arXiv:1203.5597v3 [hep-th] 16 Aug 2012

LTH-923

On the Structure of Quartic Vertices for Massless Higher Spin Fields on Minkowski Background

Paul Dempster^{a∗} and Mirian Tsulaia^{b†}

a Department of Mathematical Sciences, University of Liverpool, Liverpool, L69 7ZL, United Kingdom

b Centre of Particle Physics, Institute for Theoretical Physics, Ilia State University, 0162, Tbilisi, Georgia

Abstract

We consider in detail the structure of quartic vertices for massless higher spin fields on Minkowski background, and study the consistency conditions imposed on cubic and quartic interactions by symmetries of the S–matrix. We discuss the possibility of generalizing the construction of quartic vertices to D-dimensional anti-de Sitter space.

∗e-mail: paul.dempster@liv.ac.uk
†e-mail: mirian.tsulaia@gmail.com

Contents

1 Introduction 1

2 Basic equations: quartic Lagrangians 2

3 Quartic vertices 6 3.1 Quartic vertex: Δ_1 dependence . . . . . . . . . . . . . . . . . . . . . 7 3.2 Quartic vertex: Δ_1 and Δ_2 dependence . . . . . . . . . . . . . . . . . 9 3.3 Quartic vertex: Δ_1 and Δ_3 dependence . . . . . . . . . . . . . . . . . 10

4 Conditions on the S-matrix 12

5 AdS Deformation 16

6 Conclusions 19

A Explicit calculations for Δ_1 and Δ_2 dependence 20

1 Introduction

One of the most important problems in higher spin gauge theory (see [1]–[11] for reviews of different aspects of the subject) on Minkowski background is a problem of consistency of cubic and higher order interactions. It is known that the interaction between massless higher spin fields on a flat background, unlike the one on AdS_D space which naturally bypasses the Coleman–Mandula no–go theorem, is considered to be more problematic. However, the problem of constructing cubic interaction vertices for massless higher spin fields on flat space–time background has been extensively studied in [12]–[23] and nontrivial solutions for cubic vertices have been found. An important question, however, is if one can build a consistent perturbation theory for massless higher spin fields on Minkowski space-time in order to obtain a nontrivial S–matrix, since the most formidable problems in higher spin gauge theory on flat background start from four point interactions.

The problem of consistency of four point functions for massless higher spin fields on Minkowski background was addressed in [17] (see also [16], [24], [25] for the construction and extensive discussion of quartic interactions as well as [26] for a general strategy). The direct evaluation of four point functions in terms of Feynman diagrams using the results of [27] as well as analysis based on BCFW recursion relations suggested that consistency of the interacting theory of massless higher spin fields on a flat background might require an addition of extra nonlocal or composite objects, such as stringy Pomerons [28].

The aim of the present paper is to perform a detailed study of the structure of quartic vertices using the comprehensive results for cubic vertices obtained in [12]– [16] and the further analysis of consistency conditions for corresponding four point functions, in the spirit of [17]. In Section 2 we collect the main equations which are needed for the construction of cubic and quartic interaction vertices for massless higher spin fields on flat background. Further we we describe an explicit form of cubic vertices considered earlier in [16] and of their off-shell BRST invariant extension given in [17]. The vertices given in [17] are products of three exponentials, each of them being separately BRST invariant, because their arguments Δ_i, i = 1, 2, 3 are BRST invariant expressions themselves. For the sake of simplicity we prefer to work with on–shell vertices i.e. with the on–shell form of Δ_i, when the BRST invariance is maintained using of the free equations of motion, rather with identically BRST invariant vertices. Since any function of Δ_i is BRST invariant as well and therefore is a priori a valid cubic vertex, in Section 3 we allow an arbitrary dependence of the cubic vertex on Δ_i and find an explicit form of the corresponding quartic vertices. However, the existence of explicit solutions for quartic vertices still does not guarantee that the corresponding four point amplitudes are nontrivial or consistent. In order to check if one can have a consistent interacting theory of massless higher spin particles on four dimensional Minkowski background in Section 4 we use a “four particle test” for consistency of four point amplitudes introduced in [29], which in turn is based on BCFW recursion relations [30]–[31]. We apply this test for the simplest situation of a four point tree level amplitude, where external particles are real scalars, whereas intermediate propagators correspond to an infinite number of massless higher spin fields. We find that, similarly to what was obtained in [17], although the explicit form of quartic vertices can be found, the four point functions do not pass the “four particle test” of [29]. Further, in Section 5 we discuss a general strategy for computations of quartic vertices in D–dimensional AdS_D spaces and present identities which are needed for these computations. We conclude with a summary of our results and some comments. Some technical details of the calculations are collected in the Appendix.

2 Basic equations: quartic Lagrangians

Let us briefly recall the BRST approach for constructing quartic Lagrangians [17]. A detailed review of the formalism for cubic Lagrangians can be found in [6].

In order to describe cubic Lagrangians for higher spin fields one takes three copies of Hilbert spaces spanned by oscillators

[α^i_μ, α^{j+}_ν ] = η_{μν} δ^{ij}, {c^i_0, b^j_0} = {c^i, b^{j+}} = {c^{i+}, b^j} = δ^{ij} . (2.1)

The corresponding cubic Lagrangian has a form L = 3∑ i=1 ∫ dc^i_0⟨Φ_i| Q_i |Φ_i⟩ + g( ∫ dc^1_0dc^2_0dc^3_0⟨Φ_1|⟨Φ_2|⟨Φ_3||V_3⟩ + h.c),

where g plays the role of a coupling constant. For massless bosonic higher spin fields one considers the nilpotent BRST charge

Q^i = c^i_0l^i_0 + c^il^{i+} + c^{i+}l^i − c^{i+}c^ib^i_0, i = 1, 2, 3, 4, (2.2)

where we have introduced the d’Alembertian, the divergence and the symmetrized exterior derivative operators^‡

l^i_0 = p^i · p^i , l^i = α^i · p^i, l^{i+} = α^{i+} · p^i , (2.3)

and p_μ = −i∂_μ. The Lagrangian (2.2) is invariant up to the first order in g under nonlinear transformations with parameters |Λ_i⟩ δ|Φ_i⟩ = Q_i|Λ_i⟩ − g ∫ dc^{i+1}_0 dc^{i+2}_0 [(⟨Φ_{i+1}|⟨Λ_{i+2}| + ⟨Φ_{i+2}|⟨Λ_{i+1}|)|V_3⟩], (2.4)

provided the cubic vertex |V_3⟩ is invariant under the nilpotent BRST charge Q = Q_1 + Q_2 + Q_3.

As the next step one can generalize this construction for a system which contains quartic interactions. The corresponding Lagrangian for interacting higher spin fields up to the quartic order in the fields has a general form L = 4∑ i=1 ∫ dc^i_0⟨Φ_i| Q_i |Φ_i⟩ (2.5) +g( ∫ dc^1_0dc^2_0dc^3_0⟨Φ_1|⟨Φ_2|⟨Φ_3||V_3⟩ + ∫ dc^1_0dc^2_0dc^4_0⟨Φ_1|⟨Φ_2|⟨Φ_4||V_3⟩ + ∫ dc^2_0dc^3_0dc^4_0⟨Φ_2|⟨Φ_3|⟨Φ_4|V_3⟩ + ∫ dc^1_0dc^3_0dc^4_0⟨Φ_1|⟨Φ_3|⟨Φ_4||V_3⟩ + h.c)

+g^2( ∫ dc^1_0dc^2_0dc^3_0dc^4_0⟨Φ_1|⟨Φ_2|⟨Φ_3|⟨Φ_4||V_4⟩ + h.c).

Let us require the Lagrangian (2.5) to be invariant under the following nonlinear gauge transformations δ|Φ_i⟩ = (δ_0 + δ_1 + δ_2)|Φ_i⟩, (2.6) where δ_0|Φ_i⟩ = Q_i|Λ_i⟩, (2.7)

δ_1|Φ_i⟩ = −g( ∫ dc^{i+1}_0 dc^{i+2}_0 [(⟨Φ_{i+1}|⟨Λ_{i+2}| + ⟨Φ_{i+2}|⟨Λ_{i+1}|)|V_3⟩] + (2.8) ∫ dc^{i+2}_0 dc^{i+3}_0 [(⟨Φ_{i+2}|⟨Λ_{i+3}| + ⟨Φ_{i+3}|⟨Λ_{i+2}|)|V_3⟩] + ∫ dc^{i+1}_0 dc^{i+3}_0 [(⟨Φ_{i+1}|⟨Λ_{i+3}| + ⟨Φ_{i+3}|⟨Λ_{i+1}|)|V_3⟩]),

‡We use notation A · B = A^μB_μ.

δ_2|Φ_i⟩ = (−1)^ig^2 ∫ dc^{i+1}_0 dc^{i+2}_0 dc^{i+3}_0 [(⟨Φ_{i+1}|⟨Φ_{i+2}|⟨Λ_{i+3}| + ⟨Φ_{i+1}|⟨Φ_{i+3}|⟨Λ_{i+2}| +

⟨Φ_{i+2}|⟨Φ_{i+3}|⟨Λ_{i+1}|)|V_4⟩]. (2.9)

The Lagrangian (2.5) is invariant up to zeroth order in the coupling constant g, i.e. under (2.7), since each separate BRST charge Q_i is nilpotent. Further, the Lagrangian is invariant up to first order in the coupling constant, g, i.e. under (2.7) and (2.8), provided

(Q_i + Q_j + Q_k)|V_3⟩ = 0, i ≠ j ≠ k. (2.10)

At the same time the equation (2.10) ensures the closure of the algebra of gauge transformations at first order in the coupling constant g.

