arXiv:1203.5077v2 [math.KT] 25 May 2012

DE RHAM COHOMOLOGY AND HOMOTOPY FROBENIUS MANIFOLDS

VLADIMIR DOTSENKO, SERGEY SHADRIN, AND BRUNO VALLETTE

ABSTRACT. We endow the de Rham cohomology of any Poisson or Jacobi manifold with a natural homotopy Frobenius manifold structure. This result relies on a minimal model theorem for multicomplexes and a new kind of a Hodge degeneration condition.

CONTENTS

Introduction 1 1. Homotopy theory of multicomplexes 2 2. Gauge Hodge condition 5 3. De Rham cohomology of Poisson manifolds 6 4. De Rham cohomology of Jacobi manifolds 7 References 10

INTRODUCTION

Jean-Louis Koszul defined in [Kos85], for the first time, the general notion of a commutative algebra equipped with a square-zero differential operator of order 2. This algebraic structure is now called a Batalin–Vilkovisky algebra. It is straightforward to extend this definition to the differential graded framework by requiring an extra compatible differential. One of the main example given by Koszul is the de Rham cochain complex of a Poisson manifold.

A Frobenius manifold [Man99] is an algebraic structure that amounts to the operadic action of the homology of the Deligne–Mumford–Knudsen compactification of the moduli space of genus 0 curves H_•(M_{0,n+1}). Motivated by ideas from string theory [BCOV94], Barannikov and Kontsevich showed in [BK98] that the Dolbeault cohomology of a Calabi–Yau manifold carries a natural Frobenius manifold structure; this demonstrated a crucial role Frobenius manifolds play in the formulation of one of the versions of the Mirror Symmetry conjecture [CZ01].

Using the methods of Barannikov and Kontsevich together with a result of Mathieu [Mat95], Merkulov [Mer98] endowed the de Rham cohomology of a symplectic manifold, satisfying the hard Lefschetz condition, with a natural Frobenius manifold structure.

Getzler proved in [Get95] that the Koszul dual of the operad H_•(M_{0,n+1}) is the cohomology of the moduli space of genus 0 curves H^{•+1}(M_{0,n+1}). A coherent action of the latter spaces defines the notion of homotopy Frobenius manifold, with the required homotopy properties. Notice that a homotopy Frobenius manifold structure on a graded vector space, i.e. a chain complex with trivial differential, is made up of an infinite sequence of strata of multilinear operations, whose first stratum forms a Frobenius manifold.

The purpose of this paper is to prove the following theorem.

Theorem (3.7, 4.10). The de Rham cohomology of a Poisson manifold (respectively a Jacobi manifold) carries a natural homotopy Frobenius manifold structure, which extends the product induced by the wedge product.

2010 Mathematics Subject Classification. Primary 58A12; Secondary 14F40, 53D17, 53D45, 18G55. Key words and phrases. De Rham cohomology, homotopy Frobenius manifold, Poisson/Jacobi manifold, multicomplex, Batalin– Vilkovisky algebra.

S.S. was supported by the Netherlands Organisation for Scientific Research. B.V. was supported by the ANR HOGT grant. 1

This theorem extends Merkulov’s result in three directions. First, it holds for any Poisson manifolds. Then, it provides us with higher geometrical invariants which faithfully encodes the initial algebraic structure since it allows us to reconstruct the homotopy type of the initial Batalin–Vilkovisky algebra. Finally, it also extends from Poisson manifolds to Jacobi manifolds. Note that in the case of Jacobi manifolds, the setup of dg BV-algebras is not sufficient anymore, and one has to use commutative homotopy BValgebras [Kra00] instead.

Furthermore, Cao and Zhou found a natural Frobenius manifold structure on the Dolbeault cohomology of a closed Kähler manifold [CZ00]. They proved that, for a compact Kähler manifold, this Frobenius manifold structure is isomorphic to that on the de Rham cohomology [CZ99b]. They also found a natural Frobenius manifold structure on equivariant cohomology of closed Kähler manifolds [CZ99a]. Finally, in [CZ99c], they defined quantum de Rham cohomology of Poisson manifolds and its Laurent series version (the latter one closely related to the cyclic homology of Poisson manifolds [Pap00]). Then they constructed natural Frobenius manifold structures on the quantum de Rham cohomology of closed Kähler manifolds and Laurent quantum cohomology of compact symplectic manifolds.

The method of the present paper can be applied mutatis mutandis to obtain appropriate generalisations (with shorter proofs) of the abovementioned results of Cao and Zhou as well.

To prove our main result, we develop further the homotopy theory of multicomplexes [Lap01, Mey78]. The notion of a multicomplex is a certain lift of the notion of a spectral sequence. We prove a minimal model theorem for multicomplexes, which amounts to a decomposition into a product of a minimal one and an acyclic trivial one. Furthermore, we introduce a new condition, called gauge Hodge condition, which ensures the uniform vanishing of the induced BV-operator (and its higher homotopies) on the underlying homotopy groups. This gauge Hodge condition, applied to the classical case of a bicomplex spectral sequence, gives a necessary and sufficient condition for that spectral sequence to degenerate at the first page.

