arXiv:1203.5067v3 [hep-th] 28 Mar 2012

N =^1_2 Global SUSY: R-Matrix Approach

C. Gonera^∗ M. Wodzisławski

Department of Theoretical Physics and Computer Science, University of Łódź, Pomorska 149/153, 90-236 Łódź, Poland

Abstract

R-matrix method is used to construct supersymmetric extensions of θ - Euclidean group preserving N =^1_2 supersymmetry and its threeparameter generalization. These quantum symmetry supergroups can be considered as global counterparts of appropriately twisted Euclidean superalgebras. The corresponding generalized global symmetry transformations act on deformed superspaces as the usual ones do on undeformed spaces. However, they depend on non(anti)commuting parameters satisfying (anti)commutation relations defined by relevant R matrix.

1 Introduction

Semi-classical arguments of relativistic quantum theory referring to the occurrence of annihilation/creation processes or gravitational collapse [1], [2], [3] (if energy density in tiny volume is large enough) on one side and the results of string theory in a non-trivial graviphoton background [4] - [12] on the other, strongly suggest that a sort of non-(anti)commutative deformations (quantizations) of (super)spaces is a generic feature of quantum theories consistent with relativity [13], [14], [15]. However, these deformations

∗e-mail: cgonera@uni.lodz.pl

break, at least partially, the original (super)symmetry [16] - [25]. So, if (super)symmetry transformations are required to preserve (anti)commutation relations defining (super)space deformations they have to be reformulated somehow [26] - [29].

A nice modification of infinitesimal (super)symmetry transformations (inspired by quantum group theory [30] - [36] ) has been proposed in the framework of so called twisted Euclidean/Poincare (super)algebras [37] - [49]. In this approach only the (super)coalgebraic sector of original (super)symmmetry algebra is modified while the (super)algebraic one is left unchanged. Thanks to that the representation content of twisted (super)symmetry is the same as that of standard one.

A global counterparts of twisted algebras have been considered in [50] - [53], [40]. In particular, in Ref. [53], letting the original global symmetry transformation parameters to be non(anti)commutative ones and making some additional assumptions, both simple and natural from ”physical” point of view, allowed us to construct generalized global transformations which preserve wide class of (anti)commutation relations defining various Euclidean superspace quantizations. Requiring these relations to be consistent with Jacobi identities leads, in particular, to global transformations which preserve so called N =^1_2 supersymmetry [54] as well as its three-parameter extension [44], [48]. The coalgebraic sector of these transformations appears to be compatible with the algebraic one. Therefore, they generate quantum symmetry supergroup [55] - [62] - a supersymmetric extension of ϑ - Euclidean group (i.e. Euclidean counterpart of ϑ -Poincare group [50], [51], [52]). This quantum supergroup can be considered as global counterpart of appropriately twisted Euclidean superalgebra which has been shown to preserve N =^1_2 supersymmetry [44], [46], [47], [40].

In the present paper (which can be viewed as the companion one to the Ref. [53]) it is explained how these supersymmetric extensions of ϑ - Euclidean group can be constructed within the so called R - matrix formalism or Faddeev - Reshetikhin - Takhtajan (FRT) method [36]. In this approach the key role is played by R/B matrix which controls the (anti)commutation rules both for deformed superspace coordinates as well as transformation parameters of the corresponding quantum symmetry supergroup [58]. Unfortunately, in general, there is no universal algorithm allowing to construct such R/B matrix and what is more, it is even not known if the universal R matrix exists for every consistent (super)space deformation described by certain non(anti)commutative Hopf (super)algebra. Nevertheless, the case of

N =^1_2 supersymmetry and its extensions belong to the class of superspace deformations described by twisted superalgebras. Then, there exists the general way of constructing R matrix out of the appropriate twist operator [30]. Actually, as it is shown below, the R matrices describing N =^1_2 supersymmetry and its extension can also be constructed directly, starting basically with (anti)commutation relations defining superspace quantization (without referring to the twisting procedure). Indeed, using a vector realization z^A of the superspace and corresponding supermatrix representation T^A_B of Euclidean supergroup the relevant R matrix can be constructed by taking into account that:

a)(anti)commutation relations defining superspace deformation do not determine R matrix uniquely, b) this gauge-like freedom can be fixed (due to a specific structure of some T^A_B supermatrix elements ) if one requires supersymmetric version of RTT equation to provide consistent (anti)commutation relations for all T^A_B elements.

The paper is organized as follows. Section 2 introduces supermatrix representation of N = 1 Euclidean supergroup as well as some notation and conventions, concerning supersymmetry ( we mostly follow [63], [64], [65], [72]). In section 3 the main points of supersymmetric version of FRT method are reminded and the way it can be used to find R matrices controlling algebraic sector of global symmetries of quantized Euclidean superspaces is explained. This is illustrated by explicit construction of algebraic sector of the global transformations preserving N =^1_2 supersymmetry and its extensions. Finally, the coalgebraic structure (compatible with the algebraic one) is introduced. That completes the construction of supersymmetric extensions of θ- Euclidean group. Section 4 discusses the global symmetries considered in section 3 ( as well as in Ref.[53] ) from the point of view of star products [66] - [71] and twisted superalgebras. In particular, it is argued that R matrices found in section 3 provide supermatrix realization of universal R - matrix constructed out of the twist operator defining relevant twisted symmetry superalgebra. In appendix some basic facts concerning supermatrices [72] can be found.

In order to make the paper more readable we will generally omit the prefix ”anti” and use the words ”commutators”, ”commutation rules”, etc. irrespectively of the parity of variables under consideration. However, we keep the standard notation for the commutators ([., .]) and the anticommutators ({., .}).

2 Supermatrix representation of N = 1 Euclidean supergroup

In order to apply FRT method it is convenient to introduce supervector realization of N=1 Euclidean superspace and supermatrix representation of N = 1 Euclidean supergroup acting there. Four bosonic coordinates x^m, m = 0, 1, 2, 3 and four grassmannnian ones η^α, η̄^{α̇}, α = 1, 2, α̇ = ˙1, ˙2 form a supervector z^A

(x^m, η^α, η̄^{α̇}) −→ (z^A) = x^m 1 η̄^{α̇} η^α (1)

The elements g(ξ, ξ̄, a, ω) of N = 1 Euclidean supergroup are parameterized by grassmnnian coordinates ξ^α, ξ̄^{α̇}, α = 1, 2, α̇ = ˙1, ˙2 (corresponding to supertranslations generators Q_α, Q̄_{α̇} ) and bosonic coordinates a^m, ω^{mn} = −ω^{nm}, m, n = 0, 1, 2, 3 (corresponding to the ordinary translations P_m and 4D-rotations M_{mn}, respectively). They can be represented by a supermatrix ( see Appendix ) (T^A_B) ≡ (T^A_B (ξ, ξ̄, a, ω))

(T^A_B ) =

(e^{−ω})^m_n a^m −iξ^α(σ^m)_{αα̇}(B^†(ω))^{α̇}_{β̇} −iξ̄^{α̇}(σ^m)_{αα̇}(A^T (ω))^α_β

0 1 0 0

0 ξ̄^{ρ̇} (B^†(ω))^{ρ̇}_{β̇} 0

0 ξ^ρ 0 (A^T (ω))^ρ_β (2)

In the above equation we used the standard notation for Pauli matrices: σ_m = (iI, σ_i) and σ̄_m = (iI, −σ_i).

