arXiv:1203.5006v1 [hep-ph] 22 Mar 2012

IL NUOVO CIMENTO Vol. ?, N. ? ?

Models for TMDs and numerical methods

B. Pasquini (^1)(∗) and C. Lorcé (^2) (^1) Dipartimento di Fisica, Università degli Studi di Pavia, and INFN, Sezione di Pavia, I- 27100 Pavia, Italy (^2) IPNO, Université Paris-Sud 11, CNRS/IN2P3, 91406 Orsay, France

and LPT, Université Paris-Sud 11, CNRS, 91406 Orsay, France

Summary. — We present a systematic study of the transverse-momentum dependent parton distributions (TMDs) in the framework of quark models. In particular, we review the general formalism for modeling the quark TMDs using the representation in terms of overlap of nucleon light-cone wave functions. Such a formalism can be applied to a large class of quark models. We will discuss the building blocks of these different models, and we will use as explicit example for the calculation of the TMDs a light-cone constituent quark model. Within this model, we also propose a phenomenological study of different observables, trying to learn how model parameters related to particular assumptions on the nucleon structure can be tuned to describe available experimental data.

PACS 13.88+e – . PACS 13.85.Ni – . PACS 13.60.-r – . PACS 13.85.Qk – .

1. – Introduction

The investigation of how the composite structure of a hadron, consisting of nearly massless constituents, results from the underlying quark-gluon dynamics is a challenging problem, as it is of non-perturbative nature, and displays many facets. What are the longitudinal momentum distributions of partons in a fast moving unpolarized or polarized hadron? What amount of transverse momentum do these partons carry, and how large is the resulting amount of orbital angular momentum? What is the spatial distribution of quarks inside a hadron as seen by a vector probe (coupling to the charge of the system), by an axial vector probe (coupling to the axial charge), or even seen by a more complicated probe?

(∗) Lecturer in the school.

© Società Italiana di Fisica 1

Two new types of distributions such as the transverse-momentum dependent parton distributions (TMDs) and the generalized parton distributions (GPDs) allow to address and quantify such questions. At leading-twist, the TMDs are defined as the diagonal matrix elements of the parton density matrix in the longitudinal and transverse-momentum space [1]-[5]. Taking into account all the independent spin-polarization states of the nucleon and partons, one obtains 8 independent TMDs describing the correlations in the three-dimensional momentum space between the nucleon and quark spin, and between the quark orbital angular momentum and both the nucleon and quark spin. On the other hand, GPDs are probability amplitudes related to the off-diagonal matrix elements of the parton density matrix in the longitudinal momentum space [6]-[17]. After a Fourier transform to the impact-parameter space, they also provide a three-dimensional picture of the hadron in a mixed momentum-coordinate space [18]-[20].

The information encoded in the TMDs and the GPDs can be collected in a unified framework through the generalized transverse-momentum dependent parton distributions (GTMDs); for a classification see Refs. [21, 22]. The GTMDs contain the most general one-body information about partons, corresponding to the full one-quark density matrix in momentum space [23]. GTMDs depend on the three-momentum of the quarks as well as on the four-momentum Δ which is transferred by the probe to the nucleon. The Fourier transform of the GTMDs to the impact-parameter space allows to define the Wigner distributions of the parton-hadron system, which represent the quantummechanical analogues of the classical phase-space distributions [24, 25, 26, 16]. Wigner distributions provide 5-dimensional (two position and three momentum coordinates) images of the nucleon as seen in the infinite-momentum frame. As such they contain the full correlations between the quark transverse position and three-momentum. In particular limits, they reduce to different parton distributions and form factors as shown in Fig. 1. The different arrows in this figure represent particular projections in hadron and quark momentum space, and give the links between the matrix elements of different reduced matrices. In the forward limit Δ = 0, they reduce to the TMDs, while the integration over the quark transverse momentum k_⊥ leads to the GPDs. The common limit of TMDs and GPDs is given by the standard parton distribution functions (PDFs). The integration over the longitudinal-momentum fraction x brings to the lower plane of the box in Fig. 1, and at each vertex we find the restricted version of the operator defining the distributions in the upper plane. For example, in correspondence of the TMDs we encounter the transverse-momentum dependent spin densities (TMSD), while from the GPDs we obtain the form factors (FFs). Both FFs and TMSDs have the charges as common limit. Each of these observable is sensitive to specific properties of the nucleon structure, and contributes from different perspective to form a global and comprehensive view [27]. In these lectures we will concentrate on the model calculation of TMDs, restricting ourselves to the quark contribution. We will exploit the relations with different observables and parton distributions in the box of Fig. 1 to test different model assumptions and their implications for the partonic structure of the nucleon. A variety low-energy QCDinspired models have been employed to model the TMDs [23], [28]-[55]. Although they all have in common that they strongly oversimplify the complexity of the QCD dynamics in hadrons, studies in different models based on often complementary assumptions, help to unravel non-perturbative aspects of TMDs. Insights into non-perturbative properties are of particular interest when confirmed in various models. The practical value of model results is that they can be used to predict new observables, or to guide educated Ansätze for fits of TMD parametrizations. Especially in the context of TMDs one should not underestimate the conceptual importance of model calculations. Model calculations

Fig. 1. – Representation of the projections of the GTMDs into parton distributions and form factors. The arrows correspond to different reductions in the hadron and quark momentum space: the solid (red) arrows give the forward limit in the hadron momentum, the dotted (black) arrows correspond to integrating over the quark transverse momentum and the dashed (blue) arrows project out the longitudinal momentum of quarks.

demonstrated the existence of effects [56], paved the way towards an understanding of universality in the fragmentation process [57], established new TMDs [58, 59], see [60] for a review.

The manuscript is organized as follows. In sect. 2 we review the definitions of the leading-twist TMDs and introduce a convenient representation of the quark-quark correlator in terms of the net-polarization states of the quark and the hadron. In sect. 3 we discuss model relations among TMDs which hold in a large class of quark models. In particular, we review the derivation given in Ref. [61] to explain the physical origin of such relations. There are two linear relations and a quadratic relation which are flavour independent and involve polarized TMDs, while a further linear relation is flavour dependent and involves both polarized and unpolarized TMDs. The relations among polarized TMDs connect the distributions of quarks inside the nucleon for different configurations of the polarization states of the hadron and the parton. As a consequence, it is natural to expect that they can originate from rotational invariance of the polarization states of the system. Rotations are more easily discussed in the basis of canonical spin. Therefore, instead of working in the standard basis of light-cone helicity, we introduce in sects. 4.1 and 4.2 the tensor correlator defining the TMDs in the canonical-spin basis. Such a representation is used in sect. 4.3 to discuss the consequences of rotational symmetries of the system. In such a way we will be able to identify the key ingredients for the existence of relations among polarized TMDs in quark models.

In order to complete the discussion, including the flavour-dependent relation among polarized and unpolarized TMDs, we need to introduce specific assumptions about the spin-isospin structure of the nucleon state. Therefore, in sect. 5 we discuss the consequences of rotational invariance using the explicit representation of the TMDs in terms of three-quark (3Q) wave functions. In particular, in sect. 5.1 we derive the overlap representation of the TMDs in terms of light-cone wave functions (LCWFs), while the corresponding representation in terms of wave function in the canonical-spin basis is given in sect. 5.2. In sect. 5.3 we discuss the constraints of rotational symmetry on the nucleon wave function and, as a result, we give an alternative derivation of the flavourindependent relations among TMDs. Finally, in sect. 5.4 we discuss the constraint due to SU(6) symmetry of the spin-flavour dependent part of the nucleon wave function. This additional ingredient allows us to explain the origin of the flavour-dependent relation. The formal derivation of the relations among TMDs is made explicit within different quark models in sect. 6. There we review different quark models which have been used in the literature for the calculation of TMDs. In particular, we discuss the key ingredients of the models, showing how and to which extent the conditions which lead to relations among TMDs are realized. In sect. 7 we also study the phenomenological implications of the breaking of SU(6) symmetry. We will work in the framework of a light-cone constituent quark model, giving the essential step for the explicit calculation of the TMDs in the model in sect. 7.1. In sect. 7.2 we discuss the model results for T-even TMDs and related spin densities in the transverse-momentum space. In sect. 7.3 we propose a phenomenological study of different observables, fitting the model parameter related to SU(6)-symmetry breaking to the double spin asymmetry in inclusive deep inelastic scattering (DIS). The results from this fit are then exploited to obtain predictions for other observables which are particularly sensitive to SU(6)-breaking effects, like the double spin asymmetry for semi-inclusive deep inelastic scattering (SIDIS) and the neutron electric form factor. A summary of our findings is given in the final section. Technical details and further explanations about the representation in terms of nucleon wave functions are collected in three appendices.

2. – Transverse-momentum dependent parton distributions

2.1. Definitions. – In this section, we review the formalism for the definition of TMDs, following the conventions of refs. [4, 62, 63, 64]. Introducing two lightlike four-vectors n_± satisfying n_+ · n_− = 1, we write the light-cone components of a generic four-vector a as [a^+, a^−, a_⊥] with a^± = a · n_∓. The density of quarks can be defined from the following quark-quark correlator (^1) (1) Φ_{ab}(x, k_⊥, S) = ∫ dξ^− d^2ξ_⊥ (2π)^3 e^i(^{k+ ξ−−k⊥·ξ⊥})⟨P, S|ψ_b(0)U^{n−}_{(0,+∞)}U^{n−}_{(+∞,ξ)}ψ_a(ξ)|P, S⟩ | |_{ξ+=0},

where k^+ = xP^+, ψ is the quark field operator with a, b indices in the Dirac space, and U is the Wilson line which ensures colour gauge invariance [65]. The target state is characterized by its four-momentum P and covariant spin four-vector S satisfying P^2 = M^2, S^2 = −1, and P · S = 0. We choose a frame where the hadron momentum has no transverse components, P = [ P^+,^{M 2}_{2P +} , 0_⊥ ] , and so S = [ S_z^{P +}_M , −S_z^M_{2P +} , S_⊥ ] with

S^2 = 1. From now on, we replace the dependence on the covariant spin four-vector S by the dependence on the unit three-vector S = (S_⊥, S_z).

(^1) In order to simplify the notation, we will omit the colour index, keeping in mind that the quark-quark correlator is diagonal in the colour space.

TMDs enter the general Lorentz-covariant decomposition of the correlator Φ_{ab}(x, k_⊥, S) which, at twist-two level and for a spin-1/2 target, reads

(2) Φ(x, k_⊥, S) = 1 2 { f_1 /n_+ −^{ϵijT ki⊥Sj⊥}_M f^⊥_{1T} /n_+ + S_z g_{1L} γ_5/n_+ +^{k⊥·S⊥}_M g_{1T} γ_5/n_+

+ h_{1T}^{[/S⊥,/n+]}_2 γ_5 + S_z h^⊥_{1L}^{[/k⊥,/n+]}_{2M} γ_5 +^{k⊥·S⊥}_M h^⊥_{1T}^{[/k⊥,/n+]}_{2M} γ_5 + ih^⊥_1^{[/k⊥ ,/n+]}_{2M} } ,

where ϵ^{12}_T = −ϵ^{21}_T = 1, and the transverse four-vectors are defined as a_⊥ = [0, 0, a_⊥]. The nomenclature of the distribution functions follows closely that of Ref. [4], sometimes referred to as “Amsterdam notation”: f refers to unpolarized quarks; g and h to longitudinally and transversely polarized quark, respectively; a subscript 1 is given to the twist-two functions; subscripts L or T refer to the connection with the hadron spin being longitudinal or transverse; and a symbol ⊥ signals the explicit presence of transverse momenta with an uncontracted index. Among these eight distributions, the so-called Boer-Mulders function h^⊥_1 [62] and Sivers function f^⊥_{1T} [66] are T-odd, i.e. they change sign under “naive time-reversal”, which is defined as usual time-reversal but without interchange of initial and final states. All the TMDs depend on x and k^2_⊥. These functions can be individually isolated by performing traces of the correlator with suitable Dirac matrices. Using the abbreviation Φ^{[Γ]} ≡ Tr[ΦΓ]/2, we have

Φ^{[γ+]}(x, k_⊥, S) = f_1 −^{ϵijT ki⊥ Sj⊥}_M f^⊥_{1T} , (3) Φ^{[γ+γ5 ]}(x, k_⊥, S) = S_z g_{1L} +^{k⊥·S⊥}_M g_{1T} , (4) Φ^{[iσj+ γ5 ]}(x, k_⊥, S) = S^j_⊥ h_1 + S_z^{kj⊥}_M h^⊥_{1L} + S^i_⊥^{2ki⊥ kj⊥−k2⊥δij}_{2M 2} h^⊥_{1T} +^{ϵjiT ki⊥}_M h^⊥_1 , (5) where j = 1, 2 is a transverse index, and

(6) h_1 = h_{1T} +^{k2⊥}_{2M 2} h^⊥_{1T} .

The correlation function Φ^{[γ+]}(x, k_⊥, S) is just the unpolarized quark distribution, which integrated over k_⊥ gives the familiar light-cone momentum distribution f_1(x). All the other TMDs characterize the strength of different spin-spin and spin-orbit correlations. The precise form of this correlation is given by the prefactors of the TMDs in Eqs. (3)-(5). In particular, the TMDs g_{1L} and h_1 describe the strength of a correlation between a longitudinal/transverse target polarization and a longitudinal/transverse parton polarization. After integration over k_⊥, they reduce to the helicity and transversity distributions, respectively. By definition, the spin-orbit correlations described by f^⊥_{1T} , g_{1T} , h^⊥_1 , h^⊥_{1L} and h^⊥_{1T} involve the transverse parton momentum and the polarization of both the parton and the target, and vanish upon integration over k_⊥.

If one calculates these distributions in the light-cone gauge A^+ = 0 using advanced boundary condition for the transverse component of the gauge field, the gauge links in the quark-quark correlator can be ignored [67]-[69]. However, in this case the wave function amplitudes are not real and, apart from the structural information on the hadron, they also have an imaginary phase mimicking the final state interactions [70, 71].

2.2. Helicity and four-component bases. – The physical meaning of the correlations encoded in TMDs becomes especially transparent when using for the quark field operator the Fourier expansion in momentum space in terms of light-cone Fock operators. To this aim, we first introduce the Fourier expansion in momentum space of the quark field operator ψ^q of flavour q (see emphe.g. [72])

ψ^q (z^−, z_⊥) = ∫ dk^+d^2k_⊥ 16π^3k^+

Θ(k^+) ∑ λ {q_λ(k̃)u_{LC} (k̃, λ) exp(−ik^+z^− + ik_⊥ · z_⊥)

+q̄^†_λ(k̃)v_{LC} (k̃) exp(+ik^+z^− − ik_⊥ · z_⊥)}, (7) where k̃ = (k^+, k_⊥), λ, represents the parton helicity, and q and q̄^† are the annihilation operator of the quark fields and the creation operators of the antiquark fields, respectively, which fulfill the anticommutations relations

{q_λ′ (k̃^′), q^†_λ(k̃)} = {q̄_λ′ (k̃^′), q̄^†_λ(k̃)} = 16π^3k^+δ(k^{′+} − k^+)δ^{(2)}(k^′_⊥ − k_⊥)δ_q′_q δ_λ′_λ. (8) In Eq. (7), the quark LC spinors u_{LC} (k̃, λ) and v_{LC} (k̃, λ) are the free Dirac light-cone spinor of the quark and antiquark, respectively (see Appendix A).

For simplicity, in this study we will consider only the quark contribution to TMDs, ignoring the contribution from gauge fields and therefore reducing the gauge links in Eq. (1) to the identity. As a consequence, we will not be able to discuss the T-odd TMDs, which vanish identically in absence of gauge-field degrees of freedom. Furthermore, we decompose the correlator (1) into the different quark flavour contributions

(9) Φ = ∑ q Φ_q.

