arXiv:1204.0295v1 [gr-qc] 2 Apr 2012

Noncommutativity and Non-anticommutativity in Perturbative Quantum Gravity

Mir Faizal Mathematical Institute, University of Oxford, Oxford, OX1 3LB, United Kingdom

April 3, 2012

Abstract In this paper we will study perturbative quantum gravity on supermanifolds with both noncommutative and non-anticommutative coordinates. We shall first analyses the BRST and the anti-BRST symmetries of this theory. Then we will also analyze the effect of shifting all the fields of this theory in background field method. We will construct a Lagrangian density which apart from being invariant under the extended BRST transformations is also invariant under on-shell extended anti-BRST transformations. This will be done by using the Batalin-Vilkovisky (BV) formalism. Finally, we will show that the sum of the gauge-fixing term and the ghost term for this theory can be elegantly written down in superspace with two Grassmann parameters.

Key words : BRST, anti-BRST, Perturbative Quantum Gravity PACS number: 04.60.-m

1 Introduction

Noncommutative gauge theory first appeared due to NS tensor backgrounds [1]-[3]. Thus, many models based on the noncommutative gauge theories, including noncommutative standard model has been studied [4]-[5]. However, due to AdS/CFT correspondence a superconformal noncommutative gauge theory on the boundary of anti-de Sitter spacetime is dual to the noncommutative gravity in the bulk of that anti-de Sitter spacetime [6]-[9]. The RR background in string theory leads to a non-anticommutative gauge theory [10]-[13]. Thus, many models based on non-anticommutative gauge theory have also been studied [14]-[15]. Similarly, in analogy with noncommutative case, a superconformal non-anticommutative gauge theory on the boundary of anti-de Sitter spacetime will be dual to non-anticommutative gravity in the bulk of that anti-de Sitter spacetime. Hence, it will be intresting to study both commutative and non-anticommutative gravity in anti-de Sitter spacetime. Non-anticommutative gravity has already been studied in flat spacetime [16]-[18]. This work can provide the framework for analysing non-anticommutative gravity in anti-de Sitter spacetime. In fact, it is possible to analyse gravity with both noncommutative and non-anticommutative coordinates in the supermanifold formulism. Quantum field theory on spacetime with both noncommutative and non-anticommutative coordinates has already been analyzed in the supermanifold formulism [19]. Unlike, noncommutative quantum field theory, this model of quantum field theory differs from the conventional quantum field theory even in absence of interactions. This is because even the Feynman propagator get modified due to the non-anticommutativity of the spacetime.

It will be interesting to generalise this work to anti-de Sitter spacetime and use it to study the model of gravity that is dual to both the gauge theories on NS and RR backgrounds. However, we will not do that in this paper. In this paper we will rather study some more formal aspects relating to gauge fixing of the noncommutative and non-anticommutative gravity in flat spacetime. This work along with the previous work done in this direction can provide the bases for analysing noncommutative and non-anticommutative gravity in anti-de Sitter spacetime which intern can be used to study an interesting example of AdS/CFT correspondence.

It may be remarked that non-anticommutativity in gravity has also occurs in complex spacetime [20]-[21]. These models of gravity on a complex spacetime were initially studied as attempts to unify gravity with electromagnetism [22]. However, they are now studied due to their relevance in string theory [23]- [25]. Apart from this many models of quantum gravity have suggested that the Plancks length might act like a minimum length scale for spacetime and this has led to the development of a modification of the General relativity called the Rainbow gravity [26]-[29]. Such a minimum length occurs naturally in a spacetime with a combination of noncommutative and non-anticommutative coordinates [18]. Another advantage of using noncommutative or non-anticommutative coordinates is that it gives spacetime a fuzzy structure [30]-[33]. This fuzziness of the spacetime can be used to solve the problems related to the occurrence of the singularity in a black hole [34]-[37].

