arXiv:1203.1544v2 [hep-th] 17 Apr 2012

KEK-TH-1526

On Static Charged Black Holes

in Type IIA on a Nearly-Kähler Coset

Tetsuji Kimura

KEK Theory Center, Institute of Particle and Nuclear Studies, High Energy Accelerator Research Organization Tsukuba, Ibaraki 305-0801, Japan

tetsuji at post.kek.jp

Abstract

We study static, spherically symmetric black hole solutions in four-dimensional N = 2 gauged supergravity with one vector multiplet and one hyper-tensor multiplet. This is derived from massive type IIA theory compactified on the nearly-Kähler coset space G_2/SU(3). It is well-known that the Romans’ mass parameter yields the Stückelberg-type deformation of the gauge field strengths in the four-dimensional system. This deformation requires that all the (covariant) derivatives of the scalar fields must vanish and the two-form field is closed. It turns out that charged solutions are forbidden. This implies that only AdS vacua or Schwarzschild- AdS black holes are allowed as the static, spherically symmetric solutions.

1 Introduction

Searching asymptotically Anti-de Sitter (AdS) black hole solutions in four-dimensional N = 2 gauged supergravity [1] has been developed for a long period. This is quite interesting because the value of the cosmological constant in gauged supergravity is non-trivial; i.e., the cosmological constant is given by the Fayet-Iliopoulos parameters or the expectation value of the scalar potential. In the context of AdS/CFT correspondence, the AdS black hole configuration provides many significant features of condensed matter physics.

In pure supergravity without any matter fields, supersymmetric (non)-rotating AdS black holes with (un)usual topology were investigated by [2]. Soon after that, gauged supergravity with vector multiplets was applied to search static AdS black holes with naked singularity [3–5]. Recently, supersymmetric static AdS black holes with regular horizon were found [6–8].

It is also interesting to find an AdS black hole solution of gauged supergravity in the presence of hypermultiplets [9]. There are two features. One is that the existence of hypermultiplets excludes the Fayet-Iliopoulos parameters, which support non-vanishing cosmological constant in the gauged supergravity only with vector multiplets. The other is that some scalar fields in hypermultiplets appears as two-form fields in the system. Caused by the gauging, they cannot be dualized back to the original scalar fields in the hypermultiplets. The multiplet containing two-form field(s) is referred to as the hyper-tensor multiplet. In addition, these two-form fields deform the gauge field strengths by the Stückelberg-type coupling [10, 11]. In order to control the feature of the gauged supergravity with multiplets of the hyper-sector as well as vector multiplets, we study AdS black holes in the framework of the string theory compactification scenarios.

Exploiting four-dimensional N = 2 gauged supergravity is of importance because this system appears as the low energy effective theory of type II string theory via flux compactifications [12–15]. The deformation parameters in gauging of the four-dimensional supergravity are provided by the NSNS- and the RR-flux charge parameters on the internal space. Indeed the Stückelberg-type deformation is realized by the RR flux charges [13–15]. In particular, the Romans’ mass parameter yields AdS vacua [16]. In this work we focus on the coset spaces G_2/SU(3) [17, 18]. This is one of the nearly-Kähler manifold with torsion and the SU(3)-structure. This is useful because the moduli space of this coset space has been studied very well. In addition, this coset space provides the simplest matter contents in the four-dimensional system; one vector multiplet and one hypertensor multiplet with the Stückelberg-type deformation.

We are now ready to search black holes of Reissner-Nordström-AdS type in four-dimensional N = 2 gauged supergravity with one vector multiplet and one hyper-tensor multiplet given by the flux compactification on G_2/SU(3). Previously the author studied it under the (covariantly) constant condition [9]. This condition prohibits the existence of charged solutions. In this paper, we assume that the configuration is static and spherically symmetric. Surprisingly the static condition eventually derives the (covariantly) constant condition [9]. This implies that the static condition itself forbids Reissner-Nordström-AdS black hole solutions of the gauged supergravity in the presence of the two-form field with the Stückelberg-type deformation [10, 11, 13–15].

The organization of this paper is as follows. In section 2 we briefly exhibit the feature of the coset space G_2/SU(3). Next we write down the equations of motion for the gauge fields, the twoform field and the gravitational field which play a central role in the main analysis. Third we restrict the system to the static configuration. Here we introduce two functions in order to describe the static field strengths. In section 3 we show that all the fields are (covariantly) constant in the static configuration: The equations of motion for the gauge fields intertwine the two-form field with the two functions. The equation for the two-form field provides the differential equations among the two functions and the scalar fields. Finally, the Einstein equation reveals that all the scalar fields are (covariantly) constant because each term quadratic in the (covariant) derivatives of the scalar fields is positive semi-definite. We also find that the two-form field is closed. The (covariantly) constant condition only allows neutral solutions such as AdS vacua or Schwarzschild-AdS black holes. In section 4 is devoted to conclusion.

2 Gauged supergravity with two-form field

The deformation parameters in gauging of the four-dimensional supergravity are provided by the NSNS-flux charge parameters {e_{ΛI} , e_Λ^I , m^Λ_I , m^{ΛI} } and the RR-flux charge parameters {e_{RΛ}, m^Λ_R} on the internal space [13–15]. The ranges of the labels Λ and I are Λ = 0, 1, . . . , n_V and I = 0, 1, . . . , n_H, where n_V denotes the number of the vector multiplets, whilst n_H indicates the number of multiplets in the hyper-sector, respectively. The Romans’ mass parameter is involved as m^0_R in the above flux charge parameters.

