/2−1}(x^2_{31})^{d/2−1} − a d − 1 d(d − 2) S_dδ_{μν} δ^d(x_{12}) + δ^d(x_{31}) (x^2_3)^{d−2}

. (60)

The equivalence of this expression with the solution given in (54) can be explicitly checked by performing the derivative of (60) and expanding the result. We remark that (60) is clearly integrable and does not require any intermediate regularization. The first term in the previous expression comes from the triangle topology diagram while the last two, proportional to the delta functions, are contact terms with two-point topology.

3.2 The TVV case: integrability and free field theory realization

To identify the diagrammatic structure of the T V V correlator we can proceed with an inverse mapping. In fact, we know from [27] that such solution is characterized by 2 constants when the 3 external coordinates (x_1, x_2, x_3) are separated. This homogeneous solution has to be modified by the additions of extra contact terms (A − Â) terms which have the topology of 2-point functions.

The homogeneous solution is then modified further by the addition of a 1/ϵ counterterm - in dimensional regularization - to regulate its ultraviolet behaviour. This regularization procedure is crucial to obtaining the anomalous contribution. We will come to a discussion of this point once we move completely to momentum space. Before that let us provide a diagrammatic interpretation of the various contributions to this correlators, except for the contribution coming from the counterterm, using the information that in any dimension this can be constructed as a linear combination of two independent sectors, the fermion and the scalar. Therefore we get

⟨T_{μν} (x_1)V^a_α (x_2)V^b_β (x_3)⟩ = ∑ I=f,s ( ⟨T_{μν} [A](x_1)V^a_α (x_2)V^b_β (x_3)⟩^I_{A=0} + ⟨ δT_{μν} [A](x_1) δA^{a α}(x_2)

V^b_β (x_3)⟩^I_{A=0}

+⟨ δT_{μν} [A](x_1) δA^{b β} (x_3)

V^a_α (x_2)⟩^I_{A=0} ) (61)

where the sum is over the fermion (f) and scalar (s) sectors. In a diagrammatic expansion, all the terms above have a diagrammatic interpretation, which will turn useful in order to derive an integrable expression of this vertex.

Using the Feynman rules in configuration space one can obtain the following parameterization of the T V V vertex for fermions within the loop,

⟨T_{μν} [A](x_1)V^a_α (x_2)V^b_β (x_3)⟩^f_{A=0} = c δ^{ab} d(d − 2)^3

A_{μνξη} Δ_{ξρασβλ} (∂^{12}_η + ∂^{31}_η ) ∂^ρ_{12}∂^σ_{23}∂^λ_{31} × 1 (x^2_{12})^{d/2−1}(x^2_3)^{d/2−1}(x^2_{31})^{d/2−1}

, (62)

where Δ_{μρασβλ} is defined in eq. (50) and A_{μνρσ} in Appendix D. This contribution alone is not sufficient to satisfy all the inhomogeneous Ward identities and we must consider also the contributions coming from the contact terms. In the framework of the analysis of [27], in which the correlation functions are obtained exploiting the symmetries without any reference to their perturbative structure, this is less evident. In fact in [27] the arbitrariness in the regularization procedure is exploited in order to impose the Ward identities by hand. This is achieved by introducing the differentially regulated expressions proportional to A − Â, which will be given below. These terms exactly correspond to the contributions proportional to 2-point functions discussed above, as we are going to show in a moment. The two contact terms identified by the diagrammatic expansion are given by ⟨ δT_{μν} [A](x_1) δA^{a α}(x_2)

V^b_β (x_3)⟩^f_{A=0} = c δ^{ab} d(d − 2)^2

S_dδ^d(x_{12})Δ^{(2)}_{μναβρσ} ∂^ρ_{31} 1 (x^2_{31})^{d/2−1}

∂^σ_{31} 1 (x^2_{31})^{d/2−1}

(63) ⟨ δT_{μν} [A](x_1) δA^{b β}(x_3)

V^a_α (x_2)⟩^f_{A=0} = c δ^{ab} d(d − 2)^2

S_dδ^d(x_{31})Δ^{(2)}_{μνβαρσ} ∂^ρ_{12} 1 (x^2_{12})^{d/2−1}

∂^σ_{31} 1 (x^2_{12})^{d/2−1}

(64)

with Δ^{(2)}_{μναβρσ} = δ_{αν} δ_{βσ} δ_{μρ} + δ_{αμ}δ_{βσ}δ_{νρ} + δ_{αν} δ_{βρ}δ_{μσ} + δ_{αμ}δ_{βρ}δ_{νσ} − δ_{αν} δ_{βμ}δ_{ρσ} − δ_{αμ}δ_{βν} δ_{ρσ} − 2 δ_{μν} (δ_{αρ}δ_{βσ} + δ_{ασ} δ_{βρ} − δ_{αβ} δ_{ρσ} ) . (65) In the scalar sector the TVV correlation function can be recast in the manifestly integrable form as

⟨T_{μν} [A](x_1)V^a_α (x_2)V^b_β (x_3)⟩^s_{A=0} = c δ^{ab}

2(d − 1) d(d − 2)^3 [ ∂^{12}_μ ∂^{31}_ν + ∂^{12}_ν ∂^{31}_μ − δ_{μν} ∂^{12} · ∂^{31} − d − 2 2(d − 1) ( − ∂^{12}_{μν} − ∂^{31}_{μν} + ∂^{12}_μ ∂^{31}_ν + ∂^{12}_ν ∂^{31}_μ + δ_{μν} ( ∂^2_{12} + ∂^2_{31} − 2∂^{12} · ∂^{31} ) )] × × ( ∂^{12}_α + ∂^{23}_α ) ( ∂^{31}_β + ∂^{23}_β ) 1 (x^2_{12})^{d/2−1}(x^2_3)^{d/2−1}(x^2_{31})^{d/2−1}

. (66)

This contribution originates only from the triangle diagram. This term corresponds to the expression given in [27] (for non coincident points) for the same correlator. The only differences are in the ∂^2_{12} and ∂^2_{31} terms which are proportional to δ_{μν} , which vanish in the non-coincident point limit and are given by − c δ^{ab} d(d − 2)^2 δ_{μν} ( ∂^2_{12} + ∂^2_{31} ) ( ∂^{12}_α + ∂^{23}_α ) ( ∂^{31}_β + ∂^{23}_β ) 1 (x^2_{12})^{d/2−1}(x^2_3)^{d/2−1}(x^2_{31})^{d/2−1} = 2c δ^{ab} d(d − 2) S_dδ_{μν} [ ∂^{23}_α ( ∂^{31}_β + ∂^{23}_β

) δ^d(x_{12}) (x^2_3)^{d/2−1}(x^2_{31})^{d/2−1}

+ ∂^{23}_β ( ∂^{12}_α + ∂^{23}_α

) δ^d(x_{31}) (x^2_{12})^{d/2−1}(x^2_3)^{d/2−1} ] . (67)

They have the topology of 2-point functions. These terms, together with those arising from the triangle diagrams, correspond exactly to those identified as A − Â [27], which have been introduced in order to satisfy the Ward identities (contact terms) ⟨ δT_{μν} [A](x_1) δA^{a α}(x_2)

V^b_β (x_3)⟩^s_{A=0} = c δ^{ab}(d − 1) d(d − 2)^2

S_dδ^d(x_{12}) ( (∂^{23}_μ + ∂^{31}_μ )δ_{να} + (∂^{23}_ν + ∂^{31}_ν )δ_{μα} − δ_{μν} (∂^{23}_α + ∂^{31}_α ) ) × ×(∂^{23}_β + ∂^{31}_β ) 1 (x^2_{31})^{d/2−1}(x^2_3)^{d/2−1}

(68) ⟨ δT_{μν} [A](x_1) δA^{b β} (x_3)

V^a_α (x_2)⟩^s_{A=0} = c δ^{ab}(d − 1) d(d − 2)^2

S_dδ^d(x_{31}) ( (∂^{23}_μ + ∂^{12}_μ )δ_{νβ} + (∂^{23}_ν + ∂^{12}_ν )δ_{μβ} − δ_{μν} (∂^{23}_α + ∂^{12}_β ) ) × ×(∂^{23}_α + ∂^{12}_α ) 1 (x^2_{12})^{d/2−1}(x^2_3)^{d/2−1}

. (69)

This expression is in complete agreement with the solution given in [27], to which we refer for further details

⟨T_{μν} (x_1)V^a_α (x_2)V^b_β (x_3)⟩ = δ^{ab} (x^2_{12})^{d/2} (x^2_{31})^{d/2} (x^2_3)^{d/2−1}

I_{ασ} (x_{12}) I_{βρ}(x_{31}) t_{μνρσ} (X_{23}) −δ^{ab} [ A_{μναρ}(x_{12}) − Â_{μναρ}(x_{12}) ] I_{ρβ} (x_{23}) (x^2_3)^{d−1} −δ^{ab} [ A_{μνσβ} (x_{31}) − Â_{μνσβ} (x_{31})

] I_{σα}(x_{23}) (x^2_3)^{d−1} , (70)

which is expressed in terms of tensor structures whose coefficients, denoted as a, b, c and e in [27], satisfy two constraint equation, and of contact terms A and Â which are given in [27]. For this reason, only 2 independent constants are left free to parameterize any conformal correlator of this type in d dimensions. In the notation of [27] e = 0 and hence b = 0, so that there is only one independent structure. A final comment concerns the issues of renormalization. These expressions are unrenormalized. The issue of renormalization will be addressed by discussing in parallel the position and the momentum space approaches, that we will do starting from the next section. For this reason we turn to specific realizations of theories containing scalars and fermions - which are conformal in any dimension - and vectors, which are conformal for d = 4.

4 The T T T Amplitude

4.1 The correlator

Now we are ready to turn to the analysis of the 3-graviton vertex. The general structure of the < T T T > correlator in momentum space is [27]

⟨T^{μν} (x_1) T^{ρσ}(x_2) T^{αβ}(x_3)⟩ = 1 (x^2_{12})^{d/2} (x^2_3)^{d/2} (x^2_{31})^{d/2} I^{μνμ′ ν′} I^{ρσρ′ σ′} t^{μ′ ν′ρ′ σ′ αβ} (X_{12}) (71)

I^{μν,αβ} (s) = I^{μρ}(s)I^{νσ} (s)ϵ_T^{ρσ,αβ} , s = x − y (72) where ϵ_T^{μν,αβ} = 1 2 (δ^{μα}δ^{νβ} + δ^{μβ} δ^{να} ) − 1 d δ^{μν} δ^{αβ} (73) is the projector onto the space of symmetric traceless tensors.

We perform the computation of the 3-graviton vertex T T T in free field theory, for d = 4, in all its 3 relevant

Figure 2: One loop expansion of the 3-graviton vertex. Shown here are the general topologies, i.e. the triangle and the self-energy type (T-bubble) contributions for the fermion case. The general correlator for any CFT in d = 4 can be obtained by adding to these diagrams similar ones where the fermion is replaced by a scalar and a photon in the loops. Ghost corrections follow the same topologies.

sectors, the conformally coupled scalar, the fermion and the vector, since in this case the general solution of the Ward identities, for any CFT, is parameterized by 3 independent constants. This corresponds to the most general anomalous solution. For d ≠ 4 the spin-1 sector is not conformally invariant and we can’t build the general expression just by superposing the scalar and the fermion sectors. However, the combination of the scalar and the fermion sectors corresponds to an anomaly-free special solution also for generic d [18].

As we have already mentioned above, the correctness of our results has been checked first by a complete test of all the Ward identities for each case, which is already a nontrivial test to pass, given the large complexity of the computations. At the same time we will show that the counterterm introduced in [27, 18] in position space, which is extracted from the general expression of the trace anomaly when d = 4, coincides with that required in momentum space using dimensional regularization. The connection between the two methods will be discussed thoroughly.

4.2 Inverse mapping for the T T T Amplitude

As done before for the ⟨V V V ⟩, ⟨T OO⟩ and ⟨T V V ⟩ correlators, here we check the result (71) building explicitly the correlator from the diagrammatic expansion in free field theory. This allows to come up with an expression for this vertex which is manifestly integrable. We will be using the Feynman rules obtained from the Lagrangian descriptions for scalars, fermions and spin 1 in configuration space, given in section 5. We start testing the noncoincident case, for which we can omit the contact terms. This corresponds to the “bulk” contribution to the correlator, which involves only the triangle topology. We give the d-dimensional expression for the scalar and the fermion cases, while - as already remarked - we have to limit our analysis to d = 4 for the spin-1 vector. Moreover, in the vector case the gauge-fixing and ghost parts of the amplitude have to cancel since the vertex is obviously gauge invariant. This has been explicitly verified in the computation in momentum space (see section 6.4). So, in performing our inverse mapping, we include in the interactions vertices only the Maxwell Ṽ contributions, omitting ghosts and gauge-fixing terms. We have ⟨ δS δg_{μν} (x_1) δS δg_{ρσ} (x_2) δS δg_{αβ}(x_3)

⟩^S = C^S_{T T T} V^{μν}_{T ϕϕ}(i ∂^{12}, −i ∂^{31}) V^{ρσ}_{T ϕϕ}(i ∂^{23}, −i ∂^{12}) V^{αβ}_{T ϕϕ}(i ∂^{31}, −i ∂^{23}) × 1 (x^2_{12})^{d/2−1} (x^2_3)^{d/2−1} (x^2_{31})^{d/2−1}

, (74) ⟨ δS δg_{μν} (x_1) δS δg_{ρσ} (x_2) δS δg_{αβ}(x_3)

⟩^F =

C^F_{T T T} (−1) ( Tr [ V^{μν}_{T ψ̄ψ} (i ∂^{12}, −i ∂^{31}) i γ · ∂^{12} V^{ρσ}_{T ψ̄ψ}(i ∂^{23}, −i ∂^{12}) i γ · ∂^{23} V^{αβ}_{T ψ̄ψ}(i ∂^{31}, −i ∂^{23}) i γ · ∂^{31} ]

+Tr [ V^{μν}_{T ψ̄ψ}(i ∂^{31}, −i ∂^{12}) i γ · ∂^{31} V^{αβ}_{T ψ̄ψ}(i ∂^{23}, −i ∂^{31}) i γ · ∂^{12} V^{ρσ}_{T ψ̄ψ}(i ∂^{12}, −i ∂^{23}) i γ · ∂^{12} ] )

× 1 (x^2_{12})^{d/2−1} (x^2_3)^{d/2−1} (x^2_{31})^{d/2−1} , (75) ⟨ δS δg_{μν} (x_1) δS δg_{ρσ} (x_2) δS δg_{αβ}(x_3)

⟩^V = C^V_{T T T} (−1)^3 Ṽ^{μνγδ}_{T AA} (i ∂^{12}, −i ∂^{31}) Ṽ^{ρσζξ}_{T AA} (i ∂^{23}, −i ∂^{12}) Ṽ^{αβχω}_{T AA} (i ∂^{31}, −i ∂^{23}) × δ_{γξ} δ_{δχ}δ_{ζω} x^2_{12} x^2_3 x^2_{31}

, (76)

Notice that this last term enters only for d = 4. Here and in the following, the dependences of the vertices on the coordinates are obtained by replacing the momenta of (5) with appropriate derivatives respect to the external position variables. For instance V^{μν}_{T ϕϕ}(p, q) → V^{μν}_{T ϕϕ}(p̂, q̂) = V^{μν}_{T ϕϕ}(i ∂^{12}, −i ∂^{23}) (77) with p̂ → i ∂^{12} q̂ → −i ∂^{23} (78) Explicitly

V^{μν}_{T ϕϕ}(i ∂^{12}, −i ∂^{23}) = = 1 2 (i ∂_{12 α}) (−i ∂_{23 β} ) C^{μναβ} + χ ( δ^{μν} (i ∂_{12} − i ∂_{23})^2 − (i ∂^μ_{12} − i ∂^μ_{23}) (i ∂^ν_{12} − i ∂^ν_{23}) ) . (79)

The replacements of p, q and l, by the operatorial expressions p̂, q̂ and l̂ in 2.3-2.5 are specific for each vertex. In appendix E we provide some more details on this procedure. Notice that we have chosen the coupling parameter for the scalar field in d dimensions at the corresponding conformal value χ = (d − 2)/4(d − 1).

Expanding the derivatives contained in each vertex, the expression given in (71) is recovered by setting C^S_{T T T} = − 8 S^3_d (d − 2)^3 , C^F_{T T T} = 2^{d/2+1} S^3_d (d − 2)^3 , C^V_{T T T} = 1 S^3_4

. (80)

We compute next the contributions with the topology of 2-point functions, which are needed to account for the behavior of the vertex in the short distance limit. In coordinate space we can write them in a manifestly integrable form by pulling out derivatives in the same way as for the triangle diagram. We replace the momenta with derivatives with respect to the corresponding coordinates acting on propagators, obtaining very compact expressions for the vertex. We offer a few more details on this computation in appendix E, quoting here the result. In the scalar case we have ⟨ δ^2S δg_{μν} (x_1)δg_{αβ}(x_3) δS δg_{ρσ}(x_2)

⟩^S = C^S_Q 2 V^{ρσ}_{T ϕϕ}(i ∂^{23}, −i ∂^{12}) V^{μναβ}_{T T ϕϕ} (i ∂^{12}, −i ∂^{23}, i ∂^{23} − i ∂^{31}) × δ^{(d)}(x_{31}) (x^2_{12})^{d/2−1}(x^2_3)^{d/2−1}

⟨ δ^2S δg_{μν} (x_1)δg_{ρσ} (x_2) δS δg_{αβ}(x_3)

⟩^S = C^S_P 2 V^{αβ}_{T ϕϕ}(i ∂^{31}, −i ∂^{23}) V^{μναβ}_{T T ϕϕ} (i ∂^{23}, −i ∂^{31}, −i ∂^{23} + i ∂^{12}) × δ^{(d)}(x_{12}) (x^2_3)^{d/2−1}(x^2_{31})^{d/2−1}

⟨ δ^2S δg_{αβ}(x_3)δg_{ρσ} (x_2) δS δg_{μν} (x_1)

⟩^S = C^S_K 2 V^{μν}_{T ϕϕ}(i ∂^{12}, −i ∂^{31}) V^{αβρσ}_{T T ϕϕ}(i ∂^{31}, −i ∂^{12}, i ∂^{12} − i ∂^{23}) × δ^{(d)}(x_{23}) (x^2_{12})^{d/2−1}(x^2_{31})^{d/2−1}

. (81)

Notice that in the three contributions above, the p, q, and l dependence of the vertices correspond to mappings into p̂, q̂ and l̂ which are specific for each T-bubble. Similarly, in the fermion sector we obtain ⟨ δ^2S δg_{μν} (x_1)δg_{αβ} (x_3) δS δg_{ρσ} (x_2)

⟩^F = −C^F_Q δ^{(d)}(x_{31}) tr [ V^{μναβ} T T ψ̄ψ(i ∂ 12, −i ∂^{23}) i γ · ∂^{12}V^{ρσ}_{T ψ̄ψ}(i ∂^{23}, −i ∂^{12}) i γ · ∂^{23} ]

× 1 (x^2_3)^{d/2−1}(x^2_{12})^{d/2−1} , and similar expressions for the k− and p-bubles. Finally, for the spin-1 vector field we obtain ⟨ δ^2S δg_{μν} (x_1)δg_{αβ}(x_3) δS δg_{ρσ} (x_2)

⟩^V = C^V_Q 2 δ^{(d)}(x_{31}) Ṽ^{μνραβχ} T T AA (i ∂ 12, −i ∂^{23}) Ṽ^{ρστ ω}_{T AA} (i ∂^{23}, −i ∂^{12}) δ_{ζτ} δ_{χω} x^2_{12} x^2_3

, (82)

and similarly for the other bubble-type contributions.

