arXiv:1203.3191v2 [hep-th] 8 Jun 2012

Galileons as Wess–Zumino Terms

Garrett Goon, Kurt Hinterbichler, Austin Joyce and Mark Trodden

Center for Particle Cosmology, Department of Physics and Astronomy, University of Pennsylvania, Philadelphia, PA 19104

Abstract

We show that the galileons can be thought of as Wess–Zumino terms for the spontaneous breaking of space-time symmetries. Wess–Zumino terms are terms which are not captured by the coset construction for phenomenological Lagrangians with broken symmetries. Rather they are, in d space-time dimensions, d-form potentials for (d+1)-forms which are non-trivial co-cycles in Lie algebra cohomology of the full symmetry group relative to the unbroken symmetry group. We introduce the galileon algebras and construct the non-trivial (d + 1)- form co-cycles, showing that the presence of galileons and multi-galileons in all dimensions is counted by the dimensions of particular Lie algebra cohomology groups. We also discuss the DBI and conformal galileons from this point of view, showing that they are not Wess–Zumino terms, with one exception in each case.

Contents

1 Introduction 3 2 Nonlinear realizations and the coset construction 6 2.1 Spontaneously broken internal symmetries . . . . . . . . . . . . . . . . . . . . . . 6 2.2 Spontaneously broken space-time symmetries . . . . . . . . . . . . . . . . . . . . . 9 2.3 Inverse Higgs constraint . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 3 Cohomology 11 3.1 Lie algebra cohomology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 3.2 Relative Lie algebra cohomology . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 4 The galileon algebra 15 4.1 Geometric interpretation of the galileon algebra . . . . . . . . . . . . . . . . . . . 16 4.2 The galileon algebra as a contraction . . . . . . . . . . . . . . . . . . . . . . . . . 17 5 Non-relativistic point particle moving in one dimension 18 6 Non-relativistic point particle moving in higher dimensions 22 7 Galileons 25 7.1 d dimensional galileons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 8 Multi-galileons 29 9 Counting the galileons 31 10 Conformal galileons 32 11 DBI galileons 38 12 Conclusions 43

1 Introduction

The study of higher-dimensional origins for consistent infrared modifications of gravity has led to the discovery of novel four-dimensional scalar field theories with intriguing properties, which point to interesting implications for both particle physics and cosmology. The simplest, and original example is provided by the Dvali–Gabadadze–Porrati (DGP) model [1], which describes a 3-brane floating in a five-dimensional bulk via an action containing both a bulk and brane Einstein– Hilbert term. It is possible to write a four-dimensional effective action for this model and to take a decoupling limit, in which Einstein gravity is modified by the presence of an additional scalar, π, which possesses an interaction of the form ∼ □π(∂π)^2 [2].

Though this interaction is higher-derivative, it nevertheless has second order equations of motion. This guarantees that the theory does not propagate a ghost, which is the usual pathology associated with many higher-derivative scalars. From the higher-dimensional viewpoint, the π field is the brane-bending mode—the Goldstone field associated with spontaneously broken fivedimensional Poincaré invariance. In a certain limit, this non-linearly realized symmetry manifests itself as a “galilean” shift symmetry of the scalar

π(x) −→ π(x) + c + b_μx^μ . (1.1)

Although terms of this type have their origins in brane-world modified gravity models, they have since been abstracted, and studied in their own right [3], with the relevant scalar field named the galileon (for a review of recent developments, see [4]).

In four dimensions, it is possible to construct five terms which have both second-order equations of motion and are invariant under this galilean shift symmetry. In d dimensions, there are d + 1 such terms. For 1 ≤ n ≤ d, the n-th order galileon Lagrangian is L_n ∼ η^{μ1ν1μ2ν2···μn−1νn−1} ( π∂_{μ1} ∂_{ν1} π∂_{μ2} ∂_{ν2} π · · · ∂_{μn−1} ∂_{νn−1} π ) , (1.2) where η^{μ1ν1μ2ν2···μnνn} ≡^1_{n!} ∑ p (−1)^p η^{μ1p(ν1)}η^{μ2p(ν2)} · · · η^{μnp(νn)}, the sum over all permutations of the ν indices, with (−1)^p the sign of the permutation. The first is a tadpole, L_1 ∼ π, the second is the kinetic term L_2 ∼ (∂π)^2, and the third L_3 ∼ □π(∂π)^2 is the cubic DGP-like term.

It is also possible to construct SO(N) symmetric multi-galileon theories, where the fields π^I each have the shift symmetry (1.1) and also rotate in the fundamental representation of an internal SO(N) [5, 6]. In this case, in d dimensions there are d/2 possible galileon terms if d is even, and (d + 1)/2 if d is odd. Only galileons for n even exist, containing an even number of π^I ’s (thus, there is no tadpole). These are obtained by simply contracting indices with δ_{IJ} , L_n ∼ δ_{I1J1} δ_{I2J2} · · · δ_{In/2Jn/2} η^{μ1ν1μ2ν2···μn−1νn−1} × ( π^{I1} ∂_{μ1} ∂_{ν1} π^{J1} ∂_{μ2} ∂_{ν2} π^{I2} ∂_{μ3} ∂_{ν3} π^{J2} · · · ∂_{μn−2} ∂_{νn−2} π^{In/2} ∂_{μn−1} ∂_{νn−1} π^{Jn/2} ) . (1.3)

There are two further important properties for what we will have to say. First, the galileon terms are not strictly invariant under the symmetry (1.1), but rather shift by a total derivative, leaving the action invariant. Second, the n-th galileon has 2n − 2 derivatives, so they have fewer than two derivatives per field, whereas every other possible term invariant under (1.1) has at least two derivatives per field.

Much of the interest in galileons is due to their attractive field-theoretic properties. The fact that they have fewer derivatives than other terms invariant under the shift symmetry makes it possible to find regimes in which the galileons can be consistently treated as the only important interactions [7]. Furthermore, around sources, galileon theories exhibit the Vainshtein screening mechanism [8, 9] at short distances, allowing them to evade fifth force constraints, such as those provided by measurements within the solar system. Finally, the galileon terms are not renormalized to any loop order in perturbation theory [2, 6], allowing them to be treated classically.

Theories of this type have been used for many phenomenological applications in both the early and late universe, including inflation [10–12], alternatives to inflation [13–15], and late-time cosmic acceleration [16–19]. They have been covariantized and coupled to gravity [20, 21] as well as extended to p-forms [22], supersymmetrized [23] and coupled to gauge fields [24, 25]. Galileons also appear in the scalar sector of ghost-free massive gravity [26, 27] (for a review, see [28]).

The construction of galileon theories can be illuminating itself. One instructive method of deriving the galileon terms is via the probe brane construction of [29], in which a 3-brane probes a five-dimensional bulk. From this geometric perspective, galileon terms appear as the smallfield limit of Lovelock invariants of the induced brane metric and from Gibbons–Hawking–York boundary terms associated with bulk Lovelock invariants. The appearance of Lovelock invariants sheds some light on the fact that galileon terms have second order equations of motion—Lovelock terms are the only terms that may be added to Einstein gravity while maintaining second order equations of motion for the metric [30]. The probe brane construction has been extended in various directions, most notably to higher co-dimension [6, 25]—leading to the multi-galileons with an internal global SO(N) symmetry among the fields (which can furthermore be gauged

[24, 25])—and to curved backgrounds [31–34], where the fields are invariant under complicated non-linear symmetries inherited from bulk Killing vectors.

In this paper we present a different method of deriving the galileon terms—an algebraic method, treating them as Goldstone modes of spontaneously broken space-time symmetries. We employ the techniques of non-linear realizations developed by Callan, Coleman, Wess and Zumino [35, 36] and Volkov [37]. We show that, like the familiar Wess–Zumino–Witten term of the chiral Lagrangian [38, 39], the galileon terms in d dimensions are not captured by the naïve d-dimensional coset construction. Instead, the galileons arise from invariant (d + 1)-forms created via the coset construction which are then pulled back to our d dimensional space-time in order to create galileon invariant actions. The relevant (d + 1)-forms, and hence the galileons, are associated with non-trivial co-cycles in an appropriate Lie algebra cohomology [40–42], which is a cohomology theory on forms which are left-invariant under vector fields that generate the symmetry algebra.^1 This is related to the internal symmetry case, where it was shown in [43] that Wess–Zumino terms are counted by de Rham cohomology. Indeed, for compact groups, de Rham and Lie algebra cohomology are isomorphic [45].

After reviewing the general coset construction, we describe the algebra non-linearly realized by the galileons—the “galileon algebra.” We show that, inspired by brane-world models, this is a contraction of a higher-dimensional Poincaré algebra only along particular auxiliary directions, that is, it can be thought of as the Poincaré algebra of a brane embedded in higher dimensions, where the speed of light in the directions transverse to the brane is sent to infinity, while the speed of light along the brane is kept constant. The most familiar example of a galileon theory is the non-relativistic free point particle, which can be thought of as a (0 + 1)-dimensional field theory invariant under the galilean group. We review the construction of the kinetic term for the free particle as a Wess–Zumino term before applying our arguments to the most physically relevant situation of galileons in four dimensions. As the galileons are Wess–Zumino terms, we argue that the number of such terms for both single and multi-galileon situations is bounded by the dimension of the appropriate Lie algebra cohomology groups.

Additionally, we consider the conformal galileons. In this case, only one of the conformal galileons, the cubic term, appears as a Wess–Zumino term for spontaneously broken conformal symmetry. We construct this Wess–Zumino term explicitly and comment on its relation to the

1A similar viewpoint was conveyed in [46], where the low-energy effective actions for non-relativistic strings and branes were obtained as Wess–Zumino terms.

curvature invariant technique employed in [3] to construct the conformal galileons.

Finally, we demonstrate that, although the original galileons are Wess–Zumino terms for spontaneously broken space-time symmetries, this is not the case for the relativistic DBI galileons [29, 73], which—aside from the tadpole term—are obtainable from the coset construction and hence are not Wess–Zumino terms. We show how to construct the DBI galileons using the techniques of non-linear realizations.

Conventions: We use the mostly plus metric convention. The number of spacetime dimensions is denoted by d. The flat space epsilon tensor is defined so that ϵ_{01···d} = +1. Indices are anti-symmetrized with weight one.

2 Nonlinear realizations and the coset construction

The galileon actions are invariant under the non-linear symmetries (1.1), and may therefore be interpreted as Goldstone bosons arising from spontaneous symmetry breaking. Broken symmetries and effective field theory have historically been extremely profitable viewpoints from which to study the low-energy dynamics of physical systems. Motivated by the successes of phenomenological Lagrangians in describing low energy pion scattering [47], Callan, Coleman, Wess and Zumino [35, 36], as well as Volkov [37], developed a powerful formalism for constructing the most general effective action for a given symmetry breaking pattern. This is the now well-known technique of non-linear realizations, or coset construction, which we review briefly here. More comprehensive reviews are given in [48, 49].

2.1 Spontaneously broken internal symmetries

We begin by reviewing the problem of constructing a Lagrangian for Goldstone fields corresponding to the breaking of an internal (i.e., commuting with the Poincaré group) symmetry group G down to a subgroup H; that is, we seek the most general Lagrangian which is invariant under G transformations, where the H transformations act linearly on the fields and those not in H act non-linearly. As is well known [35, 36], there will be dim(G/H) Goldstone bosons, which parametrize the space of (left) cosets G/H.

However, to start with, we use fields V (x) that take values in the group G, V (x) ∈ G, so that there are dim(G) fields. We then count as equivalent fields that differ by an element of the the subgroup, so V (x) ∼ V (x)h(x), where h(x) ∈ H. To implement this equivalence, we demand that the theory be gauge invariant under local h(x) transformations V (x) → V (x)h(x). There are dim(H) gauge transformations, so the number of physical Goldstone bosons will be dim(G) − dim(H) = dim(G/H), the expected number.

The global G transformations act on the left as V (x) → gV (x), where g ∈ G. The theory should therefore be invariant under the symmetries V (x) −→ gV (x)h^{−1}(x), (2.1) where g is a global G transformation, and h^{−1}(x) (written as an inverse for later convenience) is a local H transformation.

A Lie group, G, possesses a distinguished left-invariant Lie algebra-valued 1-form, the socalled Maurer–Cartan form, given by V^{−1}dV . Since this is Lie algebra-valued we may expand over a basis {V_I , Z_a} where {V_I }, I = 1, . . . , dim(H) is a basis of the Lie algebra h of H, and {Z_a}, a = 1, . . . , dim(G/H) is any completion to a basis of g. We expand the Maurer–Cartan form over this basis, V^{−1}dV = ω^I_V V_I + ω^a_Z Z_a , (2.2) where ω^I_V and ω^a_Z are the coefficients, which depend on the fields and their derivatives. The Maurer–Cartan form (2.2), and hence the coefficients in the expansion on the right hand side, are invariant under global G transformations.

