arXiv:1204.1013v2 [hep-th] 25 Jan 2013

WORLDLINE APPROACH TO NONCOMMUTATIVE FIELD THEORY

R. BONEZZI^1 , O. CORRADINI^2 , S.A. FRANCHINO VIÑAS^{3,4} , P.A.G. PISANI^3

Abstract. The study of the heat-trace expansion in noncommutative field theory has shown the existence of Moyal nonlocal Seeley-DeWitt coefficients which are related to the UV/IR mixing and manifest, in some cases, the non-renormalizability of the theory. We show that these models can be studied in a worldline approach implemented in phase space and arrive at a master formula for the n-point contribution to the heat-trace expansion. This formulation could be useful in understanding some open problems in this area, as the heat-trace expansion for the noncommutative torus or the introduction of renormalizing terms in the action, as well as for generalizations to other nonlocal operators.

1. Introduction

Noncommutative field theory [1, 2] involves two concepts which could be considered as fundamental ingredients of a theory of quantum gravity: nonlocality and a minimal length scale. As a consequence, the theory presents interesting renormalization properties, as the so-called UV/IR mixing [3].

Renormalization in quantum field theory can be implemented with heat-kernel techniques [4] since the one-loop counterterms that regularize the high energy divergencies of the effective action can be obtained in terms of the Seeley-DeWitt (SDW) coefficients, that are determined by the asymptotic expansion, for small values of the proper time, of the heat-trace of a relevant operator. Such an operator defines the spectrum of quantum fluctuations and is obtained as the second order correction of the classical action in a background field expansion.

In a commutative field theory, this operator of quantum fluctuations is, in general, a (local) differential operator whose SDW coefficients have been extensively studied; in particular the worldline formalism (WF) has proved an efficient technique for the computation of these coefficients [5].

On the other hand, in a noncommutative field theory the operator of quantum fluctuations is, in general, a nonlocal operator. Lately it has been shown that the SDW coefficients corresponding to these types of nonlocal operators have peculiar contributions –which are related to the non-planar diagrams of the UV/IR mixing– and are linked to the (non)renormalizability of the theory (see the short review [6].) 1

Let us also mention that in the context of the spectral action principle [7] the SDW coefficients for models defined on noncommutative spaces have an essential role in the determination of the corresponding classical actions.

In this article we use WF techniques to obtain a systematic description of the SDW coefficients of nonlocal operators relevant for the quantization of noncommutative self-interacting scalar fields on Moyal Euclidean spacetime. In order to do that we implement the WF in phase space and we derive a master formula (eq. (4.2)) that can be applied to different settings. We consider this formula to be a step towards a more systematic understanding of the heat-trace expansion of nonlocal operators as well as a potentially useful approach to some open problems in this topic, as those one encounters for example on the NC torus [8]. Further applications to other nonlocal operators could also be considered.

Although the main motivation of the present article is to develop a new tool for performing one-loop calculations in noncommutative field theories, let us point out that we also apply a path integral representation of quantum mechanical transition amplitudes in Moyal spaces which, as far as we know, has not been used in previous works on noncommutative quantum mechanics. The path integral expressions presented in [9, 10] are based on the symplectic form that defines noncommutativity on phase space whereas our worldline formulation depends on the particular representation of the noncommutative algebra given by the Moyal product. Other path integral representations of transition amplitudes have been derived in [11, 12] in the coherent states approach to noncommutative quantum mechanics (in [12] coherent states are defined in the Hilbert space consisting on a certain class of Hilbert-Schmidt operators). However, the path integral formulation derived from coherent states is connected instead to the representation of noncommutativity given by the Voros product. There exist applications of path integrals to quantum mechanics in the Moyal plane [13, 14] but in these models the Hamiltonians are quadratic in momenta and coordinates so that, after a Bopp shift, they can be reduced to analogue models in the commutative plane. Let us mention that the application of path integrals to the Aharonov-Bohm problem in the Moyal plane [15] is performed to leading order in the parameter which defines noncommutativity.

1.1. Effective action in Euclidean Moyal spacetime. A field theory on Euclidean Moyal spacetime can be formulated in terms of the nonlocal Moyal product usually defined as (1.1) (ϕ ⋆ ψ)(x) := e^{i ∂ϕ Θ∂ψ} ϕ(x)ψ(x) . The conditions under which the exponential in this expression is well-defined are studied in [16]. The scalar functions ϕ and ψ depend on x ∈ R^d ; ∂^ϕ and ∂^ψ denote their gradients, respectively. The expression ∂^ϕ Θ∂^ψ represents Θ^{ab}∂^ϕ_xa ∂^ψ_{xb} , where Θ^{ab} are the components of an antisymmetric matrix Θ independent of x.

