arXiv:1204.0091v2 [gr-qc] 8 May 2012

Exact solutions in gravity with a sigma model source

A. A. Golubtsova^{1 ,b,c} and V. D. Ivashchuk^{2 ,a,b}

(a) Center for Gravitation and Fundamental Metrology, VNIIMS, 46 Ozyornaya Str., Moscow 119361, Russia (b) Institute of Gravitation and Cosmology, Peoples’ Friendship University of Russia, 6 Miklukho-Maklaya Str., Moscow 117198, Russia (c) Laboratoire de Univers et Théories (LUTh), Observatoire de Paris, Place Jules Janssen 5, 92190 Meudon, France

Abstract

We consider a D -dimensional model of gravity with non-linear “scalar fields” as a matter source. The model is defined on the product manifold M , which contains n Einstein factor spaces. General cosmological type solutions to the field equations are obtained when n − 1 factor spaces are Ricci-flat, e.g. when one space M_1 of dimension d_1 > 1 has nonzero scalar curvature. The solutions are defined up to solutions to geodesic equations corresponding to a sigma model target space. Several examples of sigma models are presented. A subclass of spherically symmetric solutions is studied and a restricted version of “no-hair theorem” for black holes is proved. For the case d_1 = 2 a subclass of latent soliton solutions is singled out.

1 Introduction

A lot of gravitational models (including scalar-tensor theories and supergravity ones), when required solutions have enough space-time symmetries, can be reduced to an effective model with “scalar fields” governed by a sigma model action, see [1, 2, 3, 4, 5, 6, 7, 8] and references therein.

Here we consider a gravitational model governed by a Lagrangian in D dimensions

L = R[g] − h_{ab}(φ)g^{MN} ∂_M φ^a∂_N φ^b, (1.1)

where g is a metric and non-linear “scalar fields” φ^α come to the Lagrangian in a sigma model form with a certain target space metric h assumed. In higher dimensional gravitational theories the above model first appeared in connection with spontaneous compactification of the extra dimensions [9, 10].

The Lagrangian (1.1) (e.g. with h_{ab} = const ) describes the truncated sectors of various 3 < D ≤ 10 supergravity theories in the Einstein frame [11]. Usually these theories contain form-fields (fluxes) in addition to massless scalar fields and Chern-Simons (CS) terms. In this sense, the Lagrangian (1.1) for D > 3 (e.g. with h_{ab} = const ) matches zero flux (and

1siedhe@gmail.com 2ivashchuk@mail.ru

CS) limit. For D = 3 the Lagrangians of such types are generic ones when dimensional reductions of (bosonic sectors of) supergravity models are considered, see [1, 2, 6, 7] and refs. therein. In higher dimensional gravitational theories the above model first appeared in connection with spontaneous compactification of extra dimensions [9, 10].

Here we deal with cosmological type solutions defined on a product of n Einstein spaces (e.g. Ricci-flat ones). The integrable cosmological configurations were studied in numerous papers, see [14], [15] (without scalar fields), [16, 17, 18, 19] (with one scalar field), [20, 21, 22] etc. However, the authors of these papers restricted their attention to a linear sigma model for which components h_{ab} are constant. Here we will study the solutions for h_{ab}(φ) with arbitrary dependence on φ^a (e.g. for a non-linear sigma model).

2 The model

We start by considering the following action S = 1 2κ^2 ∫ M d^Dx √ |g| { R[g] − h_{ab}(φ)g^{MN} ∂_M φ^a∂_N φ^b } + S_{Y GH} , (2.1)

where κ^2 is a D -dimensional gravitational coupling, g = g_{MN} dx^M ⊗ dx^N is a metric defined on a manifold M , φ : M → M_φ is a smooth sigma model map and M_φ is a l - dimensional manifold (target space) equipped with the metric h = h_{ab}(φ)dφ^a ⊗ dφ^b ( φ^a are coordinates on M_φ ). Here S_{Y GH} is the standard York-Gibbons-Hawking boundary term [12, 13].

The field equations for the action (2.1) read as follows R_{MN} − 1 2 g_{MN} R = T_{MN} , (2.2) 1 √ |g| ∂_M (g^{MN} √ |g|h_{ab}(φ)∂_N φ^b) − 1 2 ∂h_{bc}(φ) ∂φ^a ∂_K φ^b∂_Lφ^cg^{KL} = 0, (2.3)

where

T_{MN} = h_{ab}(φ)∂_M φ^a∂_N φ^b − 1 2 h_{ab}(φ)g_{MN} ∂_K φ^a∂_Lφ^bg^{KL} (2.4)

is the stress-energy tensor.

Here we consider a cosmological type ansatz for the metric and “scalar fields”

g = we^{2γ(u)}du ⊗ du + n∑ i=1 e^{2βi(u)}g^i, (2.5)

φ^a = φ^a(u), (2.6)

where w = ±1 , i = 1, . . . , n .

The metric is defined on the manifold

M = R_∗ × M_1 × . . . × M_n, (2.7)

where R_∗ = (u_−, u_+) and any factor space M_i is a d_i -dimensional Einstein manifold with the metric g^i obeying R_{mini} [g^i] = ξ_ig^i_{mini} , (2.8) i = 1, . . . , n . To find solutions for the equations (2.2)-(2.3) seems to be complicated due to the nonlinear structure of the Einstein equations and intricacy having scalar fields. However it may be shown that the field equations for the model (2.1) with the metric and ”scalar fields” from (2.5) and (2.6) are equivalent to the Lagrange equations corresponding to the Lagrangian of the one-dimensional (n + l) -component modified σ -model L = 1 2 N^{−1}[G_{ij}β̇^iβ̇^j + h_{ab}(φ)φ̇^aφ̇^b] − N V_ξ. (2.9)

Here N = exp(γ − γ_0) > 0 is a modified lapse function, γ_0 = n∑ i=1 d_iβ^i ,

G_{ij} = d_iδ_{ij} − d_id_j , (2.10)

i, j = 1, . . . , n , are components of the gravitational part of the minisuperspace metric [23] and

V_ξ = w 2 n∑ i=1 ξ_id_ie^{−2βi+2γ0} (2.11)

is the potential. Here and in what follows Ȧ =^{dA}_{du} .

For the constant h_{ab}(φ) = h_{ab} the reduction to the sigma model was proved (for more general setup) in [3]. We note that here h_{ab}(φ) can be interpreted as a scalar part of the total target space metric.