Under the local h(x) transformation, the pieces ω_V ≡ ω^I_V V_I and ω_Z ≡ ω^I_Z Z_I transform as ω_Z −→ h ω_Z h^{−1}, ω_V −→ h ω_V h^{−1} + h dh^{−1} . (2.3)

We see that ω_Z transforms covariantly as the adjoint representation of the subgroup, and we use it as the basic ingredient to construct invariant Lagrangians [35–37, 48]. On the other had, ω_V transforms as a gauge connection.^2 If we have additional matter fields ψ(x) which transform under some linear representation D of the local group H (and do not change under global G transformations), ψ −→ D (h) ψ , (2.4) 2This is a reflection of the well-known fact that the pullback of the Maurer–Cartan form defines a natural H-connection on G/H [42, 50, 51].

we may construct a covariant derivative using ω_V via Dψ ≡ dψ + D(ω_V )ψ, Dψ → D (h) Dψ . (2.5) Thus, the most general Lagrangian is any Lorentz and globally H-invariant scalar constructed from the components of ω_Z , ψ, and the covariant derivative, L ( ω_Z^I_μ, ψ, D_μ ) . (2.6)

To obtain a theory with global G symmetry, we fix the h(x) gauge symmetry by imposing some canonical choice for V (x), which we call Ṽ (x). This canonical choice should smoothly pick out one representative element from each coset, so Ṽ (x) contains dim(G/H) fields. In general, a global g transformation will not preserve this choice, so a compensating h transformation— depending on g and Ṽ —will have to be made at the same time to restore the gauge choice. The gauge fixed theory will then have the global symmetry Ṽ (x) −→ gṼ (x)h^{−1}(g, Ṽ (x)). (2.7) If we can choose the parametrization such that the transformation (2.7) is linear in the fields Ṽ only when g ∈ H, then we will have realized the symmetry breaking pattern G → H. When the commutation relations of the algebra are such that the commutator of a broken generator with a generator of H is again a broken generator [V_I , Z] ∼ Z, (which is true if G is a compact group), one way to accomplish this is to choose the parametrization

Ṽ (x) = e^{ξ(x)·Z} . (2.8)

Here the real scalar fields ξ^a(x) are the dim(G/H) = dim G − dim H different Goldstone fields associated with the symmetry breaking pattern. Under left action by some g ∈ G, (2.7) gives the transformation law for the ξ^a(x) as, e^{ξ·Z} → e^{ξ′·Z} = ge^{ξ·Z}h^{−1}(g, ξ) , (2.9) As can be seen using the Baker–Campbell–Hausdorff formula and the commutation condition [V_I , Z] ∼ Z, the action on ξ is linear when g ∈ H.

2.2 Spontaneously broken space-time symmetries

In the preceding subsection we reviewed the case of spontaneously broken internal symmetries. Galileons, however, arise as Goldstone modes of spontaneously broken space-time symmetries (the non-linear symmetries (1.1) do not commute with the Poincaré generators). Consequently, we must extend the coset procedure to account for subtleties involved in non-linear realizations of symmetries which do not commute with the Poincaré group. This was worked out comprehensively by Volkov [37] and is reviewed nicely in [48]. While the construction is generally similar to the internal symmetry case, the main subtlety is that now we must explicitly keep track of the generators of space-time symmetries in the coset construction.

Following [48], we assume that our full symmetry group G contains the unbroken generators of space-time translations P_α, unbroken Lorentz rotations J_{αβ}, an unbroken symmetry subgroup H generated by V_I (which all together form a subgroup), and finally the broken generators denoted by Z_a. The broken generators may in general be a mix of internal and space-time symmetry generators. As before, we want to parameterize the coset G/H, but the parameterization now takes the form [37, 48, 53] Ṽ = e^{x·P} e^{ξ(x)·Z} . (2.10)

Note that we treat the translation generators on the same footing as the broken generators, with the coefficients simply the space-time coordinates.^3 As in the case of the internal symmetries, under left action by some g ∈ G, (2.10) transforms non-linearly e^{x·P} e^{ξ(x)·Z} −→ e^{x′·P} e^{ξ′(x′)·Z} = g e^{x·P} e^{ξ(x)·Z} h^{−1}(g, ξ(x)) , (2.11) where h(g, ξ(x)) belongs to the unbroken group spanned by V_I and J_{μν} , but has dependence on ξ.

As in the internal symmetry case, the object in which we are interested is the Maurer–Cartan form Ṽ^{−1}dṼ = ω^α_P P_α + ω^a_Z Z_a + ω^I_V V_I + 1 2 ω^{αβ}_J J_{αβ} , (2.12)

3This is little more than bookkeeping. While the space-time translations P_μ are not spontaneously broken since their representation is linear on the fields ξ, the coordinates x^μ formally transform non-linearly under a translation x^μ → x^μ + ϵ^μ which merits their inclusion in the coset parameterization. One intuitive way to understand this is to think of Minkowski space as the coset Poincaré/Lorentz, as is pointed out in [53, 75]. For the remainder of the paper, translation generators P_μ whose “Goldstone” is a coordinate x^μ will be referred to as “unbroken,” while the remaining translations P_A will be referred to as “broken”.

where we have again expanded in the basis of the Lie algebra g. We may act with the transformation (2.11) to determine that the components, ω_P ≡ ω^α_P P_α, ω_Z ≡ ω^a_Z Z_a, ω_V ≡ ω^I_V V_I , ω_J ≡ 1 2 ω^{αβ}_J J_{αβ} of the Maurer–Cartan 1-form transform as [48] ω_P → h ω_P h^{−1}, ω_Z → h ω_Z h^{−1}, ω_V + ω_J → h (ω_V + ω_J ) h^{−1} + h dh^{−1} . (2.13) The covariant transformation rule for ω_P and ω_Z tells us that these are the ingredients to use in constructing invariant Lagrangians [37, 48, 53]. The form ω_P , expanded in components is ω_P = dx^ν (ω_P )^α_ν P_α, (2.14) Here the components (ω_P )^α_ν should be thought of as an invariant vielbein, with α a Lorentz index, from which we can construct an invariant metric g_{μν} = (ω_P )^α_μ (ω_P )^β_ν η_{αβ}, (2.15) and an invariant measure − 1 4! ϵ_{αβγδ} ω^α_P ∧ ω^β_P ∧ ω^γ_P ∧ ω^δ_P = d^4x √ −g . (2.16) The form ω_Z , expanded in components ω_Z = dx^μ(ω_Z )^a_μ Z_a, (2.17) yields the basic ingredient D_αξ^a, the covariant derivative of the Goldstones, through (ω_Z )^a_μ = (ω_P )^α_μ D_αξ^a. (2.18) We can construct covariant derivatives D for matter fields ψ, transforming as some combined Lorentz and H representation, which we call D, by using ω_V + ω_J as a connection, ω^α_P D_αψ = dψ + D(ω_V )ψ + D(ω_J )ψ . (2.19) This can also be used to take higher covariant derivatives of the Goldstones. From these pieces, e^α_μ , D_αξ^a, ψ and D_α, we can build the most general invariant Lagrangian by combining them in a Lorentz and H invariant way, and then multiplying against the invariant measure (2.16).

2.3 Inverse Higgs constraint

There is another subtlety that arises in extending the coset construction to the case of spacetime symmetries—there can be non-trivial relations between different Goldstone modes leading to fewer degrees of freedom than naïve counting would suggest. This is the well-known statement that the counting of massless degrees of freedom in Goldstone’s theorem fails in the case of broken space-time symmetries [37, 52–58]; that is, the number of Goldstone modes will not in general be equal to dim(G/H). This phenomenon is sometimes referred to as the inverse Higgs effect [56].

Accounting for this is simple—if the commutator of an unbroken translation generator with a broken symmetry generator, say Z_1, contains a component along some linearly independent broken generator, say Z_2, [P, Z_1] ∼ Z_2 + · · · , (2.20)

(where the dots represent a component along the broken directions), it is possible to eliminate the Goldstone field corresponding to the generator Z_1 [53, 56, 57]. The relation between the Goldstone modes is obtained by setting the coefficient of Z_2 in the Maurer–Cartan form to zero.

This is a covariant constraint; i.e., it is invariant under G because the Maurer–Cartan form itself is invariant (often, the inverse Higgs constraint is imposed automatically in a constructed Lagrangian because it is equivalent to integrating out the redundant Goldstone field via its equation of motion [57]). We will need to use the inverse Higgs constraint in constructing the galileons.

3 Cohomology

As we shall see, the galileon terms are in fact not captured by the coset construction of the previous section. This is essentially due to the fact that the coset construction produces Lagrangians which are strictly invariant under the desired symmetries, but the galileon Lagrangians are not strictly invariant—they change by a total derivative (so the action is still invariant). As we shall also see, it will turn out that they can be thought of and categorized as non-trivial elements of Lie algebra cohomology.

In this section, we introduce the necessary concepts and definitions of Lie algebra cohomology and relative Lie algebra cohomology needed for classifying the galileons. For a more comprehensive introduction, including applications, see [41].

3.1 Lie algebra cohomology

Given a Lie algebra g, an n-co-chain, n = 0, 1, 2, . . ., is a totally anti-symmetric multi-linear mapping ω_n : ⋀_n g → R, taking values in the reals.^4 The space of n-co-chains is denoted Ω^n(g).

One then forms a co-boundary operator δ_n : Ω^n(g) → Ω^{n+1}(g) whose action is defined by [41]

δω(X_1, X_2, . . . , X_{n+1}) = n+1∑ j,k=1 j<k (−1)^{j+k}ω([X_j, X_k], X_1, . . . , X̂_j , . . . , X̂_k, . . . , X_{n+1}), (3.1)

for X_1, X_2, . . . ∈ g and where X̂ means the argument is omitted, and [ , ] is the Lie algebra commutator. The first few instances are δω_0(X_1) = 0, δω_1(X_1, X_2) = −ω_1([X_1, X_2]), δω_2(X_1, X_2, X_3) = −ω_2([X_1, X_2], X_3) + ω_2([X_1, X_3], X_2) − ω_2([X_2, X_3], X_1), . . (3.2) One can show, using the Jacobi identity [X_1, [X_2, X_3]] + [X_2, [X_3, X_1]] + [X_3, [X_1, X_2]] = 0, that the co-boundary operator is nilpotent δ^2 = 0 . (3.3) Thus we have Im_{δn−1} (Ω^{n−1}) ⊂ Ker_{δn} (Ω^n), and we can define the cohomology spaces

H^n(g) =

Ker_{δn} (Ω^n(g)) Im_{δn−1} (Ω^{n−1}(g))

. (3.4)

There is another way to represent the co-boundary operator that is often more convenient when we have an explicit basis. Let {e_i}, i = 1, · · · , dim(g), be a basis for the Lie algebra g. The structure constants c^k_{ij} are given by [e_i, e_j ] = c^k_{ij} e_k . (3.5) They are anti-symmetric in their first indices, c^k_{ij} = −c^k_{ji} . The Jacobi identity becomes c^m_{il} c^l_{jk} + c^m_{jl} c^l_{ki} + c^m_{kl} c^l_{ij} = 0. Let {ω^i} be a basis of the dual space g^∗, dual to the basis {e_i}, so that ω^i(e_j ) = δ^i_j . Then we can write any n-co-chain ω_n as sums of wedge products of the ω^i,

ω_n = 1 n! Ω_{i1i2···in} ω^{i1} ∧ ω^{i2} ∧ · · · ∧ ω^{in} , (3.6) 4In general, one can consider the case in which the co-chains take values in an arbitrary vector space on which acts a non-trivial representation of g, but we do not need that here.

where Ω_{i1i2···in} is the totally anti-symmetric tensor of coefficients. The action of the co-boundary operator on a single ω^i is given by δω^i = − 1 2 c^i_{jk} ω^j ∧ ω^k , (3.7)

and is extended to wedge products of multiple ω’s by using linearity and the Leibniz product rule, where we are careful to include the addition of a minus sign every time δ has to pass through an ω.^5 For example, we have δ (ω^i ∧ ω^j) = −^1_2 c^i_{kl} ω^k ∧ ω^l ∧ ω^j +^1_2 c^j_{kl} ω^i ∧ ω^k ∧ ω^l. In terms of components, we have (δΩ)_{i1···in+1} = − n(n + 1) 2 c^j_{[i1i2} Ω_{|j|i3···in+1]}. (3.8) Lie algebra cohomology also has a geometric interpretation.^6 Consider the simply connected Lie group G associated to the Lie algebra g. The space of p-forms on G which are invariant under the left action of G on itself can be identified with the co-chains of Lie algebra cohomology. In fact, there is one left invariant 1-form for each generator of the Lie algebra, and wedging them together in all ways generates all the invariant p-forms. The usual exterior derivative operator on G, d_p : Ω^p(G) → Ω^{p+1}(G) satisfies dω^i = −^1_2 c_{jk}^iω^j ∧ ω^k, and can be identified with the operator δ of Lie algebra cohomology. Thus, Lie algebra cohomology counts the number of left-invariant forms on G which cannot be written as the exterior derivative of a form which is also left-invariant.

3.2 Relative Lie algebra cohomology

For characterizing symmetry breaking to a subalgebra, we will need a slightly more refined notion of Lie algebra cohomology, known as relative Lie algebra cohomology. Consider a subalgebra h ⊂ g. We define the space of relative co-chains Ω^n(g, h), as the subspace of co-chains satisfying the following two conditions,

Ω_n(V, X_2, . . . , X_n) = 0 , (3.9) Ω_n([V, X_1], X_2, . . . , X_n) + Ω_n(X_1, [V, X_2], . . . , X_n) + · · · + Ω_n(X_1, X_2, . . . , [V, X_n]) = 0 , for all V ∈ h, and X_2, · · · , X_n ∈ g . (3.10)

The first requirement says that if any of the arguments lie completely in h, then we get zero. This means that the form is well defined on the quotient g/h. Equivalently, the n-co-chains are only

5The co-boundary operator, δ, is an anti-derivation on the algebra of co-chains. 6In this geometric context, Lie algebra cohomology is known as Chevalley–Eilenberg Cohomology [40].

constructed from wedging together one-forms which annihilate h. To see what this means in terms of components, choose a basis {h_I , f_a} for g, where {h_I }, I = 1, . . . , dim(h) is a basis of h and {f_a}, a = 1, . . . , dim(g/h) completes to a basis of g. Let the dual basis be {η^I , ω^a}. To satisfy (3.9), forms are constructed by wedging together only the forms ω^a, so the components Ω_{i1···in} of (3.6) are zero if any of the indices are in the h directions.