With respect to this ⋆ - product, the coordinates do not commute: (1.2) [x^a, x^b]_⋆ := x^a ⋆ x^b − x^b ⋆ x^a = 2i Θ^{ab} .

Thus, the matrix Θ characterizes the noncommutativity of the base space. Throughout this article we will consider a possibly degenerate matrix Θ. Assuming Θ of rank 2b we split R^d in a commutative R^c and a noncommutative R^{2b} , with d = c + 2b, by choosing coordinates x = (x̃, x̂) with commuting x̃ ∈ R^c and noncommuting x̂ ∈ R^{2b} . Consequently, the matrix Θ can be written as (1.3) Θ = 0_c ⊕ Ξ , where 0_c is the null matrix in R^c and Ξ is a nondegenerate antisymmetric matrix in R^{2b} . In terms of the Fourier transform

(1.4) ϕ̃(p) = ∫ dx (2π)^d e^{−ipx}ϕ(x) the Moyal product reads

(1.5) ~ϕ ⋆ ψ(p) = ∫ dq e^{−ipΘq} ϕ̃(p − q)ψ̃(q) . A simple model in noncommutative field theory in Euclidean Moyal spacetime is given by a scalar field with a ⋆ - cubic self-interaction, described by the Langrangian

(1.6) L = 1 2 (∂ϕ)^2 + m^2 2 ϕ^2 + λ 3! ϕ^3_⋆ ,

where ϕ^3_⋆ := ϕ ⋆ ϕ ⋆ ϕ.

In the ordinary commutative case (i.e. Θ = 0) the one-loop effective action Γ_C can be represented as

(1.7) Γ_C = 1 2 log Det { −∂^2 + m^2 + λ ϕ(x) } , where the Schrödinger differential operator between brackets, which determines the spectrum of quantum fluctuations, arises from the second functional derivative of the action with respect to the background field ϕ. As we have already mentioned, the regularization of the effective action can be implemented in terms of the heat-trace of this Schrödinger operator.

The spectral theory of Schrödinger operators of the type −∂^2 + V (x) on R^d shows that for regular potentials V (x) the heat-trace admits the following asymptotic expansion in powers of the proper time β > 0 [17]

(1.8) Tr ( f(x) · e^{−β}{^{−∂2+V (x)}} ) ∼ 1 (4πβ)^{d/2} ∞∑ n=0 a_nβ^n . In this expression we have introduced a smearing function f(x). The coefficients a_n are called Seeley-DeWitt (SDW) coefficients and are given by integrals on R^d of products of the smearing function f(x), the potential V (x) and derivatives thereof (the reader can find some proof of this statement in subsection 4.1.)

In the noncommutative case (Θ ≠ 0) the one-loop effective action Γ_{NC} corresponding to the Lagrangian (1.6) instead results in

(1.9) Γ_{NC} = 1 2 log Det { −∂^2 + m^2 + λ 2 L(ϕ) + λ 2 R(ϕ) } , where L(ϕ) is an operator whose action on a function ψ(x) is defined as L(ϕ)ψ(x) := (ϕ ⋆ ψ)(x) whereas R(ϕ)ψ(x) := (ψ ⋆ ϕ)(x). These nonlocal operators represent the left- respectively right-Moyal multiplication by ϕ and can also be expressed as L(ϕ)ψ(x) = ϕ(x + iΘ∂)ψ(x) , (1.10) R(ϕ)ψ(x) = ϕ(x − iΘ∂)ψ(x) , where x ± iΘ∂ have components x^a ± iΘ^{ab}∂_b.

Thus, in order to regularize the noncommutative effective action Γ_{NC} we must study the heat-trace of the nonlocal operator

(1.11) − ∂^2 + m^2 + λ 2 ϕ(x + iΘ∂) + λ 2 ϕ(x − iΘ∂) . Notice that in the case of a quartic self-interaction ϕ^4_⋆ the operator corresponding to the second functional derivative of the action contains the following terms: L(ϕ^2_⋆), R(ϕ^2_⋆), L(ϕ)R(ϕ).

