arXiv:1204.0866v2 [gr-qc] 18 Jul 2012

On a principle of cosmological uncertainty

Antonio Enea Romano^{1,2,3∗} 1Instituto de Fisica, Universidad de Antioquia, A.A.1226, Medellin, Colombia 2Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, Japan 3Leung Center for Cosmology and Particle Astrophysics, National Taiwan University, Taipei 10617, Taiwan, R.O.C.,

Abstract

We show that cosmological observations are subject to an intrinsic uncertainty which can be expressed in the form of an uncertainty relation similar to the Heisenberg principle. This is a consequence of the fact that the four dimensional space-time metric information is projected into the one-dimensional observational red-shift space, implying a limit on the amount of information which can be extracted about the underlying geometry. Since multiple space-time configurations can lead to the same red-shift, there is an unavoidable uncertainty about the determination of the space-time geometry. This suggests the existence of a limit about of the amount of information that cosmological observations can reveal about our Universe that no experiment could ever overcame, conceptually similar to what happens in quantum mechanics.

∗Electronic address: aer@phys.ntu.edu.tw

Cosmology has some distinctive features respect to other branches of physics: we can observe the Universe only from one point, and we are unable to probe directly the geometry of space-time on large scales. We can only detect particles or radiation which have reached us, and extract from these observations information about the space-time between us and the sources. Most of cosmological scale distances can in fact only be deduced from red-shift measurements, assuming an underlying space-time metric. The Hubble law for example is based on the assumption of large scale isotropy and homogeneity of the metric describing the Universe. We know nevertheless that the Universe had a certain level of inhomogeneity at very early times, as predicted by inflation, which is supposed to be the seed for the later process of structure formation due to gravity. There has been an long debate [1–5] on whether this perturbations of the homogeneous space-time metric could explain cosmological observations, in particular if they could induce effects equivalent to a cosmological constant or dark energy. In this letter we consider what are the statistical effects of these inhomogeneities on the determination of background cosmological parameters, focusing on their complementary role rather than looking at them as alternatives to each other. Let’s consider a Friedman universe with scalar perturbations. In longitudinal gauge the metric can be written as ds^2 = −(1 + 2Ψ)dη^2 + (1 − 2Ψ)δ_{ij}dx^idx^j . (1) where we have assumed assumed for simplicity the background to be flat and the perturbations to be of perfect fluid type. Lets us suppose [6–8] a photon is emitted from a source located at a comoving coordinate r_S and time t_S with a wave length λ_S , and is reaching an observer at the center r_O = 0, with a wavelength λ_O . Its total redshift can be expressed as the sum of two components . One is due to the homogeneous background expansion, z_H , and another due to the perturbations of the gravitation potential, z_I : λ_O λ_S = 1 + z = 1 + z_H + z_I = a(t_O) a(t_S )

(1 + [ψ + v · n]^O_S − 2 ∫_{λO} λ_S dλψ̇ ) , (2) z_H = a(t_O) a(t_S )

− 1 , (3)

z_I = (1 + z_H )([ψ + v · n]^O_S − 2 ∫_{λO} λ_S dλψ̇ ) . (4) In the following we will neglect the contribution coming from the difference in the potential and the peculiar velocity between the observer and the source to get

z_I = (1 + z_H )(−2 ∫_{λO} λ_S dλψ̇ ) ≈ −2(1 + z_H )Δr N∑ i=1 ψ̇ , (5) where in the last approximate equality we have chosen the comoving coordinate as the affine parameter along the null geodesic, we have divided the interval (r_S , 0) into N subintervals of equal comoving length Δr and approximated the integral with a summation.