All the degrees of freedom of perturbative quantum gravity on supermanifolds are not physical. Thus, before quantizing this theory we have to fix a gauge. This can be done at by adding a gauge fixing term and a ghost term to the original classical Lagrangian density. The effective Lagrangian density obtained by the sum of the gauge fixing term and the ghost term with the original classical Lagrangian density is invariant under BRST transformations. It is well know that any theory which is invariant under BRST transformations is also invariant under anti-BRST transformations. In these anti-BRST transformations, the role of ghosts and anti-ghosts is almost reversed.

Furthermore, in background field method all the field of the theory are shifted. The invariance of the theory under the original BRST and the original anti-BRST transformations along with these shift transformations can be analyzed in the Batalin-Vilkovisky (BV) formalism [38]-[41]. The BRST symmetry and shift symmetry for perturbative quantum gravity on non-anticommutative spacetime has been analyzed in superspace Batalin-Vilkovisky (BV) formalism [21]. Batalin-Vilkovisky (BV) formalism in the context of both the extended BRST, and the extended anti-BRST symmetries for Faddeev-Popov ghosts [43]- [45] along a superspace formalism for it is also well understood [46]-[48]. In this paper we will generalize the results that were obtained for the extended BRST invariance of the perturbative quantum gravity to include invariance under extended anti-BRST symmetry also. We shall also include noncommutativity of the spacetime coordinates, apart from the previously analyzed nonanticommutativity.

2 Deformed Supermanifolds

In this section we will analyze noncommutative and non-anticommutative supermanifolds. An elegant way to analyze perturbative quantum gravity with both noncommutative and non-anticommutative coordinates is in the language of supermanifolds [49]-[50]. The coordinates of the supermanifolds can be written as z^a = x^a + y^a, (1) where x^a are the bosonic coordinates with even Grassmann parity, [x^a, x^b] = 0, (2) and y^a are the fermionic coordinates with odd Grassmann parity, {y^a, y^b} ≡ y^ay^b + y^by^a = 0. (3) So the metric can be now written as ds^2 = g_{ab}dz^adz^b. (4) We want to impose noncommutativity and non-anticommutativity in such a way that the theory reduces to the usual noncommutative theory when there is no non-anticommutativity and it also reduces the usual non-anticommutative theory when there is no noncommutativity. This can be done by imposing the following relations [ẑ^a, ẑ^b] = 2y^ay^b + iθ^{ab} + O(θ^2), {ẑ^a, ẑ^b} = 2x^ax^b + 2i(x^ay^b + x^by^a) − τ^{ab} + O(τ^2). (5) Now in the limit y^a → 0 and τ^{ab} → 0, we get [x̂^a, x̂^b] = iθ^{ab}, {x̂^a, x̂^b} = 2x^ax^b (6) and in the limit x^a → 0 and θ^{ab} → 0, we get [ŷ^a, ŷ^b] = 2y^ay^b, {ŷ^a, ŷ^b} = τ^{ab}. (7) We use Weyl ordering and express the Fourier transformation of this metric as,

ĝ^{(f )}_{ab} (ẑ) = ∫ d^4kπe^{−ikẑ} g^{(f )}_{ab} (k). (8) Now we have a one to one map between a function of ẑ to a function of ordinary coordinates z via g^{(f )}_{ab} (z) = ∫ d^4kπe^{−ikx} g^{(f )}_{ab} (k). (9) g^{(f )ab}(z) ∘ g^{(f )}_{ab} (z) = exp(ω^{ab}∂^2_a∂^1_b )g^{(f )ab}(z_1)g^{(f )}_{ab} (z_2) |_{z1=z2=z} . (10) where ω^{ab} is a nonsymmetric tensor ω^{ab} = τ^{ab} + θ^{ab}. (11)

Now R^{(f )a}_{bcd} given as,

R^{(f )a}_{bcd} = −∂_dΓ^a_{bc} + ∂_cΓ^a_{bd} + Γ^a_{ec} ∘ Γ^e_{bd} − Γ^a_{ed} ∘ Γ^e_{bc}, (12)

and we also get R_{bc} = R^d_{bcd}. Thus, finally R^{(f )} is given by

R^{(f )} = g^{(f )ab} ∘ R^{(f )}_{ab} . (13)

The Lagrangian density for pure gravity on the supermanifolds with cosmological constant λ can now be written as,

L_c = √ g^{(f )} ∘ (R^{(f )} − 2λ), (14)

where we have adopted units, such that 16πG = 1.