It has been shown that the heat-trace of an operator of the type

(1.12) − ∂^2 + L(l_1(x)) + R(r_1(x)) + L(l_2(x))R(r_2(x))

also admits an asymptotic expansion in powers of the proper time β [18] . However, the SDW coefficients are not given, in general, by integrals on R^d of local expressions depending on the smearing function and the potential functions l_i(x), r_i(x).

Nevertheless, if the operator (1.12) contains only a left-Moyal product (i.e., r_1(x) = r_2(x) = 0) and the smearing function acts by left-Moyal multiplication, then the SDW coefficients can be obtained from the commutative ones by replacing every commutative pointwise product by the noncommutative Moyal product^1 [19, 20]. The same holds if the operator contains only a right-Moyal product (i.e., l_1(x) = l_2(x) = 0) and the smearing function acts by right-Moyal multiplication. Therefore, when there is no mixing between left- and right-Moyal multiplications, the SDW coefficients are still integrals of “local products” (but in a Moyal sense) of the smearing function, the potential functions and their derivatives; we will refer to

1As we will see, to avoid ordering ambiguities, one should consider a commutative operator with matrix-valued coefficients.

these as “Moyal local” coefficients. In consequence, they are likely to be introduced as counterterms in the Lagrangian.

On the contrary, for the general case given by expression (1.12) some SDW coefficients are not even Moyal local, i.e. they cannot be written as integrals of Moyal products of the potential functions and the smearing function. In some field theories, these coefficients manifest the non-renormalizability of the corresponding effective action^2 [21].

In this article we develop a worldline approach to the computation of the SDW coefficients of operator (1.12). For simplicity, we will consider the case l_1(x) = r_1(x) = 0 since the mixing term L(l_2)R(r_2) will suffice to show the appearance of the (Moyal) nonlocal coefficients. In order to do that, we write a representation of the heat-kernel in terms of a path integral in phase space; this is done in Section 2. This path integral is solved in Section 3, where we compute the corresponding generating functional. Our main result, the master formula for the noncommutative heat-trace, is given in Section 4, where we also show how it works for some particular settings and we confirm existing results [6]. In Section 5 we show a simple application of formula (4.2) to noncommutative field theroy: we consider a scalar field with a quartic self-interaction in Euclidean noncommutative spacetime to show how (Moyal) nonlocal SDW coefficients manifest two different phenomena that could lead to non-renormalizability: the so called UV/IR mixing and the existence of more than one commuting direction in the noncommutative spacetime. Finally, in Section 6 we draw our conclusions.

2. Path Integral in phase space

Let us consider an operator which contains a nonlocal potential mixing left- and right-Moyal multiplication

(2.1) H = −∂^2 + L(l) R(r) ,

where l(x) and r(x) are functions of x ∈ R^d . Notice that, due to the associativity of Moyal product, L(l) and R(r) commute with each other. In accordance with representation (1.10) we write

(2.2) H = p^2 + l(x − Θp) r(x + Θp) ,

where p = −i∂. Hamiltonian operator (2.2) has a fixed ordering given by replacing coordinate x with operator x − Θp in l, and with operator x + Θp in r. In order to obtain the path integral representation of the transition amplitude associated to (2.2) it is convenient to rearrange the hamiltonian operator in a different form, for example the Weyl ordered form. A phase space operator A(x, p) is written in Weyl-ordered form when it is arranged in such a way that A(x, p) = A_S (x, p) + ΔA ≡ A_W (x, p),

2Let us mention that in some noncommutative models in emergent gravity a low-energy regime is to be considered and this UV/IR mixing problem is avoided [22].

where A_S (x, p) involves symmetric products of x’s and p’s and ΔA includes all terms resulting from eventual commutators between x’s and p’s, necessary to rearrange A(x, p) in its symmetric form; for example xp = (xp)_S +^1_2 [x, p] = (xp)_S +^{iℏ}_2 ≡ (xp)_W (for details see e.g. Appendices B and C in [5]). Above, since the phasespace operator l(x − Θp) r(x + Θp) mixes coordinates and momenta it is not, a priori, written in symmetrized form: in other words l(x − Θp) r(x + Θp) = (l(x − Θp) r(x + Θp))_S + ΔV . However, one can show by Taylor expanding the functions l and r, that the operator (2.2) only involves symmetric products; in other words products of x’s and p’s in (2.2) can be cast in their symmetrized form (for example (xp)_S =^1_2 (xp + px) and (x^2p)_S =^1_3 (x^2p + xpx + px^2) =^1_2 (x^2p + px^2)) without introducing extra terms, i.e. ΔV = 0. Let us, for example, consider the product of the linear contributions in the Taylor expansions of l and r: it involves the product x^a_−x^b_+ ≡ (x^a − Θ^{ac}p_c)(x^b + Θ^{bd}p_d) whose Weyl-ordering reads

x^a_−x^b_+ = (x^ax^b)_S − Θ^{ac}Θ^{bd}(p_cp_d)_S − Θ^{ac}p_cx^b + Θ^{bd}x^ap_d

(2.3)

