arXiv:1203.2140v2 [gr-qc] 14 Mar 2012

EINSTEIN EQUATION AT SINGULARITIES

CRISTI STOICA

Abstract. Einstein’s equation is rewritten in an equivalent form, which remains valid at the singularities in some major cases. These cases include the Schwarzschild singularity, the Friedmann- Lemaître-Robertson-Walker Big Bang singularity, isotropic singularities, and a class of warped product singularities. This equation is constructed in terms of the Ricci part of the Riemann curvature (as the Kulkarni-Nomizu product between Einstein’s equation and the metric tensor).

Contents

Introduction 1 1. Expanded Einstein equation and quasi-regular spacetimes 1 2. Examples of quasi-regular spacetimes 4 3. Open Question 7 References 7

Introduction

The singularities in General Relativity cannot be avoided. Einstein’s equation leads to them in very general conditions [1, 2, 3, 4, 5, 6], and there the time evolution breaks down. Is this a problem of the theory itself, or of the way we formulate it? This paper proposes a version of Einstein’s equation which is equivalent to the standard version at the points of the spacetime where the metric is not singular. But unlike Einstein’s equation, in many cases it can be extended at and beyond the singular points.

The expanded Einstein equations, and the quasi-regular spacetimes on which they hold, are introduced in section §1. They are obtained simply by taking the Kulkarni-Nomizu product between Einstein’s equation and the metric tensor. In a quasi-regular spacetime, the metric tensor becomes degenerate at singularities, in a way which cancels them and makes the equations smooth.

The situations when the new version of Einstein’s equation extends at singularities include isotropic singularities (section §2.1), and a class of warped product singularities (section §2.2). It also contains the Schwarzschild singularity (section §2.4) and the FLRW Big Bang singularity (section §2.3).

1. Expanded Einstein equation and quasi-regular spacetimes

1.1. The expanded Einstein equation. We will write an equation which is equivalent to Einstein’s equation whenever the metric tensor g_{ab} is non-degenerate, but is valid also in a class of situations when g_{ab} becomes degenerate and Einstein’s tensor is not defined. Later we will see that our version of Einstein’s equation remains smooth in various important situations, such as

Date: Feb. 5, 2012.

the FLRW Big-Bang singularity, isotropic singularities, and at the singularity of the Schwarzschild black hole.

The Einstein equation is (1) G_{ab} + Λg_{ab} = κT_{ab}

where T_{ab} is the stress-energy tensor of the matter, the constant κ is defined as κ := 8πG c^4

, where G and c are the gravitational constant and the speed of light, and Λ is the cosmological constant. The term

(2) G_{ab} := R_{ab} − 1 2 Rg_{ab}, is the Einstein tensor, constructed from the Ricci curvature R_{ab} := g^{st}R_{asbt} and the scalar curvature R := g^{st}R_{st}.

We introduce the expanded Einstein equation (3) (G ∘ g)_{abcd} + Λ(g ∘ g)_{abcd} = κ(T ∘ g)_{abcd} where the operation (4) (h ∘ k)_{abcd} := h_{ac}k_{bd} − h_{ad}k_{bc} + h_{bd}k_{ac} − h_{bc}k_{ad} is the Kulkarni-Nomizu product of two symmetric bilinear forms h and k.

If the metric is non-degenerate, the Einstein equation and its expanded version are equivalent. If the metric becomes degenerate, it’s inverse becomes singular, and in general the Riemann, Ricci, and scalar curvatures, and consequently the Einstein tensor G_{ab}, blow up. But for some cases, the metric term from the Kulkarni-Nomizu product G ∘ g tends to 0 enough to cancel the blow up of the Einstein tensor.

This cancellation allows us to weaken the condition that the metric tensor is non-degenerate, to some cases when it can be degenerate. We will see that these cases include some important singularities.

1.2. A more explicit form of the expanded Einstein equation. To give a more explicit form of the expanded Einstein equation, we use the Ricci decomposition of the Riemann curvature tensor (see e.g. [7, 8, 9]).

Let (M, g) be a Riemannian or a semi-Riemannian manifold of dimension n. The Riemann curvature tensor can be decomposed algebraically as (5) R_{abcd} = S_{abcd} + E_{abcd} + C_{abcd}. where (6) S_{abcd} = 1 n(n − 1) R(g ∘ g)_{abcd} is the scalar part of the Riemann curvature, and (7) E_{abcd} = 1 n − 2 (S ∘ g)_{abcd} is the semi-traceless part of the Riemann curvature. Here

(8) S_{ab} := R_{ab} − 1 n Rg_{ab} is the traceless part of the Ricci curvature.