The generators of D^{( 1}2^{,0)} and D^{(0, 1}2^) representations of SU(2) × SU(2) group (universal covering of 4D-rotation group ) read σ_{mn} = i 4 (σ_mσ̄_n − σ_nσ̄_m)

σ̄_{mn} = i 4 (σ̄_mσ_n − σ̄_nσ_m) (3) which allows us to write the matrices A and B, entering eq.(2) in the form

A(ω) = e^{− 12 ωmnσmn} B^†(ω) = e^{12 ωmnσ̄mn} (4) Note thatA(ω) and B^†(ω) satisfy A(ω)σ^mB^†(ω) = (e^{−ω})^m_nσ^n .

The T^A_B matrices define the representation of N = 1 Euclidean supergroup, that is

T^A_C (ξ, ξ̄, a, ω)T^C_B (η, η̄, b, ω^′) = T^A_B(Λ, Λ̄, c, ω^{′′}). (5) In the eq.(5) the parameters Λ, Λ̄, c, ω^{′′} are given by the composition rule in N=1 Euclidean supergroup ( see [53] for example) :

g(ξ, ξ̄, a, ω)g(η, η̄, b, ω^′) =g(Λ, Λ̄, c, ω^{′′}) (6) Λ^α =ξ^α + (A^T (ω))^α_βη^β Λ̄^{α̇} =ξ̄^{α̇} + (B^†(ω))^{α̇}_{β̇}η̄^{β̇}

c^m =e(^{−ω})^m_nb^n + a^m − iξ^α(σ^m)_{αα̇}(B^†(ω))^{α̇}_{β̇}η̄^{β̇} − iξ̄^{α̇}(σ̄^m)_{α̇α}(A^T (ω))^α_βη^β e^{i2 ωabM ab} e^{i2 ω′abM ab} =e^{i2 ω′′abM ab} Let | |T A_B | | be the parity of matrix element T A_B . Defining the parities |A| of rows and columns in such a way that |A| = 0 if A = m, 4 and |A| = 1 if A = α, α̇ we find | |T^A_B | | = |A| + |B| , (7) i.e. (T^A_B ) is an even supermatrix ( see Appendix)

Supermatrices representing supertranslation generators Q_α, Q̄_{α̇} and usual translation generators P_m read:

[Q_α]^A_B = −(σ^m)_{αα̇}δ^A_mδ^{α̇}_B + iδ^A_α δ^4_B (8) [Q̄_{α̇}]^A_B = (σ^m)_{αα̇}δ^A_mδ^α_B − iδ^A_{α̇} δ^4_B , [P_m]^A_B = iδ^A_mδ^4_B .

[P_m]^A_B are even supermatrices, | |[P_μ]^A_B | | = |A| + |B| , (9) whereas [Q_α]^A_B and [Q̄_{α̇}]^A_B are odd ones, | [Q_α]^A_B | = | [Q̄_{α̇}]^A_B | = |A| + |B| + 1. (10) Direct computation shows that the above generators verify relevant commutation relations : ( { Q_α, Q̄˙_β } )^A_B ≡ (Q_α)^A_C (Q̄˙_β)^C_B + (Q̄˙_β )^A_C (Q_α)^C_B (11) = 2(σ^m)_α˙_β (P_m)^A_B ({Q_α, Q_β})^A_B = 0 ( {¯ Q_{α̇}, Q̄˙_β } )^A_B = 0 ([P_m, Q_α])^A_B = 0 ([P_m, Q̄_{α̇}])^A_B = 0.

In addition one has:

(Q_αQ_β)^A_B = 0 (12) (Q̄_{α̇}Q̄˙_β)^A_B = 0 (P_mQ_β)^A_B = 0 (P_mQ̄˙_β)^A_B = 0 (P_mP_n)^A_B = 0.

3 R-matrix construction of global N =^1_2 supersymmetries

Replacing the commutative coordinates z^A by quantities ẑ^A (satisfying commutation relations defining deformed superspaces) one obtains vector representations of deformed Euclidean superspaces. In FRT approach the relations satisfied by ẑ^A as well as symmetries of these relations (basically described by non-commutative counterparts of supermatrix T^A_B elements) are determined by B^{AB}_{MN} matrix. It is defined in such a way that the following conditions are met [36],[57],[58]:

1. Equations

ẑ^Aẑ^B = B^{AB}_{MN}ẑ^Mẑ^N (13)

reproduce the original commutation relations for x̂^m, η̂^α, ^̄η^{α̇} .

2. Supersymmetric version of FRT equations:

(−1)^{|E|(|N|+|F |)}B^{AB}_{MN} T^M_E T^N_F = (−1)^{|M|(|B|+|N|)}T^A_M T^B_N B^{MN}_{EF} (14)

is consistent and gives commutation relations for ξ̂, ^̄ξ, â, ω̂ - the noncommmutative counterparts of Euclidean supertransformation parameters. These relations define the algebraic sector of global symmetries of deformed superspaces. It is worth noting that the equations (14) provide sufficient conditions for the covariance of eqs. (13) under the generalized Euclidean transformations

ẑ^A → ẑ^{′A} = T^A_Bẑ^B , (15)

3. B matrix verifies Yang-Baxter equation

(I ⊗ B)(B ⊗ I)(I ⊗ B) = (B ⊗ I)(I ⊗ B)(B ⊗ I), (16)

which guarantees associativity of composition rule.

The above description of FRT method is somehow informal. However, it can be made mathematically sound (in the spirit of original paper [36] ) if needed.

Let us remark that eqs. (13), (14), (16) can be equivalently written in terms of the R matrix defined by:

B^{AB}_{MN} = (Rσ)^{AB}_{MN} = (−1)^{|M||N|}R^{AB}_{NM} , (17)

σ^{AB}_{MN} = (−1)^{|A||B|}δ^B_M δ^A_N . Then the Yang-Baxter eq. (16) reads:

R_{12}R_{13}R_{23} = R_{23}R_{13}R_{12}, (18)

with standard notation

R_{12} = R ⊗ I (19) R_{23} = I ⊗ R R_{13} = Σ_αR_α ⊗ I ⊗ R_α.

It should be stressed that:

a) The matrices satisfying eq.(13) do not have to fulfil automatically eqs.(14) and (16) . In particular, a matrix B̃ verifying eq.(13) can lead via eq.(14) to non-consistent commutation relations for group parameters. Indeed, it appears that different results can be obtained when commutation relations including ”composed” T^A_B elements i.e. elements:

T^m_{γ̇} = −iT^α_4(σ^m)_α˙_βT^{β̇}_{γ̇} (20) T^m_γ = −iT^{α̇}_4(σ̄^m)_{α̇β}T^β_γ ,

are computed in two ways :

1) directly using eq. (14) or

2) referring to commutation relations ( determined by eq. (14)) for ”simple” elements T^α_4, T^{β̇}_{γ̇} , T^{α̇}_4, T^β_γ entering the expressions for composed ones.

b) Equation (13) defines B matrix up to a matrix b^{AB}_{MN} which satisfies the following condition:

b^{AB}_{MN}ẑ^M ẑ^N = 0. (21)

So, if B̃ matrix verifies eq.(13) then the matrix:

B^{AB}_{MN} = B̃^{AB}_{MN} + b^{AB}_{MN} (22) also does it.