Notice that this expression is affected by terms proportional to derivatives of δ functions. We refer to appendix E for more details on the specific structures of these terms in momentum space, where we illustrate this point in a simple case. The complete structure of the T T T vertex in position space is obtained by combining the triangle and the “K”,“P” and “Q”-bubble topologies in the form

⟨T^{μν} (x_1) T^{ρσ}(x_2) T^{αβ}(x_3)⟩ = ∑ I=S,F,V 8 [ − ⟨ δS δg_{μν} (x_1) δS δg_{σρ}(x_3) δS δg_{αβ}(x_2) ⟩^I

+ ⟨ δ^2S δg_{μν} (x_1) δg_{αβ}(x_3) δS δg_{ρσ} (x_2)

⟩^I + ⟨ δ^2S δg_{μν} (x_1) δg_{ρσ} (x_2) δS δg_{αβ}(x_3)

⟩^I + ⟨ δ^2S δg_{αβ}(x_3) δg_{ρσ} (x_2) δS δg_{μν} (x_1) ⟩^I ] . (83)

This expression is in agreement with the form of the energy-momentum tensor three point function given in [27]. The integrability of this result is manifest, due to the (d/2 − 1) exponent of each propagator in position space, which corresponds, generically, to a 1/l^2 behavior in momentum space. The vector terms, which exist in d = 4 are, obviously, Fourier integrable.

5 Moving to momentum space using Lagrangian realizations

At this point we use again the free field theory representation of these correlators to study their expression in momentum space. This will allow us to perform a direct comparison between position space and momentum space approaches for correlators affected by the trace anomaly. We start by investigating the perturbative structure of these theories and derive the corresponding vertices.

The actions for the scalar and the fermion field are respectively S_{scalar} = 1 2 ∫ d^4x √ −g [ g^{μν} ∇_μϕ ∇_ν ϕ − χ R ϕ^2 ] , (84) S_{f ermion} = i 2 ∫ d^4x V V_α^ρ [ ψ̄ γ^α (D_ρ ψ) − (D_ρ ψ̄) γ^α ψ ] , (85)

where χ is the parameter corresponding to the “improvement term”, that we have chosen to be 1/6 in the diagrammatic calculation so to deal with the classically conformal invariant theory. V_α^ρ is the vielbein and V (= √ −g) its determinant, needed in such a way to embed the fermion in the curved background, with its covariant derivative D_μ as D_μ = ∂_μ + Γ_μ = ∂_μ + 1 2 Σ^{αβ} V_α^σ ∇_μ V_{βσ} . (86)

The Σ^{αβ} are the generators of the Lorentz group in the case of a spin 1/2-field. The action S for the photon field is given by S_{photon} = S_M + S_{gf} + S_{gh} , (87) where the three contributions are the Maxwell action, the gauge fixing contribution and the ghost action

S_M = − 1 4 ∫ d^4x √ −g F^{αβ} F_{αβ} , (88) S_{gf} = − 1 2ξ ∫ d^4x √ −g (∇_αA^α)^2 (89) S_{gh} = ∫ d^4x √ −g ∂^αc̄ ∂_αc . (90) We will be using Euclidean conventions for the generating functional, given by W = 1 N ∫ DA_μ Dc̄ Dc e^{−SE [Aμ,c̄,c]} . (91) We will omit the ”E” subscript from now on, as already done in (6), to keep our notation easy. The energy-momentum tensor is defined in (4), which becomes, in the fermionic case,

T^{μν} = 1 V V^{αμ} δS δV^α_ν . (92)

This tensor is not symmetric in general, but its antisymmetric parts do not contribute to our calculations, so that, for our purposes, we can adopt the symmetric definition T^{μν def}≡ 1 2 V ( V^{αμ} δ δV^α_ν + V^{αν} δ δV^α_μ ) (93)

as well. The energy-momentum tensors for the scalar and the fermion are T^{μν}_{scalar} = ∇^μϕ ∇^ν ϕ − 1 2 g^{μν} g^{αβ} ∇_αϕ ∇_β ϕ + χ [ g^{μν} □ − ∇^μ ∇^ν + 1 2 g^{μν} R − R^{μν} ] ϕ^2 (94) T^{μν}_{f erm} = i 4 V [ g^{μρ} V_α^ν g^{νρ} V_α^μ − 2 g^{μν} V_α^ρ ][ ψ̄ γ^α (D_ρ ψ) − (D_ρ ψ̄) γ^α ψ ] , (95)

while the energy-momentum tensor for the photon field is given by the sum of three terms

T^{μν}_{QED} = T^{μν}_M + T^{μν}_{gf} + T^{μν}_{gh} , (96)

with

T^{μν}_M = 1 4 g^{μν} F^{αβ} F_{αβ} − F^{μα}F^ν_α , (97) T^{μν}_{gf} = 1 ξ {A^μ∇^ν (∇_ρA^ρ) + A^ν ∇^μ(∇_ρA^ρ) − g^{μν} [A^ρ∇_ρ(∇_σ A^σ ) + 1 2 (∇_ρA^ρ)^2]} , (98)

T^{μν}_{gh} = ∂^μc̄ ∂^ν c + ∂^νc̄ ∂^μc − g^{μν} ∂^ρc̄ ∂_ρc . (99)

The computation of the vertices can be done by taking (at most) two functional derivatives of the action with respect to the metric, since the vacuum expectation values of the third order derivatives correspond to massless tadpoles, which are zero in dimensional regularization. Given the complexity of the result and to avoid any error, we have checked that all the expressions obtained for the 1-loop vertices satisfy the corresponding Ward identities derived in the previous sections. They are given in Fig. 3 and their explicit expressions have been collected in Appendix D.

Figure 3: List of the vertices used in the Lagrangian mapping of the conformal correlators

5.1 The interpretation of the counterterms: the TT case

In this section we begin a discussion of the structure of anomalous correlators in momentum space, starting, for simplicity, from the T T case in the conformal limit. In the non-conformal case this correlator has been investigated in [5, 6] in the worldline approach.

This is a warm-up case before the more involved analysis of the 3-point functions that we will discuss afterwards. As we are going to see, the interpretation of the anomaly and of its origin, in the process of renormalization, can be different in position and in momentum space. In fact, the anomaly can be attributed either to the specific structure of the counterterm in dimensional regularization, which violates conformal invariance in d dimensions, while being traceless in d = 4 or, alternatively, to the renormalized amplitude in d=4. In this second case the anomaly emerges as a feature of the d = 4 renormalized amplitude and, specifically, of its 4-dimensional trace.

In the T T case conformal symmetry fixes this correlator up to constant, and one can proceed with the Fourier transform without resorting to a specific free field theory realization. Using the inversion matrix in Euclidean space, we define the conformal energy-momentum tensor two-point function as ⟨T^{μν} (x) T^{αβ} (y)⟩ = C_T s^{2d} I^{μν,αβ} (s) , (100) where I^{μν,αβ} (s) was defined in (72) and (73).

In order to move in the framework of differential regularization, we pull out some derivatives and rewrite our correlator as ⟨T^{μν} (x) T^{αβ} (0)⟩ = C_T 4(d − 2)^2d(d + 1)

Δ̂^{(d) μναβ} 1 x^{2d−4} , (101)

where

Δ̂^{(d) μναβ} = 1 2 ( Θ̂^{μα}Θ̂^{νβ} + Θ̂^{μβ}Θ̂^{να} ) − 1 d − 1 Θ̂μνΘ̂^{αβ} , with Θ̂^{μν} = ∂^μ∂^ν − δ^{μν} □ (102)

∂_μ Δ̂^{(d) μναβ} = 0 , δ_{μν} Δ̂^{(d) μναβ} = 0 . (103)

For reasons that will be discussed in section 8, this form of the T T correlator is Fourier-integrable, although it is characterized by a UV divergence as x → y. To move to momentum space we can split the 1/(x^2)^{d−2} term into the product of two 1/(x^2)^{d/2−1} factors and apply straightforwardly the fundamental transform (c.f. Eq. (182)), obtaining ⟨T^{μν} T^{αβ}⟩(p) ≡ ∫ d^dx ⟨T^{μν} (x)T^{αβ} (0)⟩e^{−i p·x} = C_T 4(d − 2)^2d(d + 1) ∫ d^dx e^{−i p·x} Δ̂^{(d) μναβ} 1 (x^2)^{d/2−1} 1 (x^2)^{d/2−1} = (2π)^d C(d/2 − 1)^2 C_T

4(d − 2)^2d(d + 1) Δ^{(d) μναβ} (p) ∫ d^dl 1 l^2(l + p)^2

. (104)

We have also defined

Θ^{μν} (p) = δ^{μν} p^2 − p^μ p^ν (105)

Δ^{(d) μναβ} (p) = 1 2 ( Θ^{μα}(p) Θ^{νβ} (p) + Θ^{μβ}(p) Θ^{να}(p) ) − 1 d − 1 Θ^{μν} (p) Θ^{αβ}(p) (106)

as the momentum space counterparts of the two operators previously introduced. In our notations Δ^{(4) μναβ} is obtained from the expression above by setting d = 4. The tensor indices, however, are still running from 0 to d − 1.

Notice that in d dimensions the T T correlator is anomaly-free (i.e. traceless)

δ_{μν} ⟨T^{μν} T^{αβ}⟩ (p) = δ_{αβ} ⟨T^{μν} T^{αβ}⟩ (p) = 0 . (107)

As we move to d = 4 the correlator in momentum space has a UV singularity, coming from the 2-point integral

B_0(p^2) = 1 π^2 ∫ d^dl 1 l^2 (l + p)^2 = [Γ(1 − ϵ/2)]^2 Γ(ϵ/2) Γ(2 − ϵ) 1 (π p^2)^{ϵ/2} = 2 ϵ̄ + 2 + ln ( μ^2 p^2 ) + O(ϵ) , (108)

where ϵ = 4 − d and we have introduced the quantity^2_{ϵ̄} =^2_ϵ − γ − ln π, typical of the modified minimal subtraction (MS) scheme. If we work in position space, renormalization is enforced by adding a local (i.e. ∼ δ(x − y)) counterterm of the form c_1/ϵ̄ Δ̂^{(4)μναβ} δ(x − y). The regulated correlator in d = 4 is then defined as

⟨T^{μν} (x) T^{αβ} (0)⟩ = C_T 4(d − 2)^2d(d + 1)

Δ̂^{(d)}_{μναβ} 1 x^{2d−4} + c_1 ϵ̄ Δ̂^{(4) μναβ} δ^d(x − y) , (109)

Notice that the counterterm is traceless for d = 4 (i.e. contracting the indices with a 4-dimensional metric) but not in general dimensions. Therefore, if we split the d-dimensional metric (δ^{(d)}_{μν} ) as a direct sum (⊕) of a 4-dimensional (δ_{μν} ≡ δ^{(4)}μν ) and of a (d − 4)-dimensional metrics acting on the subspaces M_4 and M_{d−4} (i. e. M_d = M_4 ⊕ M_{d−4}) we obtain δ^{(d)}_{μν} Δ̂^{(4)μναβ} = δ^{(4)}_{μν} Δ̂^{(4)μναβ} + δ^{(d−4)}_{μν} Δ̂^{(4)μναβ} = δ^{(d−4)}_{μν} Δ̂^{(4)μναβ} (110) and using the relation δ^{(4)}_{μν} Δ̂^{(4)μναβ} = 0 (111) we find that the d-dimensional trace of Δ̂^{(4)} is O(ϵ)

δ^{(d)}_{μν} Δ̂^{(4) μναβ} = − ϵ 3 □ Θ̂^{αβ} . (112)

If we now use the relation δ_{μν}Δ̂^{(d) μναβ} = 0, it is clear that the trace of renormalized T T correlator gives the correct anomaly. In particular, the trace operation cancels the 1/ϵ pole of the counterterm

δ^{(d)}_{μν} ⟨T^{μν} (x) T^{αβ} (0)⟩ = c_1 1 ϵ̄ δ^{(d−4)} μν Δ̂^{(4) μναβ} δ^d(x − y) = − [c_1 3 □Θ̂^{αβ} + ϵ 2 (γ + ln π) ] δ^d(x − y) (113) which is finite as ϵ → 0 and reproduces the expected anomaly. The selection of the counterterm is in agreement with the anomalous Ward identity of the 2-point function in momentum space. This can be checked directly from Eq. (1), by computing its first functional derivative around flat space, which leaves □R as the only contribution to the T T anomaly δ^{(4)}_{μν} ⟨T^{μν} T^{αβ}⟩(p) = 2 β_c [ □R ]_{αβ} (p) = 2 β_c p^2 Θ^{αβ}(p) . (114)

Below we will be omitting the subscript (4) when referring to a 4-dimensional kronecker δ_{μν} , unless it is strictly necessary for clarity.

In the expression above, we have introduced the notation [ □R ]_{αβ} (p) to indicate the Fourier-transformed functional derivative of the box (□) of the scalar curvature evaluated in the limit of flat spacetime. The last two equations allow us to fix the final structure of the fully renormalized correlator in the form ⟨T^{μν} T^{αβ}⟩_{ren}(p) = ⟨T^{μν} T^{αβ}⟩_{bare}(p) + 6 β_c ϵ̄ Δ^{(4) μναβ} (p) = ⟨T^{μν} T^{αβ}⟩_{bare}(p) − 4 β_a ϵ̄ Δ^{(4) μναβ} (p) , (115)

where we have used in the last step Eq. (3).

In position space, as clear from (113), the anomaly can be attributed to the counterterm. This approach allows to write down the solution of the Ward identities as an anomaly free solution (for x ≠ y) superimposed to the inhomogenous terms, exactly as stated in Eq. (109). This procedure is general, and can be applied to any correlator.

It is instructive, for comparison, to comment on the same approach in dimensional regularization working in momentum space. One can start from a field theory realization of the same (unrenormalized) correlator obtaining ⟨T^{μν} T^{αβ}⟩(p) = { 1 2 [ Θ^{μα}(p) Θ^{νβ} (p) + Θ^{μβ}(p) Θ^{να}(p) ] − 1 3 Θ^{μν} (p) Θ^{αβ} (p) } C_1(p) + 1 3 Θ^{μν} (p) Θ^{αβ} (p) C_2(p)

≡ Δ^{(4) μναβ} (p) C_1(p) + 1 3 Θ^{μν} (p) Θ^{αβ} (p) C_2(p) , (116)

where the form factors are given, in the cases of a conformally coupled scalar, a Dirac fermion and a photon, by

C_1(p) | | |_{conf.scalar} = 16 + 15 B_0(p^2)

14400 π^2

C_2(p) | | |_{conf.scalar} = − 1 1440 π^2

, (117)

C_1(p) | | | |_{Dir.f ermion} = 2 + 5 B_0(p^2)

800 π^2

, C_2(p) | | | |_{Dir.f ermion} = − 1 240 π^2

, (118)

C_1(p) | | | |_{photon} = −11 + 10 B_0(p^2)

800 π^2

, C_2(p) | | | |_{photon} = − 1 120 π^2

. (119)

Notice that the singularity of Eq. (116) is contained in the expressions of C_1(p) due to the presence of the scalar 2-point function B_0 which needs to be renormalized. The constant terms in these coefficients are due to the mass-independent renormalization of the correlator, here performed in dimensional regularization, which, for each separate case, conformal scalar, fermion and photon, can be absorbed into a redefined renormalization scale μ. The two structures in the last line of (116) separately respect the energy-momentum conservation Ward identity for the 2-point function 38, but only the first one, Δ^{(4) αβρσ} (p), is traceless in d = 4, while tracing the second we obtain the anomalous relation δ_{μν} 1 3 Θ^{μν} (p) Θ^{αβ} (p) = p^2 Θ^{αβ} (p) . (120)

The singular contribution in Eq. (116) can be eliminated by the ordinary renormalization procedure, leaving a result that is finite and whose trace can be taken directly in 4 dimensions. In this approach the anomaly can be attributed to the regularization procedure and not directly to the counterterm, which is traceless (compare (110) for d = 4), while it is the finite part of the correlator, going like C_2(p), to be anomalous.

The complete TT correlation function and its positive spectral functions were calculated in both the tensor and scalar sectors for a scalar field of arbitrary mass and curvature coupling ξ in 4-dimensions in [1]. In the case of general mass and ξ, conformal invariance does not hold and the second tensor structure in (116) is always present. By taking ξ = 1/6 and the limit of zero mass, one can also see from the spectral function approach in [1] how the trace anomaly appears.

As in the case of the chiral anomaly, a dispersive analysis shows that the spectral density of an anomalous correlator is affected, under certain circumstances, by typical contributions which amount to anomaly poles. Anomaly poles emerge from a collinear configuration of a certain amplitude interpreted as a real space-time (on-shell) process. Similar poles have been found in the T T case in 2-dimensions [7]. In higher dimensions because of the kinematics explained in [11] one must go at least to triangle amplitudes at least as complicated as TVV or TTT in order to find these pole terms.

We have stressed this point to emphasize that the approach followed in position space, which consists in the addition of a contact counterterm to regulate the anomaly, is not in contradiction with the ordinary diagrammatic picture. It simply doesn’t give the complete kinematical understanding of the origin of the anomaly, which the spectral function dispersive approach attributes to the existence of a collinear region in the (anomalous) diagrams of the perturbative expansion. In the following, we will try to match these two quite different descriptions by discussing more complex correlators.

6 The counterterm for the T V V in position and in momentum space

We now turn to the question of the renormalization of TVV correlator in d = 4 dimensions. This can be performed either 1) by solving the renormalized Ward identities in position space or 2) by a perturbative computation in momentum space of all the diagrams in dimensional regularization. The two methods are obviously quite different and the goal of this section is to test their correspondence, given the results of [27].

As already emphasized in section (5.1), the renormalized 3-point functions have to satisfy the requirement of general covariance as well as renormalized anomalous Ward identities. The solution of these identities can be directly found by rewriting them in momentum space. For the ⟨T V V ⟩ case, the requirement of general covariance is also supplememented with gauge current conservation. If we denote our counterterm by D_{μναβ} (p, q), the algebraic conditions satisfied by the counterterm are given by

(p + q)^μ D_{μναβ} (p, q) = q_ν Θ_{αβ}(p) − δ_{νβ} q^μ Θ_{μα}(p) + p_ν Θ_{αβ}(q) − δ_{να} p^μ Θ_{μβ} (q) , p^α D_{μναβ} (p, q) = q^β D_{μναβ} (p, q) = 0 , (121) with Θ_{αβ}(p) being the counterterm for the vector-vector 2-point function. In fact, the equations above are just the divergent parts of the general covariance and gauge invariance Ward identities for our three point function,

(p + q)^μ ⟨T_{μν} V^a_α V^b_β ⟩(p, q) = q_ν ⟨V^a_α V^b_β ⟩(p) − δ_{νβ} q^μ ⟨V^a_μ V^b_α⟩(p) + p_ν ⟨V^a_α V^b_β ⟩(q) −δ_{να} p^μ ⟨V^a_μ V^b_β ⟩(q) , p^α ⟨T_{μν} V^a_α V^b_β ⟩(p, q) = q^β ⟨T_{μν} V^a_α V^b_β⟩(p, q) = 0 . (122)

To see how they arise, we introduce the counterterms for the two correlators at hand, modulo two constants ⟨V^a_α V^b_β ⟩_{ren}(p) = ⟨V^a_α V^b_β ⟩_{bare}(p) + 1 ϵ C_{V V} Θ_{αβ} (p) , ⟨T_{μν} V^a_α V^b_β ⟩_{ren}(p, q) = ⟨T_{μν} V^a_α V^b_β ⟩_{bare}(p, q) + 1 ϵ C_{T V V} D_{μναβ} (p, q) . (123)

Replacing them in (122) and equating the coefficients of the 1/ϵ terms we immediately obtain (121) and the condition C_{V V} = C_{T V V} . These constraints are sufficient to state that the counterterm is

D_{μναβ} (p, q) = δ_{αβ} (p_μ q_ν + q_μ p_ν ) + p · q (δ_{μβ} δ_{να} + δ_{μα} δ_{νβ} ) − (δ_{βν} p_μ + δ_{βμ} p_ν ) q_α − (δ_{μα} q_ν + δ_{αν} q_μ) p_β − δ_{μν} (p · q δ_{αβ} − q_α p_β ) . (124)

A consistency condition on this tensor, which is easily seen to be satisfied, is that the trace anomaly constraint in d dimensions, δ^{μν} D_{μναβ} (p, q) = (4 − d) (p · q δ_{αβ} − q_α p_β ) ≡ ϵ (p · q δ_{αβ} − q_α p_β) (125) reproduces the anomaly.