The second condition, in terms of components (3.6), reads c^j_{Ii1} Ω_{ji2···in} + c^j_{Ii2} Ω_{i1j···in} + · · · + c^j_{Iin} Ω_{i1i2···j} = 0. The combination of the two conditions (3.9) and (3.10) on the components, along with the fact that c^a_{IJ} = 0 since h is a subgroup, gives our final conditions in terms of components for a co-chain to be a relative co-chain,

Ω_{Ii2···in} = 0 , (3.11) c^b_{Ia1} Ω_{ba2 ···an} + c^b_{Ia2} Ω_{a1b···an} + · · · + c^b_{Ian} Ω_{a1a2 ···b} = 0 . (3.12) Given our basis, the matrices ϕ(h_I )^b_a = −c^b_{Ia} (3.13) form a representation of the subalgebra h,

ϕ(h_I )ϕ(h_J ) − ϕ(h_J )ϕ(h_I ) = c^K_{IJ} ϕ(h_K ) , (3.14)

as can be straightforwardly shown using the Jacobi identity, as well as the condition c^a_{IJ} = 0 which follows from the fact that h is a subalgebra. Thus, the indices a, b, . . . of the space g/h furnish a representation of the subgroup h, and the condition (3.12) says that the co-chain coefficients must be invariant tensors under the action of h in this space.

The δ operator preserves the two conditions (3.9) and (3.10), so δ_n (Ω^n(g, h)) ⊂ Ω^{n+1}(g, h). Thus we may think of δ as acting on the spaces Ω^n(g, h). The cohomology classes of this action are denoted by H^p(g, h) and the construction is known as relative Lie algebra cohomology [41],

H^n(g, h) =

Ker_{δn} (Ω^n(g, h)) Im_{δn−1} (Ω^{n−1}(g, h))

. (3.15)

Each non-trivial element of H^{d+1}(g, h) corresponds to a Wess–Zumino term for a d-dimensional space-time [41, 42].

Relative Lie algebra cohomology also has a geometric interpretation. Consider the connected Lie group G and subgroup H, corresponding to the algebra g and subalgebra h. We can think of the group G as a fiber bundle, consisting of spaces H fibered over the base space G/H. The group

G acts naturally on G/H (which is a homogeneous space with isotropy subgroup H). The relative co-chains can be thought of as left invariant form on G which are projectable to G/H, i.e., can be written as a pullback through the projection G → G/H of a unique form on G/H. Thus they can be identified with invariant forms on G/H. The operator δ can be identified with the usual exterior derivative d, so relative Lie algebra cohomology counts the number of left-invariant forms on G/H which cannot be written as the exterior derivative of a form which is also left-invariant.

4 The galileon algebra

Having briefly introduced the standard techniques of non-linear realizations and made our acquaintance with Lie algebra cohomology, we now move on to the problem of principal interest— the construction of galileons using this machinery. In order to do this, however, we must first describe the symmetry algebra which the galileons non-linearly realize. We will call this algebra the galileon algebra.

A theory of N galileons, π^I , I = 1, . . . , N, in d space-time dimensions has the usual Poincaré invariance iso(d − 1, 1), of a relativistic field theory, under which all the galileons are scalars, δ_{Pμ} π^I = −∂_μπ^I , δ_{Jμν} π^I = (x_μ∂_ν − x_ν ∂_μ)π^I . (4.1)

These satisfy the usual commutation relations

[P_μ, P_ν ] = 0 , [J_{μν} , P_σ] = η_{μσ} P_ν − η_{νσ}P_μ , [J_{μν} , J_{σρ}] = η_{μσ} J_{νρ} − η_{νσ}J_{μρ} + η_{νρ}J_{μσ} − η_{μρ}J_{νσ} . (4.2) There is also a linearly realized internal so(N) symmetry under which the π^I rotate in the fundamental representation, δ_{JIJ} π^K = (δ^K_I δ_{JL} − δ^K_J δ_{IL})π^L , (4.3)

satisfying [J_{IJ} , J_{KL}] = δ_{IK} J_{JL} − δ_{JK} J_{IL} + δ_{JL}J_{IK} − δ_{IL}J_{JK} . (4.4)

Finally, there are the non-linear shift symmetries^7,

δ_CI π^J = δ^{IJ} , δ_BI_μ π^J = x_μδ^{IJ} . (4.5)

These shift symmetries commute amongst themselves, but have the following non-trivial commutation relations with the linearly realized symmetries, [ P_μ, B^I_ν ] = η_{μν} C^I , [ J_{IJ} , C^K ] = δ^K_I C_J − δ^K_J C_I , [ J_{μν} , B^I_σ ] = η_{μσ}B^I_ν − η_{νσ}B^I_μ, [ J_{IJ} , B^K_μ ] = δ^K_I B_{Jμ} − δ^K_J B_{Iμ} . (4.6)

We will call the algebra satisfying these commutation relations the galileon algebra in d space-time dimensions, co-dimension N, and denote it by

Gal((d − 1) + 1, N) , (4.7)

where the first argument indicates that there are d − 1 space dimensions, and 1 time dimension. Correspondingly, we will denote the galileon group by Gal((d − 1) + 1, N).

Consider first the special case when d = 1, i.e., a 0 + 1 dimensional space-time. The algebra Gal(0 + 1, N) is the algebra of galilean transformations, the symmetries of a free non-relativistic point particle moving in N dimensions. The 0+1 dimensional space-time is the particle world-line, and the N co-dimensions are the dimensions in which the particle moves. The case N = 1 gives the symmetries of the single field galileons (1.2), and the case N ≥ 2 gives the symmetries of the so(N) symmetric multi-field galileons (1.3).

4.1 Geometric interpretation of the galileon algebra

The galileon algebras can readily be given a geometric interpretation. Recall that the Poincaré transformations can be thought of as the algebra of infinitesimal transformations that preserve the metric tensor η_{μν} = diag (−1, 1, 1, . . . , 1). The galileon algebra Gal((d − 1) + 1, N) is the algebra of infinitesimal transformations of R^{d+N} that preserves two different tensors, one covariant and one contravariant,

f_{μν} = diag(−1, 1, . . . , 1

d slots

, 0, . . . 0), (4.8)

7For an interpretation of the conserved charges associated with these symmetries, see [44].

f̃^{μν} = diag(0, 0, . . . , 0, 1, . . . 1

N slots

) . (4.9)

The finite form of this transformation can be given most easily by grouping the coordinates (x^μ, y^I) of R^{d+N} into a column vector with the addition of a 1 in the last slot, and then giving the transformation in matrix form as y^I x^μ 1 −→ R^I_J b^I_ν c^I 0 Λ^μ_ν p^μ 0 0 1 y^J x^ν 1 . (4.10)

Here R^I_J is a rotation matrix, Λ^μ_ν is a Lorentz transformation, and b^I_μ, c^I and p^μ are any real numbers.

4.2 The galileon algebra as a contraction

Yet another way to think of the galileon algebras as a Wigner–İnönü contraction [59] of the (d+N)- dimensional Poincaré algebra along N of the spatial directions. Physically, we can think of the galileons as describing a co-dimension N brane, where the speed of light has been sent to infinity in the directions transverse to the brane, but remains finite in the directions along the brane.

To see this, begin with the (d + N) dimensional Poincaré algebra iso(d − 1 + N, 1), with non-zero commutators [J_{BC} , P_A] = η_{BA}P_C − η_{CA}P_B , [J_{AB} , J_{CD}] = η_{AC} J_{BD} − η_{BC} J_{AD} + η_{BD}J_{AC} − η_{AD}J_{BC} , (4.11) where A, B · · · = 0, 1, 2, . . . , d + N − 1 and η_{AB} = diag(−1, 1, 1, . . . , 1). Now break apart the indices, using Greek letters for the first d directions and Latin letters for the N co-dimension directions, [J_{νρ}, P_μ] = η_{νμ}P_ρ − η_{ρμ}P_ν , [J_{μν} , J_{ρσ}] = η_{μρ}J_{νσ} − η_{νρ}J_{μσ} + η_{νσ}J_{μρ} − η_{μσ}J_{νρ},

[J_{IJ} , J_{KL}] = δ_{IK} J_{JL} − δ_{JK} J_{IL} + δ_{JL}J_{IK} − δ_{IL}J_{JK} , [J_{JK} , P_I ] = δ_{JI} P_K − δ_{KI} P_J ,

[P_μ, J_{Iν} ] = η_{νμ}P_I , [P_I , J_{Jρ}] = −δ_{IJ} P_ρ, [J_{Iν} , J_{Kσ}] = δ_{IK} J_{νσ} + η_{νσ}J_{IK} , [J_{KL}, J_{Iν} ] = δ_{IK} J_{Lν} − δ_{IL}J_{Kν}, [J_{ρσ}, J_{Iν}] = η_{ρν} J_{Iσ} − η_{σν} J_{Iρ} . (4.12) The contraction is performed by introducing a parameter, v, which will be sent to infinity and which is inserted into the algebra by changing co-dimensional entries of η_{AB} to v, so that η_{AB} → diag (−1, 1, . . . , 1, v, v, . . . , v) and making the following re-scalings P_I −→ vC_I , J_{Iν} −→ vB_{Iν} , J_{IJ} −→ vJ_{IJ} . (4.13) After sending v → ∞, the surviving non-trivial commutation relations are [J_{νρ}, P_μ] = η_{νμ}P_ρ − η_{ρμ}P_ν , [J_{μν} , J_{ρσ}] = η_{μρ}J_{νσ} − η_{νρ}J_{μσ} + η_{νσ}J_{μρ} − η_{μσ}J_{νρ} ,

[J_{IJ} , J_{KL}] = δ_{IK} J_{JL} − δ_{JK} J_{IL} + δ_{JL}J_{IK} − δ_{IL}J_{JK} , [J_{JK} , C_I ] = δ_{JI} C_K − δ_{KI} C_J ,

[P_μ, B_{Iν} ] = η_{νμ}C_I , [J_{KL}, B_{Iν}] = δ_{IK} B_{Lν} − δ_{IL}B_{Kν} , [J_{ρσ}, B_{Iν} ] = η_{ρν} B_{Iσ} − η_{σν} B_{Iρ} . (4.14)

These are exactly the commutations relations of Gal((d − 1) + 1, N).

5 Non-relativistic point particle moving in one dimension

We now proceed with the coset construction, first considering the simplest case of a galileon: the one-dimensional non-relativistic free point particle. We can think of this as a 0 + 1 dimensional brane probing a non-relativistic 1 + 1 dimensional bulk. The Wess–Zumino nature of the kinetic term was pointed out in [60] and is elegantly treated using jet bundles in [45]. Here, instead, we will derive equivalent results from the coset perspective.

We denote the single degree of freedom as q(t), where t is the one and only space-time coordinate. We want to construct Lagrangians which are invariant under the algebra Gal(0+1, 1), which is three dimensional and whose generators act on q(t) as follows

δ_C q = 1, δ_B q = −t, δ_P q = −q̇ . (5.1)

Here δ_C is the shift symmetry on the field, δ_B is the analogue of the “galilean” shift symmetry (the galilean boost of the non-relativistic particle) and δ_P is time translation of the field. The algebra has only a single non-zero commutator^8

[B, P ] = C . (5.2)

The only transformation among (5.1) which is linear is δ_P , the rigid translations of the line, so the breaking pattern is Gal(0 + 1, 1) −→ iso(1). (5.3) To construct the most general Lagrangian which realizes these symmetries (5.1), we employ the coset construction for space-time symmetries reviewed in Section (2.2). The parametrization of the coset (2.10) is given by Ṽ = e^{tP} e^{qC+ξB} , (5.4)

where q is the Goldstone field that will become the physical field associated with the shift symmetry, and ξ is the Goldstone field associated with the galilean boost symmetry. Since the momentum P is to be included in the coset, there is no subgroup H to be linearly realized. Thus the coset is the galilean group itself, Gal(0 + 1, 1) . (5.5) Next we compute the Maurer–Cartan form (2.12),

ω = Ṽ^{−1}dṼ = dtP + (dq − ξdt) C + dξB , (5.6)

and the component 1-forms used to build Lagrangians can then be read off as

ω_P = dt , ω_C = dq − ξdt , ω_B = dξ . (5.7)

8In relation to the d-dimensional algebra, we are defining P ≡ P_0, B ≡ B_0.

Now, it is important to note that there is an inverse Higgs constraint. Inspection of the only commutator of the algebra (5.2) shows that we can eliminate the ξ field in favor of q by setting ω_C = 0, implying the relation ξ = q̇ . (5.8)

Substitution into (5.7) then provides simplified expressions for the basis 1-forms

ω_P = dt , ω_B = q̈ dt . (5.9)

Thus, all the ingredients available for constructing invariant Lagrangians involve at least two derivatives on each q. There is also the covariant derivative, but this turns out to be just^d_{dt} , so taking higher covariant derivatives will only add more time derivatives. Lagrangians constructed in this way are all strictly invariant under the shift symmetries δ_B and δ_C .