It appears that, in some cases (including those discussed in literature) this ” gauge-like ” symmetry of B̃^{AB}_{MN} matrix and the structure of T^A_B matrix elements (see eq.(20)) can be used to construct new B matrices verifying all three conditions (13), (14), (16). In particular, this can be done for N =^1_2 Euclidean supersymmetry [54] and its three-parameter extensions [44] as it is demonstrated in some detail below.

We start with N =^1_2 Euclidean superspace (studied for instance in [40], [54], [44], [45], [46], [47], [48] ) defined by the following non-vanishing commutators:

{η̂^α, η̂^β} = C^{αβ} (23) [x̂^m, η̂^β] = iC^{αβ} (σ^m)_{αα̇} ^̄η^{α̇} [x̂^m, x̂^n] = 1 2 C^{αβ}(σ^m)_{αα̇}(σ^n)_β˙_β[^̄η^{α̇}, ^̄η^{β̇}] = C^{αβ}(σ^m)_{αα̇}(σ^n)_β˙_β ^̄η^{α̇} ^̄η^{β̇}

It is a particular case of general Euclidean superspace deformation considered in Ref. [53] and corresponding to the following choice of structure constants introduced there:

C^{αβ} ≠ 0 D^{α̇β̇} = 0 E^{αβ̇} = 0 (24) Π^{mα} = 0 Δ^{mα̇} = 0 Θ^{mn} = 0

It is not difficult to find B̃^{AB}_{MN} matrix which reproduces ( via eq. (13) ) the above commutation relations (23). Indeed, taking for example B̃^{AB}_{MN} matrix in the form :

B̃^{AB}_{MN} =(−1)^{|A||B|}δ^A_N δ^B_M + C^{αβ} δ^A_α δ^B_β δ^4_M δ^4_N (25) + C^{αβ}(σ^m)_{αα̇}(σ^n)_β˙_βδ^A_mδ^B_n δ^{α̇}_M δ^{β̇}_N + i 2 C^{αβ} (σ^m)_{αα̇}(δ^A_mδ^B_β δ^{α̇}_M δ^4_N − δ^A_β δ^B_mδ^4_M δ^{α̇}_N ) + i 2 C^{αβ} (σ^m)_{αα̇}(δ^A_mδ^B_β δ^4_M δ^{α̇}_N − δ^A_β δ^B_mδ^{α̇}_M δ^4_N )

leads to the following commutation relations for ẑ^A variables:

ẑ^Aẑ^B − (−1)^{|A||B|}ẑ^Bẑ^A =C^{αβ}(σ^m)_{αα̇}(σ^n)_β˙_βδ^A_mδ^B_n δ^{α̇}_M δ^{β̇}_Nẑ^M ẑ^N (26) + iC^{αβ}(σ^m)_{αα̇}(δ^A_mδ^B_β − δ^A_β δ^B_m)δ^{α̇}_Mẑ^M + C^{αβ}δ^A_α δ^B_β

which are equivalent to eqs. (23). Direct check shows that the commutation relations of T^A_B matrix elements implied by eq.(14), with B̃^{AB}_{MN} matrix given by eq.(25), are not consistent in the sense described above (see remark a) bellow the eq.(18)). Nevertheless, referring to ”gauge” symmetry of B̃^{AB}_{MN} matrix (see remark b) one can write RTT relations (eq.(14)) for the matrix B^{AB}_{MN} = B̃^{AB}_{MN} + b^{AB}_{MN} , where b^{AB}_{MN} verifies condition (21) and reads:

b^{AB}_{MN} =Σ^{mn}_{α̇β̇} δ^A_mδ^B_n δ^{α̇}_M δ^{β̇}_N + i 2 ((Σ_1)^{αm}_{α̇} δ^A_mδ^B_α − (Σ_2)^{αm}_{α̇} δ^A_α δ^B_m)(δ^{α̇}_M δ^4_N − δ^4_M δ^{α̇}_N ) (27) with (Σ_1)^{αm}_{α̇} , (Σ_2)^{αm}_{α̇} and Σ^{mn}_{α̇β̇} = Σ^{mn}_{β̇α̇} being arbitrary constant matrices.

Now, requiring the commutation rules for T^A_B elements (implied by RTT relations with the B^{AB}_{MN} matrix ) to be consistent allow us to find the matrices Σ (Σ^{mn})_{α̇}˙_β = −C^{αβ} (σ^m_{αα̇}σ^n_{ββ̇} + σ^n_{ββ̇} σ^m_{αα̇}) (28) (Σ_1)^{αm}_{α̇} = −(Σ_2)^{αm}_{α̇} = −C^{αβ} σ^m_{βα̇} and consequently B^{AB}_{MN} matrix

B^{AB}_{MN} = (−1)^{|A||B|}δ^A_N δ^B_M + C^{αβ}δ^A_α δ^B_β δ^4_M δ^4_N − C^{αβ} σ^m_{αα̇}σ^n_{ββ̇} δ^A_mδ^B_n δ^{α̇}_N δ^{β̇}_M (29) +iC^{αβ}(σ^m_{αα̇}δ^A_mδ^B_β δ^4_M δ^{α̇}_N − δ^A_β δ^B_mδ^{α̇}_M δ^4_N ) The matrix (29) defines deformed N =^1_2 Euclidean superspace described by eqs. (23), (26) and provides consistent commutation relations for T^A_B elements: (−1)^{|A|(|B|+|E|)+|E||F |}T^B_ET^A_F − (−1)^{|F ||B|}T^A_F T^B_E = (30) = C^{αβ}σ^m_{αα̇}σ^n_{ββ̇} ((−1)^{|E|(|F |+1)}δ^A_mδ^B_n T^{β̇}_ET^{α̇}_F − T^A_mT^B_nδ^{β̇}_E δ^{α̇}_F ) + iC^{αβ}σ^m_{αα̇}(−(−1)^{|E|(|F |+1)}δ^A_mδ^B_β T^4_ET^{α̇}_F + T^A_mT^B_βδ^4_E δ^{α̇}_F ) + iC^{αβ}σ^m_{αα̇}((−1)^{|E||F |}δ^A_β δ^B_mT^{α̇}_ET^4_F − (−1)^{|B|}T^A_βT^B_mδ^{α̇}_E δ^4_F ) + C^{αβ}(−(−1)^{|E||F |}(δ^A_α δ^B_β T^4_E T^4_F + (−1)^{(|B|+1)}T^A_αT^B_βδ^4_E δ^4_F )

In terms of noncommutative counterparts of Euclidean transformations parameters (ξ, ξ̄, a, ω) these relations read:

{ξ̂^α, ξ̂^β} =C^{αβ}_− (31) {^̄ξ^{α̇}, ^̄ξ^{β̇}} =0 {ξ̂^α, ^̄ξ^{β̇}} =0 [â^m, ξ̂^α] =iC^{αρ}_+ (σ^m)_{ρρ̇} ^̄ξ^{ρ̇} [â^m, ^̄ξ^{α̇}] =0 [â^m, â^n] = 1 2 C^{αβ}_− (σ^m)_{αγ̇} (σ^n)_β˙_δ[^̄ξ^{γ̇} , ^̄ξ^{δ̇}]

where we have defined :

C^{αβ}_± = [δ^α_γ δ^β_δ ± (A^T )^α_γ (A^T )^β_δ]C^{γδ} . This result agrees with the one obtained, in another way, in [53].

