arXiv:1203.6525v3 [gr-qc] 24 Apr 2013

Loop quantum gravity without the Hamiltonian constraint

N. Bodendorfer^{1,2}, A. Stottmeister^1, and A. Thurn^1 1Inst. for Theoretical Physics III, FAU Erlangen – Nürnberg, Staudtstr. 7, 91058 Erlangen, Germany and 2 Institute for Gravitation and the Cosmos & Physics Department, Penn State, University Park, PA 16802, U.S.A. (Dated: April 25, 2013)

We show that under certain technical assumptions, including the existence of a constant mean curvature (CMC) slice and strict positivity of the scalar field, general relativity conformally coupled to a scalar field can be quantised on a partially reduced phase space, meaning reduced only with respect to the Hamiltonian constraint and a proper gauge fixing. More precisely, we introduce, in close analogy to shape dynamics, the generator of a local conformal transformation acting on both, the metric and the scalar field, which coincides with the CMC gauge condition. A new metric, which is invariant under this transformation, is constructed and used to define connection variables which can be quantised by standard loop quantum gravity methods. Since this connection is invariant under the local conformal transformation, the generator of which is shown to be a good gauge fixing for the Hamiltonian constraint, the Dirac bracket associated with implementing these constraints coincides with the Poisson bracket for the connection. Thus, the well developed kinematical quantisation techniques for loop quantum gravity are available, while the Hamiltonian constraint has been solved (more precisely, gauge fixed) classically. The physical interpretation of this system is that of general relativity on a fixed spatial CMC slice, the associated “time” of which is given by the constant mean curvature. While it is hard to address dynamical problems in this framework (due to the complicated “time” function), it seems, due to good accessibility properties of the CMC gauge, to be well suited for problems such as the computation of black hole entropy, where actual physical states can be counted and the dynamics is only of indirect importance. The corresponding calculation yields the surprising result that the usual prescription of fixing the Barbero-Immirzi parameter β to a constant value in order to obtain the well-known formula S = a(Φ)A/(4G) does not work for the black holes under consideration, while a recently proposed prescription involving an analytic continuation of β to the case of a self-dual space-time connection yields the correct result. Also, the interpretation of the geometric operators gets an interesting twist, which exemplifies the deep relationship between observables and the choice of a time function and has consequences for loop quantum cosmology.

PACS numbers: 04.20.Ex, 04.20.Fy, 04.60.Pp, 04.70.Dy

A reduced phase space quantisation of a given theory is generally very problematic due to the complexity of the representation problem resulting from a non-trivial Dirac bracket. When quantising a given classical theory, it is often more practical to perform a Dirac-type quantisation [1] and to represent the constraints of the classical theory on a kinematical Hilbert space, as for example done in loop quantum gravity [2, 3]. On the other hand, the quantum equations are generally hard to solve and new technical problems, mostly of functional analytic nature, arise.

Concerning general relativity, the Dirac-type quantisation has been performed in the context of loop quantum gravity (LQG), as well as quantisations based on deparametrisation with respect to matter fields [4–7] have been given. While the focus of the available deparametrised models has been on solving the problem of time by deriving a true Hamiltonian, there are situations, e.g. state counting in the derivation of the black hole entropy, where the dynamics are not relevant, but only access to the physical Hilbert space is needed. For this, one would need a gauge fixing D (a time function) of the Hamiltonian constraint H, i.e. {H, D} = invertible, which is accessible (at least for the specific situations under consideration) and leads to a manageable Dirac bracket. The interpretation of such a formulation would be to consider general relativity on a fixed spatial slice defined by the gauge fixing condition.

In this paper, we show how such a reduced phase space quantisation can be constructed for general relativity conformally coupled to a scalar field by using ideas from shape dynamics [8]. First, we show that the generator of a local conformal symmetry (i.e., in what follows, a local rescaling of the canonical variables) is a good gauge fixing for the Hamiltonian constraint. Interestingly, the generator coincides with the constant mean curvature (CMC) gauge condition [9], thus being a purely geometric clock. A new metric, which is invariant under the local conformal transformation, is constructed as a compound object of the original metric and the scalar field. Due to this invariance, the Dirac bracket with respect to implementing both the Hamiltonian constraint and the generator of the conformal symmetry coincides with the Poisson bracket. Passing to Ashtekar-Barbero type connection variables, the Ashtekar-Isham-Lewandowski representation of loop quantum gravity can be employed. At the quantum level, we are left with the Gauß and spatial diffeomorphism constraints. The spatial diffeomorphism constraint poses the same difficulties as in standard LQG, e.g. the construction of spatially diffeomorphism invariant operators and the associated question of graph preservation need further research.

As an application, we perform an entropy calculation for a family of topologically non-trivial black holes which can be treated by the proposed method. The state counting can thus be performed at the level of the physical Hilbert space and yields some surprising results.