The Weyl curvature tensor is defined as the traceless part of the Riemann curvature (9) C_{abcd} = R_{abcd} − S_{abcd} − E_{abcd}.

Let’s return to a spacetime of dimension n = 4. By using the equations (2) and (8) we can write the Einstein tensor in terms of the traceless part of the Ricci tensor and the scalar curvature:

(10) G_{ab} = S_{ab} − 1 4 Rg_{ab}. We can use this equation to calculate the expanded Einstein tensor:

(11) G_{abcd} := (G ∘ g)_{abcd} = (S ∘ g)_{abcd} − 1 4 R(g ∘ g)_{abcd} = 2E_{abcd} − 3S_{abcd}. The expanded Einstein equation takes now the form (12) 2E_{abcd} − 3S_{abcd} + Λ(g ∘ g)_{abcd} = κ(T ∘ g)_{abcd}. 1.3. Quasi-regular spacetimes. We are interested in spacetimes on which the expanded Einstein equation (3) can be written and is smooth. From (12) we see that this requires the smoothness of the tensors E_{abcd} and S_{abcd}.

In addition, we are interested to have the nice properties of the semi-regular spacetimes. As showed in [10], the semi-regular manifolds are a class of singular semi-Riemannian manifolds which are nice for several reasons. First, they allow contraction between covariant indices for an important class of tensors and differential forms. This is in general prohibited by the fact that when the metric tensor g_{ab} becomes degenerate, it doesn’t admit a reciprocal g^{ab}. This also prohibits in general the construction of a Levi-Civita connection. On semi-regular manifolds, this can be done for differential forms, and covariant tensors in general. For vector fields we use instead of ∇_X Y , the Koszul form, defined as:

K : X(M)^3 → R, (13) K(X, Y, Z) := 1 2 {X⟨Y, Z⟩ + Y ⟨Z, X⟩ − Z⟨X, Y ⟩ − ⟨X, [Y, Z]⟩ + ⟨Y, [Z, X]⟩ + ⟨Z, [X, Y ]⟩} which defines the Levi-Civita connection implicitly by ⟨∇_X Y, Z⟩ = K(X, Y, Z) for a non-degener-ate metric, but not when the metric becomes degenerate.

In [10] we define the Riemann curvature R_{abcd} even for non-degenerate metrics, in a way which avoids the undefined ∇_X Y , but relies on the defined and smooth K(X, Y, Z). To do this, we require that we can define the covariant derivative of the differential 1-form K(X, Y, ), and that this is smooth. This requirement is equivalent to the requirements that K(X, Y, W ) = 0 whenever W becomes degenerate (i.e. ⟨W, X⟩ = 0 for any X), and that the contraction K(X, Y,_•)K(Z, T,_•) is smooth for any local vector fields X, Y, Z, T . A singular semi-Riemannian manifold satisfying this condition is named semi-regular manifold, and its metric is called semi-regular metric. A 4- dimensional semi-regular manifold with metric having the signature at each point (r, s, t), s ≤ 3, t ≤ 1, but which is non-degenerate on a dense subset, is called semi-regular spacetime [10]. The Riemann curvature R_{abcd} is smooth , since it can then be defined as (14) R_{abcd} = ∂_aΓ_{bcd} − ∂_bΓ_{acd} + Γ_{ac•} Γ_{bd•} − Γ_{bc•} Γ_{ad•} where Γ_{abc} = K(∂_a, ∂_b, ∂_c) are the Christoffel’s symbols of the first kind.

In a semi-regular spacetime, since R_{abcd} is smooth, the densitized Einstein tensor G_{ab} det g is smooth [10], and we can write a densitized version of the Einstein equation, which is equivalent to the usual version when the metric is non-degenerate:

(15) G_{ab} √ −g^W + Λg_{ab} √ −g^W = κT_{ab} √ −g^W , where the weight W ≤ 2. Although the semi-regular approach is more general, we explored here the quasi-regular one, which is more strict. Consequently, these results are stronger.

Definition 1.1. We say that a semi-regular manifold (M, g_{ab}) is quasi-regular, and that g_{ab} is a quasi-regular metric, if:

(1) g_{ab} is non-degenerate on a subset dense in M (2) the tensors S_{abcd} and E_{abcd} defined at the points where the metric is non-degenerate extend smoothly to the entire manifold M.

If the quasi-regular manifold M is a semi-regular spacetime, we call it quasi-regular spacetime.

Remark 1.2. We can see immediately that on an quasi-regular spacetime the expanded Einstein tensor can be extended also at the points where the metric is degenerate, and the extension is smooth. This is in fact the motivation of Definition 1.1.