A quartic vertex |V_4⟩ is determined from the requirement of cancelation of the terms of order g^2 in the variation of the Lagrangian (2.5). After introducing the notation ∫ dc^i_{0 a,b,i}⟨V_3||V_3⟩_{α,β,i} = V(a, b; α, β), (2.11) and the fact that [ ∫ dc^i_0dc^j_{0 i}⟨A|_j ⟨B||V_3⟩_{i,j,k}]^† = ∫ dc^i_0dc^j_{0 i,j,k}⟨V_3||B⟩_i|A⟩_j, (2.12) one finally gets the equation for determining the quartic vertex 1 3 (Q_1 + Q_2 + Q_3 + Q_4)|V_4⟩_{a,b,α,β} = (V(a, b; α, β) + V(b, α; a, β) − (a ↔ b)) +(V(α, a; b, β) − (a ↔ α)). (2.13) Again, the “generalized Jacobi identities” (2.13) ensure the closure of the algebra of gauge transformations at order g^2 in the coupling constant.

One can further simplify the discussion for quartic vertices by considering on– shell vertices instead of off–shell ones. First let us note that, because of the presence of ghost variables, the Lagrangian contains auxiliary degrees of freedom. However, one can fix the gauge in order to eliminate all nonphysical degrees of freedom (see for example [6]), i.e. obtain |Φ_i⟩ = |ϕ_i⟩, where the field |ϕ_i⟩ depends only on the oscillators α^{i+}. As a result the free part of the Lagrangian describes the propagation of fields with the spins^§ s, s − 2, s − 4, ..., 1/0. These fields obey the equation of motion l^i_0|ϕ_i⟩ = l^i|ϕ_i⟩ = 0. (2.14)

§Let us note that an irreducible higher spin mode can be described by adding a zero trace condition to the higher spin field, An entire discussion of the present Section can be reformulated for the irreducible massless or massive higher spin modes without any changes. The only difference is that one has to use the more complicated form of the BRST charge [32]–[33] (see also [34] for nonlocal formulation of dynamics of massless higher spin fields and [35] for unconstrained “quartet” formulation of massless and massive higher spin fields) which gives the free equations describing irreducible higher spin modes after solving its cohomologies.

The equations (2.14) are still invariant under gauge transformations with the parameter |λ_i⟩ δ|ϕ_i⟩ = l^{i+}|λ_i⟩, l^i_0|λ_i⟩ = l^i|λ_i⟩ = 0, (2.15) where no summation over i in the equations (2.14)–(2.15) is assumed. As a result cubic and quartic interactions have the form

⟨ϕ_1|⟨ϕ_2|⟨ϕ_3||V_3(α^+)⟩, and ⟨ϕ_1|⟨ϕ_2|⟨ϕ_3|⟨ϕ_4||V_4(α^+)⟩, (2.16)

where |V_3(α^+)⟩ and |V_4(α^+)⟩ are the parts of the cubic and quartic vertices which depend only on the α^{i+} oscillators. On the other hand, an on–shell version of equation (2.13) gives 4∑ i=1 l^{i+4}⟨ϕ_{i+1}|⟨ϕ_{i+2}|⟨ϕ_{i+3}|⟨λ_{i+4}||V_4⟩ = (2.17)

g^2[⟨V_3(1, 2, 3)||ϕ_2⟩|ϕ_3⟩][⟨λ_2′ |⟨ϕ_3′ ||V^′_3 (1, 2^′, 3^′)(α^+)⟩] + permutations,

where |V^′_3 (1, 2^′, 3^′)(α^+)⟩ denotes a part of the first derivative of the cubic vertex with respect to the combination c^{i+}b^j_0 which depends only on the oscillators α^{i+}. Similarly the BRST invariance condition (2.10) of the cubic vertex implies that

(l^i + l^j + l^k)|V_3⟩ = 0, i ≠ j ≠ k. (2.18)

The equations for on–shell vertices are simpler to analyze because of their more compact form compared to their off–shell completions. For this reason we shall mainly consider on–shell vertices. Let us first consider an off–sell cubic vertex given in [17]. This vertex can be written as a product of three vertices

V_3|0⟩_{123} = e^{Δ1+Δ2+Δ3} |0⟩_{123}, (2.19)

where each of the expressions Δ_i is separately BRST invariant. According to the discussion above, in order to obtain an on–shell formulation [16] one needs to keep only the parts of Δ_i which do not depend on ghosts and the parts of Δ_i which are linear in the combination c^{i+}b^j_0. Using the explicit form of Δ_i given in [17] one obtains^¶ Δ_1 = Y^+_α + Y^+_{gh.}, Δ_3 = X^+_α + X^+_{gh.}, (2.20)

Δ_2 = a_2 2 (α^{1+} · α^{1+} + α^{2+} · α^{2+} + α^{3+} · α^{3+}), (2.21)

¶The easiest way to obtain these expressions from the vertex given in [17] is as follows. First note that one can set the diagonal components of the matrices Y_{ij} and Z_{ij} and X^{(m)}_{rstu}equal to zero using momentum conservation and removing a BRST-trivial part. In this way one obtains a “truncated” solution. For Δ_1 one has Y_{12} = Y_{23} = Y_{31} = a_1, Y_{21} = Y_{32} = Y_{13} = −a_1, and Z_{12} = Z_{23} = Z_{31} = −a_1, Z_{21} = Z_{32} = Z_{13} = a_1 whereas for Δ_3 one has X̃^{(1)}_{1231} = a_3, X̃^{(1)}_{1232} = −a_3, X̃^{(2)}_{1231} = −2a_3, X̃^{(2)}_{2132} = 2a_3, and X̃^{(3)}_{1231} = −a_3, X̃^{(3)}_{1232} = a_3, X̃^{(4)}_{1231} = a_3, X̃^{(4)}_{1232} = −a_3, X̃^{(4)}_{1233} = a_3. After that one takes a_1 = a_3.

where

Y^+_α = a_1(α^{1+} · (p^2 − p^3) + α^{2+} · (p^3 − p^1) + α^{3+} · (p^1 − p^2)), Y^+_{gh.} = a_1(c^{1+}(b^3_0 − b^2_0) + c^{2+}(b^1_0 − b^3_0) + c^{3+}(b^2_0 − b^1_0)), (2.22)

and X^+_α = 2a_3((α^{1+} · α^{2+})α^{3+} · (p^1 − p^2) + (α^{2+} · α^{3+})α^{1+} · (p^2 − p^3) +(α^{3+} · α^{1+})α^{2+} · (p^3 − p^1)), (2.23) X^+_{gh.} = 2a_3((α^{1+} · α^{2+})c^{3+}(b^2_0 − b^1_0) + (α^{2+} · α^{3+})c^{1+} · (b^3_0 − b^2_0) +(α^{3+} · α^{1+})c^{2+} · (b^1_0 − b^3_0)).

As follows from the discussion above, BRST invariance (either on–shell or off–shell) of the vertex (2.19) is guaranteed by the fact that each expression Δ_i, i = 1, 2, 3 is BRST invariant itself. If one considers only cubic interactions one can take any functions of Δ_i and obtain a valid cubic interaction vertex. Since on the cubic level there are no further constraints on the vertices, one has to investigate quartic interactions in order to understand what kind of functional dependence is allowed in cubic vertices.

3 Quartic vertices

In this Section we allow an arbitrary dependence of cubic vertices on the expressions Δ_1 and Δ_3 and we keep an exponential dependence on the expression Δ_2. The reason behind this is that in principle one can consider interaction vertices for irreducible (Fronsdal) massless higher spin modes rather than reducible ones. Moreover, one can always decompose free Lagrangians which contain reducible modes into Lagrangians which contain irreducible modes [36] and then build interactions among them.

Irreducible modes obey the on–shell constraint of being traceless, therefore the Taylor expansion of the function which contains Δ_2 will terminate already at the linear term. Therefore, since functional dependence of the cubic vertex on Δ_2 is not crucial, we shall consider for simplicity a cubic vertex of the form

V_3|0⟩_{123} = F (Δ_1)Q(Δ_3)e^{Δ2} |0⟩_{123}, (3.1)

or equivalently

V_3|0⟩_{123} = ∞∑ m,n,l=0 F^{(m)}(Δ_1) m! Q^{(n)}(Δ_3) n! (Δ_2)^l l! |0⟩_{123}. (3.2)

At the same time higher spin fields and parameters of gauge transformations are constrained as in (2.14)–(2.15) and, for the case of irreducible modes, they obey zero trace constraint M^i|ϕ_i⟩ = M^i|λ_i⟩ = 0, M^i = 1 2 α^i · α^i, (3.3) where no summation over i is assumed. Then the equation for finding on-shell quartic vertices is (2.17).

Let us note that as a simple illustration of the method described in the previous section one can take the spin of all interacting fields to be equal to 1. Equation (2.23) is then the colour-stripped Yang-Mills cubic vertex and solving (2.17) for |V_4⟩ one obtains the standard Yang-Mills four-vertex.

3.1 Quartic vertex: Δ_1 dependence

Let us consider first in detail the simplest example of the cubic vertex which contains only dependence on Δ_1, i.e.

V_3|0⟩_{123} = F (Δ_1) |0⟩_{123}. (3.4)

Consider a term in the variation of the total Lagrangian, where the parameter of gauge transformations is in the Hilbert space labelled by the index “3”. One has

δ_1|ϕ_1⟩ = −g ∫ dc^2_0dc^3_0⟨ϕ_2|⟨Λ_3||V_3(1, 2, 3)⟩ = −g ∫ dc^2_0dc^3_0⟨ϕ_2|⟨λ_3|b_3F (Δ_1) c^1_0c^2_0c^3_0|0⟩_{123} = g⟨ϕ_2|⟨λ_3|b_3 [ F (Y^+_α ) + Y^+_{gh.}F^{(1)}(Y^+_α ) ] c^1_0|0⟩_{123}

= g⟨ϕ_2|⟨λ_3|b_3Y^+_{gh.}F^{(1)}(Y^+_α )c^1_0|0⟩_{123} = −ga_1⟨ϕ_2|⟨λ_3|F^{(1)}(Y^+_α )|0⟩_{123}. (3.5)

Let us consider the relevant expression in the variation of the Lagrangian which contains cubic vertices, i.e. the right hand side of the equation (2.17). Initially we put the gauge parameter λ in the Hilbert space labelled by the index 3^′, and solve (2.17). This corresponds to choosing just one of the possible permutations on the right hand side of (2.17), and hence (after relabelling) one of the possible Hilbert spaces for the gauge parameter on the left hand side. When considering equation (2.17) we need to integrate over the first Hilbert space, which amounts to normal– ordering the α^1 oscillators and using the fact that ∫ dc^1_0 c^1_{0 1}⟨0||0⟩_1 = 1.