Although access to the physical Hilbert space is also given in the models [4–7], it is unclear if their associated time functions can be good gauge fixings for the Hamiltonian constraint for the type of static black hole solutions under consideration in this paper. E.g. since {H, D} would be linear in the momenta for scalar field or dust clocks D, we have {H, D} = 0 in static situations at least for the type of foliations (vanishing momentum of the scalar field, see the section on black holes) considered in this paper. Using other foliations, this objection would not hold, however, the CMC foliations considered here seem to be the most natural ones for static solutions. Of course, in other situations, the time functions of [4–7] might be better suited than the one presented here. Furthermore, we comment on using the variables derived in this paper for loop quantum cosmology.

CLASSICAL ANALYSIS

The presentation of the calculations in this paper is concise, see our more comprehensive companion paper [10] for details. The action of general relativity conformally coupled to a scalar field is given by S = 1 κ ∫ M d^{D+1}X √ gR^{(D+1)}a(Φ) + 1 2λ ∫ M d^{D+1}X √ gg^{μν} (∇_μΦ)(∇_ν Φ), (1)

where we defined

a(Φ) := 1 − αΦ^2, α := κ 2λD Δ^Φ Δ^g

, Δ^Φ = 1 − D 4 Δ^g

and D, Δ^g , Δ^Φ denote the spatial dimension and conformal weights of the metric and scalar field respectively. The dimension of λ is chosen to coincide with the dimension of κ which renders the field Φ dimensionless. The scalar field part of the action, i.e. S − S_{Einstein-Hilbert}, is invariant under the conformal transformation

g_{μν} → Ω^{Δg} g_{μν} , Φ → Ω^{ΔΦ} Φ. (2)

The D + 1 split of this action gives S = ∫ R dt ∫ σ d^Dx [ P^{ab}q̇_{ab} + π_ΦΦ̇ − N^aH_a − NH ] , (3)

where we have defined

π_Φ := − 1 λ √ q(L_nΦ) + 4α κ √ qΦK, P^{ab} := 1 κ a(Φ) √ q ( K^{ab} − q^{ab}K )

+ 2α κ √ qq^{ab}Φ(L_nΦ), (4)

P^{ab}_{tf} := P^{ab} − 1 D q^{ab}P^{cd}q_{cd}, H_a[N^a] := ∫ σ d^Dx [ P^{ab}(L_N q)_{ab} + π_Φ(L_N Φ) ] , (5)

H[N] := ∫ σ d^DxN [ H_{Grav} + H_Φ − κ D^2 Δ^{g 2}D(D − 1) √ q ] , κH_{Grav} := κ^2 √ qa(Φ) P^{tf}_{ab}P^{ab}_{tf} − √ qR^{(D)},

κH_Φ := κ 2λ √ q [ − λ^2 q π^2_Φ − 1 D q^{ab}(D_aΦ)(D_bΦ) + D − 1 D ΦD_aD^aΦ + 1 D Δ^Φ Δ^g

R^{(D)}Φ^2 ] , D := Δ^g P + Δ^Φπ_ΦΦ =

Δ^g (1 − D) √ q κ K. (6)

n denotes the normal vector on the spatial slices, L the Lie derivative, K_{ab} the extrinsic curvature, D_a the covariant derivative compatible with the spatial metric q_{ab}, K = K^{ab}q_{ab}, P = P^{ab}q_{ab}, and P^{ab}_{tf} denotes the trace free part of the spatial metric conjugate momentum P^{ab}. It is easy to see that D is the generator of local conformal transformations.

The underlying idea of what follows originates in the work of Lichnerowicz [11] and York [12]: Good initial data (satisfying H = 0 = H_a) for general relativity can be constructed from specific initial data (a spatial metric, a transversal trace free second rank tensor field and a constant value for the mean curvature) by performing a conformal rescaling of the fields with a scaling factor satisfying the Lichnerowicz-York equation. On the other hand, if, morally speaking, only conformal equivalence classes of initial data would be specified, one could perform a conformal transformation to initial data satisfying the Hamiltonian constraint without leaving the equivalence class, i.e. without changing the initial data. It therefore transpires that one should try to exchange the equation H = 0 for invariance under a local conformal rescaling. Parts of this idea have been implemented in shape dynamics [8], however, it was not possible so far to find a general solution to the conformal invariance condition which could also be quantised in a satisfactory way. In this paper, we take this last step by realising that a conformally coupled scalar field, as opposed to obstructions arising from other matter fields [13], allows for a non-trivial conformal weight in the generator of the local conformal transformation, and thus for the construction of a conformally invariant metric. We remark that an earlier account of introducing a conformal symmetry in canonical quantum gravity has been given in [14, 15], however, to the best of our knowledge, the kernel of the quantised conformal constraint, which is a part of the constraint algebra, has not been studied so far.