When all M_i have finite volumes the substitution of (2.5) and (2.6) into the action (2.1) gives us the following relation S = μ ∫ Ldu (2.12)

where L is defined in (2.9), μ = − w κ^2 n∏ i=1 V_i , and V_i = ∫ M_i d^{di} y (√ det (g^i_{mini} ) ) is the

volume of M_i , i = 1, . . . , n .

The relation (2.12) can be derived using the following expression for the scalar curvature R = −we^{−2γ} ( 2γ̈_0 − 2γ̇_0γ̇ + γ̇^2_0 + n∑ i=1 d_i ( β̇^i )_2) + n∑ i=1 e^{−2βi} R[g^i], (2.13)

where R[g^i] = ξ_id_i is the scalar curvature corresponding to the M_i -manifold. To obtain (2.12) from (2.1) (for compact M_i ) one should extract the total derivative term in (2.13) which is cancelled by the York-Gibbons-Hawking boundary term.

We write the Lagrange equations for (2.9) and then put N = 1 , or equivalently γ = γ_0 , i.e. when u is a harmonic variable, as in [24]. We get G_{ij}β̈^j + w n∑ j=1 ξ_jd_j(−δ^j_i + d_i)e^{−2βj +2γ0} = 0, (2.14) i = 1, . . . , n , d(h_{ab}(φ)φ̇^b) du − 1 2 ∂h_{cb}(φ) ∂φ^a φ̇^cφ̇^b = 0, (2.15)

a = 1, . . . , l , and 1 2 G_{ij}β̇^iβ̇^j + 1 2 h_{ab}(φ)φ̇^aφ̇^b + V_ξ = 0. (2.16)

In fact, equations (2.14) are nothing else but Lagrange equations corresponding to the Lagrangian L_β = 1 2 G_{ij}β̇^iβ̇^j − V_ξ (2.17)

with the energy integral of motion

E_β = 1 2 G_{ij}β̇^iβ̇^j + V_ξ. (2.18)

Likewise (2.14), the equations (2.15) are Lagrange equations corresponding to the Lagrangian L_φ = 1 2 h_{ab}(φ)φ̇^aφ̇^b (2.19)

with the energy integral of motion

E_φ = 1 2 h_{ab}(φ)φ̇^aφ̇^b. (2.20)

Equations (2.15) are equivalent to geodesic equations corresponding to the metric h .

The relation (2.16) is the energy constraint

E = E_β + E_φ = 0, (2.21) coming from ∂L/∂N = 0 (for N = 1 ).

Equations (2.14) can be rewritten in a equivalent form

β̈^i − wξ_ie^{−2βi+2γ}0 = 0, (2.22)

i = 1, . . . , n . These expressions may be obtained from (2.14) by using the inverse matrix (G^{ij}) = (G_{ij})^{−1} : G^{ij} = δ^{ij} d_i + 1 2 − D (2.23)

and the following relations for u^{(k)} -vectors:

u^{(k)}_i = −δ^k_i + d_i, u^{(k)i} = G^{ij} u^{(k)}_j = − δ^{ki} d_i , (2.24) i, j, k = 1, . . . , n . In what follows we will use the following formulae

(u^{(k)}, u^{(k)}) = G^{ij} u^{(k)}_i u^{(k)}_j = 1 d_k − 1, (2.25) k = 1, . . . , n . Hence the problem of finding the cosmological type solutions for the model (2.1) (with u being harmonic variable) is reduced to solving the equations of motion for the Lagrangians L_β and L_φ with the energy constraint (2.21) imposed.

Geodesics for a flat metric h .

For the constant h_{ab}(φ) = h_{ab} eqs. (2.15) read

φ̈^a = 0, (2.26) or, equivalently,

φ^a = υ^a_φu + φ^a_0, (2.27) where υ^a_φ and φ^a_0 are integration constants, a = 1, . . . , l . The energy for scalar fields (2.20) takes the form

E_φ = 1 2 h_{ab}υ^a_φυ^b_φ. (2.28)

More examples of geodesic solutions will be given in Section 4.

3 Cosmological type solutions

In this section we deal with certain examples of cosmological type solutions with the metric and ”scalar fields” from (2.5) and (2.6), respectively.

3.1 Solutions with n Ricci-flat spaces

Here we focus on the solutions for the case when all factor spaces M_i are Ricci-flat:

Ric[g^i] = 0, (3.1) i = 1, . . . , n . Due to (3.1) the potential V_ξ is equal to zero and the equations of motion (2.22) for β^i now become β̈^i = 0, (3.2) i = 1, . . . , n . Integration of the equations (3.2) yields

β^i = υ^iu + β^i_0, γ_0 = n∑ i=1 d_i ( υ^iu + β^i_0 ) , (3.3) where the parameters υ^i and β^i_0 are integration constants and the energy (2.18) takes the form

E_β = 1 2 G_{ij}v^iv^j, (3.4) where the minisuperspace metric G_{ij} is given by (2.10). The metric reads

g = w exp [2 n∑ i=1 d_i(υ^iu + β^i_0)]du ⊗ du + n∑ i=1 exp [2(υ^iu + β^i_0)]g^i. (3.5)

The “scalar fields” obey eqs. (2.15) with the energy constraint

E_φ = 1 2 h_{ab}(φ)φ̇^aφ̇^b = − 1 2 G_{ij} v^iv^j . (3.6) In a special case of one (non-fantom) scalar field ( h_{11} = 1 ) and w = −1 this solution was obtained in [16]. For solutions with several scalar fields and constant h_{ab} see [20, 21].

The scalar curvature for the metric (3.5) reads (see (2.13)) R[g] = −w ( G_{ij} υ^iυ^j ) e^{−2γ0} . (3.7) In what follows we use a parameter

Σ = Σ(υ) ≡ n∑ i=1 d_iυ^i (3.8)

to classify the solutions.

Non-special Kasner-like solutions.