One can avoid direct ( i.e. by brute force ) checking whether the B matrix found above satisfies Yang - Baxter equation by noting that this matrix can be written in the form

B^{AB}_{MN} = ((I ⊗ I + C^{αβ} Q_α ⊗ Q_β )σ)^{AB}_{MN} (32) where:

(Q_α ⊗ Q_β )^{AB}_{MN} =(−1)^{|N|(|B|+|N|+1)+|B|}(Q_α)^A_M (Q_β)^B_N (33) σ^{AB}_{MN} =(−1)^{|A||B|}δ^A_N δ^B_M , and Q_α are given by eq.(8).

Taking into account that the supertranslation generators Q_α are nilpotent the B^{AB}_{MN} matrix can be rewritten as follows:

B^{AB}_{MN} = (exp { C^{αβ}Q_α ⊗ Q_β } σ)^{AB}_{MN} ≡ (Rσ)^{AB}_{MN} , (34) so that

R ≡ Σ_αR_α ⊗ R_α = exp { C^{αβ}Q_α ⊗ Q_β } . (35)

It is not difficult to check that the matrix (35) obeys Y-B equation:

R_{12}R_{13}R_{23} = exp { C^{αβ} Q_α ⊗ Q_β ⊗ I + Q_α ⊗ I ⊗ Q_β + I ⊗ Q_α ⊗ Q_β } = R_{23}R_{13}R_{12} (36)

Our next example deals with Euclidean superspace deformation given by the following nontrivial commutators:

[x̂^m, η̂^α] = iΠ^{mα} (37) [x̂^m, x̂^n] = (Π^{mα}(σ^n)_{αα̇} − Π^{nα}(σ^m)_{αα̇})^̄η^{α̇}.

This deformation has been studied in Ref. [44], [48] and [53]. It can be viewed as a particular case of general Euclidean superspace deformations considered in [53] and corresponding to the following choice of structure constants:

C^{αβ} = 0 D^{α̇β̇} = 0 E^{αβ̇} = 0 (38) Π^{mα} ≠ 0 Δ^{mα̇} = 0 Θ^{mn} = 0

The matrix B̃^{AB}_{MN} leading to these relations can be taken in the form:

B̃^{AB}_{MN} = (−1)^{|A||B|}δ^A_N δ^B_M + iΠ^{mα}(δ^A_mδ^B_α − δ^A_α δ^B_m)δ^4_M δ^4_N (39) + 1 2 Π^{mα}σ^n_{αα̇}(δ^A_mδ^B_n − δ^A_n δ^B_m)(δ^{α̇}_M δ^4_N + δ^4_M δ^{α̇}_N ).

Indeed, ẑ^A coordinate commutation relations given by eq.(13) with the above B̃^{AB}_{MN} matrix read:

ẑ^Aẑ^B − (−1)^{|A||B|}ẑ^Bẑ^A =Π^{mα}(σ^n)_{αα̇}(δ^A_mδ^B_n − δ^A_n δ^B_m)δ^{α̇}_M ẑ^M (40) + iΠ^{mα}(δ^A_mδ^B_α − δ^A_α δ^B_m)

and are equivalent to the relations (37). However, as in the first example this ad-hoc chosen B̃ matrix reproducing correctly superspace deformation does not provide consistent commutation relations of T^A_B variables. To cure this one adds to the matrix (39) the b^{AB}_{MN} matrix given by equation:

b^{AB}_{MN} = 1 2 Σ^{mn}_{α̇} δ^A_mδ^B_n (δ^{α̇}_M δ^4_N − δ^4_M δ^{α̇}_N ), (41)

where Σ^{mn}_{α̇} are arbitrary constants.

This modifies commmutation relations of T^A_B elements leaving unchanged those of z^A coordinates because b^{AB}_{MN} matrix satisfies eq. (21). Now, requiring B^{AB}_{MN} = B̃^{AB}_{MN} + b^{AB}_{MN} matrix to yield consistent commutation relations (14) allows us to find the constants Σ:

Σ^{mn}_{α̇} = Π^{mα}σ^n_{αα̇} + Π^{nα}σ^m_{αα̇} (42)

and then the explicit form of B:

B^{AB}_{MN} =(−1)^{|A||B|}δ^A_N δ^B_M + iΠ^{mα}(δ^A_mδ^B_α − δ^A_α δ^B_m)δ^4_M δ^4_N (43) + Π^{mα}σ^n_{αα̇}(δ^A_mδ^B_n δ^{α̇}_M δ^4_N − δ^A_n δ^B_mδ^4_M δ^{α̇}_N ).

Consistent commutation relations of T^A_B elements given by eq. (14) read now:

(−1)^{|A|(|B|+|E|)+|E||F |}T^B_ET^A_F − (−1)^{|F ||B|}T^A_F T^B_E = (44) = iΠ^{mα}(T^A_mT^B_αδ^4_E δ^4_F − (−1)^{|E||F |}δ^A_mδ^B_α T^4_E T^4_F ) + iΠ^{mα}((−1)^{|B|+1}T^A_αT^B_mδ^4_E δ^4_F + (−1)^{|E||F |}δ^A_α δ^B_mT^4_E T^4_F ) + iΠ^{mα}σ^n_{αα̇}(T^A_mT^B_nδ^{α̇}_E δ^4_F − (−1)^{|E||F |}δ^A_mδ^B_n T^{α̇}_E T^4_F ) + iΠ^{mα}σ^n_{αα̇}(−T^A_nT^B_mδ^4_E δ^{α̇}_F + (−1)^{|E|(|F |+1)}δ^A_n δ^B_mT^4_E T^{α̇}_F )

or, explicitly in terms of noncommutative counterparts of Euclidean supergroup parameters:

{ξ̂^α, ξ̂^β} =0 {^̄ξ^{α̇}, ^̄ξ^{β̇}} =0 {ξ̂^α, ^̄ξ^{β̇}} =0 [â^m, ξ̂^α] =iΠ^{mα}_− [â^m, ^̄ξ^{α̇}] =0 [â^m, â^n] =(Π^{mα}_+ (σ^n)_{ασ̇} − Π^{nα}_+ (σ^m)_{ασ̇})^̄ξ^{σ̇} (45)

Π^{mα}_± = (δ^m_p δ^α_β ± (e^{−ω̂})^m_p(A^T )^α_β)Π^{pβ} The same relations have been obtained in [53].