3 Perturbative Quantum Gravity in BV Formulation

In perturbative gravity on flat spacetime one splits the full metric g^{(f )}_{ab} (z) into η_{ab}(z) which is the metric for the background flat spacetime and h_{ab}(z) which is a small perturbation around the background spacetime.

g^{(f )}_{ab} (z) = η_{ab}(z) + h_{ab}(z). (15)

Here both η_{ab} and h_{ab} are defined on a supermanifold. The covariant derivatives along with the lowering and raising of indices are compatible with the metric for the background spacetime. The small perturbation h_{ab}, is viewed as the field that is to be quantized.

All the degrees of freedom in h_{ab} are not physical as the Lagrangian density for h_{ab} is invariant under the following gauge transformations,

δ_Λh_{ab} = D^e_{ab} ∘ Λ_e

= [δ^e_b ∂_a + δ^e_a∂_b + g^{ce} ∘ (∂_ch_{ab}) +

g^{ec} ∘ h_{ac}∂_b + η^{ec} ∘ h_{cb}∂_a] ∘ Λ_e. (16)

In order to remove these unphysical degrees of freedom, we need to fix a gauge by adding a gauge-fixing term along with a ghost term. In Landau gauge the sum of the gauge-fixing term and the ghost term can be expressed as [51]

L_g = − i 2 ss(h^{ab} ∘ h_{ab}) (17) Now the sum of the ghost term, the gauge fixing term and the original classical Lagrangian density is invariant under the following the BRST transformations s h_{ab} = D^e_{ab} ∘ c_e, s c^a − c_b ∘ ∂^bc^a, s c^a = −b^a, s b^a = 0, (18)

and the following anti-BRST transformations s h_{ab} = D^e_{ab} ∘ c_e, s c^a = b^a − c^b ∘ ∂_bc^a, s c^a = −c^b ∘ ∂_bc^a, s b^a = b^b ∘ ∂_bc^a, (19) where