The gauge condition is naturally suggested by the Givental action formalism we used to work with commutative homotopy BV-algebras in [DSV11]. The idea of using gauge-type arguments to prove homotopical results is not completely new. In particular, the operator Δ = Jd_{DR}J in complex geometry [DGMS75] and generalised complex geometry [Cav05, Cav06], once written as −Jd_{DR}J^{−1}, can be viewed as gauge equivalent to −d_{DR}. Formulas ensuring the degeneration of appropriate spectral sequences for cyclic homology of Poisson manifolds [Pap00] and quantum de Rham cohomology of Poisson manifolds [Shu04] have a gauge symmetry flavour to them as well. Finally, the notion of gauge equivalence for Frobenius manifolds is studied in detail in Cao and Zhou [CZ03], where it is used to prove that the construction of Barannikov and Kontsevich applied to two quasi-isomorphic dg BV-algebras yields two Frobenius manifold structures that can be identified with one another.

Layout. The paper is organised as follows. The first section deals with the homotopy properties of mixed complexes and multicomplexes. We recall the homotopy transfer theorem for multicomplexes and we prove a minimal model theorem. In Section 2, we introduce the gauge Hodge condition, and prove that its fulfilment is equivalent to the existence of a Hodge-to-de Rham degeneration data. In Section 3, we construct a natural homotopy Frobenius manifold structure on the de Rham cohomology of any Poisson manifold. In Section 4, we do the same for basic de Rham cohomology of Jacobi manifolds, where the proof is very similar to the Poisson case, and for the whole de Rham cohomology of Jacobi manifolds, where the setup is more subtle, and commutative homotopy BV-algebras enter the story.

Conventions. Thoughout the text, we work over a field K of characteristic 0.

Acknowledgements. The second and the third author would like to thank the University of Luxembourg for the excellent working conditions enjoyed during their visits there.

1. HOMOTOPY THEORY OF MULTICOMPLEXES

Definition 1.1 (Mixed complex and multicomplex). A mixed complex (A, d, Δ) is a graded vector space A equipped with two linear operators d and Δ of respective degree −1 and 1, satisfying

d^2 = Δ^2 = dΔ + Δd = 0 .

A multicomplex (A, d = Δ_0, Δ_1, Δ_2, . . .) is a graded vector space A endowed with a family of linear operators of respective degree |Δ_n| = 2n − 1 satisfying n∑ i=0 Δ_iΔ_{n−i} = 0, for n ≥ 0 .

Since d = Δ_0 squares to zero, (A, d) is a chain complex. We call homotopy groups of a multicomplex A, the underlying homology groups H(A, d). A mixed complex is a multicomplex where all the higher operators Δ_n = 0 vanish, for n ≥ 2. The notion of multicomplex is the notion of mixed complex up to homotopy according to the Koszul duality theory, see [LV12, Section 10.3.17].

Definition 1.2 (∞-morphism). An ∞-morphism f : A ⇝ A^′ of multicomplexes is a family of linear maps {f_n : A → A^′}_{n≥0} of respective degree |f_n| = 2n satisfying ∑ k+l=n f_kΔ_l = ∑ k+l=n Δ^′_kf_l , for n ≥ 0 .

The composite of two ∞-morphisms f : A ⇝ A^′ and g : A^′ ⇝ A^{′′} is given by (gf)_n := ∑ k+l=n g_kf_l , for n ≥ 0 .

The associated category is denoted by ∞-multicomp.

Notice that f_0 : (A, d) → (A^′, d^′) is a chain map. When the first map f_0 is a quasi-isomorphism (respectively an isomorphism), the ∞-morphism f is called an ∞-quasi-isomorphism (respectively an ∞- isomorphism), and denoted A^∼⇝ A^′ (respectively A^{∼=}⇝ A^′). The invertible morphisms of the category ∞-multicomp are the ∞-isomorphisms. An ∞-isomorphism whose first component is the identity map is called an ∞-isotopy and denoted A^=⇝ A^′.

A homotopy retract consists of the following data (A, d_A) h %%^p // (H, d_H ) i oo where p is a chain map, where i is a quasi-isomorphism, and where h has degree 1, satisfying ip − id_A = d_Ah + hd_A .

If moreover pi = id_H , then it is called a deformation retract.

Proposition 1.3 (Homotopy Transfer Theorem [Lap01]). Given a homotopy retract data between two chain complexes A and H, and a multicomplex structure {Δ_n}_{n≥1} on A, the following formulae define a multicomplex structure on H (1) Δ^′_n := ∑ i_1 +···+i_k =n pΔ_{i1} hΔ_{i2} h . . . hΔ_{ik} i, for n ≥ 1 ,

an ∞-quasi-isomorphism i_∞ : H^∼⇝ A, which extends the map i i_n := ∑ i_1 +···+i_k =n hΔ_{i1} hΔ_{i2} h . . . hΔ_{ik} i, for n ≥ 1 ,

and an ∞-quasi-isomorphism p_∞ : A^∼⇝ H, which extends the map p p_n := ∑ i_1 +···+i_k =n pΔ_{i1} hΔ_{i2} h . . . hΔ_{ik} h, for n ≥ 1 .

Proof. The proof is a straightforward computation. One can also prove it using the following interpretation. Let D := T (Δ)/(Δ^2) be the algebra of dual numbers generated by one element of degree 1. So a Dmodule is a mixed complex. The Koszul dual coalgebra D^¡ = T^c(δ) is the free coalgebra on a degree 2 element δ := sΔ, where s stands for the homological suspension. The cobar construction of D^¡ is equal to D_∞ := ΩD^¡ = T (s^{−1}( ⨁ n≥1 K δ^n )).