It is instructive to see how the same operation can be performed diagrammatically. For this purpose we just recall that the general form of the T V V amplitude can be expanded in a basis of 13 tensor structures t^{μναβ}_i (p, q) defined in [21] Γ_{μναβ} (p, q) = 13∑ i=1 F_i(k^2; p^2, q^2) t^i_{μναβ} (p, q) , (126)

where we have defined the tensors u^{αβ}(p, q) ≡ (p · q) δ^{αβ} − q^α p^β , (127) w^{αβ} (p, q) ≡ p^2 q^2 δ^{αβ} + (p · q) p^α q^β − q^2 p^α p^β − p^2 q^α q^β , (128)

which are Bose symmetric, u^{αβ} (p, q) = u^{βα}(q, p) , (129) w^{αβ} (p, q) = w^{βα}(q, p) . (130) Gauge invariance is respected due to the conditions

p_α u^{αβ}(p, q) = q_β u^{αβ}(p, q) = 0 , (131) p_α w^{αβ} (p, q) = q_β w^{αβ} (p, q) = 0 . (132)

A complete perturbative analysis shows that the only tensor structure which is affected by the renormalization procedure is t_{13}, which coincides with the D_{μναβ} counterterm introduced above. As discussed in [21] for QED and in [3, 4] for QED and QCD by direct computations, renormalization of the T V V vertex affects only this tensor structure. Given the complexity of the computations and the wide difference between the general CFT approach and the ordinary diagrammatic one, this agreement is obviously nontrivial. As in the T T case, the anomaly is generated by the (d − 4)-dimensional part of the trace, which simplifies with the 1/(d − 4) factor in front of the counterterm. In particular, all our previous comments concerning the renomalization of the T T case remain valid also here, since in our approach the anomaly is computed after subtracting the infinities, by taking the 4-dimensional trace of the renormalized T V V vertex. In particular, one can check that of the 13 structures t_i only t_1 has a non-vanishing trace, while the remaining ones are traceless. As discussed in [21] for the fermion case, t_1 carries all the information about the anomaly and its corresponding form factor (F_1) contains an anomaly pole. The extraction of this additional information about the T V V correlator indeed requires a complete analysis of the same in momentum space.

6.1 TVV on-shell in d = 4 and the anomaly poles

As we have mentioned, the complete T V V correlator can be obtained in any dimension as a superposition of a scalar and of a fermion sectors. Obviously, this result holds for any CFT, and the explicit evaluation that we provide is

Figure 4: The fermion/scalar sectors in the TVV vertex.

completely general. In the off-shell case the fermion loop has been analyzed in [21] [3]. Explicit resuls for this sector can be found in [3]. In this section we extend the computation to the scalar sector, focusing on the on-shell case for the two external vectors, since the expressions in the general case are far lengthier.

In the on-shell case the 13 structures t^i simplify drastically. We use three structures A^1, A^2 and D, with D being the counterterm discussed above, to describe the parameterization of this vertex. In terms of the momenta of the two outgoing gauge bosons (p, q), with p^2 = q^2 = 0 and p · q = k^2/2 we have Γ^{ab}_{μναβ} (p, q)^{f /s} = F^{ab}_1 (p · q)^{f /s}A^1_{μναβ} (p, q) + F^{ab}_2 (p · q)^{f /s}A^2_{μναβ} (p, q) + F^{ab}_3 (p · q)^{f /s}D_{μναβ} (p, q) (133) with

A^1_{μναβ} = (2p · q δ^{μν} − k^μk^ν ) u^{αβ} (p, q) , (134) A^2_{μναβ} = −2 u^{αβ}(p, q) (2p · q δ^{μν} + 2(p^μ p^ν + q^μ q^ν ) − 4 (p^μ q^ν + q^μ p^ν )) , (135)

with form factors given by

F^{ab}_1 (p · q)^f = δ^{ab} 1 72 π^2 p · q

, (136)

F^{ab}_2 (p · q)^f = δ^{ab} 1 576π^2 p · q

, (137) F^{ab}_3 (p · q)^f = −δ^{ab} 1 288π^2 [ 12B_0(2p · q, 0, 0) + 11 ] , (138)

for the fermion sector and

F^{ab}_1 (p · q)^s = δ^{ab}, 1 144π^2 p · q

, (139) F^{ab}_2 (p · q)^s = −δ^{ab} 1 576π^2 p · q

, (140) F^{ab}_3 (p · q)^s = −δ^{ab} 1 576π^2 [ 6B_0(2p · q, 0, 0) + 7 ] , (141)

for the scalar sector. Notice that both the scalar (s) and the fermion (f) sectors have anomaly poles. The anomaly is attributed to the tensor structure A_1 which has a nonzero trace. As we have clarified above, the anomaly is not attributed to D (i.e. t_{13}), which is the counterterm found in position space, but to the tensor structure A_1, after renormalization. The remaining structures A_2 and D are, in fact, traceless in 4-dimensions. This structure coincides with the form factor t_1 of [21], which has a nonzero trace. As remarked before, the dynamical origin of the trace anomaly has necessarily to be found in momentum space.

6.2 TVV in d dimension

These results can be generalized, with some extra effort, to d dimensions. By our inverse mapping procedure the result of the computation in this case remains valid for any conformal theory, since the two sectors, scalar and fermion, are sufficient to describe the general solution of the Ward identities. The result can be given in a form which is quite similar to those in (133). We obtain Γ^{ab}_{μναβ} (p, q)_f = f^{ab}_1 (p · q)C^f_{μναβ} (p, q) + f^{ab}_2 (p · q)D_{μναβ} (p, q) , Γ^{ab}_{μναβ} (p, q)_s = s^{ab}_1 (p · q)C^s_{μναβ} (p, q) + s^{ab}_2 (p · q)D_{μναβ} (p, q) . (142) The form factors are found to be

f^{ab}_1 (p · q) = 1 δ^{ab} (2π)^dp · q d − 4 d(d − 1)(d − 2) π^2B_0(2p · q, 0, 0)

f^{ab}_2 (p · q) = − 2 δ^{ab} (2π)^d d(d − 3) + 4 d(d − 1)(d − 2) π^2B_0(2p · q, 0, 0) ,

s^{ab}_1 (p · q) = 4δ^{ab} (2π)^d d − 4 d(d − 1)(d − 2)p · q π^2B_0(2p · q, 0, 0) ,

s^{ab}_2 (p · q) = − 2 δ^{ab} (2π)^d 1 d(d − 1) π^2B_0(2p · q, 0, 0) , (143)

where the tensors in the basis are given by

C^f_{μναβ} (p, q) = (p · q δ_{αβ} − q_α p_β) (d(p_μ p_ν + q_μ q_ν ) + (d − 4)(p_μ q_ν + q_μ p_ν ) − 2(d − 2)p · q δ_{μν} ) , C^s_{μναβ} (p, q) = (p · q δ_{αβ} − q_α p_β) (p_μ q_ν + q_μ p_ν − p · q δ_{μν} ) , D_{μναβ} (p, q) = δ_{αβ} (p_μ q_ν + q_μ p_ν ) + p · q (δ_{μβ} δ_{να} + δ_{μα} δ_{νβ} ) − (δ_{βν} p_μ + δ_{βμ} p_ν ) q_α − (δ_{μα} q_ν + δ_{αν} q_μ) p_β − δ_{μν} (p · q δ_{αβ} − q_α p_β ) . (144)

Notice that in this case all the structures (C, D) are traceless since there is no anomaly. As a final observation, we remark that in the on-shell case, the only topology that survives in the expansion of this correlator corresponds to a master integral of type B_0 which corresponds to a massless 2-point function. The other master integral which also heavily appears in the perturbative expansion, C_0, which corresponds to the scalar triangle diagram, drops out in the on-shell limit.

6.3 Renormalization of the T T T

In this section we address the problem of the renormalization of the 3-graviton vertex and compare the standard Lagrangian approach with the deductive method of [27], which is developed for the analysis in d dimensions. Since our interest, for this vertex, is sharply focused on the d = 4 case, we need to clarify a few points. Notice that one of the two counterterms that appear at Lagrangian level, G, is a total divergence in 4 but not in d dimensions. In particular, G generates a counterterm which is effectively a projector on the extra (d − 4)-dimensional space and as such, gives a contribution which needs to be included in order to perform a correct renormalization of the vertex. This has been verified by an explicit computation in dimensional regularization.

We recall that in perturbation theory the one loop counterterm Lagrangian is S_{counter} = − 1 ϵ ∑ I=f,s,V n_I ∫ d^dx √ −g ( β_a(I)F + β_b(I)G ) (145)

We have used the 4-dimensional realization of F F = R^{αβγδ}R_{αβγδ} − 2 R^{αβ}R_{αβ} + 1 3 R^2 (146)

which is obtained from (242) with d → 4. G, obviously does not contribute to every correlator. For instance, in the case of the T T , the counterterm is obtained by functional differentiation twice of S_{counter}, but one can easily check (see Eq. (257)) that the second variation of G vanishes in the flat limit. Hence, the only counterterm is given by

D^{αβρσ}_F (x_1, x_2) = 4 δ^2 δg_{αβ} (x_1)δg_{ρσ} (x_2) ∫ d^dw √ −g F . (147) Its form in momentum space is given by

D^{αβρσ}_F (p) = 4 Δ^{(4) αβρσ} (p) , (148)

and we recover the renormalized 2-point function in (115) just with its inclusion, i.e. ⟨T^{αβ} T^{ρσ} ⟩_{ren}(p) = ⟨T^{αβ} T^{ρσ} ⟩(p) − β_a ϵ̄ D^{αβρσ}_F (p) . (149) In the case of the 3-graviton vertex the counterterm action (145) generates the vertices − 1 ϵ ( β_aD^{μνρσαβ} F (z, x, y) + β_b D^{μνρσαβ}_G (z, x, y) ) , (150)

where D^{μνρσαβ} F (x_1, x_2, x_3) = 8 δ^3 δg_{μν} (x_1)δg_{ρσ} (x_2)δg_{αβ} (x_3) ∫ d^dw √ −g F , (151) D^{μνρσαβ} G (z, x, y) = 8 δ^3 δg_{μν} (x_1)δg_{ρσ} (x_2)δg_{αβ} (x_3) ∫ d^dw √ −g G . (152) (152) and (151) are obtained by functionally deriving three times the general functional I(a, b, c) ≡ ∫ d^4x √ −g ( a R^{abcd}R_{abcd} + b R^{ab}R_{ab} + c R^2 ) , (153)

with respect to the metric for appropriate a, b and c, i.e.

a = 1 , b = −2 , c = 1 3 , a = 1 , b = −4 , c = 1 .

Some of the computations are, for convenience, reproduced in appendix B.

It is known that D^{μναβρσ}_G (p, q) is found to vanish identically in four dimensions. In fact, its explicit form is D^{μναβρσ} G (p, q) = −240 ( E^{μσαγκ,νρβδλ} + E^{μραγκ,νσβδλ} + α ↔ β ) q_γ q_δ p_κ p_λ , (154)

where E^{μσαγκ,νρβδλ} is a projector onto completely antisymmetric tensors with five indices, so that it would yield zero in four dimensions, reflecting the fact that the integral of the Euler density is a topological invariant in such dimensions. We have explicitly checked by an explicit computation that, given the structure of the counterterm Lagrangian in (145), one needs necessarily to include the contribution from the G part of the functional, in the form given by D_G, in order to remove all the divergences. This choice brings us to a counterterm contribution which regulates T T T which is slightly different from the approach followed in [27]. The two approaches, in fact, differ by a finite renormalization, since in our case we reproduce the entire anomaly, including the local contribution (β_c ≠ 0). The fully renormalized 3-point correlator in momentum space can be written down as ⟨T^{μν} T^{ρσ}T^{αβ}⟩_{ren}(p, q) = ⟨T^{μν} T^{ρσ}T^{αβ}⟩_{bare}(p, q) − 1 ϵ ( β_a D^{μναβρσ} F (p, q) + β_b D^{μναβρσ}_G (p, q) ) (155)

and the goal is to proceed with an identification both of D_F and D_G from the diagrammatic expansion in momentum space. The cancellation of all of the ultraviolet poles, for suitable expressions of D_F and D_G, has been thoroughly checked from our explicit results. As we have already discussed in the previous cases, after renormalization, we can take the trace of (155) (in four dimensions) and obtain the entire trace anomaly.

In parallel, it is instructive to see how one can derive the analogue of (155), using our expression of F , which is 4-dimensional, but following the same approach of [27], i.e. by using the Ward identities. In this case we are bound to introduce the generic counterterms to the T T T vertex ⟨T^{μν} T^{ρσ} T^{αβ}⟩_{ren}(p, q) = ⟨T^{μν} T^{ρσ}T^{αβ}⟩_{bare}(p, q) + 1 ϵ ( C_F D^{μναβρσ} F (p, q) + C_G D^{μναβρσ}_G (p, q) ) , (156)

written in terms of arbitrary coefficients C_F and C_G. Notice that, for convenience, we have formulated (156) in momentum space, but the 1/ϵ corrections are supported only at the coincidence point (x_1 = x_2 = x_3), for appropriate D_F and D_G, as one could check by performing a transform of this expression.

With the addition of the new contact terms which guarantee the regularization of the correlator, the new renormalized vertex must satisfy (41) and two similar identities which follow exchanging indices and momenta properly.

One can check that D^{μναβρσ}_G (p, q) is transverse, as (154) shows clearly, k_ν D^{μναβρσ} G (p, q) = 0 , p_αD^{μναβρσ}_G (p, q) = 0 q_σ D^{μναβρσ}_G (p, q) = 0 , (157) so that by inserting the expressions (149) and (156) into these Ward identities and taking (157) into account, one obtains three conditions on the F-contribution to the counterterm, the first being C_F k_ν D^{μναβρσ} F (p, q) = −4 β_a { q^μΔ^{(4) ρσαβ} (p) + p^μΔ^{(4) αβρσ} (q) −q_ν [ δ^{μρ}Δ^{(4) νσαβ} (p) + δ^{μσ} Δ^{(4) νραβ} (p) ] − p_ν [ δ^{μα}Δ^{(4) νβρσ} (q) + δ^{μβ} Δ^{(4) ναρσ} (q) ]} . (158)

and the other two coming from a permutation of the indices and of the momenta. They are seen to be satisfied if C_F = −β_a.

Exactly the same argument can be applied to the three anomalous trace identities in d = 4 + ϵ dimensions in order to fix C_G. Notice that, in this approach, the anomaly is reproduced by taking the traces of D^{μναβ}_F (p, q) and D^{μναβ}_G (p, q) in d dimensions, obtaining δ_{μν} D^{μναβρσ} F (p, q) = −4 ϵ ( [ F ]_{αβρσ} (p, q) − 2 3 [√ −g□ R ]_{αβρσ} (p, q) ) − 8 ( Δ^{(4) αβρσ}(p) + Δ^{(4) αβρσ} (q) )

δ_{μν} D^{μναβρσ} G (p, q) = −4 ϵ [ G ]_{αβρσ} (p, q) . (159)

According to the previously established notation, [ F ]_{αβρσ} (p, q) and [ G ]_{αβρσ} (p, q) are the Fourier-transformed second functional derivatives of the squared Weyl tensor and the Euler density respectively. Requiring (43) to be satisfied by the renormalized 2 and 3-point correlators we get δ_{μν} ( − β_a D^{μναβρσ} F (p, q) + C_G D^{μναβρσ}_G (p, q) ) = 4 ϵ [ β_a ( [ F ]_{αβρσ} (p, q) − 2 3 [√ −g□ R ]_{αβρσ} (p, q) )

+ β_b [ G ]_{αβρσ} (p, q) ] − 8 ( Δ^{(4) αβρσ} (p) + Δ^{(4) αβρσ} (q) ) , (160)

Figure 5: T T T and its counterterms generated with the choice of the square of the Weyl (F ) tensor in 4 dimensions and the Euler density (G).

Figure 6: The contributions to the renormalized T T T vertex from the square of the Weyl tensor in d-dimensions (F^d) and the Euler density (G).

and other two similar equations, obtained by shuffling indices and momenta as for the general covariance Ward identites.

In this way the conditions (149), (159), (159) and (3) allow us to obtain the relation C_G = −β_b, as expected. We have verified by direct computation for scalar, fermion and vector fields that the approach followed in ref. [27] of solving the Ward identities by adding contact terms to the homogenous expression of vertex (obtained for separate points) matches precisely the renormalization procedure above in momentum space.

Notice that in [27] the choice of F is slightly different from ours, since the authors essentially define a counterterm which at a Lagrangian level would be of the form S̃_{counter} = − 1 ϵ ∫ d^4x √ −g ( β_a F^d + β_b G ) (161)

based on the d-dimensional expression of the squared of the Weyl tensor (F^d). Such a choice does not generate a local anomaly contribution proportional to □R as d → 4. In fact the authors choose to work with β_c = 0 from the beginning, since the inclusion of the local anomaly contribution amounts just to a finite renormalization with respect to (161). Notice that in d dimensions, if we take the trace of the functional derivative in (257) for a = 1, b = −4/(d − 2), c = 2/((d − 1)(d − 2)), which are the d-dimensional coefficients appearing in F^d, one can explicitly check that the contribution proportional to □R in the anomalous trace cancels. For this purpose we can expand the integrand of (161) around d = 4 (in ϵ = 4 − d) up to O(ϵ), obtaining that the counterterm action can be separated in a pole plus a finite part, i.e. S̃_{counter} = S_{counter} + S_{f in. ren.} = S_{counter} + β_a ∫ d^4x √ −g ( R^{αβ} R_{αβ} − 5 18 R^2 ) + O(ϵ) . (162)

Recalling the definition (5) and using (257), we see that the contribution of this finite part to the vev of the energy-momentum tensor is g_{μν} ⟨ T^{μν} ⟩_{f in.ren.} = −β_c □R . (163) Comparing this with (1), we see that this extra contribution will cancel the local anomaly.

So this approach is equivalent, for what concerns the anomaly, to supplying the action of the theory with the finite renormalization usually met in the literature, i.e. S^{(2)}_{f in. ren.} ≡ − β_c 12 ∫ d^4x √ −g R^2 , (164)

Figure 7: The relation between the counterterm generated by F^d and the same obtained from F . The difference is a finite renormalization (F_{f in}) generated by the √ −gR^2 term in the counterterm Lagrangian, which generates the local contirbution to the trace anomaly.

which is known to cancel the local anomaly, due to the similar relation g_{μν} 2 √ −g δS^2_{f in. ren.} δg_{μν} = −β_c □R , (165)

which holds in d = 4 as well.

6.4 The renormalized on-shell 3-graviton vertex in 4 dimensions

In all of the three cases examined, the vertex Γ^{μναβρσ} (p, q) can be expanded on a basis made up of thirteen tensors, if we go on shell on the two outgoing gravitons, which amounts to contract the amplitude with polarization tensors which are transverse and traceless e^s_{λκ}(p) , (e^s)^λ_λ = 0 , p^λ e^s_{λκ} = 0 , (166)

where the superscript denotes the helicity state.