This presents a puzzle, since we know that the free particle kinetic term, L =^1_2q̇^2, is also galilean invariant. Although it is not invariant under δ_B , it is invariant up to a total derivative, so it represents a perfectly good Lagrangian which is missed by the coset construction since it contains fewer than two derivatives per q. Another missed example is the tadpole term L = q, which changes up to a total derivative under both δ_B and δ_C . How do we construct these missing terms?

The answer is that these terms will appear as particular shift and boost invariant 2-forms which are themselves constructible from the Maurer–Cartan form (5.7). These terms will live on the coset space, that is, the space in which q and ξ are considered as new coordinates in addition to the t direction of space-time. These 2-forms will also be total derivatives in this higher dimensional space, writable as d of a 1-form. The Lagrangian will be obtained by integrating this 1-form on the 1 dimensional subspace where q = q(t) and ξ = ξ(t).

The symmetries on this space in our case are generated by the vector fields [45]^9

C = ∂_q , B = ∂_ξ + t∂_q , P = ∂_t . (5.10)

The components of the Maurer–Cartan form (5.7), where we treat q and ξ as independent coordinates, are the (left) invariant 1-forms on the coset space parametrized by {q, ξ, t}; that is we have £_X ω = 0 where X is any of the vector fields (5.10) and ω is any of the forms (5.7).

9Note that the Lie bracket of left-invariant vector fields is minus the commutator of the algebra.

Consider the invariant 2-forms, which are all obtained by wedging together all combinations of the invariant one-forms (5.7). There are three of these, with the first being

ω^{wz}_1 = ω_B ∧ ω_C = dξ ∧ (dq − ξdt) . (5.11)

We note that this can be written as the exterior derivative of a 1-form,

ω^{wz}_1 = dβ^{wz}_1 , β^{wz}_1 = ξdq − 1 2 ξ^2dt . (5.12)

This 1-form can be used to construct an invariant action by pulling back to the surface space-time manifold M, defined by q = q(t), ξ = ξ(t), and then integrating,

S^{wz}_1 = ∫ M β^{wz}_1 = ∫ dt ξq̇ − 1 2 ξ^2 . (5.13)

Imposing the inverse Higgs constraint ξ = q̇ (or, equivalently, integrating out ξ), we recover the well-known kinetic term for the non-relativistic free point particle which was missed in the coset construction, S^{wz}_1 = ∫ M β^{wz}_1 = ∫ dt 1 2 q̇^2 . (5.14)

The tadpole term may be constructed similarly from the two form

ω^{wz}_2 = ω_C ∧ ω_P = dq ∧ dt = dβ^{wz}_2 , β^{wz}_2 = qdt . (5.15)

S^{wz}_2 = ∫ M β^{wz}_2 = ∫ dt q . (5.16)

The final possible invariant 2-form constructible from the invariant one forms (5.7) is ω^{wz}_3 = ω_B ∧ ω_P = dξ ∧ dt = d(ξdt). This leads to an action which is a total derivative once the Higgs constraint is imposed, and so nothing new results. (This illustrates that the dimension of the relevant cohomology groups may not in general count the number of galileons exactly, but will only put an upper bound on the possible number.)

In all cases, the 2-form ω^{wz} is closed since it can be written as d of a one form β^{wz} (so that we may use it to construct an action). Furthermore, the 2-form ω^{wz} is by construction (left) invariant under the vector fields that generate the symmetries we are interested in (5.1). However, the 1-form β^{wz} is not invariant—it shifts by a total d (as it must since ω^{wz} is invariant, ω^{wz} = dβ^{wz}, and de Rham cohomology is trivial on all the spaces we’re considering), but this still leaves the action invariant.

The interesting 2-forms are therefore those which are invariant under the action of the vector fields (5.10) but which cannot be written as the exterior derivative of a 1-form which is itself invariant [45] (since otherwise the corresponding 1-form on the boundary would be strictly invariant and would have already been captured by the coset construction). They can thus be identified with non-trivial elements of the Lie algebra cohomology

H^2 (Gal(0 + 1, 1)) . (5.17)

Lagrangians constructed in this manner are what we call Wess–Zumino terms. For a ddimensional space-time, they are terms that correspond to non-trivial d + 1 co-cycles in the cohomology of d acting on invariant vector fields on the coset space (we will review this more carefully in the next section) [40].

6 Non-relativistic point particle moving in higher dimensions

Now that we have understood a familiar system as the simplest example of a galileon theory, we are ready to apply the same techniques to the next most complicated case. We consider the point particle in higher co-dimensions, where in addition to space-time transformations, the fields can also rotate into each other in field space. This describes a non-relativistic particle moving in the plane R^N .

The fields q^I now have an extra index, I = 1, · · · , N, the shift symmetries and time translation symmetry act as

δ_{CJ} q^I = δ^I_J , δ_{BJ} q^I = −tδ^I_J , δ_P q^I = −q̇^I , (6.1)

and there is now an internal so(N) symmetry,

δ_{JIJ} q^K = (δ^K_I δ_{JL} − δ^K_J δ_{IL})q^L . (6.2)

The non-trivial commutation relations are

[B_I , P ] = C_I , [J_{JK} , C_I ] = δ_{JI} C_K − δ_{KI} C_J ,

[J_{KL}, B_I ] = δ_{IK} B_L − δ_{IL}B_K , [J_{IJ} , J_{KL}] = δ_{IK} J_{JL} − δ_{JK} J_{IL} + δ_{JL}J_{IK} − δ_{IL}J_{JK} , (6.3) and the symmetry breaking pattern is Gal(0 + 1, N) −→ iso(1) ⊕ so(N) . (6.4) The coset we are interested in is then Gal(0 + 1, N)/SO(N) , (6.5) which is parameterized by (2.10), Ṽ = e^{tP} e^{qI C}I^{+ξI B}I . (6.6) (Recall that the unbroken generators, in this case the internal rotation generators, are not included in the coset, but the unbroken translations are). The Maurer–Cartan form (2.12) is nearly the same as in the point particle case (5.7), except that some of the components now carry an extra internal index ω_P = dt , ω^I_C = dq^I − ξ^I dt , ω^I_B = dξ^I . (6.7) Similarly, the inverse Higgs constraint is now given by ξ^I = q̇^I . (6.8) As before, the only invariant form left for constructing actions is q̈^I dt, so all coset constructible actions contain at least two derivatives per field.

To construct the Wess–Zumino terms, we again create 2-forms by wedging together the 1- forms (6.7), but now we must be sure that the forms are so(N)-invariant so that they are well defined on the coset. This means that the so(N) indices in (6.7) must be contracted using so(N) invariant tensors, and the only such tensors are δ_{IJ} and ϵ_{I1···IN} . These forms will therefore be identified with the relative Lie algebra cohomology H^2 (Gal(0 + 1, N), so(N)) . (6.9) We construct the kinetic terms of the fields by considering ω^{wz}_1 = δ_{IJ} ω^I_B ∧ ω^J_C = δ_{IJ} dξ^I ∧ ( dq^J − ξ^J dt ) , (6.10) which can be written as the exterior derivative of a 1-form,

ω^{wz}_1 = dβ^{wz}_1 , β^{wz}_1 = δ_{IJ} ( ξ^I dq^J − 1 2 ξ^I ξ^J dt ) . (6.11)

Pulling back to the surface space-time manifold M, defined by q^I = q^I (t), ξ^I = ξ^I (t), and then integrating, we have S^{wz}_1 = ∫ M β^{wz}_1 = ∫ dt δ_{IJ} ( ξ^Iq̇^J − 1 2 ξ^I ξ^J ) , (6.12)

and then imposing the inverse Higgs constraint ξ^I = q̇^I (or equivalently, integrating out ξ^I ), we recover S^{wz}_1 = ∫ M β^{wz}_1 = ∫ dt 1 2 δ_{IJ}q̇^Iq̇^J . (6.13)

For N ≥ 2 there is no longer a tadpole term, since the Lagrangian must be invariant under an SO(N) rotation of the fields q^I . There are also no more non-trivial Wess–Zumino terms beyond the kinetic term (once the inverse Higgs constraints are imposed), with one exception: for N = 2 a novel Lagrangian appears involving the ϵ_{IJ} tensor,

ω^{wz} = ϵ_{IJ} ω^I_B ∧ ω^J_B = ϵ_{IJ} dξ^I ∧ dξ^J = dβ^{wz}_2 , β^{wz}_2 = ϵ_{IJ} ξ^I dξ^J , (6.14)

S_2 = ∫ M β^{wz}_2 = ∫ dt ϵ_{IJ} ξ^Iξ̇^J , (6.15)

which upon imposing the inverse Higgs constraint becomes

S_2 = ∫ M β^{wz}_2 = ∫ dt ϵ_{IJ}q̇^Iq̈^J . (6.16)

Note that this is an example in which the imposition of the inverse Higgs constraint is not equivalent to integrating out redundant fields from the action.

Thus, in the bi-galileon case there is the extra Lagrangian L = ϵ_{IJ}q̇^Jq̈^J which has third-order equations of motion, unlike the other galileons, so the relation between second order equations of motion and Wess–Zumino terms is not a perfectly tight one, though it holds in all other cases. Even so, this term still describes fewer degrees of freedom (there are two fields each with third order equations, indicating six phase space degrees of freedom, or three real degrees of freedom) than the non-galileon terms, though it describes more than the kinetic term.

7 Galileons

We now perform the coset construction for galileons in four dimensions. This is the situation of greatest physical interest. We will consider the case which is inspired by a co-dimension 1 braneworld model, in which the galileons are related to the brane-bending mode into the bulk.

The galileons non-linearly realize the shift symmetries δ_C π = 1 , δ_Bμ π = x^μ , (7.1) and we have the the non-trivial commutators [P_μ, B_ν ] = η_{μν} C , [J_{ρσ}, B_ν ] = η_{ρν} B_σ − η_{σν} B_ρ , (7.2) which, along with the commutators of Poincaré transformations, fill out the galileon algebra Gal(3 + 1, 1). The 4d galileons non-linearly realize the symmetry breaking pattern Gal(3 + 1, 1) −→ iso(3, 1) , (7.3) and the coset is parameterized by (2.10) Ṽ = e^{x·P} e^{πC+ξ·B} . (7.4) Note that the linearly realized generators consists of only the Lorentz transformations, so we are working with the coset Gal(3 + 1, 1)/SO(3, 1) . (7.5) The coefficients of the components of the Maurer–Cartan form (2.12) are

ω^μ_P = dx^μ , ω_C = dπ + ξ_μdx^μ , ω^μ_B = dξ^μ , ω^{μν}_J = 0 . (7.6) As is the norm when breaking space-time symmetries, there are fewer Goldstone modes than naïve counting would lead us to believe. We have broken generators, V_μ and C, but we only have a single Goldstone mode π, and this can be seen from the presence of an inverse Higgs constraint— the commutator [P_μ, B_ν ] = η_{μν} C tells us that we may eliminate the ξ_μ field in favor of π by setting ω_C = 0, which leads to the relation ξ_μ = −∂_μπ . (7.7)

This allows us to write the components of the Maurer–Cartan form as

ω^μ_P = dx^μ , ω^μ_B = −dx^ν ∂_ν ∂^μπ . (7.8)

Since we can only build Lagrangians by using these ingredients (along with the higher covariant derivatives on π, which in this case are the same as ordinary derivatives), the field π will only ever appear with at least 2 derivatives per field. Thus we can never obtain the galileons from this construction, since the galileon terms (1.2) all have fewer than two derivatives per field (the galileon Lagrangians with n π’s have 2n − 2 derivatives).

The fact that they cannot be built by the coset construction is suggestive of the fact that the 4d galileons are Wess–Zumino terms in the same sense as the free particle kinetic term—they are 4-form potentials for non-trivial 5-co-cycles in Lie algebra cohomology. The construction proceeds similarly to the 1d case.

We work on the coset space, the space in which π and ξ^μ are considered as new coordinates in addition to the x^μ directions of space-time. The Lagrangian will be obtained by integrating a Wess–Zumino form on the subspace where π = π(x) and ξ^μ = ξ^μ(x). The symmetries on the coset space are generated by the vector fields

C = ∂_π , B_μ = ∂_ξμ − x_μ∂_π , P_μ = ∂_μ . (7.9)

The components of the Maurer–Cartan form (7.6), where we treat π and ξ^μ as independent coordinates, are the (left) invariant 1-forms on the coset space parametrized by {π, ξ^μ, x^μ}, so that we have £_X ω = 0 where X is any of the vector fields (7.9) and ω is any of the forms (7.6).

To construct the Wess–Zumino terms, we create invariant 5-forms by wedging together the 1-forms (7.6). However, we must ensure that the forms are invariant under the Lorentz transformations so(3, 1) so that they are well defined on the coset. This means that the Lorentz indices in (7.6) must be contracted using Lorentz invariant tensors, and the only such tensors are η_{μν} and ϵ_{μνρσ} . From the cohomology perspective, this means that the galileon terms are members of the relative Lie algebra cohomology group

H^5 (Gal(3 + 1, 1), so(3, 1)) . (7.10)

Start by considering the invariant 5-form

ω^{wz}_1 = ϵ_{μνρσ} ω_C ∧ ω^μ_P ∧ ω^ν_P ∧ ω^ρ_P ∧ ω^σ_P = ϵ_{μνρσ} dπ ∧ dx^μ ∧ dx^ν ∧ dx^ρ ∧ dx^σ , (7.11) which can be written as the exterior derivative of a 4-form,

ω^{wz}_1 = dβ^{wz}_1 , β^{wz}_1 = ϵ_{μνρσ} πdx^μ ∧ dx^ν ∧ dx^ρ ∧ dx^σ . (7.12)

Pulling back to the space-time manifold M, defined by π = π(x), ξ = ξ(x), and then integrating,

S^{wz}_1 = ∫ M β^{wz}_1 = ∫ M πϵ_{μνρσ}dx^μ ∧ dx^ν ∧ dx^ρ ∧ dx^σ ∼ ∫ d^4x π , (7.13)

we recover the tadpole term, which is the first galileon. Just as in the free particle case, the tadpole term appears as a 4-form which shifts by a total derivative under the symmetries and whose exterior derivative is a strictly invariant 5-form.