The time evolution of the Fourier transform of the gravitational potential is given by:

ψ̇ = ψ_P (k)T (k) d dη ( D(η) a(η) ) , (6)

where D(η) is the growth factor, T (k) is the transfer function, and ϕ_P (k) is the primordial perturbation. For a matter dominated universe the time derivative of the gravitational potential is zero, while for a Universe with cosmological constant there can be a significant contribution, which in the case of the cosmic microwave background radiation for example leads to the so called integrated ISW effect. While there is a redshift dependence for d dη (_{D(η)} a(η) ) , we will neglect it here, and assume an average constant value α along the geodesic.

This implies that we can pull this constant factor out of the summation, and the only quantity summed is proportional to the primordial perturbation of the gravitational potential. Assuming this to be gaussian, we can approximate it as a discrete random variable ψ_i with uniform probability of having a positive, zero or negative value, corresponding to the standard deviation of the gaussian field σ_ψ. This correspond to approximating the gaussian distribution with a uniform distribution with the three discrete values ψ_i = {σ_ψ, 0, −σ_ψ}. Finally we to get

z_I = −2(1 + z_H )αΔr N∑ i=1 ψ_i , (7)

where ψ_i is a random value in the i − th sub-interval determined by the time independent part of the ψ(k, η), i.e. by ψ_P (k)T (k), and k is the momentum corresponding to the scale Δr. For large scales T (k) is approximately 1, so ψ_i is of the order of the primordial spectrum ψ_P (k). From the above assumptions we can derive the probability distribution of z_I . In this discrete model every space-time configuration along the photon path corresponds to assigning a set of N values to the random variable ϕ_i.

Let’s call {n_+, n_−}, the number of positive and negative values of the random variable ϕ_i. The corresponding z_I will be given by

z_I = −2(1 + z_H )αΔrσ_ψ(n_+ − n_−) = Δz_{min}S , (8) Δz_{min} = −2(1 + z_H )αΔrσ_ψ , (9) S = (n_+ − n_−) , (10) where we have introduced the Δz_{min}, the minimum possible inhomogeneous contribution to the total redshift. According to our discrete model the total inhomogeneous redshift is a finite multiple of this minimum contribution, so we get: − N ≤^{zI}_{Δzmin} ≤ N , (11) where the lower and upper bounds correspond to configurations of all positive or all negative values of ψ_i, i.e. n_+ = S or n_− = S. Since every interval can have three possible values of ψ_i, we have a total of 3^N possible different configurations. Because of the fact that what it matters is the sum (n_+ − n_−), but not the order in which positive or negative perturbations appear, different space-time configurations can lead to the same value of z_I . This is the origin of the intrinsic uncertainty on determining the origin of the total redshift, and consequently to estimate other background cosmological parameters such the Ω_Λ.

The number of space-time configurations corresponding to a given value of z_I can be calculated analytically. Let’s start from the number of configurations corresponding to a given set {n_−, n_+} of positive and negative values of ψ_i, which is is given by:

N_c(n_−, n_+) = N! n_−!n_+!(N − n_− − n_+)!

. (12)

The number of different configurations corresponding to a given value of z_I , i.e. to a given value of S = (n_+ − n_−), can be computed in the case of even N and S > 0 as

N_S = (N+S)/2 ∑ n_+=S

N_c(n_+ − S, n_+) =_2F_1 [ (1 + S − N)/2; (S − N)/2; S + 1; 4 ] N! S!(N − S)! , (13)

where_2F_1 is the Gauss hypergeometric function. Since the distribution is symmetric in S respect to its central value, a similar expression can be found for S < 0. The formula derived above is consistent with the total number of possible configurations, i.e. we have N∑ S=−N N_S = 3^N . (14)

The figure 1 shows a plot of the expected probability P (S) and P (z_I ) for different values of N. As it can be seen the dispersion around the central value (corresponding to z_I = 0), is increasing as N increases, while its average value remain zero because of the symmetry of the distribution. Since this dispersion correspond to an uncertainty on the estimation of z_H from the total redshift z because z_H = z − z_I , we deduce that an increased accuracy in estimating the effects of the inhomogeneities, i.e. a larger N, correspond to a larger