It is easy to see that the contraction of the amplitude with the polarization tensors with the properties (166) for the two outgoing gravitons is equivalent to the replacements

p^2 → 0 , q^2 → 0 , p^α → 0 , p^β → 0 , q^ρ → 0 , q^σ → 0 , (167)

so that we will give the amplitude in terms of tensors which are non-vanishing after this limit is taken. The expansion of our Green’s function for a theory with n_S scalars, n_F fermions and n_V vector bosons can be written in general as ⟨T^{μν} T^{ρσ}T^{αβ}⟩(p, q) | | | On−Shell = ∑ n_I =n_S ,n_F ,n_V n_I 13∑ i=1 Ω^I_i (s) t^{μναβρσ} i (p, q) , s = k^2 = (p + q)^2 = 2 p · q . (168)

The form factors for the three theories at hand are listed in Table 2, modulo the three overall factors, in the first row. The 13 tensors t^{μναβρσ}_i (p, q) are listed below. They are given by t^{μναβρσ} 1 (p, q) = ( p^μp^ν + q^μq^ν ) p^ρp^σ q^αq^β t^{μναβρσ} 2 (p, q) = ( p^μq^ν + p^ν q^μ ) p^ρp^σ q^αq^β

t^{μναβρσ} 3 (p, q) = ( p^μp^ν + q^μq^ν ) ( p^σ q^β δ^{αρ} + p^σq^αδ^{βρ} + p^ρq^β δ^{ασ} + p^ρq^αδ^{βσ} ) t^{μναβρσ} 4 (p, q) = p^ρp^σ ( q^β q^ν δ^{αμ} + q^β q^μδ^{αν} + q^αq^ν δ^{βμ} + q^αq^μδ^{βν} ) + q^αq^β ( p^ν p^σδ^{μρ} + p^ν p^ρδ^{μσ} + p^μp^σ δ^{νρ} + p^μp^ρδ^{νσ} ) t^{μναβρσ} 5 (p, q) = ( p^μq^ν + q^μp^ν ) ( p^ρ ( q^αδ^{βσ} + q^β δ^{ασ} ) + p^σ ( q^αδ^{βρ} + q^β δ^{αρ} )) i Ω^S_i (s) × 720 π^2 Ω^F_i (s) × 240 π^2 Ω^V_i (s) × 1152 π^2 1 −^1_{2 s} −^1_s^{72}_{5 s} 2 −^1_s −^1_{3 s}^{64}_{5 s} 3 −^{7+30 B0(s)}_{120}^{13−30 B0(s)}_{60}^{82−120 B0(s)}_{25} 4 −^{2+5 B0(s)}_{10}^{7−70 B0(s)}_{120}^{2 (482+130 B0(s))}_{25} 5^1_6 −^{−1+10 B0 (s)}_{48} −^{79+50 B0(s)}_5 6^{23+20 B0 (s)}_{20}^{33+70 B0(s)}_{60} −^{104 (22+5 B0(s))}_{25} 7 −^{s (16+15 B0(s))}

20 −^{3 s (2+5 B0 (s))}_{10} −^{s (−11+10 B0 (s))}_{80} 8 −^{s (47+30 B0(s))}

80 −^{3 s (9+10 B0(s))}_{40}^{s (2+5 B0(s))}_{40} 9^{s (2+5 B0(s))}_{40} −^{7s (1−10 B0(s))}_{480} −^{s (487+130 B0(s))}_{50} 10^{s (9+10 B0(s))} 20 s (137+430 B_0(s))

480 −^{s (883−230 B0(s))} 50 11 −^{s (7+5 B0(s))}_{20} −^{7 s (9+10 B0(s))}_{240}^{s (467+130 B0 (s))}_{25} 12 −^{s (121+90 B0(s))}

240 −^{s (97+130 B0(s))} 240 2 s (299+35 B_0(s)) 25 13^{5 s2 (3+2 B0(s))} 32 5 s^2 (9+10 B_0(s))

96 −s^2 (13 − B_0(s))

Table 2: Form factors for the vertex Γ^{μναβρσ} (p, q) in the on-shell limit.

t^{μναβρσ} 6 (p, q) = δ^{μν} p^ρp^σq^αq^β

t^{μναβρσ} 7 (p, q) = p^ρp^σ ( δ^{μα}δ^{νβ} + δ^{μβ} δ^{να} ) + q^αq^β ( δ^{μρ}δ^{νσ} + δ^{μσ} δ^{νρ} ) − 1 2 ( p^μp^ρ ( δ^{ασ} δ^{νβ} + δ^{βσ}δ^{να} ) + p^ν p^ρ ( δ^{ασ} δ^{μβ} + δ^{βσ}δ^{μα} ) + p^μp^σ ( δ^{αρ}δ^{νβ} + δ^{βρ}δ^{να} ) + p^ν p^σ ( δ^{αρ}δ^{μβ} + δ^{βρ}δ^{μα} ) + q^μq^α ( δ^{βσ}δ^{νρ} + δ^{βρ}δ^{νσ} ) + q^ν q^α ( δ^{βσ}δ^{μρ} + δ^{βρ}δ^{μσ} ) + q^μq^β ( δ^{ασ} δ^{νρ} + δ^{αρ}δ^{νσ} ) + q^ν q^β ( δ^{ασ} δ^{μρ} + δ^{αρ}δ^{μσ} ) )

t^{μναβρσ} 8 (p, q) = ( p^μp^ν + q^μq^ν ) ( δ^{ασ} δ^{βρ} + δ^{αρ}δ^{βσ} ) t^{μναβρσ} 9 (p, q) = p^ρ ( q^μ(δ^{ασ} δ^{βν} + δ^{αν} δ^{βσ} ) + q^ν (δ^{ασ} δ^{βμ} + δ^{αμ}δ^{βσ} ) )

+ p^σ ( q^μ(δ^{αρ}δ^{βν} + δ^{αν} δ^{βρ}) + q^ν (δ^{αρ}δ^{βμ} + δ^{αμ}δ^{βρ}) )

+ q^α ( p^μ(δ^{βσ}δ^{νρ} + δ^{βρ}δ^{νσ} ) + p^ν (δ^{βσ}δ^{μρ} + δ^{βρ}g_{μσ} ) )

+ q^β ( p^μ(δ^{ασ} δ^{νρ} + δ^{αρ}δ^{νσ}) + p^ν (δ^{ασ} δ^{μρ} + δ^{αρ}δ^{μσ} ) ) t^{μναβρσ} 10 (p, q) = p^ρ ( q^α(δ^{βν} δ^{μσ} + δ^{βμ}δ^{νσ}) + q^β (δ^{αν} δ^{μσ} + δ^{αμ}δ^{νσ} ) )

+ p^σ ( q^α(δ^{βν} δ^{μρ} + δ^{βμ}δ^{νρ}) + q^β (δ^{αν} δ^{μρ} + δ^{αμ}δ^{νρ}) )

− p.q ( δ^{αρ}(δ^{βν} δ^{μσ} + δ^{βμ}δ^{νσ}) + δ^{αν} (δ^{βσ}δ^{μρ} + δ^{βρ}δ^{μσ} ) + δ^{αμ}(δ^{βσ}δ^{νρ} + δ^{βρ}δ^{νσ} ) + δ^{ασ} (δ^{βν} δ^{μρ} + δ^{βμ}δ^{νρ}) )

t^{μναβρσ} 11 (p, q) = ( p^ν q^μ + p^μq^ν ) ( δ^{ασ}δ^{βρ} + δ^{αρ}δ^{βσ} ) t^{μναβρσ} 12 (p, q) = δ^{μν} ( p^ρ ( q^β δ^{ασ} + q^αδ^{βσ} ) + p^σ ( q^β δ^{αρ} + q^αδ^{βρ} ) )

t^{μναβρσ} 13 (p, q) = δ^{μν} ( δ^{ασ} δ^{βρ} + δ^{αρ}δ^{βσ} ) . (169)

The correlator is affected by ultraviolet divergences coming from the two-point integrals B_0(s) (see Eq. (108)). This

is true in the off-shell case too, as all the other contributions to the scalar coefficients of its tensor expansion are

made up of the three invariants p^2, q^2 and p · q plus the scalar 3-point integral

C_0(s, s_1, s_2) = 1 π^2 ∫ d^dl 1 l^2 (l + p_1)^2 (l + p_2)^2

, s = (p_1 + p_2)^2 , s_i = p^2_i i = 1, 2 (170)

which is finite for d = 4. In the MS scheme the renormalized two-point integral is defined as

B^{MS}_0 (p^2) = 2 + ln ( μ^2

p^2 ) . (171)

which simply replaces the unrenormalized expression B_0(p^2) (108) given in Tab. 2, after using the renormalization

procedure discussed above. We have checked that by taking the trace of these 13 tensors one reproduces the Weyl,

Euler and local contributions to the trace anomaly satisfied by the vertex which in this on-shell case are given by δ_{μν} ⟨T^{μν} T^{αβ}T^{μν} ⟩(p, q) | | |_{On−Shell} = 4 { β_a ( [ F ]_{αβρσ} (p, q) − 2 3 [√ −g□ R ]_{αβρσ} (p, q) )

+ β_b [ G ]_{αβρσ} (p, q) }| | |_{On−Shell} (172)

δ_{αβ} ⟨T^{μν} T^{αβ}T^{μν} ⟩(p, q) | | |_{On−Shell} = 4 { β_a ( [ F ]_{μνρσ} (−k, q) − 2 3 [√ −g□ R ]_{μνρσ} (−k, q) )

+ β_b [ G ]_{μνρσ} (−k, q) − 1 2 ⟨T^{μν} T^{ρσ}⟩(k) }| | |_{On−Shell} (173)

δ_{ρσ} ⟨T^{μν} T^{αβ}T^{μν} ⟩(p, q) | | | On−Shell = 4 { β_a ( [ F ]_{μναβ} (−k, p) − 2 3 [√ −g□ R ]_{μναβ} (−k, p) )

+ β_b [ G ]_{μναβ} (−k, p) − 1 2 ⟨T^{μν} T^{αβ}⟩(k) }| | |_{On−Shell} , (174) with [F ]^{αβρσ} (p, q) | | |_{On−Shell} = 2 p^ρ p^σq^αq^β − p · q ( p^σ q^β δ^{αρ} − p^ρq^β δ^{ασ} − p^σq^αδ^{βρ} − p^ρq^αδ^{βσ} )

+ (p · q)^2 ( δ^{ασ}δ^{βρ} + δ^{αρ}δ^{βσ} ) (175) [G]^{αβρσ} (p, q) | | |_{On−Shell} = 2 p^ρp^σq^αq^β − p · q ( p^σq^β δ^{αρ} − p^ρq^β δ^{ασ} − p^σq^αδ^{βρ} − p^ρq^αδ^{βσ} )

+ (p · q)^2 ( δ^{ασ}δ^{βρ} + δ^{αρ}δ^{βσ} ) (176) [√ −g □R ]_{αβρσ} (p, q) | | |_{On−Shell} = 1 2 p · q ( p^σq^β δ^{αρ} + p^ρq^β δ^{ασ} + p^σ q^αδ^{βρ} + p^ρq^αδ^{βσ} )

− 3 2 (p · q)^2 ( g^{ασ}δ^{βρ} − δ^{αρ}δ^{βσ} ) . (177)

The on-shell limits of the two point functions appearing in the r.h.s. of (173) and (174) are obtained from (116) replacing p → k and using (167) in (105).

7 The T ϕ^2ϕ^2 and V V V correlators in momentum space

A similar analysis allows to obtain the expression in momentum space of the T ϕ^2ϕ^2, discussed before in position space. We give the complete d-dimensional off-shell expression. It can be decomposed into four independent tensor structures

Γ^{T ϕ2 ϕ2} μν (p, q) = F_1(p, q) ( p_μp_ν − p^2 d δ_{μν} ) + F_1(q, p) ( q_μq_ν − q^2 d δ_{μν} )

+ F_2(p, q) ( p_μq_ν + p_ν q_μ − 2 p · q d δ_{μν} ) + F_3(p, q) 1 d δ_{μν} (178)

where the first three tensors are traceless while the last one has a non-vanishing trace. The three form factors are given by

F_1(p, q) = 1 (2π)^d π^2 2(d − 2)(p · q^2 − p^2q^2)^2 { (d − 1)p · q(p · q + q^2)(p + q)^2 B_0((p + q)^2)

− B_0(p^2) [ p^2((d − 1)p · q^2 + 2 p · q q^2 + q^2) + (d − 2)p · q^2(2 p · q + q^2) ]

− B_0(q^2) [ q^2 p · q((3d − 5)p · q + p^2) − q^4((d − 3)p^2 − (d − 1)p · q) + (d − 2)p · q^3 ]

+ (p · q + q^2)(p + q)^2((d − 2)p · q^2 + p^2q^2)C_0(p^2, (p + q)^2, q^2) } ,

F_2(p, q) = 1 (2π)^d π^2 2(d − 2)(p · q^2 − p^2q^2)^2 { B_0(p^2) [ (d − 1)p^2 p · q^2 + (d − 2)p · q^3 + p^2q^2 p · q ]

+ B_0(q^2) [ (d − 1)q^2 p · q^2 + (d − 2)p · q^3 + p^2q^2 p · q ]

− p · q B_0((p + q)^2) [ (d − 1)p · q(p^2 + q^2) + (d − 2)p^2q^2 + d p · q^2 ]

− (d − 2)p · q^2 + p^2q^2 d − 1 C_0(p^2, (p + q)^2, q^2) [ (d − 1)p · q(p^2 + q^2) + (d − 2)p^2q^2 + d p · q^2 ]} , F_3(p, q) = 1 (2π)^d π^2 ( B_0(p^2) + B_0(q^2) ) . (179)

Finally, we present here the expression of the conformal contributions to the V V V with two external legs on massshell. This limit is achieved contracting with the two polarization vectors (e_α(p) , e_β(q)) and sending the invariants p^2, q^2 to zero. The fermion sector, for instance gives Γ^{V V Vf erm} αβλ (p, q) = 1 (2π)^d f^{abc} (d − 2)(d − 1) { d(d − 3)δ_{αβ} (p − q)_λ + 2(d − 2)^2 (δ_{βλ}q_α − δ_{αλ}p_β) − d − 4 p · q (p − q)_λp_β q_α } π^2 B_0(2p · q, 0, 0), (180)

while the scalar sector gives Γ^{V V Vscalar} αβλ (p, q) = − 1 (2π)^d f^{abc} (d − 2)(d − 1) { δ_{αβ} (p − q)_λ + (d − 2) (δ_{βλ}q_α − δ_{αλ}p_β ) + d − 4 2 p · q (p − q)_λp_β q_α } π^2 B_0(2p · q, 0, 0). (181)

8 Handling any massless correlator: a direct approach in d dimensions

In the previous sections we have tried to compare perturbative results in free field theory with general ones coming from the requirement of conformal symmetry imposed on certain correlators. We have also seen that in this case, working backward from the explicit field theory representation of the lowest order realization of these correlators, one can match the general solutions. This is the case of the V V V , T V V and T OO correlators in general dimensions, while for the T T T the 4-dimensional solution of the Ward identities is completely matched by a combination of scalar, vector and fermion sectors. As we consider the same 3-graviton vertex in d-dimensions, the vector contribution is not conformally invariant, and therefore the combination of the scalar and the fermion sectors does not match the most general d-dimensional solution. Checking the finiteness of the general solution and formulating it entirely in momentum space are not obvious steps, since a correlator such as the T T T , once expanded, contains several hundreds of terms. For this reason we are going to illustrate an algorithm that allows to compute vertices of such a complexity using a direct approach. Our analysis will be formulated in general but illustrated with few examples only up to correlators of rank-4. The algorithm has been implemented for the same vertex in a symbolic manipulation program, which is available upon request.

• The steps

As we have already mentioned in the previous sections, given any correlator, we can formulate a general procedure which allows us to transform its expression to momentum space, with the following steps:

• 1) expansion of the correlator into its single tensor components;

• 2) rewriting of each component in terms of some “R-substitutions”, that we will define below;

• 3) application of the dimensional shift d → d − 2ω which can be performed generically in the expression resulting from point 2); and

• 4) implementation of the transform. The transform is implemented by Eq. (182) for each single difference x_{ij} = x_i − x_j . For correlators of higher orders, say of rank n (n > 3), the transform is used n times.

As we are going to describe below, this method and the regularization imposed by the dimensional shift allows to test quite straighforwardly the integrability of any correlator, a point already emphasized in [27] where this regularization has been first introduced. The transform can be applied in several independent ways. These features share some similarities with the so called “method of uniqueness” (see for instance [22]) used for massless integrals in momentum or in configuration space.

8.1 Pulling out derivatives

One of the main steps that we will follow in the computation of the transform of the x-space expression of the correlators consists in the rewriting of a given x-space tensor in terms of derivatives of other terms. We call this rule a “derivative relation.” It allows one to reduce the degree of singularity of a given tensor structure, when the variables are coincident, in the spirit of differential regularization. Differently from the standard approach given by differential regularization, which is 4-dimensional, we will be working in d dimensions. We will be using the term “integrable” to refer to expressions for which the Fourier transform exists and that are well defined in d-dimensions, although they may be singular in d=4. Derivative relations, combined with the basic transform 1 (x^2)^α = 1 4^απ^{d/2} Γ(d/2 − α) Γ(α) ∫ d^dl e^{il·x} (l^2)^{d/2−α} ≡ C(α) ∫ d^dl e^{il·x} (l^2)^{d/2−α} C(α) = 1 4^α π^{d/2} Γ(d/2 − α) Γ(α)

(182)

allow one to perform a direct mapping of these correlators to momentum space. We proceed with a few examples to show how the lowering of the singularity takes place.

We start from tensors of rank-1. At this rank we use the relation x^μ (x^2)^α = − 1 2(α − 1) ∂_μ 1 (x^2)^{α−1} = − i 2^{2α−1}π^{d/2} Γ(d/2 + 1 − α) Γ(α) ∫ d^dl e^{il·x} l_μ (l^2)^{d/2−α+1}

(183)

to extract the derivative, where in the last step we have used (182). Notice that by using (182) with α = d/2 − 1 one can immediately obtain the equation □ 1 (x^2)^{d/2−1} = − 4 π^{d/2} Γ(d/2 − 1) δ^{(d)}(x) (184)

which otherwise needs Gauss’ theorem to be derived.

Scalar 2-point functions describing loops in x-space are next in difficulty. As an illustration, consider the generalized 2-point function 1 [(x − y)^2]^α[(x − y)^2]^β

. (185)

Using (182) separately for the 1/[(x − y)^2]^α and the 1/[(x − y)^2]^β factors, the Fourier transform (FT ) of this expression is found to be FT [ 1 [(x − y)^2]^α[(x − y)^2]^β ] ≡ ∫ d^dx d^dy e^{−i(p·x+q·y)} [(x − y)^2]^α[(x − y)^2]^β

= (2π)^{2d} C(α) C(β) ∫ d^dl 1 [l^2]^α[(l + p)^2]^β

. (186)

Uniqueness allows to reformulate the transform by combining the powers of the propagators into a single factor FT [ 1 [(x − y)^2]^{α+β} ] = (2π)^{2d} C(α + β) (p^2)^{d/2−α−β} , (187)

giving, for consistency, a functional relation for the integral in (186) ∫ d^dl 1 [l^2]^α[(l + p)^2]^β = C(α + β) C(α) C(β) 1 (p^2)^{d/2−α−β} = π^{d/2} Γ(d/2 − α)Γ(d/2 − β)Γ(α + β − d/2) Γ(α)Γ(β)Γ(d − α − β) 1 (p^2)^{α+β−d/2} . (188)

In the T T and T V V cases, x-space expressions such as x^{μ1} ...x^{μn} /(x^2)^α up to rank-4 are common, and the use of derivative relations - before proceeding with their final transform to momentum space - can be done in several ways. Also in this case, as for the scalar functions, uniqueness shows that the result does not depend on the way we combine the factors at the denominators with the corresponding numerators.