The main result of this section is that the CMC gauge D = 0 is a good gauge fixing for the Hamiltonian constraint at least locally and restricting to spatial slices which allow for the D = 0 gauge. While we restrict to zero constant mean curvature in this paper, the general case is developed in our companion paper [10]. More precisely, we calculate

{κH[N], D[ρ]} = H[. . .] + D[. . .] + ∫ σ d^Dx (D − 1) √ qρΔ^g [ D_aD^a − κ^2 2qa(Φ)^2

P^{tf}_{ab}P^{ab}_{tf} − 1 2 R^{(D)} ] N (7)

and conclude that D = 0 is locally a good gauge fixing if the elliptic partial differential operator D_aD^a − κ^2 2qa(Φ)^2

P^{tf}_{ab}P^{ab}_{tf} − 1 2 R^{(D)} (8)

is invertible. By a standard argument from the theory of partial differential equations [16] and using the assumption of a compact spatial slice without boundary (boundaries and non-compact spatial slices are treated in [10]), it is sufficient to show that

κ^2 2qa(Φ)^2

P^{tf}_{ab}P^{ab}_{tf} + 1 2 R^{(D)} > 0. (9)

If we demand the dominant energy condition (−T_μ^ν ζ^μ is a future causal vector for all future timelike vectors ζ) and use the field equations as well as the vanishing of the constraints, it follows that 1 2 R^{(D)} > 1 2 [K_{ab}K^{ab} − K^2] ≈ κ^2 2qa(Φ)^2

P^{tf}_{ab}P^{ab}_{tf} , (10)

and thus (9) holds:

κ^2 2q a(Φ)^2

P^{tf}_{ab}P^{ab}_{tf} + 1 2 R^{(D)} > κ^2 qa(Φ)^2

P^{tf}_{ab}P^{ab}_{tf} ≥ 0.(11)

However, the dominant energy condition does not generally hold for the conformally coupled scalar field [17] and we would have to impose it as additional, though physically motivated, constraint. Since the dominant energy condition is an inequality, we expect that the dimensionality of the phase space is not reduced by its imposition. In particular, the MST black hole discussed later on is admissible. Nevertheless, it is only a sufficient condition to have (9) satisfied and it might possibly be relaxed.

The next step is to construct a new metric variable invariant under local conformal transformations. This new variable is built such that the unphysical conformal mode of the original metric is accounted for by the scalar field. In this way, the physical content of the original scalar field becomes part of the new metric. The unphysical degree of freedom rests in the new scalar field variable, which is reflected by the fact that its conjugate momentum is given by D. Explicitly, this is achieved by the canonical transformation q̃_{ab} := e^{4D−1 ϕ̃}q_{ab}, P̃^{ab} := e^{− 4D−1 ϕ̃}P^{ab}, ϕ̃ := ln Φ, π̃_{ϕ̃} := 1 Δ^Φ

D. (12)

Indeed, the new Poisson brackets read

{q̃_{ab}, P̃^{cd}} = δ^c_{(a}δ^d_{b)}, {ϕ̃, π̃_{ϕ̃}} = 1. (13)

Here, we restricted ourselves to Φ > 0, which can be interpreted as a dilaton-type field Φ = exp ϕ̃. This restriction is necessary in order not to divide by zero and an according restriction on the spacetimes which we want to describe follows.

Next, we pass to the Dirac bracket {·, ·}_{DB} associated with implementing H = D = 0 simultaneously, which solves these constraints classically. We note that q̃_{ab} and P̃^{ab} are enough functions to parametrise the reduced phase space, and since {q̃_{ab}, D} = {P̃^{ab}, D} = 0, the nonvanishing Dirac brackets among them are

{q̃_{ab}, P̃^{cd}}_{DB} = {q̃_{ab}, P̃^{cd}} = δ^c_{(a}δ^d_{b)}. (14)

The remaining constraint algebra simply reads

{H_a[N^a], H_b[M^b]}_{DB} = H_a[(L_N M)^a]. (15)

Up to the missing Hamiltonian constraint, this system is identical to the ADM formulation [18] of general relativity and we can thus use standard techniques from loop quantum gravity in order to quantise it.

QUANTISATION

From the above ADM-type phase space, we can perform a canonical transformation to real connection variables as in [19, 20], or in all dimensions D ≥ 2 along the lines of [21]. We will shortly discuss the canonical transformation in case of the Ashtekar-Barbero variables in D = 3, see [3] for further details. We start from the symplectic potential

− (δP̃^{ab})q̃_{ab} (16)

from the previous section. Using a tetrad defining q̃_{ab} = ẽ^i_aẽ^j_bδ_{ij} introduces SO(3) (or SU(2)) gauge symmetry and the and the symplectic potential becomes

− (δP̃^{ab})q̃_{ab} = 2Ẽ^{ai}δK̃_{ai} (17)

with K̃_{ai} = K̃^{bc}q̃_{ab}ẽ_{ci}, K̃^{ab} =^{κ√}_{q̃} (P̃^{ab} −^1_2 P̃ q̃^{ab}) and Ẽai = ẽi_bq̃ab√q̃. Note that K̃ab is not just a rescaled version of the physical extrinsic curvature K^{ab}, but also depends on the scalar field and its momentum (4). The key step to derive the Ashtekar-Barbero variables is now to show that