Following the lines of refs. [73]-[75], we obtain at twist-two level

(10) Φ^{[Γ]}_q (x, k_⊥, S) = 1 N ⟨P, S| ∑ λ^′ λ q^†_λ′ (k̃) q_λ(k̃) M^{[Γ]λ′λ}|P, S⟩,

where N = [ 2x(2π)^3

]_2

δ^{(3)}(0) and M^{[Γ]λ′λ} = u_{LC} (k, λ^′)Γu_{LC} (k, λ)/2k^+. As a result, using (3)-(5), the quark contribution to the T-even TMDs is given by f^q_1 (x, k^2_⊥) = ⟨P, Λ|V^q (k̃)|P, Λ⟩, (11) Λ g^q_{1L}(x, k^2_⊥) = ⟨P, Λ|A^q (k̃)|P, Λ⟩, (12) k_⊥ · S_⊥ M g^q_{1T} (x, k^2_⊥) = ⟨P, S_⊥|A^q (k̃)|P, S_⊥⟩, (13) Λ k_⊥ M h^{⊥q}_{1L} (x, k^2_⊥) = 1 2 ∑ Λ sign (Λ)⟨P, Λ|T^q_⊥(k̃)|P, Λ⟩, (14)

S_⊥ h^q_{1T} (x, k^2_⊥) + k_⊥ · S_⊥ M k_⊥ M h^{⊥q}_{1T} (x, k^2_⊥) = 1 2 ∑ S_⊥ sign (S_⊥)⟨P, S_⊥|T^q_⊥(k̃)|P, S_⊥⟩. (15) where the quark operators V^q , A^q , and T^q_⊥ are defined as

V^q (k̃) = ∑ λ q^†_λ(k̃)q_λ(k̃), (16)

A^q (k̃) = ∑ λ sgn(λ)q^†_λ(k̃)q_λ(k̃),

(17)

T^q_R(k̃) = [ T^q_L(k̃) ]_† = 2q^†_+(k̃)q_−(k̃).

(18)

The quark operators V^q and A^q have a probabilistic interpretation since they are written just in terms of number operators N^q_λ = q^†_λ(k̃)q_λ(k̃). The operator T^q_⊥ has also a probabilistic interpretation but only when written in terms of transversely polarized operators

(19) s_⊥ · T^q_⊥ = ∑ s_⊥ sgn(s_⊥)q^†_{s⊥} (k̃)q_{s⊥} (k̃),

where for a generic direction s = (sin θ_s cos ϕ_s, sin θ_s sin ϕ_s, cos θ_s), the creation operators for a polarized quark can be expressed in terms of creation operators for a longitudinally polarized quark as

(20) ( q^†_{+s}, q^†_{−s} ) = ( q^†_+, q^†_− ) u(θ_s, ϕ_s), where the SU(2) rotation matrix u(θ, ϕ) is given by

(21) u(θ, ϕ) = ( cos^θ_2 e^{−iϕ/2} − sin^θ_2 e^{−iϕ/2} sin^θ_2 e^{iϕ/2} cos^θ_2 e^{iϕ/2} ) .

The operators V^q(k̃), A^q (k̃), and s_⊥ · T^q_⊥(k̃) give the number, the effective longitudinal polarization, and the effective transverse polarization of quarks with flavour q and lightcone momentum k̃, respectively.

We can further disentangle (15) by choosing appropriate target and quark polarizations

h^q_1(x, k^2_⊥) = 1 4 ∑ S_x sign (S_x)⟨P, S_x|T^q_x (k̃)|P, S_x⟩ + ∑ S_y sign (S_y)⟨P, S_y |T^q_y (k̃)|P, S_y ⟩ , (22)

k^2_x − k^2_y

M^2 h^{⊥q}_{1T} (x, k^2_⊥) = 1 2 ∑ S_x sign (S_x)⟨P, S_x|T^q_x (k̃)|P, S_x⟩ − ∑ S_y sign (S_y)⟨P, S_y |T^q_y (k̃)|P, S_y ⟩ (23)

or k_xk_y M^2 h^{⊥q}_{1T} (x, k^2_⊥) = 1 2 ∑ S_x sign (S_x)⟨P, S_x|T^q_y (k̃)|P, S_x⟩ = 1 2 ∑ S_y sign (S_y)⟨P, S_y |T^q_x (k̃)|P, S_y⟩, (24) where the nucleon polarization state |P, S⟩ in a generic direction S = (sin θ_S cos ϕ_S , sin θ_S sin ϕ_S , cos θ_S ) can be written in terms of longitudinally polarized states |P, Λ⟩ as

(25) ( |P, +S⟩, |P, −S⟩ ) = ( |P, +⟩, |P, −⟩ ) u(θ_S , ϕ_S ).

In the literature, one often represents correlators in terms of helicity amplitudes which treat in a symmetric way both quark and target polarizations

(26) Φ^q_Λ′_λ′_{,Λλ}(x, k_⊥) = 1 N ⟨P, Λ^′|q^†_λ′ (k̃) q_λ(k̃)|P, Λ⟩.

Thanks to light-cone parity invariance, the helicity amplitudes are not all independent and are constrained by the following relation

(27) Φ^q_Λ′_λ′_{,Λλ}(k̃) = Φ^q_{−Λ}′_{−λ}′_{,−Λ−λ}(k̃_P ),

where k̃_P = (x, −k_x, k_y). From the definitions in Eqs. (11)-(15) it follows that it is possible to express each TMD as linear combination of helicity amplitudes as described in Table I. In particular we note that each TMD involves combinations of helicity amplitudes with a definite value of orbital angular momentum transfer Δl_z between the initial and final state. This is a consequence of the conservation of the total angular momentum which gives the constraint Δl_z = (ΔΛ − Δλ)/2, with ΔΛ = Λ^′ − Λ and analogously Δλ = λ^′ − λ.

Table I. – Relations between the 8 leading-twist TMDs and helicity amplitudes. The table can be used to obtain the TMDs as functions of the helicity amplitudes as well as the inverse relation. The entries in the table give the coefficients in the linear combination which relates the two sets in the first column and in the first row. The helicity amplitudes are also classified in terms of the transfer of orbital angular momentum Δlz between the initial and final state.

Δlz = 0 Δlz = +1 Δlz = +2 Φ^q_{++,++} Φ^q_{+−,+−} Φ^q_{++,−−} Φ^q_{++,−+} Φ^q_{+−,−−} Φ^q_{−−,−+} Φ^q_{+−,++} Φ^q_{+−,−+}

f^q_1 1 1 · · · · · · g^q_{1L} 1 −1 · · · · · · h^q_1 · · 1 · · · · · f^{⊥q}_{1T} · · · −i^{MkR}_{k2⊥} −i^{MkR}_{k2⊥} · · · g^q_{1T} · · ·^{MkR}_{k2⊥} −^{MkR}_{k2⊥} · · · h^{⊥q}_1 · · · · · −i^{MkR}_{k2⊥} −i^{MkR}_{k2⊥} · h^{⊥q}_{1L} · · · · · −^{MkR}_{k2⊥}^{MkR}_{k2⊥} · h^{⊥q}_{1T} · · · · · · · 2 (_{MkR} k2⊥ )_2

We can collect the information encoded in Table I by introducing the following matrix form

(28) Φ^q_Λ′_λ′_{,Λλ}

= 1 2 (f^q_1 + g^q_{1L}) −^{kR}_{2M} ( ih^{⊥q}_1 − h^{⊥q}_{1L} )_{kL} 2M ( if^{⊥q}_{1T} + g^q_{1T} ) h^q_1 k_L 2M ( ih^{⊥q}_1 + h^{⊥q}_{1L} )_1

2 (f^q_1 − g^q_{1L})^{k2L}_{2M 2} h^{⊥q}_{1T}^{kL}_{2M} ( if^{⊥q}_{1T} − g^q_{1T} ) −^{kR}_{2M} ( if^{⊥q}_{1T} − g^q_{1T} )_{k2R} 2M^2 h ⊥q 1T 1 2 (f^q_1 − g^q_{1L}) −^{kR}_{2M} ( ih^{⊥q}_1 + h^{⊥q}_{1L} ) h^q_1 −^{kR}_{2M} ( if^{⊥q}_{1T} + g^q_{1T} )_{kL} 2M ( ih^{⊥q}_1 − h^{⊥q}_{1L} )_1

2 (f^q_1 + g^q_{1L}) ,

where the entries in the rows correspond to (Λ^′λ^′) = (++), (+−), (−+), (−−) and the entries in the column are likewise (Λλ) = (++), (+−), (−+), (−−).

Alternatively, we can represent the quark correlator (10) in the four-component basis. There are only four twist-two Dirac structures Γ_{twist-2} = {γ^+, iσ^{1+}γ_5, iσ^{2+}γ_5, γ^+γ_5}, corresponding to the four kinds of transition the light-cone helicity of the active quark can undergo (see e.g. [76]-[78])

(29) M^{[γ+]λ′λ} = δ^{λ′ λ}, M^{[iσj+ γ5]λ′ λ} = (σ_j )^{λ′ λ}, M^{[γ+γ5]λ′ λ} = (σ_3)^{λ′ λ}

with σ_i the three Pauli matrices. For further convenience, we associate a four-component vector (^2) to every quantity with superscript Γ

(30) a^{[Γ]} → a^ν = ( a^0, a^1, a^2, a^3 ) ≡ ( a^{[γ+]}, a^{[iσ1+γ5 ]}, a^{[iσ2+γ5 ]}, a^{[γ+γ5 ]} ) . With this notation, the correspondence (29) takes the simple form

(31) M^{νλ′λ} = (σ̄^ν )^{λ′ λ},

where σ̄^ν = (1, ⃗σ). The symbols σ̄^μ and σ_μ satisfy the relations

(32) 1 2 (σ̄^μ)^{λ′ λ}(σ_μ)_{τ τ} ′ = δ^{λ′}_τ ′ δ^λ_τ , 1 2 Tr [σ̄^μσ_ν ] = 1 2 ∑ λ^′λ (σ̄^μ)^{λ′ λ}(σ_ν )_{λλ}′ = δ^μ_ν .

One can think of σ̄^{νλ′ λ} ≡ (σ̄^ν )^{λ′ λ} as the matrix of a mere change of basis, the one being labeled by the couple λλ^′ and the other by ν

(33) a^ν = ∑ λ^′ λ σ̄^{νλ′ λ} a_{λλ}′ .

In this basis, we can introduce the tensor correlator Φ^{μν}_q (x, k_⊥) which is related to helicity amplitudes as follows

(34) Φ^{μν}_q = 1 2 ∑ Λ^′ Λλ^′ λ

(σ̄^μ)^{ΛΛ′} (σ̄^ν )^{λ′ λ} Φ^q_Λ′_λ′_{,Λλ}, Φ^q_Λ′_λ′_{,Λλ} = 1 2 Φ^{μν}_q (σ_μ)_Λ′_Λ(σ_ν )_{λλ}′ .

(^2) Note this is not a Lorentz four-vector but Einstein’s summation convention still applies.

The tensor correlator is then given by the following combinations of TMDs

Φ^{μν}_q = f^q_1^{ky}_M h^{⊥q}_1 −^{kx}_M h^{⊥q}_1 0 k_y M f^{⊥q}_{1T} h^q_1 +^{k2x −k2y}_{2M 2} h^{⊥q}_{1T}^{kx ky}_{M 2} h^{⊥q}_{1T}^{kx}_M g^q_{1T} −^{kx}_M f^{⊥q}_{1T}^{kxky}_{M 2} h^{⊥q}_{1T} h^q_1 −^{k2x−k2y}_{2M 2} h^{⊥q}_{1T}^{ky}_M g^q_{1T} 0^{kx}_M h^{⊥q}_{1L}^{ky}_M h^{⊥q}_{1L} g^q_{1L}

= f^q_1^{ky}_M h^{⊥q}_1 −^{kx}_M h^{⊥q}_1 0 k_y M f^{⊥q}_{1T} h^{+q}_{1T} k̂^2_x + h^{−q}_{1T} k̂^2_y ( h^{+q}_{1T} − h^{−q}_{1T} )^ k_xk̂_y^{kx}_M g^q_{1T} −^{kx}_M f^{⊥q}_{1T} ( h^{+q}_{1T} − h^{−q}_{1T} )^ k_xk̂_y h^{−q}_{1T} k̂^2_x + h^{+q}_{1T} k̂^2_y^{ky}_M g^q_{1T} 0^{kx}_M h^{⊥q}_{1L}^{ky}_M h^{⊥q}_{1L} g^q_{1L} , (35)

where we introduced the notations h^{±q}_{1T} = h^q_1 ±^{k2⊥}_{2M 2} h^{⊥q}_{1T} and k̂_i = k_i/k_⊥ with k_⊥ = |k_⊥|. The component Φ^{00}_q gives the density of quarks in the target irrespective of any polarization, i.e. the density of unpolarized quarks in the unpolarized target. The components Φ^{0j}_q give the net density of quarks with light-cone polarization in the direction e_j in the unpolarized target, while the components Φ^{i0}_q give the net density of unpolarized quarks in the target with light-cone polarization in the direction e_i. Finally, the components Φ^{ij}_q give the net density of quarks with light-cone polarization in the direction e_j in the target with light-cone polarization in the direction e_i. The density of quarks with definite light-cone polarization in the direction s inside the target with definite light-cone polarization in the direction S is then obviously given by Φ_q(x, k_⊥, S, s) =^1_2 S̄_μΦ^{μν}_q s̄_ν , where we have introduced the four-component vectors S̄_μ = (1, S) and s̄_ν = (1, s).

3. – Model relations

In QCD, the eight TMDs are all independent. It appeared however in a large panel of low-energy models that relations among some TMDs exist. At twist-two level, there are three flavour-independent relations (^3), two are linear and one is quadratic in the TMDs g^q_{1L} − [ h^q_1 +^{k2⊥}_{2M 2} h^{⊥q}_{1T} ] = 0,

(36)

g^q_{1T} + h^{⊥q}_{1L} = 0,

(37)

(g^q_{1T} )^2 + 2h^q_1 h^{⊥q}_{1T} = 0.

(38)

A further flavour-dependent relation involves both polarized and unpolarized TMDs

(39) D^q f^q_1 + g^q_{1L} = 2h^q_1,

where, for a proton target, the flavour factors with q = u, d are given by D^u =^2_3 and D^d = −^1_3 . As discussed in Ref. [48], at variance with the relations (36)-(38), the flavour dependence in the relation (39) requires specific assumptions for the spin-isospin structure of the nucleon state, like SU(6) spin-flavour symmetry.

(^3) Other expressions can be found in the literature, but are just combinations of the relations (36)-(38).

A discussion on how general these relations are can be found in Ref. [48]. Let us just mention that they were observed in the bag model [48]-[41], light-cone constituent quark models [75], some quark-diquark models [28]-[39], the covariant parton model [37] and more recently in the light-cone version of the chiral quark-soliton model [23]. Note however that there also exist models where the relations are not satisfied, like in some versions of the spectator model [47] and the quark-target model [51].

As already emphasized, the model relations (36)-(39) are not expected to hold identically in QCD, since the TMDs in these relations follow different evolution patterns. This implies that even if the relations are satisfied at some (low) scale, they would not hold anymore for other (higher) scales. The interest in these relations is therefore purely phenomenological. Experiments provide more and more data on observables related to TMDs, but need inputs from educated models and parametrizations for the extraction of these distributions. It is therefore particularly interesting to see to what extent the relations (36)-(39) can be useful as approximate relations, which provide simplified and intuitive notions for the interpretation of the data. Note that some preliminary calculations in lattice QCD give indications that the relation (37) may indeed be approximately satisfied [79]-[81].

Using two different approaches, we show in the next sections that the flavour-independent relations (36)-(38) can easily be derived, once the following assumptions are made:

1. the probed quark behaves as if it does not interact directly with the other partons (i.e. one works within the standard impulse approximation) and there are no explicit gluons;

2. the quark light-cone and canonical polarizations are related by a rotation with axis orthogonal to both light-cone and k̂_⊥ directions;

3. the target has spherical symmetry in the canonical-spin basis.

From these assumptions, one realizes that the flavour-independent relations have essentially a geometrical origin, as was already suspected in the context of the bag model almost a decade ago [82]. We note however that the spherical symmetry is a sufficient but not necessary condition for the validity of the individual flavour-independent relations. As discussed in the following section, a subset of relations can be derived using less restrictive conditions, like axial symmetry about a specific direction.

For the flavour-dependent relation (39), we need a further condition for the spinflavour dependent part of the nucleon wave function. Specifically, we require

4. SU(6) spin-flavour symmetry of the wave function.

As shown in sect. 6, it is found that all the models satisfying the relations also satisfy the above conditions. We are not aware of any model calculation which satisfies some or all the three flavour-independent relations and at the same time breaks at least one of the conditions 1-3. However, this is not a priori excluded.