To deal with tensor expressions in position space we introduce some notation. We denote by R^n_{μ1 ,...,μn} (x, α) ≡ x_{μ1} , . . . x_{μn} (x^2)^α

, (189)

the ratio between a generic tensor monomial in the vector x and a power of x^2. We do so to denote in a compact way the tensor structures that appear in the expansion of any correlator. We call these expressions “R-terms”. After some differential and algebraic manipulation we can easily derive the first four R-terms as

R^1_μ(x, α) = − 1 2 (α − 1) ∂_μ 1 (x^2)^{α−1} , R^2_{μν} (x, α) = 1 4 (α − 2) (α − 1) ∂_μ ∂_ν 1 (x^2)^{α−2} + δ_{μν} 2 (α − 1) 1 (x^2)^{α−1} , R^3_{μνρ}(x, α) = − 1 8(α − 3)(α − 2)(α − 1) ∂_μ ∂_ν ∂_ρ 1 (x^2)^{α−3} + 1 2(α − 1) [ δ_{μν} R^1_ρ + δ_{μρ}R^1_ν + δ_{νρ}R^1_μ ] (x, α − 1) , R^4_{μνρσ} (x, α) = 1 16(α − 4)(α − 3)(α − 2)(α − 1)

∂_μ ∂_ν ∂_ρ ∂_σ 1 (x^2)^{α−4} + 1 2(α − 1) [ δ_{μν} R^2_{ρσ} + δ_{ρσ} R^2_{μν} + δ_{μρ}R^2_{νσ} + δ_{νσ} R^2_{μρ} + δ_{μσ} R^2_{νρ} + δ_{νρ}R^2_{μσ} ] (x, α − 1) − 1 4(α − 2)(α − 1) (δ_{μν} δ_{ρσ} + δ_{μρ}δ_{νσ} + δ_{μσ} δ_{νρ}) 1 (x^2)^{α−2}

. (190)

The use of R-terms allows to extract immediately the leading singularities of the correlators, as we show below. One can use several different forms of R-substitutions for a given tensor component and the procedure is in fact not unique. For example, a second rank tensor can be rewritten in R-form in several ways (x − y)_μ(x − y)_ν [(x − y)^2]^{d+1}

= R^2_{μν} (x − y, d + 1)

= R^1_μ(x − y, d/2 + 1) R^1_ν (x − y, d/2) = 1 (x − y)^2

R^1_μ(x − y, d/2) R^1_ν (x − y, d/2) . (191)

The derivative relations in the three cases shown above are obviously different, but the transform is unique. One can also artificially rewrite the numerators at will by introducing trivial identities in position space, without affecting the final expression of the mapping. We will be using this method in order to extract some of the logarithmic integrals generated by this procedure. Obviously, this is possible only if we guarantee an intermediate regularization. We implement it by a dimensional shift of the exponents of the propagators. The regulator will allow to smooth out the singularity of the correlators around the value α = d/2, which is the critical value beyond which a function such as 1/[x^2]^α is not integrable.

The structure of the singularities in x-space of the corresponding scalars and tensor correlators can be identified using the basic transform. For instance, using (182) for α = d/2 one encounters a pole in the expression of the transform. For this reason we regulate dimensionally in x-space such a singularity by shifting d → d − 2ω. At the same time we compensate with a regularization scale μ to preserve the dimension of the redefined correlator. A similar approach has been discussed in [17], in an attempt to relate differential and dimensional regularization. In our case as in [27], however, ω is an independent regulator which serves to test integrability in momentum space, and for this reason is combined with a fundamental transform which is given by μ^{2ω} [x^2]^{d/2−ω} = μ^{2ω} 4^{d/2−ω}π^{d/2} Γ(ω) Γ(d/2 − ω) ∫ d^dl e^{il·x} [l^2]^ω

(192)

that we can expand around ω ∼ 0 to obtain μ^{2ω} [x^2]^{d/2−ω} = π^{d/2} Γ(d/2) δ^{(d)}(x) [ 1 ω − γ + log 4 + ψ(d/2) ] − 1 (4π)^{d/2} Γ(d/2) ∫ d^dl e^{il·x} log ( l^2 μ^2 ) + O(ω) . (193)

The subtraction of this pole in d dimensions is obviously related to the need of redefining correlators which are not integrable, in analogy with the approach followed in differential regularization. The most popular example is 1/[x^2]^2, which has no transform for d = 4, but is rewritten in the derivative form as [20] 1 x^4

= □ G(x^2), (194)

where G(x^2) is defined by G(x^2) = log x^2M^2

x^2

+ c , (195) with c being a constant. This second approach can be easily generalized to d dimensions. One can use derivative relations such as 1 [x^2]^α = 1 2(α − 1)(2α − d) □ 1 [x^2]^{α−1}

(196)

which is correct as far as α ≠ d/2. For α = d/2 this relation misses the singularity at x = 0, which is apparent from (184). For this reason, as far as α = d/2 − ω Eq. (196) remains valid and it can be used together with (184) and an expansion in ω to give μ^{2ω} [x^2]^{d/2−ω} = − 1 2 ω μ^{2ω} d − 2 − 2ω □ 1 [x^2]^{d/2−1−ω} = 1 4 − 2 d ( 1 ω + 2 d − 2 ) □ 1 [x^2]^{d/2−1} − 1 2(d − 2) □ log(μ^2x^2) [x^2]^{d/2−1} = π^{d/2} Γ(d/2) ( 1 ω + 2 d − 2 ) δ^{(d)}(x) − 1 2(d − 2) □ log(μ^2x^2) (x^2)^{d/2−1}

. (197)

The d-dimensional version of differential regularization (DfR) can be obtained by requiring the subtraction of all the terms in (197) which are proportional to δ^d(x), giving 1 [x^2]^{d/2 Df R} ≡ − 1 2(d − 2) □ log(μ^2x^2) (x^2)^{d/2−1}

. (198)

This procedure clearly agrees with the traditional version of differential regularization in d = 4 [20] 1 x^4 ≡ − 1 4 □ log(x^2μ^2) x^2

. (199)

Notice that this analysis shows that, according to (197), the logarithmic integral in (193) is given by ∫ d^dle^{il·x} log ( l^2 μ^2 ) = (2π)^d [ −γ + log 4 + ψ(d/2) − 2 d − 2 ] δ^{(d)}(x) + (4π)^{d/2} 2(d − 2) Γ(d/2) □ log(μ^2x^2) [x^2]^{d/2−1} = (4π)^{d/2} 2(d − 2) Γ(d/2) □ log(μ̄^2x^2) [x^2]^{d/2−1}

, (200)

having redefined the regularization scale properly

log μ̄^2 = log μ^2 + γ − log 4 − ψ(d/2) + 2 d − 2 . (201)

Notice that a regulated (but singular) correlator can be mapped in several ways into momentum space, with identical results. For instance, we can take 1/[x^2]^{d/2} and use on it Eq. (182) once ∫ d^dx e^{ik·x} 1 [x^2]^{d/2} → ∫ d^dx e^{ik·x} μ^{2ω} [x^2]^{d/2−ω} = 1 4^{d/2−ω} π^{d/2} Γ(ω) Γ(d/2 − ω) ∫ d^dx d^dl e^{i(k+l)·x} μ^{2ω} [l^2]^ω

= 4^ω π^{d/2}

Γ(ω) Γ(d/2 − ω) μ^{2ω} [k^2]^ω

, (202)

twice ∫ d^dx μ^{2ω} x^2[x^2]^{d/2−1−ω} = 1 4^{d/2−ω}π^d Γ(d/2 − 1) Γ(1 + ω) Γ(d/2 − 1 − ω) ∫ d^dx d^dl_1 d^dl_2 e^{i(k+l1 +l2)·x} μ^{2ω} [l^2_1]^{d/2−1}[l^2]^{1+ω}

= 4^ω π^{d/2}

Γ(ω) Γ(d/2 − ω) μ^{2ω} [k^2]^ω

, (203)

(where in the last step (188) was used) or any number of times, obtaining the same transform.

As one can easily work out, the use of the dimensional regulator generates, after a Laurent expansion in ω, some logarithmic integrals in momentum space. As we shall show, if the 1/ω poles cancel, then these integrals can be avoided, in the sense that it will be possible to rewrite the correlator in such a way that they are absent. This means that in this case one has to go back and try to rewrite the correlator in such a way that it takes a finite form already in position space. In this case the mapping of the correlators to momentum space is similar to the usual Feynman expansion typical of perturbation theory. The condition of Fourier transformability is in fact necessary in order to have, eventually, a Lagrangian description of the correlator. On the other hand, if the same poles do not cancel, then the logarithms are a significant aspect of the correlator which, for sure, can’t be reproduced by a local field theory Lagrangian in any simple way, in particular not by a free field theory. We have left to appendix F a few more examples on the correct handling of these distributional identities.

8.2 Regularization of tensors

The regularization of other tensor contributions using this extension of differential regularization can be handled in a similar and straightforward way. The use of the derivative relations on the R-terms, that map the tensor structures into derivative of less singular terms, combined at the last stage with the basic transform, allows to get full control of any correlator and guarantee their consistent mappings into momentum space. We provide a few examples to illustrate the procedure.

Consider for instance the tensor structure

t_μ = (x − y)_μ [(x − y)^2]^{d/2+1}

, (204)

whose R-form is, trivially, t_μ = R^1_μ ( x − y, d 2 + 1 ) = − 1 d ∂_μ 1 [(x − y)^2]^{d/2}

, (205)

where the derivative is intended with respect to x−y. Now we send d → d−2ω in the exponent of the denominator, since d/2 is a critical value for the integrability of the exponent, introducing the proper mass scale. This allows us to use the basic transform (182), getting

t_μ(ω) = − i μ^{2ω} (d − 2ω) 4^{d/2−ω} π^{d/2} Γ(ω) Γ(d/2 − ω) ∫ d^dl l_μ [l^2]^ω e^{il·(x−y)} . (206) We can expand in ω obtaining

t_μ(ω) = i d 2^dπ^{d/2} Γ(d/2) [ − ( 1 ω + 2 d − γ + log 4 + ψ(d/2) ) ∫ d^dl e^{il·(x−y)} l_μ + ∫ d^dl e^{il·(x−y)} l_μ log ( l^2 μ^2 ) ] + O(ω) = π^{d/2} d Γ(d/2) ∂_μ [ − ( 1 ω + 4(d − 1) d(d − 2) ) δ^{(d)}(x − y) + Γ(d/2) 2(d − 2)π^{d/2} □ log(μ̄^2(x − y)^2) [(x − y)^2]^{d/2−1} ] , (207)

where in the last step we have used (200). Notice that the strength of the singularity has increased from δ(x)/ω to ∂_μδ(x)/ω, due to the higher power (d/2) of the denominator in position space. It is clear that for finite correlators these singular contributions must cancel. In general, the introduction of the regulator ω allows to perform algorithmically all the computations of any lengthy expression leaving its implementation to a symbolic manipulation program. Obviously, for finite correlators this approach might look redundant, but it can be extremely useful in order to check the cancellation of all the multiple and single pole singularities in a very efficient way. We will present more examples of this approach in the next sections.

A more involved example is given by t_{μν} = (x − y)_μ(x − y)_ν [(x − y)^2]^{d/2+1}

(208)

to which corresponds the regulated expression

t_{μν} (ω) = μ^{2ω}(x − y)_μ(x − y)_ν [(x − y)^2]^{d/2+1−ω}

(209)

and a minimal R-form which is given by

t_{μν} (ω) = μ^{2ω} R^2_{μν} ( x − y, d 2 + 1 − ω ) . (210)

Using the list of replacements given in (190), the derivative form of t_{μν} is given by

t_{μν} (ω) = μ^{2ω} (d − 2 − 2ω) (d − 2ω) ∂_μ ∂_ν 1 [(x − y)^2]^{d/2−ω−1} + δ_{μν} d + 2 − 2ω μ^{2ω} [(x − y)^2]^{d/2−ω} (211)

whose singularities are all contained in the second term, whose Fourier transform is given by FT [ δ_{μν} d + 2 − 2ω μ^{2ω} [(x − y)^2]^{d/2−ω} ] = 1 ω δ_{μν} 2^d π^{d/2} (d + 2) Γ(d/2)

+ O(ω^0) (212) where we have omitted the regular terms. The procedure therefore allows to identify quite straightforwardly the leading singularities of any tensor in x-space, giving, in this specific case (x − y)_μ(x − y)_ν [(x − y)^2]^{d/2+1−ω} ∼ 1 ω δ_{μν} 2^d π^{d/2} (d + 2) Γ(d/2)

. (213)

We can repeat the procedure for correlators of higher rank. The singularities, after performing all the substitutions, are proportional to the non-derivative terms isolated by the repeated replacement of Eq. (190).

8.3 Regularization of 3-point functions

In the case of 3-point functions the analysis of the corresponding singularities can be extracted quite simply. Let’s consider, for instance, the identity FT [ 1 [(x − y)^2]^{α1} [(z − x)^2]^{α2} [(y − z)^2]^{α3} ] ≡ ∫ d^dx d^dy d^dz e^{−i(k·z+p·x+q·y)} [(x − y)^2]^{α1} [(z − x)^2]^{α2} [(y − z)^2]^{α3}

= (2π)^{3d} 3∏ i=1 ( Γ(d/2 − α_i) 4^{αi} π^{d/2}Γ(α_i) ) δ^{(d)}(k + p + q) ∫ d^dl [l^2]^{d/2−α1} [(l + p)^2]^{d/2−α2} [(l − q)^2]^{d/2−α3} , (214)

obtained using the fundamental transform (182), where all the physical momenta (k, p, q) are treated as incoming. The convention for matching the momenta in (182) with the couples of coordinate is

l_1 ↔ x − y , l_2 ↔ z − x , l_3 ↔ y − z , (215)

and the shift l → l − q (which is always possible in a regularized expression) has been performed at the end. It is clear that the prefactor on the r.h.s. of this relation has poles for α_i = d/2 + n, with n ≥ 0. At the same time the loop integral is asymptotically divergent if d = ∑ i α_i, where it develops a logarithmic singularity. In dimensional regularization such a singularity corresponds to a single pole in ϵ = d − ∑ i α_i. One can be more specific by discussing further examples of typical 3-point functions. For instance, consider the tensor structure Q^1_{αβμν} = (y − z)_α (y − z)_β (y − z)_μ (y − z)_ν [(x − y)^2]^{d/2+1} [(z − x)^2]^{d/2−1} [(y − z)^2]^{d/2+1}

, (216)

which appears in the T V V correlator and can be reduced to its R-form in several ways. We use a minimal substitution and have Q^1_{αβμν} = 1 [(x − y)^2]^{d/2+1} 1 [(z − x)^2]^{d/2−1} R^4_{αβμν} ( y − z, d 2 + 1 ) (217)

and application of the derivative reductions in (190) gives Q^1_{αβμν} = 1 (d − 6) (d − 4) (d − 2) d 1 [(x − y)^2]^{d/2+1} 1 [(x − z)^2]^{d/2−1} × { ∂_α ∂_β ∂_μ ∂_ν 1 [(y − z)^2]^{d/2−3}

+ (d − 6) (d − 4) δ_{μν} δ_{αβ} + δ_{μα} δ_{νβ} + δ_{μβ} δ_{να} [(y − z)^2]^{d/2−1}

+ (d − 6) (δ_{μν} ∂_α ∂_β + δ_{αβ} ∂_μ ∂_ν + δ_{μα} ∂_ν ∂_β + δ_{νβ} ∂_μ ∂_α + δ_{να} ∂_μ ∂_β + δ_{μβ} ∂_ν ∂_α) 1 [(y − z)^2]^{d/2−2} } . (218)

Before moving to momentum space, a quick glance at this equation shows that its transform does not exist. This appears obvious from the presence of the overall factor 1/([(x − y)^2]^{d/2+1}) which needs regularization. The mapping can be performed using the rules defined above, which give, for instance, for the coefficient of δ_{μν} δ_{αβ} + δ_{μα} δ_{νβ} + δ_{μβ} δ_{να}, FT [ 1 d (d − 2) μ^{2ω} [(x − y)^2]^{d/2+1−ω} [(z − x)^2]^{d/2−1} [(y − z)^2]^{d/2−1} ]

= (2π)^{3d} δ^{(d)}(k + p + q) d (d − 2) 4^{1+ω} (4π)^{3d/2}

Γ(ω − 1) Γ(d/2 − 1)^2 Γ(d/2 − 1 − ω) ∫ d^dl μ^{2ω} (l^2)^{ω−1} (l + p)^2 (l − q)^2

= δ^d(k + p + q) d(d − 2) 4 π^{3d/2} Γ(d/2 − 1)^3 [ − 1 ω ∫ d^dl l^2 (l + p)^2(l − q)^2 + ∫ d^dl l^2 log ( l^2/μ̄^2 ) (l + p)^2(l − q)^2 ] + O(ω). (219)

In a similar way the Fourier transform of the first term is FT [ 1 (d − 6) (d − 4) (d − 2) d μ^{2ω} [(x − y)^2]^{d/2+1−ω} 1 [(z − x)^2]^{d/2−1}

∂_μ ∂_ν ∂_α ∂_β 1 [(y − z)^2]^{d/2−3} ]

= (2π)^{3d} δ^{(d)(k+p+q)} (d − 6) (d − 4) (d − 2) d

4^{3+ω} (4π)^{3d/2}

2 Γ(ω − 1) Γ(d/2 − 3) Γ(d/2 − 1) Γ(d/2 + 1 − ω) × ∫ d^dl (l − q)_α (l − q)_β (l − q)_μ (l − q)_ν (l^2)^{ω−1} (l + p)^2 [(l − q)]^3 = δ^{(d)(k+p+q)} d (d − 2) 32 π^{3d/2} Γ(d/2 − 1)^3 [ − 1 ω ∫ d^dl l^2 (l − q)_α (l − q)_β (l − q)_μ (l − q)_ν (l + p)^2[(l − q)^2]^3 ]

+ ∫ d^dl log ( l^2/μ̄^2 ) (l − q)_α (l − q)_β (l − q)_μ (l − q)_ν (l + p)^2[(l − q)^2]^3

+ O(ω) , (220)

illustrating quite clearly how the general procedure can be implemented.

At this point we pause for some comments. The regularization can be performed by sending d → d − 2ω - with no distinction among the various terms - or, alternatively, one can regulate only the non integrable terms. The two approaches, in a generic computation, will differ only at O(ω) and as such they are equivalent. One can obviously check this by an explicit computation.

Another important point concerns the possibility of performing an explicit computation of the logarithmic integrals. They are indeed calculable in terms of generalized hypergeometric functions (for general ω), but the small ω expansion of these functions is rather difficult to re-express as a combination of ordinary functions and polylogs. This is due to the need of performing a double expansion (in ϵ and in ω) if we move to d = 4 and insist, as we should, on the use of dimensional regularization in the computation of the momentum integrals. This difficulty is attributed to the absence of simple expansions of hypergeometric functions (ordinary and generalized) about non integer (real) values of their indices. However, if the 1/ω terms for a combination of terms similar to those shown above cancel, there are some steps which can be taken in order to simplify this final part of the computation.