Ẽ^{ai}δΓ̃_{ai} + 1 2 ϵ^{abc}∂_c [ (δẽ^j_b)ẽ_{cj} sgn(det(ẽ)) ] = 0, (18)

where Γ̃_{ai} is the spin connection compatible with ẽ_{ai}. The symplectic potential can thus be rewritten as ∫ σ d^3x 2^{(β)}Ẽ^{ai}δ^{(β)}Ã_{ai}+ 1 β ∫ ∂σ dS_a ϵ^{abc}(δẽ^j_b)ẽ_{cj} sgn(det(ẽ)),

(19) and we identified the conjugate bulk variables^{(β)}Ẽ^{ai} = (1/β)Ẽ^{ai} and^{(β)}Ã_{ai} = Γ̃_{ai} + βK̃_{ai} with β ∈ R\{0} being the Barbero-Immirzi parameter. The boundary term will be discussed later in the section on applications to black hole entropy calculations.

A mathematically rigorous quantisation of this classical system can be accomplished by loop quantum gravity methods [2, 3] and the uniqueness result on the representation [22] when demanding a unitary representation of the spatial diffeomorphisms remains valid since the spatial diffeomorphism constraint still has to be quantised. The difference to loop quantum gravity is, however, that the Hamiltonian constraint has been solved already classically and the usual complications associated with its quantisation do not arise.

The Gauß and spatial diffeomorphism constraint can be solved by standard methods [3]. As for spatially diffeomorphism invariant operators, in our case physical observables, we have nothing new to add to the usual treatment, see [3] for an exposition. Further research for a better understanding of these operators, especially graph-changing ones, is nevertheless needed.

GEOMETRIC OPERATORS

The geometric operators of loop quantum gravity, such as the area and volume operators, can be constructed in the usual manner from the invariant connection. However, their interpretation now changes since their spectrum has to be related with the geometry based on the non-invariant metric. It follows that, morally speaking,

Â^{inv} = Φ^2Â^{LQG}, V̂^{inv} = Φ^{2D/(D−1)}V̂^{LQG}, (20)

where the usual LQG operators measure the actual geometry while the invariant operators have the familiar discrete spectrum. A similar, although conceptually different, observation has been made by Ashtekar and Corichi in [23]. We remark that the possible occurrence of such a phenomenon has been emphasised by Dittrich and Thiemann [24]: The geometric operators of LQG might change their spectrum when taking into account the Hamiltonian constraint. This has to be seen in contrast to the result of [4, 5], where the spectra remain unchanged. The change in spectrum has to be attributed to the different choice of equal time hypersurfaces, i.e. D = 0 in our case and, e.g. Φ − const = 0 in [5], and the different resulting invariant geometric operators, which have to Poisson commute with the time function at the classical level. Further discussion on this issue is given in our companion paper [10]. It is interesting to note that when using a Higgs-type potential for Φ which leads to a non-vanishing vacuum expectation value ⟨Φ⟩, one could approximate the invariant geometric operators by the LQG geometric operators times a constant which changes the fundamental geometric scale by a factor of 1/ ⟨Φ⟩ in Planck units. While this might present a mechanism to increase the fundamental scale of LQG and make it thus more accessible to experiments, we caution the reader that such an interpretation is strongly tied to the type of foliation we are using and that the associated dynamics have to be investigated to check for consistency with current experiments, thus making further research necessary before jumping to conclusions. Also, the proposed quantisation of Φ would be very different than in the standard model, since Φ would be quantised as a part of the invariant metric instead of a usual scalar field.

Of course, at this point, these invariant operators still do not commute with the spatial diffeomorphism constraint, which could for example be achieved by tying their domain of integration to physical values of other matter fields. We leave this issue for further research.

APPLICATION TO BLACK HOLE ENTROPY

One of the major open problems in the calculation of black hole entropy in the loop quantum gravity framework is the treatment of the Hamiltonian constraint. While the constraint vanishes on the black hole horizon [25] and therefore does not have to be taken into account there, it still acts on the bulk. In the entropy calculations, it is assumed that every horizon state has at least one extension into the bulk which is annihilated by the

Hamiltonian constraint, a proof, however, has not been given so far. On the other hand, using the techniques developed in this paper, the problem of implementing the Hamiltonian constraint in the bulk does not even arise, since it is solved classically. We briefly sketch the relevant aspects of the black hole entropy calculation in our framework and comment on the outcome. Building on the results of [23, 26–28], the entropy can be calculated by counting the horizon states which are in agreement with the macroscopic properties of the black hole prescribed by the invariant area operator instead of the usual LQG area operator.