In this section we briefly exhibit the feature of N = 2 abelian gauged supergravity with B-field derived from type IIA compactification on the nearly-Kähler coset space G_2/SU(3). The details of the derivation can be seen in [14, 15].

2.1 Profile from coset space G_2/SU(3)

First of all let us consider the generic feature of the gauged supergravity associated with the type IIA compactification on G_2/SU(3) [17, 18]. The indices Λ and I run only Λ = 0, 1 and I = 0, respectively. The following flux charge parameters involve the profile of this compactification:

e_{10} = 2 √ 3I , m^Λ_Re_{Λ0} = 0 , m^0_R ≠ 0 , e_{R0} ≠ 0 , (2.1)

whilst other flux charges such as e_Λ^0, e_{00}, m^1_R and e_{R1}, are zero. m^0_R is interpreted as the Romans’ mass parameter. The value I denotes the volume of the coset space. In this compactification, the moduli space of the vector multiplet is given by SU(1, 1)/U(1). This is governed by the cubic prepotential F(X): F ≡ I X^1X^1X^1 X^0

. (2.2a)

In terms of the local coordinate t ≡ X^1/X^0, we describe the Kähler potential K_V:

K_V ≡ − log [ i(X^ΛF_Λ − X^ΛF_Λ) ] = − log [ − iI(t − t)^3 ] . (2.2b)

It is quite useful to introduce the period matrix N_{ΛΣ} on this moduli space:

N_{ΛΣ} ≡ F_{ΛΣ} + 2i

(ImF)_{ΛΓ}X^Γ(ImF)_{ΣΔ}X^Δ X^Π(ImF)_{ΠΞ}X^Ξ = I 2 ( t^2(t + 3t) −3t(t + t) −3t(t + t) 3(3t + t) ) . (2.2c)

This pertains to the generalization of the gauge coupling constant and the theta-angle in N = 2 supersymmetric system. In the hyper-sector, there exists only one multiplet. Notice that the non-vanishing m^0_R makes the axion field a in the hypermultiplet be dualized to the two-form field B_{μν} , referred to as the B-field. We call the multiplet with the constituents {φ, ξ^0, ~ξ_0, B_{μν} } the hyper-tensor multiplet.

2.2 Equations of motion

Here we exhibit the equations of motion for the gauge fields A^Λ_μ , the B-field B_{μν} , and the gravitational field g_{μν} , which we will utilize exhaustively in the next section^1: 0 = ϵ^{σμνρ} 2 √ −g ∂_μ ~F_{Λνρ} − ϵ^{σμνρ} 2 √ −g ∂_μB_{νρ}(e_{RΛ} − e_{Λ0}ξ^0) − e^{2φ}e_{Λ0}D^σ ~ξ_0 , (2.3a) 0 = 1 √ −g ∂_μ ( e^{−4φ} √ −gH^{μρσ} ) + ϵ^{μνρσ} √ −g [ D_μξ^0D_ν ~ξ_0 − D_μ ~ξ_0D_ν ξ^0 + (e_{RΛ} − e_{Λ0}ξ^0)F^Λ_{μν} ]

+ 2m^Λ_Rμ_{ΛΣ}F^{Σρσ} − ϵ^{μνρσ} √ −g m^Λ_Rν_{ΛΣ}F^Σ_{μν} , (2.3b) E_{μν} ≡ R_{μν} − 1 2 R g_{μν} = 1 4 g_{μν} μ_{ΛΣ}F^Λ_{ρσ}F^{Σρσ} − μ_{ΛΣ}F^Λ_{μρ}F^Σ_{νσ} g^{ρσ} − g_{μν} g_{tt}∂_ρt∂^ρt + 2g_{tt} ∂_μt∂_ν t − g_{μν} ∂_ρφ∂^ρφ + 2∂_μφ∂_ν φ − e^{−4φ} 24 g_{μν} H_{ρσλ}H^{ρσλ} + e^{−4φ} 4 H_{μρσ}H_ν^{ρσ} − e^{2φ} 2 g_{μν} ( D_ρξ^0D^ρξ^0 + D_ρ ~ξ_0D^ρ ~ξ_0 ) + e^{2φ} ( D_μξ^0D_ν ξ^0 + D_μ ~ξ_0D_ν ~ξ_0 ) − g_{μν} V . (2.3c)

Here we have introduced various functions: μ_{ΛΣ} = ImN_{ΛΣ} and ν_{ΛΣ} = ReN_{ΛΣ} are the generalization of the gauge coupling constant, and the field dependent theta-angle, respectively; g_{tt} is the Kähler metric defined by g_{tt} = ∂_t∂_tK_V; and E_{μν} is the Einstein tensor. The field strength of the B-field is given as H_{μνρ} = 3∂_{[μ}B_{νρ]}. Notice that, due to the presence of the RR-flux charges m^Λ_R, the gauge field strengths are deformed to [14]

F^Λ_{μν} = 2∂_{[μ}A^Λ_{ν]} + m^Λ_RB_{μν} . (2.4)

The covariant derivatives of the scalar fields ξ^0 and ~ξ_0 are given by

D_μξ^0 = ∂_μξ^0 , D_μ ~ξ_0 = ∂_μ ~ξ_0 − e_{Λ0}A^Λ_μ . (2.5)