To set the stage for the explicit examples of three point functions treated with this procedure, we introduce here a systematic short-hand notation to denote the momentum-space integrals. We define I_{μ1 ,...,μn} (p) = ∫ d^dl l_{μ1} . . . l_{μn} l^2 (l + p)^2 , J_{μ1 ,...,μn} (p_1, p_2) = ∫ d^dl l_{μ1} . . . l_{μn} l^2 (l + p_1)^2(l + p_2)^2 , IL_{μ1 ...μn} (p_1, p_2, p_3) = ∫ d^dl l_{μ1} . . . l_{μn} log ( (l + p_1)^2/μ^2 ) (l + p_2)^2(l + p_3)^2 , ILL_{μ1...μn} (p_1, p_2, p_3, p_4) = ∫ d^dl l_{μ1} . . . l_{μn} log ( (l + p_1)^2/μ^2 ) log ( (l + p_2)^2/μ^2 ) (l + p_3)^2(l + p_4)^2

. (221)

For correlators which are finite, the double logarithmic contributions will appear in combinations that can be re-expressed in terms of ordinary Feynman integrals.

8.4 Application to the V V V case

To illustrate the way to proceed in general, we reconsider the V V V case, that we know to be integrable, but treated this time with the general algorithm. We expand the correlator and perform the R-substitutions (190). The direct algorithm gives an expression which is not immediately recognized as being integrable

f^{abc} { (a − 2 b) (d − 2)^3 × [ ∂^{31}_μ 1 (x^2_{31})^{d/2−1}

∂^{12}_ν 1 (x^2_{12})^{d/2−1}

∂^{23}_ρ 1 (x^2_3)^{d/2−1}

+ ∂^{12}_μ 1 (x^2_{12})^{d/2−1}

∂^{23}_ν 1 (x^2_3)^{d/2−1}

∂^{31}_ρ 1 (x^2_{31})^{d/2−1} ]

+ a d (d − 2)^2 × [ 1 (x^2_{12})^{d/2−1} ( ∂^{31}_μ 1 (x^2_{31})^{d/2−1}

∂^{23}_ν ∂^{23}_ρ 1 (x^2_3)^{d/2−1}

+ ∂^{23}_ν 1 (x^2_3)^{d/2−1}

∂^{31}_μ ∂^{31}_ρ 1 (x^2_{31})^{d/2−1} )

+ 1 (x^2_3)^{d/2−1} ( ∂^{31}_ρ 1 (x^2_{31})^{d/2−1}

∂^{12}_μ ∂^{12}_ν 1 (x^2_{12})^{d/2−1}

+ ∂^{12}_ν 1 (x^2_{12})^{d/2−1}

∂^{31}_μ ∂^{31}_ρ 1 (x^2_{31})^{d/2−1} )

+ 1 (x^2_{31})^{d/2−1} ( ∂^{23}_ρ 1 (x^2_3)^{d/2−1}

∂^{12}_μ ∂^{12}_ν 1 (x^2_{12})^{d/2−1}

+ ∂^{12}_μ 1 (x^2_{12})^{d/2−1}

∂^{23}_ν ∂^{23}_ρ 1 (x^2_3)^{d/2−1} ) ]

− 1 d − 2 ( b − a d + 2 ) × [ 1 (x^2_{31})^{d/2−1} ( δ_{μν} (x^2_{12})^{d/2}

∂^{23}_ρ 1 (x^2_3)^{d/2−1} + δ_{νρ} (x^2_3)^{d/2}

∂^{12}_μ 1 (x^2_{12})^{d/2−1} )

+ 1 (x^2_3)^{d/2−1} ( δ_{μν} (x^2_{12})^{d/2}

∂^{31}_ρ 1 (x^2_{31})^{d/2−1} + δ_{μρ} (x^2_{31})^{d/2}

∂^{12}_ν 1 (x^2_{12})^{d/2−1} )

+ 1 (x^2_{12})^{d/2−1} ( δ_{μρ} (x^2_{31})^{d/2}

∂^{23}_ν 1 (x^2_3)^{d/2−1} + δ_{νρ} (x^2_3)^{d/2}

∂^{31}_μ 1 (x^2_{31})^{d/2−1} ) ]} . (222)

The apparent non-integrability is due to terms of the form 1/(x^2_{ij} )^{d/2} in the last addend. For this reason, ignoring any further information, to test the approach we proceed with a regularization of the non-integrable terms. The expression in momentum space is obtained by sending d → d−2ω in all the terms of the form 1/(x^2_{ij} )^{d/2}. Expanding in ω the result, one can show that, as expected, the 1/ω terms cancel, proving its integrability. We fill in few more details to clarify this point. A typical not manifestly integrable term in V V V is 1 (x^2_{31})^{d/2−1} 1 (x^2_{12})^{d/2}

∂^{23}_ρ 1 (x^2_3)^{d/2−1} + 1 (x^2_3)^{d/2−1} 1 (x^2_{12})^{d/2}

∂^{31}_ρ 1 (x^2_{31})^{d/2−1}

(223)

which in momentum space after ω regularization gives (omitting an irrelevant constant)

μ^{2ω} Γ(ω) ∫ d^dl 2l^ρ − q^ρ (l^2)(l − q)^2[(l + p)^2]^ω

. (224)

Expanding in ω, the residue at the pole is given by the integral ∫ d^dl 2l^ρ − q^ρ l^2(l − q)^2

(225)

which vanishes in dimensional regularization. The finite term is logarithmic and it is given by ∫ d^dl log ( (l + p)^2/μ^2 ) (2l^ρ − q^ρ) l^2(l − q)^2

. (226)

The scale dependence also disappears, since the log μ^2 term is also multiplied by the same vanishing integral. Obviously, the nontrivial part of the computation is in the appearance of a finite logarithmic integral which, due to the finiteness of the correlator, has to be re-expressed in terms of other non-logarithmic contributions, i.e. of ordinary Feynman integrals. There is no simple way to relate one single integral to an ordinary non-logarithmic contribution unless one performs the entire computation and expresses the result in terms of special polylogarithmic functions, using consistency. For correlators which are integrable, however, it is possible to relate two log integrals to regular Feynman integrals. Single log integrals, at least in this case, can also be evaluated explicitly, as we illustrate in an appendix.

By applying the algorithm we get

⟨V^a_μ V^b_ν V^c_ρ⟩ (p, q) = (2π)^{3d} δ^{(d)}(k + p + q) i f^{abc} × { C(d/2 − 1)^3 [ a (6 − 4d) + 2 b d d(d − 2)^3 ( 2 J_{μνρ}(p, −q) + (p + q)_μ J_{νρ}(p, −q) + p_ν J_{μρ}(p, −q) − q_ρ J_{μν} (p, −q) − p_ν q_μ J_ρ(p, −q) − p_μ q_ρ J_ν (p, −q) )]

+ a d(d − 2)^2 ( − 2 (p_μ + q_μ) ( p_ν J_ρ(p, −q) + q_ρ J_ν (p, −q) ) + q_ρp_ν ( 2 J_μ(p, −q) + (p − q)_μ J(p, −q) ))

− C(d/2 − 1)^2 (4π)^{d/2} Γ(d/2) (d − 2) ( a d + 2 − b ) [ δ_{μν} ( 2 IL_ρ(p, 0, −q) − q_ρ IL(p, 0, −q) )

+ δ_{μρ} ( 2 IL_ν (−q, 0, p) + p_ν IL(−q, 0, p) )

+ δ_{νρ} ( 2 IL_μ(q, 0, k) + k_μ IL(q, 0, k) )]} . (227)

One can easily show the scale independence of the result, which is related to the finiteness of the expressions and to the fact that the logarithmic contributions, in this case, are an artifact of the approach. For this reason, when the scale independence of the regulated expressions has been proved, then one can go back and try to rewrite the correlator in such a way that it is manifestly integrable. Obviously this may not be a straightforward thing to do, especially if the expression is given by hundreds of terms in configuration space. If, even after proving the finiteness of the expression, one is unable to rewrite it in an integrable form, one can always continue applying the algorithm that we have presented, generating the logarithmic integrals. Pairs of log integrals can be related to ordinary Feynman integrals by applying appropriate tricks. We have illustrated in an appendix an example where we discuss the computation of the single log-integral appearing in V V V as an example. In the T OO case one encounters both single and double-log integrals. For non-conformal correlators these second type of integrals are, in general, expected and turn out to be a characteristic feature of these correlators in momentum space.

8.5 Direct methods for the T OO case and double logs

A similar analysis can be pursued in the T OO case. Also for this correlator we can apply a direct approach in order to show the way to proceed in the test of its regularity. Using our basic transform (214) and introducing the regulator ω to regulate the intermediate singularities we can easily transform it to momentum space FT [ ⟨T_{μν} (x_1) O(x_2), O(x_3)⟩ ] ≡ ⟨T_{μν} O O⟩(p, q) = (2π)^{3d} δ^{(d)}(k + p + q) a × { C(d/2 − 1)^3 d (d − 2)^2 [ − 4 (d − 1) J_{μν} (p, −q) − 2 (d − 1) ( (q_ν − p_ν ) J_μ(p, −q) + (q_μ − p_μ) J_ν (p, −q) )

+ ( d (p_μq_ν + p_ν q_μ) − (d − 2) (p_μp_ν + q_μq_ν ) ) J(p, −q) ]

+ C(d/2 − 1)^2 C(d/2 − ω) d δ_{μν} ( ∫ d^dl μ^{2ω} l^2[(l + p)^2]^ω(l − q)^2 + ∫ d^dl μ^{2ω} l^2(l + p)^2[(l − q)^2]^ω )

− C(d/2 − 1) C(d/2 − ω)^2 d δ_{μν} ∫ d^dl (μ^{2ω})^2 [l^2]^2[(l + p)^2]^ω[(l − q)^2]^ω } . (228)

The expression above is affected by double and single poles in ω once we perform an expansion in this parameter, which are expected to vanish in order to guarantee a finite result.

The coefficient of the double pole is easily seen to take the form −δ_{μν} a (2 π^2)^d d C(d/2 − 1) Γ(d/2)^2

I(0) , (229)

where the integral vanishes in dimensional regularization, being a massless tadpole. The coefficient of the simple pole is instead given by δ_{μν} 4^d π^{5d/2} C(d/2 − 1)^2 d Γ(d/2) { 1 Γ(d/2 − 2) Γ(d/2)^2 [ 2 ( γ − log 4 − ψ(d/2) ) I(0) + ( IL(p, 0, 0) + IL(−q, 0, 0) )] + 1 Γ(d/2 − 1)^2 Γ(d/2) [ I(p) + I(q) ]} . (230)

The first term of (230) vanishes as in the case of the double pole, while for the remaining contributions we use the relation

IL(p, 0, 0) = ∫ d^dl log (_{(l+p)2}

μ^2 ) [l^2]^2 = − ∂ ∂ω ∫ d^dl μ^{2ω} [l^2]^2 [(l + p)^2]^ω | | | |_{ω=0} . (231)

It is easy to see that the contributions in the last line in (230) cancel after inserting the explicit value for the 2-point function in (188).

The finite part of the expression is found to be, after removing some additional tadpoles, ⟨T_{μν} O O⟩(p, q) = (2π)^{3d} δ^{(d)}(k + p + q) a × { C(d/2 − 1)^3 d (d − 2)^2 [ − 4 (d − 1) J_{μν} (p, −q) − 2 (d − 1) ( (q_ν − p_ν ) J_μ(p, −q) + (q_μ − p_μ) J_ν (p, −q) )

+ ( d (p_μq_ν + p_ν q_μ) − (d − 2) (p_μp_ν + q_μq_ν ) ) J(p, −q) ]

− δ_{μν} [ C(d/2 − 1)^2 d π^{d/2} 2^d Γ(d/2) ( (γ − log 4 − ψ(d/2)) ( I(p) + I(−q) ) + ( IL(p, 0, −q) + IL(−q, 0, p) ) )

+ C(d/2 − 1) 3 d 2^{2d+1} π^d Γ(d/2)^2 ( 12 (γ − log 4 − ψ(d/2)) ( IL(p, 0, 0) + IL(−q, 0, 0) )

+ 3 ( ILL(p, p, 0, 0) + 2 ILL(p, −q, 0) + ILL(−q, −q, 0, 0) ) )]} (232) where now also double logarithmic integrals have appeared. Using the relations (188) and (231), the terms proportional to (γ − log 4 − ψ(d/2)), which are just a remain of the regularization procedure, cancel out, leaving us with the simplified result ⟨T_{μν} O O⟩(p, q) = (2π)^{3d} δ^{(d)}(k + p + q) a × { C(d/2 − 1)^3 d (d − 2)^2 [ − 4 (d − 1) J_{μν} (p, −q) − 2 (d − 1) ( (q_ν − p_ν ) J_μ(p, −q) + (q_μ − p_μ) J_ν (p, −q) )

+ ( d (p_μq_ν + p_ν q_μ) − (d − 2) (p_μp_ν + q_μq_ν ) ) J(p, −q) ]

− δ_{μν} C(d/2 − 1) d (4π)^d Γ(d/2)^2 [ (4π)^{d/2} Γ(d/2) C(d/2 − 1) ( ( IL(p, 0, −q) + IL(−q, 0, p) ) )

+ (d − 4) ( ILL(p, p, 0) + 2 ILL(p, −q, 0, 0) + ILL(−q, −q, 0, 0) ) ]} . (233)

It is slightly lengthy but quite straightforward to show that (233) can be re-expressed in terms of ordinary Feynman integrals. This can be obtained by reducing all the tensor integrals (logarithmic and non-logarithmic) to scalar forms. After the reduction, one can check directly that specific combinations of logarithmic integrals can be expressed in terms of ordinary master integrals. In this case these relations hold since the integrands of the logarithmic expansion (linear combinations thereof) are equivalent to non-logarithmic ones, given the finiteness of the correlators. Obviously for a correlator which is not integrable such a correspondence does not exist and the logarithmic integrals cannot be avoided. This would be another signal, obviously, that the theory does not have a realization in terms of a local Lagrangian, since a Lagrangian field theory has a diagrammatic description only in terms of ordinary Feynman integrals.

We conclude this section with few more remarks concerning the treatment of correlators with more general scaling dimensions (2Δ). For instance one could consider correlators of the generic form

⟨O_i(x_i)O_j (x_j )O_k (x_k)⟩ = λ_{ijk} ((x_i − x_j )^2)^{Δi+Δj −Δk} ((x_j − x_k)^2)^{Δj +Δk −Δi} ((x_k − x_i)^2)^{Δk +Δi−Δj}

. (234)

In this case their expression in momentum space can be found by applying Mellin-Barnes methods. They can be reconducted to integrals in momentum space of the form

J(ν_1, ν_2, ν_3) = ∫ d^dl (l^2)^{ν1} ((l − k)^2)^{ν2} ((l + p)^2)^{ν3}

(235)

ν_1 = d/2 − Δ_i − Δ_j + Δ_k ν_2 = d/2 − Δ_j − Δ_k + Δ_i ν_3 = d/2 − Δ_k − Δ_i + Δ_j (236)

which can be expressed [13] in terms of generalized hypergeometric functions F_4[a, b, c, d; x, y] of two variables (x, y), the two ratios of the 3 external momenta. The computation of these integrals with arbitrary exponents at the denominators is by now standard lore in perturbation theory, with recursion relations which allow to relate shifts in the exponents in a systematic way. The problem is more involved for correlators which require an intermediate regularization in order to be transformed to momentum space. In this case one can show, in general, that the pole structure (in 1/ω) of these can be worked out closely, but the finite O(1) contributions involve derivatives of generalized hypergeometric functions respect to their indices a, b, c, d. The latter can be re-expressed in terms of poly-logarithmic functions, which are typical and common in ordinary perturbation theory, only in some cases. The possibility to achieve this is essentially related to finding simple expansions of the hypergeometric functions around non integer (and not just rational) indicial points. For integrable correlators the analysis of Mellin-Barnes methods remains, however, a significant option, which will probably deserve a closer look.

9 Conclusions

In this work we have tried to close the gap between two analysis of several CFT correlators, such as the T V V and T T T vertices, characterized by the presence of one, two and three gravitons on the external lines. We have tried to map position space and momentum space approaches, showing their interrelation. We have used free field theory realizations of the general solutions of these correlators in order to establish their expression in momentum space. These expressions, obviously, remain valid for any CFT. We have also drawn a parallel between the approach to renormalization typical of standard perturbation theory and the same approach based on the solution of the anomalous Ward identities, as discussed in [27, 18]. As a nontrivial test of the equivalence of both methods in 4 dimensions, we have verified that the counterterms predicted by the general analysis in position space coincide with those obtained from momentum space in the Lagrangian predictions obtained from one-loop free field theory calculations.

In our approach, based on dimensional regularization, the anomaly is generated by tracing in 4 dimensions the renormalized vertex, and in some cases, such as in the T V V vertex, it can be thought as due to a single specific tensor structure. This is characterized by the appearance of an anomaly pole. In the T T T case, the explicit expression of this vertex that we have presented is the starting point for further analysis. For instance it is a necessary intermediate step in demonstrating the correspondence between general CFT calculations in ddimensional Euclidean position space, perturbative calculations by Feynman diagrams in momentum space, and the anomaly effective action of [30, 24, 26, 25]. This will remove a possible objection to the anomaly effective action raised in [18]) by the consistent inclusion of all the terms required by conformal invariance, including the non-anomalous ones for which the anomaly effective action is mute. The origin of an effective massless degree of freedom (an effective “dilaton-like” field) coupled to gravity in the Standard Model will then be made fully explicit. As we have mentioned, this point has already been proven in the T V V case [21, 3, 4] and is expected on general grounds of anomalous Ward identities and the associated non-trivial cohomology of Weyl transformations [24].

We have also discussed a general algorithm that should prove useful to regulate and map correlators from position space to momentum space, and we have illustrated how to perform such a mapping in a systematic way with a number of examples. The method can be applied in the analysis of more complex correlators, for which a manifest proof of finiteness may not be available. The power of the approach has been shown by re-analysing finite conformal correlators investigated in the first part, offering a complete test of its consistency.

Acknowledgements We thank H. Osborn for several exchanges while developing this project. We thank J. Erdmenger, A. Davydychev, B. Konopeltchenko, M. Bianchi and Y. Stanev for discussions.

A The computation of TTT

A.1 Definitions and conventions

The covariant derivatives of a contravariant vector A^μ and of a covariant one B_μ are respectively

∇_ν A^μ ≡ ∂_ν A^μ + Γ^μ_{νρ}A^ρ , (237) ∇_ν B_μ ≡ ∂_ν B_μ − Γ^ρ_{νμ}B_ρ , (238) with the Christoffel symbols defined as

Γ^α_{βγ} (z) = 1 2 g^{ακ}(z) [−∂_κg_{βγ} (z) + ∂_β g_{κγ} (z) + ∂_γ g_{κβ}(z)] . (239)

Our definition of the Riemann tensor is

R^λ_{μκν} = ∂_ν Γ^λ_{μκ} − ∂_κΓ^λ_{μν} + Γ^λ_{νη} Γ^η_{μκ} − Γ^λ_{κη}Γ^η_{μν} . (240)

The Ricci tensor is defined by the contraction R_{μν} = R^λ_{μλν} and the scalar curvature by R = g^{μν} R_{μν} . The traceless part of the Riemann tensor in d dimension is the Weyl tensor, C_{αβγδ} = R_{αβγδ} − 2 d − 2 (g_{αγ} R_{δβ} + g_{αδ} R_{γβ} − g_{βγ} R_{δα} − g_{βδ} R_{γα}) + 2 (d − 1)(d − 2)

(g_{αγ} g_{δβ} + g_{αδ} g_{γβ})R . (241)

and its square, F^d, whose d = 4 realization, called simply F , appears in the trace anomaly equation (1), is F^d ≡ C^{αβγδ}C_{αβγδ} = R^{αβγδ}R_{αβγδ} − 4 d − 2 R^{αβ} R_{αβ} + 2 (d − 2)(d − 1)

R^2 (242)

The Euler density is instead G = R^{αβγδ}R_{αβγδ} − 4 R^{αβ}R_{αβ} + R^2 . (243) The functional variations with respect to the metric tensor are computed using the relations δ √ −g = − 1 2 √ −g g_{αβ} δg^{αβ} δ √ −g = 1 2 √ −g g^{αβ} δg_{αβ} δg_{μν} = −g_{μα}g_{νβ} δg^{αβ} δg^{μν} = −g^{μα}g^{νβ} δg_{αβ} (244) The following structure has been repeatedly used throughout the calculations s^{αβγδ} δ(z, x) ≡ − δg^{αβ} (z) δg_{γδ}(x) = 1 2 [ δ^{αγ} δ^{βδ} + δ^{αδ} δ^{βγ} ] δ(z, x) . (245) B Functional derivation of invariant integrals

In this appendix we briefly show how to evaluate the functional variation of the invariant integral I(a, b, c) I(a, b, c) ≡ ∫ d^dx √ −g K ≡ ∫ d^dx √ −g ( a R^{αβγδ}R_{abcd} + b R^{αβ}R_{αβ} + c R^2 ) , (246)

needed to compute the counterterms found in section 6.3.