We shall first consider the non-special case when Σ(υ) ≠ 0 . Let us define a “synchronous” variable τ = 1 |Σ(υ)| exp [^n∑ j=1 (υ^ju + β^j_0)d_j ] (3.9)

obeying e^{2γ0(β)}du^2 = dτ^2 . We introduce new parameters:

α^i = υ^i/Σ(υ), (3.10) i = 1, . . . , n , and

E_φ = E_φ/(Σ(υ))^2. (3.11) Then the metric reads g = wdτ ⊗ τ + n∑ i=1 c^2_i τ^{2αi} g^i, (3.12) τ > 0 . “Scalar fields” are solutions to equations of motion (see (2.15)) d dτ [ τh_{ab}(φ) dφ^b dτ ] − 1 2 τ ∂h_{cb}(φ) ∂φ^a dφ^c dτ dφ^b dτ = 0, (3.13)

a = 1, ..., l . The parameters (3.10) obey the Kasner-like conditions n∑ i=1 d_iα^i = 1, (3.14) n∑ i=1 d_i(α^i)^2 = 1 − 2E_φ, (3.15)

where

2E_φ = τ^2h_{ab}(φ) dφ^a dτ dφ^b dτ , (3.16)

is the integral of motion for eqs. (3.13). In (3.12) c_i are constants

c_i = |Σ|^{αi} exp [ β^i_0 − α^i n∑ j=1 β^j_0d_j ] , (3.17)

i = 1, . . . , n , obeying n∏ i=1 c^{di}_i = |Σ(υ)| . Flat h . For the special case of a flat target space metric h_{ab}(φ) = h_{ab} we get

φ^a = α^a_φ ln τ + φ̄^a_0, (3.18)

where φ̄^a_0 are constants, a = 1, . . . , l , and

E_φ = 1 2 h_{ab}α^a_φα^b_φ. (3.19)

The scalar curvature (3.7) reads in this case

R[g] = 2wE_φτ^{−2}. (3.20)

It diverges for τ → +0 if E_φ ≠ 0 . Hence all solutions with E_φ ≠ 0 are singular. Let E_φ = 0 . For Milne-type sets of parameters, i.e. when d_i = 1 and α^i = 1 for some i ( α^j = 0 for all j ≠ i ) the metric is regular, when either (i) g^{(i)} = −wdy^i ⊗ dy^i , M_i = R ( −∞ < y^i < +∞ ), or (ii) g^{(i)} = wdy^i ⊗ dy^i , M_i is a circle of length L_i ( 0 < y^i < L_i ) and c_iL_i = 2π (i.e. when the cone singularity is absent).

For E_φ = 0 the solutions with non-Milne-type sets of the Kasner parameters are singular (at least) if the Riemann tensor squared for metrics g^i obeys: R_{minipiqi} R^{minipiqi} [g^i] ≥ C_i , for some C_i . (For d_i = 1, 2, 3 R_{minipiqi} [g^i] = 0 , e.g. due to R_{mini} [g^i] = 0 for d_i = 2, 3 .) This is valid since the Riemann tensor squared for the metric g is divergent at τ = +0 in this case, see [26].

Special (steady state) solutions.

Now we consider the special case when Σ(v) = 0 . Due to (3.6) we obtain

E_φ = − 1 2 n∑ i=1 d_i(v^i)^2 ≤ 0. (3.21)

We get in this case γ_0 = n∑ i=1 d_iβ^i_0 = const and hence the scalar curvature

R[g] = 2wE_φe^{−2γ0} (3.22)

and the volume scale factor v = e^{γ0} are constants. The “synchronous” variable is proportional to u ( τ = e^{γ0} u ).

Hence, we obtained a restriction for the energy E_φ ≤ 0 . For E_φ = 0 all v^i = 0 and we are led to a static Ricci-flat solution.

This possibility occurs if the target space metric h is not positive-definite (e.g. there are phantom scalar fields for flat h ). The solutions of such type with one (phantom) scalar field were considered in [16]. (They are called as steady state solutions, see [16].)

Solutions with acceleration. Let d_1 = 3 and M_1 = R^3 . The factor space M_1 may be considered as describing our space. In both cases there exist subclasses of solutions describing accelerated expansion of our space.

Indeed, for Kasner-like solutions with w = −1 one could make a replacement τ → τ_0 −τ where τ_0 is a constant (corresponding to the so-called “big rip”). For such replacement the scale factor of M_1 reads

a_1(τ) = c_1(τ_0 − τ)^{α1} , (3.23)

c_1 > 0 . For α_1 < 0 we get an accelerated expansion of “our space” M_1 . Analogous consideration may be carried out for special (steady state) solutions. For w = −1 , d_1 = 3 and v^1 > 0 we get an accelerated expansion of 3-dimensional factor space M_1 .

3.2 Solutions with one curved Einstein space and n − 1 Ricci flat spaces

Here we put

Ric[g^1] = ξ_1g^1, ξ_1 ≠ 0, Ric[g^i] = 0, i > 1, (3.24)

i.e. the first space (M_1, g^1) is an Einstein space of non-zero scalar curvature and other spaces (M_i, g^i) are Ricci-flat.

The Lagrangian (2.17) reads in this case

L_β = 1 2 G_{ij}β̇^iβ̇^j − w 2 ξ_1d_1 exp (−2β^1 + 2γ_0), (3.25)

where −β^1 + γ_0 = u^{(1)}_i β^i and u^{(1)}_i = −δ^1_i + d_i .

The Lagrange equations corresponding to the Lagrangian (3.25) are integrated in Appendix. The solution reads

β^1 = 1 1 − d_1 ln |f| + υ^1u + β^1_0 , (3.26)

β^i = υ^iu + β^i_0, i > 1, (3.27)

where β^i_0 , υ^i are constants obeying

v^1 = n∑ i=1 v^id_i, β^1_0 = n∑ i=1 β^i_0d_i. (3.28)

The function f is following

f = B sinh( √ C(u − u_0)), C > 0, wξ_1 > 0;

|ξ_1(d_1 − 1)|^{1/2}(u − u_0), C = 0, wξ_1 > 0; B sin( √ −C(u − u_0)), C < 0, wξ_1 > 0; B cosh( √ C(u − u_0)), C > 0, wξ_1 < 0. (3.29)

where u_0 and C are constants and B = √ |ξ_1(d_1 − 1)| |C| . (3.30)

For γ_0 we get

γ_0 = β^1 − ln |f|. (3.31) The energy integral of motion E_β corresponding to L_β reads (see Appendix)

E_β = Cd_1 2(1 − d_1) + 1 2 G_{ij}v^iv^j. (3.32)

Using (3.26), (3.27) and (3.31) we are led to the relation for the metric

g = |f|^{2d11−d}1 exp [2(υ^1u + β^1_0 )] ( wdu ⊗ du + f^2g^1 ) + n∑ i=2 exp [2(υ^iu + β^i_0)]g^i. (3.33)

The “scalar fields” obey eqs. (2.15) with the energy constraint

E_φ = 1 2 h_{ab}(φ)φ̇^aφ̇^b = Cd_1 2(d_1 − 1) − 1 2 G_{ij}v^iv^j. (3.34)

Here the constraints (3.28) on β^i_0 , υ^i should be kept in mind and the function f is defined in (3.29).