They are derived from abelian gauge symmetry of the RR potentials in the ten-dimensional type IIA theory, and from the geometrical structure of the six-dimensional internal space [14]. Due to

1See [9] for the Lagrangian and the equations of motion for other bosonic fields.

the absence of the flux charges e_Λ^0 on the coset space G_2/SU(3), the covariant derivative Dξ^0 is reduced to the ordinary derivative [18]. The dual gauge field strengths ~F_{Λμν} are

~F_{Λμν} ≡ ν_{ΛΣ}F^Σ_{μν} + √ −g 2 ϵ_{μνρσ} μ_{ΛΣ}F^{Σρσ} , (2.6)

where we used the constant tensor whose normalization is ϵ_{0123} = +1, and its contravariant form ϵ^{0123} = −1 in a generic curved spacetime. The scalar potential V is given as [15]

V = g^{tt}D_tP_+D_tP_+ + g^{tt}D_tP_3D_tP_3 − 2|P_+|^2 + |P_3|^2 . (2.7a)

Due to the absence of the flux charges e_Λ^0, the scalar field ~ξ_0 does not contribute to the scalar potential V . The triplet of the Killing prepotentials P_a [15] is explicitly described as

P_+ = −2e^φL^1e_{10} , P_− = −2e^φL^1e_{10} , P_3 = e^{2φ} [ L^0e_{R0} − L^1e_{10}ξ^0 − M_0m^0_R ] , (2.7b) L^0 = e^{KV/2} , L^1 = t e^{KV/2} , M_0 = −I t^3e^{KV/2} , (2.7c)

D_tP_a = ( ∂_t + 1 2 ∂_tK_V ) P_a (2.7d)

2.3 Static setup

So far we exhibited generic feature of the gauged supergravity. Here we prepare the static, spherically symmetric metric:

ds^2 = −e^{2A(r)}dt^2 + e^{−2A(r)}dr^2 + e^{2C(r)}r^2 ( dθ^2 + sin^2 θ dϕ^2 ) . (2.8a)

We impose the time-independent condition on an arbitrary field X such as

0 = ∂_tX . (2.8b)

The electric and magnetic charges are defined in terms of the field strengths:

p^Λ ≡ 1 4π ∫ dθdϕ F^Λ_{θϕ} , (2.9a)

q_Λ ≡ 1 4π ∫ dθdϕ ~F_{Λθϕ} = 1 4π ∫ dθdϕ ( ν_{ΛΣ}F^Σ_{θϕ} + √ −g μ_{ΛΣ}F^{Σtr} ) . (2.9b)

Since we concentrate on the static configuration of the electric field and the magnetic fields, we consider the following set of relations between the gauge fields and the B-field:

F^Λ_{θϕ} = ∂_θA^Λ_ϕ − ∂_ϕA^Λ_θ + m^Λ_RB_{θϕ} ≡ f^Λ(θ, ϕ) sin θ , (2.10a)

F^Λ_{tr} = −∂_rA^Λ_t + m^Λ_RB_{tr} ≡ e^{−2C} r^2 g^Λ(θ, ϕ) , (2.10b)

for the non-vanishing components of the field strengths, and

0 = ∂_rF^Λ_{θϕ} , 0 = ∂_r ~F_{Λθϕ} , (2.10c) 0 = F^Λ_{ϕr} = ∂_ϕA^Λ_r − ∂_rA^Λ_ϕ + m^Λ_RB_{ϕr} , (2.10d)

0 = F^Λ_{rθ} = ∂_rA^Λ_θ − ∂_θA^Λ_r + m^Λ_RB_{rθ} , (2.10e) 0 = F^Λ_{tθ} = −∂_θA^Λ_t + m^Λ_RB_{tθ} , (2.10f) 0 = F^Λ_{tϕ} = −∂_ϕA^Λ_t + m^Λ_RB_{tϕ} , (2.10g)

for the vanishing components, respectively. Note that the fields are independent of time coordinate because we consider the static configuration (2.8b).

3 Analysis

In this section we carefully analyze the equations of motion (2.3) under the static setup (2.8). Since the B-field is incorporated into the equation of motion and the gauge field strengths (2.4), we can find a series of restrictions on the B-field via the equation of motion for the gauge fields. The equation of motion for the B-field further gives rise to differential equations among the set of functions {f^Λ(θ, ϕ), g^Λ(θ, ϕ), C(r)}, and the scalar fields {φ, ξ^0, ~ξ_0} of the hyper-tensor multiplet. Utilizing these restrictions, we evaluate the Einstein equation in the static, spherically symmetric (AdS) black hole spacetime. Recombining the components of the Einstein equation, we finally obtain the (covariantly) constant condition.