So a D_∞-module is a multicomplex. Using this interpretation, the proposition is a direct consequence of the general Homotopy Transfer Theorem of [LV12, Section 10.3]. □

Definition 1.4 (Hodge-to-de Rham degeneration). Let (A, d, Δ_1, Δ_2, . . .) be a multicomplex. A Hodgeto-de Rham degeneration data consists of a homotopy retract (A, d) h %%^p // (H(A), 0) , i oo satisfying ∑ i_1+···+i_k =n pΔ_{i1} hΔ_{i2} h . . . hΔ_{ik} i = 0, for n ≥ 1.

This data amounts to the vanishing of all the transferred operators Δ^′_n on the underlying homotopy groups of a multicomplex.

To any multicomplex (A, Δ_0, Δ_1, Δ_2, . . .), one associates the following chain complex. Let C_{p,q} := A_{p−q} and ∂_r := Δ_r : C_{p,q} → C_{p−1+r,q−r}. We consider the total complex ^Tot(C)_n := ∏ p+q=n Cp,q , equipped with the differential ∂ := ∑ r≥0 ∂_r. (The degrees of the respective Δ_n ensures that ∂ has degree −1.) The row filtration F_n defined by considering the C_{•,k}, for k ≤ −n, provides us with a decreasing filtration of the total complex and thus with a spectral sequence E^r(A).

Proposition 1.5 (Degeneration at page 1). The spectral sequence E^r(A) associated to a multicomplex (A, d = Δ_0, Δ_1, Δ_2, . . .) degenerates at the first page if and only if there exists a Hodge-to-de Rham degeneration data.

Proof. If the differentials d^r vanish for r ≥ 1, then E^1 = E^2 = . . . = H(A, d). In this case, the formulae [BT82, Chapter III] for the d^r are equal to the formulae defining the transferred Δ^′_r. The other way round, one sees by induction from r = 1 that E^r = H(A, d) and that d^r = Δ^′_r. □

In the case of a mixed complex, C_{•,•} is a bicomplex. So the Hodge-to-de Rham condition is equivalent to degeneration of the usual bicomplex spectral sequence at the first page. This is the case for the classical Hodge-to-de Rham spectral sequence of compact Kähler manifolds.

A multicomplex (A, d = Δ_0, Δ_1, Δ_2, . . .) is called minimal when d = Δ_0 = 0. It is called acyclic when the underlying chain complex (A, d) is acyclic, and it is called trivial when Δ_n = 0, for n ≥ 1.

Theorem 1.6 (Minimal model). In the category ∞-multicomp, any multicomplex A is ∞-isomorphic to the product of a minimal multicomplex H = H(A), given by the transferred structure, with an acyclic trivial multicomplex K.

Proof. This theorem is a direct consequence of [LV12, Theorem 10.4.5] applied to the Koszul algebra D. More precisely, we consider a choice of representatives for the homology classes H(A) ∼= H ⊂ A and a complement K ⊂ A of it. This decomposes the chain complex A = H ⊕ K, where the differential on H = H(A) is trivial and where the chain complex K is acyclic. Let us denote the respective projections by p: A ↠ H and by q : A ↠ K. This induces the following homotopy retract (A, d_A) h %%^p // (H, 0) . i oo Using Formula (1) of Proposition 1.3, we endow H with the transferred multicomplex structure. So (H, 0, {Δ^′_n}_{n≥1}) is a minimal multicomplex and (K, d_K , 0) is an acyclic trivial multicomplex. Their product in the category ∞-multicomp is given by (H ⊕ K, d_K , {Δ^′_n}_{n≥1}). The projection q extends to an ∞-morphism q_∞ by q_n := qhΔ_n, for n ≥ 1. By the categorical property of the product, the maps p_∞ and q_∞ induce the following ∞-isomorphism r : A⇝H ⊕ K, explicitly given by r_0 := p + q and by

r_n := p_n + q_n = ∑ i_1+···+i_k =n pΔ_{i1} hΔ_{i2} h . . . hΔ_{ik} h + qhΔ_n, for n ≥ 1 . (2) □

2. GAUGE HODGE CONDITION

We consider the algebra End(A)[[z]] := Hom(A, A)⊗K [[z]] of formal power series with coefficients in the endomorphism algebra of A. One can view the ∞-endomorphisms of a mulitcomplex A as elements of End(A)[[z]]. Under this interpretation, their composite corresponds to the product of the associated series.

Theorem 2.1. A multicomplex (A, d, Δ_1, Δ_2, . . .) admits a Hodge-to-de Rham degeneration data if and only if there exists an element R(z) := ∑ n≥1 R_nz^n in End(A)[[z]] satisfying

e^{R(z)} d e^{−R(z)} = d + Δ_1z + Δ_2z^2 + · · · . (3) Proof. The proof is built from the following three equivalences. Step 1. We first prove that there exists a series R(z) := ∑ n≥1 R_nz^n ∈ End(A)[[z]] satisfying Condition (3) if and only if there exists an ∞-isotopy (A, d, 0, . . .)^=⇝ (A, d, Δ_1, Δ_2, . . .) between A with trivial structure and A with its multicomplex structure.

Condition (3) is equivalent to e^{R(z)} d = (d + Δ_1z + Δ_2z^2 + · · · )e^{R(z)}, which means that e^{R(z)} is the required ∞-isotopy.