= (x^a_−x^b_+)_S − 1 2 Θ^{ac}[p_c, x^b] + 1 2 Θ^{bd}[x^a, p_d] = (x^a_−x^b_+)_S

thanks to the antisymmetry of the Θ^{ab} symbol. It is thus easy to convince oneself that the latter antisymmetry, along with the commutativity property [x^a_−, x^b_+] = 0 and the total symmetry of the coefficients of Taylor expansions of functions l(x) and r(x), allows to easily prove that all the contributions to the product of Taylor expansions of operators l(x − Θp) and r(x + Θp) are symmetric.

Therefore –using the midpoint rule [23, 5]– one can write the following path integral representation for the heat-kernel of operator (2.2) (2.4) ⟨x + z|e^{−βH} |x⟩ = ∫ Dx(t)Dp(t) e^{− ∫ β0 dt} {^{p2(t)−ip(t)ẋ(t)}}e^{− ∫ β0 dt l(x(t)−Θp(t)) r(x(t)+Θp(t))} , where β > 0 and x(t), p(t) represent trajectories in phase space R^{2d} . The path integral is performed on trajectories x(t) that satisfy the boundary conditions x(0) = x and x(β) = x + z and on trajectories p(t) that do not satisfy any boundary condition.

It is convenient to replace the integral on the trajectories x(t) by an integral on perturbations q(t) about the free classical path x_{cl}(t) = z t/β + x. We also make the following rescaling: t → βt, q → √ βq, p → p/ √ β. Expression (2.4) then takes the form ⟨x + z|e^{−βH} |x⟩ = β^{−d/2} ∫ DqDp e^{− ∫ 10 dt} {^{p2−ipq̇}} × (2.5) × e^{i z√β} ∫_1 0 dt pe−β ∫_1 0 dt l(x+tz+ √ βq−Θp/ √ β) r(x+tz+ √ βq+Θp/ √ β) , where the perturbations q in configuration space satisfy q(0) = q(1) = 0.

If we define the mean value of a functional f[q(t), p(t)] as (2.6) ⟨f[q(t), p(t)]⟩ := ∫ DqDp e^{− ∫ 10 dt} {^{p2−ipq̇}}f[q(t), p(t)] ∫ DqDp e^{− ∫ 1}0^{dt {p2−ipq̇}} then the transition amplitude (2.5) reads (2.7) ⟨x + z|e^{−βH} |x⟩ = 1 (4πβ)^{d/2} ⟨ e^{i z√β} ∫_1 0 dt pe−β ∫_1 0 dt l(x+tz+ √ βq−Θp/ √ β) r(x+tz+ √ βq+Θp/ √ β) ⟩ . Next, we make a small β expansion of the second exponential and a Taylor expansion of l and r around x ⟨x + z|e^{−βH} |x⟩ = 1 (4πβ)^{d/2} ∞∑ n=0 (−β)^n n! ∫_1 0 dt_1 . . . ∫_1 0 dt_n × (2.8) × ⟨ e^{i z√β} ∫_1 0 dt pe ∑_n i=1[t_iz+ √ βq(t_i)−Θp(t_i)/ √ β]∂^l_i +[t_iz+ √ βq(t_i )+Θp(t_i)/ √ β]∂^r_i ⟩ × × l(x_1) . . . l(x_n) r(x_1) . . . r(x_n)|_x ,

where ∂^l_i , ∂^r_i are the gradients^3 of l(x_i), r(x_i). As indicated, all x_i must be evaluated at x after performing these derivatives. Expression (2.8) can be written as ⟨x + z|e^{−βH} |x⟩ = 1 (4πβ)^{d/2} ∞∑ n=0 (−β)^n n! ∫_1 0 dt_1 . . . ∫_1 0 dt_n × (2.9) × e^{∑ni=1 tiz(∂li +∂ri )} ⟨ e^{∫ 10 dt(p kn+q jn)} ⟩ l(x_1) . . . l(x_n) r(x_1) . . . r(x_n) | | |_x if we define the sources k_n(t), j_n(t) as

k_n(t) = iz √ β + Θ √ β n∑ i=1 δ(t − t_i)(∂^l_i − ∂^r_i ) , (2.10)

j_n(t) = √ β n∑ i=1 δ(t − t_i)(∂^l_i + ∂^r_i ) .