First, we remark that several black hole solutions for general relativity conformally coupled to a scalar field exist, which avoid the no-hair theorems in 3 + 1 dimensions and allow for non-trivial horizon topologies, see [29] for an overview. In order to treat them in our framework, we first have to check if the gauge D = 0 is accessible. For simplicity, let us restrict to static, i.e. the metric and the scalar field do not depend on the time coordinate t, 3 + 1 dimensional solutions. Choosing the t = const. hypersurfaces as the leaves of our foliation, accessibility directly follows since all the momenta, and thus D, vanish in this case. Next, we have to check if the gauge is well behaved, i.e. (8) has trivial kernel (an extension to non-compact spatial slices is treated in [10], where we also discuss global aspects). In the case of vanishing cosmological constant Λ, the scalar field is diverging at the horizon and we neglect this case. For Λ > 0, it was shown in [10] that D can be supplemented with an additional term to imply that (8) has trivial kernel. However, this additional term would spoil the accessibility of the gauge for the t = const. foliation. On the other hand, for Λ < 0, D may remain unaltered and triviality of the kernel still follows. The corresponding black hole solution has been found by Martínez, Staforelli and Troncoso, it describes an asymptotically locally AdS black hole and admits nontrivial horizon topologies of the form H^2/Γ, where H^2 is the hyperbolic plane and Γ is a freely acting discrete subgroup of O(2, 1) [30]. In the following, a spatial constant mean curvature slice of the horizon will be called S, its area A, and its Euler characteristic χ. Note that H^2/Γ is topologically equivalent to a handle body with genus g and Euler characteristic χ = 2(1 − g). The case g = 1 of a torus has to be excluded since χ = 0 would lead to ill-defined expressions in the following calculations. The afore mentioned black hole solution also needs a quartic self-interaction term of the scalar field, which however does not spoil the applicability of the techniques developed here, as discussed in depth in our companion paper [10].

One might object that the gauge is not fixed completely in the above static spacetime, because D = 0 can select any t = const hypersurface. However, the transformation between different t = const hypersurfaces is not a gauge transformation but an asymptotic symmetry and thus not a constraint which we have to fix, see also [10]. This can be seen by the fact that the corresponding lapse function would not vanish sufficiently fast at asymptotic infinity, thus leading to boundary terms which spoil the invertibility of (8). Still, non-trivial global problems could appear such as additional D = 0 surfaces with different shapes and t ≠ const, corresponding to the well known problem of Gribov copies. These have to be studied in detail for the specific black hole solutions under consideration. We will neglect this potential complication in this paper.

In the following, we will briefly outline the results of the proposed state counting in the U(1) framework originally introduced by Ashtekar et al. [25, 31–33] (The SU(2) framework [34, 35] works equally well, but reference to the complete Hamiltonian treatment given in [3], which we will follow closely, facilitates the discussion in this paper.) To do this, we will generalise the calculations given in chapter 15 of [3] to our case at the appropriate points. The definition of isolated horizons remains unchanged in presence of the conformally coupled scalar field. It is however important that the scalar field is constant on a horizon slice S. It is well known that due to the conformal coupling, the entropy does not obey the usual area law S_{BH} = A/(4G), but it picks up a factor of a(Φ) and the correct expression should read S_{BH} = a(Φ)A/(4G). In the context of loop quantum gravity, this has been confirmed in [26, 36] starting from a first order framework. Before commenting on this result and the relation to ours, we will first outline the calculation in our framework.

The important observation which allows to calculate the black hole entropy in the isolated horizon framework in loop quantum gravity is that the canonical transformation to connection variables yields a Chern-Simons symplectic potential on the boundary S of σ. In order to derive this result, considers the boundary term 1 β ∫ S δm ∧ m̄, (21) induced by the canonical transformation in the quantisation section, where m is the complex co-dyad on S. Note that we used sgn(det(ẽ)) = sgn(Φ^3 det(e)) = sgn(Φ)sgn(det(e)) = 1, since sgn(Φ) = 1 because we restricted to Φ > 0 and we can always assume sgn(det(e)) = 1 classically. It can be shown that the symplectic potential 1 β ∫ S δm ∧ m̄ + 1 2cβ ∫ S δW ∧ W (22) is closed, where W is the SO(2) spin connection compatible with m on S and c = −^{χπ}_A . Thus, up to the closed form (22), the symplectic potential on the boundary coincides with a U(1) Chern-Simons symplectic potential. In [3], the calculation was restricted to S being a twosphere, thus having Euler-characteristic χ = 2. The generalisation to different topologies is straight forward and has already been discussed in [27].