Step 2. Given a deformation retract for A onto its underlying homotopy groups H(A), there exists an ∞-isotopy (A, d, 0, . . .)^=⇝ (A, d, Δ_1, Δ_2, . . .) if and only if there exists an ∞-isotopy

(H(A), 0, 0, . . .)^=⇝ (H(A), 0, Δ^′_1, Δ^′_2, . . .) .

The homotopy transfer theorem of Proposition 1.3 provides us with the following diagram in ∞- multicomp.

(A, d, 0, . . .)^=_φ ///o/o/o/o/o/o/o (A, d, Δ_1, Δ_2, . . .) ∼ p_∞ fflffl fflO fflO fflO fflO

(H(A), 0, 0, . . .)^=_ψ ///o/o/o/o i ∼ OO Offl Offl Offl Offl (H(A), 0, Δ^′_1, Δ^′_2, . . .)

So given an ∞-isotopy φ, the composite ψ := p_∞ φ i is an ∞-isotopy. In the other way round, we suppose given an ∞-isotopy ψ. The map p + q : A → H(A) ⊕ K is a map of chain complexes, hence it is an ∞-isomorphism between these two trivial multicomplexes. Then, the map ψ + id_K defined by id_H + id_K , for n = 0, and by ψ_n, for n ≥ 1 defines an ∞-isomorphism between H(A)⊕K with trivial multicomplex structure to H(A)⊕K with the transferred structure. Finally, we consider the inverse ∞-isomorphism r^{−1} : H(A) ⊕ K^{∼=}⇝ A of the ∞-isomorphism r given at (2) in the proof of Theorem 1.6. The composite r^{−1} (ψ +id_K ) (p+q) of these three maps provides us with the required ∞-isotopy.

Step 3. Let us now prove that an ∞-isotopy

(H(A), 0, 0, . . .)^=⇝ (H(A), 0, Δ^′_1, Δ^′_2, . . .)

exists if and only if the (transferred) operators Δ^′_n = 0 vanish for n ≥ 1.

Let us denote by f : (H(A), 0, 0, . . .)^=⇝ (H(A), 0, Δ^′_1, Δ^′_2, . . .) the given ∞-isotopy. The defining condition ∑ k+l=n Δ^′_kf_l = ∑ k+l=n f_kΔ_l = 0 , for n ≥ 1

implies Δ^′_n = 0, for n ≥ 1, by a direct induction. In the other way, the identity id_{H(A)} provides us the required ∞-isotopy. □ We call the gauge Hodge condition the existence of a series R(z) ∈ End(A)[[z]] satisfying the conjugation condition (3).

Remarks 2.2.

⋄ Notice that this proof actually shows that, under the gauge Hodge condition, every deformation retract is a Hodge-to-de Rham degeneration data. In this case, the transferred multicomplex structure vanishes uniformly, i.e. independently of the choices of representatives of the homotopy groups. This theorem solves a question that we raised at the end of [DSV11].

⋄ When (A, d, Δ) is a mixed complex equipped with a Hodge-to-de Rham degeneration data, the seriez R(z) defined by the formula

R(z) := − log(1 − hΔz + ∑ n≥1 ip(Δh)^nz^n) , satisfies Relation (3) of Theorem 2.1. Explicitly, R(z) = ∑ n≥1 r_nz^n, where

r_n =

(hΔ)^n n − n n∑ l=1 (hΔ)^{l−1}ip(Δh)^{n−l+1} l . ⋄ A BV-algebra equipped with a series R(z) := ∑ n≥1 R_nz^n satisfying Relation (3) is called a BV/Δ-algebra in [KMS12], where this notion is studied in detail.

3. DE RHAM COHOMOLOGY OF POISSON MANIFOLDS

Definition 3.1 (Frobenius manifold, [Man99]). A (formal) Frobenius manifold is an algebra over the operad H_•(M_{0,n+1}) made up of the homology of the Deligne-Mumford-Knudsen moduli spaces of stable genus 0 curves.

This algebraic structure amounts to giving a collection of symmetric multilinear maps μ_n : A^{⊗n} → A, for n ≥ 2, of degree |μ_n| := 2(n − 2) satisfying some quadratic relations, see [Man99] for instance. It is also called an hypercommutative algebra in the literature. (Notice that we do not require here any non-degenerate pairing nor any unit).

The operad H_•(M_{0,n+1}) is Koszul, with Koszul dual cooperad H^{•+1}(M_{0,n+1}), the cohomology groups of the moduli spaces of genus 0 curves. Algebras over the linear dual operad H_•(M_{0,n+1}) are called gravity algebras in the literature. The operadic cobar construction ΩH^•(M_{0,n+1})^∼→ H_•(M_{0,n+1}) provides a resolution of the former operad, see [Get95].

Definition 3.2 (Homotopy Frobenius manifold). A homotopy Frobenius manifold is an algebra over the operad ΩH^•(M_{0,n+1}).

The operations defining such a structure are parametrised by H^•(M_{0,n+1}). Hence, a homotopy Frobenius manifold structure on a chain complex with trivial differential is made up of an infinite sequence of strata of multilinear operations, whose first stratum forms a Frobenius manifold.

Definition 3.3 (dg BV-algebra). A dg BV-algebra (A, d, ∧, Δ) is a differential graded commutative algebra equipped with a square-zero degree 1 operator Δ of order less than 2.