4. – Amplitude approach

The first derivation of the TMD relations stays at the level of the amplitudes. As we have seen, the TMDs can be expressed in simple terms using light-cone polarization. On the other hand, rotational symmetry is easier to handle in terms of canonical polarization, which is the natural one in the instant form. We therefore write the TMDs in the canonical-spin basis, and then impose spherical symmetry. But before that, we need to know how to connect light-cone helicity to canonical spin.

4.1. Connection between light-cone helicity and canonical spin. – Relating in general light-cone helicity with canonical spin is usually quite complicated, as the dynamics is involved. Fortunately, the common approach in quark models is to assume that the target can be described by quarks without mutual interactions. In this case the connection simply reduces to a rotation in polarization space with axis orthogonal to both k̂_⊥ and e_z directions. The quark creation operator with canonical spin σ can then be written in terms of quark creation operators with light-cone helicity λ as follows

(40) q^†_σ = ∑ λ D^{(1/2)∗} σλ q^†_λ with D^{(1/2)∗}_{σλ} = ( cos^θ_2 −k̂_R sin^θ_2 k̂_L sin^θ_2 cos^θ_2 ) .

Note that the rotation does not depend on the quark flavour. The angle θ between light-cone and canonical polarizations is usually a complicated function of the quark momentum k and is specific to each model. It contains part of the model dynamics. The only general property is that θ → 0 as k_⊥ → 0. Due to our choice of reference frame where the target has no transverse momentum, the light-cone helicity and canonical spin of the target can be identified, at variance with the quark polarizations.

4.2. TMDs in canonical-spin basis. – The four-component notation introduced in sect. 2.2 is very convenient for discussing the rotation between canonical spin and lightcone helicity at the amplitude level. Since the light-cone helicity and canonical spin of the target can be identified in our choice of reference frame, we expect the canonical tensor correlator Φ^{μν}_{Cq} to be related to the light-cone one in Eq. (35) as follows

(41) Φ^{μν}_{Cq} = Φ^{μρ}_q O^ν_ρ ,

with O some orthogonal matrix O^T O = 1 representing the rotation at the amplitude level. From Eqs. (26), (34), (32) and (40) we find that the orthogonal matrix is given by

O^ν_ρ = 1 2 Tr [ D^{(1/2)}σ_ρD^{(1/2)†}σ̄^ν ]

= 1 2 ∑ σ^′ σλ^′ λ D^{(1/2)}_{σλ} (σ_ρ)_{λλ′} D^{(1/2)∗}_σ′_λ′ (σ̄^ν )^{σ′ σ}

= 1 0 0 0 0 k̂^2_y + k̂^2_x cos θ −k̂_xk̂_y (1 − cos θ) −k̂_x sin θ 0 −k̂_xk̂_y (1 − cos θ) k̂^2_x + k̂^2_y cos θ −k̂_y sin θ 0 k̂_x sin θ k̂_y sin θ cos θ . (42)

The canonical tensor correlator then takes the form

(43) Φ^{μν}_{Cq} = f^q_1^{ky}_M h^{⊥q}_1 −^{kx}_M h^{⊥q}_1 0 k_y M f^{⊥q}_{1T} h^{+q}_{1T} k̂^2_x + h^{−q}_{1T} k̂^2_y ( h^{+q}_{1T} − h^{−q}_{1T} )^ k_xk̂_y^{kx}_M g^q_{1T} −^{kx}_M f^{⊥q}_{1T} ( h^{+q}_{1T} − h^{−q}_{1T} )^ k_xk̂_y h^{−q}_{1T} k̂^2_x + h^{+q}_{1T} k̂^2_y^{ky}_M g^q_{1T} 0^{kx}_M h^{⊥q}_{1L}^{ky}_M h^{⊥q}_{1L} g^q_{1L} , where we introduced the notations ( g^q_{1L} k_⊥ M h^{⊥q}_{1L} ) = ( cos θ − sin θ sin θ cos θ ) ( g^q_{1L} k_⊥ M h^{⊥q}_{1L} ) , (44) (_{k⊥} M g^q_{1T} h^{+q}_{1T} ) = ( cos θ − sin θ sin θ cos θ ) (_{k⊥} M g^q_{1T} h^{+q}_{1T} ) . (45)

Comparing Eq. (43) with Eq. (35), we observe that the multipole structure is conserved under the rotation (41). The rotation from light-cone to canonical polarizations affects only some of the multipole magnitudes, see Eqs. (44) and (45).

Note that the orientation of the axes in the transverse plane has been fixed arbitrarily. There is however a privileged direction given by the active quark transverse momentum k_⊥. Choosing the orientation of transverse axes so that either k_⊥ = k_⊥ e_x or k_⊥ = k_⊥ e_y simplifies the transformation, as it eliminates the cumbersome factors k̂_x and k̂_y in Eqs. (42) and (43). Choosing e.g the second option, the orthogonal matrix of Eq. (42) reduces to

(46) O^ν_ρ =

1 0 0 0 0 1 0 0 0 0 cos θ − sin θ 0 0 sin θ cos θ ,

and the light-cone and canonical tensor correlators take the following simpler forms

Φ^{μν}_q = f^q_1^{k⊥}_M h^{⊥q}_1 0 0 k_⊥ M f^{⊥q}_{1T} h^{−q}_{1T} 0 0 0 0 h^{+q}_{1T}^{k⊥}_M g^q_{1T} 0 0^{k⊥}_M h^{⊥q}_{1L} g^q_{1L} , (47)

Φ^{μν}_{Cq} = f^q_1^{k⊥}_M h^{⊥q}_1 0 0 k_⊥ M f^{⊥q}_{1T} h^{−q}_{1T} 0 0 0 0 h^{+q}_{1T}^{k⊥}_M g^q_{1T} 0 0^{k⊥}_M h^{⊥q}_{1L} g^q_{1L} . (48)

Playing a little bit with Eqs. (44) and (45), we find

(49) (_{k⊥} M ( g^q_{1T} + h^{⊥q}_{1L} ) g^q_{1L} − h^{+q}_{1T} ) = ( cos θ − sin θ sin θ cos θ ) (_{k⊥} M ( g^q_{1T} + h^{⊥q}_{1L} ) g^q_{1L} − h^{+q}_{1T} ) ,

and three expressions invariant under the rotation (41) (_{k⊥} M g^q_{1T} )_2 + ( h^{+q}_{1T} )_2 = (_{k⊥} M g^q_{1T}

)_2 + ( h^{+q}_{1T}

)_2 , (50)

(g^q_{1L})^2 + (_{k⊥} M h^{⊥q}_{1L} )_2

= (g^q_{1L})^2 + (_{k⊥} M h^{⊥q}_{1L} )_2 , (51)

g^q_{1L} g^q_{1T} + h^{⊥q}_{1L} h^{+q}_{1T} = g^q_{1L} g^q_{1T} + h^{⊥q}_{1L} h^{+q}_{1T} .

(52)

These three invariant expressions have a simple geometric interpretation. The threecomponent vector ∑ i S^iΦ^{ij}_q ≡ π^{qj}_S represents the net light-cone polarization of a quark with three-momentum (xP^+, k_⊥) and flavour q in a target with net polarization in the S-direction. From Eq. (41), we see that the vector π^q_{CS} representing the net canonical polarization of the quark is obtained by a rotation of π^q_S

(53) π^{qj}_{CS} = ∑ k π^{qk}_S O^{kj} .

It follows automatically that π^q_S · π^q_S′ is invariant under the rotation (41) (54) π^q_S · π^q_S′ = π^q_{CS} · π^q_{CS}′ . Expressions (50) and (51) are obtained from (54) for the cases S = S^′ = e_⊥ and S = S^′ = e_z, respectively. They just express the fact that the magnitude of quark net polarization is the same in the light-cone helicity and canonical-spin bases. Expression (52) is obtained for the case S = e_⊥ and S^′ = e_z . All the remaining cases do not lead to new independent expressions.

4.3. Spherical symmetry. – We are now ready to discuss the implications of spherical symmetry in the canonical-spin basis. Spherical symmetry means that the canonical tensor correlator has to be invariant O^T_RΦ_{Cq} O_R = Φ_{Cq} under any spatial rotation O_R = (^{1 0}_{0 R} ) with R the ordinary 3 × 3 rotation matrix. It is equivalent to the statement that the tensor correlator has to commute with all the elements of the rotation group Φ_{Cq} O_R = O_RΦ_{Cq}. As a result of Schur’s lemma, the canonical tensor correlator must have the following structure

(55) Φ^{μν}_{Cq} =

A^q 0 0 0 0 B^q 0 0 0 0 B^q 0 0 0 0 B^q .

Comparing this with Eqs. (43) or (48), we conclude that spherical symmetry implies

f^q_1 = A^q ,

(56)

g^q_{1L} = h^{+q}_{1T} = h^{−q}_{1T} = B^q ,

(57)

g^q_{1T} = h^{⊥q}_{1L} = f^{⊥q}_{1T} = h^{⊥q}_1 = 0.

(58)

Clearly, only the monopole structures in the canonical-spin basis are allowed to survive. Furthermore, the Sivers and Boer-Mulders functions f^{⊥q}_{1T} and h^{⊥q}_1 vanish identically, as expected from the fact that we are neglecting gauge-field degrees of freedom.

Note however that the monopole structures in the canonical-spin basis generate higher multipole structures in the light-cone helicity basis. It follows that spherical symmetry imposes some relations among the multipole structures in the light-cone helicity basis, and therefore among the TMDs. Inserting the constraints (57) and (58) into Eq. (49), we automatically obtain the linear relations

(59) (_{k⊥} M ( g^q_{1T} + h^{⊥q}_{1L} ) g^q_{1L} − h^{+q}_{1T} ) = ( 0 0 ) .

Using now the constraints from spherical symmetry in Eq. (50), we obtain the quadratic relation (38)

(60) 0 = (_{k⊥} M g^q_{1T} )_2 + ( h^{+q}_{1T} )_2 − ( h^{−q}_{1T} )_2

=^{k2⊥}_{M 2} [ (g^q_{1T} )^2 + 2h^q_1 h^{⊥q}_{1T} ] . The linear relations (36) and (37) being satisfied, the Eqs. (51) and (52) do not lead to independent quadratic relations.

We have seen that spherical symmetry is a sufficient condition (^4) to obtain all three flavour-independent relations. Restricting ourselves to axial symmetries, we find that some of the relations can already be obtained. For example, axial symmetry about e_z alone implies the quadratic relation (38) and

(61) g^q_{1L} g^q_{1T} + h^{⊥q}_{1L} h^{+q}_{1T} = 0.

Axial symmetry about k̂_⊥ ×e_z implies the two linear relations (36) and (37). The relation (61) is naturally also satisfied but is not independent.

5. – Wave-function approach

Many quark models are based on a wave-function approach. We therefore translate here the derivation of the previous section in the language of 3Q wave functions. The advantage is that we can then also discuss the additional SU(6) spin-flavour symmetry needed for the flavour-dependent relation (39).

5.1. Overlap representation of the TMDs on the light cone. – Restricting ourselves to the 3Q Fock sector, the target state with definite four-momentum P = [P^+,^{M 2}_{2P +} , 0_⊥] and light-cone helicity Λ can be written as follows

(62) |P, Λ⟩ = ∑ λ_1λ_2 λ_3 ∑ q_1 q_2q_3 ∫ [dx]_3 [d^2k_⊥]_3 ψ^{Λ;q1 q2 q3} λ_1 λ_2λ_3 (k̃1, k̃2, k̃3) |{λi, qi, k̃i}⟩,

where ψ^{Λ;q1 q2 q3}

λ_1 λ_2λ_3 (k̃1, k̃2, k̃3) is the three-quark light-cone wave function (3Q LCWF) with

λ_i, q_i and k̃_i referring to the light-cone helicity, flavour and light-cone momentum of quark i, respectively. The total orbital angular momentum of a given component ψ^Λ_{λ1λ2 λ3} is given by the expression ℓ_z = Λ − λ_1 − λ_2 − λ_3 with Λ, λ_i = ±^1_2 . The integration measures

(^4) From Eqs. (49) and (50), one can see that the minimal conditions are actually

g^q_{1L} − h^{+q}_{1T} = 0,

g^q_{1T} + h^{⊥q}_{1L} = 0, (_{k⊥} M g^q_{1T}

)_2 + ( h^{+q}_{1T}

)_2 − ( h^{−q}_{1T} )_2 = 0.

They are indeed fulfilled by spherical symmetry, see Eqs. (57) and (58).

in Eq. (62) are defined as

[dx]_3 ≡

[_3 ∏ i=1 dx_i ] δ ( 1 − 3∑ i=1 x_i ) ,

[d^2k_⊥]_3 ≡

[_3 ∏ i=1 d^2k_{i⊥} 2(2π)^3 ] 2(2π)^3 δ^{(2)}

(_3 ∑ i=1 k_{i⊥} ) . (63)

Choosing to label the active quark with i = 1, the TMDs can be obtained by the following overlaps (^5) of 3Q LCWFs

f^q_1 = ∫ d[23] ∑ λ_2λ_3 ∑ q_2 q_3 [ |ψ^{+;qq2 q3} +λ_2 λ_3 |

2 + |ψ^{+;qq2 q3}

−λ_2 λ_3 | 2] , (64a)

g^q_{1L} = ∫ d[23] ∑ λ_2λ_3 ∑ q_2 q_3 [ |ψ^{+;qq2 q3} +λ_2 λ_3 | 2 − |ψ^{+;qq2 q3} −λ_2 λ_3 | 2] , (64b)

h^q_1 = ∫ d[23] ∑ λ_2λ_3 ∑ q_2 q_3 ( ψ^{+;qq2 q3} +λ_2λ_3 )_∗ ψ^{−;qq2 q3} −λ_2 λ_3 ,

(64c) k_⊥ M f^{⊥q}_{1T} = ∫ d[23] ∑ λ_2λ_3 ∑ q_2 q_3 2 ℑm [ k̂_R (ψ^{+;qq2 q3} +λ_2 λ_3 )_∗ ψ^{−;qq2 q3} +λ_2λ_3 ] , (64d) k_⊥ M g^q_{1T} = ∫ d[23] ∑ λ_2λ_3 ∑ q_2 q_3 2 ℜe [ k̂_R (ψ^{+;qq2 q3} +λ_2 λ_3 )_∗ ψ^{−;qq2 q3} +λ_2 λ_3 ] , (64e) k_⊥ M h^{⊥q}_1 = ∫ d[23] ∑ λ_2λ_3 ∑ q_2 q_3 2 ℑm [ k̂_R (ψ^{+;qq2 q3} −λ_2 λ_3 )_∗ ψ^{+;qq2 q3} +λ_2λ_3 ] , (64f) k_⊥ M h^{⊥q}_{1L} = ∫ d[23] ∑ λ_2λ_3 ∑ q_2 q_3 2 ℜe [ k̂_R (ψ^{+;qq2 q3} −λ_2 λ_3 )_∗ ψ^{+;qq2 q3} +λ_2 λ_3 ] , (64g)

k^2_⊥ 2M^2 h ⊥q 1T = ∫ d[23] ∑ λ_2λ_3 ∑ q_2 q_3

k̂^2_R (ψ^{+;qq2 q3}

−λ_2 λ_3 )_∗ ψ^{−;qq2 q3} +λ_2 λ_3 ,

(64h)

where we used the notation

(65) d[23] = [dx]_3 [d^2k_⊥]_3 3 δ(x − x_1) δ^{(2)}(k_⊥ − k_{1⊥}).

Clearly, the TMDs associated to the monopole structures (f^q_1 , g^q_{1L}, h^q_1) are represented by overlaps with no global change of orbital angular momentum Δℓ_z = 0, the ones associated to the dipole structures (f^{⊥q}_{1T} , g^q_{1T} , h^{⊥q}_1 , h^{⊥q}_{1L} ) involve a change by one unit of orbital angular momentum |Δℓ_z | = 1 and the one associated to the quadrupole structure (h^{⊥q}_{1T} ) involves a change by two units of orbital angular momentum |Δℓ_z| = 2. If one neglects gauge-field degrees of freedom, the brackets in Eqs. (64d)-(64g) are real, and one obtains vanishing T-odd TMDs.

(^5) In the 3Q approach, the spectator system consists of two quarks. It is straightforward to generalize the expression for helicity amplitudes to any kind of spectator system, as the latter is integrated out.