D^e_{ab} = δ^e_b ∂_a + δ^e_a∂_b + g^{ce} ∘ (∂_ch_{ab}) + g^{ec} ∘ h_{ac}∂_b + η^{ec} ∘ h_{cb}∂_a. (20) BV-formalism is used to analyze the extended BRST and anti-BRST symmetries which is obtained by first shifting all the original fields as follows, h_{ab} → h_{ab} − h̃_{ab}, c^a → c^a − c̃^a, c^a → c^a − c̃^a, b^a → b^a − b̃^a, (21) and then requiring the resultant theory to be invariant under the original BRST and anti-BRST transformations along with these shift transformations. This can be achieved by letting the original fields to transform under the BRST transformations as s h_{ab} = ψ_{ab}, s c^a = ϕ^a, s c^a = ϕ^a, s b^a = ρ^a, (22) and the shifted fields to transform under BRST transformations as s h̃_{ab} = ψ_{ab} − D^e_{ab}^′ ∘ c^′_e, s c̃^a = ϕ^a + c^′_b ∘ ∂^bc^′_a, s c̃^a = ϕ^a + b^{a′}, s b̃^a = ρ^a, (23) where h^′_{ab} = h_{ab} − h̃_{ab}, c^{′a} = c^a − c̃^a, c^{′a} = c^a − c̃^a, b^{′a} = b^a − b̃^a. (24) Here ψ_{ab}, ϕ^a, ϕ^a, ρ_a are ghosts associated with the shift symmetry. Their BRST transformations vanishes, s ψ_{ab} = 0, s ϕ^a = 0 s ϕ^a = 0, s ρ^a = 0. (25) We define antifields, with opposite parity corresponding to all the original fields. These antifields have following BRST transformations, s h^∗_{ab} = n_{ab}, s c^{∗a} = m^a, s c^{∗a} = m^a, s b^{∗a} = n^a. (26) The BRST transformations of these Nakanishi-Lautrup fields vanishes, s n_{ab} = 0, s m^a = 0, s m^a = 0, s n^a = 0. (27) We also let the original fields to transform under anti-BRST transformations as s h_{ab} = h^∗_{ab} + D^e_{ab}^′ ∘ c^′_e, s c^a = c^{∗a} + b^{a′} − 2c^{b′} ∘ ∂_bc^{a′}, s c^a = c^{∗a} − c^{b′} ∘ ∂_bc^{a′}, s b^a = b^{∗a} + 2b^{b′} ∘ ∂_bc^{a′}, (28) and the shifted fields to transform under the anti-BRST transformations as s h̃_{ab} = h^∗_{ab}, s c̃^a = c^{∗a}, s c̃^a = c^{∗a}, s b̃^a = b^{∗a}. (29) The anti-BRST transformations of the ghost fields is given by s ψ_{ab} = n_{ab} + 2D^e_{ab}^′ ∘ b^′_e − 2D^e_{ab}^′ ∘ c^{b′} ∘ ∂_bc^{e′}, s ϕ^a = m^a − 2b^{b′} ∘ ∂_bc^{a′} + 2c^{b′} ∘ ∂_bc^{c′} ∘ ∂_cc^{a′}, s ϕ^a = n^a − 2b^{b′} ∘ ∂_bc^{a′}, s ρ̃^a = m^{a′}. (30) The anti-BRST transformations of the antifields and the Nakanishi-Lautrup fields vanishes s n_{ab} = 0, s m^a = 0, s m^a = 0, sn^a = 0. (31) Furthermore, the anti-BRST transformation of the Nakanishi-Lautrup fields also vanishes s h^∗_{ab} = 0, s c^{∗a} = 0, s c^{∗a} = 0, s b^{∗a} = 0. (32)

4 Extended Superspace Formulation

In this section we will express the sum of the gauge fixing term and the ghost term in superspace formalism by using two anti-commutating variable namely θ and θ. Now we can define the following superfields, ω_{ab} = h_{ab} + θψ_{ab} + θ(h^∗_{ab} + D^e_{ab}^′ ∘ c^′_e) +θθ(n_{ab} + D^e_{ab}^′ ∘ b_e − D^e_{ab}^′ ∘ c^{c′} ∘ ∂_cc^′_e), ω̃_{ab} = h̃_{ab} + θ(ψ_{ab} − D^e_{ab}^′ ∘ c^′_e) + θh^∗_{ab} + θθn_{ab}, η_a = c_a + θϕ_a + θ(c^∗_a + b_a^′ − 2b^{b′} ∘ ∂_bc_a^′) +θθ(m_a − 2b^{b′} ∘ ∂_bc_a^′ + c^{b′} ∘ ∂_bc^{c′} ∘ ∂_cc_a^′), η̃_a = c̃_a + θ(ϕ_a + c^′_b∂^bc_a) + θc^∗_a + θθm_a, η_a = c_a + θϕ_a + θ(c^∗_a − c^{b′} ∘ ∂_bc_a^′) θθ(m_a − 2b^{b′} ∘ ∂_bc_a^′), η̃_a = c̃_a + θ(ϕ_a + b^′_a) + θc^∗_a + θθm_a, (33) Thus we have ∂^2 ∂θ∂θ ω̃^{∗ab} ∘ ω̃_{ab} = −n_{ab} ∘ h̃^{ab} − h^{∗ab}(ψ_{ab} − D^e_{ab}^′ ∘ c^′_e), ∂^2 ∂θ∂θ η̃^∗_a ∘ η̃^a = −m^ac̃_a + c^{∗a} ∘ (ψ_a + c^′_b ∘ ∂^bc^′_a),