In order to generalise this calculation to our case, we have to use a conformally invariant m̃ = mΦ. In terms of m̃, the symplectic potential 1 β ∫ S δm̃ ∧ ¯m̃ + Φ^2 2cβ ∫ S δW ∧ W (23) is closed due to Φ being constant on S and being held fixed in variations. Since W is a homogeneous function of degree zero of m for global rescalings, it follows that W̃ = W . The next ingredient in the calculation is the isolated horizon boundary condition

dW = βc (∗E)_j δ^j_3 (24)

relating the bulk degrees of freedom probed by the flux E_j to the field strength dW of the Chern-Simons connection W . In the same way as above, it is replaced by dW = βc Φ^2

(∗Ẽ)_j δ^j_3. (25)

in our case. Instead of c, we obtain a rescaled constant c̃ = c/Φ^2 = −^{χπ}_{AΦ2} , which coincides with c up to the fact that the area A of S is replaced by the invariant area AΦ^2 as measured by the invariant area operator. The rest of the entropy calculation works exactly as before, just with the substitution of the invariant area instead of the area. The final result is

S_{BH} = A 4G Φ^2 β_0 β (26)

with β_0 being a constant. The appearance of the additional factor Φ^2 in the final formula can be understood in the following way: In loop quantum gravity, the canonical variables are given by the rescaled densitised triad (β)E^a_i = (1/β)E^a_i and the conjugate SU(2)-connection (β)A_{ai} = Γ_{ai} + βK_{ai}, where K_{ai} is the contraction of the extrinsic curvature with the co-triad K_{ai} = K_{ab}e^b_i . In the case of a conformally coupled scalar field we are considering here, the variable conjugate to E^a_i is changed from K^j_b to K^{′j}_b := a(Φ)[K^j_b + (a^′(Φ)/2a(Φ))e^j_bL_nΦ], which follows from (4). Since Φ is constant on S, using the conformally invariant variables^{(β)}Ẽ^a_i = (Φ^2/β)E^a_i and K̃_{ai} = (1/Φ2)K′_{ai} in (β)Ã_{ai} = Γ̃_{ai} + βK̃_{ai} is exactly like using a redefined Barbero-Immirzi parameter β̃ = β/Φ^2. This parameter will consequently show up in the final expression for the entropy. Since the canonical transformation relating different choices for β cannot be implemented on the holonomy flux algebra, the spectrum of observables and thus the black hole entropy can depend on the choice of β, or, in our case, on the effective β̃.

It has been customary to fix the value of the Barbero- Immirzi parameter β by this type of entropy calculation to β_0 in order to obtain the familiar area law. The validity of this procedure has been checked for many different types of black holes and matter contents of the theory by showing that β_0 is always the same number. However, we see a problem with this procedure for our specific choice of black hole: the value of Φ on S enters the entropy formula not in the wanted expression a(Φ). Since Φ depends on the mass of the black hole [30], fixing β is not an option. This wrong dependency on Φ is closely connected to the choice of effective Barbero-Immirzi parameter as discussed below. It can be evaded by a different choice of variables which are not conformally invariant as explained at the end of this section. First however, we will focus on a different route.

A possible way to solve this problem has been recently proposed in [37], where the authors observe that an analytic continuation of the formula for the dimension of the state space of the Chern-Simons theory compatible with the macroscopic area A to the complex value β = ±i, yields the area law S_{BH} = A/(4G) + corrections. The choice β = ±i plays a distinguished role since the corresponding Ashtekar connection is the pullback of the (anti) self-dual spacetime spin connection. However, one has to keep in mind that the quantum theory for β = ±i is ill-defined and the derivation is only formal.

Still applying the method of [37] to the case at hand, we first have to clarify which value of β needs to be chosen in order that the corresponding connection plays the same distinguished role. A first order action for the conformally coupled scalar field using (anti) self-dual connections and the canonical analysis thereof was given in [38]. The canonical variables, adapted to our notation, turn out to be Ê^a_i := ∓ia(Φ)E^a_i and Â_{bj} := Γ̂_{bj} ± iK̂_{bj} , where Γ̂_{bj} is compatible with Ê^a_i and K̂_{bj} := (1/a(Φ))K^′_{bj} (the scalar field momentum π_Φ is modified accordingly but its form is not relevant in what follows). Â_{bj} is the pullback of the on-shell self-dual spacetime connection (i.e. if the equations of motion hold). Comparison with the conformally invariant variables (19) reveals that in the presence of a conformally coupled scalar field, one has to analytically continue β to ±iΦ^2/a(Φ). This obviously transforms (1/β)Ẽ^{ai} and βK̃_{bj} into Ê^{ai} and ±iK̂_{bj} . Furthermore, in the spatial bulk, setting this value for β corresponds to a local conformal transformation, and to implement it canonically, we have to change the connection part Γ̃_{bj} in Ã_{ai} to Γ̂_{bj} . In total, the analytical continuation β → ±iΦ^2/a(Φ) transforms Ã_{ai} into the (anti) self-dual connection Â_{ai}.

Going through the calculations of [37] for the case at hand, the factor Φ^2 appearing in (26) is canceled by a similar factor from the invariant area operator, giving the final result S_{BH} = a(Φ)A/(4G), i.e. the needed factor a(Φ) is recovered. We emphasise that we currently don’t understand why this method yields the correct result or what the deeper implications it might have. For now, we consider it as an ad-hoc procedure which yields the correct result in a case where the usual prescription of setting β = β_0 fails.