Next consider ω^{wz}_2 = ϵ_{μνρσ} ω_C ∧ ω^μ_B ∧ ω^ν_P ∧ ω^ρ_P ∧ ω^σ_P = ϵ_{μνρσ} ( dπ + ξ_λdx^λ ) ∧ dξ^μ ∧ dx^ν ∧ dx^ρ ∧ dx^σ , (7.14)

which can be written as the exterior derivative of a 4-form,^{10}

ω^{wz}_2 = dβ^{wz}_2 , β^{wz}_2 = ϵ_{μνρσ} ( πdξ^μ − 1 8 ξ^2dx^μ ) ∧ dx^ν ∧ dx^ρ ∧ dx^σ . (7.16)

Pulling back to the space-time manifold M and integrating, we obtain

S^{wz}_2 = ∫ M β^{wz}_2 = 3! ∫ d^4x ( π∂_μξ^μ − 1 2 ξ^2 ) . (7.17)

Imposing the Higgs constraint ξ_μ = −∂_μπ (or equivalently, integrating out ξ^μ), we recover the kinetic term, which is the second galileon,

S^{wz}_2 ∼ ∫ d^4x (∂π)^2 . (7.18)

The construction of L_3 is similar. We consider ω^{wz}_3 = ϵ_{μνρσ} ω_C ∧ ω^μ_B ∧ ω^ν_B ∧ ω^ρ_P ∧ ω^σ_P = ϵ_{μνρσ} ( dπ + ξ_λdx^λ ) ∧ dξ^μ ∧ dξ^ν ∧ dx^ρ ∧ dx^σ , (7.19)

10In showing this, it is helpful to use the identity ϵ_{μνρσ} ξ_λdξ^μ ∧dx^λ ∧dx^ν ∧dx^ρ ∧dx^σ = 1 4 ϵ_{μνρσ} ξ_λdξ^λ ∧dx^μ ∧dx^ν ∧dx^ρ ∧dx^σ = 3!ξ_μdξ^μ ∧dx^0 ∧dx^1 ∧dx^2 ∧dx^3 . (7.15)

which can be written as the exterior derivative of a 4-form^{11}

ω^{wz}_3 = dβ^{wz}_3 , β^{wz}_3 = ϵ_{μνρσ} ( πdξ^μ ∧ dξ^ν ∧ dx^ρ ∧ dx^σ − 1 3 ξ^2dξ^μ ∧ dx^ν ∧ dx^ρ ∧ dx^σ ) . (7.21)

Pulling back to the space-time manifold M and integrating yields

S^{wz}_3 = ∫ M β^{wz}_3 = ∫ M d^4x [ − 2π [ (∂_μξ^μ)^2 − ∂_μξ^ν ∂_ν ξ^μ ] + 2ξ_αξ^α∂_μξ^μ ] . (7.22)

Imposing the Higgs constraint ξ_μ = −∂_μπ, and performing a 4d integration by parts, we recover the cubic galileon, S^{wz}_3 ∼ ∫ M d^4x □π(∂π)^2 . (7.23)

The pattern in now clear. The expressions for L_4 and L_5 will be given by the forms

ω^{wz}_4 = ϵ_{μνρσ} ω_C ∧ ω^μ_B ∧ ω^ν_B ∧ ω^ρ_B ∧ ω^σ_P , ω^{wz}_5 = ϵ_{μνρσ} ω_C ∧ ω^μ_B ∧ ω^ν_B ∧ ω^ρ_B ∧ ω^σ_B , (7.24)

respectively. From the cohomology perspective, the galileon terms are members of the relative Lie algebra cohomology group H^5 (Gal(3 + 1, 1), so(3, 1)).

7.1 d dimensional galileons

This procedure is easily generalized to d space-time dimensions, in which case the breaking pattern is Gal((d − 1) + 1, 1) → iso(d − 1, 1), (7.25) and the coset is Gal((d − 1) + 1, 1)/SO(d − 1, 1). (7.26) The n-th single field galileon term descends from the (d + 1)-form ω^{wz}_n = ϵ_{μ1 ···μd} ω_C ∧ ω^{μ1}_B ∧ · · · ∧ ω^{μn−1}_B ∧ ω^{μn}_P ∧ · · · ∧ ω^{μd}_P , = ϵ_{μ1 ···μd} ( dπ + ξ_λdx^λ ) ∧ dξ^{μ1} ∧ · · · ∧ dξ^{μn−1} ∧ dx^{μn} ∧ · · · ∧ dx^{μd} , (7.27) 11In showing this, it is helpful to use the identity − 2 3 ϵ_{μνρσ} ξ_λdξ^λ ∧ dξ^μ ∧ dx^ν ∧ dx^ρ ∧ dx^σ = ϵ_{μνρσ} ξ_λdξ^μ ∧ dξ^ν ∧ dx^λ ∧ dx^ρ ∧ dx^σ = −4ξ_λdξ^λ ∧ dξ_μ ∧ (∗_4dx^μ), (7.20)

where ∗_4 is the Hodge star on the space of x^μ’s.

where the basis 1-forms are the d-dimensional versions of (7.6). This is the total derivative of the non-invariant Wess–Zumino d-form^{12} (in the following expressions n ≥ 2, the tadpole is easily treated as before), ω^{wz}_n = dβ^{wz}_n , β^{wz}_n = ϵ_{μ1···μd} ( πdξ^{μ1} ∧ · · · ∧ dξ^{μn−1} ∧ dx^{μn} ∧ · · · ∧ dx^{μd} − (n − 1) 2(d − n + 2) ξ^2dξ^{μ1} ∧ · · · ∧ dξ^{μn−2} ∧ dx^{μn−1} ∧ · · · ∧ dx^{μd} ) . (7.29) Pulling back to the space-time manifold M and integrating yields S^{wz}_n = ∫ M β^{wz}_n = ∫ M d^dx (d − n + 1)!(n − 1)!πδ^{[ν1}_{μ1} · · · δ^{νn−1]}_{μn−1} ∂_{ν1} ξ^{μ1} · · · ∂_{νn−1} ξ^{μn−1} − n − 1 2 (d − n + 1)!(n − 2)!ξ^2δ^{[ν1}_{μ1} · · · δ^{νn−2]}_{μn−2} ∂_{ν1} ξ^{μ1} · · · ∂_{νn−2} ξ^{μn−2} . (7.30) Imposing the Higgs constraint ξ_μ = −∂_μπ, and integrating the last term by parts, we recover the general galileon (1.2), S^{wz}_n ∼ ∫ M d^dx πδ^{[ν1}_{μ1} · · · δ^{νn−1]}_{μn−1} ∂_{ν1} ∂^{μ1} π · · · ∂_{νn−1} ∂^{μn−1} π. (7.31) The d dimensional galileon terms are members of the relative Lie algebra cohomology group H^{d+1} (Gal((d − 1) + 1, 1), so(d − 1, 1)) . (7.32)

8 Multi-galileons

It is straightforward to extend the analysis to the multi-galileon case. The action and commutation relations are those of the algebra Gal(3 + 1, N) described in Section 4, and the galileons realize

12We use the identity, 1 (d − n + 2)! ξ_λdξ^λ ∧ dξ^{μ1} ∧ · · · ∧ dξ^{μn−2} ∧ dx^{μn−1} ∧ · · · ∧ dx^{μd} ϵ_{μ1 ···μd} = − 1 (n − 1)(d − n + 1)! ξ_λdx^λ ∧ dξ^{μ1} ∧ · · · ∧ dξ^{μn−1} ∧ dx^{μn} ∧ · · · ∧ dx^{μd} ϵ_{μ1···μd} = ξ_λdξ^λ ∧ dξ_{μ1} ∧ · · · ∧ dξ_{μn−2} ∧ ∗_d (dx^{μ1} ∧ · · · ∧ dx^{μn−2} ) , (7.28) where ∗_d is the Hodge star on the space of x^μ’s.

the symmetry breaking pattern Gal(3 + 1, N) −→ iso(3, 1) ⊕ so(N) . (8.1) The coset is parameterized by (2.10) Ṽ = e^{x·P} e^{πI ·C}I^{+ξI ·B}I , (8.2) and the linearly realized subgroup consists of the Lorentz transformations and the so(N) rotations, so we are working with the coset Gal(3 + 1, N)/ (SO(3, 1) ⊕ SO(N)) . (8.3) The coefficients of the components of the Maurer–Cartan form (2.12) are ω^μ_P = dx^μ , ω^I_C = dπ^I +ξ^I_μdx^μ , ω^{Iμ}_B = dξ^{Iμ} , ω^{μν}_J = ω^{IJ}_J = 0 , (8.4) and the inverse Higgs constraint is ξ^I_μ = −∂_μπ^I , (8.5) so that we again find that we cannot construct any terms with fewer than two derivatives per π^I .

To construct the Wess–Zumino terms, we create invariant 5-forms by wedging together the 1-forms (8.4), making sure that the forms are invariant under both the Lorentz transformations so(3, 1) and the internal so(N) transformations so that they are well defined on the coset. The two possible 5-forms that lead to non-trivial Lagrangians for N ≥ 2 are ω^{wz}_2 = δ_{IJ} ϵ_{μνρσ} ω^I_C ∧ ω^{Jμ}_B ∧ ω^ν_P ∧ ω^ρ_P ∧ ω^σ_P , ω^{wz}_4 = δ_{IJ} δ_{KL}ϵ_{μνρσ} ω^I_C ∧ ω^{Jμ}_B ∧ ω^{Kν}_B ∧ ω^{Lρ}_B ∧ ω^σ_P , (8.6) leading to the kinetic term, and the quartic term studied in [6].

From the cohomology perspective, the multi-galileon terms are members of the relative Lie algebra cohomology group H^5 (Gal(3 + 1, N), so(3, 1) ⊕ so(N)) . (8.7) Generalizing to d-dimensions, there are d/2 possible terms for d even, and (d + 1)/2 possible terms for d odd. The Wess–Zumino (d + 1)-forms are ω^{wz}_{2n} = δ_{I1J1} · · · δ_{InJn} ϵ_{μ1···μd} ω^{I1}_C ∧ ω^{J1μ1}_B ∧ · · · ∧ ω^{Inμ2n−2}_B ∧ ω^{Jnμ2n−1}_B ∧ ω^{μ2n}_P ∧ · · · ∧ ω^{μd}_P , (8.8) which lead to the Lagrangian (1.3). They are members of the relative Lie algebra cohomology group H^{d+1} (Gal((d − 1) + 1, N), so(d − 1, 1) ⊕ so(N)) . (8.9)

Note that using ϵ_{I1···IN} to contract indices gives nothing new, leading only to Lagrangians which are total derivatives (with the exception of d = 1, N = 1 in (6.14)).

9 Counting the galileons

While the construction of the four dimensional single field galileons makes it hard to imagine any other possible galileon invariant Lagrangians (and it has been shown by other methods that there aren’t any [3]), it is good to have a formal check that we have indeed found every possible Wess–Zumino term. After all, every Lagrangian that is compatible with the symmetries of the theory should be included when constructing an effective field theory, and so proper bookkeeping and accounting of terms is a worthwhile endeavor.

In order to verify that we have found all possible Wess–Zumino terms, we want to compute the relative Lie algebra cohomology H^5 (Gal(3 + 1, 1), so(3, 1)). Noting that (7.6) is a basis for left-invariant forms, we determine the action of the exterior derivative, d, on these forms

dω^μ_P = 0 , dω^μ_B = 0 , dω_C = η_{μν} ω^μ_B ∧ ω^ν_P . (9.1)

To meet the requirement of SO(3, 1) invariance, all Greek indices must be contracted with η_{μν} or ϵ_{μνρσ} . Then, the SO(3, 1) invariant 5-co-cycles can be explicitly constructed and are given by ω_1 = ϵ_{μνρσ} ω_C ∧ ω^μ_P ∧ ω^ν_P ∧ ω^ρ_P ∧ ω^σ_P , ω_2 = ϵ_{μνρσ} ω_C ∧ ω^μ_P ∧ ω^ν_P ∧ ω^ρ_P ∧ ω^σ_B , ω_3 = ϵ_{μνρσ} ω_C ∧ ω^μ_P ∧ ω^ν_P ∧ ω^ρ_B ∧ ω^σ_B , (9.2) ω_4 = ϵ_{μνρσ} ω_C ∧ ω^μ_P ∧ ω^ν_B ∧ ω^ρ_B ∧ ω^σ_B , ω_5 = ϵ_{μνρσ} ω_C ∧ ω^μ_B ∧ ω^ν_B ∧ ω^ρ_B ∧ ω^σ_B . It is clear that each of these forms are closed, dω = 0. Furthermore, due to the presence of a factor of ω_C in each form, none of these are expressible as the exterior derivative of a 4-form. In order to not vanish there must have been exactly one factor of ω_C in the 4-co-chain, but such a form is not Lorentz invariant; therefore all of the 5-co-cycles in (9.2) are non-trivial elements of H^5(gal(1 + 3, 1), so(3, 1)).