− ∂^2 ∂θ∂θ η̃^a ∘ η̃^∗_a = m^ac̃_a − c^∗_a ∘ (ϕ^a + b^{a′}), − ∂^2 ∂θ∂θ f̃^∗_a ∘ f̃^a = B^{′a} ∘ b̃_a + b^{∗a} ∘ ρ_a. (34)

Now we can express L̃_g as,

L̃_g = ∂^2 ∂θ∂θ (ω̃^{∗ab} ∘ ω̃_{ab} + η̃^∗_a ∘ η̃^a − η̃^a ∘ η̃^∗_a − f̃^∗_a ∘ f̃^a). (35)

Furthermore, we define Ψ as,

Φ = Ψ + θsΨ + θsΨ + θθssΨ. (36)

Thus, we can express L_g as,

L_g =

∂^2Φ ∂θ∂θ . (37)

Now the complete Lagrangian in the superspace formalism is given by L = ∂^2Φ ∂θ∂θ + ∂^2 ∂θ∂θ (ω̃^∗_{ab} ∘ ω̃^{ab} + η̃^∗_a ∘ η̃^a − η̃^a ∘ η̃^∗_a − η̃^a ∘ η̃^∗_a − f̃^∗_a ∘ f̃^a)

+L_c(h_{ab} − h̃_{ab}). (38)

This Lagrangian density is manifestly invariant under the extended BRST transformations. Furthermore, it is also invariant under on-shell extended anti-BRST transformations.

5 Conclusion

In this paper we have analyzed perturbative quantum gravity with noncommutative and non-anticommutative coordinates on supermanifolds. After analyzing the BRST and the anti-BRST symmetries of this theory, we analyzed the extended BRST and the anti-BRST symmetries associated with it. Extended BRST and extended anti-BRST transformations were obtained by requiring the theory to be invariant under the original BRST and the original anti-BRST transformations along with the shift transformations. This was done by the using the BV-formulism. Then these extended BRST and anti-BRST symmetries were elegantly written down using extended superspace formulism.

The supermanifold formulism is ideally suited to study supersymmetric theories. So it will be interesting to perform a similar analyses on supergravity theories. It will also be interesting to generalize this work to anti-de Sitter spacetime as then we will be able to analyze the superconformal theories dual to this model of quantum gravity. The generalization of this work to anti-de Sitter spacetime can be easily done. This is because there are no infrared divergences in the ghosts in this spacetime. However, the generalization of this work to de Sitter spacetime will not be trivial, due to the infrared divergences in de Sitter spacetime [52]. However, if this problem can some how be resolved then we can possible analyze the implications of this model on inflation.

References

[1] N. Seiberg and E. Witten, JHEP. 9909, 032 (1999) [2] C. Hofman and E. Verlinde, JHEP. 12, 10 (1998) [3] C. S. Chu and P.M. Ho, Nucl. Phys. B550, 151 (1999) [4] M. M. Najafabadi, Phys. Rev. D77, 116011 (2008) [5] A. H. Chamseddine and A. Connes, Phys. Rev. Lett. 99, 191601 (2007) [6] S. Cacciatori and L. Martucci, Phys. Lett. B542, 268 (2002) [7] P. M. Ho and M. Li, Nucl. Phys. B596, 259 (2001) [8] Z. Chang, Phys. Rev. D61, 044009 (2000) [9] A. Jevicki, M. Mihailescu and S. Ramgoolam, JHEP. 0010, (2000) [10] H. Ooguri and C. Vafa, Adv. Theor. Math. Phys. 7, 53 (2003) [11] S. Ferrara and E. Sokatchev, Phys. Lett. B579, 226 (2004) [12] S. V. Ketov and S. Sasaki, Phys. Lett. B595, 530 (2004) [13] N. Seiberg, JHEP. 0306, 010 (2003) [14] T. Araki, K. Ito and A. Ohtsuka, Phys. Lett. B573, 209 (2003) [15] J. S. Cook, J. Math. Phys. 47, 012304 (2006) [16] T. Hatanaka and S. V. Ketov, 47, Nucl. Phys. B794, 495 (2008) [17] T. Hatanaka and S. V. Ketov, Class. Quant. Grav. 23, L45 (2006) [18] P. Aschieri, M. Dimitrijevic, F. Meyer and J. Wess, Class. Quant. Grav.