As in the previous example B^{AB}_{MN} matrix can be rewritten in terms of generators Q_α and P_m (given by eq. (8)):

(B)^{AB}_{MN} = (I ⊗ I + iΠ^{mα}(P_m ⊗ Q_α − Q_α ⊗ P_m))σ)^{AB}_{MN} = (46) (exp {iΠ^{mα}[P_m ⊗ Q_α − Q_α ⊗ P_m]} σ)^{AB}_{MN} ≡ (Rσ)^{AB}_{MN} where

(Q_α ⊗ P_m)^{AB}_{MN} = (−1)^{|M|(|B|+|N|)+|B|}(Q_α)^A_M (P_m)^B_N . (47) Therefore, the R - matrix reads

R = exp {iΠ^{mα}(P_m ⊗ Q_α − Q_α ⊗ P_m)} (48) This form of B matrix is particularly convenient for checking the validity of Yang-Baxter equation.

The approach illustrated in the above two examples can be applied to the case of Euclidean version of the so called Θ-Minkowski space studied, for example, in Refs, [50], [51]. It is defined by the commutators

[x̂^m, x̂^n] = iΘ_{mn} (49) with antisymmetric Θ^{mn} matrix.

These commutation relations, as well as the algebraic sector of their symmetry transformations, are controlled by the matrix B^{AB}_{MN} = (exp {iΘ^{mn}P_m ⊗ P_n} σ)^{AB}_{MN} ≡ (Rσ)^{AB}_{MN} (50) Actually, all three matrices given by eqs.(34), (46) and (50) can be combined into the following one

B^{AB}_{MN} = (exp{−iΘ^{mn}P_m ⊗ P_n + C^{αβ}Q_α ⊗ Q_β (51) + iΠ^{mα}(P_m ⊗ Q_α − Q_α ⊗ P_m)}σ)^{AB}_{MN} ≡ (Rσ)^{AB}_{MN} This matrix verifies all three conditions (a - c) and describes three parameter extension of N =^1_2 Euclidean supersymmetry considered in [44]. The relevant commutation relations of space-time coordinates read

{η̂^α, η̂^β} =C^{αβ} (52) [x̂^m, η̂^α] =iC^{αβ}(σ^m)_{βρ̇} ^̄η^{ρ̇} + iΠ^{mα} [x̂^m, x̂^n] = 1 2 C^{αβ} (σ^m)_{αγ̇} (σ^n)_β˙_δ[^̄η^{γ̇} , ^̄η^{δ̇}] + (Π^{mα}(σ^n)_{ασ̇} − Π^{nα}(σ^m)_{ασ̇} )^̄η^{σ̇} + iΘ^{mn}

The algebraic sector of global transformations preserving (52) is given by the following commutators of transformation parameters:

{ξ̂^α, ξ̂^β} =C^{αβ}_− (53) {^̄ξ^{α̇}, ^̄ξ^{β̇}} =0 {ξ̂^α, ^̄ξ^{β̇}} =0 [â^m, ξ̂^α] =iC^{αρ}_+ (σ^m)_{ρρ̇} ^̄ξ^{ρ̇} + iΠ^{mα}_− [â^m, ^̄ξ^{α̇}] =0 [â^m, â^n] = 1 2 C^{αβ}_− (σ^m)_{αγ̇} (σ^n)_β˙_δ[^̄ξ^{γ̇}, ^̄ξ^{δ̇}] + (Π^{mα}_+ (σ^n)_{ασ̇} − Π^{nα}_+ (σ^m)_{ασ̇})^̄ξ^{σ̇} + iΘ^{mn}_− where C^{αβ}_± etc. are defined as follows

C^{αβ}_± = [δ^α_γ δ^β_δ ± (A^T )^α_γ (A^T )^β_δ]C^{γδ} (54) Π^{mα}_± = (δ^m_p δ^α_β ± (e^{−ω̂})^m_p(A^T )^α_β )Π^{pβ} Θ^{mn}_− = (δ^m_p δ^n_q − (e^{−ω̂})^m_p(e^{−ω̂})^n_q)Θ^{pq} Finally, let us note that the general Euclidean superspace deformations considered in [53] can also be described by a sort of B matrix constructed out of translations P_m and supertranslations Q_α, Q̄_{α̇}

B^{AB}_{MN} = (I ⊗ I − iΩ^{mn}P_m ⊗ P_n + C^{αβ}Q_α ⊗ Q_β (55) + iΠ^{mα}(P_m ⊗ Q_α − Q_α ⊗ P_m) + D^{α̇β̇}Q̄_{α̇} ⊗ Q̄˙_β + iΔ^{mα̇}(P_m ⊗ Q̄_{α̇} − Q̄_{α̇} ⊗ P_m) − E^{αβ̇}(Q_α ⊗ Q̄˙_β + Q̄˙_β ⊗ Q_α))σ)^{AB}_{MN} with

Ω^{mn} ≡ Θ^{mn} − iC^{αβ} D^{α̇β̇}(σ^m)_{αα̇}(σ^n)_β˙_β (56) − i 2 E^{αβ̇} E^{βα̇}((σ^m)_{αα̇}(σ^n)_β˙_β + (σ^n)_{αα̇}(σ^m)_β˙_β) and C, D, E, Π, Δ being arbitrary constants of properly defined parity.

However, without imposing some additional and rather strong constraints on these constants the above B matrix does not satisfy Yang-Baxter equation.

In order to complete our discussion of global symmmetry transformations of N = 1 quantized Euclidean superspaces we introduce the coalgebraic structure in the set of these transformations. It is defined in the standard way by the following coproduct Δ, counit ϵ and antipode S maps:

Δ(T^A_B) = T^A_C ⊗ T^C_B (57)

ε(T^A_B ) = δ^A_B (58)

S(T^A_B ) = (T^{−1})^A_B (59) The explicit form of the inverse (T^{−1})^A_B Euclidean supermatrix reads:

(T^{−1})^A_B =

(e^ω)^m_n −(e^ω)^m_na^n iξ^α(e^ω)^m_n(σ^n)_{αα̇} iξ̄^{α̇}(e^ω)^m_n(σ^n)_{αα̇}

0 1 0 0

0 −((B^†)^{−1})^{ρ̇}_{α̇}ξ̄^{α̇} [(B^†)^{−1}]^{ρ̇}_{β̇} 0

0 −((A^T )^{−1})^ρ_αξ^α 0 [(A^T )^{−1}]^ρ_β (60)

One can easily check that the coalgebraic structure introduced in such a way coincides with the one considered in [53]. What is more the B matrices describing N =^1_2 supersymetry and its three-parameter extension satisfy the following equation: Δ((−1)^{|M|(|N|+|B|)}T^A_M T^B_N B^{MN}_{EF} ) = Δ((−1)^{|E|(|F |+|N|)}B^{AB}_{MN} T^M_E T^N_F ). (61) This proves that the coproduct is compatible with (anti)commutation relations obeyed by transformation parameters.