5.2. Overlap representation of the TMDs in the canonical-spin basis. – Most of the quark models being originally formulated in the instant form, it is more natural to work in the canonical-spin basis instead of the light-cone helicity basis. Since we considered a frame where the target has no transverse momentum, there is no difference between target light-cone and canonical polarizations. Assuming that the quark light-cone helicity and canonical spin are connected by the rotation in Eq. (40), the components of the LCWF in the canonical-spin basis ψ^Λ_{σ1 σ2 σ3} (with σ_i =↑, ↓) and in the light-cone helicity basis ψ^Λ_{λ1 λ2 λ3} (with λ_i = ±) are related as follows (^6)

(66) ψ^Λ_{λ1 λ2 λ3} = ∑ σ_1σ_2 σ_3

ψ^Λ_{σ1 σ2 σ3} D^{(1/2)∗}_{σ1λ1} D^{(1/2)∗}_{σ2λ2} D^{(1/2)∗}_{σ3 λ3} .

The correspondence between the components in the two polarization bases is given in a more explicit form in app. B. Since D^{(1/2)†}D^{(1/2)} = 1 for the spectator quarks, we find the explicit overlap representations in canonical-spin basis

f^q_1 = ∫ d[23] ∑ σ_2σ_3 ∑ q_2 q_3 [ |ψ^{↑;qq2 q3} ↑σ_2 σ_3 | 2 + |ψ^{↑;qq2 q3} ↓σ_2 σ_3 | 2 ] , (67a)

g^q_{1L} = ∫ d[23] ∑ σ_2σ_3 ∑ q_2 q_3 [ |ψ^{↑;qq2 q3} ↑σ_2 σ_3 | 2 − |ψ^{↑;qq2 q3} ↓σ_2 σ_3 | 2 ] , (67b)

h^q_1 = ∫ d[23] ∑ σ_2σ_3 ∑ q_2 q_3 ( ψ^{↑;qq2 q3} ↑σ_2 σ_3 )_∗ ψ^{↓;qq2 q3} ↓σ_2 σ_3 ,

(67c) k_⊥ M f^{⊥q}_{1T} = ∫ d[23] ∑ σ_2σ_3 ∑ q_2 q_3 2 ℑm [ k̂_R ( ψ^{↑;qq2 q3} ↑σ_2 σ_3 )_∗ ψ^{↓;qq2 q3} ↑σ_2 σ_3 ] , (67d) k_⊥ M g^q_{1T} = ∫ d[23] ∑ σ_2σ_3 ∑ q_2 q_3 2 ℜe [ k̂_R ( ψ^{↑;qq2 q3} ↑σ_2 σ_3 )_∗ ψ^{↓;qq2 q3} ↑σ_2 σ_3 ] , (67e) k_⊥ M h^⊥_1 = ∫ d[23] ∑ σ_2σ_3 ∑ q_2 q_3 2 ℑm [ k̂_R ( ψ^{↑;qq2 q3} ↓σ_2 σ_3 )_∗ ψ^{↑;qq2 q3} ↑σ_2 σ_3 ] , (67f) k_⊥ M h^{⊥q}_{1L} = ∫ d[23] ∑ σ_2σ_3 ∑ q_2 q_3 2 ℜe [ k̂_R ( ψ^{↑;qq2 q3} ↓σ_2 σ_3 )_∗ ψ^{↑;qq2 q3} ↑σ_2 σ_3 ] , (67g)

k^2_⊥ 2M^2 h ⊥q 1T = ∫ d[23] ∑ σ_2σ_3 ∑ q_2 q_3

k̂^2_R ( ψ^{↑;qq2 q3} ↓σ_2 σ_3 )_∗ ψ^{↓;qq2 q3} ↑σ_2 σ_3 ,

(67h)

with h^{+q}_{1T} = h^q_1 +^{k2⊥}_{2M 2} h^{⊥q}_{1T} and h^{−q}_{1T} = h^q_1 −^{k2⊥}_{2M 2} h^{⊥q}_{1T} . The functions g^q_{1L}, g^q_{1T} , h^{⊥q}_{1L} , h^{+q}_{1T} are again related to the TMDs g^q_{1L}, g^q_{1T} , h^{⊥q}_{1L} , h^{+q}_{1T} according to Eqs. (44) and (45).

5.3. Spherical symmetry. – We now discuss how spherical symmetry restricts the form of the wave function in the canonical-spin basis. Spherical symmetry requires the wave

(^6) Note that ψ^Λ_{σ1σ2σ3} cannot be identified in general with the usual rest-frame wave function Ψ^Λ_{σ1σ2σ3} . They have the same spin structure, but not the same momentum dependence.

function to be invariant under any rotation, i.e.

(68) ∑ Λ^′ σ^′_1 σ^′_2 σ^′_3

[u(θ, ϕ)]_{σ1 σ}′_1 [u(θ, ϕ)]_{σ2 σ}′_2 [u(θ, ϕ)]_{σ3σ}′_3 [u(θ, ϕ)]^∗_{ΛΛ}′ ψ^{Λ′}_σ′_{1σ}′_{2 σ}′_3 = ψ^Λ_{σ1 σ2 σ3} ,

with the SU(2) rotation matrix u(θ, ϕ) given by Eq. (21). In particular, invariance under a (π, 0)-rotation leads to

(69) ψ^{−Λ}_{−σ1 −σ2 −σ3} = (−1)^{Λ+σ1 +σ2 +σ3} ψ^Λ_{σ1 σ2 σ3} ,

while invariance under (0, ϕ)-rotations implies that all components with ℓ_z ≠ 0 have to vanish

(70) ψ^↑_{↑↑} = ψ^↑_{↓↓↑} = ψ^↑_{↓↑↓} = ψ^↑_{↓↓} = ψ^↑_{↓↓↓} = 0.

Taking into account the constraints (69) and (70) in an arbitrary (θ, ϕ)-rotation, one finally gets (^7)

(71) ψ^↑_{↑↓} + ψ^↑_{↓↑} + ψ^↑_{↓↑↑} = 0.

Again, spherical symmetry implies that the TMDs are either identically zero or proportional to the unpolarized and polarized amplitudes A^q and B^q ,

f^q_1 = A^q ,

(72a) g^q_{1L} = cos θ B^q ,

(72b)

h^q_1 = cos θ + 1 2 B^q , (72c) k_⊥ M f^{⊥q}_{1T} = 0,

(72d) k_⊥ M g^q_{1T} = sin θ B^q ,

(72e) k_⊥ M h^{⊥q}_1 = 0,

(72f) k_⊥ M h^{⊥q}_{1L} = − sin θ B^q,

(72g)

k^2_⊥ 2M^2 h ⊥q 1T = cos θ − 1 2 B^q , (72h)

(^7) Note that spherical symmetry neither restricts the number of non-zero components of the wave function in the light-cone helicity basis nor relates them in a simple way, see Table II in app. B.

with A^q and B^q given by the following overlaps

A^q = ∫ d[23] ∑ q_2q_3 [ |ψ^{↑;qq2 q3} ↑↑↓ |^2 + |ψ^{↑;qq2 q3}_{↑↓↑} |^2 + |ψ^{↑;qq2 q3}_{↓↑↑} |^2 ] , (73)

B^q = ∫ d[23] ∑ q_2q_3 [ |ψ^{↑;qq2 q3} ↑↑↓ |^2 + |ψ^{↑;qq2 q3}_{↑↓↑} |^2 − |ψ^{↑;qq2 q3}_{↓↑↑} |^2 ] (74) = ∫ d[23] ∑ q_2q_3 [( ψ^{↑;qq2 q3} ↑↑↓ )_∗ ψ^{↓;qq2 q3} ↓↑↓ + ( ψ^{↑;qq2 q3} ↑↓↑ )_∗ ψ^{↓;qq2 q3} ↓↓↑ ] .

The TMD relations (36)-(38) then follow trivially.

5.4. SU(6) spin-flavour symmetry. – Many quark models, in addition of being spherically symmetric, assume also the SU(6) spin-flavour symmetry. As a result, the wave function in the canonical spin basis is given by the product of a symmetric momentum wave function ϕ and a spin-isospin component Φ^{Λ;q1 q2 q3}_{σ1 σ2 σ3}

(75) ψ^{Λ;q1 q2q3}_{σ1 σ2 σ3} = ϕ(k̃_1, k̃_2, k̃_3)Φ^{Λ;q1 q2 q3}_{σ1 σ2 σ3} .

The wave function in the spin-flavour space can be written as

(76) Φ^{Λ;q1 q2 q3}_{σ1 σ2 σ3} = 1 √ 2 [ χ^αξ^α + χ^βξ^β ]

with

χ^α = 1 √ 2 [↑↑↓ − ↑↓↑] , ξ^α = 1 √ 2 [uud − udu] , (77)

χ^β = 1 √ 6 [2 ↓↑↑ − ↑↓↑ − ↑↑↓] , ξ^β = 1 √ 6 [2duu − udu − uud] . (78)

As a result, writing explicitly the spin and isospin components of the wave function (75), we find the following results in the canonical spin basis

(79) ψ^{↑;q1 q2 q3} σ_1 σ_2 σ_3 uud udu duu ↑↑↓ 2ϕ −ϕ −ϕ ↑↓↑ −ϕ 2ϕ −ϕ ↓↑↑ −ϕ −ϕ 2ϕ with ϕ = ϕ({k̃_i}) normalized as ∫ [dx]_3 [d^2k_⊥]_3|ϕ|^2 = 1/6. This implies that the unpolarized and polarized amplitudes A^q and B^q are simply proportional

(80) A^u = 2A^d =^3_2 B^u = −6 B^d = 12 ∫ d[23]|ϕ|^2,

and so the flavour-dependent relation (39) follows trivially with D^q = B^q /A^q.

6. – Quark models

In this section we review different quark models which have been used for the calculation of TMDs. In particular, we summarize the main ingredients of the models and discuss whether they satisfy the conditions of sect. 3. In order to facilitate the discussion, we sort the quark models in classes defined as follows:

• The light-cone constituent quark model (LCCQM) of Ref. [75] and the light-cone quark-diquark model (LCQDM) of Refs. [38, 39, 83] constitute the class of lightcone models;

• The covariant parton model of Ref. [37] constitutes its own class;

• The bag model of Refs. [48, 49] and the light-cone version of the chiral quark-soliton model (LCχQSM) of Refs. [23, 84, 85] constitute the class of mean-field models;

• The quark-diquark models of Refs. [28, 47, 29, 31, 35] constitute the class of spectator models.

We will not discuss the quark-target model of Ref. [51] as it deals with gluons and therefore does already not satisfy the first condition of sect. 3.

6.1. Light-cone models. – The class of light-cone models is characterized by the fact that the target state is expanded in the basis of free parton (Fock) states. One usually truncates the expansion and considers only the state with the lowest number of partons. In the LCCQM, this lowest state consists of three valence quarks, while in the LCQDM it consists of a valence quark and a spectator diquark.

It is well known that light-cone helicity and canonical spin of free partons are simply related by the so-called Melosh rotation [86]. Its j = 1/2 and j = 1 representations [87] are given by (see app. A for the definition of the spinors and polarization four-vectors)

D^{(1/2)∗} σλ (k̃) = u_{LC} (k, λ)u(k, σ) 2m = 1 √ N (√ 2 k^+ + m −k_R k_L √ 2 k^+ + m ) , (81) D^{(1)∗}_{σλ} (k̃) = −ε^∗_{LC}(k, λ) · ε(k, σ)

= 1 N (√ 2 k^+ + m

)_2 − √ 2 (√ 2 k^+ + m ) k_R k^2_R √ 2 (√ 2 k^+ + m ) k_L (√ 2 k^+ + m

)_2 − k^2_⊥ − √ 2 (√ 2 k^+ + m ) k_R k^2_L √ 2 (√ 2 k^+ + m ) k_L (√ 2 k^+ + m

)_2 , (82)

where m is the parton mass and N = ( √ 2 k^+ + m)^2 + k^2_⊥. The LCWF in the canonicalspin basis being identified in these models with the instant-form wave function, it follows that √ 2 k^+ = xM_0 with M_0 = ∑ i ω_i the mass of the Fock state and ω_i the free energy of parton i. Comparing now Eqs. (81) and (82) with Eqs. (40) and (C.9), we obtain

(83) cos^θ_2 = m + xM_0 √ N and sin^θ_2 = k_⊥ √ N .

Finally, both the LCCQM and LCQDM consider wave functions with spherical symmetry and SU(6) spin-flavour symmetry. In other words, all the conditions of sect. 3 are satisfied in these models, and so are the TMD relations (36)-(39) (^8) .

6.2. Covariant parton model. – The standard quark-parton model (QPM) refers to the infinite momentum frame (IMF), where the parton mass can be neglected. The covariant parton model is an alternative to the QPM that is not confined to a preferred reference frame. Following the standard assumptions of the QPM, the covariant parton model describes the target system as a gas of quasi-free partons, i.e. the partons bound inside the target behave at the interaction with the external probe (at sufficiently high Q^2) as free particles having four-momenta on the mass shell. However, since the covariant parton model does not refer specifically to the IMF, the parton mass (^9) m is not neglected. One also assumes explicitly that the parton distributions are spherically symmetric.

The covariant parton model does not refer explicitly to quark canonical spin or lightcone helicity. Instead, it deals with the covariant quark polarization vector. Identifying in the Bjorken limit the Lorentz structures of the hadronic tensor with those of the TMD correlator, the authors of Ref. [37] found that the TMDs are given in the covariant parton model by

f^q_1 =^1_2 [ (m + xM)^2 + k^2_⊥ ] ∫ {dk̃^1}, (84a)

g^q_{1L} =^1_2 [ (m + xM)^2 − k^2_⊥ ] ∫ {dk^1}, (84b) k_⊥ M f^{⊥q}_{1T} = 0,

(84c) k_⊥ M g^q_{1T} = (m + xM) k_⊥ ∫ {dk^1}, (84d) k_⊥ M h^{⊥q}_1 = 0,

(84e) k_⊥ M h^{⊥q}_{1L} = − (m + xM) k_⊥ ∫ {dk^1}, (84f)

k^2_⊥ 2M^2 h ⊥q 1T = −^1_2 k^2_⊥ ∫ {dk^1}, (84g)

where M is the target mass, {dk̃^1} and {dk^1} are the measures associated to the distributions of unpolarized and polarized quarks, respectively. Comparing with Eq. (72), we

(^8) In the derivations of sects. 4 and 5, we tacitly assumed that the rotation connecting lightcone and canonical polarizations depends only on the momentum of the parton under consideration. The Melosh rotation involves the free invariant mass M0 and therefore the momenta of all partons in the state. We are in fact not allowed to pull the factor due to the rotation of the active quark out of the integral like in Eq. (72). Nevertheless, this technical detail does not affect the conclusion about the validity of the relations (36)-(39). Our tacit assumption, which does not apply to this specific case, has been introduced to keep the presentation as simple as possible.

(^9) Note that the parton mass appearing in the model has to be regarded as an effective mass, in the sense that it corresponds to the mass of the free parton behaving at the interaction like the actual bound parton.

find that

(85) cos^θ_2 = m + xM √ (m + xM)^2 + k^2_⊥ and sin^θ_2 = k_⊥ √ (m + xM)^2 + k^2_⊥ ,

which is nothing else than the Melosh rotation. This is consistent with the fact that the active quark is quasi-free in this model. The difference with light-cone models is that the physical mass of the target M is used in the Melosh rotation instead of the free invariant mass M_0 (^{10}). The conditions 1-3 of sect. 3 are therefore satisfied in the covariant parton model, and so are the TMD relations (36)-(38). Since this model does not use the language of wave functions, the implementation of SU(6) spin-flavour symmetry is more delicate and one has to assume that the unpolarized and polarized distributions become simply proportional in order to recover the TMD relation (39).

6.3. Mean-field models. – In mean-field models, the target is considered as made of quarks bound by a classical mean field representing the non-perturbative (long-range) contribution of the gluon field. Accordingly, the positive-frequency part of the quark field appearing in the definition of the correlator (1) is expanded in the basis of the bound-state solutions e^{−iEnt} φ_n(k, σ) instead of the free Dirac light-cone spinors e^{−ik·x} u_{LC} (k, λ). Moreover, one truncates the expansion to the lowest mode φ ≡ φ_1 with energy E_{lev} ≡ E_1.