23, 1883 (2006) [19] J. W. Moffat, Phys. Lett. B506, 193 (2001) [20] J. W. Moffat, Phys. Lett. B491, 345 (2000) [21] M. Faizal, Phys. Lett. B705, 120 (2011) [22] A. Einstein, The Meaning of Relativity, fifth edition, Princeton University Press, (1956) [23] A. H. Chamseddine, Int. J. Mod. Phys. A16, 759 (2001) [24] T. Damour, S. Deser and J. McCarthy, Phys. Rev. D47, 1541 (1993) [25] A. H. Chamseddine, Commun. Math. Phys. 218, 283 (2001) [26] J. Magueijo and L. Smolin, Class. Quant. Grav. 21, 1725 (2004) [27] G. F. Smoot and P. J. Steinhardt, Class. Quant. Grav 10, S19 (1993 [28] J. Hackett, Class. Quant. Grav. 23, 3833 (2006)

[29] R. Lafrance and R. C. Myers, Phys. Rev. D51, 2584 (1995) [30] D. Batic and P. Nicolini, Phys. Lett. B692, 32 (2010) [31] B. P. Dolan, I. Huet, S. Murray and D. O’Connor, JHEP. 0803, 029 (2008) [32] B. P. Dolan, I. Huet, S. Murray and D. O’Connor, JHEP. 0707, 007 (2007) [33] W. H. Huang, JHEP. 0908, 102 (2009) [34] P. Nicolini, Int. J. Mod. Phys. A24, 1229 (2009) [35] C. Bastos, O. Bertolami, N. C. Dias and J. N. Prata, J. Phys. Conf. Ser.

314, 012042 (2011) [36] P. Nicolini, J. Phys. A38, L631 (2005) [37] J. R. Mureika and P. Nicolini, Phys. Rev. D84, 044020 (2011) [38] I. A. Batalin and G. A. Vilkovisky, Phys. Lett. B102, 27 (1981) [39] I. A. Batalin and G. A. Vilkovisky, Phys. Rev. D28, 2567 (1983) [40] I. A. Batalin and G. A. Vilkovisky, Phys. Lett. B102, 27 (1981) [41] M. Faizal and M. Khan, Eur. Phys. J. C71, 1603 (2011) [42] M. Faizal, Phys. Lett. B705, 120 (2011) [43] C. Bizdadea, I. Negru and S. O. Saliu, Int. J. Mod. Phys. A14, 359 (1999) [44] G. Barnich, R.Constantinescu and P. Gregoire, Phys. Lett. B293, 353 (1992) [45] H. Ikemori, Mod. Phys. Lett. A7, 3397 (1992) [46] N. R. F. Braga and A. Das, Nucl. Phys. B42, 655 (1995) [47] N. R. F. Braga and S. M. de Souza, Phys. Rev. D53, 916 (1996) [48] E. M. C. Abreu and N. R. F. Braga, Phys. Rev. D54, 4080 (1996) [49] B. S. De Witt, Supermanifolds, Cambridge University Press, (1992) [50] I. L. Buchbinder and S. M. Kuzenko, Ideas and Methods of Supersymmetry and Supergravity, revised edition, Institute of Physics Publishing (1998) [51] M. Faizal, Found. Phys. 41, 270 (2011) [52] M. Faizal and A. Higuchi, Phys. Rev. D78, 067502 (2008)