δL̃ = −a_1g^2 ∫ dc^1_0dc^2_0dc^3_0⟨V_3(1, 2, 3)||ϕ_2⟩|ϕ_3⟩⟨ϕ_2′ |⟨λ_3′ |F^{(1)}(Y^+_α )|0⟩_{12}′_3′

= a_1g^2_{123}⟨0|F (Y_α) |ϕ_2⟩|ϕ_3⟩⟨ϕ_2′ |⟨λ_3′ |F^{(1)} ( Y^+_α ) |0⟩_{12}′_3′

= a_1g^2_{123}⟨0| ∞∑ k=0 1 k! ( a^2_1p_{23} · p_2′_3′ )_k F^{(k)} [ 2a_1 ( α^2 · p_3 − α^3 · p_2 )]

×|ϕ_2⟩|ϕ_3⟩⟨ϕ_2′ |⟨λ_3′ |F^{(k+1)} [ 2a_1 ( α^{2′+} · p_3′ − α^{3′+} · p_2′ )] |0⟩_{12}′_3′ , where we have used the notation p^{ij}_μ ≡ p^i_μ − p^j_μ. Making use of (2.12) and changing labels of the Hilbert spaces as 2, 3 → 1, 2 and 2^′, 3^′ → 3, 4, one arrives at

δL̃ = a_1g^2⟨ϕ_1|⟨ϕ_2|⟨ϕ_3|⟨λ_4| ∞∑ k=0 1 k! ( a^2_1p_{12} · p_{34} )_k F^{(k)} [ 2a_1 ( α^{1+} · p_2 − α^{2+} · p_1 )]

×F^{(k+1)} [ 2a_1 ( α^{3+} · p_4 − α^{4+} · p_3 )] |0⟩_{1234}. (3.6)

Now, we take an ansatz for a quartic vertex

|V_4(1, 2, 3, 4)⟩ = G(p) ∞∑ r,s,t=0 v_{rst} r!s!t! ( a^2_1p_{12} · p_{34} )_r [ 2a_1 ( α^{1+} · p_2 − α^{2+} · p_1 )]_s

× [ 2a_1 ( α^{3+} · p_4 − α^{4+} · p_3 )]_t |0⟩_{1234}. (3.7)

The relevant part of the left hand side of the equation (2.17) is

l^4V_4 = −2a_1 (p_3 · p_4) G(p) ∞∑ r,s,t=0 v_{r,s,t+1} r!s!t! ( a^2_1p_{12} · p_{34} )_r (3.8) × [ 2a_1 ( α^{1+} · p_2 − α^{2+} · p_1 )]_s [ 2a_1 ( α^{3+} · p_4 − α^{4+} · p_3 )]_t . Now, equating (3.8) and (3.6), one has G(p) = − 1 s , (3.9)

v_{k,m,n+1} = F^{(k+m)}(0)F^{(k+n+1)}(0),

where we use the standard definitions for Mandelstam variables s = (p_1 + p_2)^2, t = (p_1 + p_4)^2 and u = (p_1 + p_3)^2. The second equation implies that v_{kmn} = F^{(k+m)}(0)F^{(k+n)}(0), and finally one arrives to the expression for the quartic vertex

|V_4⟩_s = − 1 s ∞∑ k,m,n=0 F^{(k+m)}(0)F^{(k+n)}(0) k!m!n! ( a^2_1p_{12} · p_{34} )_k (3.10) × [ 2a_1 ( α^{1+} · p_2 − α^{2+} · p_1 )]_m [ 2a_1 ( α^{3+} · p_4 − α^{4+} · p_3 )]_n |0⟩_{1234}.

In the equation above, the notation |V_4⟩_s means that this part of the quartic vertex has a pole in the s-channel. The full solution is given by acting with the vertex (3.10) on all non-cyclic permutations of the external states

⟨1, 2, 3, 4|V_4⟩_s + ⟨1, 3, 2, 4|V_4⟩_u + ⟨1, 4, 2, 3|V_4⟩_t, (3.11)

where each contribution has subscript indicating the massless pole on the corresponding kinematic variable which comes from the definition of G(p) in (3.9).

Taking, for example, the function F (Y^+_α ) to be an exponential one recovers an on–shell version of the off–shell quartic vertex considered in [11], [17]. One can also immediately write an off–shell version of the quartic vertices obtained in this section. Indeed, repeating the calculations of the present subsection and of [17] one arrives at the following expression for an off–shell quartic vertex

|V_4⟩_s = − 1 s ∞∑ k,m,n=0 F^{(k+m)}(0)F^{(k+n)}(0) k!m!n! ( a^2_1p_{12} · p_{34} )_k

× [ a_1 ( 2α^{1+} · p_2 − 2α^{2+} · p_1 − c^{1+}b^2_0 + c^{2+}b^1_0 )]_m (3.12) × [ a_1 ( 2α^{3+} · p_4 − 2α^{4+} · p_3 − c^{3+}b^4_0 + c^{4+}b^3_0 )]_n |0⟩_{1234}, which solves the off–shell equation (2.13) for quartic vertices.

3.2 Quartic vertex: Δ_1 and Δ_2 dependence

We now consider the case where V_3|0⟩_{123} = F (Δ_1) exp (Δ_2) |0⟩_{123}. (3.13) Repeating the steps of the previous subsection (see the Appendix for the technical details) we take as an ansatz for the associated quartic vertex

V_4 = G(p) ∞∑ m,n,r,s,t=0 v_{mnrst} m!n!r!s!t! ( −e^β a^2_1a_2 2 s )_{m+n} ( e^βa^2_1p_{12} · p_{34} )_t

× ( 2a_1 ( α^{1+} · p_2 − α^{2+} · p_1 ))_r ( 2a_1 ( α^{3+} · p_4 − α^{4+} · p_3 ))_s × exp ( D 2 β + a_2 ( M^{1+} + M^{2+} + M^{3+} + M^{4+} ) ) , (3.14) where β = − log(1 − a^2). Inserting (3.14) into (2.17) one can see that the coefficients v_{mnrst} and the function G(p) are determined to be G(p) = − 1 s , (3.15)

v_{mnrst} = F^{(2m+r+t)}(0)F^{(2n+s+t)}(0). Finally, we find that the quartic vertex is

|V_4⟩_s = − 1 s ∞∑ m,n,r,s,t=0 F^{(2m+r+t)}(0)F^{(2n+s+t)}(0) m!n!r!s!t! × ( −e^β a^2_1a_2 2 s )_{m+n} ( e^β a^2_1p_{12} · p_{34} )_t × ( 2a_1 ( α^{1+} · p_2 − α^{2+} · p_1 ))_r ( 2a_1 ( α^{3+} · p_4 − α^{4+} · p_3 ))_s × exp ( D 2 β + a_2 ( M^{1+} + M^{2+} + M^{3+} + M^{4+} ) ) |0⟩_{1234}.

(3.16)

3.3 Quartic vertex: Δ_1 and Δ_3 dependence

Let us take the model which describes irreducible massless higher spin modes, i.e.

when the higher spin fields are traceless on-shell. Taking

V_3|0⟩_{123} = F (Δ_1) Q (Δ_3) |0⟩_{123}, (3.17)

and repeating the steps of previous subsections, we consider a term in the variation

of the total Lagrangian where the gauge parameter is in the Hilbert space labelled

by “3”. One has

δ_1|ϕ_1⟩ = −g ∫ dc^2_0dc^3_0⟨ϕ_2|⟨λ_3|b_3|V_3(1, 2, 3)⟩ = g⟨ϕ_2|⟨λ_3| [ F ( Y^+_α )~ X^{(3)}_{rs31} ( α^{r+} · α^{s+} ) Q^′ ( X^+_α ) + F^′ ( Y^+_α ) Z_{31}Q ( X^+_α )] |0⟩_{123} = −g⟨ϕ_2|⟨λ_3| [ 2a_3F ( Y^+_α ) ( α^{1+} · α^{2+} ) Q^′ ( X^+_α ) +a_1F^′ ( Y^+_α ) Q ( X^+_α )] |0⟩_{123}.

(3.18)

From this nonlinear gauge transformation we find δL̃ = −g^2 ∫ dc^1_0dc^2_0dc^3_0⟨V_3(1, 2, 3)||ϕ_2⟩|ϕ_3⟩⟨ϕ_2′ |⟨λ_3′ | × [ 2a_3F ( Y^+_α ) ( α^{1+} · α^{2′+} ) Q^{(1)} ( X^+_α ) + a_1F^{(1)} ( Y^+_α ) Q ( X^+_α )] |0⟩_{12}′_3′

= g^2_{123}⟨0|F (Y_α) Q (X_α) |ϕ_2⟩|ϕ_3⟩⟨ϕ_2′ |⟨λ_3′ | × [ 2a_3F ( Y^+_α ) ( α^{1+} · α^{2′+} ) Q^{(1)} ( X^+_α ) + a_1F^{(1)} ( Y^+_α ) Q ( X^+_α )] |0⟩_{12}′_3′ .