3.1 Equation of motion for gauge fields

First we evaluate the equation of motion for the gauge fields (2.3a). Each component provides a powerful constraint among the fields and the functions:

(2.3a)^{σ=t} : 0 = e^{−2C} r^2 sin θ

(e_{RΛ} − e_{Λ0}ξ^0)H_{rθϕ} + e_{Λ0} e^{2φ−2A}D_t ~ξ_0 , (3.1a)

(2.3a)^{σ=r} : 0 = −(e_{RΛ} − e_{Λ0}ξ^0) e^{−2C} r^2 sin θ

H_{θϕt} − e_{Λ0} e^{2φ+2A}D_r ~ξ_0 , (3.1b)

(2.3a)^{σ=θ} : 0 = − e^{−2C} r^2 sin θ [ ∂_ϕ ~F_{Λtr} − (e_{RΛ} − e_{Λ0}ξ^0)H_{ϕtr} + e_{Λ0} e^{2φ}D_θ ~ξ_0 sin θ ] , (3.1c)

(2.3a)^{σ=ϕ} : 0 = e^{−2C} r^2 sin θ [ ∂_θ ~F_{Λtr} − (e_{RΛ} − e_{Λ0}ξ^0)H_{θtr} − e_{Λ0} e^{2φ} sin θ D_ϕ ~ξ_0 ] . (3.1d)

Multiplying m^Λ_R to the above equations and using the identity m^Λ_Re_{Λ0} = 0 due to the flux compactification [14], we extract the following forms:

0 = m^Λ_Re_{RΛ} H_{rθϕ} , (3.2a) 0 = m^Λ_Re_{RΛ} H_{θϕt} , (3.2b) m^Λ_R∂_ϕ ~F_{Λtr} = m^Λ_Re_{RΛ} H_{ϕtr} , (3.2c) m^Λ_R∂_θ ~F_{Λtr} = m^Λ_Re_{RΛ}H_{θtr} . (3.2d)

Furthermore, the expressions (2.10) enable us to rewrite the components of the three-form H_{μνρ} in terms of the functions f^Λ(θ, ϕ) and g^Λ(θ, ϕ):

m^Λ_Re_{RΛ} H_{ϕtr} = m^Λ_Re_{RΛ} [ ∂_ϕB_{tr} + ∂_rB_{ϕt} ] = e_{RΛ} [ ∂_ϕ ( ∂_rA^Λ_t + e^{−2C} r^2 g^Λ(θ, ϕ) ) + ∂_r ( − ∂_ϕA^Λ_t )]

= e^{−2C} r^2 ∂_ϕ [ e_{RΛ}g^Λ(θ, ϕ) ] , (3.3a)

m^Λ_Re_{RΛ}H_{θtr} = m^Λ_Re_{RΛ} [ ∂_rB_{θt} + ∂_θB_{tr} ] = e_{RΛ} [ ∂_r ( − ∂_θA^Λ_t ) + ∂_θ ( ∂_rA^Λ_t + e^{−2C} r^2 g^Λ(θ, ϕ) )]

= e^{−2C} r^2 ∂_θ [ e_{RΛ}g^Λ(θ, ϕ) ] . (3.3b)

Substituting them into (3.2), we obtain the explicit forms: H_{ϕtr} = 1 m^Σ_Re_{RΣ} e^{−2C} r^2 ∂_ϕ [ e_{RΛ}g^Λ(θ, ϕ) ] , (3.4a) H_{θtr} = 1 m^Σ_Re_{RΣ} e^{−2C} r^2 ∂_θ [ e_{RΛ}g^Λ(θ, ϕ) ] , (3.4b)

0 = ∂_ϕ [ (m^Λ_Rμ_{ΛΣ})f^Σ(θ, ϕ) + ( m^Λ_Rν_{ΛΣ} − e_{RΣ} ) g^Σ(θ, ϕ) ] , (3.4c)

0 = ∂_θ [ (m^Λ_Rμ_{ΛΣ})f^Σ(θ, ϕ) + ( m^Λ_Rν_{ΛΣ} − e_{RΣ} ) g^Σ(θ, ϕ) ] . (3.4d)

Under the above description, the equations of motion (3.1) are further reduced to

0 = D_t ~ξ_0 = −e_{Λ0}A^Λ_t , (3.5a)

0 = D_r ~ξ_0 = ∂_r ~ξ_0 − e_{Λ0}A^Λ_r , (3.5b) 0 = e^{−2C} r^2 ∂_ϕ [ μ_{ΛΣ}f^Σ(θ, ϕ) + ( ν_{ΛΣ} − e_{RΛ} − e_{Λ0}ξ^0 m^Γ_Re_{RΓ} e_{RΣ} ) g^Σ(θ, ϕ) ] + e_{Λ0} e^{2φ} sin θ D_θ ~ξ_0 , (3.5c) 0 = e^{−2C} r^2 ∂_θ [ μ_{ΛΣ}f^Σ(θ, ϕ) + ( ν_{ΛΣ} − e_{RΛ} − e_{Λ0}ξ^0 m^Γ_Re_{RΓ} e_{RΣ} ) g^Σ(θ, ϕ) ] − e_{Λ0} e^{2φ} sin θ

D_ϕ ~ξ_0 . (3.5d)

The equation (3.5a) with the flux charge condition (2.1) imposes a strong condition on g^Λ(θ, ϕ):

e_{Λ0}F^Λ_{tr} = −∂_r(e_{Λ0}A^Λ_t ) = 0 , ∴ e_{Λ0}g^Λ(θ, ϕ) = 0 . (3.6)

Notice that g^0(θ, ϕ) still remains non-trivial.