Remark 1.3. The expanded Einstein equation (3) does not necessarily rely on the semi-regularity of the metric. But in the definition of quasi-regular manifolds we preferred to assume the semiregularity, because it comes with other good properties, such as the smoothness of R_{abcd}.

2. Examples of quasi-regular spacetimes

Remark 2.1. The quasi-regular spacetimes are more general than the regular ones (with nondegenerate metric). The question is, are they general enough to cover the singularities which plagued General Relativity? In the following we will see that, at least for some relevant cases, the answer is positive.

2.1. Isotropic singularities. Isotropic singularities occur in conformal rescalings of non-de-generate metrics, when the scaling function cancels. They were extensively studied by Tod [11, 12, 13, 14, 15, 16], Claudel & Newman [17], Anguige & Tod [18, 19]. The following theorem shows that the isotropic singularities are quasi-regular.

Theorem 2.2 (Isotropic singularities). Let (M, g_{ab}) be a regular spacetime (we assume therefore that the metric g_{ab} is non-degenerate). Then, if Ω : M → R is a smooth function, which is non-zero on a dense subset of M, the spacetime (M, ~g_{ab} := Ω^2g_{ab}) is quasi-regular.

Proof. We know from [10] that (M, ~g_{ab}) is semi-regular.

The Ricci and the scalar curvatures take the following forms ([6], p. 42.):

(16) ~R^a_b = Ω^{−2}R^a_b + 2Ω^{−1}(Ω^{−1})_{;bs}g^{as} − 1 2 Ω^{−4}(Ω^2)_{;st}g^{st}δ^a_b

(17) ~R = Ω^{−2}R − 6Ω^{−3}Ω_{;st}g^{st}

where the covariant derivatives correspond to the metric g. From equation (16) we have

(18) ~R_{ab} = Ω^2g_{as} ~R^s_b = R_{ab} + 2Ω(Ω^{−1})_{;ab} − 1 2 Ω^{−2}(Ω^2)_{;st}g^{st}g_{ab},

which tends to infinity when Ω → 0. But we are interested to prove the smoothness of the Kulkarni-Nomizu product ~Ric ∘ ~g. We notice that the term ~g contributes with a factor Ω^2, and it is enough to prove the smoothness of:

(19) Ω^2 ~R_{ab} = Ω^2R_{ab} + 2Ω^3(Ω^{−1})_{;ab} − 1 2 (Ω^2)_{;st}g^{st}g_{ab}, which follows easily from

(20)

Ω^3(Ω^{−1})_{;ab} = Ω^3 ( (Ω^{−1})_{;a} ) ;b = Ω^3 ( −Ω^{−2}Ω_{;a} ) ;b = Ω^3 ( 2Ω^{−3}Ω_{;b}Ω_{;a} − Ω^{−2}Ω_{;ab} ) = 2Ω_{;a}Ω_{;b} − ΩΩ_{;ab}

Hence, the tensor ~Ric ∘ ~g is smooth. The fact that ~R~g ∘ ~g is smooth follows from the observation that ~g ∘ ~g contributes with Ω^4, and the least power in which Ω appears in the expression (17) of ~R is −3. From the above follows that ~E_{abcd} and ~S_{abcd} are smooth. Hence the spacetime (M, ~g_{ab}) is quasiregular. □

2.2. Quasi-regular warped products. Another example useful in cosmology is the following, which is a generalization of the warped products (see e.g. [20], p. 204). We will allow the warped function f to become 0 (generalizing the standard definition, where it is not allowed, because leads to degenerate metrics).

Definition 2.3. Let (B, ds^2_B) and (F, ds^2_F ) be two semi-Riemannian manifolds, and f : B → R a smooth function on B. The degenerate warped product of B and F with warping function f is the manifold B ×_f F := ( B × F, ds^2_{B×F} ) , with the metric

(21) ds^2_{B×F} = ds^2_B + f^2ds^2_F

Theorem 2.4 (Quasi-regular warped product). A degenerate warped product B ×_f F with dim B = 1 and dim F = 3 is quasi-regular.

Proof. From [21] we know that B ×_f F is semi-regular.