4 Star products, twisted Euclidean superalgebras and global symmetries

In this last section we briefly discuss the global symmetries of deformed superspaces considered above and in Ref.[53] from the point of view of star products and twisted superalgebras [44], [46], [64] - [70]. As it is well known noncommutative (super)spaces can be regarded as the usual ones equipped, however, with additional structure (the so called star product). This product is defined to be associative but not commutative which allows to model noncommutative (super)spaces. Twisted (super)algebras appear, in a natural way, when analyzing covariance of the commutation relations defining these (super)spaces. In particular, the general commutation relations yielding the deformations of Euclidean superspace studied in [53], as well as their special cases described above (see eqs. (23), (37) and (52) ), can be realized as commutation relations [x^{A ⋆}, x^B ]_± = x^A ⋆ x^B ± x^B ⋆ x^A corresponding to the star product given by

f ⋆ g ≡ μ ∘ F_E^{−1}(f ⊗ g) = μ_⋆(f ⊗ g). (62) In the above formula, μ denotes standard multiplication of functions on Euclidean superspace μ(f ⊗ g) = fg while F_E is an operator constructed out of differential realization of translations P_m and supertranslations Q_α, Q̄_{α̇}

F_E =exp{ 1 2 (iΩ^{mn}P_m ⊗ P_n − C^{αβ} Q_α ⊗ Q_β (63)

+ iΠ^{mα}(Q_α ⊗ P_m − P_m ⊗ Q_α) − D^{α̇β̇}Q̄_{α̇} ⊗ Q̄˙_β + iΔ^{mα̇}(Q̄_{α̇} ⊗ P_m − P_m ⊗ Q̄_{α̇})

+ E^{αβ̇}(Q_α ⊗ Q̄˙_β + Q̄˙_β ⊗ Q_α)}

Q_α =i ∂ ∂η^α + σ^m_{αα̇}η̄^{α̇}∂_m (64)

Q̄_{α̇} = − i ∂ ∂η̄^{α̇} − σ^m_{αα̇}η^α∂_m P_m = − i∂_m

The deformed Euclidean superspace and its N =^1_2 supersymmetry considered in the first example correspond to the case where C is an arbitrary constant symmetric matrix while the remaining constants D, E, Π and Δ vanish. In the second example it is the constant Π which is the only nonvanishing one. Finally, three-parameter extension of N =^1_2 supersymmetry described by B matrix given by eq.(51) corresponds to nonzero C, Π and Θ. Now, the star counterparts of general commutation relations generated by the F_E operator with arbitrary nontrivial constant matrices C, D, E, Π, Δ and Θ are not consistent with Jacobi identities (unless the elements of these matrices belong to some Grassmann algebra). However, in the special case of N =^1_2 supersymmetry and its three-parameter extension the relevant F_E operator does satisfy the conditions defining supersymmetric extension of Drinfeld twist operator [30], [40], [44], [46]. This implies that:

i) star product given by the F_E operator is associative and commutation relations corresponding to this product are consistent with Jacobi identities,

ii) one can construct the so called universal R matrix [30], [33], according to the general rule

R = (F_E )_{21}F_E^{−1}, (65)

where

(F_E )_{21} = σ(F_E )

and σ is a flip operator.

R matrix, constructed in such a way, when expressed in terms of the generators P_m, Q_α, Q̄_{α̇}, reads

R =exp{−(iΘ^{mn}P_m ⊗ P_n − C^{αβ}Q_α ⊗ Q_β (66) + iΠ^{mα}(Q_α ⊗ P_m − P_m ⊗ Q_α))}

This shows that the B supermatrix (51) is (up to the flip operator ) nothing but the supermatrix realization of universal R matrix given by eq. (66). Obviously, the same conclusion holds in the special cases when only one of the constants Θ, C, Π does not vanish.

iii) star counterparts of commutation relations are covariant with respect to the action of:

a) twisted N =^1_2 Euclidean superalgebras. It means that for any generator X of this superalgebra the following equation holds

Xμ_⋆(f ⊗ g) = μ_⋆(Δ_F (X)(f ⊗ g)). (67)

Δ_F (x) = F(X ⊗ I + I ⊗ X)F^{−1}. (68)

Δ_F (x) is the twisted coproduct.

b) global N =^1_2 Euclidean supersymmetry transformations with noncommutative parameters satisfying commutation relations described within FRT method by eq.(14) (with B matrix given by eq. (51)). These relations (given explicitely by eq.(53)) have also been obtained, in independent way, in [53].

5 Summary

A (super)space quantization breaking, in general, the usual (super)symmetry calls for a modification of symmetry transformations. At infinitesimal level this can be achieved in the framework of twisted (super)algebras. The twist operator modifies coalgebraic sector of transformations leaving the algebraic one unchanged. In the dual, global picture, symmetry transformations act on deformed superspaces in the usual way but they depend on noncommutative parameters. The most interesting cases correspond to the situation when these parameters generate quantum symmetry supergroup ( noncommutative Hopf superalgebra). In particular, this happens for N =^1_2 supersymmetry and its extensions studied in many papers. At infinitesimal level these deformations are preserved by appropriately twisted superalgebras [40], [44],

[46], [47]. The gobal symmetry transformations preserving them have been studied in [53] (see also Ref. [40]) and shown to generate supersymmetric extensions of θ-Euclidean group.

In the present paper we have demonstrated how these extensions can be obtained within the FRT method. Using supervector realization of (deformed) Euclidean superspaces and supermatrix representation T^A_B of Euclidean supergroup we have found explicit form of R-matrices corresponding to N =^1_2 supersymmetry and its three-parameter generalization. These matrices control both coordinate commutation relations defining deformed superspace as well as commutators of parameters defining algebraic sector of their global symmetry transformations. We have shown that such matrices can be constructed directly, starting, basically, with coordinate commutators (in particular, without referring to the twisting procedure). Actually, superspace deformations do not determine the corresponding R-matrices uniquely. However, as we demonstrated, in our cases this sort of gauge freedom can be used (due to a specific structure of some T^A_B matrix elements of Euclidean supergroup representation) to impose the consistent supersymmetric version of FRT equations. Explicit form of supermatrix representation of Euclidean supergroup allowed us to find commutators of transformation parameters as well as to introduce, in a standard manner, the coalgebraic structure (compatible with the algebraic one) in the set of global transformations preserving N =^1_2 supersymmetry and its extensions. In this way, we confirmed independently the results of [53] concerning quantum supergroup structure of global symmetries.

In the last section of the paper the global transformations have been analyzed in the star products and twisted superalgebras perspective. In particular, we argued that R matrices found in the first sections provide supermatrix realization of universal R-matrices constructed out of relevant twist operators which define twisted Euclidean superalgebras preserving N =^1_2 supersymmetry.

6 Acknowledgment

We thank Piotr Kosiński and Paweł Maślanka for fruitful discussion and reading the manuscript.

The paper is supported by the grant of he Ministry of Science N N202 331139 and Lodz University grant 506/1037.

7 Appendix; Supermatrices

Bellow we collect some basic facts concerning supermatrices [72] A matrix S is a supermatrix if its elements S_{ij} belong to some superalgebra and its rows and columns have definite parities. If |S_{ij}| = 0, 1 denotes the parity of S_{ij} element, |i|, |j| = 0, 1 - the parity of i-th row and j-th column j, the parity |S| = 0, 1 of the supermatrix S is defined by

|S| = 0, - ( S is an even supermatrix ) if: |S_{ij} | + |i| + |j| = 0 mod 2, and (69) |S| = 1, - ( S is an odd supermatrix ) if |S_{ij}| + |i| + |j| = 1 mod 2 for all i, j.