3.2 Equation of motion for B-field

Next task is to investigate the equation of motion for the B-field (2.3b). Owing to the expressions (2.10) and (3.4), each component of the equation is described in terms of the functions f^Λ(θ, ϕ) and g^Λ(θ, ϕ) in the following way:

(2.3b)^{[ρσ]=[tr]} : 0 = − 1 m^Σ_Re_{RΣ} e^{−2C} r^2 ∂_θ [ e^{−4φ} sin θ ∂_θ ( e_{RΛ}g^Λ(θ, ϕ) )]

− 1 m^Σ_Re_{RΣ} e^{−2C} r^2 sin θ ∂_ϕ [ e^{−4φ}∂_ϕ ( e_{RΛ}g^Λ(θ, ϕ) )]

+ 2 [( m^Λ_Rν_{ΛΣ} − (e_{RΣ} − e_{Σ0} ξ^0) ) f^Σ(θ, ϕ) − (m^Λ_Rμ_{ΛΣ})g^Σ(θ, ϕ) ] sin θ − 2 ( ∂_θξ^0D_ϕ ~ξ_0 − D_θ ~ξ_0∂_ϕξ^0 ) , (3.7a)

(2.3b)^{[ρσ]=[tθ]} : 0 = sin θ m^Σ_Re_{RΣ} ∂_θ ( e_{RΛ}g^Λ(θ, ϕ) ) ∂_r (e−4φ−2C r^2 ) + 2∂_rξ^0D_ϕ ~ξ_0 , (3.7b)

(2.3b)^{[ρσ]=[tϕ]} : 0 = 1 m^Σ_Re_{RΣ} 1 sin θ ∂_ϕ ( e_{RΛ}g^Λ(θ, ϕ) ) ∂_r (e−4φ−2C r^2 ) − 2∂_rξ^0D_θ ~ξ_0 , (3.7c)

(2.3b)^{[ρσ]=[θϕ]} : 0 =

2e^{−4C} r^4 sin θ [ (m^Λ_Rμ_{ΛΣ})f^Σ(θ, ϕ) + (m^Λ_Rν_{ΛΣ} − e_{RΣ})g^Σ(θ, ϕ) ] , (3.7d)

where we used (3.6). Then the equations (3.4c) and (3.4d) become trivial:

0 = (m^Λ_Rμ_{ΛΣ})f^Σ(θ, ϕ) + (m^Λ_Rν_{ΛΣ} − e_{RΣ})g^Σ(θ, ϕ) . (3.8)

We can learn that the covariant derivatives of the RR-axion fields are related to the derivatives of the function g^Λ(θ, ϕ). Indeed the equations (3.7b) and (3.7c) will contribute to the evaluation of the Einstein equation in a crucial way.

3.3 Einstein equation

So far we analyzed the equations of motion in terms of arbitrary functions A(r) and C(r) in the static metric (3.9). From now on, we focus only on the metric of Reissner-Nordström-AdS type:

e^{2A(r)} ≡ κ − 2η r + Z^2 r^2 + r^2 ℓ^2

, e^{2C(r)} ≡ 1 , (3.9)

where the black hole parameters of mass and charges are given by η and Z^2 = Q^2_e +Q^2_m, respectively. The parameter ℓ gives the negative cosmological constant Λ_{c.c.} = −3/ℓ^2.

The diagonal components of the Einstein tensor E_{μν} under the metric (3.9) become simple:

g^{tt}E_{tt} = e^{2A} [ 1 r^2

(1 − e^{−2(A+C)}) + 2 r (A^′ + 3C^′) + C^′(2A^′ + 3C^′) + 2C^{′′} ] = − Z^2 r^4 + 3 ℓ^2 , (3.10a)

g^{rr}E_{rr} = e^{2A} [ 1 r^2

(1 − e^{−2(A+C)}) + 2 r (A^′ + C^′) + C^′(2A^′ + C^′) ] = − Z^2 r^4 + 3 ℓ^2

, (3.10b)

g^{θθ}E_{θθ} = e^{2A} [2 r (A^′ + C^′) + 2(A^′)^2 + C^′(2A^′ + C^′) + A^{′′} + C^{′′} ] = Z^2 r^4 + 3 ℓ^2

, (3.10c)

g^{ϕϕ}E_{ϕϕ} = e^{2A} [2 r (A^′ + C^′) + 2(A^′)^2 + C^′(2A^′ + C^′) + A^{′′} + C^{′′} ] = Z^2 r^4 + 3 ℓ^2

. (3.10d)

On the other hand, substituting the vanishing conditions (2.10) and (3.2), we see the reduced components of the right-hand side of the Einstein equation (2.3c): g^{tt}E_{tt} = − 1 2 μ_{ΛΣ}F^Λ_{tr} F^{Σtr} + 1 2 μ_{ΛΣ}F^Λ_{θϕ}F^{Σθϕ} − g_{tt} ( ∂_rt∂^rt + ∂_θt∂^θt + ∂_ϕt∂^ϕt )

− ( ∂_rφ∂^rφ + ∂_θφ∂^θφ + ∂_ϕφ∂^ϕφ ) + e^{−4φ} 4 H_{trθ}H^{trθ} + e^{−4φ} 4 H_{trϕ}H^{trϕ} − e^{2φ} 2 ( ∂_rξ^0∂^rξ^0 + ∂_θξ^0∂^θξ^0 + ∂_ϕξ^0∂^ϕξ^0 ) − e^{2φ} 2 ( D_θ ~ξ_0D^θ ~ξ_0 + D_ϕ ~ξ_0D^ϕ ~ξ_0 ) − V , (3.11a) g^{rr}E_{rr} = − 1 2 μ_{ΛΣ}F^Λ_{tr} F^{Σtr} + 1 2 μ_{ΛΣ}F^Λ_{θϕ}F^{Σθϕ} − g_{tt} ( − ∂_rt∂^rt + ∂_θt∂^θt + ∂_ϕt∂^ϕt )