Let’s denote by g_B , g_F and g the metrics on B, F and B ×_f F . We know ([20], p. 211) that, for horizontal vector fields X, Y ∈ L(B × F, B) and vertical vector fields V, W ∈ L(B × F, F ),

(1) Ric(X, Y ) = Ric_B(X, Y ) + dim F f H^f (X, Y ) (2) Ric(X, V ) = 0 (3) Ric(V, W ) = Ric_F (V, W ) + (fΔf + (dim F − 1)g_B (grad f, grad f)) g_F (V, W )

where Δf is the Laplacian, H^f the Hessian, and grad f the gradient. It follows that Ric(X, V ) and Ric(V, W ) are smooth, but Ric(X, Y ) in general is not, because of the term containing f^{−1}. But since we take dim B = 1, the only terms in the Kulkarni-Nomizu product Ric ∘ g containing Ric(X, Y ) are of the form

Ric(X, Y )g(V, W ) = f^2Ric(X, Y )g_F (V, W ).

Hence, Ric ∘ g is smooth.

From the expression of the scalar curvature

(22) R = R_B + R_F f^2

+ 2 dim F Δf f + dim F (dim F − 1) g_B (grad f, grad f) f^2

we conclude that S_{abcd} is smooth too. Hence, B ×_f F is quasi-regular. □

The following example important in cosmology is a direct application of this result.

2.3. The Friedmann-Lemaître-Robertson-Walker spacetime. The Friedmann-Lemaître- Robertson-Walker (FLRW) spacetime is defined as the warped product I ×_a Σ, where (1) I ⊆ R is an interval representing the time, which is viewed as a semi-Riemannian space with the negative definite metric −c^2dt^2.

(2) (Σ, dΣ^2) is a three-dimensional Riemannian space, usually one of the homogeneous spaces S^3, R^3 , and H^3 (to model the homogeneity and isotropy conditions at large scale). Then the metric on Σ is, in spherical coordinates (r, θ, ϕ),

(23) dΣ^2 = dr^2 1 − kr^2 + r^2 ( dθ^2 + sin^2 θdϕ^2 ) , where k = 1, 0, −1, for the 3-sphere S^3, the Euclidean space R^3 , or hyperbolic space H^3 respectively.

(3) a : I → R is a function of time. The FLRW metric is (24) ds^2 = −c^2dt^2 + a^2(t)dΣ^2.

At any moment of time t ∈ I the space is Σ_t = (Σ, a^2(t)g_Σ).

For a FLRW universe filled with a fluid with mass density ρ(t) and pressure density p(t), the stress-energy tensor is defined as

(25) T^{ab} = ( ρ + p c^2 ) u^au^b + pg^{ab}, where g(u, u) = −c^2.

From Einstein’s equation with the stress-energy tensor (25) follow the Friedmann equation

(26) ρ = κ^{−1} ( 3 ȧ^2 + kc^2 c^2a^2 − Λ ) , which gives the mass density ρ(t) in terms of a(t), and the acceleration equation

(27) p c^2 = 2 κc^2 ( Λ 3 − 1 c^2 ä a ) − ρ 3 , giving the pressure density p(t).

As a → 0, the metric becomes degenerate, ρ and p blow up, and therefore the stress-energy tensor (25) blows up too. What can we say about the expanded stress-energy tensor (T ∘ g)_{abcd}? The following corollary states that it is smooth.

Corollary 2.5. The FLRW spacetime, with smooth a : I → R, is quasi-regular. Proof. This is a direct consequence of Theorem 2.4. □ Remark 2.6. The Corrolary 2.5 applies to any FLRW universe, not only those filled with a fluid. For this particular case, we gave a direct proof in [22], showing explicitly how the expected infinities of the physical fields cancel out.

2.4. Schwarzschild black hole. The Schwarzschild solution describing a black hole of mass m is given, in the Schwarzschild coordinates, by the metric tensor:

(28) ds^2 = − ( 1 − 2m r ) dt^2 + ( 1 − 2m r )_{−1} dr^2 + r^2dσ^2,

where (29) dσ^2 = dθ^2 + sin^2 θdϕ^2 is the metric of the unit sphere S^2. The units were chosen so that c = 1 and G = 1 (see e.g. [6], p. 149).

In [23] we showed that the Schwarzschild solution can be made analytic at the singularity, by a coordinate transformation of the form

(30) { r = τ^S t = ξτ^T As it turns out,

(31) { r = τ^2 t = ξτ^4 is the only choice which makes analytic at the singularity not only the metric, but also the Riemann curvature R_{abcd}. In the new coordinates, the metric has the form

(32) ds^2 = −

4τ^4 2m − τ^2 dτ^2 + (2m − τ^2)τ^4 (4ξdτ + τdξ)^2 + τ^4dσ^2.

Corollary 2.7. The Schwarzschild spacetime is quasi-regular (in any atlas compatible with the coordinates (31)).