Usually even rows and columns are put first. Then a supermatrix S which has m even, n odd rows and p even, q odd columns can be put in the form

S = [ S_{00} S_{01} S_{10} S_{11} ] (70)

where S_{00}, S_{01}, S_{10}, S_{10} denote m×p, n×p, m×q, n×p matrices respectively. According to the definition given above

|S| = 0 if |(S_{00})_{ij} | = |(S_{11})_{ij} | = 0 |(S_{01})_{ij} | = |(S_{01})_{ij} | = 1 and |S| = 1 if |(S_{00})_{ij} | = |(S_{11})_{ij} | = 1 |(S_{01})_{ij} | = |(S_{01})_{ij} | = 0

The sum and product of the supermatrices ( which can be divided into blocks of compatible dimensions ) are defined as in the case of ordinary matrices. However, the definition of multiplication of supermatrices by scalars has to take into account that there are odd elements in superalgebra. Therefore, the left- and right-hand side multiplication of supermatrices by scalar α are defined respectively, as follows α · S = [ αS_{00} αS_{01} (−1)^{|α}|αS_{10} (−1)^{|α|}αS_{11} ] (71)

S · α = [ S_{00}α S_{01}α S_{10}(−1)^{|α}|α S_{11}(−1)^{|α|}α ] (72)

Matrix elements (S_1 ⊗ S_2)^{AB}_{MN} of the tensor product S_1 ⊗ S_2 are defined according to general rule of multiplication in the tensor product of superalgebras i.e.

((S_1 ⊗ S_2))((S^′_1 ⊗ S^′_2)) = (−1)^{|S2||S′1|}S_1S^′_1 ⊗ S_2S^′_2 (73)

where S_1, S^′_1, S_2, S^′_2 denote supermatrices for which the products S_1S^′_1 and S_2S^′_2 are well defined. Hence, for even P (|P | = 0) and odd N (|N| = 1) supermatrices the relevant matrix elements of their tensor products read:

(P_1 ⊗ P_2)^{AB}_{CD} = (−1)^{|C|(|B|+|D|)}(P_1)^A_C (P_2)^B_D (74) (N_1 ⊗ N_2)^{AB}_{CD} = (−1)^{|C|(|B|+|D|+1)+|B|}(N_1)^A_C (N_2)^B_D (N ⊗ P )^{AB}_{CD} = (−1)^{|C|(|B|+|D|)+|B|}N^A_C P^B_D (P ⊗ N)^{AB}_{CD} = (−1)^{|C|(|B|+|D|+1)}P^A_C N^B_D

References

[1] S. Doplicher, K. Fredenhagen, J. E. Roberts, ”The Quantum Structure Of Space-Time At The Planck Scale And Quantum Fields” Commun. Math. Phys. 172, 187 (1995): ”Space-time quantization induced by classical gravity,” Phys. Lett. B 331, 39, (1994).

[2] P. Aschieri, M. Dimitrijevic, F. Meyer, J. Wess, ”Noncommutative geometry and gravity”, Class.Quant.Grav. 23 (2006) 1883-1912

[3] P. Aschieri, Ch. Blohmann, M. Dimitrijevic, F. Meyer, P. Schupp, J.

Wess, ”A gravity theory on noncommutative spaces”, Class. Quant. Grav. 22, 3511, (2005)

[4] E. Witten, ”Noncommutative geometry and string field theory”, Nucl.

Phys. B 268, 253 (1986).

[5] M. R. Douglas, C. M. Hull, ”D-branes and noncommutative torus”, JHEP 9802 (1998) 008, hep-th/9711165

[6] N. E. Mavromatos, R. J. Szabo, ”Matrix D-brane dynamics, logarithmic operators and quantization of noncommutative spacetime”, Phys. Rev. D 59 (1999) 104018 (hep-th/9808124)

[7] C.S. Chu, P. M. Ho, ”Noncommutative open string and D-brane”, Nucl.

Phys. B. 550 (1999), 151, (hep-th 9812219)

[8] C.S. Chu, P. M. Ho, ”Constrained quantization of open string in background B field and noncommutative D-brane”, Nucl. Phys. B. 568 (2000), 447, (hep-th 9906192)

[9] V. Schomerus, ”D-branes and deformation quantization”, JHEP 9906 (1999) 030, hep-th/9908142

[10] N. Seiberg, E. Witten, ”String theory and noncommutative geometry”, JHEP 9909, 032, (1999).

[11] F. Ardalan, H. Arfaei, M. M. Sheikh-Jabbari, ”Dirac quantization of open strings and noncommutativity in branes”, Nucl. Phys. B 576, 578, (2000)

[12] F. Ardalan, H. Arfaei, M. M. Sheikh-Jabbari, ”Noncommutative geometry from strings and branes”, JHEP 9902, 016, (1999) [13] R. J. Szabo, ”Quantum field theory on noncommutative spaces”, Phys.

Rept. 378, 207, (2003) [14] M. R. Douglas, N. A. Nekrasov, ”Noncommutative field theory”, Rev.

Mod. Phys. 73, 977, (2001) [15] L. Castellani, ”Noncommutative geometry and physics: A review of selected recent results”, Class. Quant. Grav. 17, 3377, (2000) [16] T.Filk, Phys.Lett. B376, 53 (1996) [17] M. Abou-Zeid, H. Dorn, ”Comments on the energy-momentum ten- sor in noncommutative field theories”, Phys. Lett. B 514, 183 (2001) [18] L. Alvarez-Gaume, M. Vazquez-Mozo, ”General properties of noncommutative field theories”, Nucl. Lett. B 668, 293, (2003) [19] L. Alvarez-Gaume,J.l. Barbon, R. Zwicky, ”Remarks on time space noncommutative field theories”, JHEP 0105, 057, (2001) [20] A. Micu, M. M. Sheikh Jabbari, ”Noncommutative Φ^4 theory at two loops”, JHEP 0101, 025, (2001) [21] T. Pengpan, X. Xiong, ”A note on the non-commutative Wess-Zumino model”, Phys. Rev. D 63, 085012 (2001) [22] D.Klemm, S.Penati, L. Tamassia ”Non(anti)commutative superspace”, Class. Quant. Grav. 20 (2003), 2905 [23] M.T. Grisaru, S.Penati, A.Romagnoni ”Nonanticommutative superspace and N =^1_2 WZ model”, Class. Quant. Grav. 21 (2004), 1391 [24] E. Ivanov, O. Lechtenfeld, B. Zupnik, JHEP, 0406, 012, (2004) [25] S. Ferrara, E. Sokhatchev, Phys. Lett. B579, 226 (2004) [26] S. Majid, H. Ruegg, ”‘Bicrossproduct structure of κ-Poincaré group and non- commutative geometry”’, Phys. Lett. B334, 348 (1994)

[27] S Zakrzewski,”‘Quantum Poincaré group related to the κ-Poincaré algebra”’, J. Phys. A: Math. Gen. 27 2075 (1994)

[28] P. Kosiński, J. Lukierski, P. Maślanka, J. Sobczyk, ”Quantum deformation of the Poincare supergroup and κ deformed superspace”, J. Phys. A 27, (1994),6827.