− ( − ∂_rφ∂^rφ + ∂_θφ∂^θφ + ∂_ϕφ∂^ϕφ ) + e^{−4φ} 4 H_{trθ}H^{trθ} + e^{−4φ} 4 H_{trϕ}H^{trϕ} − e^{2φ} 2 ( − ∂_rξ^0∂^rξ^0 + ∂_θξ^0∂^θξ^0 + ∂_ϕξ^0∂^ϕξ^0 ) − e^{2φ} 2 ( D_θ ~ξ_0D^θ ~ξ_0 + D_ϕ ~ξ_0D^ϕ ~ξ_0 ) − V , (3.11b) g^{θθ}E_{θθ} = 1 2 μ_{ΛΣ}F^Λ_{tr} F^{Σtr} − 1 2 μ_{ΛΣ}F^Λ_{θϕ}F^{Σθϕ} − g_{tt} ( ∂_rt∂^rt − ∂_θt∂^θt + ∂_ϕt∂^ϕt )

− ( ∂_rφ∂^rφ − ∂_θφ∂^θφ + ∂_ϕφ∂^ϕφ ) + e^{−4φ} 4 H_{trθ}H^{trθ} − e^{−4φ} 4 H_{trϕ}H^{trϕ} − e^{2φ} 2 ( ∂_rξ^0∂^rξ^0 − ∂_θξ^0∂^θξ^0 + ∂_ϕξ^0∂^ϕξ^0 ) − e^{2φ} 2 ( − D_θ ~ξ_0D^θ ~ξ_0 + D_ϕ ~ξ_0D^ϕ ~ξ_0 ) − V , (3.11c) g^{ϕϕ}E_{ϕϕ} = 1 2 μ_{ΛΣ}F^Λ_{tr} F^{Σtr} − 1 2 μ_{ΛΣ}F^Λ_{θϕ}F^{Σθϕ} − g_{tt} ( ∂_rt∂^rt + ∂_θt∂^θt − ∂_ϕt∂^ϕt )

− ( ∂_rφ∂^rφ + ∂_θφ∂^θφ − ∂_ϕφ∂^ϕφ ) − e^{−4φ} 4 H_{trθ}H^{trθ} + e^{−4φ} 4 H_{trϕ}H^{trϕ} − e^{2φ} 2 ( ∂_rξ^0∂^rξ^0 + ∂_θξ^0∂^θξ^0 − ∂_ϕξ^0∂^ϕξ^0 ) − e^{2φ} 2 ( D_θ ~ξ_0D^θ ~ξ_0 − D_ϕ ~ξ_0D^ϕ ~ξ_0 ) − V . (3.11d)

Combining (3.10) with (3.11), we evaluate the derivatives of the fields. First, the difference between the time component and the radial component gives g^{tt}E_{tt} − g^{rr}E_{rr} = 0 = −2e^{2A(r)} [ g_{tt}|∂_rt|^2 + (∂_rφ)^2 + e^{2φ} 2 (∂_rξ^0)^2 ] . (3.12)

This is a strong condition. Because each term in the right-hand side is positive semi-definite, we immediately obtain

0 = ∂_rt , 0 = ∂_rφ , 0 = ∂_rξ^0 , (3.13)

This makes the derivative of the function g^Λ(θ, ϕ) vanish through the equations (3.7b) and (3.7c):

0 = ∂_θ ( e_{RΛ}g^Λ(θ, ϕ) ) , 0 = ∂_ϕ ( e_{RΛ}g^Λ(θ, ϕ) ) , which implies that g^Λ is a constant and the components of the three-form H in (3.4) vanish:

g^Λ = (constant) , 0 = H_{trθ} = H_{trϕ} . (3.14)

Combining (3.2), we find that all the components of H_{μνρ} vanish once the static condition is imposed on the system. In a similar way, we also evaluate the following three equations: g^{rr}E_{rr} + g^{θθ}E_{θθ} = 6 ℓ^2 = − 2 r^2 sin^2 θ [ g_{tt}|∂_ϕt|^2 + (∂_ϕφ)^2 + e^{2φ} 2 (∂_ϕξ^0)^2 + e^{2φ} 2 (D_ϕ ~ξ_0)^2 ] − 2V , (3.15a) g^{rr}E_{rr} − g^{θθ}E_{θθ} = − 2Z^2 r^4 = 1 r^4 μ_{ΛΣ} [ f^Λ(θ, ϕ)f^Σ(θ, ϕ) + g^Λg^Σ ]

− 2 r^2 [ g_{tt}|∂_θt|^2 + (∂_θφ)^2 + e^{2φ} 2 (∂_θξ^0)^2 + e^{2φ} 2 (D_θ ~ξ_0)^2 ] , (3.15b) g^{θθ}E_{θθ} − g^{ϕϕ}E_{ϕϕ} = 0 = 1 r^2 [ g_{tt}|∂_θt|^2 + (∂_θφ)^2 + e^{2φ} 2 (∂_θξ^0)^2 + e^{2φ} 2 (D_θ ~ξ_0)^2 ]

− 1 r^2 sin^2 θ [ g_{tt}|∂_ϕt|^2 + (∂_ϕφ)^2 + e^{2φ} 2 (∂_ϕξ^0)^2 + e^{2φ} 2 (D_ϕ ~ξ_0)^2 ] . (3.15c)