This provides a formal check that there only exist the five galileon Lagrangians and we have not missed any other Wess–Zumino terms in our construction. Similar remarks apply to all other dimensions and co-dimensions.

10 Conformal galileons

The conformal galileon is a higher derivative theory of a single scalar field, with second order equations of motion, and which non-linearly realizes the conformal group. The relevant Lagrangians were first constructed in Sec. 3.1 of [3],

L_1 = − 1 4 e^{4π} , L_2 = − 1 2 e^{2π}(∂π)^2 ,

L_3 = 1 2 (∂π)^2□π + 1 4 (∂π)^4 ,

L_4 = − 1 2 e^{−2π}(∂π)^2 ( [Π]^2 − [Π^2] + 2 5 (−(∂π)^2□π + [π^3]) + 3 10 (∂π)^4 ) , L_5 = − 1 2 e^{−4π}(∂π)^2 [ − [Π]^3 + 3[Π][Π^2] − 2[Π^3] + 3(∂π)^2([Π]^2 − [Π^2]) + 30 7 (∂π)^2(−(∂π)^2[Π] + [π^3]) − 3 28 (∂π)^6 ] . (10.1)

We have used the notation Π for the matrix of partials Π_{μν} ≡ ∂_μ∂_ν π, and brakets denote traces, [Π^n] ≡ T r(Π^n), e.g. [Π] = □π, [Π^2] = ∂_μ∂_ν π∂^μ∂^ν π. We’ve also defined [π^n] ≡ ∂π · Π^{n−2} · ∂π, e.g. [π^2] = ∂_μπ∂^μπ, [π^3] = ∂_μπ∂^μ∂^ν π∂_ν π. Indices are raised and lowered with η_{μν} .

The conformal galileons linearly realize Poincaré symmetry, δ_{Pμ} π = −∂_μπ , δ_{Jμν} π = (x_μ∂_ν − x_ν ∂_μ)π , (10.2)

while the conformal symmetry is non-linearly realized δ_Dπ = −1 − x^μ∂_μπ , δ_{Kμ} π = −2x_μ − (2x_μx^ν ∂_ν − x^2∂_μ)π . (10.3)

Taken together, the transformations satisfy the commutators of the conformal algebra so(4, 2),

[P_μ, D] = P_μ , [D, K_μ] = K_μ , [J_{μν} , K_σ] = η_{μσ}K_ν − η_{νσ}K_μ , [J_{μν} , P_σ] = η_{μσ}P_ν − η_{νσ}P_μ , [K_μ, P_ν ] = 2J_{μν} − 2η_{μν} D , [J_{μν} , J_{ρσ}] = η_{μρ}J_{νσ} − η_{νρ}J_{μσ} + η_{νσ}J_{μρ} − η_{μσ}J_{νρ} . (10.4)

The conformal galileons may be interpreted as the Goldstone field associated with the symmetry breaking pattern so(4, 2) −→ iso(3, 1) . (10.5) As we shall see, it is possible to obtain the conformal galileon terms via the coset construction, with the exception of the term quartic in derivatives, L_3, which appears as a Wess–Zumino term.

The coset space is SO(4, 2)/SO(3, 1), (10.6) which we parametrize as^{13} Ṽ = e^{x·P} e^{πD}e^{ξ·K} . (10.7) Calculating the Maurer–Cartan form (2.12),

ω = Ṽ^{−1}dṼ = ω^μ_P P_μ + ω_DD + ω^μ_K K_μ + 1 2 ω^{μν}_J J_{μν} , (10.8)

the components are found to be [15, 37, 57, 58]

ω^μ_P = e^πdx^μ, ω_D = dπ + 2e^πξ_μdx^μ, ω^μ_K = dξ^μ + ξ^μdπ + e^π ( 2ξ^μξ_ν dx^ν − ξ^2dx^μ ) , ω^{μν}_J = −4e^π (ξ^μdx^ν − ξ^ν dx^μ) . (10.9)

where indices have been raised and lowered with η_{μν} .

Due to the commutator [K_μ, P_ν] = 2J_{μν} −2η_{μν} D, there is an inverse Higgs constraint, ω_D = 0 yielding the relation ξ_μ = − 1 2 e^{−π}∂_μπ . (10.10)

13This differs slightly from our general expression (2.10) since we write a product of exponentials for the broken generators rather than the exponential of a sum. This just amounts to a different choice of parametrization for the coset.

Plugging back into the Maurer–Cartan form, we have

ω^μ_P = e^πdx^μ, ω^μ_K = e^{−π} (_1 2 ∂_ν π∂^μπdx^ν −^1_2 ∂_ν ∂^μπdx^ν −^1_4 (∂π)^2dx^ν ) , ω^{μν}_J = 2 (∂^μπdx^ν − ∂^ν πdx^μ) .

(10.11)

The vielbein (2.14) can be extracted from ω_P ,

e^α_ν = e^πδ^α_ν , (10.12)

giving the invariant metric g_{μν} = e^α_μ e^β_ν η_{αβ} = e^{2π}η_{μν} . (10.13) The invariant measure (2.16) is √ −g = e^{4π}. (10.14) The derivative (2.18) associated to ξ^β (here another Lorentz index β plays the role of the index a in Section 2.2) is given by the expression (ω_K )^β_μ = e^α_μ D_αξ^β . By contracting with the vielbein, we can instead work with the object D_μξ_ν ≡ e^α_μ D_αξ^βe^γ_ν η_{βγ} = (ω_K )^β_μ e^α_ν η_{βα},

D_μξ_ν = 1 2 ∂_ν π∂_μπ − 1 2 ∂_ν ∂_μπ − 1 4 (∂π)^2η_{μν} . (10.15)

We construct invariant Lagrangians by using D_μξ_ν, contracting up indices with the metric (10.13) and multiplying by the measure (2.16).

Another method is used in [3]^{14}. The conformal galileons are constructed by forming diffeomorphism scalars of the conformal metric g_{μν} = e^{2π}η_{μν} . This method is in fact completely equivalent to the coset construction, because we have for the Ricci tensor

R_{μν} (g) = 2∂_μπ∂_ν π − 2∂_μ∂_ν π − □πη_{μν} − 2(∂π)^2η_{μν} , (10.16)

which can be expressed in terms of the covariant derivative (10.15),

R_{μν} (g) = 4D_μξ_ν + 2D_ρξ^ρg_{μν} . (10.17)

The Ricci scalar for the conformal metric is R[g] = 12D_ρξ^ρ, and the Riemann tensor gives nothing beyond the Ricci tensor because the Weyl tensor vanishes for the conformally flat metric

14There is also a method called tractor calculus, which is designed for constructing realizations of conformal symmetry [64–70].

(10.13). Furthermore, higher covariant derivatives D in the coset are equivalent to higher covariant derivatives ∇(g) with respect to the metric (10.13). We therefore see that the invariant actions constructible by the coset method correspond to all possible diffeomorphism scalars constructed from the metric g_{μν} = e^{2π}η_{μν} , its curvature tensors and its covariant derivative.

The zero derivative term in (10.1) comes from the volume element

L_1 ∼ √ −g = e^{4π} , (10.18)

while the kinetic term comes from the Ricci curvature, after an integration by parts

L_2 ∼ √ −gR = 6e^{2π}(∂π)^2 . (10.19)

The terms L_4 and L_5 are constructed from particular curvature invariants of order R^3 and R^4, respectively [3].

The term L_3, however, presents a problem. It should be constructible from curvature invariants of order R^2, but all three curvature invariants which are quadratic in the Ricci curvature give the same contribution after integration by parts (and in fact, only two could have been independent since the Gauss-Bonnet combination R^2 − 4R^{μν} R_{μν} + R^{μνρσ} R_{μνρσ} is a total derivative) [3]. √ −gR^2 √ −gR^{μν} R_{μν} √ −gR^{μνρσ}R_{μνρσ} ∝ (□π)^2 + (∂π)^4 + 2□π(∂π)^2 , (10.20)

which is not of the form L_3 and gives rise to higher order equations of motion due to the (□π)^2 term. It would thus appear that it is impossible to create the conformal galileon L_3 by the coset method.

However, one can create a linearly independent invariant Lagrangian by using a trick, as is done in [3]. We go to d dimensions,^{15} and consider the following combination of curvature invariants, √ −g (d − 4) ( R^2_{μν} (d − 1) − R^2 (d − 1)^2 ) = e^{(d−4)π} ( (□π)^2 +

(d − 2)(3d − 4) 2(d − 1)

□π(∂π)^2 +

(d − 2)^3 2(d − 1)

(∂π)^4 ) . (10.21)

15The d-dimensional metric is e^{2π} times the d-dimensional Minkowski metric.

This combination is finite in the limit d → 4 and leads to the Lagrangian L ∼ 3 4 (□π)^2 + (∂π)^4 + 2□π(∂π)^2 . (10.22)

This combination is linearly independent of (10.20), and can be used to subtract off the offending (□π)^2 term giving the cubic galileon

L_3 ∼ (∂π)^4 + 2□π(∂π)^2 . (10.23)

The fact that we must do this dimensional continuation to construct L_3 is a harbinger of the fact that this is a Wess–Zumino term. The fact that Wess–Zumino terms are not captured by the coset construction appears here through the fact that we have to move away from four dimensions. In fact, it is easy to show that L_3 changes by a total derivative under the non-linear symmetries while the remaining Lagrangians are strictly invariant (modulo the total derivative associated with changing the field coordinates), so we expect the necessity of a Wess–Zumino type construction for L_3.

Starting with the conformal algebra (10.4), we wish to compute the relative Lie algebra cohomology H^5(so(4, 2), so(3, 1)), (10.24) in order to catalog the possible Wess–Zumino terms. Recall from Section 3 that the basis forms which are dual to the Lie algebra vectors are written with upper indices and the forms which annihilate the vector subspace spanned by so(3, 1) are {D, K^μ, P^μ}. These are used to create n-co-chains for computing the relative Lie algebra cohomology. The co-boundary operator δ acts on the basis forms as δD = 2η_{μν} K^μ ∧ P^ν , δP^μ = D ∧ P^μ + 2P^β ∧ J^{αμ}η_{αβ} , (10.25) δK^μ = −D ∧ K^μ + 2K^β ∧ J^{αμ}η_{αβ} . We can construct the following six so(3, 1) invariant 5-co-chains

ω_1 = ϵ_{μνρσ} D ∧ P^μ ∧ P^ν ∧ P^ρ ∧ P^σ, ω_2 = ϵ_{μνρσ} D ∧ P^μ ∧ P^ν ∧ P^ρ ∧ K^σ, ω_3 = ϵ_{μνρσ} D ∧ P^μ ∧ P^ν ∧ K^ρ ∧ K^σ, ω_4 = ϵ_{μνρσ} D ∧ P^μ ∧ K^ν ∧ K^ρ ∧ K^σ, ω_5 = ϵ_{μνρσ} D ∧ K^μ ∧ K^ν ∧ K^ρ ∧ K^σ, ω_6 = η_{μν} η_{ρσ}D ∧ P^μ ∧ K^ν ∧ P^ρ ∧ K^σ . (10.26)

The co-chains ω_1 to ω_5 are closed (δω = 0), and we therefore have five possible non-trivial co-cycles. However, four of these turn out to be co-boundaries

ω_1 = 1 4 δ [ ϵ_{μνρσ} P^μ ∧ P^ν ∧ P^ρ ∧ P^σ ] , ω_2 = 1 2 δ [ ϵ_{μνρσ} D ∧ P^μ ∧ P^ν ∧ P^ρ ∧ K^σ ] , ω_4 = − 1 2 δ [ ϵ_{μνρσ} D ∧ P^μ ∧ K^ν ∧ K^ρ ∧ K^σ ] , ω_5 = − 1 4 δ [ ϵ_{μνρσ} D ∧ K^μ ∧ K^ν ∧ K^ρ ∧ K^σ ] . (10.27)

However, it turns out that ω_3 is a non-trivial co-cyle. The only possible so(3, 1) invariant potential for ω_3 would be of the form α_3 ∼ ϵ_{μνρσ} P^μ ∧ P^ν ∧ K^ρ ∧ K^σ but, due to the sign difference between δP^μ and δK^μ, the co-boundary operator annihilates this form, δα_3 = 0. Therefore, there is a single non-trivial element of H^5(so(4, 2), so(3, 1)) and correspondingly, a single Wess–Zumino term.

The 5-form corresponding to the non-trivial co-cycle ω_3 is given by

ω^{wz}_3 = ϵ_{μνρσ} ω_D ∧ ω^μ_P ∧ ω^ν_P ∧ ω^ρ_K ∧ ω^σ_K (10.28) = ϵ_{μνρσ} [ e^{4π} ( ξ^4dπ ∧ dx^μ ∧ dx^ν ∧ dx^ρ ∧ dx^σ − 4ξ^2ξ_λdx^λ ∧ dx^μ ∧ dx^ν ∧ dx^ρ ∧ dx^σ ) + e^{3π} ( −2ξ^2dπ ∧ dx^μ ∧ dx^ν ∧ dξ^ρ ∧ dx^σ + 2ξ_λdx^λ ∧ dx^μ ∧ dx^ν ∧ dξ^ρ ∧ dξ^σ ) + e^{2π}dπ ∧ dx^μ ∧ dx^ν ∧ dξ^ρ ∧ dξ^σ ] , (10.29)

and can be written as a total derivative,

ω^{wz}_3 = dβ^{wz}_3 , β^{wz}_3 = ϵ_{μνρσ} [ e^{4π} 4 ξ^4dx^μ ∧ dx^ν ∧ dx^ρ ∧ dx^σ − e^{3π} 3 ξ^2dx^μ ∧ dx^ν ∧ dξ^ρ ∧ dx^σ + e^{2π} 2 dx^μ ∧ dx^ν ∧ dξ^ρ ∧ dξ^σ ] . (10.30)

Pulling back and imposing the inverse Higgs constraint (10.10), the final result is

S^{wz}_3 = ∫ M β^{wz}_3 = − 1 2 ∫ d^4x [1 2 □π(∂π)^2 + 1 4 (∂π)^4 ] , (10.31) 37 which reproduces L_3.