[29] P. Kosiński, J. Lukierski, P. Maślanka, J. Sobczyk, J. Phys. A (28), (1995), 2255

[30] V.G. Drinfeld, ”Quasi-Hopf algebras”, Leningrad Math. J. 1, 1419–1457, (1990)

[31] S.L. Woronowicz, Commun.Math. Phys. 111, 613,(1987)

[32] P.P.Kulish ed. Quantum groups, Lecture Notes in mathematics 1510 (Springer Verlag, 1992)

[33] V.Chari, A Pressley ”A guide to quantum groups”, Cambridge University Press, (1994)

[34] A. Klimyk, K. Schmüdgen, ”Quantum groups and their representations”, Springer, 552, (1997)

[35] S. Majid, ”Foundations of quantum group theory”, Cambridge University Press, 664, (2000)

[36] N.Yu. Reshetikhin, L.A. Takhtajan, L.D. Faddeev, ”Quantization of Lie groups and Lie algebras”, Algebra and Analysis 1 (1989) 178–206

[37] M. Chaichian, P. P. Kulish, K. Nishijima, A. Tureanu, ”On a Lorentz- Invariant Interpretation of Noncommutative Space-Time and Its Implications on Noncommutative QFT”, Phys. Lett. B604, 98-102, (2004)

[38] M. Chaichian, P. Presnajder, A. Tureanu, ”New concept of relativistic invariance in NC space-time: Twisted Poincare symmetry and its implication”, Phys. Rev. Lett. 94, 151602, (2005)

[39] F. Koch, E. Tsouchnika, ”Construction of Θ-Poincare algebras and their invariants on M(θ)”, Nucl. Phys. B717, 385, (2005)

[40] P. P. Kulish ”Twists of quantum groups and noncommutative field theory”, arXiv:hep-th/0606056v1

[41] J.Lukierski, M. Woronowicz, Phys. Lett. B663, 116(2006)

[42] A. Borowiec, J. Lukierski, V.N. Tolstoy ”On Twist Quantizations of D = 4 Lorentz and Poincare Algebras”, arXiv:hep-th/0510154v1

[43] V. Nazaryan, C. Carlson, ”Field theory in noncommutative Minkowski superspace”, Phys.Rev. D71, 025019, (2005)

[44] Y. Kobayashi, S. Sasaki, ”Lorentz invariant and supersymmetric interpretation of noncommutative quantum field theory”, Int. J. Mod. Phys. A 20, 7175-7188, (2005)

[45] B. M. Zupnik, ”Twist-deformed supersymmetries in nonanticommutative superspaces”, Phys. Lett. B 627, 208, (2005)

[46] M. Ihl, C. Saemann, ”Drinfeld-twisted supersymmetry and nonanticommutative superspace”, JHEP 0601, 065, (2006)

[47] M. Irisawa, Y. Kobayashi, S. Sasaki, ”Drinfeld twisted superconformal algebra and structure of unbroken symmetries”, Prog. Theor. Phys. 118, 83-96, (2007)

[48] Y. Kobayashi, S. Sasaki, ”Non-local Wess-Zumino model on nilpotent noncommutative superspace”, Phys. Rev. D72, 065015, (2005)

[49] A. Borowiec, J. Lukierski, M. Mozrzymas, V.N. Tolstoy ” N =^1_2 deformations of Chiral Superspaces from New Twisted Poincare and Euclidean Superalgebras”, arXiv:hep-th/1112.1936v1

[50] R. Oeckl ”Untwisting noncommutative R^d and the equivalence of quantum field theories”, Nucl. Phys.B 581, 559, (2000)

[51] P.Kosiński, P. Maślanka, ”Lorentz-Invariant Interpretation of Noncommutative Space-Time - global version”, arXiv:hep-th/0408100v3

[52] S.Giller, C.Gonera, P.Kosiński, P.Maślanka ”Global Symmetries of Noncommutative Space-time”, Phys. Rev. D72 (2005), 067702, S.Giller, C.Gonera, P.Kosiński, P.Maślanka ”Space-time symmetry of noncommutative field theory”, Phys. Lett. B622 (2005), 192

[53] C.Gonera, M.Wodzisławski ”Global Space-time symmetries of Quantized Euclidean and Minkowski Superspaces” arXiv:hep-th/1112.0480v2 (to appear in JHEP) [54] N. Seiberg, ”Noncommutative superspace, N=1/2 supersymmetry, field theory and string theory”, JHEP 0306, 010, (2003) [55] Yu. I. Manin, ”Multiparametric quantum deformation ofthe general linearv supergroup” Commun. Math. Phys. 123, 163, (1989) [56] S.Schwenk, W. Schmidke, S. Vokos, ”Properties of 2 x 2 quantum matrices in Z_2-graded spaces”, Z. Phys. C 46(1990),643 [57] E.Corrigan, D.B. Fairlie, P.Fletcher, R.Sasaki ”Some aspects of quantum groups and spergroups ” J. Math. Phys. 31, 776, (1990) [58] T. Kobayashi, T. Uematsu, ”Differential Calculus on Quantum Superspaces and deformations of Phase Space” Z.Phys.C (56), (1992), 193.

[59] P.P.Kulish, N. Yu Reshetikhin, Lett.Math. Phys. 18 (1989) 143 [60] M. Chaichian, P.P. Kulish, Phys. Lett. B234 (1990) 72 [61] R.Floreanini, V.P. Spiridonov, L. Vinet, Commun. Math. Phys. 137 (1991) 149 [62] R.Floreanini, D. A. Leites L. Vinet, Lett.Math. Phys. 23 (1991) 127 [63] J. Wess, J. Bagger, ”Supersymmetry and Supergravity”, Princeton University Press 272 (1991) [64] J. D. Lykken, ”Introduction to Supersymmetry”, arXiv:hep-th/9612114v1 [65] P. C. West, ”Introduction to Supersymmetry and Supergravity”, World Scientific Publishing Company 289 (1986) [66] A. Sykora, C. Jambor, ”Realization of algebras with the help of starproducts”, arXiv:hep-th/0405268v1 [67] M. Wilde, P. Lecomte, ”Existence of star-products and of formal deformations of the Poisson Lie algebra of arbitrary symplectic manifolds”, Lett. Math. Phys. 7, 487-496, (1983)

[68] M. Kontsevich, ”Deformation quantization of Poisson manifolds”, Lett.

Math. Phys. 66, 157-216, (2003)

[69] P. Kosiński, J. Lukierski, P. Maślanka, ”Local field theory on κ- Minkowski space, star products and noncommutative translations”, Phys.Rev.D (62),(2000),025004.

[70] H.J. Groenewold, ”On the Principles of elementary quantum mechanics”, Physica 12, 405, (1946)

[71] J. E. Moyal, ”Quantum mechanics as a statistical theory”, Proc. Cambridge Phil. Soc. 45, 99 (1949).

[72] D.A.Leites, Uspekhi Math. Nauk, 35, No1, 3, (1980)