Proof. We know from [23] that the Schwarzschild spacetime is semi-regular. Since it is also Ricci flat, it follows that S_{abcd} and E_{abcd} are smooth too. □

Open Problem 2.8. What can we say about the other stationary black hole solutions? In [24] and [25] we showed that there are coordinate transformations which make the Reissner-Nordström metric and the Kerr-Newman metric analytic at the singularity. This is already a big step, because it allows us to foliate with Cauchy hypersurfaces these spacetimes. Is it possible to find coordinate transformations which make them quasi-regular too?

3. Open Question

We conclude with the following open question:

Open Problem 3.1. Are quasi-regular spacetimes general enough to cover all possible singularities of General Relativity?

References

[1] R. Penrose. Gravitational Collapse and Space-Time Singularities. Phys. Rev. Lett., (14):57–59, 1965. [2] S. Hawking. The occurrence of singularities in cosmology. Proceedings of the Royal Society of London. Series A. Mathematical and Physical Sciences, 294(1439):511–521, 1966.

[3] S. Hawking. The occurrence of singularities in cosmology. ii. Proceedings of the Royal Society of London. Series A, Mathematical and Physical Sciences, pages 490–493, 1966.

[4] S. Hawking. The occurrence of singularities in cosmology. iii. causality and singularities. Proceedings of the Royal Society of London. Series A. Mathematical and Physical Sciences, 300(1461):187–201, 1967.

[5] S. Hawking and R. Penrose. The Singularities of Gravitational Collapse and Cosmology. Proc. Roy. Soc. London Ser. A, (314):529–548, 1970.

[6] S. Hawking and G. Ellis. The Large Scale Structure of Space Time. Cambridge University Press, 1995. [7] J.A. Singer, I.M.; Thorpe. The curvature of 4-dimensional Einstein spaces. In Global Analysis (Papers in Honor of K. Kodaira), pages 355–365. Univ. Tokyo Press, 1969.

[8] Arthur L. Besse. Einstein Manifolds, Ergebnisse der Mathematik und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)], vol. 10. Berlin, New York: Springer-Verlag, 1987.

[9] S. Gallot, D. Hullin, and J. Lafontaine. Riemannian Geometry. Springer-Verlag, Berlin, New York, 3rd edition, 2004.

[10] C. Stoica. On Singular Semi-Riemannian Manifolds. arXiv:math.DG /1105.0201, May 2011. [11] K.P. Tod. Quasi-local Mass and Cosmological Singularities. Classical and Quantum Gravity, 4:1457, 1987.

[12] K.P. Tod. Isotropic Singularities and the γ = 2 Equation of State. Classical and Quantum Gravity, 7:L13–L16, 1990.

[13] K.P. Tod. Isotropic Singularities and the Polytropic Equation of State. Classical and Quantum Gravity, 8:L77, 1991.

[14] K.P. Tod. Isotropic Singularities. Rend. Sem. Mat. Univ. Politec. Torino, 50:69–93, 1992. [15] K.P. Tod. Isotropic Cosmological Singularities. The Conformal Structure of Space-Time, pages 123–134, 2002. [16] K.P. Tod. Isotropic Cosmological Singularities: Other Matter Models. Classical and Quantum Gravity, 20:521, 2003.

[17] C.M. Claudel and K.P. Newman. The Cauchy problem for quasi–linear hyperbolic evolution problems with a singularity in the time. Proceedings of the Royal Society of London. Series A: Mathematical, Physical and Engineering Sciences, 454(1972):1073, 1998.

[18] K. Anguige and K.P. Tod. Isotropic Cosmological Singularities: 1. Polytropic Perfect Fluid Spacetimes. Annals of Physics, 276(2):257–293, 1999.

[19] K. Anguige and K.P. Tod. Isotropic Cosmological Singularities 2: The Einstein-Vlasov System. Arxiv preprint gr-qc/9903009, 1999.

[20] B. O’Neill. Semi-Riemannian Geometry with Applications to Relativity. Pure Appl. Math., (103):468, 1983. [21] C. Stoica. Warped Products of Singular Semi-Riemannian Manifolds. arXiv:math.DG /1105.3404, May 2011. [22] C. Stoica. Beyond the Friedmann-Lemaitre-Robertson-Walker Big Bang singularity. arXiv:gr-qc /1203.1819, March 2012.

[23] C. Stoica. Schwarzschild Singularity is Semi-Regularizable. arXiv:gr-qc /1111.4837, November 2011. [24] C. Stoica. Analytic Reissner-Nordstrom Singularity. arXiv:gr-qc /1111.4332, November 2011. [25] C. Stoica. Kerr-Newman Solutions with Analytic Singularity and no Closed Timelike Curves. arXiv:gr-qc /1111.7082, November 2011.