A further comment is in order: At first sight, (26) seems to contradict the results of [26, 36], where an entropy proportional to a(Φ) was obtained by fixing β = β_0. However, in that work, one started from a first order framework which naturally leads to the conjugate variables K̂_{ai} and ±iÊ^{ai}. As we have seen before, they are related with the conformally invariant variables we use by a rescaling with Φ^2/a(Φ) (and a corresponding modification in the momentum π_Φ to make the transformation canonical). While this choice of variables is classically equally valid and leads to an additional factor of a(Φ)/Φ^2 in the entropy due to a further modified effective Barbero-Immirzi parameter, it is not conformally invariant and the state counting cannot be based on physical states by the methods of this paper. We remark that this is not meant as a criticism of this choice of variables, it just means that these variables are not well suited for the constant mean curvature gauge fixing used in this paper.

The standard loop quantum gravity entropy calculation thus generalise rather straightforwardly to the proposed version of loop quantum gravity on a constant mean curvature slice. However, it turns out that fixing β = β_0 in order to obtain the well known area law S_{BH} = a(Φ)A/(4G) does not work in this case since the value of the scalar field at the horizon enters not as expected. The recently proposed method of analytically continuing β to obtain a self-dual connection however solves this problems, which suggests to pursue the line of research started in [37] further.

APPLICATION TO LOOP QUANTUM COSMOLOGY

The area gap of full loop quantum gravity is a key input into the loop quantum cosmology framework, see e.g. [39], especially in the improved dynamics given by the μ̄ scheme [40], since it prescribes the minimal area around which the field strength in the Hamiltonian constraint is approximated via holonomies. On the other hand, the results of this paper show that one can choose a time function in full loop quantum gravity which is compatible with spatial homogeneity and isotropy, e.g. K ∝ ȧ/a for flat Friedmann-Lemaitre-Robertson-Walker models, and yields a field dependent area gap, which affects the Hamiltonian constraint based on this choice of variables in a non-trivial way.

From a phenomenological point of view, we expect that comparison with experiment would yield a lower bound on the magnitude of the scalar field (modulo the Barbero- Immirzi parameter), since otherwise the fundamental geometric scale would be too large and in conflict with cosmological observations. However, loop quantum cosmology based on the presented variables is also interesting from a technical point of view, since it requires us to polymerise not only the gravitational variables, but also the scalar field. Otherwise, the difference equation resulting from the Hamiltonian constraint, which now has a field dependent step size, would be in conflict with the technical nature of the almost periodic functions used in the construction of the loop quantum cosmology Hilbert space, since these are excited only at a finite number of points.

CONCLUDING REMARKS

• We underline that the original idea of trading the Hamiltonian constraint for a local conformal invariance originated in shape dynamics [8]. The main new input in our formalism is that a conformally coupled scalar field allows for a non-trivial conformal scaling and thus for the construction of an invariant metric from which quantisation can start. Also, we do not have a global Hamiltonian as in [8] since we are not restricting to volume preserving conformal transformations.

• An extension to standard model matter, a cosmological constant, and non-compact spatial slices is discussed in our companion paper [10].

• Since dilaton fields are naturally appearing in supergravity, we plan to investigate an extension of our framework to this setting. Here, it will be interesting to check what extent of supersymmetry is compatible with the D = 0 gauge fixing or how one could also gauge fix the supersymmetry constraint.

NB and AT thank the German National Merit Foundation for financial support. AS thanks the Evangelisches Studienwerk Villigst for financial support. NB was supported in part by the NSF Grant PHY-1205388 and the Eberly research funds of The Pennsylvania State University. We thank Abhay Ashtekar, Kristina Giesel, Henrique Gomes, Sean Gryb, Yasha Neiman, Tim Koslowski, and Thomas Thiemann for helpful and stimulating discussions. Also, we thank Kristina Giesel and Thomas Thiemann for carefully reading a draft of this paper and proposing numerous improvements. The idea for this work was born at the ESF-funded Quantum Gravity Colloqium 6, where Sean Gryb urged us to investigate the possibility of a connection formulation of shape dynamics with nice transformation properties under local conformal transformations.

[1] P. A. M. Dirac, Lectures on Quantum Mechanics. Belfer Graduate School of Science, Yeshiva University Press, New York, 1964.

[2] C. Rovelli, Quantum Gravity. Cambridge University Press, Cambridge, 2004.

[3] T. Thiemann, Modern Canonical Quantum General Relativity. Cambridge University Press, Cambridge, 2007.

[4] K. Giesel and T. Thiemann Classical and Quantum Gravity 27 (2010) 175009, arXiv:0711.0119 [gr-qc].

[5] M. Domagala, K. Giesel, W. Kaminski, and J. Lewandowski Physical Review D 82 (2010) 104038,

arXiv:1009.2445 [gr-qc].

[6] V. Husain and T. Pawlowski Physical Review Letters 108 (2012) 141301, arXiv:1108.1145 [gr-qc].