Our index conventions for the Riemann and Ricci tensors are those in (240). We have δ(R^{αβγδ}R_{αβγδ}) = δ(g_{ασ} g^{βη}g^{γζ} g^{δρ}R^α_{βγδ}R^σ_{ηζρ}) = δ(g_{ασ} g^{βη}g^{γζ} g^{δρ})R^α_{βγδ}R^σ_{ηζρ} + g_{ασ} g^{βη}g^{γζ} g^{δρ}δ(R^α_{βγδ}R^σ_{ηζρ}) = δ(g_{ασ} g^{βη}g^{γζ} g^{δρ})R^α_{βγδ}R^σ_{ηζρ} + 2 δ(R^α_{βγδ})R_α^{βγδ} , (247) Using (244) and (245) and the product rule for derivatives one easily finds out that the variation can be written at first as δI(a, b, c) = ∫ d^dx √ −g {[ 1 2 g^{μν} K − 2a R^{μαβγ}R^ν_{αβγ} − 2b R^{μα}R^ν_α − 2c RR^{μν} ] δg_{μν} + 2a R_α^{βγδ}δR^α_{βγδ} + 2b R^{αβ}δR_{αβ} + 2c Rg^{αβ}δR_{αβ} } . (248)

Exploiting the Palatini identities,

δR^α_{βγδ} = (δΓ^α_{βγ} )_{;δ} − (δΓ^a_{βδ} )_{;γ} ⇒ δR_{βδ} = (δΓ^λ_{βλ})_{;δ} − (δΓ^λ_{βδ})_{;λ} , (249)

and the Bianchi identities we get R_{αβγδ;η} + R_{αβηγ;δ} + R_{αβδη;γ} = 0 ⇒ R_{βδ;η} − R_{βη;δ} + R^γ_{βδη;γ} = 0 ⇒ R_{;δ} = 2 R^α_{δ;α} ⇔ ( R^{αβ} − 1 2 g^{αβ}R ) ;β = 0 . (250)

After an integration by parts and a reshuffling of indices we get δI(a, b, c) = ∫ d^dx √ −g {[ 1 2 g^{μν} K − 2 ( a R^{μαβγ} R^ν_{αβγ} + b R^{μα}R^ν_α + c RR^{μν} ) ] δg_{μν} + 4a g_{γβ}g^{δη}(δΓ^c_{αδ} )_{;η} − (4a + 2b) (δΓ^γ_{αβ} )_{;γ} + (4c + 2b) (δΓ^λ_{αλ})_{;β} } . (251)

The variations of the Christoffel symbols and of their covariant derivatives in terms of covariant derivatives of the metric tensors variations are

δΓ^α_{βγ} = 1 2 g^{αδ} [ − (δg_{βγ} )_{;δ} + (δg_{βδ})_{;γ} + (δg_{γδ})_{;β} ] , (δΓ^α_{βγ} )_{;δ} = 1 2 g^{αη} [ − (δg_{βγ} )_{;η;δ} + (δg_{βη})_{;γ;δ} + (δg_{γη})_{;β;δ} ] . (252)

Now we use them to rewrite (251) as δI(a, b, c) = ∫ d^dx √ −g {[ 1 2 g^{μν} K − 2 ( a R^{μαβγ} R^ν_{αβγ} + b R^{μα}R^ν_α + c RR^{μν} )] δg_{μν} + [ 2a [ − (δg_{αδ} )_{;β;γ} + (δg_{αβ} )_{;γ;δ} + (δg_{βδ})_{;α;γ} ] − (2a + b) [ − (δg_{αβ} )_{;δ;γ} + (δg_{αδ})_{;β;γ} + (δg_{βδ})_{;α;γ} ] + (2c + b) (δg_{γδ})_{;α;β} − 2c [ − (δg_{γδ})_{;α;β} + (δg_{αδ} )_{;γ;β} + (δg_{αγ} )_{;δ;β} ] ] g^{γδ} R^{αβ} } . (253)

The presence of the factor g^{cd}R^{ab} imposes two symmetry constraints on the terms in the last contribution in square brackets. By adding and subtracting −(4a + 2b) (δg_{ac})_{;d;b} we obtain the expression δI(a, b, c) = ∫ d^dx √ −g {[ 1 2 g^{μν} K − 2 ( a R^{μαβγ} R^ν_{αβγ} + b R^{μα}R^ν_α + c RR^{μν} ) ] δg_{μν} + [ (4a + 2b) [ (δg_{αγ} )_{;β;δ} − (δg_{αγ} )_{;δ;β} ] + (4a + b)(δg_{αβ} )_{;γ;δ} + (4c + b) (δg_{γδ})_{;α;β}

− (4a + 2b + 4c) (δg_{αγ} )_{;δ;β} ] g^{γδ} R^{αβ} } . (254)

The commutation of covariant derivatives allows us to write g^{γδ} [ (δg_{αγ} )_{;β;δ} − (δg_{αγ} )_{;δ;β} ] R^{αβ} = g^{γδ} [ − δg_{ασ} R^σ_{γδβ} − δg_{γσ}R^σ_{αβδ} ] R^{αβ} = g^{γδ} [ − s^{μν}_{ασ} R^σ_{γβδ} − s^{μν}_{cσ} R^σ_{αβδ} ] R^{αβ} δg_{μν} = (−R^{μα}R^ν_α + R^{μανβ} R_{αβ} )δg_{μν} . (255)

Inserting this back into (254) we get δI(a, b, c) = ∫ d^dx √ −g {[ 1 2 g^{μν} K − 2a R^{μαβγ} R^ν_{αβγ} + 4a R^{μα}R^ν_α − (4a + 2b) R^{μανβ} R_{αβ} − 2c RR^{μν} ] δg_{μν} + [ (4a + b)(δg_{αβ})_{;γ;δ} + (4c + b) (δg_{γδ})_{;α;β} − (4a + 2b + 4c) (δg_{αγ} )_{;δ;β} ] g^{γδ} R^{αβ} } . (256)

If the coefficients are a = c = 1 and b = −4, i.e. if the integrand is the Euler density, the last three terms are zero.

All that is left to do is a double integration by parts for each one of the last three terms, to factor out δg_{μν} . This

is easily performed and the final result can be written as δ δg_{μν} I(a, b, c) = δ δg_{μν} ∫ d^dx √ −g ( a R^{αβγδ}R_{αβγδ} + b R^{αβ}R_{αβ} + c R^2 )

= √ −g { 1 2 g^{μν} K − 2a R^{μαβγ} R^ν_{αβγ} + 4a R^{μα}R^ν_α − (4a + 2b) R^{μανβ}R_{αβ} − 2c RR^{μν} + (4a + b) □R^{μν} + (4c + b) g^{μν} R^{αβ}_{;α;β} − (4a + 2b + 4c)R^{νβ}_{;β}^{;μ} } . (257)

C List of functional derivatives

We list here the contributions to the trace anomalies for three point function coming from the elementary quadratic

objects. They are given by [ □ R ]_{αβρσ} (p, q) = [ g^{μν} (∂_μ∂_ν − Γ^λ_{μν} ∂_λ)R ]_{αβρσ} (p, q) = i^2 (p + q)^2 [ R ]_{αβρσ} (p, q) − { i^2 q^αq^β − δ^{μν} [ Γ^λ_{μν} ]_{αβ} (p) i q_λ } R^{ρσ} (q) − { i^2 p^ρp^σ − δ^{μν} [ Γ^λ_{μν} ]_{ρσ} (q) i p_λ } R^{αβ} (p) = (p + q)^2 { − 1 2 δ^{αβ} ( p^ρq^σ + p^σq^ρ + 2 p^ρp^σ ) − 1 2 δ^{ρσ} ( q^αp^β + q^β q^α + 2 q^αq^β )

+ 1 2 p · q δ^{αβ} δ^{ρσ} + 1 4 ( p^ρq^β δ^{ασ} + p^ρq^αδ^{βσ} + p^σ q^βδ^{αρ} + p^σq^αδ^{βρ} )

+ 1 2 [ ( q^ρp^βδ^{ασ} + q^ρp^αδ^{βσ} + q^σ p^β δ^{αρ} + q^σ p^αδ^{βρ} ) + δ^{αρ} ( p^βp^σ + q^β q^σ ) + δ^{ασ} ( p^β p^ρ + q^βq^ρ ) + δ^{βρ} ( p^αp^σ + q^αq^σ ) + δ^{βσ} ( p^αp^ρ + q^αq^ρ ) − ( δ^{ασ} δ^{βρ} + δ^{αρ}δ^{βσ} )( p^2 + q^2 + 3 2 p · q ) ]}

+ 1 2 ( p^2δ^{αβ} − p^αp^β )( p · q δ^{ρσ} − (p^ρq^σ + p^σq^ρ) − 2 p^ρp^σ )

+ 1 2 ( q^2δ^{ρσ} − q^σ q^ρ )( p · q δ^{αβ} − (p^αq^β + p^β q^α) − 2 q^αq^β ) . [ R_{λμκν} R^{λμκν} ]_{αβρσ} (p, q) = 2 [ R_{λμκν} ]_{αβ} (p) [ R^{λμκν} ]_{ρσ} (q) = p · q [ p · q ( δ^{αρ}δ^{βσ} + δ^{ασ} δ^{βρ} ) − ( δ^{αρ}p^σq^β + δ^{ασ} p^ρq^β + δ^{βρ}p^σq^α + δ^{βσ} p^ρq^α )] + 2 p^ρp^σ q^αq^β ,

[ R_{μν} R^{μν} ]_{αβρσ} (p, q) = 2 [ R_{μν} ]_{αβ} (p) [ R^{μν} ]_{ρσ} (q) = 1 4 p · q ( δ^{αρ}p^βq^σ + δ^{ασ} p^βq^ρ + δ^{βρ}p^αq^σ + δ^{βσ}p^αq^ρ )

+ 1 2 (p · q)^2δ^{αβ} δ^{ρσ} + 1 4 p^2q^2 ( δ^{αρ}δ^{βσ} + δ^{ασ} δ^{βρ} )

− [ 1 4 p^2 ( q^αq^ρδ^{βσ} + q^αq^σ δ^{βρ} + q^β q^ρδ^{ασ} + q^β q^σδ^{αρ} )

+ 1 2 δ^{αβ} ( p · q (p^ρq^σ + p^σq^ρ) − q^2p^ρp^σ ) + (α, β, p) ↔ (ρ, σ, q) ] , [ R^2 ]_{αβρσ} (p, q) = 2 δ^{μν} [ R_{μν} ]_{αβ} (p)δ^{τ ω} [ R_{τ ω} ]_{ρσ} (q) = 2 ( p^αp^β q^ρq^σ − p^2q^ρq^σ δ^{αβ} − q^2p^αp^βδ^{ρσ} + p^2 q^2δ^{αβ} δ^{ρσ} ) , (258)

The dependence on the momenta is obviously determined by (25).

D Vertices

We have shown in Fig. 3 a list of all the vertices which are needed for the momentum space computation of the various correlators in d dimensions. We list them below: notice that they are computed differentiating the first and second functional derivatives of the action, because this allows to keep multi-graviton correlators symmetric (see 22). V^{μν}_{T ϕϕ}(p, q) = 1 2 p_α q_β C^{μναβ} + χ ( δ^{μν} (p + q)^2 − (p^μ + q^μ) (p^ν + q^ν ) ) ,

V^{μν}_{T ψ̄ψ}(p, q) = 1 8 A^{μναλ} γ_α (p_λ − q_λ) ,

V^{μντ ω} T AA (p, q) = − 1 2 [ p · q C^{μντ ω} + D^{μντ ω}(p, q) + 1 ξ E^{μντ ω}(p, q) ] = ( Ṽ_{T AA} + 1 ξ V̄_{T AA} )_{μντ ω} (p, q),

V^{μν}_{T c̄c}(p, q) = V^{μν}_{T ϕϕ}(p, q) | | |_{χ=0} ,

for the graviton (T )- to two scalars (ϕ), fermions, photons and ghost pairs. Quadrilinear interactions involving 2 gravitons are far more involved and are given by the expressions V^{μνρσ} T T ϕϕ(p, q, l) = 1 2 p · qs^{μνρσ} − 1 4 G^{μνρσ} (p, q) + 1 4 δ^{ρσ} p_α q_β C^{μναβ} + χ {[( δ^{μλ} δ^{ακ} δ^{νβ} + δ^{μα} δ^{νκ} δ^{βλ} − δ^{μκ} δ^{νλ} δ^{αβ} − δ^{μν} δ^{αλ} δ^{βκ} ) s^{ρσ}_{λκ} + 1 2 δ^{ρσ} ( δ^{μα} δ^{νβ} − δ^{μν} δ^{αβ} )] (p_α q_β + p_β q_α + p_α p_β + q_α q_β ) − [( δ^{μα} δ^{νβ} − δ^{μν} δ^{αβ} ) [ Γ^λ_{αβ} ]_{ρσ} (l) (−i p_λ − i q_λ) + 1 2 ( δ^{μα} δ^{νβ} − 1 2 δ^{μν} δ^{αβ} ) [ R_{αβ} ]_{ρσ} (l) ]} , [ Γ^λ_{αβ} ]_{ρσ} (l) = 1 2 δ^{λκ} i [ s^{ρσ}_{αβ} l_κ − s^{ρσ}_{ακ} l_β − s^{ρσ}_{βκ} l_α ] , [ R_{αβ} ]_{ρσ} (l) = −i l_α [Γ^λ_β ]^{ρσ} (l) + i l_λ [Γ^λ_{αβ} ]^{ρσ} (l) ,

V^{μνρσ} T T ψ̄ψ(p, q) = 1 16 [ − 4 s^{μνρσ} − 2 δ^{μν} s^{αλρσ} + 2 δ^{αμ} s^{νλρσ} + 2 δ^{αν} s^{μλρσ} + δ^{μλ} s^{ανρσ} + δ^{νλ} s^{αμρσ} + δ^{ρσ} A^{μναλ} γ_α (p_λ − q_λ) ] ,

V^{μνρστ ω} T T AA (p, q, l) = − 1 2 {[ B^{αμρσβλγν} + 1 4 B^{μνρσαλγβ} ] F_{αβγλ}^{τ ω}(p, q) + 1 ξ ( H^{μνρστ ω} (p, q, l) + I^{μνρστ ω} (p, q, l) )}

− 1 4 δ^{ρσ} [ p · q C^{μντ ω} + D^{μντ ω}(p, q) + 1 ξ E^{μντ ω}(p, q) ] = (~ V_{T T AA}(p, q) + V̄_{T T AA}(p, q, l) )_{μνρστ ω} ,

V^{μνρσ} T T c̄c (p, q, l) = V μνρσ T T ϕϕ(p, q, l) | | |_{χ=0} , (259)

describing interactions similar to those shown above in the trilinear case, but now with the insertion of one extra graviton. We have simplified the notation by introducing, for convenience, the tensor components s^{μνρσ} = 1 2 (δ^{μρ}δ^{νσ} + δ^{μσ} δ^{νρ}) ,

A^{μναλ} = 2 δ^{μν} δ^{αλ} − δ^{αμ} δ^{λν} − δ^{αν} δ^{λμ}

B^{αμρσβλγν} = s^{αμρσ} δ^{βλ} δ^{γν} + s^{βλρσ} δ^{αμ} δ^{γν} + s^{γνρσ} δ^{αμ} δ^{βλ}

C^{μνρσ} = δ^{μρ}δ^{νσ} + δ^{μσ} δ^{νρ} − δ^{μν} δ^{ρσ} ,

D^{μνρσ} (p, q) = δ^{μν} p^σq^ρ + δ^{ρσ} ( p^μq^ν + p^ν q^μ ) − δ^{μσ} p^ν q^ρ − δ^{μρ}p^σ q^ν − δ^{νσ} p^μq^ρ − δ^{νρ}p^σq^μ

E^{μνρσ} (p, q) = δ^{μν} [ p^ρp^σ + q^ρq^σ + p^ρq^σ ] − [ δ^{νσ} p^μp^ρ + δ^{νρ}q^μq^σ + δ^{μσ} p^ν p^ρ + δ^{μρ}q^ν q^σ ] ,

F^{μνρστ ω} (p, q) = −δ^{τ ρ}δ^{ωμ}p^σq^ν + δ^{τ ρ}δ^{ων} p^σ q^μ + δ^{τ σ}δ^{ωμ}p^ρq^ν − δ^{τ σ}δ^{ων} p^ρq^μ + (τ, p) ↔ (ω, q)

G^{μνρσ} (p, q) = δ^{μσ} [ p^ρq^ν + q^ρp^ν ] + δ^{νσ} [ p^ρq^μ + q^ρp^μ ] + δ^{μρ} [ p^σ q^ν + q^σ p^ν ] + δ^{νρ} [ p^σq^μ + q^σ p^μ ] − δ^{μν} [ p^ρq^σ + q^ρp^σ ]

H^{μνρστ ω}(p, q, l) = [( s^{μωρσ} δ^{νλ} + s^{νλρσ} δ^{μω} ) p_λ p^τ + δ^{μω} ( s^{λτ ρσ} l^ν + s^{λτ ρσ} p^ν ) p_λ + 1 2 δ^{μω} (p + l)^ν ( − l^τ δ^{ρσ} + 2 l_λ s^{τ λρσ} ) + (μ ↔ ν) ] + (τ, p) ↔ (ω, q)

I^{μνρστ ω} (p, q, l) = δ^{μν} { 1 2 δ^{ρσ} l^τ (p + q + l)^ω − s^{λτ ρσ} [ q^ω p_λ + l_λ (p + q + l)^ω ] − s^{λωρσ} [ p^τ p_λ + q_λ (q + l)^τ ]}

− s^{μνρσ} ( p^ω p^τ + q^ω p^τ ) + (τ, p) ↔ (ω, q). (260)

We have performed all our computations in the Feynman gauge (ξ = 1) The Euclidean propagators of the fields in this case are ⟨ϕ ϕ⟩(p) = 1 p^2 ⟨ψ̄ ψ⟩(p) = 1 p/ = p/ p^2 . ⟨A^μ A^ν ⟩(p) = − δ^{μν} p^2 , ⟨c̄ c⟩(p) = 1 p^2

. (261)

E Comments on the inverse mapping

In this appendix we offer some calculational details in the derivation of the expression of the T T T correlator in position space. The remarks apply as well to any other correlator.