Performing the commutators to integrate out the “1” Hilbert space, and changing

labels of the remaining Hilbert spaces as in (3.6), one arrives at δL̃ = g^2⟨ϕ_1|⟨ϕ_2|⟨ϕ_3|⟨λ_4| ∞∑ k,l,m,n,p,q=0 1 k!l!m!n!p!q! × [ 2a_1a_3 (( α^{3+} · α^{4+} ) p_{12} · p_{34} + 2 ( α^{4+} · p_{12} ) ( α^{3+} · p_4 ) −2 ( α^{3+} · p_{12} ) ( α^{4+} · p_3 ))]_k × [ 2a_1a_3 (( α^{1+} · α^{2+} ) p_{12} · p_{34} + 2 ( α^{2+} · p_{34} ) ( α^{1+} · p_2 ) −2 ( α^{1+} · p_{34} ) ( α^{2+} · p_1 ))]_l × [ a^2_1 p_{12} · p_{34} ]_m [ 2a_1 ( α^{1+} · p_2 − α^{2+} · p_1 )]_p [ 2a_1 ( α^{3+} · p_4 − α^{4+} · p_3 )]_q × [ 4a^2_3 ( 4 ( α^{2+} · p_1 ) [( α^{1+} · α^{3+} ) ( α^{4+} · p_3 ) − ( α^{1+} · α^{4+} ) ( α^{3+} · p_4 )] −4 ( α^{1+} · p_2 ) [( α^{2+} · α^{3+} ) ( α^{4+} · p_3 ) − ( α^{2+} · α^{4+} ) ( α^{3+} · p_4 )] +2 ( α^{1+} · α^{2+} ) [( α^{4+} · p_{12} ) ( α^{3+} · p_4 ) − ( α^{3+} · p_{12} ) ( α^{4+} · p_3 )] +2 ( α^{3+} · α^{4+} ) [( α^{2+} · p_{34} ) ( α^{1+} · p_2 ) − ( α^{1+} · p_{34} ) ( α^{2+} · p_1 )] + ( α^{1+} · α^{2+} ) ( α^{3+} · α^{4+} ) p_{12} · p_{34} )]_n × { a_1F^{(m+k+p)}(0)F^{(m+l+q+1)}(0)Q^{(l+n)}(0)Q^{(k+n)}(0)

+2a_1a_3 ( α^{3+} · p_{12} ) F^{(m+k+p+1)}(0)F^{(m+l+q)}(0)Q^{(l+n)}(0)Q^{(k+n+1)}(0)

+4a^2_3 [( α^{1+} · α^{2+} ) α^{3+} · p_{12} + 2 ( α^{2+} · α^{3+} ) α^{1+} · p_2 −2 ( α^{1+} · α^{3+} ) α^{2+} · p_1 ] ×F^{(m+k+p)}(0)F^{(m+l+q)}(0)Q^{(l+n+1)}(0)Q^{(k+n+1)}(0) } |0⟩_{1234}. (3.19)

Now we take as a quartic ansatz

V_4 = G(p) ∞∑ k,l,m,n,p,q=0 v_{klmnpq} k!l!m!n!p!q! × [ 2a_1a_3 (( α^{3+} · α^{4+} ) p_{12} · p_{34} + 2 ( α^{4+} · p_{12} ) ( α^{3+} · p_4 ) −2 ( α^{3+} · p_{12} ) ( α^{4+} · p_3 ))]_k × [ 2a_1a_3 (( α^{1+} · α^{2+} ) p_{12} · p_{34} + 2 ( α^{2+} · p_{34} ) ( α^{1+} · p_2 ) −2 ( α^{1+} · p_{34} ) ( α^{2+} · p_1 ))]_l × [ a^2_1 p_{12} · p_{34} ]_m [ 2a_1 ( α^{1+} · p_2 − α^{2+} · p_1 )]_p [ 2a_1 ( α^{3+} · p_4 − α^{4+} · p_3 )]_q × [ 4a^2_3 ( 4 ( α^{2+} · p_1 ) [( α^{1+} · α^{3+} ) ( α^{4+} · p_3 ) − ( α^{1+} · α^{4+} ) ( α^{3+} · p_4 )] −4 ( α^{1+} · p_2 ) [( α^{2+} · α^{3+} ) ( α^{4+} · p_3 ) − ( α^{2+} · α^{4+} ) ( α^{3+} · p_4 )] +2 ( α^{1+} · α^{2+} ) [( α^{4+} · p_{12} ) ( α^{3+} · p_4 ) − ( α^{3+} · p_{12} ) ( α^{4+} · p_3 )] +2 ( α^{3+} · α^{4+} ) [( α^{2+} · p_{34} ) ( α^{1+} · p_2 ) − ( α^{1+} · p_{34} ) ( α^{2+} · p_1 )] + ( α^{1+} · α^{2+} ) ( α^{3+} · α^{4+} ) p_{12} · p_{34} )]_n . (3.20)

The relevant part of the left hand side of equation (2.17) is l^4V_4, which upon equating

with the expression (3.19) gives G(p) = − 1 s , (3.21)

v_{klmnpq} = F^{(m+k+p)}(0)F^{(m+l+q)}(0)Q^{(l+n)}(0)Q^{(k+n)}(0).

Therefore, the expression for the quartic vertex is

|V_4⟩_s = − 1 s ∞∑ k,l,m,n,p,q=0 F^{(m+k+p)}(0)F^{(m+l+q)}(0)Q^{(l+n)}(0)Q^{(k+n)}(0) k!l!m!n!p!q! × [ 2a_1a_3 (( α^{3+} · α^{4+} ) p_{12} · p_{34} + 2 ( α^{4+} · p_{12} ) ( α^{3+} · p_4 ) −2 ( α^{3+} · p_{12} ) ( α^{4+} · p_3 ))]_k × [ 2a_1a_3 (( α^{1+} · α^{2+} ) p_{12} · p_{34} + 2 ( α^{2+} · p_{34} ) ( α^{1+} · p_2 ) −2 ( α^{1+} · p_{34} ) ( α^{2+} · p_1 ))]_l × [ a^2_1 p_{12} · p_{34} ]_m [ 2a_1 ( α^{1+} · p_2 − α^{2+} · p_1 )]_p [ 2a_1 ( α^{3+} · p_4 − α^{4+} · p_3 )]_q × [ 4a^2_3 ( 4 ( α^{2+} · p_1 ) [( α^{1+} · α^{3+} ) ( α^{4+} · p_3 ) − ( α^{1+} · α^{4+} ) ( α^{3+} · p_4 )] −4 ( α^{1+} · p_2 ) [( α^{2+} · α^{3+} ) ( α^{4+} · p_3 ) − ( α^{2+} · α^{4+} ) ( α^{3+} · p_4 )] +2 ( α^{1+} · α^{2+} ) [( α^{4+} · p_{12} ) ( α^{3+} · p_4 ) − ( α^{3+} · p_{12} ) ( α^{4+} · p_3 )] +2 ( α^{3+} · α^{4+} ) [( α^{2+} · p_{34} ) ( α^{1+} · p_2 ) − ( α^{1+} · p_{34} ) ( α^{2+} · p_1 )] + ( α^{1+} · α^{2+} ) ( α^{3+} · α^{4+} ) p_{12} · p_{34} )]_n |0⟩_{1234}.

(3.22)

Taking the functions F and Q to be exponentials and choosing a_1 = 2a_3 = √_{α′} 2 one

recovers a quartic vertex obtained in [16].

In all examples considered in this Section the full solution is given by acting

with the vertices (3.10), (3.16), (3.22) on all non-cyclic permutations of the external

states, where each contribution has subscript indicating the massless pole on the

corresponding kinematic variable which comes from the definition of G(p) in (3.9),

(3.15), and (3.21).

4 Conditions on the S-matrix

As we have seen in the examples considered in the previous Section the procedure of

computing quartic vertices from the known cubic ones does not impose any restric-

tion on the unknown functions which are present in the definition of cubic vertices.

However, on a flat background there can be extra constraints on cubic, and therefore

on quartic, vertices which come from the requirement of the existence of a nontriv-

ial S–matrix. Below we briefly recall these requirements and then apply them to the theory under consideration. We shall mainly follow [17] where a more detailed discussion can be found.

The consideration is based on the BCFW recursion relations [30]–[31] and the consistency test introduced in [29]. The key point of the BCFW method is that tree level amplitudes constructed using Feynman rules are rational functions of external momenta. Analytic continuation of these momenta on the complex domain turns the amplitudes into meromorphic functions which can be constructed solely by their residues. Since the residues of scattering amplitudes are, due to unitarity, products of lower–point on–shell amplitudes the final outcome is a set of powerful recursion relations.

The simplest complex deformation (BCFW shift) involves only two external particles whose momenta are shifted as

p̂_i(z) = p_i − qz , p̂_j (z) = p_j + qz . (4.1)

Here z ∈ C and, to keep the on-shell condition, we need q · p_i = q · p_j = 0 and q^2 = 0. In Minkowski space–time this is only possible for complex q. In four dimensions we can use a spinor representation of momenta and polarizations (for spin 1 states)

p^μ = λ^a(σ^μ)_{aȧ}λ̃^ȧ,

ϵ^+_{aȧ} = μ_aλ̃_ȧ ⟨μ, λ⟩ , ϵ^−_{aȧ} = λ_aμ̃_ȧ [λ̃, μ̃] , (4.2) ⟨μ, λ⟩ ≡ μ_aλ_bϵ^{ab}, [λ̃, μ̃] ≡ μ̃_ȧλ̃˙_bϵ^{ȧḃ}, with μ_a and μ̃_ȧ arbitrary reference spinors. Polarizations of higher spin states are given by products of the polarizations for spin 1 ϵ^+_{a1ȧ1...asȧs} = s∏ i=1 ϵ^+_{aiȧi} , ϵ^−_{a1ȧ1...asȧs} = s∏ i=1 ϵ^−_{aiȧi} . (4.3) The undeformed amplitude can be computed using Cauchy’s theorem:

M_n(0) = 1 2πi ∮ z=0 M_n(z) z dz = − {∑ Res_{z=finite} + Res_{z=∞} } . (4.4)

Whereas the residues at finite locations on the complex plane are products of lower– point tree level amplitudes which are computed at complex on–shell momenta, the residue at infinity in general does not have such an interpretation. The theories where the deformed amplitude vanishes at complex infinity are called constructable theories [29]. In such theories all four point amplitudes are expressed in terms of three point ones. In [29] has been derived the criterion of consistency of four point functions which is also a necessary condition for a theory to have zero residue at infinity. Let us denote by M^{(i,j)}(z) the four-point function under deformation of particles i and j. Assume further that the helicities h_2 and h_4 are negative while h_1 is positive. The criterion advocates that

M^{(1,2)}_4 (0) = M^{(1,4)}_4 (0). (4.5)

This is highly non-trivial since the usual Feynman analysis construction of the fourpoint function requires adding diagrams from three possible channels, while each BCFW deformation can use only two channels of exchanged particles. For M^{(1,2)}(0), diagrams where particles 1 and 2 go to an intermediate state do not lead to poles in the complex plane, i.e. 1/(p_1(z) + p_2(z))^2 = 1/(p_1 + p_2)^2. So in M^{(1,2)}(z) only poles from the t, u channels in the complex z-plane will contribute. Similarly, for M^{(1,4)}(0) only poles from the s, u channels in the complex z-plane will contribute.