The data of a dg BV-algebra amounts to a mixed complex data (A, d, Δ) together with a compatible commutative product. We refer the reader to [LV12, Section 13.7] for more details on this notion.

To any homotopy Frobenius manifold H, we can associate a rectified dg BV-algebra Rec(H), see [DV11, Section 6.3].

Theorem 3.4 ([DV11]). Let (A, d, ∧, Δ) be a dg BV-algebra equipped with a Hodge-to-de Rham degeneration data. The underlying homotopy groups H(A, d) carry a homotopy Frobenius manifold structure, whose rectified dg BV-algebra is homotopy equivalent to A.

This result shows that the transferred homotopy Frobenius manifold faithfully encodes the homotopy type of the dg BV-algebra A. It provides a refinement of a result of Barannikov and Kontsevich [BK98], where only the underlying Frobenius manifold structure is considered. This first stratum of operations can be described in terms of sums of labelled graphs, see [LS07].

Proposition 3.5 ([Kos85]). Let (M, ω) be a Poisson manifold. Its de Rham complex (Ω^•(M), d_{DR}, ∧, Δ) is a dg BV-algebra, with the operator Δ defined by Δ := i(ω)d_{DR} − d_{DR}i(ω) = [i(ω), d_{DR}], where i(−): Ω^•(M) → Ω^{•−2}(M) denotes the contraction operator.

In particular, Ω^•(M) becomes a mixed complex, the canonical double complex of Brylinski [Bry88]. Koszul’s proof of this result relies on the following relation between the contraction operators, the Schouten–Nijenhuis bracket, and the de Rham differential, which we shall use throughout the paper. Proposition 3.6 ([Kos85, Mar97]). For every smooth manifold M, and every polyvector fields ω_1, ω_2, i([ω_1, ω_2]) = −[[i(ω_2), d], i(ω_1)].

Theorem 3.7. The de Rham cohomology of a Poisson manifold (M, ω) carries a natural homotopy Frobenius manifold structure, whose rectified dg BV-algebra is homotopy equivalent to (Ω^•(M), d_{DR}, ∧, Δ). Proof. The operators of Proposition 3.5 satisfy [i(ω), [i(ω), d_{DR}]] = −[[i(ω), d_{DR}], i(ω)] = i([ω, ω]) = 0 , where i(−) denotes the contraction of differential forms by vector fields. This, together with the fact that e^{R(z)} d e^{−R(z)} = e^{adR(z)} (d), for any R(z) ∈ End(A)[[z]] immediately implies that e^{i(ω)z} d_{DR} e^{−i(ω)z} = d_{DR} + Δz. So by Theorem 2.1, Ω^•(M) admits a Hodge-to-de Rham degeneration data, and Theorem 3.4 applies. □ This result refines the Lie formality theorem of [ST08], since the transferred L_∞-algebra structure is trivial. Note that gauge theoretic methods were already used (independently) in [FM11] to obtain a conceptual proof of the former theorem.

Corollary 3.8 ([FIdL96]). For every Poisson manifold M, the spectral sequence for the double complex (Ω^•(M), d_{DR}, Δ) degenerates on the first page.

Proof. By Proposition 1.5. □ Using the same argument as in Theorem 3.7 with Δ replaced by hΔ, one can prove the following result, which generalises and simplifies the proofs of the respective results of [CZ99c, Shu04]. We refer to [CZ99c] for respective definitions. The only warning we wish to make here is that in this case one must work over the commutative ring K [h] instead of working over a field. However, the differential Δ_0 = d_{DR} on the quantum de Rham complex Ω^•(M)[h] does not depend on h, which guarantees the projectivity of all modules that have to be assumed projective in order for the homotopy transfer machinery to work. Theorem 3.9. The quantum de Rham cohomology Q_hH^∗_{DR}(M) of a Poisson manifold (M, ω) is a deformation quantisation of its de Rham cohomology: Q_hH^∗_{DR}(M) ∼= H^∗_{DR}(M)[h]. It carries a natural homotopy Frobenius manifold structure, whose rectified dg BV-algebra is homotopy equivalent to (Ω^•(M)[h], d_{DR}, ∧, hΔ).

4. DE RHAM COHOMOLOGY OF JACOBI MANIFOLDS It turns out that the above argument can be generalised even further, namely to Jacobi manifolds.

Definition 4.1 (Jacobi manifold [Lic78]). A Jacobi manifold is a smooth manifold M equipped with a pair (ω, E) ∈ Γ(Λ^2(T M)) × Γ(T M), for which [ω, ω] = 2E ∧ ω, [E, ω] = 0. We consider again the space of differential forms equipped with the order 2 operator Δ := [i(ω), d_{DR}].

It is easy to check that it anticommutes with the de Rham differential: d_{DR}Δ + Δd_{DR} = 0. Unlike the previous case of Poisson manifolds, the operator Δ does not square to 0 on every form of a Jacobi manifold.

An obvious way to generalise Theorem 3.7 is hinted at by a result on a spectral sequence degeneration from [CMdL98], and is concerned with basic differential forms.

Definition 4.2 (Basic differential form [CMdL98]). A differential form α ∈ Ω^k(M) is said to be basic if i(E)(α) = i(E)(d_{DR}α) = 0 . We denote the space of basic differential forms by Ω^•_B (M). Clearly, (Ω^•_B (M), d_{DR}, ∧) is a dg sub-algebra of (Ω^•(M), d_{DR}, ∧).