Relations (3.28) are equivalent to the following ones v^1 = 1 1 − d_1 n∑ i=2 v^id_i, β^1_0 = 1 1 − d_1 n∑ i=2 β^i_0d_i. (3.35)

Using (3.28) and (3.35) we exclude v^1 and obtain

G_{ij}v^iv^j = n∑ i=1 d_i(v^i)^2 − ( n∑ i=1 d_iv^i)^2 = 1 d_1 − 1 ( n∑ i=2 d_iv^i)^2 + n∑ i=2 d_i(v^i)^2 ≥ 0 (3.36)

and hence the relation (3.34) can be rewritten as follows 1 d_1 − 1 ( n∑ i=2 d_iv^i)^2 + n∑ i=2 d_i(v^i)^2 = Cd_1 (d_1 − 1)

− 2E_φ ≥ 0. (3.37)

In a special case of one (non-fantom) scalar field ( h_{11} = 1 ) and w = −1 this solution was obtained earlier in [17, 18], see also [19]. The solutions with several scalar fields and constant h_{ab} were presented in [20, 21]. We note that four-dimensional solutions with one scalar field (and electromagnetic one) were obtained earlier in [24].

4 Examples of geodesic solutions

In this section we consider three examples of solutions to geodesic equations corresponding to the metric h that may be used for the cosmological type solutions above.

4.1 Two-dimensional sphere.

Let h be a metric on a two-dimensional sphere S^2 h = dθ ⊗ dθ + sin^2 θdφ ⊗ dφ, (4.1) where 0 < φ < 2π and 0 < θ < π . The simplest solution to geodesic equations (2.15) for the metric reads

φ = ωu, θ = 0, (4.2) where ω is constant. Here E_φ =^1_2 ω^2 . The general solution to geodesic equations may be obtained by a proper isometry SO(3) - transformation of the solution from (4.2).

Here and in what follows the first relation in (4.2) should be understood as modulo 2π .

4.2 Two-dimensional de Sitter space.

Now we put h to be a metric on a two-dimensional de Sitter space dS^2 h = −dχ ⊗ dχ + cosh^2 χdφ ⊗ dφ, (4.3) where 0 < φ < 2π and −∞ < χ < +∞ . (For a review on the de Sitter space see [25].)

There are three basic solutions to geodesic equations (2.15) in this case

φ = ωu, χ = 0, (4.4) χ = vu, φ = 0, (4.5) tan φ = sinh χ = mu, (4.6)

where ω, v and m are constants. For the energy we have E_φ =^1_2 ω^2 , −^1_2 v^2 and 0 , for space-like, time-like and null geodesics, respectively. The general solution to geodesic equations may be obtained by a proper isometry SO(1, 2) - transformation of the solutions from (4.4) - (4.6).

4.3 The space with diagonal metric h .

Here we consider a diagonal metric h = ε_0dφ ⊗ dφ + l−1∑ k=1 ε_kA^2_k(φ)dψ^k ⊗ dψ^k, (4.7)

where ε_0 = ±1 , ε_k = ±1 ( k > 0 ) and all A_k(φ) > 0 are smooth functions. The Lagrange function for the non-linear sigma model is given by

L_φ = 1 2 [ε_0φ̇^2 + l−1∑ k=1 ε_kA^2_k(ϕ)(ψ̇^k)^2]. (4.8)

Equations of motion for cyclic variables ψ^k d du ( ε_kA^2_k(φ)ψ̇^k ) = 0 (4.9)

yield the following integrals of motion

ε_kA^2_k(φ)ψ̇^k = M_k, (4.10) k = 1, . . . , l − 1 . Another constant of integration is the energy E_φ

E_φ = 1 2 [ε_0φ̇^2 + l−1∑ k=1 ε_kA^2_k(φ)(ψ̇^k)^2] (4.11)

which due to (4.10) reads

E_φ = 1 2 [ε_0φ̇^2 + l−1∑ k=1 ε_kM^2_k A^{−2}_k (φ)]. (4.12)

This relation implies the following quadrature

∫_φ φ_0 dφ̄ √ 2ε_0E_φ − ∑_{l−1} k=1 ε_0ε_kM^2_k A^{−2}_k (φ̄)

= ±(u − u_0), (4.13)

which implicitly defines the function φ = φ(u) . Another quadratures just following from (4.10)

ψ^k − ψ^k_0 = ∫_u u_0

dūε_kM_kA^{−2}_k (ū), (4.14)

which complete the integration of the geodesic equations for the metric (4.7). For A_k(φ) = exp (λφ) , λ ≠ 0 , the metric (4.7) may describe either a part of de Sitter space (if ε_0 = −1 , ε_k = 1 , k > 0 ) or a part of anti-de Sitter space (if ε_1 = −1 ε_r = 1 , r ≠ 1 ). The case l = 3 is of interest in connection with the so-called AWE hypothesis [28] (based on Damour-Gibbons-Gudlach approach [29]) aimed to describe the dark sector of the Universe. In [27] a four-dimensional de Sitter sigma model coupled to Einstein gravity (e.g. describing the current acceleration of the Universe) was studied.

5 Spherically symmetric solutions

In this section we study a subclass of spherically symmetric solutions with the metric (3.33) and “scalar fields” obeying (2.15) and (3.34). Here g^1 is a canonical metric on the sphere S^{d1} and

w = 1, ξ_1 = d_1 − 1, (5.1) where d_1 > 1 .