In these models, the bound-state solution φ(k, σ) is called the quark wave function. This object is clearly different from the LCWF introduced in sect. 5. In particular, the former is a spinor while the latter is an ordinary scalar function. It is however possible to relate them. Since we consider twist-2 Dirac operators Γ, only the good components of the spinors are involved in the quark bilinear φ(k, σ^′)Γφ(k, σ). Using u_G(λ) = P_+u_{LC} (k, λ)/ √ 2^{1/2}k^+ (see app. A), we find that φ(k, σ^′)Γφ(k, σ) = φ^†(k, σ^′)P_+γ^0ΓP_+φ(k, σ) = ∑ λλ^′ F^∗_λ′_σ′ (k^′) F_{λσ} (k) u_{LC} (k, λ^′)Γu_{LC} (k, λ) √ 2k^+ , (86)

where we have defined F_{λσ} (k) = u^†_G(λ)φ(k, σ). In agreement with [88, 89] where one boosts explicitly the system in the mean-field approximation to the IMF, F_{λσ} (k) can be interpreted as the quark LCWF with k_z = xM − E_{lev}. The mass M is identified with the nucleon mass M_N in the bag model and with the soliton mass M_N in the LCχQSM.

The mean field is assumed spherically symmetric in the target rest frame. It follows that the lowest quark-state solution in momentum space takes the form

(87) φ(k, σ) = ( f(|k|) k·σ |k| g(|k|) ) χ_σ, with χ_σ the Pauli spinor. The functions f and g in Eq. (87) represent the s (ℓ = 0) and p (ℓ = 1) waves of the bound-state solution. On the other hand, the general 3Q LCWF for a spin-1/2 target involves usually s-, p- and d-waves. There is no contradiction between

(^{10}) In the covariant parton model, only the active parton is considered on-shell. In light-cone models, all the partons are on-shell so that the Fock state itself is off-shell M0 ≠ M.

these two statements since f and g describe a single quark in the target and therefore do not represent partial waves of total angular momentum. Note also that in the language of 3Q LCWF, the s-, p- and d-waves refer to components with ℓ_z = 0, ±1 and ±2, respectively. This is an abuse of language as partial waves should refer to ℓ and not ℓ_z.

The quark LCWF corresponding to (87) is then given by (^{11})

(88) F_{λσ} (k) = 1 √ 2 ( f(|k|) +^{kz}_{|k|} g(|k|) −^{kR}_{|k|} g(|k|) k_L |k| g(|k|) f(|k|) +^{kz}_{|k|} g(|k|) ) σλ .

It describes in particular how canonical spin σ and light-cone helicity λ are related. Comparing with Eq. (40), we find that

(89) cos^θ_2 = f(|k|) +^{kz}_{|k|} g(|k|) √ N and sin^θ_2 = k_⊥ |k| g(|k|) √ N ,

with N = f^2(|k|) + 2^{kz}_{|k|} f(|k|)g(|k|) + g^2(|k|). The 3Q LCWF written as

∏_3 i=1 F_{λi σi} (k_i) times the standard SU(6) spin-flavour wave function with target polarization Λ = ∑ i σ_i, is then consistent with spherical symmetry in the canonical-spin basis. All the conditions of sect. 3 being satisfied in mean-field models, the TMD relations (36)-(39) follow automatically.

6.4. Spectator models. – The basic idea of spectator models is to evaluate the quarkquark correlator Φ of Eq. (1) by inserting a complete set of intermediate states and then truncating this set at tree level to a single on-shell spectator diquark state, i.e. a state with the quantum numbers of two quarks. The diquark can be either an isospin singlet with spin 0 (scalar diquark) or an isospin triplet with spin 1 (axial-vector diquark). The target is then seen as made of an off-shell quark and an on-shell diquark. Spectator models differ by their specific choice of target-quark-diquark vertices, polarization fourvectors associated with the axial-vector diquark, and form factors which take into account in an effective way the composite nature of the target and the spectator diquark.

As advocated in Ref. [90], the parton distributions can conveniently be computed using the language of LCWFs. The scalar quark-diquark LCWF is defined as

(90) ψ^Λ_λ (k̃) ∝ u_{LC} (k, λ)Y_su_{LC} (P, Λ)

with target momentum P = [ P^+,^{M 2}_{2P +} , 0_⊥ ] . We do not need to specify all the factors in the definition as we are only interested in the structure of the wave function in the light-cone helicity basis. The scalar vertex is of the Yukawa type Y_s = g_s(k^2) 1 with g_s(k^2) some form factor. Writing down explicitly the components, one finds

(91) ψ^Λ_λ (k̃) ∝ g_s(k^2) √ x ( m + xM −k_R k_L m + xM ) Λλ .

(^{11}) Replacing φ(k, σ) by the free Dirac spinor u(k, σ), one recovers the Melosh rotation given by Eq. (81) u^†_G(λ)u(k, σ) = √ 2^{1/2} k^+ D^{(1/2)∗}_{σλ} (k̃).

Note the striking resemblance with the Melosh rotation matrix of Eq. (81). One can similarly define a rest-frame scalar quark-diquark wave function as

(92) Ψ^Λ_σ ∝ u(k, σ)Y_su(P_{rest}, Λ) = g_s(k^2) √ 2M(E + m) δ_{Λσ} with target momentum P_{rest} = (M, 0). This wave function is obviously spherically symmetric (^{12}). Furthermore, Eq. (91) suggests that the quark light-cone helicity and canonical spin are simply related by a Melosh rotation, as if the quark was free [91]. In other words, the conditions 1-3 of sect. 3 are satisfied in scalar diquark models with Yukawa-like vertex, and so are the TMD relations (36)-(38).

The axial-vector quark-diquark LCWF is defined as (93) ψ^Λ_{λλD} (k̃) ∝ u_{LC} (k, λ)ε^∗_{LCμ}(K, λ_D )Y^μ_a u_{LC} (P, Λ). The spectator model of Jakob et al. [28] assumes the following structure for the axialvector vertex Y^μ_a =^{ga(k2 )√}_3 γ_5 ( γ^μ +^{P μ}_M ) and the following momentum argument for the polarization four-vector K = P . The motivation for such a choice is to ensure that, in the target rest frame, the diquark spin-1 states are purely spatial. Indeed, the rest-frame axial-vector quark-diquark wave function reads in this model

(94) Ψ^Λ_{σσD} ∝ u(k, σ)ε^∗_μ(K, σ_D )Y^μ_a u(P_{rest}, Λ) = g_a(k^2) √ 3 √ 2M(E + m) (ϵ_{σD} · σ)_{σΛ} .

It satisfies the constraints (C.13) and is therefore spherically symmetric. Writing down explicitly the components of the corresponding LCWF, one finds

(95) ψ^+_0 ∝ g_a(k^2) √ 3x (m + xM) , ψ^+_{−0} ∝ − g_a(k^2) √ 3x k_R, ψ^+_{−+} = − √ 2 ψ^+_0, ψ^−_− = √ 2 ψ^+_{−0}, ψ^+_− = ψ^+_{−−} = 0,

the other components being given by ψ^{−Λ}_{−λ−λD} = (−1)^{Λ+λ+λD} ( ψ^Λ_{λλD} )_∗ , with Λ, λ = ±^1_2 and λ_D = +1, 0, −1. Again, one recognizes the characteristic factors of the Melosh rotation [91]. Comparing the structure of the components of the LCWF in Eq. (95) with the structure of the components of the LCWF given in Table IV after applying the constraints of spherical symmetry in the canonical-spin basis (C.13), one concludes that only the quark polarization is rotated. This is in agreement with the fact that the momentum argument of the polarization four-vector ε_μ does not have any transverse momentum, and so there is no rotation of the diquark polarization. All the conditions 1-3 of sect. 3 being satisfied in the axial-vector diquark model of Ref. [28], the TMD relations

(^{12}) The rest-frame wave function in Eq. (92) is expressed in terms of canonical spin and therefore has the same spin structure as the LCWF expressed in the canonical-spin basis. It follows that the constraints due to spherical symmetry discussed in app. C.1 apply also here. Furthermore, the momentum-dependent part of the wave function in the rest frame does not depend on a specific direction.

(36)-(38) follow automatically. The flavour-dependent relation (39) can be obtained by further imposing SU(6) spin-flavour symmetry to the wave function (^{13}).

On the contrary, some versions of the spectator model presented by Bacchetta et al. in Ref. [47] do not support any TMD relation. We therefore expect that at least one of the conditions 1-3 of sect. 3 is not satisfied. These versions are based on the axial-vector vertex Y^μ_a =^{ga (k2 )√}_2 γ^μγ_5 and involve the diquark momentum K = P − k in the polarization four-vector. With these choices, it is found that the condition 3 of sect. 3 is not fulfilled since the corresponding rest-frame wave function does not satisfy the requirements of spherical symmetry

(96) Ψ^Λ_{σσD} ∝̸ (ϵ_{σD} · σ)_{σΛ} ,

in accordance with the discussions of Refs. [92]-[94] and the comment in Ref. [47] that in this approach the partons do not necessarily occupy the lowest-energy available orbital (with quantum numbers J^P =^1_2^+ and L_z = 0.)

7. – SU(6)-symmetry breaking in a light-cone constituent quark model

In this section we apply the formalism introduced in the previous sections for the calculation of T-even TMDs from LCWFs to a specific model, namely the light-cone constituent quark model. For recent quark-model calculation of the T-odd TMDs we refer to [47, 35, 44, 42, 43, 95, 33, 32]. First, we specify the LCWF of (66) which assumes SU(6) symmetry for the spin-flavour component of the wave function. Then, we add a component of the LCWF which breaks the SU(6) symmetry.

In a first step the percentage of SU(6)-breaking terms in the total LCWF is left as free parameter, and we discuss in general the effects of these terms on the TMD results. This calculation can be reproduced numerically using the Mathematica program which can be downloaded from Ref. [96] in both the Windows and Linux versions (^{14}). In particular, this program allows one to reproduce the model calculation for i) the T-even TMDs; ii) the spin densities in the transverse-momentum space as function of the quark and nucleon polarizations; iii) the k^2_⊥ dependence of the x moments of the TMDs, with a comparison of the model results with the Gaussian Ansatz.

In a second step, we study different observables, which are particularly sensitive to SU(6) breaking and can be used to fix the free parameter of the model corresponding to the percentage of SU(6)-breaking terms in the LCWF of the nucleon. Explicit examples of this fitting procedure are given in a second Mathematica file [97]. In particular, in this program we present different strategies for fitting the available experimental data of three observables: i) the inclusive polarized asymmetry A_1; ii) the ratio F^n_2 /F^p_2 of the neutron to proton unpolarized structure function of DIS; iii) the nucleon electroweak form factors. In these notes we will discuss, as an example, the fit of the double spin

(^{13}) The scalar and axial-vector diquarks represent in principle more than just two quarks. For this reason, they have a priori different masses, cutoffs, form factors, . . . When we impose SU(6) symmetry, we implicitly consider that the quark-diquark picture originates from a 3Q picture. The scalar and axial-vector diquarks then just differ by their spin and flavour structures which are uniquely determined by the SU(6) symmetry.

(^{14}) In order to run the program, you also need the auxiliary functions available at the same web address with the name “Functions-TMD.zip”.

asymmetry A_1 in DIS, leaving for a future work a systematic study to select the best fitting procedure.

7.1. Light-cone constituent quark model. – The SU(6)-symmetric component of the LCWF in the LCCQM has the form in Eq. (66), with the SU(2) matrix relating the light-cone helicity and the spin given by the Melosh rotation discussed in sect. 6.1 and the wave function in the canonical spin basis given in Eq. (75). For the symmetric momentum wave function one assumes the following functional form

(97) ϕ({k̃_i}) = 2(2π)^3 [ 1 M_0 ω_1ω_2ω_3 x_1x_2x_3 ]_{1/2} N^′ (M^2_0 + β^2)^γ , where N^′ is a normalization factor, and the scale β, the parameter γ for the power-law behaviour, and the quark mass m are taken from Ref. [98], i.e. β = 0.607 GeV, γ = 3.4 and m = 0.267 GeV. According to Schlumpf’s analysis [99] these values lead to a very good description of many baryonic properties.

We now introduce an admixture of mixed-symmetry component in the nucleon wave function given by

(98) Ψ^{Λ;q1q2 q3}_{σ1σ2 σ3} = cos δ ψ^{Λ;q1 q2 q3}_{σ1 σ2 σ3} + sin δ ψ̃^{Λ;q1 q2 q3}_{σ1 σ2 σ3} ,

where ψ^{Λ;q1 q2 q3}

σ_1 σ_2 σ_3 is the SU(6)-symmetric component of Eq. (75) and ψ̃

Λ;q_1 q_2 q_3 σ_1 σ_2σ_3 is a mixed-

symmetry component. The factor cos^2 δ and sin^2 δ give the percentages in the nucleon wave function of SU(6)-symmetric and SU(6)-breaking terms, respectively. For the SU(6)-breaking component we take an appropriate combination of mixed-symmetry spinisospin wave functions with two momentum wave function of mixed symmetry

(99) ψ̃^{Λ;q1 q2 q3}_{σ1 σ2 σ3} ({k̃_i} = 1 2 [ ϕ^β ( χ^αξ^α − χ^β ξ^β ) + ϕ^α ( χ^αξ^β + χ^βξ^α )] , where the spin and isospin wave functions are defined as in (77), and the momentumdependent part is given by

ϕ^α({k̃_i}) = N^α ⃗α · ⃗β ⃗α^2 + ⃗β^2 ϕ({k̃_i}), ϕ^β = N^β ⃗β2 − ⃗α2 ⃗α^2 + ⃗β^2 ϕ({k̃_i}). (100)

In Eq. (100) N^α and N^β are normalization factors and the Jacobi coordinates are defined as ⃗α = 1 √ 2 (⃗k_2 − ⃗k_3), ⃗β = √ 3 2 ⃗k_1. (101)

As a result, writing explicitly the spin and isospin components of the wave function (100), we find the following results in the canonical spin basis

(102) ψ̃↑;q1q2 q3 σ_1 σ_2 σ_3 uud udu duu ↑↑↓ ϕ^β − √ 3ϕ^α −2ϕ^β ϕ^β + √ 3ϕ^α ↑↓↑ −2ϕ^β ϕ^β + √ 3ϕ^α ϕ^β − √ 3ϕ^α ↓↑↑ ϕ^β + √ 3ϕ^α ϕ^β − √ 3ϕ^α −2ϕ^β with the normalizations ∫ [dx]_3 [d^2k_⊥]_3|ϕ^α|^2 = ∫ [dx]_3 [d^2k_⊥]_3|ϕ^β |^2 = 1/6.

We note that the mixed-symmetry components of the nucleon wave function correspond to a state with l_z = 0 and satisfy the relation (71) derived from rotational invariance. Therefore, the LCWF overlap representation of the TMDs keeps the form given in Eqs. (72), with the functions A^q and B^q calculated from the LCWF in Eq. (98). In particular, separating the contribution from the SU(6)-symmetric component, the SU(6)-breaking term and the interference term we can write

A^q = cos^2 δ A^q_{sym} + 2 cos δ sin δ A^q_{int} + sin^2 δ A^q_{br},

(103) B^q = cos^2 δ B^q_{sym} + 2 cos δ sin δ B^q_{int} + sin^2 δ B^q_{br}.

(104)

A^q_{sym} and B^q_{sym} are the contributions calculated in Eq. (80), while the contribution from the SU(6)-breaking term reads

A^u_{br} =

A^d_{br} 2 = 6[(ϕ^β )^2 + (ϕ^α)^2)],

(105)

B^u_{br} = 4(ϕ^β )^2, B^d_{br} = −(ϕ^β )^2 + 3 (ϕ^α)^2.

(106)

Furthermore, the contribution from the interference between the two components is given by (107) A^u_{int} = −A^d_{int} = 3 5 B^u_{int} = 3B^d_{int} = 6 √ 2 ϕ ϕ^β . We immediately notice that the admixture of mixed-symmetry components leads to the breaking of the flavour-dependent relation (39) between the unpolarized and polarized TMDs, while it does not spoil the remaining relations among polarized TMDs. Furthermore, the up and down quark contribution to the TMDs are no longer proportional.