In the following section we will compute the expectation value ⟨ e^{∫ 1}0^{dt(p k+q j)} ⟩ for arbitrary sources k(t), j(t).

3Notice that the subindex i does not denote spacetime components but refers to the i-th spacetime point x_i.

3. The generating functional in phase space

Let us compute the generating functional Z[k, j] := ⟨ e^{∫ 10 dt(p k+q j)} ⟩ = ∫ DqDp e^{− ∫ 10 dt} (^{p2−ip q̇})e^{∫ 1}0^{dt (p k+q j)} ∫ DqDp e^{− ∫ 1}0^{dt (p2−ip q̇)} (3.1)

= ∫ DP e^{− 1}2^{∫ 10 dt P tAP +∫ 10 dt P tK} ∫ DP e^{− ∫ 1}0^{dt P tAP} for arbitrary sources k(t), j(t). In this last expression we have defined the vectors

P := ( p(t) q(t) ) K := ( k(t) j(t) ) (3.2)

and the operator

(3.3) A := ( 2 −i∂_t i∂_t 0 )

Completing squares and inverting the operator A –taking into account the boundary conditions q(0) = q(1) = 0– we obtain the generating functional in phase space (3.4) Z[k, j] = e^{12 ∫ 10 dt KtA−1K} . The kernel of the operator A^{−1} is given by

(3.5) A^{−1}(t, t^′) =

(_1 2 i 2 [h(t, t^′) + f(t, t^′)] i 2 [h(t, t^′) − f(t, t^′)] 2g(t, t^′) ) , where h(t, t^′) := 1 − t − t^′ , (3.6) f(t, t^′) := t − t^′ − ϵ(t − t^′) , g(t, t^′) := t(1 − t^′)H(t^′ − t) + t^′(1 − t)H(t − t^′) .

The sign function ϵ(·) is ±1 if its argument is positive or negative, respectively; H(·) represents the Heaviside function.

To obtain the expectation value of expression (2.9) we replace the sources given by eqs. (2.10) into expression (3.4)

(3.7) ⟨ e^{∫ 10 dt(p kn+q jn)} ⟩ = e^{− z24β + iz2β Θ ∑ni=1(∂li −∂ri )}e^{△n} , where the operator △_n is defined as

(3.8)

△_n := n∑ i,j=1 [ βg(t_i, t_j )(∂^l_i + ∂^r_i )(∂^l_j + ∂^r_j ) − 1 4β (∂^l_i − ∂^r_i )Θ^2(∂^l_j − ∂^r_j )

− i 2 f(t_i, t_j)(∂^l_i Θ∂^l_j − ∂^r_i Θ∂^r_j ) − ih(t_i, t_j)∂^l_i Θ∂^r_j ] .

4. The noncommutative heat-kernel

The smeared heat-trace of the nonlocal operator H, defined in eq. (2.2), can be written as

(4.1) Tr ( f(x) ¯⋆ e^{−βH} ) = ∫ R^d dx ⟨x + z|e^{−βH} |x⟩ | |_{z=−iΘ̄∂f} f(x) ,

where ¯⋆ represents a Moyal product as defined in (1.1) but in terms of another antisymmetric matrix Θ̄ which, in principle, differs from Θ. Expression (4.1) can be easily obtained by inserting in the l.h.s a spectral decomposition of unity in terms of position eigenstates and using that e^{−iΘ̄∂f ∂} ⟨x| = ⟨x − iΘ̄∂^f |.