Here we assume C > 0 . Then the governing function looks like f = 1 μ sinh (μ̄u) (5.2)

where

μ̄ = √ C, μ = μ̄ d_1 − 1

. (5.3)

For simplicity, we put u_0 = 0 and β^i_0 = 0 for all i . By introducing a new radial variable R = R(u)

exp [−2μ̄u] = 1 − 2μ R^{d1−1} = F (R) = F, (5.4)

with

R > R_0 ≡ (2μ)^{1/(d1 −1)}, (5.5) the solution for the metric can be rewritten as follows g = F^{b−1}dR ⊗ dR + R^2F^bg^1 + n∑ i=2 F^{ai} g^i, (5.6)

where b = 1 d_1 − 1 − v^1 μ̄ , a_i = − v^i μ̄ , 2 ≤ i ≤ n. (5.7) Here we assign a metric for the time direction putting down M_2 = R and g^2 = −dt⊗dt .

Then the metric (5.6) reads

g = −F^{a2} dt ⊗ dt + F^{b−1}dR ⊗ dR + R^2F^bg^1 + n∑ i=3 F^{ai} g^i, (5.8)

where due to (3.35), (3.37) the constants b and a_i satisfy the relations (see (5.3) and (5.7)) b = 1 d_1 − 1 ( 1 − n∑ i=2 d_ia^i ) (5.9) and 1 d_1 − 1 (_n ∑ i=2 d_ia_i )_2 + n∑ i=2 d_ia^2_i = d_1 d_1 − 1

− e_φ. (5.10)

Here we denote e_φ ≡ 2E_φ C = h_{ab}(φ)φ̇^aφ̇^b C = 1 μ̄^2 h_{ab}(φ) dφ^a dR dφ^b dR R^{2d1} F^2. (5.11)

The “scalar fields” φ^a = φ^a(R) obey the equations of motions − d dR ( F (R)R^{d1} h_{bc}(φ) dφ^b dR ) + 1 2 F (R)R^{d1} h_{ab,c}(φ) dφ^a dR dφ^b dR = 0, (5.12)

c = 1, . . . , l , which are equivalent to eqs. (2.15) (see (5.4)).

These equations are nothing more than Euler-Lagrange equations for the action

S_φ = − 1 2 ∫ dRF (R)R^{d1} h_{ab}(φ) dφ^a dR dφ^b dR = 1 2 ∫ duh_{ab}(φ) dφ^a du dφ^b du . (5.13)

Thus we have obtained a family of spherically symmetric solutions to field equations with a sigma model source which are given by relations (5.8) - (5.11). These solutions are defined up to solutions to ”scalar fields equations” (5.12) which are in fact the geodesic equations for the metric h (2.15) rewritten in the R -variable.

Example: the case of constant h_{ab}. Let us consider a special case when h_{ab}(φ) = h_{ab} are constants. It follows from (2.27) and (5.4) that φ^a = 1 2 q^a ln F (R) + φ^a_0, (5.14) where q^a = −υ^a_φ/μ̄ and φ^a_0 are integration constants, a = 1, . . . , l . For the energy parameter we get from (2.28) e_φ = h_{ab}q^aq^b. (5.15) Due to Hilbert-Einstein field equations (2.2) (with T_{MN} from (2.3)) we get the following relation for the scalar curvature

R[g] = g^{MN} R_{MN} = g^{MN} T_{MN} /(1 − D/2) = g^{MN} h_{ab}(φ)∂_M φ^a∂_N φ^b. (5.16) which implies (for the solution under consideration) R[g] = F^{1−b}h_{ab}(φ) dφ^a dR dφ^b dR = e_φμ̄^2R^{−2d1} F^{−1−b}. (5.17) Due to (5.16) the Hilbert-Einstein equations (2.2) can be rewritten in an equivalent form

R_{MN} = h_{ab}(φ)∂_M φ^a∂_N φ^b. (5.18) In what follows we denote b_0 = n∑ i=2 d_ia_i. (5.19)

We remind that e_φ is defined by (5.11) and obeys the inequality following from (5.10) e_φ ≤ d_1 d_1 − 1

. (5.20)

Proposition 1. For all a_i and e_φ obeying (5.10) |b_0(a)| ≤ √ (d_1 − 1)(D − d_1 − 1) D − 2 √ d_1 d_1 − 1

− e_φ. (5.21)

Maximum and minimum of the function b_0(a) are attained at the points a_+ and a_− , respectively, where a_± = (a_{±,i})

a_{±,i} = ± √ (d_1 − 1) (D − 2)(D − d_1 − 1) √ d_1 d_1 − 1

− e_φ, (5.22)

for i = 2, . . . , n .

Proof. For e_φ =^{d1}_{d1−1} the proposition is trivial. Let us consider the case A =^{d1}_{d1−1} −e_φ > 0 . We prove the proposition by the method of Lagrange multipliers. We introduce a new variable λ called a Lagrange multiplier, and study the Lagrange function defined by b̄_0(a, λ) = b_0(a) − λ(Q(a) − A), (5.23) where

Q(a) = 1 d_1 − 1 (_n ∑ i=2 d_ia_i )_2 + n∑ i=2 d_ia^2_i . (5.24)

For the points of extremum we get ∂b̄_0 ∂λ = 0 ⇔ Q = A, (5.25) ∂b̄_0 ∂a_i = 0 ⇔ 1 − 2λ [ 1 d_1 − 1 n∑ j=2 d_ja_j + a_i ] = 0, (5.26) i = 2, . . . , n It follows from (5.26) that all a_i are coinciding

a_i =

(d_1 − 1) D − 2 1 2λ (5.27)

for i = 2, . . . , n . The substitution of (5.27) into relation (5.25) gives us two points of extremum of the function b_0(a) on the (n − 2) -dimensional ellipsoid Q(a) = A which are given by relations (5.22). The point a_+ is the point of maximum and a_− is the point minimum. We get the inequality b_0(a_−) ≤ b_0(a) ≤ b_0(a_+) coinciding with (5.21). The proposition is proved.

Proposition 2. Let e_φ ≠ 0 and − d_1(D − 1) D − d_1 − 1 < e_φ ≤ d_1 d_1 − 1

. (5.28)

Then the scalar curvature R[g] for the metric (5.6) with parameters b , a_i obeying (5.9) and (5.10) is divergent at R = R_0 + 0 , i.e.

R[g] → +∞ for R → R_0. (5.29)

Proof. It follows from the Proposition 2 and the first inequality for the energy parameter e_φ in (5.28) that |b_0(a)| < d_1, (5.30) and hence ( d_1 > 1 ) − 1 − b = 1 d_1 − 1

(−d_1 + b_0) < 0. (5.31)

Using the relation for the scalar curvature (5.17), the inequality (5.31) and e_φ ≠ 0 we get the divergence of R[g] for R → R_0 . This completes the proof of the proposition.