7.2. Results for TMDs. – In this section we report a few results for the TMDs in the LCCQM which can be explicitly calculated from the program of Ref. [96]. In particular we discuss the spin densities in the transverse-momentum plane given by

ρ(k_x, k_y, (λ, ⃗s_⊥), (Λ, ⃗S_⊥)) = 1 2 [ f_1 + S^i_⊥ϵ^{ij} k^j 1 M f^⊥_{1T} + λΛ g_{1L} + λ S^i_⊥k^i 1 M g_{1T} + s^i_⊥ϵ^{ij} k^j 1 M h^⊥_1 + Λ s^i_⊥k^i 1 M h^⊥_{1L} + s^i_⊥S^i_⊥h_1 + s^i_⊥(2k^ik^j − ⃗k^2_⊥δ^{ij} )S^j_⊥ 1 2M^2 h^⊥_{1T} ] , (108)

where, for a generic TMD j, we introduced the first-x moment defined as

(109) j(k^2_⊥) = ∫ dx j(x, k^2_⊥).

As discussed in sect. 2, the unpolarized TMD f_1, the helicity TMD g_{1L}, and the transversity TMD h_1 in Eq. (108) correspond to monopole distributions in the momentum space for unpolarized, longitudinally and transversely polarized quarks, respectively. They can be obtained from the overlap of LCWFs which are diagonal in the orbital angular momentum, but probe different transverse momentum and helicity correlations of the quarks inside the nucleon.

Fig. 2. – Density of quarks in the k_⊥ plane for net transverse polarization of quarks and proton in perpendicular directions. The left and right panel shows the results for up and down quarks, respectively.

All the other TMDs require a transfer of orbital angular momentum between the initial and final state. The h^⊥_{1T} TMD describes the distortion due to the transverse polarizations in perpendicular directions of the quark and the nucleon [100]. In this case, the nucleon helicity flips in the direction opposite to the quark helicity, with a mismatch of two units for the orbital angular momentum of the initial and final LCWFs. In Fig. 2 we show the results for both up and down quarks in the case of a SU(6)-symmetric LCWF.

The results for definite quark and nucleon polarizations in transverse directions are obtained by adding the monopole contributions from f_1 and h_1 in Eq. (108). In the case of quark and nucleon transversely polarized in perpendicular directions (ρ(k_x, k_y, s_x, S_y) = ρ(k_x, k_y, s_y, S_x)), one has from Eq. (108) the sum of the monopole contributions from f_1 and h_1, and of the quadrupole contribution from h^⊥_{1T} , ignoring the contributions from the T-odd TMDs which are vanishing in absence of gluon degrees of freedom. Since the quadrupole distortion induced by h^⊥_{1T} is quite small with respect to f_1 and h_1, the density for definite polarization differs slightly from a monopole distribution.

Among the distributions in Eq. (108), the dipole correlations related to g_{1T} and h^⊥_{1L} have characteristic features of intrinsic transverse momentum, since they are the only ones which have no analog in the spin densities related to the GPDs in the impact parameter space [101, 102, 36]. In particular, g_{1T} and h^⊥_{1L} correspond to quark densities with specular configurations for the quark and nucleon spin: g_{1T} describes longitudinally polarized quarks in a transversely polarized nucleon, while h^⊥_{1L} gives the distribution of transversely polarized quarks in longitudinally polarized nucleon. Therefore, g_{1T} requires helicity flip of the nucleon which is not compensated by a change of the quark helicity,

Fig. 3. – Quark densities in the k_⊥ plane for net longitudinal polarization of quarks in a transversely polarized proton for up (left panel ) and down (right panel) quark.

and vice-versa h^⊥_{1L} involves helicity flip of the quarks but is diagonal in the nucleon helicity. As a result, in both cases, the LCWFs of the initial and final states differ by one unit of orbital angular momentum and the associated distributions have a dipole structure. The results in the SU(6)-symmetric version of the LCCQM for the densities with longitudinally polarized quarks in a transversely polarized proton are shown in Fig. 3. The results for definite quark and nucleon polarizations, are obtained by adding the monopole contribution of f_1 (the contribution from the Sivers function is ignored because we do not include gauge-field degrees of freedom). As shown in Fig. 4, the sideways shift in the positive (negative) x̂ direction for up (down) quark due to the dipole term ∝ λS^ik^{i 1}_M g_{1T} is sizable and corresponds to an average deformation ⟨⃗k^u_x ⟩ = 55.8 MeV, and ⟨⃗k^d_x⟩ = −27.9 MeV. The dipole distortion ∝ Λ s^ik^{i 1}_m h^⊥_{1L} in the case of transversely polarized quarks in a longitudinally polarized proton is equal but with opposite sign, since in our model h^⊥_{1L} = −g_{1T} . These model results are supported from a

Fig. 4. – Quark densities in the k_⊥ plane for longitudinally polarized quarks in a transversely polarized proton for up (left panel ) and down (right panel) quark.

recent lattice calculation [79]-[81] which gives, for the density related to g_{1T} , ⟨⃗k^u_x ⟩ = 67(5) MeV, and ⟨⃗k^d_x⟩ = −30(5) MeV. For the density related to h^⊥_{1L}, they also find shifts of similar magnitude but opposite sign: ⟨⃗k^u_x ⟩ = −60(5) MeV, and ⟨⃗k^d_x⟩ = 15(5) MeV.

In the program of Ref. [96] one can also calculate and simultaneously visualize the effects of SU(6) breaking for the spin densities, and for the x and k^2_⊥ dependence of the TMDs. For example, we summarize a few results which can be easily verified following the calculation in the program: first of all, one finds that the k^2_⊥ dependence of the TMDs is not Gaussian. In particular, the k^2_⊥ dependence is the same for up and down quark within the SU(6)-symmetric version of the model, while the admixture of mixedsymmetry components breaks this flavour independence.

7.3. Observables. – One of the observables which is largely sensitive to effects of SU(6) breaking is the inclusive double spin asymmetry A_1 in DIS with lepton and target nucleon longitudinally polarized. It can be expressed in terms of the unpolarized f^q_1 (x) and polarized g^q_1 (x) parton distributions as

(110) A_1 = ∑ q e^2_q x g^q_1(x) ∑ q e^2_q x f^q_1 (x) ,

which becomes, in the case of proton and neutron target,

(111) A^p_1 =

4g^u_1 (x) + g^d_1 (x) 4f^u_1 (x) + f^d_1 (x)

, A^n_1 =

4g^d_1 (x) + g^u_1 (x) 4f^d_1 (x) + f^u_1 (x) , where we used isospin symmetry in such a way that the structure functions of the neutron are related to those of the proton by interchanging u and d flavours.

We notice that in a SU(6)-symmetric model, one has g^u_1 (x) = −4g^d_1 (x), which implies A^n_1 = 0 at the scale of the model. At higher scale, A^n_1 ≠ 0 due to evolution, but the effects remain small. This is illustrated in Fig. 5 where we show the results for the proton and neutron at the initial scale of the model (dashed curves) and after leading order (LO) evolution to Q^2 = 2.5 GeV^2. We also see that experimentally A^n_1 (extracted by subtracting deuteron and proton data, or from^3He data, modulo nuclear corrections) is found clearly non zero, giving a signature of SU(6)-breaking effects. Following the calculation in the Mathematica program of Ref. [97], we can use this sensitivity to SU(6) breaking to fit the parameter δ of the model in Eqs. (103)-(104) to the experimental data for A_1. In [97] we give different examples for the strategies which can be used in the fitting procedure. Here we discuss only one of them which seems the most suitable for the LCCQM. In order to decide the criteria of the fit, we should answer the following questions. First, in which x-range and with what accuracy is the model applicable? Second, how stable are the results under evolution? A related key question emerging not only here but in any nonperturbative calculation concerns the scale at which the model results for the parton distributions hold. From the point of view of QCD where both quark and gluon degrees of freedom contribute, the role of the low-energy quark models is to provide initial conditions for the QCD evolution equations. Therefore, we assume the existence of a low scale Q^2_0 where glue and sea quark contributions are suppressed, and the dynamics inside the nucleon is described in terms of three valence (constituent) quarks confined by an effective long-range interaction. In fact, glue and sea quark degrees of freedom might be thought of at this low scale to be contained in the structure of the

Fig. 5. – The inclusive double spin asymmetry A1 in DIS off proton (left panel) and neutron (right panel) as function of x. The theoretical curves are obtained with g^q_1 (x) and f^q_1 (x) from the LCCQM with SU(6) symmetry as follows: both function LO to the ⟨Q^2⟩ = 2.5 GeV^2 of the experiments (solid curves) and both at the low scale of the model (dashed curves). The experimental data for A^p_1 are from Refs. [107]-[110] and for A^n_1 from Refs. [111]-[114]

constituent quarks, which are massive objects. The actual value of Q^2_0 is fixed evolving back unpolarized data, until the valence distribution matches the condition that the second moment ⟨x(Q^2_0)⟩_{val}, i.e. the momentum fraction carried by the valence quarks, is equal to one [106]. Following [122], we start with the LO-value of ⟨x(Q^2)⟩_{val} = 0.35 at 10 GeV^2 [123] and using LO evolution equations we find the matching condition ⟨x(Q^2_0)⟩_{val} = 1, at Q_0 = 420 MeV. Although there is no rigorous relation between the QCD quarks and the constituent quarks, which requires a more fundamental description of the transition from soft to hard regimes, this strategy reflects the present state of the art for quark model calculations [103]-[105], and has been validated with a fair comparison to experiments [23, 45, 103, 106].

As can be seen in Fig. 5, the description of the experimental data is reasonable. For x ≳ 0.15 the model describes the A_1 data within an accuracy of about 30 %. The description improves in the valence-x region of x ≳ 0.25. Since the model contains no antiquark- and gluon-degrees of freedom, it is not surprising to observe that it does not work at small x. In conclusion, it can be said that the results are weakly scale dependent, and the model well catches the main features of the observable A_1 in its range of applicability, namely in the valence-x region. Therefore, we choose to fit the parameter describing the admixture of SU(6)-breaking terms in the nucleon wave function using the LO results for A_1 of proton and neutron evolved at the average ⟨Q^2⟩ = 2.5 GeV^2 of the available experimental data, and restricting ourselves to the valence region x ≥ 0.3. The results of the fit are: δ = 7.25 degrees with χ^2 = 52.41 for a total of N = 28 experimental points (χ^2_{red} = χ^2/(N − 1) = 1.94). The fitted value of δ corresponds to a percentage of 98.4% (1.6%) for the SU(6)-symmetric (-breaking) component of the nucleon wave function. The results of the fit are shown in Fig. 6, with the error band corresponding to the 1σ region. We see that with a small percentage of SU(6) breaking we are able to give an overall good description of the asymmetry for both proton and neutron target in the valence region.

The results of the fit can be also tested with other observables. In particular we consider the double spin asymmetrsy A^p_{LL} which can be accessed in SIDIS of hadrons off proton target. For a more extensive discussion about the calculation within the LCCQM

Fig. 6. – The inclusive double spin asymmetry A1 in DIS off proton (left panel) and neutron (right panel) as function of x. The theoretical curves are obtained from LO evolution to Q^2 = 2.5 GeV^2 of the PDFs calculated in the LCCQM with admixture of SU(6) components in the nucleon wave function. The parameter describing the percentage of the SU(6)-symmetric and SU(6)- breaking components is obtained from the fit to the experimental data, with the result δ = 7.25. The experimental data for A^p_1 are from Refs. [107]-[110] and for A^n_1 from Refs. [111]-[114]

of the azimuthal asymmetries in SIDIS related to T-even TMDs we refer to [45], while for comprehensive reviews of recent and planned experiments to access the TMDs we refer to [27, 124, 125]. Assuming the Gaussian Ansatz for the k^2_⊥ dependence of the f_1 and g_1 TMDs, this asymmetry can be written as

(112) A_{LL} = F_{LL} F_{UU} = ∑ a e^2_a x g^a_1 (x) D^a_1 (z) ∑ a e^2_a x f^a_1 (x) D^a_1 (z) , which reduces to A_1 in Eq. (110) if no hadrons are observed in the final state. In Eq. (112), D_1(z) is the unpolarized fragmentation function describing the hadronization process of the struck quark decaying into the detected hadrons, with z the energy fraction taken out by the detected hadron. In the calculation we used for D_1(z) the LO parametrization [115] at Q^2 = 2.5 GeV^2. In Fig. 7, we show the results for A_{LL} in DIS production

Fig. 7. – The semi-inclusive double spin asymmetry ALL in DIS of pions off a proton target as function of x. The dashed curves correspond to the LCCQM results in the SU(6)-symmetric version, while the solid curves include the contribution from SU(6)-breaking terms, with a percentage determined from the fit of the model to the A1 (see text). For the fragmentation function D1 we used the parametrization at Q^2 = 2.5 GeV^2 from Ref. [115]. The data are from Refs. [116, 117].

Fig. 8. – The electric form factor of the nucleon. The dashed curve shows the prediction within the SU(6)-symmetric version of the LCCQM. The solid curve is the LCCQM results with the inclusion of 1.6% of SU(6)-breaking component in the nucleon wave function. The references to the data can be found in [121].

of pions off proton target. In particular, the theoretical curves are obtained with the model results of g_1(x) and f_1(x) evolved at LO to Q^2 = 2.5 GeV^2. The dashed curves show the results from the SU(6)-symmetric version of the LCCQM, and the solid curves correspond to the LCCQM predictions with a percentage of SU(6)-breaking terms as obtained from the fit of A_1. In both cases, we show the predictions only for x ≥ 0.3, corresponding to the range where we performed the fit for A_1. We clearly see that the inclusion of SU(6)-breaking terms leads to a quite good agreement with the data in the valence region.

An other observable which is particularly sensitive to SU(6) breaking is the electric neutron form factor G^n_E . It is well known that in the non-relativistic SU(6) constituent quark model G^n_E is identically equal to zero. The inclusion of relativistic effects, like in the LCCQM, produces non-zero results. However, the predictions remain small and do not reproduce the behaviour of the experimental data, as shown by the dashed curve in Fig. 8. Corrections can come from the meson-cloud of the nucleon [118, 119, 120]. The meson-cloud contribution was recently calculated within the LCCQM in Ref. [120] and it was found quite smooth, significant only at Q^2 ≤ 0.5 GeV^2, but not able to reproduce the trend of the data. Only the inclusion of SU(6)-breaking terms can give a substantial improvement. This is shown by the solid curve in Fig. 8, obtained within the LCCQM with the percentage of SU(6)-breaking terms which was obtained from the fit to the asymmetry A_1. Remarkably, the good agreement with the experimental data provides an important consistency check for our estimate of the SU(6)-breaking contribution to the nucleon wave function.

8. – Conclusions

In this work we presented a study of the transverse-momentum dependent parton distributions in the framework of quark models. In particular we discussed several quark models, introducing the different formalisms for the practical calculation of the TMDs and identifying the common building blocks besides the specific assumptions for modeling the quark dynamics. We sorted these models in different classes: the light-cone models, the covariant parton model, the mean-field models and the spectator models. Most of these models predict relations among the leading-twist T-even TMDs. In particular, there are in total four independent relations among the leading-twist T-even TMDs: three of them are flavour independent and connect polarized TMDs, while a fourth flavourdependent relation involves both polarized and unpolarized TMDs. Since in QCD the eight TMDs are all independent, it is clear that such relations should be traced back to some common simplifying assumptions in the models. First of all, it was noticed that they break down in models with gauge-field degrees of freedom. Furthermore, most quark models are valid at some very low scale and these relations are expected to break under QCD evolution to higher scales. Despite these limitations, such relations are intriguing because they can provide guidelines for building parametrizations of TMDs to be tested with experimental data and can also give useful insights for the understanding of the origin of the different spin-orbit correlations of quarks in the nucleon. We have shown that these model relations have essentially a geometrical origin, and can be traced back to properties of rotational invariance of the system. In particular, we identified the conditions which are sufficient for the existence of the flavour-independent relations. They are:

1. the probed quark behaves as if it does not interact directly with the other partons (i.e. one works within the standard impulse approximation) and there are no explicit gluons;

2. the quark light-cone and canonical polarizations are related by a rotation with axis orthogonal to both the light-cone and quark transverse-momentum directions;

3. the target has spherical symmetry in the canonical-spin basis.

For the flavour-dependent relation, one needs a further condition for the spin-flavour dependent part of the nucleon wave function. Specifically, it is required

4. SU(6) spin-flavour symmetry of the wave function.

On the basis of the above assumptions, we were able to derive the model relations among TMDs within two different approaches.