[7] K. Giesel and T. Thiemann arXiv:1206.3807 [gr-qc]. [8] H. Gomes, S. Gryb, and T. Koslowski Classical and Quantum Gravity 28 (2011) 045005, arXiv:1010.2481

[gr-qc].

[9] A. D. Rendall Helvetica Physica Acta 69 (1996) 490–500. [10] N. Bodendorfer, A. Stottmeister, and A. Thurn Classical and Quantum Gravity (Forthcoming) arXiv:1203.6526

[gr-qc].

[11] A. Lichnerowicz Journal de Mathématiques Pures et Appliquées 23 (1944) 37–63.

[12] J. York Physical Review Letters 26 (1971) 1656–1658. [13] H. Gomes and T. Koslowski General Relativity and Gravitation 44 (2012) 1539–1553, arXiv:1110.3837 [gr-qc].

[14] C. Wang Physical Review D 71 (2005) 124026,

arXiv:gr-qc/0501024.

[15] C. Wang Journal of Physics: Conference Series 33 (2006) 285–290, arXiv:gr-qc/0512023.

[16] D. Gilbarg and N. S. Trudinger, Elliptic Partial Differential Equations of Second Order. Springer, 2nd ed., 1983.

[17] L. Ford and T. Roman Physical Review D 64 (2001) 024023.

[18] R. Arnowitt, S. Deser, and C. W. Misner, “The dynamics of general relativity,” in Gravitation: An introduction to current research (L. Witten, ed.), (New York), pp. 227– 265, Wiley, 1962. arXiv:gr-qc/0405109.

[19] A. Ashtekar Physical Review Letters 57 (1986) 2244– 2247.

[20] J. Barbero Physical Review D 51 (1995) 5507–5510,

arXiv:gr-qc/9410014.

[21] N. Bodendorfer, T. Thiemann, and A. Thurn Classical and Quantum Gravity 30 (2013) 045001,

arXiv:1105.3703 [gr-qc].

[22] J. Lewandowski, A. Okolów, H. Sahlmann, and T. Thiemann Communications in Mathematical Physics 267 (2006) 703–733, arXiv:gr-qc/0504147.

[23] A. Ashtekar and A. Corichi Classical and Quantum Gravity 20 (2003) 4473–4484, arXiv:gr-qc/0305082.

[24] B. Dittrich and T. Thiemann Journal of Mathematical Physics 50 (2009) 012503, arXiv:0708.1721 [gr-qc].

[25] A. Ashtekar, A. Corichi, and K. Krasnov Advances in Theoretical and Mathematical Physics 3 (2000) 419–478,

arXiv:gr-qc/9905089.

[26] A. Ashtekar, A. Corichi, and D. Sudarsky Classical and Quantum Gravity 20 (2003) 3413–3425,

arXiv:gr-qc/0305044.

[27] S. Kloster, J. Brannlund, and A. DeBenedictis Classical and Quantum Gravity 25 (2008) 065008,

arXiv:gr-qc/0702036.

[28] A. DeBenedictis, S. Kloster, and J. Brannlund Classical and Quantum Gravity 28 (2011) 105023,

arXiv:1101.4631 [gr-qc].

[29] M. Nadalini, L. Vanzo, and S. Zerbini Physical Review D 77 (2008) 024047, arXiv:0710.2474 [hep-th].

[30] C. Martínez, R. Troncoso, and J. Staforelli Physical Review D 74 (2006) 044028, arXiv:hep-th/0512022.

[31] A. Ashtekar, C. Beetle, and S. Fairhurst Classical and Quantum Gravity 17 (2000) 253–298,

arXiv:gr-qc/9907068.

[32] A. Ashtekar, S. Fairhurst, and B. Krishnan Physical Review D 62 (2000) 104025, arXiv:gr-qc/0005083.

[33] A. Ashtekar, J. Baez, and K. Krasnov Advances in Theoretical and Mathematical Physics 4 (2000) 1–94,

arXiv:gr-qc/0005126.

[34] J. Engle, K. Noui, and A. Perez Physical Review Letters 105 (2010) 031302, arXiv:0905.3168 [gr-qc].

[35] J. Engle, K. Noui, A. Perez, and D. Pranzetti Physical Review D 82 (2010) 044050, arXiv:1006.0634 [gr-qc].

[36] A. Ashtekar and A. Corichi Classical and Quantum Gravity 20 (2003) 4473–4484, arXiv:gr-qc/0305082.

[37] E. Frodden, M. Geiller, K. Noui, and A. Perez

arXiv:1212.4060 [gr-qc].

[38] R. Capovilla Physical Review D 46 (1992) 1450–1452,

arXiv:gr-qc/9207001.

[39] A. Ashtekar and P. Singh Classical and Quantum Gravity 28 (2011) 213001, arXiv:1108.0893 [gr-qc].

[40] A. Ashtekar, T. Pawlowski, and P. Singh Physical Review D 74 (2006) 084003, arXiv:gr-qc/0607039.