Now we consider the special case e_φ = 0 . In this case the stress-energy tensor for φ vanishes and the metric g is Ricci-flat, i.e. R_{MN} [g] = 0. Thus we are led to a vacuum solution from [34] which was considered in [26]. Recently the solution from [34] was intensively studied in [35].

In what follows we are interested in the case of non-zero gravitational mass, i.e. we put a_2 ≠ 0 .

Proposition 3. Let g be a metric (5.8) with the parameters b , a_i obeying (5.9), (5.10), e_φ = 0 and a_2 ≠ 0 . Let the Riemann tensor squared for any metric g^i , i = 3, ..., n , obey a self-boundedness condition I_i = R_{minipiqi} R^{minipiqi} [g^i] ≥ C_i, (5.32) for some C_i . Then for all sets a = (a_2, ..., a_n) ≠ (1, 0, ..., 0) the Riemann tensor squared for the metric (5.8) is divergent at R = R_0 + 0 , i.e. R_{MNP Q}R^{MNP Q}[g] → +∞ for R → R_0. (5.33)

The Proposition 3 is a special case of the Proposition 6 from [26]. The Propositions 2 and 3 may be summarized as the following proposition. We note that the condition (5.32) is satisfied for any metric g^i of Euclidean signature since I_i ≥ 0 in this case. It is valid also for any g^i of dimension d_i = 1 and for any Ricci-flat g^i of dimension d_i = 2, 3 since in all these cases the Riemann tensor of g^i is zero and hence I_i = 0 .

Proposition 4. Let g be a metric (5.8) with the parameters b , a_i obeying (5.9), (5.10), a_2 ≠ 0 and (5.28). Let the Riemann tensor squared for any metric g^i , i = 3, ..., n , obey a self-boundedness condition (5.32). Then the regular horizon of the metric (5.8) at R = R_0 takes place if and only if a_2 − 1 = a_3 = ... = a_n = e_φ = 0. (5.34)

The Proposition 4 may be considered as a restricted version of the “no-hair” theorem for the metric (5.8). For the case of the positive-definite sigma model metric h_{ab}(φ) (i.e. when e_φ ≥ 0 ) it was proved for more general assumptions in [36] (see Theorem 5 therein).

For the set of parameters from (5.34) we get

g = g_T + n∑ i=3 g^i, (5.35)

where g_T = −F dt ⊗ dt + F^{−1}dR ⊗ dR + R^2g^1 is the metric of the (2 + d_1) -dimensional Tangherlini black hole solution [30].

Remark. Let all h_{ab} be constant. Then the relation e_φ = 0 reads as h_{ab}q^aq^b = 0 , where the scalar charges q^a appeared previously for the scalar field solutions (5.14). For the positive- or negative-definite matrix h_{ab} we get q^a = 0 for all a . If the matrix (h_{ab}) is a semi-definite one, i.e. it has a signature (−, ..., −, +, ..., +) then there exist solutions φ^a (5.14) with two or more non-zero q^a . However these solutions are singular on a horizon. The only regular solutions are trivial ones φ^a = φ^a_0 . So, we do not obtain non-trivial “scalar hairs” in the case of constant h_{ab} . Analogous situations takes place for the dS^2 sigma model solution with e_φ = 0 (see (4.6)): φ = arctan(^1_2 q ln F (R)) , χ = arcsinh(^1_2 q ln F (R)) with q = −m/μ̄ ≠ 0 . These solutions are also singular at the horizon.

The PPN parameters for d_1 = 2 . Let us consider the case d_1 = 2 . The pure gravitational solution (without scalar fields) was obtained in cite [31] and generalized to the scalar-vacuum case (with one scalar field) in [32], see also [33]. The calculations of PPN parameters for a 4-dimensional part of the metric (5.8) with a_2 ≠ 0 g^{(4)} = −F^{a2} dt ⊗ dt + F^{b−1}dR ⊗ dR + R^2F^bg^1, (5.36)

and F = 1 −^{2μ}_R give us the following relations [37, 38] (see also [39])

β = 1, γ = 1 + 1 a_2 n∑ i=3 d_ia_i. (5.37)

For_n ∑ i=3 d_ia_i = 0 (5.38)

and a_2 ≠ 0 we are led to a subclass of solutions with β = γ = 1 for the 4-dimensional metric (5.36). The solution of such type were called in [39] (for pure gravity) as latent solitons [39]. The four-dimensional section of the latent soliton metric gives the same PPN parameters β = 1 and γ = 1 as the Schwarzschildian metric does, i.e. gravitational experiments lead to the same results for g^{(4)} and for the metric of the Schwarzschild solution.

6 Conclusions

In this paper we have considered a D -dimensional model of gravity with non-linear “scalar fields” governed by a sigma model action (as a matter source). The model is defined on the product manifold M , which contains n Einstein factor spaces M_1, . . . M_n .

We have obtained general cosmological type solutions corresponding to the field equations in two cases: when either all factor spaces are Ricci-flat or when only one factor space, M_1 , has nonzero scalar curvature. The solutions are defined up to solutions of geodesic equations corresponding to the sigma model target space. We have considered several examples of sigma models, e.g. with S^2 and dS^2 target spaces. It is shown that for certain parameters cosmological solutions may describe an accelerated expansion of 3-dimensional factor space.

Here we have also studied a subclass of spherically symmetric solutions with sinh - behaviour of the governing function f from (3.29). We have proved a restricted version of the “no-hair theorem” (Proposition 4) when the scalar energy parameter e_φ obeys restriction (5.28) and all factor space metrics g^i , i = 3, . . . , n , have Euclidean signatures. We have found for d_1 = 2 a subclass of latent solitonic solutions generalizing those from ref. [39].

An open problem here is to generalize the “non-hair” theorem for the case of all types of the governing function f and all values of the energy parameter e_φ as it was done recently for D = 4 case (with one scalar field) in [40].

Acknowledgments

This work was supported in part by the FTsP “Nauchnie i nauchno-pedagogicheskie kadry innovatsionnoy Rossii” for the years 2009-2013.