The following is proved in [CMdL98]; we reproduce the proof here since the computations will be used in our further result, and some of the formulas in the proof are different due to a mismatch of sign conventions [Mar97].

Lemma 4.3 ([CMdL98]). The operator Δ preserves the space of basic differential forms and its restriction to it squares to zero Δ^2|_Ω•_{B (M)} = 0 .

Proof. First, let us note that the de Rham differential anti-commutes with Δ: (4) d_{DR}Δ + Δd_{DR} = d_{DR}(i(ω)d_{DR} − d_{DR}i(ω)) + (i(ω)d_{DR} − d_{DR}i(ω))d_{DR} = 0 . A similar computation shows that the de Rham differential anti-commutes with i(E): i(E)Δ + Δi(E) = i(E)(i(ω)d_{DR} − d_{DR}i(ω)) + (i(ω)d_{DR} − d_{DR}i(ω))i(E) = = i(ω)i(E)d_{DR} + (d_{DR}i(E) − L_E )i(ω) + i(ω)(−i(E)d_{DR} + L_E) − d_{DR}i(E)i(ω) = = −L_Ei(ω) + i(ω)L_E = −i([E, ω]) = 0. This implies that whenever α is a basic form, the form Δα is also basic, since i(E)Δα = −Δi(E)α = 0 and i(E)d_{DR}Δα = −i(E)Δd_{DR}α = Δi(E)d_{DR}α = 0, so basic forms are stable under the operator Δ. To prove that Δ^2 = 0 on basic forms, we note that (5) [i(ω), Δ] = −[Δ, i(ω)] = −[[i(ω), d_{DR}], i(ω)] = i([ω, ω]) = 2i(E ∧ ω) = 2i(E)i(ω). Furthermore, we have (6) Δ^2 = d_{DR}i(ω)d_{DR}i(ω) + i(ω)d_{DR}i(ω)d_{DR} − d_{DR}i(ω)^2d_{DR}. To simplify that latter expression, we compute [i(ω), Δ] = i(ω)(i(ω)d_{DR} − d_{DR}i(ω)) − (i(ω)d_{DR} − d_{DR}i(ω))i(ω) = = −2i(ω)d_{DR}i(ω) + i(ω)^2d_{DR} + d_{DR}i(ω)^2, hence (7) 2i(ω)d_{DR}i(ω) = i(ω)^2d_{DR} + d_{DR}i(ω)^2 − 2i(E)i(ω), which allows us to simplify Formula (6) into (8) Δ^2 + i(E)i(ω)d_{DR} + d_{DR}i(E)i(ω) = 0.

Thus, on basic forms Δ^2 = 0, which completes the proof. □ We conclude that for every Jacobi manifold (M, ω, E), (Ω^•_B (M), d_{DR}, Δ) becomes a mixed complex.

This mixed complex is called the canonical double complex of the Jacobi manifold M in [CMdL98]. Proposition 4.4. The space of basic differential forms (Ω^•_B (M), d_{DR}, ∧, Δ) forms a dg BV-algebra. Proof. This is a direct consequence of the aforementioned arguments, including Lemma 4.3. □ Theorem 4.5. The basic de Rham cohomology of a Jacobi manifold (M, ω, E) carries a natural homotopy Frobenius manifold structure, whose rectified dg BV-algebra is homotopy equivalent to the basic de Rham algebra (Ω^•_B (M), d_{DR}, ∧, Δ).

Proof. In view of the previous proposition, the proof is almost identical to that of Theorem 3.7. Indeed, by Formula (5), we have [i(ω), [i(ω), d_{DR}]] = 2i(E)i(ω), so [i(ω), [i(ω), d_{DR}]] = 0 on basic forms. This allows us to duplicate the proof of Theorem 3.7. □

Corollary 4.6 ([CMdL98]). For every Jacobi manifold M, the spectral sequence for the double complex (Ω^•_B (M), d_{DR}, Δ) degenerates on the first page.

Remarks 4.7.

⋄ For the so-called regular Jacobi manifolds [CMdL98], Theorem 4.5 is literally contained in Theorem 3.7. Basically, a Jacobi manifold is regular if the space of leaves ~M = M/E can be defined as a smooth manifold; in this case, it automatically inherits a Poisson structure from the Jacobi structure on M, and Ω^•_B (M) ≃ Ω^•( ~M).

⋄ In fact, the homotopy Frobenius structure on the de Rham cohomology of a Poisson manifold, as in Theorem 3.7, and on the basic de Rham cohomology of a Jacobi manifold, as in Theorem 4.5, could also be described in a different way, along the lines of [KMS12].

Indeed, in both cases we have a structure of a BV /Δ-algebra on the de Rham algebra of differential forms (basic differential forms in the case of Jacobi manifolds). In [KMS12], an explicit formula for a quasi-isomorphism between the operads H_•(M_{0,n+1}) and BV /Δ is given. Therefore, the de Rham algebra has a Frobenius manifold structure, and this structure induces a homotopy Frobenius manifold structure on the de Rham cohomology. For details we refer to [KMS12]. It is an interesting question whether it is possible to match the two approaches on the level of formulas. Since one of the ways to obtain the aforementioned quasi-isomorphism uses the Givental theory, one natural idea would be to describe the BV_∞-structure in terms of cohomological field theory and infinitesimal Givental operators. The first step in that direction is made in [DSV11], where this kind of description is given for commutative BV_∞-algebras.