Let us first recall that, for any Lorentz invariant theory of massless particles in four dimensions, on-shell cubic amplitudes vanish. Considering complex momenta one can derive that the most generic cubic amplitude for particles with helicities h_1, h_2 and h_3 is given by [29]

M_3({λ^{(i)}, λ̃^{(i)}, h_i}) = κ_H ⟨1, 2⟩^{d3} ⟨2, 3⟩^{d1} ⟨3, 1⟩^{d2} + κ_A[1, 2]^{−d3} [2, 3]^{−d1} [3, 1]^{−d2} , (4.6)

where d_1 = h_1 − h_2 − h_3, d_2 = h_2 − h_1 − h_3, d_3 = h_3 − h_1 − h_2 and the coupling constant κ_H (κ_A) is required to give the right dimension to the part of the amplitude which is holomorphic (antiholomorphic) in the spinor variables λ^{(i)} (λ̃^{(i)}). Further, an explicit expression for the four–point function M^{(1,2)}_4 (0) is [29]

M^{(1,2)}_4 (0) = ∑ h>max(−(h_1+h_4),(h_2+h_3)) ( κ^A_{1−h1−h4−h}κ^H_{1+h2+h3−h} (−P^2_{3,4})^h P^2_{1,4} × ( [1, 4][3, 4] [1, 3] )_{h4} ( [1, 3][1, 4] [3, 4] )_{h1}

× ( ⟨3, 4⟩ ⟨2, 3⟩⟨2, 4⟩ )_{h2} ( ⟨2, 4⟩ ⟨2, 3⟩⟨3, 4⟩ )_{h3} ) (4.7) + ∑ h>max(−(h_1+h_3),(h_2+h_4))

(4 ↔ 3),

where P_{i,j} = p_i + p_j and the subscript of the coupling constants denotes their mass dimension. The expression for M^{(1,4)}_4 (0) can be simply obtained by exchanging labels 2 and 4 in (4.7).

After all these preliminaries we consider a simple example of the scattering of four real scalar fields where the intermediate propagator is an infinite tower of irreducible massless higher spin fields, similar to what has been done in [17]. The cubic interaction between two scalars and a massless higher spin field Ψ^{μ1...μh}_h has the form [37] L^{00s}_{int} = κ^{1−h}N_h Ψ^{μ1...μh}_h J^{1;2}_{h;μ1...μh} + h.c. , (4.8) where the combination κN_h plays the role of a dimensionful coupling constant, and the currents are given by J^{1;2}_{h;μ1...μh} = h∑ r=0 ( h r ) (−1)^r (∂^{μ1} . . . ∂^{μr} ϕ_1) (∂^{μr+1} . . . ∂^{μh} ϕ_2). (4.9)

Let us note that since we are considering real scalar fields the spin of the intermediate higher spin field should be even.

As follows from the discussion above, an explicit dependence of the coupling constant on the spin of the intermediate field is crucial for checking the relation (4.5). In other words one needs an explicit expression for N_h. This can be easily established from (3.1) to be^{‖ F (h)(0)√}_{h!} . Finally, using (4.7) and

κ^A_{1−h} = κ^H_{1−h} = κ^{1−h}N_h, N_h =

F^{(h)}(0) √ h! , (4.10)

one gets

M^{(1,2)}_4 (0) = ∑ h∈2N k^{2−2h} (F^{(h)}(0))^2 h! s^h( 1 t + 1 u ) = ∑ h∈2N k^{2−2h} (F^{(h)}(0))^2 h! s^h(− s tu ), (4.11) and M^{(1,4)}_4 (0) = ∑ h∈2N k^{2−2h} (F^{(h)}(0))^2 h! t^h( 1 u + 1 s ) = ∑ h∈2N k^{2−2h} (F^{(h)}(0))^2 h! t^h(− t su ). (4.12)

From (4.11) and (4.12) one can see that the equation can only be satisfied if the function F is zero due to the different functional dependence on the Mandelstam variables s and t in M^{(1,2)}_4 (0) and M^{(1,4)}_4 (0). This result could have been anticipated from a discussion given in [17], according to which the massless higher spin theories on Minkowski space need some extra ingredients for their consistency, like nonlocal or composite objects. The requirement for these kind of objects is not obvious from the discussion above because we considered a general functional dependence in the cubic vertices (3.1), whereas in [17] explicit examples (both in spinorial formalisms and equivalently in terms of standard Feynman diagrams) of N_h = const. and N_h =^{1√}_{h!} have been considered. One can conclude from the explicit calculations presented above that, if one allows for general functions in the cubic vertices (3.1), computation of the quartic vertices does not restrict their form. On the other hand the analysis

‖The simplest way to see it as follows: the kinetic term for a higher spin field A has the form L_k = ⟨ϕ|Q|ϕ⟩ ∼^{p2A2}_{h!} , while the cubic interaction has the form V = ⟨0|ϕ^{2 Aαh}_{h!}^{(pα+)h}_{h!} F^{(h)}(0)|0⟩ ∼ ϕ^2A^{F (h) (0)}_{h!} . In order to bring the kinetic term to the canonical form one redefines the field Ψ =^{A√}_{h!}

and gets L = p^2Ψ^2 +^{F (h) (0)√}_{h!} p^hϕ^2Ψ.

of symmetries of the S-matrix, with the help of criteria proposed in [29], indicates the triviality of higher order interactions.

It is important to stress that the aforementioned conclusion about the S–matrix which is based upon the four particle test (4.5) is valid when the theory is constructable, i.e., when the total four–point amplitude vanishes at complex infinity after the BCFW shift (4.1). If the theory is not constructable then the four particle test gives no conclusion about the properties of the S–matrix. One can of course check directly under which conditions on the functions P and Q in (3.1) the theory determined by the cubic vertices described in the previous Section is constructable. However our approach is slightly different. We assumed that the theory was constructable and imposed the four particle test on the four–point functions to find that for constructable theories this test cannot be passed.

5 AdS Deformation

It is well known that D–dimensional anti-de Sitter space is a natural background for consistent interactions among massless higher spin fields [38]. For this reason it would be interesting to generalize the discussion of the previous Sections for the case of AdS_D background. Cubic vertices [39]–[49] as well as current–current interactions on AdS_D [50] have been extensively discussed recently. In this section we describe how one can perform analogous computations on anti-de Sitter space for quartic vertices. We mainly outline the procedure of finding cubic and quartic vertices and give the important identities needed for these calculations. We will leave detailed analysis for a future publication.

In the case of AdS_D space [51], the operators p_μ become p_μ = − i ( ∇_μ + ω^{ab}_μ α^+_a α_b ) , (5.1)

where ω^{ab}_μ is the spin connection and ∇_μ the covariant derivative of AdS_D. Covariant derivatives no longer commute, rather they satisfy the commutation relations

D_{μν} ≡ [p_μ, p_ν ] = −[∇_μ, ∇_ν ] + 1 L^2

(α^+_μ α_ν − α^+_ν α_μ) , [p_μ, α^{ν+}] = 0 . (5.2)

The first commutator in (5.2) is nonzero if both p_μ and p_ν belong to the same Hilbert space. When acting on a vector ξ_μ the commutator (5.2) has the form

[∇_μ, ∇_ν]ξ_ρ = 1 L^2

(g_{νρ}ξ_μ − g_{μρ}ξ_ν ) , (5.3)

where L is the radius of AdS_D space. Again the expression (5.3) is nonzero when p_μ, p_ν and ξ_ρ are in the same Hilbert space.

In order to construct off–shell vertices one can use the BRST charge for massless reducible representations of the D–dimensional AdS group [52]

Q = c_0l̂_0 + cl^+ + c^+l − 8 L^2 c_0(c^+b^+M + bcM^+) − c^+cb_0, (5.4) l̂_0 = p · p + 1 L^2

((α^+ · α)^2 + Dα^+ · α − 6α^+ · α − 2D + 6 − 4M^+M + c^+b(4α^+ · α + 2D − 6) + b^+c(4α^+ · α + 2D − 6) + 12c^+bb^+c). (5.5)

For the off–shell description of irreducible massless higher spin modes one can use the corresponding BRST charge [53] (see also [54]–[55] for BRST charges which correspond to various fermionic and bosonic representations of AdS_D group) which has more complicated form and includes more ghost variables than (5.4). In order to perform on-shell computations one can follow a similar line to that in the previous Section for the case of Minkowski space–time. At the same time the massless higher spin fields and parameters of gauge transformations are restricted as [56] □ ϕ_{μ1,...,μs} = (2 − s)(3 − D − s) − s L^2 ϕ_{μ1,...,μs} , ∇^{μ1} ϕ_{μ1,...,μs} = 0 , (5.6) ϕ^{μ1}_{μ1,...,μs} = 0, and □ Λ_{μ1,...,μs−1} = − (s − 1)(3 − s − D) L^2 Λ_{μ1,...,μs−1} ∇^{μ1} Λ_{μ1,...,μs−1} = 0, (5.7) Λ^{μ1}_{μ1,...,μs−1} = 0. The conditions (5.6)–(5.7) can be represented in an operatorial form similarly to the equations (2.14)–(3.3) in flat space (p · p + 1 L^2

((α^+ · α)^2 + Dα^+ · α − 6α^+ · α − 2D + 6))^i|ϕ_i⟩ = l^i|ϕ_i⟩ = M^i|ϕ_i⟩ = 0, (5.8) (p · p + 1 L^2

((α^+ · α)^2 + Dα^+ · α − 2α^+ · α))^i|λ_i⟩ = l^i|λ_i⟩ = M^i|λ_i⟩ = 0, (5.9)

and the gauge transformation law is again δ|ϕ_i⟩ = l^{i+}|λ_i⟩. (5.10) As it was in the case for Minkowski space–time, in order to construct cubic and quartic vertices on AdS_D one uses the equations (2.17)–(2.18). However, the fact that the operators p_μ do not commute makes the calculations more complicated.