For example Eq. (74) refers to the contribution coming from the triangle diagram shown in Fig. 2. We assign the loop momentum l to flow from the upper external point (x_3) to the lower one (x_2) on the right, the other two flows being determined by momentum conservation. We denote the third external point as x_1. For the scalar case, for instance, the complete one-loop triangle diagram is ∫ d^dl (2π)^d V^{μν}_{T ϕϕ}(l − q, −l − p)V^{ρσ}_{T ϕϕ}(l, −l + q)V^{αβ}_{T ϕϕ}(l + p, −l) l^2 (l − q)^2 (l + p)^2

(262)

The vertices are defined in Eq. (259). The first argument in each vertex denotes the momentum of the incoming particle, the second argument is the momentum of the outgoing one. A typical term appearing in the loop integral is then I ≡ ∫ d^dl (2π)^d l^μ l^ν (l + p)^ρ (l + p)^σ (l − q)^α (l − q)^β l^2 (l − q)^2 (l + p)^2

. (263)

From (182) the propagators in configuration space are 1 l^2 (l − q)^2 (l + p)^2

= C(1)^3 ∫ d^dx_{12} d^dx_{23} d^dx_{31} e^{i [l·x23+(l−q)·x12 +(l+p)·x31]} (x^2_{12})^{d/2−1} (x^2_3)^{d/2−1} (x^2_{31})^{d/2−1}

, (264)

where Cα) has been defined in (182). It is straightforward to see that (263) is given by ∫ d^dl (2π)^d l^μ l^ν (l + p)^ρ (l + p)^σ (l − q)^α (l − q)^β l^2 (l − q)^2 (l + p)^2 = C(1)^3 ∫ d^dl (2π)^d d^dx_{12} d^dx_{23} d^dx_{31}

(−i)^6 ∂^μ_{23} ∂^ν_{23} ∂^ρ_{31} ∂^σ_{31} ∂^α_{12} ∂^β_{12} e^{i [l·x23+(l−q)·x12 +(l+p)·x31]} (x^2_{12})^{d/2−1} (x^2_3)^{d/2−1} (x^2_{31})^{d/2−1} . (265)

We can now integrate by parts moving the derivatives onto the propagators, getting

I = C(1)^3 ∫ d^dl (2π)^d d^dx_{12} d^dx_{23} d^dx_{31} e^{i [l·x23+(l−q)·x12 +(l+p)·x31]}

× i^6 ∂^μ_{23} ∂^ν_{23} ∂^ρ_{31} ∂^σ_{31} ∂^α_{12} ∂^β_{12} 1 (x^2_{12})^{d/2−1} (x^2_3)^{d/2−1} (x^2_{31})^{d/2−1}

. (266)

The second line is immediately identified with the coordinate space Green’s function.

This can be done for each term of (262), justifying the rule quoted in section 4.2, that we have used for all the inverse mappings of the paper. According to this the correlators in coordinate space can be obtained replacing the momenta in the vertices with “i” times the respective derivative which then act directly on the propagators after a partial integration.

The same arguments could be applied to the bubbles. Nevertheless, we have seen in 4.2 that derivatives of delta functions appear in the scalar case. These are generated by the dependence of the V^{μνρσ}_{T T ϕϕ}(p, q, l) from the momentum l of the graviton bringing the pair of indices ρσ (see Eq. (259)). They are due to coupling of the scalar with derivatives of the metric through the Ricci scalar R in the improvement term (see Eq. (84)) and state that the graviton feels the metric gradient. We discuss this below, showing how to inverse-map the third bubble in Fig. (2), getting (81).

This bubble can be seen as the (x_2 → x_3) limit of the triangle and its diagrammatic momentum-space expression at one-loop is ∫ d^dl (2π)^d V^{μν}_{T ϕϕ}(l − q, −l − p)V^{αβρσ}_{T T ϕϕ}(l + p, −l + q, −q) (l − q)^2 (l + p)^2

. (267)

As the two propagators are expressed by 1 (l + q)^2 (l + p)^2

= C(1)^2 ∫ d^dx_{12} d^dx_{31} e^{i [(l−q)·x12+(l+p)·x31 ]} (x^2_{12})^{d/2−1} (x^2_{31})^{d/2−1}

, (268)

the dependence of the second vertex on p cannot be ascribed to neither of them. Two typical terms encountered in (267) are ∫ d^dl (2π)^d

(l + p)^ρ (l + p)^σ (l − q)^α (l − q)^β (l − q)^2 (l + p)^2 , ∫ d^dl (2π)^d

(l + p)^ρ (l + p)^σ (l − q)^α p^β

(l − q)^2 (l + p)^2

. (269)

The first one is treated at once restricting the procedure used for the three point function to the case of two propagators.

For the second one, the following relation is immediately checked: ∫ d^dl (2π)^d

(l + p)^ρ (l + p)^σ (l − q)^α p^β (l − q)^2 (l + p)^2 = C(1)^2 ∫ d^dl (2π)^d d^dx_{12} d^dx_{23} d^dx_{31} δ^{(d)}(x_{23})

(−i)^4 ∂^ρ_{31} ∂^σ_{31} ∂^α_{12} (∂_{31} − ∂_{23})^β e^{i [l·x23+(l−q)·x12 +(l+p)·x31]} (x^2_{12})^{d/2−1} (x^2_{31})^{d/2−1} . (270)

Notice that an integration by parts brings in a derivative on the delta functions giving

C(1)^2 ∫ d^dl (2π)^d d^dx_{12} d^dx_{23} d^dx_{31} e^{i [l·x23+(l−q)·x12 +(l+p)·x31]} (i)^4 ∂^ρ_{31} ∂^σ_{31} ∂^α_{12} (∂_{31} − ∂_{23})^β δ^d(x_{23}) (x^2_{12})^{d/2−1} (x^2_{31})^{d/2−1} . (271)

This approach has been followed in all the derivations of the expressions given in (4.2). The integration on l brings about a δ^{(d)}(x_{12} + x_{23} + x_{31}), so that it is natural to chose the parameterization

x_{12} = x_1 − x_2 , x_{23} = x_2 − x_3 , x_{31} = x_3 − x_1 . (272)

A more inviolved example is the 4-particle vertex. For instance the V_{T T ϕϕ}(i ∂_{31}, −i ∂_{12}, i (∂_{12} − ∂_{23})) is obtained from V_{T T ϕϕ}(p, q, l) with the functional replacements

p → p̂ = i ∂_{31}, q → q̂ = −i ∂_{12} l → l̂ = i (∂_{12} − ∂_{23}) (273) giving V^{μνρσ} T T ϕϕ(i ∂31, −i ∂12, i (∂12 − ∂23)) = 1 2 i ∂_{31} · (−i) ∂_{12}s^{μνρσ} − 1 4 G^{μνρσ} (i ∂_{31}, −i ∂_{12}) + 1 4 δ^{ρσ} i ∂_{31 α} (−i) ∂_{12 β} C^{μναβ} + χ {[( δ^{μλ} δ^{ακ} δ^{νβ} + δ^{μα} δ^{νκ} δ^{βλ} − δ^{μκ} δ^{νλ} δ^{αβ} − δ^{μν} δ^{αλ} δ^{βκ} ) s^{ρσ}_{λκ} + 1 2 δ^{ρσ} ( δ^{μα} δ^{νβ} − δ^{μν} δ^{αβ} )] (i ∂_{31 α} (−i)∂_{12 β} + i ∂_{31 β} (−i)∂_{12 α} + i ∂_{31 α} i ∂_{31 β} + (−i)∂_{12 α} (−i)∂_{12 β} ) − [( δ^{μα} δ^{νβ} − δ^{μν} δ^{αβ} )([ Γ^λ_{αβ} ]_{ρσ} (i (∂_{12} − ∂_{23})) ) (−i) (i ∂_{31 λ} + (−i) ∂_{12 λ}) + 1 2 ( δ^{μα} δ^{νβ} − 1 2 δ^{μν} δ^{αβ} ) ( [ R_{αβ} ]_{ρσ} (i (∂_{12} − ∂_{23})) ) ]} . (274)

F Regularizations and distributional identities

We add few more comments and examples which illustrate the regularization that we have applied in the computation of the various correlators.

The computation of the logarithmic integrals requires some care due to the distributional nature of some of these formulas. As an example we consider the integrals

H_1 = ∫ d^dl e^{il·x} μ^{2ω} [l^2]^{1+ω}

H_2 = ∫ d^dl e^{il·x} μ^{2ω} [l^2]^ω

H_3 = ∫ d^dl e^{il·x} log ( l^2 μ^2 ) (275)

We can relate them in the form H_3 = − ∂ ∂ω H_2 | | | |_{ω=0} = □ ( ∂ ∂ω H_1 | | | |_{ω=0} ) (276)

In the two cases we get, using (182) − ∂ ∂ω H_2 | | | |_{ω=0} = −

(4 π)^{d/2} Γ(d/2) (x^2)^{d/2}

(277) and ∂ ∂ω H_1 | | | |_{ω=0} =

2^{d−2}π^{d/2}Γ(d/2 − 1) [x^2]^{d/2−1} ( log(x^2μ^2) + γ − log 4 − ψ ( d − 2 2 ) ) (278)

By redefining the regularization scale μ with Eq. (201) we clearly obtain from (278) ∫ d^dl log(l^2/μ^2)e^{il·x}

l^2

= 2^{d−2}π^{d/2}Γ(d/2 − 1) log x^2μ̄^2 [x^2]^{d/2−1}

(279) and H_3 = □ ( ∂ ∂ω H_1 | | | ω=0 ) = 2^{d−2}π^{d/2}Γ(d/2 − 1)□ ( log x^2μ̄^2 [x^2]^{d/2−1} ) (280)

The use of H_2 instead gives

H_3 = − ∂ ∂ω H_2 | | | |_{ω=0} = −

2^dπ^{d/2}Γ(d/2)

[x^2]^{d/2}

(281)

Notice that this second relation coincides with (280) away from the point x = 0, but differs from it right on the singularity, since □ log x^2μ^2 [x^2]^{d/2−1}

= −2 (d − 2) ( π^{d/2} Γ(d/2) log(x^2μ^2) δ^d(x) + 1 [x^2]^{d/2} ) (282)

For this reason we take (280) as the regularized expression of H_3, in agreement with the standard approach of differential regularization.

F.1 Evaluation of the single log integrals

The direct method discussed in the second part of the paper, though very general and applicable to any correlator, introduces in momentum space some logarithmic integrals which are more difficult to handle. They take the role of the ordinary master integrals of perturbation theory. The scalar integrals needed for the tensor reduction of the logarithmic contributions in the text are defined in (221). After a shift of the momentum in the argument of the logarithm, a standard tensor reduction gives

IL_μ(0, p_1, p_2) = CL_1(p_1, p_2) p_{1 μ} + CL_2(p_1, p_2) p_{2 μ} ,

CL_1(p_1, p_2) =

(p_1^2 − p_1 · p_2)p_2^2 IL(0, p_1, p_2) + (p_2^2 − p_1 · p_2) IL^μ_μ(0, p_1, p_2) 2 (p_1 · p_2)^2 − p_1^2 p_2^2 , CL_2(p_1, p_2) =

(p_2^2 − p_1 · p_2)p_1^2 IL(0, p_1, p_2) + (p_1^2 − p_1 · p_2) IL^μ_μ(0, p_1, p_2) 2 (p_1 · p_2)^2 − p_1^2 p_2^2

. (283)

To complete the computation of the V V V correlator we need the explicit form of the logarithmic integrals in terms of ordinary logarithmic and polylogarithmic functions. We define I ≡ ∫ d^dl log ( l^2/μ^2 ) (l + p_1)^2(l − p_2)^2 = − ∂ ∂λ ∫ d^dl μ^{2λ} (l^2)^λ (l + p_1)^2 (l − p_2)^2_{λ=0}

. (284)

The logarithmic integral is identified from the term of O(λ) in the series expansion of the previous expression. Because the coefficient in front of the parametric integral starts at this order, we just need to know the zeroth order expansion of the integrand, which we separate into two terms. The first one is integrable

I_1 =

∫_1 0 dt t^{−ϵ}(yt)^{1−ϵ−λ} A(t)^{1−ϵ} = ∫_1 0 dt t^{−ϵ}(yt)^{1−ϵ} A(t)^{1−ϵ} + O(λ) ≡ I^{(0)}_1 + O(λ) , (285)

while the last term has a singularity in t = 0 which must be factored out and re-expressed in terms of a pole in λ

I_2 = −

∫_1 0 dt t^{−ϵ}(x/t)^{1−ϵ−λ} A(t)^{1−ϵ} = − x^{1−ϵ−λ} λ ∫_1 0 dt 1 A(t)^{1−ϵ} d dt t^λ = − x^{1−ϵ−λ} λ [ 1 − (ϵ − 1)

∫_1 0 dt t^λ A(t)^{1−ϵ} ( 1 t − t_1 + 1 t − t_2 ) ]

= x^{1−ϵ} λ { − 1 + (ϵ − 1)

∫_1 0 dt 1 A(t)^{1−ϵ} ( 1 t − t_1 + 1 t − t_2 ) ]}

+ x^{1−ϵ} [ log x + (ϵ − 1)

∫_1 0 dt log (t/x) A(t)^{1−ϵ} ( 1 t − t_1 + 1 t − t_2 ) ] + O(λ) ≡ 1 λ I^{(−1)}_2 + I^{(0)}_2 + O(λ) ,

(286)

where t_1 and t_2 are the two roots of A(t) = yt^2 +(1−x−y)t+x. We are now able to write down the full λ-expansion of J(1, 1, λ) and to extract the logarithmic integral I I = − π^{2−ϵ}i^{1+2ϵ} (p^2_3)^ϵ

Γ(1 − ϵ)Γ(2 − ϵ)Γ(ϵ) Γ(2 − 2ϵ) 1 ϵ − 1 { I^{(0)}_1 + I^{(0)}_2 } . (287)

The previous expression can be expanded in d = 4 − 2ϵ dimensions in which it manifests a 1/ϵ pole of ultraviolet origin I = π^{2−ϵ}i^{1+2ϵ} (p^2_3)^ϵ ( − 1 ϵ + γ ) [ A(x, y) + ϵ B(x, y) ] + O(ϵ) , (288) where A(x, y) and B(x, y) are defined from the ϵ-expansion of the two integrals I^{(0)}_1 and I^{(0)}_2 as

A(x, y) = x log x +

∫_1 0 dt A(t) [ yt − x log (t/x) ( 1 t − t_1 + 1 t − t_2 ) ] , (289)

B(x, y) = −x log^2 x +

∫_1 0 dt A(t) [ yt (log (t − t_1) + log (t − t_2) − 2 log t) − x log (t/x) ( 1 t − t_1 + 1 t − t_2 ) (log (t − t_1) + log (t − t_2) − log (x/y) − 1) ] . (290)

References

[1] P. R. Anderson, C. Molina-Paris, and E. Mottola. Linear response, validity of semiclassical gravity, and the stability of flat space. Phys. Rev., D67:024026, 2003.

[2] I. Antoniadis, P. O. Mazur, and E. Mottola. Conformal symmetry and central charges in four-dimensions.

Nucl. Phys., B388:627–647, 1992.

[3] R. Armillis, C. Corianò, and L. Delle Rose. Conformal Anomalies and the Gravitational Effective Action: The T JJ Correlator for a Dirac Fermion. Phys. Rev., D81:085001, 2010.

[4] R. Armillis, C. Corianò, and L. Delle Rose. Trace Anomaly, Massless Scalars and the Gravitational Coupling of QCD. 2010.

[5] F. Bastianelli, O. Corradini, and A. Zirotti. dimensional regularization for N=1 supersymmetric sigma models and the worldline formalism. Phys.Rev., D67:104009, 2003.

[6] F. Bastianelli and A. Zirotti. Worldline formalism in a gravitational background. Nucl.Phys., B642:372–388, 2002.

[7] R. Bertlmann and E. Kohlprath. Two-dimensional gravitational anomalies, Schwinger terms and dispersion relations. Annals Phys., 288:137–163, 2001.

[8] L. Bonora, P. Cotta-Ramusino, and C. Reina. Conformal Anomaly and Cohomology. Phys. Lett., B126:305– 308, 1983.

[9] A. Bzowski, P. McFadden, and K. Skenderis. Holographic predictions for cosmological 3-point functions. 2011.

[10] A. Cappelli, R. Guida, and N. Magnoli. Exact consequences of the trace anomaly in four-dimensions.

Nucl.Phys., B618:371–406, 2001.

[11] S. R. Coleman and B. Grossman. ’t Hooft’s Consistency Condition as a Consequence of Analyticity and Unitarity. Nucl. Phys., B203:205, 1982.

[12] C. Corianò, L. Delle Rose, and M. Serino. Gravity and the Neutral Currents: Effective Interactions from the Trace Anomaly. Phys.Rev., D83:125028, 2011.

[13] A. I. Davydychev. Recursive algorithm of evaluating vertex type Feynman integrals. J.Phys.A, A25:5587–5596, 1992.

[14] G. Degrassi, E. Gabrielli, and L. Trentadue. Flavor Changing Fermion-Graviton Vertices. Phys.Rev., D79:053004, 2009.

[15] M. J. Duff. Observations on Conformal Anomalies. Nucl. Phys., B125:334, 1977. [16] M. J. Duff. Twenty years of the Weyl anomaly. Class. Quant. Grav., 11:1387–1404, 1994. [17] G. V. Dunne and N. Rius. A Comment on the relationship between differential and dimensional renormalization.

Phys. Lett., B293:367–374, 1992.

[18] J. Erdmenger and H. Osborn. Conserved currents and the energy momentum tensor in conformally invariant theories for general dimensions. Nucl.Phys., B483:431–474, 1997.

[19] E. Fradkin and M. Palchik. New developments in D-dimensional conformal quantum field theory. Phys.Rept., 300:1–112, 1998.

[20] D. Z. Freedman, K. Johnson, and J. I. Latorre. Differential regularization and renormalization: A New method of calculation in quantum field theory. Nucl.Phys., B371:353–414, 1992.

[21] M. Giannotti and E. Mottola. The Trace Anomaly and Massless Scalar Degrees of Freedom in Gravity. Phys.

Rev., D79:045014, 2009.

[22] D. Kazakov and A. Kotikov. The method of uniqueness: multiloop calculations in QCD. Theor.Math.Phys., 73:1264, 1988.

[23] J. M. Maldacena and G. L. Pimentel. On graviton non-Gaussianities during inflation. JHEP, 1109:045, 2011. [24] P. O. Mazur and E. Mottola. Weyl cohomology and the effective action for conformal anomalies. Phys.Rev., D64:104022, 2001.

[25] E. Mottola. New Horizons in Gravity: The Trace Anomaly, Dark Energy and Condensate Stars. Acta Physica Polonica, B41:2031–2162, 2010.

[26] E. Mottola and R. Vaulin. Macroscopic effects of the quantum trace anomaly. Phys. Rev., D74:064004, 2006. [27] H. Osborn and A. C. Petkou. Implications of Conformal Invariance in Field Theories for General Dimensions.

Ann. Phys., 231:311–362, 1994.

[28] A. M. Polyakov. Quantum Geometry of Bosonic Strings. Phys. Lett., B103:207–210, 1981. [29] S. Raju. Four Point Functions of the Stress Tensor and Conserved Currents in AdS_4/CF T_3. 2012. [30] R. J. Riegert. A Nonlocal Action for the Trace Anomaly. Phys. Lett., B134:56–60, 1984. [31] Y. S. Stanev. Stress-energy tensor and U(1) current operator product expansion in conformal QFT. Bulg. J.

Phys., 15:93–107, 1988.

[32] Y. S. Stanev and I. T. Todorov. A conformal invariant QED model in terms of operator product expansions.

Bulg. J. Phys., 14:3–18, 1987.