In fact, the full de Rham cohomology of a Jacobi manifold carries a homotopy Frobenius manifold structure as well. However, the argument used should be adapted appropriately, since according to Equation (8), the operator Δ^2 is not equal, but only homotopic to zero. The appropriate notion we shall use here is that of a commutative homotopy BV-algebra.

Definition 4.8 (Commutative BV_∞-algebra [Kra00]). A commutative BV_∞-algebra

(A, ∧, d = Δ_0, Δ_1, Δ_2, . . .)

is a dg commutative algebra A equipped with operators Δ_n of degree 2n − 1 and order at most n + 1, satisfying_n ∑ i=0 Δ_iΔ_{n−i} = 0, for n ≥ 0 .

In particular, the operators Δ_n of a commutative BV_∞-algebra A make it a multicomplex. The following statement is a direct application of a more general homotopy transfer theorem [DV11, Th. 6.2].

Proposition 4.9 ([DSV11, Prop. 10]). Let (A, ∧, d = Δ_0, Δ_1, Δ_2, . . .) be a commutative BV_∞-algebra admitting a Hodge-to-de Rham degeneration data. The underlying homotopy groups H(A, d) carry a homotopy Frobenius manifold structure extending the induced commutative product.

We shall use this result to deduce the following theorem.

Theorem 4.10. The de Rham cohomology of a Jacobi manifold carries a natural homotopy Frobenius manifold structure extending the product induced by the wedge product.

Proof. Let us denote Δ_0 = d_{DR}, Δ_1 = Δ, and Δ_2 = i(E)i(ω). Clearly, Δ^2_0 = 0, and by Formula (4), we have Δ_0Δ_1 + Δ_1Δ_0 = 0. Furthermore, by Formula (8), we have Δ^2_1 + Δ_2Δ_0 + Δ_0Δ_2 = 0. Also,

Δ_1Δ_2 + Δ_2Δ_1 = Δi(E)i(ω) + i(E)i(ω)Δ =

= −i(E)Δi(ω) + i(E)i(ω)Δ = i(E)[i(ω), Δ] = 2i(E)^2i(ω) = 0 and Δ^2 = i(ω)i(E)i(ω)i(E) = i(ω)^2i(E)^2 = 0.

Therefore, the operators Δ_0, Δ_1, Δ_2 and Δ_n = 0 for n > 2 endow Ω^•(M) with a structure of a multicomplex. It is clear that Δ_0 = d_{DR} is a differential operator of order at most 1, and that Δ_1 and Δ_2 are differential operators of order at most 2 and at most 3 respectively. So the de Rham complex of a Jacobi manifold is a commutative homotopy BV-algebra. By Formula (5),

[i(ω), [i(ω), d_{DR}]] = [i(ω), Δ_1] = 2Δ_2

and [i(ω), [i(ω), [i(ω), d_{DR}]]] = [i(ω), 2i(E)i(ω)] = 0. Therefore,

e^{i(ω)z} d_{DR} e^{−i(ω)z} = e^{adi(ω)z} (d_{DR}) = Δ_0 + Δ_1z + Δ_2z^2 .

By Theorem 2.1, we conclude that Ω^•(M) admits a Hodge-to-de Rham degeneration data, so Proposition 4.9 applies, which completes the proof. □

REFERENCES

[BCOV94] Michael Bershadsky, Sergio Cecotti, Hirosi Ooguri, and Cumrun Vafa, Kodaira-Spencer theory of gravity and exact results for quantum string amplitudes, Comm. Math. Phys. 165 (1994), no. 2, 311–427.

[BK98] Sergey Barannikov and Maxim Kontsevich, Frobenius manifolds and formality of Lie algebras of polyvector fields, Internat. Math. Res. Notices (1998), no. 4, 201–215.

[Bry88] Jean-Luc Brylinski, A differential complex for Poisson manifolds, J. Differential Geom. 28 (1988), no. 1, 93–114. [BT82] Raoul Bott and Loring W. Tu, Differential forms in algebraic topology, Graduate Texts in Mathematics, vol. 82, Springer- Verlag, New York, 1982.

[Cav05] Gil R. Cavalcanti, New aspects of the dd^c-lemma, Ph.D. thesis, University of Oxford, arXiv:math/0501406, 2005. [Cav06] Gil R. Cavalcanti, The decomposition of forms and cohomology of generalized complex manifolds, J. Geom. Phys. 57 (2006), no. 1, 121–132.

[CMdL98] Domingo Chinea, Juan C. Marrero, and Manuel de León, A canonical differential complex for Jacobi manifolds, Michigan Math. J. 45 (1998), no. 3, 547–579.

[CZ99a] Huai-Dong Cao and Jian Zhou, Formal Frobenius manifold structure on equivariant cohomology, Commun. Contemp. Math. 1 (1999), no. 4, 535–552.

[CZ99b] , Identification of two Frobenius manifolds, Math. Res. Lett. 6 (1999), no. 1, 17–29. [CZ99c] , On quantum de Rham cohomology theory, Electron. Res. Announc. Amer. Math. Soc. 5 (1999), 24–34 (electronic).

[CZ00] , Frobenius manifold structure on Dolbeault cohomology and mirror symmetry, Comm. Anal. Geom. 8 (2000), no. 4, 795–808.