In order to determine the cubic vertex on AdS_D one starts with the solution on a Minkowski background (3.2) and considers the operators p_μ to be AdS_D covariant derivatives defined in (5.1). In other words one makes an AdS_D deformation of a flat vertex, similarly to how it has been done for the s − 0 − 0 vertex in [43]. For simplicity one can consider irreducible (traceless) representations and ignore the Δ_2 dependence in quartic and cubic vertices.

When considering the equation (2.18) for the cubic vertex (the discussion for quartic vertices is completely analogous) one can consider only expressions of the type ⟨λ_1|⟨ϕ_2|⟨ϕ_3|(α^1 · p^1)Δ^m_1 Δ^n_3 |0⟩_{123}, (5.11) and restore the rest of the equation using cyclic symmetry of the vertex. As a first step one needs to push the oscillators α^1_μ from l^1 to the right until they annihilate the vacuum. The second step is to push the operators p^1_μ to the right of Δ^m_1 Δ^n_3 in order to be able to use the total derivative condition p^1_μ + p^2_μ + p^3_μ = 0. When performing these commutators the terms proportional to^1_{L2} appear. In order to compensate them one adds “counterterms” to the vertex which are proportional to^1_{L2} . To this end first note that one can fix the total power in each term of the vertex to be a constant k in oscillators and solve the equation for this power [42]. The zeroth term in^1_{L2} is a corresponding term in the flat vertex. The first counterterm in^1_{L2} is written by replacing the combination (α^i · p^j)^2 →^1_{L2} (α^i · α^j) and so on. Consider for example the term of the form

X_{i1j1,i2j2,i3j3,i4j4} (α^{i1} · p^{j1} )(α^{i2} · p^{j2} )(α^{i3} · p^{j3} )(α^{i4} · p^{j4} ), (5.12)

where X_{i1j1,i2j2,i3j3,i4j4} is a set of coefficients. The first counterterm has a form 1 L^2

Y_{i1j1;m1n1,m2n2} (α^{i1} · α^{j1} )(α^{m1} · p^{n1} )(α^{m2} · p^{n2} ), (5.13)

while the second counterterm has the form 1 L^4

Z_{i1j1,i2j2} (α^{i1} · α^{j1} )(α^{i2} · α^{j2} ) (5.14)

Finally, one uses the condition of the BRST invariance of the cubic vertex to transform the combinations p^1 · (p^2 − p^3) into (p^3)^2 − (p^2)^2, then pushes the latter combination to the left and uses the first of the constraints in (5.8)–(5.9).

When moving momenta to the right one makes repeated use of the commutator

(A · p)^np_μ(A · p) = (A · p)^{n+1}p_μ + [^{n+1}_2 ]∑

r=1 T_r L^{2r} ( n 2r − 1 ) (A · A)^{r−1}(A · p)^{n−2r+1} (5.15) × [(A · A)p_μ − A_μ(A · p)] , where T_n are the tangent numbers [57]. Then, when moving momenta to the left, one uses the commutators

(A · p)^np_μ = p_μ(A · p)^n (5.16) + [^n_2 ]∑

r=1 (−1)^{r−1} L^{2r} ( n 2r ) (A · A)^{r−1}[(A · p)α_μ − (A · A)p_μ](A · p)^{n−2r}, and

(A · p)^np_μp^μ = p_μp^μ(A · p)^n + D − 1 L^2

[^{n−1}_2 ]∑

r=0 (−1)^r2^{2r} L^{2r} (A · A)^r ( n 2r + 1 ) (A · p)^{n−2r}

+ [^n_2 ]∑

r=1 (−1)^{r−1} (2^{2r−1} + 1) L^{2r} (A · A)^{r−1} ( n 2r )

×p^μ[(A · p)A_μ − (A · A)p_μ](A · p)^{n−2r}. (5.17) Here the p_μ’s are assumed to be in the same Hilbert space, and A represents any combination of oscillators and momenta in different Hilbert spaces.

6 Conclusions

In the present paper we considered a problem of constructing quartic vertices for massless higher spin fields on a Minkowski background. Corresponding cubic vertices are expressed in terms of one arbitrary function as in (3.4) and (3.13) or in terms of two arbitrary functions as in (3.17). We found that one can find a corresponding quartic vertex which restores gauge invariance of the Lagrangian (2.5) at the g^2 order in coupling constant for any functions parametrizing the cubic vertex.

This fact, however, is not sufficient to conclude that the corresponding perturbation theory is nontrivial already at the level of four point functions. In order to check if four point scattering is nontrivial we considered a “four particle test” suggested in [29]. This test can be used for constructable theories, i.e. when the total four point function vanishes at complex infinity under the BCFW shift. We have taken the simplest case of a tree level amplitude where all four external particles are real scalars interchanging higher spin modes as an internal propagator. This analysis shows that the constructable cubic vertices considered in this paper do not pass the “four particle test”, which indicates the triviality of the corresponding S–matrix. Similar results have been obtained in [17] where a detailed analysis of four point amplitudes leads to a suggestion that the theory of massless higher spin fields on Minkowski background should be considered in a wider context, i.e. one should add some nonlocal/composite objects to restore its consistency.

On the other side, the quartic vertices found in the present paper can be useful for studies of massless higher spin fields on a D–dimensional anti-de Sitter background. It is well known that the theory of massless higher spin fields on AdS_D is free from the troubles present in analogous theories on Minkowski space. One can therefore try to deform the cubic and quartic vertices on Minkowski space to the ones on AdS_D (see [41] for an extensive discussion about construction of cubic vertices on an AdS_D background from the cubic vertices on the Minkowski background) using the technique presented in Section 6. Let us note that, apart from the deformation of the vertices on the Minkowski space to AdS_D background, one also needs to be careful to take into account global symmetries of higher spin fields in order to make a precise connection with higher spin gauge theories on AdS_D [41]. The consideration of quartic vertices on AdS_D seems to be interesting in its own right as well as in the framework of the AdS/CFT correspondence (see for example [58] for recent progress in this direction).

Acknowledgments. We are grateful to M. Vasiliev for drawing our attention to consideration of quartic vertices for massless higher spin fields and to T. Mohaupt for discussions. The work of P.D. has been supported by a STFC grant ST/I505805/1. M.T. is grateful to his family who turned his stay in Auckland, New Zealand into a wonderful experience.

Note added. When the paper was in press we received a communication from M.Taronna pointing out that the fact that one can find a quartic vertex for arbitrary functions that parametrise the cubic vertices in (3.1) was established in [25] using an alternative BRST analysis. We are grateful to M.Taronna for drawing our attention to this result and for an extensive discussion on the topics presented in our paper.

A Explicit calculations for Δ_1 and Δ_2 dependence

In this Appendix we present detailed calculations for the quartic vertex when the corresponding cubic vertex has the form (3.13). Again let us consider a term in the variation of the total Lagrangian, where the parameter of gauge transformations is in the Hilbert space labeled by “3”. One has for the variation of the higher spin field

δ_1|ϕ_1⟩ = −a_1g⟨ϕ_2|⟨λ_3|F^{(1)} ( Y^+_α ) e^{Δ2} |0⟩_{123}. (A.1)

This variaton leads in turn to the following variation of the cubic term in the Lagrangian

δL̃ = a_1g^2_{123}⟨0|F (Y_α) exp ( a_2M^1 ) exp ( a_2 ( M^2 + M^3 )) |ϕ_2⟩|ϕ_3⟩ (A.2) ⟨ϕ_2′ |⟨λ_3′ |F^{(1)} ( Y^+_α ) exp ( a_2M^{1+} ) exp ( a_2 ( M^{2′+} + M^{3′ +} )) |0⟩_{12}′_3′ .

In order to “integrate out” the Hilbert space “1” one uses the following identities

1. When the operator M^{1+} acts on a function F (Y_α) on the left one gets 1⟨0|F (Y_α) ( a_2M^{1+} ) =_1⟨0|F^{(2)} (Y_α) [ a^2_1a_2 2 p_{23} · p_{23} ]

=_1⟨0| ( − a^2_1a_2 2 s ) F^{(2)} (Y_α) ,

and similarly when the M^1 operator acts on a function F (Y_α+ ) on the right.