The extension to d space-time dimensions proceeds without too much trouble. When d

is even, there is a single Wess–Zumino galileon, the middle one L d_{2 +1}. The others are all coset

constructible. As an example, in d = 2 the kinetic term L_2 is a Wess–Zumino term. It is impossible

to construct with the coset method, since the only possible curvature term which could give it,

R, is a total derivative in two dimensions. When d is odd, there is no Wess–Zumino term, and all

the conformal galileons are coset constructible.

It is worth noting that the 4-dimensional Wess–Zumino term

L_3 ∼ (∂π)^4 + 2□π(∂π)^2 , (10.32)

has been of some interest recently in connection with the a-theorem in four dimensions [71, 72].

This term for the 4 dimensional conformal group plays a similar role to that of the more well-

known 2 dimensional Wess–Zumino term in the trace anomaly. The extension to d dimensions

reflects the fact that there is no anomaly for odd d, and in even d it is associated with terms of

order d/2 in the curvature.

11 DBI galileons

The DBI galileons are higher-derivative scalar field theories which non-linearly realize higher

dimensional Poincaré symmetry and retain second order equations of motion. In four dimensions,

realizing 5-d Poincaré, they are

L_1 = π,

L_2 = − √ 1 + (∂π)^2 ,

L_3 = − [Π] + γ^2 [ π^3 ] , L_4 = −γ ( [Π]^2 − [ Π^2 ]) − 2γ^3 ([ π^4 ] − [Π] [ π^3 ]) , L_5 = −γ^2 ( [Π]^3 + 2 [ Π^3 ] − 3 [Π] [ Π^2 ]) − γ^4 ( 6 [Π] [ π^4 ] − 6 [ π^5 ] − 3 ( [Π]^2 − [ Π^2 ]) [ π^3 ]) . (11.1)

The notation is explained below (10.1), and γ ≡ 1 √ 1 + (∂π)^2

. (11.2) 38

The DBI galileons were first derived in [29] from the perspective of a 3-brane probing a flat 5d bulk.^{16} The last four DBI galileons are obtained from Lovelock invariants of the induced brane metric and the boundary terms associated to 5d Lovelock invariants,

L_2 = − √ −g , L_3 = √ −gK , L_4 = − √ −g R , L_5 = √ −g [ −K^3_{μν} + 3 2 KK^2_{μν} − 1 2 K^3 − 3(R_{μν} − 1 2 Rg_{μν} )K^{μν} ] , (11.3)

where the induced metric and extrinsic curvature are g_{μν} = η_{μν} + ∂_μπ∂_ν π, K_{μν} = −γ∂_μ∂_ν π. (11.4) The first term, the tadpole, is not constructed from local terms on the brane, but as the fivedimensional volume bounded by the brane (as discussed in [31]), and is a Wess–Zumino term, as we will see.

The DBI galileons realize spontaneous breaking of the 5d Poincaré algebra to its 4d Poincaré subalgebra, iso(4, 1) −→ iso(3, 1). (11.5) The broken transformations are translations and rotations into the fifth direction [29, 31]

δ_{P5} π = 1 , δ_{Jμ5} π = x_μ + π∂_μπ . (11.6)

The 5d Poincaré algebra has the commutation relations [J_{MP} , P_Q] = η_{MQ}P_N − η_{NQ}P_M [J_{MN} , J_{P Q}] = η_{MP} J_{NQ} − η_{NP} J_{MQ} + η_{NQ}J_{MP} − η_{MQ}J_{NP} , (11.7) where η_{AB} = diag (−1, 1, 1, 1, 1). The preserved subalgebra is the Poincaré subalgebra generated by (J_{μν} , P_ρ), where Greek indices run from 0 to 3, acting as in (10.2).

The broken generators are P_5 and J_{μ5}, and the coset space is

ISO(4, 2)/SO(3, 1), (11.8)

16Their spherical solutions are studied in [73], and inflationary non-gaussianity in [74].

parametrized by^{17} Ṽ = e^{x·P} e^{πP}5 e^{ξαJ}α5 . (11.9) From this, we can compute the Maurer–Cartan form (2.12)

ω = Ṽ^{−1}dṼ = ω^α_P P_α + ω_{P5} P_5 + ω^α_J J_{α5} + 1 2 ω^{αβ}_J J_{αβ} , (11.10)

where the needed components are

ω^α_P = dx^α − 1 2 ψ^αψ_ν 1 +^{ψ2}_4 dx^ν + ψ^α 1 +^{ψ2}_4 dπ , (11.11)

ω_{P5} =

1 −^{ψ2}_4 1 +^{ψ2}_4 dπ − ψ_μ 1 +^{ψ2}_4 dx^μ , (11.12)

ω^α_J = dψ^α 1 +^{ψ2}_4

. (11.13)

Here, inspired by [58], we have made the field redefinition

ψ_μ ≡ ξ_μ tanh √_{−ξ2} 4 √_{−ξ2} 4 , (11.14)

to make the field ψ appear quadratically, which simplifies the expressions. We will not consider the coupling of π to matter fields, so the explicit form of ω^{μν}_J will not be important.

There is an inverse Higgs constraint, since the commutator of J_{μ5} with the unbroken translations [P_μ, J_{ν5}] = −η_{μν} P_5 , (11.15)

is proportional to the other unbroken generator P_5, so the ψ_μ field is unphysical and may be eliminated in favor of the π by setting ω_{P5} = 0, leading to the following relationship between the π and ψ_μ fields ψ_μ = 2∂_μπ 1 + √ 1 + (∂π)^2

. (11.16)

The choice of sign for the square root just leads to an overall sign in front of the Lagrangian, and we will choose the + branch. Using this, we may simplify slightly the expressions for the

17As in the conformal galileon example (10.7), this differs slightly from our general expression (2.10), which just amounts to a different choice of parametrization of the coset.

Maurer–Cartan forms ω^α_P = ( δ^α_μ + 1 2 ψ_μψ^α 1 −^{ψ2}_4 ) dx^μ , (11.17)

ω^α_J = dψ^α 1 +^{ψ2}_4

. (11.18) The vielbein (2.14) and inverse vielbein can be extracted from ω_P , e^α_μ = δ^α_μ + 1 2 ψ_μψ^α 1 −^{ψ2}_4

, e^μ_α = δ^μ_α − 1 2 ψ_αψ^μ 1 +^{ψ2}_4

. (11.19) In fact, the coset construction is exactly equivalent to the brane construction of [29]. This can be seen by noting that the induced metric associated to the vielbein (11.17) is g_{μν} = η_{αβ} e^α_μ e^β_ν = η_{μν} + ∂_μπ∂_ν π . (11.20) and similarly, the covariant derivative (2.18) of ξ, written with spacetime rather than Lorentz indices, is precisely the extrinsic curvature D_μξ_ν ≡ e^α_μ (ω_J )^β_ν η_{αβ} = γ∂_μ∂_ν π = −K_{μν} . (11.21) The coset construction then instructs us to make any possible contractions of the objects {K_{μν} , g_{μν} } to build invariant actions.

The coset construction is entirely equiavlent to the brane construction of [29], because the Gauss–Codazzi relation for a flat bulk R_{μνρσ} − K_{μρ}K_{νσ} + K_{νρ}K_{μσ} = 0 , (11.22) allows us to eliminate the Riemann tensor in favor of the extrinsic curvature. In particular, it is possible to construct all of the terms (11.3) from the coset construction.^{18}

18The DBI terms, save the tadpole L_1, can also be constructed just by wedging the Maurer–Cartan components together as L_2 = − 1 4! ϵ_{μνρσ} ω^μ_P ∧ ω^ν_P ∧ ω^ρ_P ∧ ω^σ_P , L_3 = 1 3! ϵ_{μνρσ} ω^μ_J ∧ ω^ν_P ∧ ω^ρ_P ∧ ω^σ_P , L_4 = − 1 2 ϵ_{μνρσ} ω^μ_J ∧ ω^ν_J ∧ ω^ρ_P ∧ ω^σ_P , L_5 = ϵ_{μνρσ} ω^μ_J ∧ ω^ν_J ∧ ω^ρ_J ∧ ω^σ_P , and then integrating over the spacetime.

Note that—just as in the brane construction—we have failed to construct the tadpole term, L_1 = π, from the coset methods in four dimensions. However, it is possible to construct this tadpole as a Wess–Zumino term by considering the 5-form

ω^{wz}_1 = ϵ_{μνρσ}ω_{P5} ∧ ω^μ_P ∧ ω^ν_P ∧ ω^ρ_P ∧ ω^σ_P . (11.23)

A fairly straightforward calculation reveals that this 5-form is exact,

ω^{wz}_1 = dβ^{wz}_1 , β^{wz}_1 = πϵ_{μνρσ} dx^μ ∧ dx^ν ∧ dx^ρ ∧ dx^σ . (11.24)

The action given by integrating this 4-form is then

S_1 = ∫ M β^{wz}_1 = ∫ d^4x π , (11.25)

which is the action corresponding to the tadpole Lagrangian L_1. Therefore we see that the tadpole term is a Wess–Zumino term for spontaneously broken Poincaré invariance, in contrast to the other DBI galileon terms.

The DBI galileons are obtainable from the coset construction and so are not Wess–Zumino terms (except for the tadpole term). Taking a small-field limit gives the ordinary galileon terms, indicating that the procedure of contracting the algebra can change which terms are Wess–Zumino. For concreteness, here we derived the DBI galileons in four dimensions, but similar remarks apply in all dimensions: none of the DBI galileons will be Wess–Zumino except for the tadpole.

The case of higher co-dimensions is more subtle (the DBI galileons for higher co-dimension are discussed in [6]), but the extension should not be too difficult. The coset construction used here is not new—there are many examples of authors deriving low-energy effective actions for membranes using non-linear realization techniques, for example [61–63]—but to our knowledge the construction of the full set of DBI galileons from this perspective has not appeared elsewhere in the literature.

Based on the expectation that the brane constructions used in [6, 29, 31, 32] are equivalent to the coset construction, we can surmise that the DBI-like galileons living on (A)dS and flat spaces and realizing higher dimensional (A)dS and Poincaré symmetries, catalogued in [31, 32] (before taking any small field limits), have the same Wess–Zumino properties as the original DBI galileons studied in this section, that is, the tadpole is Wess–Zumino and the higher order galileons are not.

12 Conclusions

We have demonstrated that galileons arise as Wess–Zumino terms for spontaneously broken spacetime symmetries. Their existence is linked to the existence of non-trivial co-cycles in relative Lie algebra cohomology. The galileon terms are the d-form potentials for the (d + 1)-form non-trivial co-cycles. The existence of the galileons is due to the local algebraic properties of the relevant groups.

We have also used the techniques of non-linear realizations to address multi-galileon theories, showing that they too are Wess–Zumino terms. Finally, we considered the DBI galileons, showing that they are not Wess–Zumino terms (except for the tadpole term), and we considered the conformal galileons, showing that only the middle conformal galileon is a Wess–Zumino term.

The simplest example of a galileon theory is the free non-relativistic point particle. Indeed, this case fits into the scheme presented here, since both the tadpole term and the free particle kinetic term are Wess–Zumino terms in the same sense as the more familiar four-dimensional galileons.

The fact that galileons arise due to local algebraic properties is somewhat tantalizing—it is well-known that there is a non-renormalization theorem for galileons; they are not renormalized to any loop order in perturbation theory [2, 6]. It may be possible that this non-renormalization is tied to the algebraic properties of the galileon terms. A possibly instructive example is that of anomalies—whose existence is similarly forecast by algebraic properties á la BRST—which also have a non-renormalization theorem, although of a slightly different type (anomalies are not renormalized past 1-loop). This raises the possibility that the non-renormalization of galileons may be understood in terms of some deeper topological or algebraic context based upon their construction as Wess–Zumino terms, but unlike the Wess–Zumino–Witten term of the chiral Lagrangian (which are not renormalized due to a quantization condition on their coefficients), there does not appear to be an obvious global topological condition requiring the coefficients of the galileon terms to be quantized.

Acknowledgements: It is our pleasure to thank Ron Donagi, Randy Kamien, Justin Khoury and particularly Gary Gibbons for helpful discussions. This work was supported in part by Department of Energy grant DE-FG05-95ER40893-A020, NSF grant PHY-0930521, NASA ATP grant NNX08AH27G, NASA ATP grant NNX11AI95G, and by the Fay R. and Eugene L. Langberg chair.

References

[1] G. R. Dvali, G. Gabadadze and M. Porrati, “4-D gravity on a brane in 5-D Minkowski space,” Phys. Lett. B 485, 208 (2000) [hep-th/0005016].

[2] M. A. Luty, M. Porrati and R. Rattazzi, “Strong interactions and stability in the DGP model,” JHEP 0309, 029 (2003) [hep-th/0303116].

[3] A. Nicolis, R. Rattazzi and E. Trincherini, “The Galileon as a local modification of gravity,” Phys. Rev. D 79, 064036 (2009) [arXiv:0811.2197 [hep-th]].