The first approach is based on the representation of the quark correlator entering the definition of TMDs in terms of the polarization amplitudes of the quarks and nucleon. Such amplitudes are usually expressed in the basis of light-cone helicity. However, in order to discuss in a simple way the rotational properties of the system, we introduced the representation in the basis of canonical spin. In this framework, we showed that the conditions 1-3 are sufficient for the existence of all three flavour-independent relations. We also showed that a subset of these three relations can be derived relaxing the assumption of spherical symmetry and using the less restrictive condition of axial symmetry under a rotation around a specific direction.

The second approach is based on the representation of TMDs in terms of quark wave functions. In particular, we expressed the TMDs as overlap of light-cone wave functions, and we derived the relation with the corresponding representation in terms of overlap of wave functions in the canonical-spin basis. After discussing the consequence of spherical symmetry on the spin structure of the wave function, we were able to obtain an alternative derivation of the relations among polarized T-even TMDs. Finally, for the remaining relation among polarized and unpolarized T-even TMDs, we used the SU(6) symmetry for the spin-isospin dependence of the nucleon wave function.

On the basis of this study, we have shown how and to which extent the conditions 1-4 are realized in the different classes of quark models. In particular we verified that all the models satisfying the TMD relations also satisfy the above conditions, while models where the TMD relations do not hold fail with at least one of the above conditions.

As specific example we discussed in details a light-cone constituent quark model, giving the necessary ingredients to perform the calculation of the T-even TMDs. The calculation can be reproduced numerically using two Mathematica programs which are available on-line. In particular, the first program allows one to reproduce the model calculation for i) the T-even TMDs; ii) the spin densities in the transverse-momentum space as function of the quark and nucleon polarizations; iii) the k^2_⊥ dependence of the x moments of the TMDs, with a comparison of the model results with the Gaussian Ansatz. The calculation can be reproduced using the SU(6)-symmetric version of the light-cone constituent quark model as well as introducing the effects of SU(6)-symmetry breaking in the light-cone wave function which lead to the violation of the relation between unpolarized and polarized TMDs. The second Mathematica program allows one to obtain predictions for different observables, which are particularly sensitive to SU(6) breaking and can be used to fix the free parameter of the model corresponding to the percentage of SU(6)-breaking terms in the LCWF of the nucleon. In particular, in this program we present different strategies for fitting the available experimental data of three observables: i) the inclusive polarized asymmetry A_1; ii) the ratio F^n_2 /F^p_2 of the neutron to proton unpolarized structure function of DIS; iii) the nucleon electroweak form factors. In these notes we discussed, as an example, the fit of the double spin asymmetry A_1 in DIS. Using the results from this fit, we also discussed predictions for the semi-inclusive double spin asymmetry A_{LL} in DIS of pions off proton target and for the electric neutron form factor. The good agreement of these observables with the experimental data provides an important consistency check for our estimate of the SU(6)-breaking contribution to the nucleon wave function.

This exercise provides a good example of the practical value of models in phenomenological studies, showing how model parameters related to particular assumptions on the quark dynamics can be tuned to describe available experimental data, and then can be used to learn new information on the partonic structure of the nucleon.

∗ ∗ ∗

We are thankful to P. Schweitzer and H. Avakian for invaluable suggestions in the preparation of these lectures and for stimulating discussions. B.P. would like to express her gratitude to the organizers and participants of the Course “Three-dimensional Partonic Structure of the Nucleon” for creating a very lively and friendly atmosphere. This work was supported in part by the European Community Joint Research Activity “Study of Strongly Interacting Matter” (acronym HadronPhysics3, Grant Agreement n. 283286) under the Seventh Framework Programme of the European Community, and by the Italian MIUR through the PRIN 2008EKLACK “Structure of the nucleon: transverse momentum, transverse spin and orbital angular momentum” and by the P2I (“Physique des deux Infinis”) project.

Appendix A.

Spinors and polarization four-vectors

We collect in this Appendix the different types of free spinors and polarization vectors. The free canonical Dirac spinor u(k, σ) and polarization four-vector ε^μ(k, σ) are given by

u(k, σ) = ( √ E + m 1 √ E − m^{k·σ}_{|k|} ) χ_σ , (A.1) ε^μ(k, σ) = ( ϵ_σ · k m , ϵ_σ + k (ϵ_σ · k) m(E + m) ) , (A.2)

where χ_↑ = (^1_0 ), χ_↓ = (^0_1 ), and the polarization three-vectors are ϵ_{⇑,⇓} =^{1√}_2 (∓1, −i, 0) for s_z = ±1, and ϵ_⊙ = (0, 0, 1) for s_z = 0. The free light-cone Dirac spinor u_{LC} (k, λ) and polarization four-vector ε^μ_{LC} (k, λ) are given by

u_{LC} (k, +) = 1 √ 2^{3/2}k^+

√ 2 k^+ + m k_R √ 2 k^+ − m k_R , u^{LC} (k, −) = 1 √ 2^{3/2}k^+ −k_L √ 2 k^+ + m k_L − √ 2 k^+ + m ,

(A.3)

ε^μ_{LC} (k, ±) = [ 0, ϵ_{⊥±} · k_⊥ k^+ , ϵ_{⊥±} ] , ε^μ_{LC} (k, 0) = 1 m [ k^+, k^2_⊥ − m^2 2k^+ , k_⊥ ] , (A.4)

with ϵ_{⊥±} =^{1√}_2 (∓1, −i). Both types of spinors and polarization four-vectors coincide in the rest frame k_{rest} = (m, 0)

u(k_{rest}, σ) = u_{LC} (k_{rest}, σ) = √ 2m ( χ_σ 0 ) , (A.5)

ε^μ(k_{rest}, σ) = ε^μ_{LC} (k_{rest}, σ) = (0, ϵ_σ ) .

(A.6)

The “good” light-cone spinors are the simultaneous eigenstates of the operator γ_5 and the projector P_+ =^1_2 γ^−γ^+

(A.7) P_+u_G(λ) = u_G(λ), γ_5u_G(λ) = λ u_G(λ), u_G(λ) ≡ 1 √ 2 ( 1 σ_3 ) χ_λ,

and one can write

(A.8) P_+ = ∑ λ u_G(λ)u^†_G(λ).

Table II. – Decomposition in the canonical-spin basis ψ^↑_{σ1 σ2σ3} of the components of the 3Q LCWF in the light-cone helicity basis ψ^+_{λ1λ2λ3} . The components are grouped according to the values of total orbital angular momentum ℓz. ℓz = −1 ℓz = 0 ψ^↑_{↑↑} ψ^↑_{↑↓} ψ^↑_{↓↑} ψ^↑_{↓↑↑} ℓz = −1 ψ^+_{++} z1z2z3 z1z2l3 z1l2z3 l1z2z3 ψ^+_{+−} −z1z2r3 z1z2z3 −z1l2r3 −l1z2r3 ℓz = 0 ψ^+_{−+} −z1r2z3 −z1r2l3 z1z2z3 −l1r2z3 ψ^+_{−++} −r1z2z3 −r1z2l3 −r1l2z3 z1z2z3 ψ^+_{−−+} r1r2z3 r1r2l3 −r1z2z3 −z1r2z3 ℓz = +1 ψ^+_{−+−} r1z2r3 −r1z2z3 r1l2r3 −z1z2r3 ψ^+_{−−} z1r2r3 −z1r2z3 −z1z2r3 l1r2r3 ℓz = +2 ψ^+_{−−−} −r1r2r3 r1r2z3 r1z2r3 z1r2r3

ℓz = +1 ℓz = +2 ψ^↑_{↓↓↑} ψ^↑_{↓↑↓} ψ^↑_{↓↓} ψ^↑_{↓↓↓} ℓz = −1 ψ^+_{++} l1l2z3 l1z2l3 z1l2l3 l1l2l3 ψ^+_{+−} −l1l2r3 l1z2z3 z1l2z3 l1l2z3 ℓz = 0 ψ^+_{−+} l1z2z3 −l1r2l3 z1z2l3 l1z2l3 ψ^+_{−++} z1l2z3 z1z2l3 −r1l2l3 z1l2l3 ψ^+_{−−+} z1z2z3 −z1r2l3 −r1z2l3 z1z2l3 ℓz = +1 ψ^+_{−+−} −z1l2r3 z1z2z3 −r1l2z3 z1l2z3 ψ^+_{−−} −l1z2r3 −l1r2z3 z1z2z3 l1z2z3 ℓz = +2 ψ^+_{−−−} −z1z2r3 −z1r2z3 −r1z2z3 z1z2z3

Appendix B.

Components of the 3Q LCWF in the light-cone and canonical polarization bases

Based on Eq. (66), Table II shows explicitly how the components of the 3Q LCWF in light-cone polarization basis are decomposed in the canonical-spin basis. We used for convenience the notations z_i = cos^{θi}_2 , l_i = k̂_{iL} sin^{θi}_2 and r_i = k̂_{iR} sin^{θi}_2 for the components of the rotation matrix D^{(1/2)∗}_{σiλi} of Eq. (40). For example, from the first row of Table II, we have

(B.1) ψ^+_{++} = z_1z_2z_3 ψ^↑_{↑↑} + z_1z_2l_3 ψ^↑_{↑↓} + z_1l_2z_3 ψ^↑_{↓↑} + l_1z_2z_3 ψ^↑_{↓↑↑}

+ l_1l_2z_3 ψ^↑_{↓↓↑} + l_1z_2l_3 ψ^↑_{↓↑↓} + z_1l_2l_3 ψ^↑_{↓↓} + l_1l_2l_3 ψ^↑_{↓↓↓}.

It is interesting to note that any single component of the 3Q LCWF in the canonical-spin basis contributes to all components in the light-cone helicity basis, and vice-versa. So even if one considers that the wave function has only components with ℓ_z = 0 in the canonical-spin basis, the components of the wave function in the light-cone helicity basis present all the values ℓ_z = −1, 0, +1, +2, the orbital angular momentum being generated by the rotation matrices D^{(1/2)∗}_{σiλi} .

Appendix C.

Connection to a quark-diquark picture

We show in this Appendix how the 3Q picture can be connected to a quark-diquark picture. In the latter, one considers the whole spectator system as an object with the quantum numbers of two quarks, namely a diquark. One may also assume that this diquark does not contain any internal orbital angular momentum. From a 3Q picture, this amounts to set k̃_2 = k̃_3 = k̃_D/2 and m_D = 2m with k̃_D and m_D the light-cone momentum and mass of the diquark, and m the mass of a valence quark.

C.1. Scalar diquark. – The scalar diquark is obtained by coupling the two spectator quarks so to form a system with total angular momentum j = 0. The LCWF of the scalar quark-diquark system can be written in terms of the 3Q LCWF as follows

(C.1) ψ^Λ_λ (k̃, k̃_D ) =^{1√}_2 [ ψ^Λ_{λ+−}(k̃,^{k̃D}_2 ,^{k̃D}_2 ) − ψ^Λ_{λ−+}(k̃,^{k̃D}_2 ,^{k̃D}_2 ) ] . The total orbital angular momentum of a given component ψ^Λ_λ is given by the expression ℓ_z = Λ − λ with Λ, λ = ±^1_2 .

The corresponding LCWF in the canonical-spin basis is defined through

(C.2) ψ^Λ_λ = ∑ σ ψ^Λ_σ D^{(1/2)∗}_{σλ} ,

and can consistently be written as

(C.3) ψ^Λ_σ (k̃, k̃_D) =^{1√}_2 [ ψ^Λ_{σ↑↓}(k̃,^{k̃D}_2 ,^{k̃D}_2 ) − ψ^Λ_{σ↓↑}(k̃,^{k̃D}_2 ,^{k̃D}_2 ) ] . The explicit decomposition of Eq. (C.2) is displayed in Table III.

Table III. – Decomposition in the canonical-spin basis ψ^↑_σ of the components of the scalar quarkdiquark LCWF in the light-cone helicity basis ψ^+_λ . The components are grouped according to the values of total orbital angular momentum ℓz.

ℓz = 0 ℓz = +1 ψ^↑ ψ^↑_↓ ℓz = 0 ψ^+ z l

ℓz = +1 ψ^+_− −r z

Spherical symmetry in the canonical-spin basis reads

(C.4) ∑ Λ^′ σ^′

[u(θ, ϕ)]_{σσ}′ [u(θ, ϕ)]^∗_{ΛΛ}′ ψ^{Λ′}_σ′ = ψ^Λ_σ ,

and in particular implies

ψ^{−Λ}_{−σ} = (−1)^{Λ−σ} ψ^Λ_σ ,

(C.5a)

ψ^↑_↓ = 0,

(C.5b)

in agreement with Eqs. (69), (70) and (C.3).

C.2. Axial-vector diquark. – The axial-vector diquark is obtained by coupling the two spectator quarks so to form a system with total angular momentum j = 1. The LCWF of the axial-vector quark-diquark system can be written in terms of the 3Q LCWF as follows

ψ^Λ_{λ+}(k̃, k̃_D) = ψ^Λ_{λ++}(k̃,^{k̃D}_2 ,^{k̃D}_2 ),

ψ^Λ_{λ0}(k̃, k̃_D) =^{1√}_2 [ ψ^Λ_{λ+−}(k̃,^{k̃D}_2 ,^{k̃D}_2 ) + ψ^Λ_{λ−+}(k̃,^{k̃D}_2 ,^{k̃D}_2 ) ] , ψ^Λ_{λ−}(k̃, k̃_D) = ψ^Λ_{λ−−}(k̃,^{k̃D}_2 ,^{k̃D}_2 ).

(C.6)

The total orbital angular momentum of a given component ψ^Λ_{λλD} is given by the expression ℓ_z = Λ − λ − λ_D with Λ, λ = ±^1_2 and λ_D = +1, 0, −1.

The corresponding LCWF in the canonical-spin basis is defined through

(C.7) ψ^Λ_{λλD} = ∑ σσ_D ψ^Λ_{σσD} D^{(1/2)∗}_{σλ} D^{(1)∗}_{σD λD} ,

with the rotation for the axial-vector diquark given by

(C.8) D^{(1)∗}_{σD λD} (k̃_D ) =

1+cos θ_D

2 −^{k̂R√}_2 sin θ_D k̂^2_R^{1−cos θD}_2 k̂_L √ 2 sin θ_D cos θ_D −^{k̂R√}_2 sin θ_D k̂2_L^{1−cos θ}D_2^{k̂}L_{√2} sin θ_D^{1+cos θ}D_2 ,

or equivalently (C.9)

D^{(1)∗}_{σD λD} (k̃_D ) = cos^{2 θD}_2 − √ 2 k̂_R sin^{θD}_2 cos^{θD}_2 k̂^2_R sin^{2 θD}_2 √ 2 k̂_L sin^{θD}_2 cos^{θD}_2 cos^{2 θD}_2 − sin^{2 θD}_2 − √ 2 k̂_R sin^{θD}_2 cos^{θD}_2 k̂2_L sin^{2 θ}D_2 √2 k̂_L sin^θD_2 cos^θD_2 cos2^θD_2 .

Provided that θ_D(k̃_D ) = θ(k̃_D /2), we can consistently write the axial-vector quarkdiquark LCWF in the canonical-spin basis as

ψ^Λ_{σ⇑}(k̃, k̃_D) = ψ^Λ_{σ↑↑}(k̃,^{k̃D}_2 ,^{k̃D}_2 ),

ψ^Λ_{σ⊙}(k̃, k̃_D) =^{1√}_2 [ ψ^Λ_{σ↑↓}(k̃,^{k̃D}_2 ,^{k̃D}_2 ) + ψ^Λ_{σ↓↑}(k̃,^{k̃D}_2 ,^{k̃D}_2 ) ] , ψ^Λ_{σ⇓}(k̃, k̃_D) = ψ^Λ_{σ↓↓}(k̃,^{k̃D}_2 ,^{k̃D}_2 ).

(C.10)

The explicit decomposition of Eq. (C.7) is displayed in Table IV.