Appendix

A Solutions governed by Liouville equation

Here we consider a Toda-like system with the following Lagrangian L = 1 2 ⟨β̇, β̇⟩ − A exp (2⟨b, β⟩), (A.1) where β ∈ R^n , A ≠ 0 , b ∈ R^n . Here (in Appendix) β̇ =^{dβ}_{dt} . The scalar product for vectors belonging to R^n is defined by

⟨v_1, v_2⟩ = G_{ij} v^i_1v^j_2, (A.2) where (G_{ij}) is a non-degenerate symmetric matrix (e.g. given by (2.10)). The Lagrange equations corresponding to the model (A.1) read (in a condensed vector form) β̈ + 2Ab exp (2⟨b, β⟩) = 0. (A.3) Let ⟨b, b⟩ ≠ 0 . Eqs. (A.3) is exactly integrable and the solution may be written β = b ⟨b, b⟩ q + vt + β_0, (A.4) where ⟨b, b⟩ ≠ 0 and v, β_0 ∈ R^n are constant vectors obeying ⟨v, b⟩ = ⟨β_0, b⟩ = 0. (A.5) The function q = q(t) obeys the Liouville equation

q̈ + 2A⟨b, b⟩e^{2q} = 0. (A.6) The solution to Liouville equation reads q = −ln|f|, (A.7) where

f = B sinh( √ C(t − t_0)), C > 0, Ā < 0 ; |2Ā|^{1/2}(t − t_0), C = 0, Ā < 0 ; B sin( √ −C(t − t_0)), C < 0, Ā < 0 ; |B| cosh( √ C(t − t_0)), C > 0, Ā > 0 ; (A.8)

here we put Ā = A⟨b, b⟩ and B = √ 2|A⟨b, b⟩| |C| . (A.9)

The energy function corresponding to the Lagrangian (A.1) reads E = 1 2 ⟨β̇, β̇⟩ + Ae^{2⟨b,β⟩}. (A.10) After substitution of (A.4) to (A.10) we obtain E = E_T + 1 2 ⟨v, v⟩, (A.11) where E_T = 1 2⟨b, b⟩ q̇^2 + Ae^{2q}. (A.12) Due to (A.7) and (A.8) we get E_T = C 2⟨b, b⟩ . (A.13) Proposition 1A. For ⟨b, b⟩ ≠ 0 all solutions to Lagrange equations (A.3) are covered by the relations (A.4), (A.5), (A.7) and (A.8).

Proof.

⇒ . It is obvious that the solutions (A.4), (A.5) with q from (A.7), (A.8) obey the equations of motion (A.3).

⇐ . Let us show that the relations (A.4), (A.5), (A.7) and (A.8) followed from (A.3). Let q = ⟨b, β⟩ , y = β − (bq)/⟨b, b⟩ . It is obvious that ⟨b, y⟩ = 0 . It follows from (A.3) that the equation (A.6) is satisfied identically and

ÿ = 0 ⇒ y = vt + β_0, (A.14) where constant vectors v and β_0 obey (due to ⟨b, y⟩ = 0 ) ⟨b, v⟩ = ⟨b, β_0⟩ = 0. (A.15) Hence β = bq ⟨b, b⟩ + y = bq ⟨b, b⟩ + vt + β_0, (A.16) where q = q(t) obeys (A.6) and hence it is given by relations (A.7) and (A.8).

The Proposition 1A is proved.

Let us introduce a dual vector u = (u_i) : u_i = G_{ij}b^j . Then we get u(β) = u_iβ^i = ⟨b, β⟩ , (u, u) = G^{ij}u_iu_j = ⟨b, b⟩ , where (G^{ij}) = (G_{ij})^{−1} , and the solution (A.4) reads

β^i = − u^i (u, u) ln|f| + v^it + β^i_0, (A.17) i = 1, . . . , n , where (u, u) ≠ 0 , u(v) = u_iv^i = 0, u(β_0) = u_iβ^i_0 = 0, (A.18) and the function f is defined in (A.8) with B = √ 2|A(u, u)| |C| , Ā = A(u, u). (A.19) For the energy (A.12) we obtain from (A.11) and (A.13) E = C 2(u, u) + 1 2 G_{ij} v^iv^j. (A.20)

Example. Let us consider a Lagrange system from Section 3 with parameters: A = w 2 ξ_1d_1 , u_i = u^{(1)}_i = −δ^1_i + d_i , d_1 > 1 . Then due to (2.24) and (2.25) we get u^i = −^{δ1i}_{d1} and (u, u) =^1_{d1} − 1 < 0 . The solution reads

β^i = δ^i_1 1 − d_1 ln|f| + v^it + β^i_0, (A.21)

i = 1, . . . , n , with constraints

v^1 = n∑ i=1 v^id_i, β^1_0 = n∑ i=1 β^i_0d_i (A.22)

imposed. In (A.8) we should put Ā =^w_2 ξ_1(1 − d_1) and B = √_{|ξ1|(d1−1)} |C| . For the energy we get E = Cd_1 2(1 − d_1) + 1 2 G_{ij} v^iv^j. (A.23)

References

[1] P. Breitenlohner, D. Maison and G. Gibbons, 4-Dimensional Black Holes from Kaluza-Klein Theories, Commun. Math. Phys. 120, 295-333 (1988).

[2] D.V. Gal’tsov and O.V. Kechkin, Ehlers-Harrison-Type Transformations in Dilaton-Axion Gravity, Phys.Rev. D 50, 7394-7399 (1994); hep-th/9407155.

[3] V.D. Ivashchuk and V.N. Melnikov, Sigma-model for the generalized composite p-branes, Class. Quantum Grav. 14, 3001-3029 (1997); Corrigenda ibid. 15, 3941 (1998); hepth/9705036.

[4] S.V. Chervon, Nonlinear fields in gravitation and cosmology, Ulyanovsk, UlGU, 60p., 1997 (in Russian).

[5] D.V. Gal’tsov and O.A. Rytchkov, Generating Branes via Sigma models, Phys. Rev. D 58, 122001 (1998); hep-th/9801180.

[6] P. Breitenlohner and D. Maison, On nonlinear sigma-models arising in (super-)gravity, Commun. Math. Phys. 209, 785-810 (2000); gr-qc/9806002.

[7] G. Clement, Sigma-model approaches to exact solutions in higher-dimensional gravity and supergravity; arXiv: 0811.0691.

[8] W. Chemissany, P. Fre, J. Rosseel, A.S. Sorin, M. Trigiante and T. Van Riet, Black holes in supergravity and integrability, arXiv: 1007.3209.