[CZ01] , DGBV algebras and mirror symmetry, First International Congress of Chinese Mathematicians (Beijing, 1998), AMS/IP Stud. Adv. Math., vol. 20, Amer. Math. Soc., Providence, RI, 2001, pp. 279–289.

[CZ03] , On quasi-isomorphic DGBV algebras, Math. Ann. 326 (2003), no. 3, 459–478. [DGMS75] Pierre Deligne, Phillip Griffiths, John Morgan, and Dennis Sullivan, Real homotopy theory of Kähler manifolds, Invent. Math. 29 (1975), no. 3, 245–274.

[DSV11] Vladimir Dotsenko, Sergey Shadrin, and Bruno Vallette, Givental group action on Topological Field Theories and homotopy Batalin–Vilkovisky algebras, ArXiv e-prints (2011), arXiv:1112.1432.

[DV11] Gabriel C. Drummond-Cole and Bruno Vallette, The minimal model for the Batalin-Vilkovisky operad, ArXiv e-prints (2011), arXiv:1105.2008.

[FIdL96] Marisa Fernández, Raul Ibáñez, and Manuel de León, Poisson cohomology and canonical homology of Poisson manifolds, Arch. Math. (Brno) 32 (1996), no. 1, 29–56.

[FM11] Domenico Fiorenza and Marco Manetti, Formality of Koszul brackets and deformations of holomorphic Poisson manifolds, ArXiv e-prints (2011), arXiv:1109.4309.

[Get95] Ezra Getzler, Operads and moduli spaces of genus 0 Riemann surfaces, “The moduli space of curves” (Texel Island, 1994), Progr. Math., vol. 129, Birkhäuser Boston, Boston, MA, 1995, pp. 199–230.

[KMS12] Anton Khoroshkin, Nikita Markarian, and Sergey Shadrin, Hypercommutative operad as a homotopy quotient of BV. [Kos85] Jean-Louis Koszul, Crochet de Schouten-Nijenhuis et cohomologie, Astérisque (1985), no. Numero Hors Serie, 257–271, The mathematical heritage of Élie Cartan (Lyon, 1984).

[Kra00] Olga Kravchenko, Deformations of Batalin-Vilkovisky algebras, Poisson geometry (Warsaw, 1998), Banach Center Publ., vol. 51, Polish Acad. Sci., Warsaw, 2000, pp. 131–139.

[Lap01] Sergei V. Lapin, Differential perturbations and D_∞-differential modules, Mat. Sb. 192 (2001), no. 11, 55–76. [Lic78] André Lichnerowicz, Les variétés de Jacobi et leurs algèbres de Lie associées, J. Math. Pures Appl. (9) 57 (1978), no. 4, 453–488.

[LS07] Andrey Losev and Sergey Shadrin, From Zwiebach invariants to Getzler relation, Comm. Math. Phys. 271 (2007), no. 3, 649–679.

[LV12] Jean-Louis Loday and Bruno Vallette, Algebraic operads, Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences], vol. 346, Springer-Verlag, Berlin, 2012.

[Man99] Yuri I. Manin, Frobenius manifolds, quantum cohomology, and moduli spaces, American Mathematical Society Colloquium Publications, vol. 47, American Mathematical Society, Providence, RI, 1999.

[Mar97] Charles-Michel Marle, The Schouten-Nijenhuis bracket and interior products, J. Geom. Phys. 23 (1997), no. 3-4, 350– 359.

[Mat95] Olivier Mathieu, Harmonic cohomology classes of symplectic manifolds, Comment. Math. Helv. 70 (1995), no. 1, 1–9.

[Mer98] Sergei A. Merkulov, Formality of canonical symplectic complexes and Frobenius manifolds, Internat. Math. Res. Notices (1998), no. 14, 727–733.

[Mey78] Jean-Pierre Meyer, Acyclic models for multicomplexes, Duke Math. J. 45 (1978), no. 1, 67–85. [Pap00] Georges Papadopoulo, Homologies associées aux variétés de Poisson, Math. Ann. 318 (2000), no. 2, 397–416. [Shu04] Vadim V. Shurygin, Jr., The cohomology of the Brylinski double complex of Poisson manifolds, and the quantum de Rham cohomology, Izv. Vyssh. Uchebn. Zaved. Mat. (2004), no. 10, 75–81.

[ST08] Georgii Sharygin and Dmitri Talalaev, On the Lie-formality of Poisson manifolds, J. K-Theory 2 (2008), no. 2, Special issue in memory of Yurii Petrovich Solovyev. Part 1, 361–384.

MATHEMATICS RESEARCH UNIT, UNIVERSITY OF LUXEMBOURG, CAMPUS KIRCHBERG, 6, RUE RICHARD COUDENHOVE- KALERGI, L-1359 LUXEMBOURG, GRAND DUCHY OF LUXEMBOURG

E-mail address: vladimir.dotsenko@uni.lu

KORTEWEG-DE VRIES INSTITUTE FOR MATHEMATICS, UNIVERSITY OF AMSTERDAM, P. O. BOX 94248, 1090 GE AMS-

TERDAM, THE NETHERLANDS

E-mail address: s.shadrin@uva.nl

LABORATOIRE J.A.DIEUDONNÉ, UNIVERSITÉ DE NICE SOPHIA-ANTIPOLIS, PARC VALROSE, 06108 NICE CEDEX 02, FRANCE

E-mail address: brunov@unice.fr