Note that we have used the vanishing condition of all the components of H_{μνρ}. Since the scalar fields t, φ and ξ^0 are independent of the radial coordinate r (3.13), the period matrix N_{ΛΣ} = ν_{ΛΣ} + iμ_{ΛΣ} (2.2c) are also independent of r. The scalar potential V defined in (2.7a) does not depend on r, either. Then the square bracket in the right-hand side of (3.15a) and the second line in the right-hand side of (3.15b) must vanish:

0 = g_{tt}|∂_θt|^2 + (∂_θφ)^2 + e^{2φ} 2 (∂_θξ^0)^2 + e^{2φ} 2 (D_θ ~ξ_0)^2

= g_{tt}|∂_ϕt|^2 + (∂_ϕφ)^2 + e^{2φ} 2 (∂_ϕξ^0)^2 + e^{2φ} 2 (D_ϕ ~ξ_0)^2 . (3.16)

This condition satisfies (3.15c) consistently. Because each term in this equation is positive semidefinite, we obtain

0 = ∂_θt = ∂_ϕt , 0 = ∂_θφ = ∂_ϕφ , (3.17a) 0 = ∂_θξ^0 = ∂_ϕξ^0 , 0 = D_θ ~ξ_0 = D_ϕ ~ξ_0 . (3.17b)

Due to the constant condition of g^Λ and t, the equation (3.8) tells us that f^Λ becomes constant. Their values are described in terms of the electric and magnetic charges through (2.9):

f^Λ = p^Λ , g^Λ = −(μ^{−1})^{ΛΣ} ( q_Σ − ν_{ΣΓ} p^Γ ) . (3.18)

Let us summarize the analysis. Assuming only the static configuration (2.8b), (2.8b), and (2.10), we obtain the (covariantly) constant forms of the scalar fields and the constant gauge field strengths as showed in (3.2), (3.5), (3.13), (3.14), (3.17) and (3.18):

0 = H_{μνρ} = 3∂_{[μ}B_{νρ]} , 0 = D_μ ~ξ_0 , 0 = D_μξ^0 = ∂_μξ^0 , 0 = ∂_μt , (3.19a)

F^Λ_{θϕ} = p^Λ sin θ , F^Λ_{tr} = − 1 r^2

(μ^{−1})^{ΛΣ} ( q_Σ − ν_{ΣΓ} p^Γ ) . (3.19b)

This leads to the black hole parameters in such a way as

Z^2 = − μ_{ΛΣ} 2 [ f^Λf^Σ + g^Λg^Σ ]

= − 1 2 [ p^Λμ_{ΛΣ} p^Σ + ( q_Λ − ν_{ΛΓ} p^Γ ) (μ^{−1})^{ΛΣ} ( q_Σ − ν_{ΣΔ} p^Δ )] , (3.20a)

Λ_{c.c.} = − 3 ℓ^2

= V . (3.20b)

3.4 Constant solution

Let us proceed the analysis under the field configuration (3.19)^2. The covariantly constant condition 0 = D_μ ~ξ_0 in (3.19) gives the vanishing condition of the field strengths:

0 = [∂_μ, ∂_ν ]~ξ_0 = e_{Λ0}F^Λ_{μν} , (3.21)

i.e., F^1_{μν} = 0. Here we again used the flux charge condition m^Λ_Re_{Λ0} = 0 in (2.1). The above condition implies

0 = p^1 , 0 = (μ^{−1})^{10}q_0 + (μ^{−1})^{11}q_1 − (μ^{−1}ν)^1_0 p^0 . (3.22)

Substituting this into (3.7a), we obtain

p^0 = m^0_R e_{R0} q_0 , (3.23a)

(μ^{−1})^{11}q_1 = −q_0 [ (μ^{−1})^{10} − (m0_R e_{R0} ) (μ^{−1}ν)^1_0 ] , (3.23b)

0 = q_0 [( (μ^{−1})^{11}(μ^{−1})^{00} − [(μ^{−1})^{01}]^2 ) − 2 ( m0_R e_{R0} )( (μ^{−1})^{11}(μ^{−1}ν)^0_0 − (μ^{−1})^{01}(μ^{−1}ν)^1_0 )

+ ( m0_R

e_{R0}

)_2( (μ^{−1})^{11}(μ + νμ^{−1}ν)_{00} − [(μ^{−1}ν)^1_0]^2 )] . (3.23c)

Since the value in the square bracket of (3.23c) is non-zero [9], the electric charge q_0 must vanish. Substituting this into the above equations, we eventually find that all the charges must be zero:

q_0 = 0 , q_1 = 0 , p^0 = 0 , p^1 = 0 . (3.24)

The gauge field strengths given in (3.19) also vanish. This leads to the vanishing black hole charges Z^2 = 0. Then we conclude that the static, spherically symmetric configuration in the gauged supergravity derived from type IIA theory compactified on G_2/SU(3) provides only neutral solutions such as AdS vacua or Schwarzschild-AdS black holes [9].