Table IV. – Decomposition in the canonical-spin basis ψ^↑_{σσD} of the components of the axial-

vector quark-diquark LCWF in the light-cone helicity basis ψ^+_{λλD} . The components are grouped according to the values of total orbital angular momentum ℓz . ℓz = −1 ℓz = 0 ψ^↑_⇑ ψ^↑_⊙ ψ^↑_{↓⇑} ℓz = −1 ψ^+_+ zz^2_D √ 2 zzDlD lz^2_D ℓz = 0 ψ + +0 − √ 2 zzDrD z ( z^2_D − rD lD ) − √ 2 lzD rD ψ^+_{−+} −rz^2_D − √ 2 rzDlD zz^2_D ℓz = +1 ψ + −0 √ 2 rzDrD −r ( z^2_D − rDlD ) − √ 2 zzDrD ψ^+_− zr^2_D − √ 2 zzDrD lr^2_D ℓz = +2 ψ^+_{−−} −rr^2_D √ 2 rzDrD zr^2_D

ℓz = +1 ℓz = +2 ψ^↑_{↓⊙} ψ^↑_⇓ ψ^↑_{↓⇓} ℓz = −1 ψ^+_+ √ 2 lzD lD zl^2_D ll^2_D ℓz = 0 ψ + +0 l ( z^2_D − rDlD ) √ 2 zzDlD √ 2 lzD lD ψ^+_{−+} √ 2 zzDlD −rl^2_D zl^2_D ℓz = +1 ψ + −0 z ( z^2_D − rDlD ) − √ 2 rzDlD √ 2 zzDlD ψ^+_− − √ 2 lzD rD zz^2_D lz^2_D ℓz = +2 ψ^+_{−−} − √ 2 zzDrD −rz^2_D zz^2_D

Spherical symmetry in the canonical-spin basis reads

(C.11) ∑ Λ^′ σ^′ σ^′_D [u(θ, ϕ)]_{σσ}′ [U(θ, ϕ)]_{σD σ}′_D [u(θ, ϕ)]^∗_{ΛΛ}′ ψ^{Λ′}_σ′_σ′_D = ψ^Λ_{σσD} ,

where

(C.12) U(θ, ϕ) =

1+cos θ

2 e^{−iϕ} −^{1√}_2 sin θ e^{−iϕ 1−cos θ}_2 e^{−iϕ} 1√ 2 sin θ cos θ −^{1√}_2 sin θ

1−cos θ

2 e^{iϕ 1√}_2 sin θ e^{iϕ 1+cos θ}_2 e^{iϕ} ,

and in particular implies ψ^{−Λ}_{−σ−σD} = (−1)^{Λ+σ+σD} ψ^Λ_{σσD} , (C.13a)

ψ^↑_⇑ = ψ^↑_{↓⊙} = ψ^↑_⇓ = ψ^↑_{↓⇓} = 0,

(C.13b) ψ^↑_{↓⇑} = − √ 2 ψ^↑_⊙, (C.13c) in agreement with Eqs. (69)-(71) and (C.10).

REFERENCES

[1] Collins J.C. and Soper D.E., Nucl. Phys. B, 193 (1981) 381; (E) 213 (1983) 545. [2] Collins J.C. and Soper D.E., Nucl. Phys. B, 194 (1982) 445. [3] Kotzinian A., Nucl. Phys. B, 441 (1995) 234.

[4] Mulders P.J. and Tangerman R.D., Nucl. Phys. B, 461 (1996) 197; (E) 484 (1997) 538. [5] Boer D., Jakob R. and Mulders P.J., Nucl. Phys. B, 504 (1997) 345. [6] Dittes F.M., Müller D., Robaschik D., Geyer B. and Hor̆ejs̆i J., Phys. Lett. B, 209 (1988) 325.

[7] Müller D., Robaschik D., Geyer B., Dittes F.M. and Hor̆ejs̆i J., Fortschr. Phys., 42 (1994) 101.

[8] Ji X., Phys. Rev. Lett., 78 (1997) 610. [9] Radyushkin A.V., Phys. Lett. B, 380 (1996) 417. [10] Ji X., Phys. Rev. D, 55 (1997) 7114. [11] Radyushkin A.V., Phys. Lett. B, 385 (1996) 333. [12] Ji X., J. Phys. G: Nucl. Part. Phys., 24 (1998) 1181.

[13] Goeke K., Polyakov M.V. and Vanderhaeghen M., Prog. Part. Nucl. Phys., 47 (2001) 401.

[14] Diehl M., Phys. Rep., 388 (2003) 41. [15] Ji X., Ann. Rev. Nucl. Part. Sci., 54 (2004) 413. [16] Belitsky A.V. and Radyushkin A.V., Phys. Rep., 418 (2005) 1. [17] Boffi S. and Pasquini B., Riv. Nuovo Cim., 30 (2007) 387. [18] Soper D.E., Phys. Rev., D15 (1977) 1141.

[19] Burkardt M., Phys. Rev., D62 (2000) 071503; (E) D66 (2002) 119903. [20] Burkardt M., Int. J. Mod. Phys., A18 (2003) 173.

[21] Meissner S., Metz A., Schlegel M. and Goeke K., JHEP, 0808 (2008) 038. [22] Meissner S., Metz A. and Schlegel M., JHEP, 0908 (2009) 056. [23] Lorcé C., Pasquini B. and Vanderhaeghen M., JHEP, 1105 (2011) 041. [24] Ji X., Phys. Rev. Lett., 91 (2003) 062001.

[25] Belitsky A.V., Ji X. d. and Yuan F., Phys. Rev., D69 (2004) 074014. [26] Lorcé C. and Pasquini B., Phys. Rev. D, 84 (2011) 014015.

[27] D. Boer, M. Diehl, R. Milner, R. Venugopalan, W. Vogelsang, D. Kaplan, H. Montgomery and S. Vigdor et al., arXiv:1108.1713 [nucl-th].

[28] Jakob R., Mulders P.J. and Rodrigues J., Nucl. Phys. A, 626 (1997) 937. [29] Goldstein G.R. and Gamberg L.P., arXiv:hep-ph/0209085. [30] Pobylitsa P.V., arXiv:hep-ph/0212027.

[31] Gamberg L.P., Goldstein G.R and Oganessyan K.A., Phys. Rev. D, 67 (2003) 071504. [32] Lu Z. and Ma B.Q., Nucl. Phys. A, 741 (2004) 200.

[33] Cherednikov I.O., D’Alesio U., Kochelev N.I. and Murgia F., Phys. Lett. B, 642 (2006) 39.

[34] Lu Z. and Schmidt I., Phys. Rev. D, 75 (2007) 073008.

[35] Gamberg L.P., Goldstein G.R. and Schlegel M., Phys. Rev. D, 77 (2008) 094016. [36] Pasquini B., Boffi S. and Schweitzer P., Mod. Phys. Lett. A, 24 (2009) 2903. [37] Efremov A.V., Schweitzer P., Teryaev O.V. and Zavada P., Phys. Rev. D, 80 (2009) 014021.

[38] She J., Zhu J. and Ma B.Q., Phys. Rev. D, 79 (2009) 054008. [39] Zhu J. and Ma B.Q., Phys. Lett. B, 696 (2011) 246. [40] Lu Z. and Schmidt I., Phys. Rev. D, 82 (2010) 094005.

[41] Avakian H., Efremov A.V., Schweitzer P., Teryaev O.V., Yuan F. and Zavada P., Mod. Phys. Lett. A, 24 (2009) 2995.

[42] Courtoy A., Scopetta S. and Vento V., Phys. Rev. D, 80 (2009) 074032. [43] Courtoy A., Fratini F., Scopetta S. and Vento V., Phys. Rev. D, 78 (2008) 034002. [44] Pasquini B. and Yuan F., Phys. Rev. D, 81 (2010) 114013.

[45] Boffi S., Efremov A.V., Pasquini B. and Schweitzer P., Phys. Rev. D, 79 (2009) 094012.

[46] Pasquini B. and Lorcé C., arXiv:1008.0945 [hep-ph].

[47] Bacchetta A., Conti F. and Radici M., Phys. Rev. D, 78 (2008) 074010. [48] Avakian H., Efremov A.V., Schweitzer P. and Yuan F., Phys. Rev. D, 81 (2010) 074035.

[49] Avakian H., Efremov A.V., Schweitzer P. and Yuan F., Phys. Rev. D, 78 (2008) 114024.

[50] Efremov A.V., Schweitzer P., Teryaev O.V. and Zavada P., Phys. Rev. D, 83 (2011) 054025.

[51] Meissner S., Metz A. and Goeke K., Phys.Rev. D, 76 (2007) 034002. [52] Wakamatsu M., Phys.Rev. D, 79 (2009) 094028.

[53] Schweitzer P., Urbano D., Polyakov M.V., Weiss C., Pobylitsa P.V. and Goeke K., Phys. Rev. D, 64 (2001) 034013.

[54] Bourrely C., Buccella F. and Soffer J., Phys. Rev. D, 83 (2011) 074008. [55] Del Dotto A., Pace E., Salmé G. and Scopetta S., arXiv:1110.6757 [nucl-th]. [56] Brodsky S.J., Hwang D.S. and Schmidt I., Phys. Lett. B, 530 (2002) 99. [57] Metz A., Phys. Lett. B, 549 (2002) 139.

[58] Afanasev A. and Carlson C.E., arXiv:hep-ph/0308163. [59] Metz A. and Schlegel M., Eur. Phys. J. A, 22 (2004) 489. [60] Metz A. and Schlegel M., Annalen Phys., 13 (2004) 699. [61] Lorcé C. and Pasquini B., Phys. Rev., D84 (2011) 034039. [62] Boer D. and Mulders P.J., Phys. Rev. D, 57 (1998) 5780. [63] Goeke K., Metz A. and Schlegel M., Phys. Lett. B, 618 (2005) 90. [64] Bacchetta A., Diehl M., Goeke K., Metz A., Mulders P.J. and Schlegel M., JHEP, 0702 (2007) 093.

[65] Bomhof C.J., Mulders P.J. and Pijlman F., Phys. Lett. B, 596 (2004) 277. [66] Sivers D.W., Phys. Rev. D, 41 (1990) 83. [67] Ji X. and Yuan F., Phys. Lett. B, 543 (2002) 66.

[68] Belitsky A.V., Ji X. and Yuan F., Nucl. Phys. B, 656 (2003) 165. [69] Boer D., Mulders P.J. and Pijlman F., Nucl. Phys. B, 667 (2003) 201. [70] Brodsky S.J., Nucl. Phys. A, 827 (2009) 327C.

[71] Brodsky S.J., Pasquini B., Xiao B.W. and Yuan F., Phys. Lett. B, 687 (2010) 327. [72] BrodskyS.J., Pauli H.C. and Pinsky S.S., Phys. Rept., 301 (1998) 299. [73] Diehl M., Feldmann T., Jakob R. and Kroll P., Nucl. Phys. B, 596 (2001) 33; (E) 605 (2001) 647.

[74] Brodsky S.J., Diehl M. and Hwang D.S., Nucl. Phys. B, 596 (2001) 99. [75] Pasquini B., Cazzaniga S. and Boffi S., Phys. Rev. D, 78 (2008) 034025. [76] Boffi S., Pasquini B. and Traini M., Nucl. Phys. B, 649 (2003) 243. [77] Boffi S., Pasquini B. and Traini M., Nucl. Phys. B, 680 (2004) 147. [78] Pasquini B., Pincetti M. and Boffi S., Phys. Rev. D, 72 (2005) 094029; 76 (2007) 034020 [79] Hägler Ph., Musch B.U., Negele J.W. and Schäfer A., Europhys. Lett., 88 (2009) 61001.

[80] Musch B.U., Hägler Ph., Negele J.W. and Schäfer A., Phys. Rev. D, 83 (2011) 094507.

[81] Musch B.U., arXiv:0907.2381 [hep-lat].

[82] Efremov A.V. and Schweitzer P., JHEP, 0308 (2003) 006. [83] Ma B.-Q., J. Phys. G, G17 (1991) L53-L58. [84] Lorcé C., Phys. Rev. D, 74 (2006) 054019. [85] Lorcé C., Phys. Rev. D, 78 (2008) 034001. [86] Melosh H.J., Phys. Rev. D, 9 (1974) 1095.

[87] Ahluwalia D.V. and Sawicki M., Phys. Rev. D, 47 (1993) 5161. [88] Petrov V.Y. and Polyakov M.V., arXiv:hep-ph/0307077. [89] Diakonov D. and Petrov V.Y., Phys. Rev. D, 72 (2005) 074009. [90] Brodsky S.J., Hwang D.S., Ma B.-Q. and Schmidt I., Nucl. Phys. B, 593 (2001) 311. [91] Ellis J.R., Hwang D.S. and Kotzinian A., Phys. Rev. D, 80 (2009) 074033. [92] Gross F., Ramalho G. and Pena M.T., Phys. Rev. C, 77 (2008) 015202. [93] Ramalho G., Pena M.T. and Gross F., Eur. Phys. J. A, 36 (2008) 329. [94] Gross F., Ramalho G. and Pena M.T., Phys. Rev. C, 77 (2008) 035203. [95] Gamberg L. and Schlegel M., Phys. Lett. B, 685 (2010) 95; Mod. Phys. Lett. A, 24 (2009) 2960.

[96] Pasquini B., http:www.pv.infn.it/ pasquini/Varenna/TMDs-calculation-final- WINDOWS.nb (Windows version);http:www.pv.infn.it/ pasquini/Varenna/TMDscalculation-final-LINUX.nb (Linux version).

[97] Pasquini B., http:www.pv.infn.it/ pasquini/Varenna/Fit-final.nb. [98] Schlumpf F., hep-ph/9211255.

[99] Schlumpf F.,J. Phys. G: Nucl. Part. Phys., 20 (1994) 237; Phys. Rev. D, 49 (1993) 6246(E); 50 (1994) 6895; 51 (1995) 2262; Brodsky S.J. and Schlumpf F., Phys. Lett. B, 329 (1994) 111.

[100] Miller G.A., Phys. Rev. C, 76 (2007) 065209. [101] Diehl M. and Hägler Ph., Eur. Phys. J. C, 44 (2005) 87. [102] Pasquini B. and Boffi S., Phys. Lett. B, 653 (2007) 23.

[103] Scopetta S., Vento V. and Traini M., Phys. Lett. B, 421 (1998) 64; 442 (1998) 28. [104] Broniowski W., Arriola E.R., and Golec-Biernat K., Phys. Rev. D, 77 (2008) 034023.

[105] Pasquini B., Traini M., and Boffi S., Phys. Rev. D, 71 (2005) 034022. [106] Traini M., Vento V., Mair A. and Zambarda A., Nucl. Phys. A, 614 (1997) 472;

Mair A. and Traini M., Nucl. Phys. A, 624 (1997) 564. [107] Abe K. et al. [E143 Coll.], Phys. Rev. D581998112003. [108] Ashman J. et al. [European Muon Coll.], Phys. Lett. B, 206 (1998) 364. [109] Adeva B. et al. [Spin Muon Coll.], Phys. Rev. D, 60 (1999) 072004; (E) 62 (2000) 079902.

[110] Airapetian A. et al. [HERMES Coll.], Phys. Lett. B, 442 (1998) 484. [111] Zheng X. et al. [Jefferson Lab Hall A Coll.], Phys. Rev. Lett., 92 (2004) 012004.

Zheng X. et al. [Jefferson Lab Hall A Coll.], Phys. Rev. C, 70 (2004) 065207. [112] Anthony P.L. et al. [E142 Coll.], Phys. Rev. D, 54 (1996) 6620. [113] Ackerstaff K. et al. [HERMES Coll.], Phys. Lett. B, 404 (1997) 383. [114] Abe K. et al. [E154 Coll.], Phys. Lett. B, 405 (1997) 180; Phys. Rev. Lett., 79 (1997) 26. [115] Kretzer S., Phys. Rev. D, 62 (2000) 054001.

[116] Adeva B. et al. [Spin Muon Coll.], Phys. Lett. B, 420 (1998) 180. [117] Airapetian A. et al. [HERMES Coll.], Phys. Rev. D, 71 (2005) 012003. [118] Miller G.A., Phys. Rev. C, 66 (2002) 032201.

[119] Rinehimer J.A. and Miller G.A., Phys. Rev. C, 80 (2009) 025206. [120] Pasquini B. and Boffi S., Phys. Rev. D, 76 (2007) 074011.

[121] Perdrisat C.F., Punjabi V. and Vanderhaeghen M., Prog. Part. Nucl. Phys., 59 (2007) 694.

[122] Pasquini B. and Schweitzer P., Phys. Rev. D, 83 (2011) 114044. [123] Martin A.D., Stirling W.J., Thorne R.S. and Watt G., Eur. Phys. J. C, 63 (2009) 189.

[124] Barone V., Bradamante F. and Martin A., Prog. Part. Nucl. Phys., 65 (2010) 267. [125] Anselmino M., Avakian H., Boer D., Bradamante F., Burkardt M., Chen J.P., Cisbani E. and Contalbrigo M. et al., Eur. Phys. J. A, 47 (2011) 35.