2. After one eliminates all M^1 and M^{1+} operators in this way, one can use that, for any two functions G(Y_α) and H(Y^+_α ) one has

1⟨0|G (Y_α) α^{1+} · α^1H ( Y^+_α ) |0⟩_1 =_1⟨0|G^{(1)} (Y_α) H^{(1)} ( Y^+_α ) ( a^2_1p_{23} · p_2′_3′ ) |0⟩_1. 3. For any two functions P (Y_α) and Q(Y^+_α ) one has 1⟨0|P (Y_α) Q ( Y^+_α ) |0⟩_1 =_1⟨0| ∞∑ k=0 1 k! ( a^2_1p_{23} · p_2′_3′ )_k P^{(k)} ( 2a_1 ( α^2 · p_3 − α^3 · p_2 ))

×Q^{(k)} ( 2a_1 ( α^{2′+} · p_3′ − α^{3′+} · p_2′ )) |0⟩_1. 4. Finally one can explicitly evaluate the commutator [ (a_2M_1)^m , ( a_2M^+_1 )_n] = min(m,n) ∑ k=1 k∑ r=0 ( a_2M^+_1 )_{n−k} α^{1+}_{μ1} . . . α^{1+}_{μr} ( m k )( n k )( k r ) k!a^{2k}_2 ( D 2 + m + n − (k + 1) ) . . . ( D 2 + m + n − (2k − r) )

× α^1_{μ1} . . . α^1_{μr} (a_2M)^{m−k} . (A.3)

Using these identities, the part of (A.3) pertaining to the “1” Hilbert space becomes

δL̃ ∼_1⟨0| ∞∑ m,n,s=0 min(m,n) ∑ k=0 k∑ r=0 k! m!n!s! ( m k )( n k )( k r ) a^{2k}_2 × ( D 2 + m + n − (k + 1) ) . . . ( D 2 + m + n − (2k − r) )

× ( − a^2_1a_2 2 s )_{n−k} ( a^2_1p_{23} · p_2′_3′ )_{r+s} ( − a^2_1a_2 2 s )_{m−k}

×F^{(2n−2k+s)} ( 2a_1 ( α^2 · p_3 − α^3 · p_2 )) × exp ( a_2 ( M^2 + M^3 + M^{2′+} + M^{3′ +} ))

×F^{(2m−2k+s+1)} ( 2a_1 ( α^{2′+} · p_3′ − α^{3′+} · p_2′ )) |0⟩_1. (A.4)

In order to simplify the above expression one can first keep r constant and sum over all k ≥ r, and m, n ≥ k. Further, after these summations have been done one can sum over all r. We first note that k! m!n!s! ( m k )( n k )( k r ) = 1 k! (m − k)! (n − k)!s! ( k r ) .

Then, for example, for r = 0, we get δL̃ ∼_1⟨0| ∞∑ m,n,s=0 ∞∑ k=0 a^{2k}_2 k!m!n!s! ( D 2 + m + n ) . . . ( D 2 + m + n + k − 1 )

× ( − a^2_1a_2 2 s )_{m+n} ( a^2_1p_{23} · p_2′_3′ )_s F^{(2n+s)} ( 2a_1 ( α^2 · p_3 − α^3 · p_2 ))

× exp ( a_2 ( M^2 + M^3 + M^{2′+} + M^{3′+} ))

×F^{(2m+s+1)} ( 2a_1 ( α^{2′+} · p_3′ − α^{3′+} · p_2′ )) |0⟩_1. One can now perform the sum over k, the only relevant parts of the expression being ∞∑ k=0 a^{2k}_2 k! X(X + 1) . . . (X + k − 1) ,

where we have put X ≡^D_2 + m + n. Now, the “rising factorial” in this expression can be written in terms of the Stirling numbers of the first kind as

X(X + 1) . . . (X + k − 1) = k∑ l=0 [ k l ] X^l. (A.5)

Considering constant powers of X^l, we first sum over k ≥ l, and then over l to obtain [59]_∞ ∑ l=0 X^l ∞∑ k=l a^{2k}_2 k! [ k l ] = exp [ −X log ( 1 − a^2 )] := exp (βX) ,

where β = − log (1 − a^2). Let us note that the singular case a^2 = 1 corresponds to the purely cubic theory [19]. In fact, one can show that, for any fixed r, we have the sum a^{2r}_2 r! ∞∑ k=0 a^{2k}_2 k! (X + r) (X + r + 1) . . . (X + r + k − 1) = a^{2r}_2 r! exp (βX + βr) . Therefore, the whole expression simplifies to δL̃ ∼_1⟨0| ∞∑ m,n,r,s=0 1 m!n!r!s! a^{2r}_2 exp [ β ( D 2 + m + n + r )]

( − a^2_1a_2 2 s )_{m+n} ( a^2_1p_{23} · p_2′_3′ )_{r+s} F^{(2n+r+s)} ( 2a_1 ( α^2 · p_3 − α^3 · p_2 ))

× exp ( a_2 ( M^2 + M^3 + M^{2′ +} + M^{3′ +} ))

×F^{(2m+r+s+1)} ( 2a_1 ( α^{2′+} · p_3′ − α^{3′+} · p_2′ )) |0⟩_1.

Now, putting s = t − r, summing first over r ≤ t and then t, and using t∑ r=0 1 r!(t − r)! ( a^2e^β )_r = 1 t! ( 1 + a^2e^β )_t = 1 t! ( 1 − a^2 )_{−t} = 1 t! e^{βt}, one finally gets δL̃ ∼_1⟨0| ∞∑ m,n,t=0 1 m!n!t! ( −e^β a^2_1a_2 2 s )_{m+n} ( e^βa^2_1p_{23} · p_2′_3′ )_t

×F^{(2n+t)} ( 2a_1 ( α^2 · p_3 − α^3 · p_2 )) × exp ( D 2 β + a_2 ( M^2 + M^3 + M^{2′+} + M^{3′+} )) (A.6)

×F^{(2m+t+1)} ( 2a_1 ( α^{2′+} · p_3′ − α^{3′+} · p_2′ )) |0⟩_1. References

[1] M. A. Vasiliev, “Higher spin gauge theories: Star-product and AdS space,” arXiv:hep-th/9910096.

[2] M. A. Vasiliev, “Higher spin gauge theories in various dimensions,” Fortsch.

Phys. 52, 702 (2004) [arXiv:hep-th/0401177].

[3] D. Sorokin, “Introduction to the classical theory of higher spins,” AIP Conf.

Proc. 767, 172 (2005) [arXiv:hep-th/0405069].

[4] N. Bouatta, G. Compere and A. Sagnotti, “An introduction to free higher-spin fields,” [arXiv:hep-th/0409068].

[5] X. Bekaert, S. Cnockaert, C. Iazeolla and M. A. Vasiliev, “Nonlinear higher spin theories in various dimensions,” [arXiv:hep-th/0503128].

[6] A. Fotopoulos and M. Tsulaia, “Gauge Invariant Lagrangians for Free and Interacting Higher Spin Fields. A Review of the BRST formulation,” Int. J. Mod. Phys. A 24, 1 (2009) [arXiv:0805.1346 [hep-th]].

[7] A. Campoleoni, “Metric-like Lagrangian Formulations for Higher-Spin Fields of Mixed Symmetry,” [arXiv:0910.3155].

[8] D. Francia, “On the relation between local and geometric Lagrangians for higher spins,” J. Phys. Conf. Ser. 222, 012002 (2010) [arXiv:1001.3854].

[9] X. Bekaert, N. Boulanger and P. Sundell, “How higher-spin gravity surpasses the spin two barrier: no-go theorems versus yes-go examples,” [arXiv:1007.0435].

[10] A. Sagnotti, “Notes on Strings and Higher Spins,” arXiv:1112.4285 [hep-th].

[11] M. Tsulaia, “On Tensorial Spaces and BCFW Recursion Relations for Higher Spin Fields,” arXiv:1202.6309 [hep-th].

[12] A. K. H. Bengtsson, “BRST approach to interacting higher spin gauge fileds,” Class. Quant. Grav. 5, 437 (1988).

[13] R. R. Metsaev, “Cubic interaction vertices for fermionic and bosonic arbitrary spin fields,” [arXiv:0712.3526 [hep-th]], R. R. Metsaev, “Cubic interaction vertices for massive and massless higher spin fields,” Nucl. Phys. B 759, 147 (2006) [arXiv:hep-th/0512342].

[14] R. Manvelyan, K. Mkrtchyan and W. Ruehl, “General trilinear interaction for arbitrary even higher spin gauge fields,” Nucl. Phys. B 836, 204 (2010) [arXiv:1003.2877],

[15] R. Manvelyan, K. Mkrtchyan and W. Ruehl, “Direct construction of a cubic selfinteraction for higher spin gauge fields,” [arXiv:1002.1358],

[16] A. Sagnotti and M. Taronna, “String Lessons for Higher-Spin Interactions,” [arXiv:1006.5242], M. Taronna, “Higher Spins and String Interactions,” [arXiv:1005.3061].

[17] A. Fotopoulos, M. Tsulaia, “On the Tensionless Limit of String theory, Off - Shell Higher Spin Interaction Vertices and BCFW Recursion Relations,” JHEP 1011, 086 (2010). [arXiv:1009.0727 [hep-th]].

[18] X. Bekaert, N. Boulanger and S. Cnockaert, “Spin three gauge theory revisited,” JHEP 0601, 052 (2006) [arXiv:hep-th/0508048], N. Boulanger, S. Leclercq and S. Cnockaert, “Parity violating vertices for spin-3 gauge fields,” Phys. Rev. D 73 (2006) 065019 [arXiv:hep-th/0509118], N. Boulanger and S. Leclercq, “Consistent couplings between spin-2 and spin-3 massless fields,” JHEP 0611 (2006) 034 [arXiv:hep-th/0609221], X. Bekaert, N. Boulanger and S. Leclercq, J. Phys. A A 43, 185401 (2010) [arXiv:1002.0289 [hep-th]].

[19] A. Fotopoulos and M. Tsulaia, “Interacting Higher Spins and the High Energy Limit of the Bosonic String,” Phys. Rev. D 76, 025014 (2007) [arXiv:0705.2939 [hep-th]].

[20] I. G. Koh and S. Ouvry, “Interacting Gauge Fields Of Any Spin And Symmetry,” Phys. Lett. B 179, 115 (1986) [Erratum-ibid. 183B, 434(E) (1987)]

[21] D. Polyakov, “Gravitational Couplings of Higher Spins from String Theory,” [arXiv:1005.5512],

D. Polyakov, “Interactions of Massless Higher Spin Fields From String Theory,” [arXiv:0910.5338].

[22] P. Benincasa and E. Conde, “Exploring the S-Matrix of Massless Particles,” arXiv:1108.3078 [hep-th].

[23] R. Manvelyan, K. Mkrtchyan and W. Ruehl, “A Generating function for the cubic interactions of higher spin fields,” Phys. Lett. B 696, 410 (2011) [arXiv:1009.1054 [hep-th]].

[24] D. Polyakov, “Higher Spins and Open Strings: Quartic Interactions,” Phys.

Rev. D 83 (2011) 046005 [arXiv:1011.0353 [hep-th]].

[25] M. Taronna, “Higher-Spin Interactions: four-point functions and beyond,” arXiv:1107.5843 [hep-th].