4 Conclusion

In this work we studied static, spherically symmetric, asymptotically AdS black hole solutions in four-dimensional N = 2 gauged supergravity in the presence of one vector multiplet and one hyper-tensor multiplet. This system is associated with the type IIA theory compactified on the nearly-Kähler coset space G_2/SU(3). The Romans’ mass yields the Stückelberg-type deformation in the gauge field strengths. Then we found an intrinsic relation between the gauge fields A^Λ_μ and the B-field. Eventually all the scalar fields should satisfy the (covariantly) constant condition, and the B-field must be closed. Furthermore, the (covariantly) constant condition leads to the vanishing black hole charges. It turns out that only the possible solutions are AdS vacua or Schwarzschild-AdS black hole as analyzed in [9].

2The essential points have already been discussed in [9].

In the main analysis we fixed the sign of the cosmological constant to be negative in (3.9). But this did not affect the evaluation of the scalar fields in the Einstein equation (3.15a). In addition, the topology of the horizon is not crucial in the equations (3.15b) and (3.15c). The primary reason was that the H_{μνρ} did vanish through the equations (3.7) and (3.12). This eventually removed the dependence of the B-field in the equations (3.15), and the independence of the angular coordinates (3.17) were realized. Thus the result (3.19) could be applied to static, asymptotically flat (or de Sitter) black holes with unusual topology such as two-torus or hyperbolic surface (see, for instance, [2]).

This work reveals that, as far as we concern the metric (2.8a) with (3.9), time-independent configurations must be forbidden to build a charged (AdS) black hole in the presence of the hypertensor multiplet with the Stückelberg-type deformation. It seems to be inevitable to search timedependent configurations. A typical one is the stationary, rotating charged black hole referred to as the Kerr-Newman-(AdS) black hole.

References

[1] L. Andrianopoli, M. Bertolini, A. Ceresole, R. D’Auria, S. Ferrara, P. Fré and T. Magri, “N = 2 supergravity and N = 2 super Yang-Mills theory on general scalar manifolds: Symplectic covariance, gaugings and the momentum map,” J. Geom. Phys. 23 (1997) 111 [hep-th/9605032].

[2] M. M. Caldarelli and D. Klemm, “Supersymmetry of Anti-de Sitter black holes,” Nucl. Phys.

B 545 (1999) 434 [hep-th/9808097].

[3] W. A. Sabra, “Anti-de Sitter BPS black holes in N = 2 gauged supergravity,” Phys. Lett. B 458 (1999) 36 [hep-th/9903143].

[4] A. H. Chamseddine and W. A. Sabra, “Magnetic and dyonic black holes in D = 4 gauged supergravity,” Phys. Lett. B 485 (2000) 301 [hep-th/0003213].

[5] S. Bellucci, S. Ferrara, A. Marrani and A. Yeranyan, “d = 4 black hole attractors in N = 2 supergravity with Fayet-Iliopoulos terms,” Phys. Rev. D 77 (2008) 085027 [arXiv:0802.0141 [hep-th]].

[6] S. L. Cacciatori and D. Klemm, “Supersymmetric AdS_4 black holes and attractors,” JHEP 1001 (2010) 085 [arXiv:0911.4926 [hep-th]].

[7] K. Hristov and S. Vandoren, “Static supersymmetric black holes in AdS_4 with spherical symmetry,” JHEP 1104 (2011) 047 [arXiv:1012.4314 [hep-th]].

[8] G. Dall’Agata and A. Gnecchi, “Flow equations and attractors for black holes in N = 2 U(1) gauged supergravity,” JHEP 1103 (2011) 037 [arXiv:1012.3756 [hep-th]].

[9] T. Kimura, “Schwarzschild-AdS black holes in N = 2 geometric flux compactification,” arXiv:1108.1113 [hep-th].

[10] G. Dall’Agata, R. D’Auria, L. Sommovigo and S. Vaulà, “D = 4, N = 2 gauged supergravity in the presence of tensor multiplets,” Nucl. Phys. B 682 (2004) 243 [hep-th/0312210].

[11] R. D’Auria, L. Sommovigo and S. Vaulà, “N = 2 supergravity Lagrangian coupled to tensor multiplets with electric and magnetic fluxes,” JHEP 0411 (2004) 028 [hep-th/0409097].

[12] M. Graña, “Flux compactifications in string theory: A Comprehensive review,” Phys. Rept.

423 (2006) 91 [hep-th/0509003].

[13] R. D’Auria, S. Ferrara and M. Trigiante, “On the supergravity formulation of mirror symmetry in generalized Calabi-Yau manifolds,” Nucl. Phys. B 780 (2007) 28 [hep-th/0701247 [hep-th]].

[14] D. Cassani, “Reducing democratic type II supergravity on SU(3) × SU(3) structures,” JHEP 0806 (2008) 027 [arXiv:0804.0595 [hep-th]].

[15] D. Cassani, S. Ferrara, A. Marrani, J. F. Morales and H. Samtleben, “A special road to AdS vacua,” JHEP 1002 (2010) 027 [arXiv:0911.2708 [hep-th]].

[16] D. Lüst and D. Tsimpis, “Supersymmetric AdS_4 compactifications of IIA supergravity,” JHEP 0502 (2005) 027 [hep-th/0412250].

[17] A. K. Kashani-Poor, “Nearly Kähler reduction,” JHEP 0711 (2007) 026 [arXiv:0709.4482 [hep-th]].

[18] D. Cassani and A. K. Kashani-Poor, “Exploiting N = 2 in consistent coset reductions of type IIA,” Nucl. Phys. B 817 (2009) 25 [arXiv:0901.4251 [hep-th]].