[4] M. Trodden and K. Hinterbichler, “Generalizing Galileons,” Class. Quant. Grav. 28 (2011) 204003 [arXiv:1104.2088 [hep-th]].

[5] A. Padilla, P. M. Saffin and S. -Y. Zhou, “Bi-galileon theory I: Motivation and formulation,” JHEP 1012, 031 (2010) [arXiv:1007.5424 [hep-th]].

[6] K. Hinterbichler, M. Trodden and D. Wesley, “Multi-field galileons and higher co-dimension branes,” Phys. Rev. D 82, 124018 (2010) [arXiv:1008.1305 [hep-th]].

[7] A. Nicolis and R. Rattazzi, “Classical and quantum consistency of the DGP model,” JHEP 0406, 059 (2004) [hep-th/0404159].

[8] A. I. Vainshtein, “To the problem of nonvanishing gravitation mass,” Phys. Lett. B 39, 393 (1972).

[9] C. Deffayet, G. R. Dvali, G. Gabadadze and A. I. Vainshtein, “Nonperturbative continuity in graviton mass versus perturbative discontinuity,” Phys. Rev. D 65, 044026 (2002) [hep-th/0106001].

[10] T. Kobayashi, M. Yamaguchi and J. ’i. Yokoyama, “G-inflation: Inflation driven by the Galileon field,” Phys. Rev. Lett. 105, 231302 (2010) [arXiv:1008.0603 [hep-th]].

[11] C. Burrage, C. de Rham, D. Seery and A. J. Tolley, “Galileon inflation,” JCAP 1101, 014 (2011) [arXiv:1009.2497 [hep-th]].

[12] P. Creminelli, G. D’Amico, M. Musso, J. Norena and E. Trincherini, “Galilean symmetry in the effective theory of inflation: new shapes of non-Gaussianity,” JCAP 1102, 006 (2011) [arXiv:1011.3004 [hep-th]].

[13] P. Creminelli, A. Nicolis and E. Trincherini, “Galilean Genesis: An Alternative to inflation,” JCAP 1011, 021 (2010) [arXiv:1007.0027 [hep-th]].

[14] K. Hinterbichler and J. Khoury, “The Pseudo-Conformal Universe: Scale Invariance from Spontaneous Breaking of Conformal Symmetry,” arXiv:1106.1428 [hep-th].

[15] K. Hinterbichler, A. Joyce and J. Khoury, “Non-linear Realizations of Conformal Symmetry and Effective Field Theory for the Pseudo-Conformal Universe,” arXiv:1202.6056 [hep-th].

[16] N. Chow and J. Khoury, “Galileon Cosmology,” Phys. Rev. D 80, 024037 (2009) [arXiv:0905.1325 [hep-th]].

[17] F. PSilva and K. Koyama, “Self-Accelerating Universe in Galileon Cosmology,” Phys. Rev.

D 80, 121301 (2009) [arXiv:0909.4538 [astro-ph.CO]].

[18] A. De Felice, R. Kase and S. Tsujikawa, “Matter perturbations in Galileon cosmology,” Phys.

Rev. D 83, 043515 (2011) [arXiv:1011.6132 [astro-ph.CO]].

[19] C. Deffayet, O. Pujolas, I. Sawicki and A. Vikman, “Imperfect Dark Energy from Kinetic Gravity Braiding,” JCAP 1010, 026 (2010) [arXiv:1008.0048 [hep-th]].

[20] C. Deffayet, G. Esposito-Farese and A. Vikman, “Covariant Galileon,” Phys. Rev. D 79, 084003 (2009) [arXiv:0901.1314 [hep-th]].

[21] C. Deffayet, S. Deser and G. Esposito-Farese, “Generalized Galileons: All scalar models whose curved background extensions maintain second-order field equations and stress-tensors,” Phys. Rev. D 80, 064015 (2009) [arXiv:0906.1967 [gr-qc]].

[22] C. Deffayet, S. Deser and G. Esposito-Farese, “Arbitrary p-form Galileons,” Phys. Rev. D 82, 061501 (2010) [arXiv:1007.5278 [gr-qc]].

[23] J. Khoury, J. -L. Lehners and B. A. Ovrut, “Supersymmetric Galileons,” Phys. Rev. D 84, 043521 (2011) [arXiv:1103.0003 [hep-th]].

[24] S. -Y. Zhou and E. J. Copeland, “Galileons with Gauge Symmetries,” arXiv:1112.0968 [hep-th].

[25] G. Goon, K. Hinterbichler, A. Joyce and M. Trodden, “Gauged Galileons From Branes,” arXiv:1201.0015 [hep-th].

[26] C. de Rham and G. Gabadadze, “Generalization of the Fierz-Pauli Action,” Phys. Rev. D 82, 044020 (2010) [arXiv:1007.0443 [hep-th]].

[27] C. de Rham, G. Gabadadze and A. J. Tolley, “Resummation of Massive Gravity,” Phys. Rev.

Lett. 106, 231101 (2011) [arXiv:1011.1232 [hep-th]].

[28] K. Hinterbichler, “Theoretical Aspects of Massive Gravity,” arXiv:1105.3735 [hep-th]. [29] C. de Rham and A. J. Tolley, “DBI and the Galileon reunited,” JCAP 1005, 015 (2010) [arXiv:1003.5917 [hep-th]].

[30] D. Lovelock, “The Einstein tensor and its generalizations,” J. Math. Phys. 12, 498 (1971). [31] G. Goon, K. Hinterbichler and M. Trodden, “Symmetries for Galileons and DBI scalars on curved space,” JCAP 1107, 017 (2011) [arXiv:1103.5745 [hep-th]].

[32] G. Goon, K. Hinterbichler and M. Trodden, “A New Class of Effective Field Theories from Embedded Branes,” Phys. Rev. Lett. 106, 231102 (2011) [arXiv:1103.6029 [hep-th]].

[33] C. Burrage, C. de Rham and L. Heisenberg, “de Sitter Galileon,” JCAP 1105, 025 (2011) [arXiv:1104.0155 [hep-th]].

[34] G. Goon, K. Hinterbichler and M. Trodden, “Galileons on Cosmological Backgrounds,” JCAP 1112, 004 (2011) [arXiv:1109.3450 [hep-th]].

[35] S. R. Coleman, J. Wess and B. Zumino, “Structure of phenomenological Lagrangians. 1.,” Phys. Rev. 177, 2239 (1969).

[36] C. G. Callan, Jr., S. R. Coleman, J. Wess and B. Zumino, “Structure of phenomenological Lagrangians. 2.,” Phys. Rev. 177, 2247 (1969).

[37] D. V. Volkov, “Phenomenological Lagrangians,” Sov. J. Particles Nucl. 4, 3 (1973). [38] J. Wess and B. Zumino, “Consequences of anomalous Ward identities,” Phys. Lett. B 37, 95 (1971).

[39] E. Witten, “Global Aspects of Current Algebra,” Nucl. Phys. B 223, 422 (1983). [40] C. Chevalley and S. Eilenberg, “Cohomology Theory of Lie Groups and Lie Algebras,” Trans.

Am. Math. Soc. 63, 85 (1948).

[41] J. A. de Azcarraga, J. M. Izquierdo and J. C. Perez Bueno, “An Introduction to some novel applications of Lie algebra cohomology in mathematics and physics,” Rev. R. Acad. Cien. Exactas Fis. Nat. Ser. A Mat. 95, 225 (2001) [physics/9803046].

[42] J. A. de Azcarraga, A. J. Macfarlane and J. C. Perez Bueno, “Effective actions, relative cohomology and Chern Simons forms,” Phys. Lett. B 419, 186 (1998) [hep-th/9711064].

[43] E. D’Hoker and S. Weinberg, “General effective actions,” Phys. Rev. D 50, 6050 (1994) [hep-ph/9409402].

[44] A. Nicolis, “Galilean currents and charges,” [hep-th/1011.3057] .

[45] J. A. de Azcarraga and J. M. Izquierdo, “Lie groups, Lie algebras, cohomology and some applications in physics.”, CUP (1995, 1999) [46] J. Brugues, T. Curtright, J. Gomis and L. Mezincescu, “Non-relativistic strings and branes as non-linear realizations of Galilei groups,” Phys. Lett. B 594, 227 (2004) [hep-th/0404175].

[47] S. Weinberg, “Nonlinear realizations of chiral symmetry,” Phys. Rev. 166, 1568 (1968). [48] V. I. Ogievetsky, “Nonlinear Realizations of Internal and Space-time Symmetries,” Proc. of X–th Winter School of Theoretical Physics in Karpacz, Vol. 1, Wroclaw 227 (1974) [49] B. Zumino, “Effective Lagrangians and broken symmetries,” In *Brandeis Univ. 1970, Lectures On Elementary Particles And Quantum Field Theory, Vol. 2*, Cambridge, Mass. 1970, 437-500.

[50] R. Camporesi, “Harmonic analysis and propagators on homogeneous spaces,” Phys. Rept.

196, 1 (1990).

[51] S. Kobayashi and K. Nomizu, “Foundations of Differential Geometry I,” J. Wiley, (1963) [52] H. B. Nielsen and S. Chadha, “On How to Count Goldstone Bosons,” Nucl. Phys. B 105, 445 (1976).

[53] I. Low and A. V. Manohar, “Spontaneously broken space-time symmetries and Goldstone’s theorem,” Phys. Rev. Lett. 88, 101602 (2002) [hep-th/0110285].

[54] H. Watanabe and H. Murayama, “Number of Nambu-Goldstone bosons and partially symplectic geometry of coset space,” arXiv:1203.0609 [hep-th].

[55] Y. Hidaka, “Counting rule for Nambu-Goldstone modes in nonrelativistic systems,” arXiv:1203.1494 [hep-th].

[56] E. A. Ivanov and V. I. Ogievetsky, “The Inverse Higgs Phenomenon in Nonlinear Realizations,” Teor. Mat. Fiz. 25, 164 (1975).

[57] I. N. McArthur, “Nonlinear realizations of symmetries and unphysical Goldstone bosons,” JHEP 1011, 140 (2010) [arXiv:1009.3696 [hep-th]].

[58] S. Bellucci, E. Ivanov and S. Krivonos, “AdS / CFT equivalence transformation,” Phys. Rev.

D 66, 086001 (2002) [Erratum-ibid. D 67, 049901 (2003)] [hep-th/0206126]. [59] E. Inonu and E. P. Wigner, “On the Contraction of groups and their represenations,” Proc.

Nat. Acad. Sci. 39, 510 (1953).

[60] J. P. Gauntlett, J. Gomis and P. K. Townsend, “Particle Actions As Wess-zumino Terms For Space-time (super)symmetry Groups,” Phys. Lett. B 249, 255 (1990).

[61] P. C. West, “Automorphisms, non-linear realizations and branes,” JHEP 0002, 024 (2000) [hep-th/0001216].

[62] C. Chryssomalakos, J. A. de Azcarraga, J. M. Izquierdo and J. C. Perez Bueno, “The Geometry of branes and extended superspaces,” Nucl. Phys. B 567, 293 (2000) [hep-th/9904137].

[63] J. Gomis, K. Kamimura and P. C. West, “The Construction of brane and superbrane actions using non-linear realisations,” Class. Quant. Grav. 23, 7369 (2006) [hep-th/0607057].

[64] T. Y. Thomas, “On Conformal Geometry,” Proc. Nat. Acad. Sci. 12, 352-359 (1926) [65] T. Y. Thomas, “Conformal Tensors,” Proc. Nat. Acad. Sci. 18, 103-112 (1932) [66] T. N. Bailey, M. G. Eastwood and A. R. Gover, “Thomas’s Structure Bundle for Conformal, Projective and Related Structures,” Rocky Mountain Journal of Mathematics 24 (1994) [67] M. Eastwood, “Notes on Conformal Differential Geometry,” Suppl. Rendi. Circ. Mat. Palermo 43, 57-76 (1996) [68] A. R. Gover, A. Shaukat and A. Waldron, “Weyl Invariance and the Origins of Mass,” Phys.

Lett. B 675, 93 (2009) [arXiv:0812.3364 [hep-th]].

[69] A. R. Gover, A. Shaukat and A. Waldron, “Tractors, Mass and Weyl Invariance,” Nucl. Phys.

B 812, 424 (2009) [arXiv:0810.2867 [hep-th]].

[70] R. Bonezzi, E. Latini and A. Waldron, “Gravity, Two Times, Tractors, Weyl Invariance and Six Dimensional Quantum Mechanics,” Phys. Rev. D 82, 064037 (2010) [arXiv:1007.1724 [hep-th]].

[71] Z. Komargodski and A. Schwimmer, “On Renormalization Group Flows in Four Dimensions,” JHEP 1112, 099 (2011) [arXiv:1107.3987 [hep-th]].

[72] Z. Komargodski, “The Constraints of Conformal Symmetry on RG Flows,” arXiv:1112.4538 [hep-th].

[73] G. L. Goon, K. Hinterbichler and M. Trodden, “Stability and superluminality of spherical DBI galileon solutions,” Phys. Rev. D 83, 085015 (2011) [arXiv:1008.4580 [hep-th]].

[74] S. Mizuno and K. Koyama, “Primordial non-Gaussianity from the DBI Galileons,” Phys.

Rev. D 82, 103518 (2010) [arXiv:1009.0677 [hep-th]].

[75] V. Ogievetsky, “Infinite-dimensional algebra of general covariance group as the closure of finite-dimensional algebras of conformal and linear groups,” Lett. Nuovo Cim. 8, 988 (1973).