[26] A. K. H. Bengtsson, “Structure of Higher Spin Gauge Interactions,” J. Math.

Phys. 48 (2007) 072302 [arXiv:hep-th/0611067].

[27] X. Bekaert, E. Joung and J. Mourad, “On higher spin interactions with matter,” JHEP 0905, 126 (2009) [arXiv:0903.3338 [hep-th]].

[28] R. C. Brower, J. Polchinski, M. J. Strassler and C. -ITan, “The Pomeron and gauge/string duality,” JHEP 0712, 005 (2007) [hep-th/0603115].

[29] P. Benincasa and F. Cachazo, “Consistency Conditions on the S-Matrix of Massless Particles,” arXiv:0705.4305 [hep-th].

[30] R. Britto, F. Cachazo and B. Feng, “New Recursion Relations for Tree Amplitudes of Gluons,” Nucl. Phys. B 715, 499 (2005) [arXiv:hep-th/0412308].

[31] R. Britto, F. Cachazo, B. Feng and E. Witten, “Direct Proof Of Tree-Level Recursion Relation In Yang-Mills Theory,” Phys. Rev. Lett. 94 (2005) 181602 [arXiv:hep-th/0501052].

[32] A. Pashnev and M. Tsulaia, “Description of the higher massless irreducible integer spins in the BRST approach,” Mod. Phys. Lett. A 13, 1853 (1998) [hep-th/9803207].

[33] I. L. Buchbinder and V. A. Krykhtin, “Gauge invariant Lagrangian construction for massive bosonic higher spin fields in D dimensions,” Nucl. Phys. B 727, 537 (2005) [hep-th/0505092].

[34] D. Francia and A. Sagnotti, “On the geometry of higher-spin gauge fields,” Class. Quant. Grav. 20 (2003) S473 [arXiv:hep-th/0212185]. D. Francia and A. Sagnotti, “On the geometry of higher spin gauge fields,” Class. Quant. Grav. 20, S473 (2003) [hep-th/0212185].

[35] I. L. Buchbinder, A. V. Galajinsky and V. A. Krykhtin, Nucl. Phys. B 779, 155 (2007) [hep-th/0702161].

I. L. Buchbinder and A. V. Galajinsky, JHEP 0811, 081 (2008) [arXiv:0810.2852 [hep-th]].

[36] A. Fotopoulos and M. Tsulaia, “Current Exchanges for Reducible Higher Spin Multiplets and Gauge Fixing,” JHEP 0910, 050 (2009) [arXiv:0907.4061 [hepth]].

[37] F. A. Berends, G. J. H. Burgers and H. van Dam, “Explicit Construction Of Conserved Currents For Massless Fields Of Arbitrary Spin,” Nucl. Phys. B 271, 429 (1986),

[38] M. A. Vasiliev, “Consistent Equation For Interacting Gauge Fields Of All Spins In (3+1)-Dimensions,” Phys. Lett. B 243, 378 (1990), M. A. Vasiliev, “More on equations of motion for interacting massless fields of all spins in (3+1)-dimensions,” Phys. Lett. B 285, 225 (1992), M. A. Vasiliev, “Nonlinear equations for symmetric massless higher spin fields in (A)dS(d),” Phys. Lett. B 567, 139 (2003) [arXiv:hep-th/0304049],

[39] M. A. Vasiliev, “Cubic interactions of bosonic higher spin gauge fields in AdS(5),” Nucl. Phys. B616, 106-162 (2001). [arXiv:hep-th/0106200 [hep-th]]

[40] K. B. Alkalaev, M. A. Vasiliev, “N=1 supersymmetric theory of higher spin gauge fields in AdS(5) at the cubic level,” Nucl. Phys. B655, 57-92 (2003). [hep-th/0206068].

[41] M. Vasiliev, “Cubic Vertices for Symmetric Higher-Spin Gauge Fields in (A)dS_d,” arXiv:1108.5921 [hep-th].

[42] I. L. Buchbinder, A. Fotopoulos, A. C. Petkou and M. Tsulaia, “Constructing the cubic interaction vertex of higher spin gauge fields,” Phys. Rev. D 74 (2006) 105018 [arXiv:hep-th/0609082].

[43] A. Fotopoulos, N. Irges, A. C. Petkou and M. Tsulaia, “Higher-Spin Gauge Fields Interacting with Scalars: The Lagrangian Cubic Vertex,” JHEP 0710 (2007) 021 [arXiv:0708.1399 [hep-th]].

A. Fotopoulos and M. Tsulaia, “Current Exchanges for Reducible Higher Spin Modes on AdS,” arXiv:1007.0747 [hep-th].

[44] N. Boulanger, S. Leclercq and P. Sundell, “On The Uniqueness of Minimal Coupling in Higher-Spin Gauge Theory,” JHEP 0808, 056 (2008) [arXiv:0805.2764 [hep-th]].

[45] R. Manvelyan and K. Mkrtchyan, “Conformal invariant interaction of a scalar field with the higher spin field in AdS(D),” Mod. Phys. Lett. A 25, 1333 (2010) [arXiv:0903.0058 [hep-th]].

[46] N. Boulanger and E. D. Skvortsov, “Higher-spin algebras and cubic interactions for simple mixed-symmetry fields in AdS spacetime,” JHEP 1109, 063 (2011) [arXiv:1107.5028 [hep-th]].

N. Boulanger, E. D. Skvortsov and Yu. M. Zinoviev, “Gravitational cubic interactions for a simple mixed-symmetry gauge field in AdS and flat backgrounds,” arXiv:1107.1872 [hep-th].

Y. .M. Zinoviev, “Gravitational cubic interactions for a massive mixed symmetry gauge field,” Class. Quant. Grav. 29, 015013 (2012) [arXiv:1107.3222 [hep-th]].

[47] D. Polyakov, “A String Model for AdS Gravity and Higher Spins,” Phys. Rev.

D 84, 126004 (2011) [arXiv:1106.1558 [hep-th]].

[48] E. Joung and M. Taronna, “Cubic interactions of massless higher spins in (A)dS:

metric-like approach,” arXiv:1110.5918 [hep-th].

[49] S. Lee and D. Polyakov, “String Amplitudes and Frame-like Formalism for Higher Spins,” arXiv:1203.0909 [hep-th].

[50] D. Francia, J. Mourad and A. Sagnotti, “(A)dS exchanges and partially-massless higher spins,” Nucl. Phys. B 804, 383 (2008) [arXiv:0803.3832 [hep-th]].

[51] I. L. Buchbinder, V. A. Krykhtin and P. M. Lavrov, “Gauge invariant Lagrangian formulation of higher spin massive bosonic field theory in AdS space,” Nucl. Phys. B 762, 344 (2007) [hep-th/0608005].

[52] A. Sagnotti and M. Tsulaia, “On higher spins and the tensionless limit of string theory,” Nucl. Phys. B 682 (2004) 83 [arXiv:hep-th/0311257].

[53] I. L. Buchbinder, A. Pashnev, M. Tsulaia, “Lagrangian formulation of the massless higher integer spin fields in the AdS background,” Phys. Lett. B523, 338- 346 (2001). [hep-th/0109067].

I. L. Buchbinder, A. Pashnev, M. Tsulaia, “Massless higher spin fields in the AdS background and BRST constructions for nonlinear algebras,” [hep-th/0206026].

[54] I. L. Buchbinder, V. A. Krykhtin, A. A. Reshetnyak, “BRST approach to Lagrangian construction for fermionic higher spin fields in (A)dS space,” Nucl. Phys. B787, 211-240 (2007). [hep-th/0703049].

I. L. Buchbinder, V. A. Krykhtin, L. L. Ryskina, “Lagrangian formulation of massive fermionic totally antisymmetric tensor field theory in AdS(d) space,” Nucl. Phys. B819, 453-477 (2009). [arXiv:0902.1471 [hep-th]]. I. L. Buchbinder, V. A. Krykhtin, L. L. Ryskina, “BRST approach to Lagrangian formulation of bosonic totally antisymmeric tensor fields in curved space,” Mod. Phys. Lett. A24, 401-414 (2009). [arXiv:0810.3467 [hep-th]].

[55] M. Grigoriev and A. Waldron, “Massive Higher Spins from BRST and Tractors,” Nucl. Phys. B 853, 291 (2011) [arXiv:1104.4994 [hep-th]].

[56] R. R. Metsaev, “Arbitrary spin massless bosonic fields in d-dimensional anti-de Sitter space,” [ arXiv:hep-th/9810231], R. R. Metsaev, “Fermionic fields in the d-dimensional anti-de Sitter spacetime,” Phys. Lett. B 419, 49 (1998) [arXiv:hep-th/9802097].

[57] D. E. Knuth and T. J. Buckholtz, “Computation of Tangent, Euler and Bernoulli Numbers,” Math. Comput 21, 663 (1967)

[58] M. Henneaux and S. J. Rey, “Nonlinear W_{infinity} as Asymptotic Symmetry of Three-Dimensional Higher Spin Anti-de Sitter Gravity,” JHEP 1012, 007 (2010) [arXiv:1008.4579 [hep-th]].

A. Campoleoni, S. Fredenhagen, S. Pfenninger and S. Theisen, “Asymptotic symmetries of three-dimensional gravity coupled to higher-spin fields,” JHEP 1011, 007 (2010) [arXiv:1008.4744 [hep-th]].

A. Jevicki, K. Jin and Q. Ye, “Collective Dipole Model of AdS/CFT and Higher Spin Gravity,” J. Phys. A A 44, 465402 (2011) [arXiv:1106.3983 [hep-th]]. R. d. M. Koch, A. Jevicki, K. Jin and J. P. Rodrigues, “AdS_4/CF T_3 Construction from Collective Fields,” Phys. Rev. D 83, 025006 (2011) [arXiv:1008.0633 [hep-th]].

[59] M. Abramowitz and I .A. Stegun, (Eds.). “Stirling Numbers of the First Kind.”

24.1.3 in Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical Tables, 9th printing. New York: Dover, p. 824, 1972.