[9] C. Omero and R. Percacci, Generalized Nonlinear Sigma Models in Curved Space and Spontaneous Compactification, Nucl. Phys. B 165, 351-364 (1980).

[10] M. Gell-Mann and B. Zwiebach, Space-Time Compactification Induced by Scalars, Phys. Lett.

B 141, 333-336 (1984).

[11] A. Salam and E. Sezgin, eds., Supergravities in Diverse Dimensions, reprints in 2 vols., (World Scientific, Singapore, 1989).

[12] J.W. York, Role of conformal three-geometry in the dynamics of gravitation, Phys. Rev. Lett.

28 (16), 1082 (1972).

[13] G.W. Gibbons and S.W. Hawking, Action integrals and partition functions in quantum gravity, Phys. Rev. D 15, 2752 (1977).

[14] V.D. Ivashchuk, Multidimensional Cosmology and Toda-like Systems, Phys. Lett., A 170, 16-20 (1992).

[15] V.R. Gavrilov, V.D. Ivashchuk and V.N. Melnikov, Multidimensional Integrable Vacuum Cosmology with Two Curvatures, Class. Quantum Grav., 13, No 11, 3039-3056 (1996).

[16] U. Bleyer and A. Zhuk, Kasner-like, inflationary and steady-state solutions in multidimensional cosmology, Astron. Nachrichten, 317, 161-173 (1996).

[17] U. Bleyer and A. Zhuk, Multidimensional integrable cosmological models with negative external curvature, Grav. Cosmol., 1, 106-118 (1995).

[18] U. Bleyer and A. Zhuk, Multidimensional integrable cosmological models with positive external space curvature, Grav. Cosmol. 1, 37-45 (1995).

[19] V.D. Ivashchuk and V.N.Melnikov, Multidimensional classical and quantum cosmology with perfect fluid, Grav. Cosmol., 1, 133-148 (1995); hep-th/9503223.

[20] V.D. Ivashchuk, On composite S-brane solutions with orthogonal intersection rules, hepth/0309027v2.

[21] V.D. Ivashchuk, S-brane solutions with orthogonal intersection rules, Gen. Rel. Grav. 37, 751-758 (2005); Erratum, 44, No 4, 1101 (2012); arXiv: 0705.0881v2.

[22] V. Baukh and A. Zhuk, Sp -brane accelerating cosmologies, Phys. Rev D 73, 104016 (2006). [23] V.D. Ivashchuk, V.N. Melnikov and A.I. Zhuk, On Wheeler-DeWitt Equation in Multidimensional Cosmology, Nuovo Cimento, B 104, No 5, 575-581 (1989).

[24] K.A. Bronnikov, Scalar-tensor theory and scalar charge, Acta Phys. Polon., B 4, 251-266 (1973).

[25] U. Moschella, The de Sitter and anti-de Sitter sightseeing tour, in Einstein, 1905-2005 (T.

Damour, O. Darrigol, B. Duplantier and V. Rivesseau, eds.), Prog. in Math. Phys, 47 (2006).

[26] V.D. Ivashchuk and V.N. Melnikov, On Singular Solutions in Multidimensional Gravity. Grav.

Cosmol., 1, No 3, 204-210 (1995); gr-qc/9507056.

[27] J. Lee, T. H. Lee, T. Y. Moon and P. Oh, De-Sitter nonlinear sigma model and accelerating universe, Phys. Rev., D 80, 065016 (2009); arXiv: 0905.2653v3.

[28] J.-M. Alimi and A. Fuzfa, The Abnormally Weighting Energy Hypothesis: the Missing Link between Dark Matter and Dark Energy, JCAP, 0809: 014 (2008).

[29] T. Damour, G. Gibbons and C. Gundlach, Dark Matter, Time-Varying G and a Dilaton Field, Phys. Rev. Lett. 64, 123126 (1990).

[30] F.R. Tangherlini, Schwartzschild Field in N Dimensions and the Dimensionality of Space Problem, Nuovo Cimento, 27, 636 (1963).

[31] K.A. Bronnikov, V.D. Ivashchuk and V.N. Melnikov, Variation of Gravitational Constant in Multidimensional Gravitational Models and Exact Solutions, In: Problems of Gravity, Plenary Rep. of VII Soviet Conf. on Relat. and Gravit., EGU, Erevan, 1989, p. 70-82 (in Russian).

[32] V.D. Ivashchuk, Exact solutions in multidimensional gravitational models and variation of Newton’s constant, PhD Dissertation (under the supervision of V.N. Melnikov), All-Union Center of Vacuum and Surface Investigation (VNITsPV), Moscow, 123pp., 1989 (in Russian).

[33] V.D. Ivashchuk, Spherically-symmetric solutions with a chain of n internal Ricci-flat spaces, arXiv: 1006.4605.

[34] S.B. Fadeev, V.D. Ivashchuk and V.N. Melnikov, On Black Holes in Multidimensional Theory with Ricci-flat Internal Spaces, Phys. Lett., A 161, 98-100 (1991); arXiv: 1006.5147.

[35] J. Ponce de Leon, Effective spacetime from multidimensional gravity, Grav. Cosmol. 15, 345- 352 (2009); arXiv:gr- qc/0905.2010.

[36] K.A. Bronnikov, S.B. Fadeev and A.V. Michtchenko, Scalar fields in multidimensional gravity.

No-hair and other no-go theorems, Gen. Rel. Grav. 35 (2003) 505-525; gr-qc/0212065.

[37] K.A. Bronnikov, V.D. Ivashchuk and V.N. Melnikov, submitted to Nuovo Cimento C, 1992 (unpublished).

[38] V. De Sabbata, V.N. Melnikov and P.I. Pronin, Theoretical Approach to Treatment of Non- Newtonian Forces. Progress of Theoretical Physics, 88, No. 4, 623-661 (1992). [Here the relation (9.13) for γ is correct, while (9.12) contains a typo.]

[39] M. Eingorn, O.R. de Medeiros, L.C.B. Crispino and A. Zhuk, Latent solitons, black strings, black branes, and equations of state in Kaluza-Klein models, Phys. Rev. D 84, 024031 (2011); arXiv:1101.3910.

[40] K.A. Bronnikov, J.C. Fabris and A. Zhidenko, On the stability of scalar-vacuum space-times, Eur. Phys. J. C 71, 1791, 12p. (2011); arxiv: 1109.6576.