FIG. 1: The probability P (S) and P (z_i/Δz_{min}) are plotted for different values of N. The thick line is for N = 30, the dotted line is for N = 20, and the dot-dashed line is for N = 10. The difference between the two distribution is due to the fact that as N increases Δr decreases, lowering Δz_{min}. As it can be seen the dispersion increases with N.

uncertainty on z_H , and consequently on the background cosmological parameters on which z_H depend. Schematically we can write that Δz_I ∝ 1 N , (15) Δz_H ∝ N , (16) (17)

where the proportionality symbol has to be interpreted qualitatively, since we have not quantitatively estimated it, but we have inferred it heuristically from the dispersion of the expected probability distribution P (z_I ) and from the intuitive argument that a larger number of subintervals N corresponds to a more accurate modeling of the perturbations between the source and the observer, i.e. a smaller error Δz_I . We can express this with an uncertainty relation of the type:

Δz_I Δz_H ≥ f(r_S − r_O) , (18)

where f(r) should be a monotonous increasing function of the comoving coordinate, since the uncertainty increases with the comoving distance of the source, due to a larger number of possible space-time configurations. Alternatively we could for example write it as:

ΔIΔΩ_Λ ≥ f(r) , (19)

where ΔI stands for uncertainty on the determination of the perturbative part of the metric, and Ω_Λ is supposed to encode all the information about the homogeneous background, i.e. we are neglecting the effects of the curvature. A more accurate treatment could involve the use of stochastic calculus or of a random variable which can take more values following different physically motivated probability distributions. Nevertheless we expect that such improved approaches would not affect the the existence of such a lower bound, but could possibly modify its quantitative estimation.

The dependence of the lower bound on the comoving distance of the source can be interpreted in terms of information theory, as the consequence of the fact that from a single piece of information, i.e. the ratio between the energy of the photons at the source and at the observer, we are trying to extract an increasingly larger amount of information, i.e. the space-time configuration between the source and the observer. Since the number of possible space-time configurations goes like 3^N , if we keep Δr constant, we are dealing with an increasingly larger number of possible space-time configurations. Vice versa if we are keeping N constant and increase r_S we will be able to resolve space- time inhomogeneities only at larger comoving scale r_S/N, so ΔI will increase.

I. ACKNOWLEDGMENTS

I thank Gabriele Veneziano for helpful discussions. I am also grateful to the theoretical division of CERN and the College du France for their hospitality.

[1] E. W. Kolb, S. Matarrese and A. Riotto, arXiv:astro-ph/0506534. [2] T. Buchert, arXiv:gr-qc/0509124, and references therein. [3] Y. Nambu and M. Tanimoto, arXiv:gr-qc/0507057. [4] A. Ishibashi and R. M. Wald, arXiv:gr-qc/0509108. [5] K. Tomita, Mon. Not. Roy. Astron. Soc. 326, 287 (2001). [6] M. Sasaki, Mon. Not. R. Astron. Soc. 228, 653 (1987).

[7] C. C. Dyer and R. C. Roeder, Astrophys. J. 174, L115 (1972);

C. C. Dyer and R. C. Roeder, Astrophys. J. 180, L31 (1973); C. C. Dyer and R. C. Roeder, Astrophys. J. 189, 167 (1974); T. Futamase and M. Sasaki, Phys. Rev. D40, 2502 (1989); M. Kasai, T. Futamase and F. Takahara, Phys. Lett. A 147, 97 (1990); R. Kantowski, Astrophys. J. 507, 483 (1998);

N. Sugiura, N. Sugiyama and M. Sasaki, Prog. Theo. Phys., 101, 903 (1999); T. Pyne and M. Birkinshaw, Mon. Not. R. Astron. Soc. 348, 581 (2004).

[8] C. Bonvin, R. Durrer and M. A. Gasparini, Phys. Rev. D 73, 023523 (2006) [Erratum-ibid. D 85, 029901 (2012)] [astro-ph/0511183].