The matrix Θ̄ allows us to consider at the same time the cases where the smearing function f acts by commutative pointwise multiplication (Θ̄ = 0), by left-Moyal multiplication (Θ̄ = Θ) or right-Moyal multiplication (Θ̄ = −Θ). As indicated, the variable z must be replaced by the operator −iΘ̄∂^f , where ∂^f is the gradient acting on the smearing function f only. The heat-kernel ⟨x + z|e^{−βH} |x⟩ is obtained by replacing eq. (3.7) into expression (2.9). Inserting the result into (4.1) we get our master formula

Tr ( f(x) ¯⋆ e^{−βH} ) = 1 (4πβ)^{d/2} ∞∑ n=0 (−β)^n ∫ R^d dx f(x) e^{14β ∑ni,j=1 DiDj} × (4.2) × ∫_1 0 dt_1 ∫_{t1} 0 dt_2 . . . ∫_{tn−1} 0 dt_n e^{i△NCn +β△Cn} l(x_1) . . . l(x_n) r(x_1) . . . r(x_n) | | | |_x , where we have defined the following differential operators

△^C_n := n∑ i,j=1 g(t_i, t_j )(∂^l_i + ∂^r_i )(∂^l_j + ∂^r_j ) ,

(4.3)

D_i := ( Θ − Θ̄ ) ∂^l_i − ( Θ + Θ̄ ) ∂^r_i , △^{NC}_n := n∑ i<j=1 { [ ∂^l_i Θ∂^l_j − ∂^r_i Θ∂^r_j ] − (1 − t_i − t_j )(∂^l_iΘ∂^r_j − ∂^r_i Θ∂^l_j )

+ (t_i − t_j) [ ∂^l_i (−Θ + Θ̄)∂^l_j + ∂^r_i (Θ + Θ̄)∂^r_j + ∂^l_iΘ̄∂^r_j + ∂^r_i Θ̄∂^l_j ] }

− n∑ i=1 (1 − 2t_i)∂^l_i Θ∂^r_i .

In the derivation of (4.2) we have used the symmetry of the integrand with respect to permutations of the variables t_i and we have integrated by parts to make the replacement ∂^f → − ∑_n i=1(∂^l_i + ∂^r_i ).

A few remarks are now in order. As we will see next, the SDW coefficients for the commutative case are fully determined by the action of the operator △^C_n since △^{NC}_n and D_i vanish for Θ = Θ̄ = 0. On the other hand, if r(x) ≡ 1 (or l(x) ≡ 1) and the smearing function acts by left- (respectively right-) Moyal multiplication, then D_i vanishes and the only non-vanishing term in △^{NC}_n is the first one ∂^l_i Θ∂^l_j (respectively −∂^r_i Θ∂^r_j ) which replaces any pointwise product by a left- (respectively right-) Moyal product. Let us also mention that the heat-trace with no smearing function corresponds to f(x) ≡ 1 and Θ̄ = 0.

Finally, we will show that the 1/β coefficient of ∑ i,j D_iD_j in expression (4.2) is responsible for Moyal nonlocal SDW coefficients, which can be shown to correspond to contributions of non-planar diagrams, leading to the well-known UV/IR mixing.

In the rest of this section, we will apply master formula (4.2) to these different settings in order to describe the SDW coefficients.

4.1. Commutative limit. First of all, we apply formula (4.2) to the heat-trace in the commutative case for future comparison with the subsequent noncommutative expressions. For Θ̄ = Θ = 0 it is sufficient to consider the case r(x) ≡ 1. As already mentioned, the operators D_i and △^{NC}_n vanish so that formula (4.2) reads Tr ( f(x) · e^{−βH} ) = 1 (4πβ)^{d/2} ∞∑ n=0 (−β)^n ∫ R^d dx f(x) × (4.4) × ∫_1 0 dt_1 ∫_{t1} 0 dt_2 . . . ∫_{tn−1} 0 dt_n e^{β ∑ni,j=1 g(ti ,tj )∂i∂j} l(x_1) . . . l(x_n) | | | |_x .

This expression shows that the SDW coefficients a_n are integrals of products of the smearing function, the potential and derivatives thereof (see eq. (1.8).)

For later use, in expression (4.4) we keep the time-ordering explicit in the multi worldline integral so that (4.4) gives the correct SDW coefficients even if the potential l(x) is a matrix potential. In such a case the product of two adjacent l(x)’s has to be understood as a spatially-pointwise matricial product.

4.2. Pointwise multiplication by a smearing function. In this subsection we consider the noncommutative operator (2.2) but for the case in which the smearing function f(x) acts by pointwise multiplication, i.e. Θ̄ = 0. We will show that some SDW coefficients are Moyal nonlocal [19].

For Θ̄ = 0 formula (4.2) reads Tr ( f(x) · e^{−βH} ) = 1 (4πβ)^{d/2} ∞∑ n=0 (−β)^n ∫ R^d dx f(x) × (4.5) × ∫_1 0 dt_1 ∫_{t1} 0 dt_2 . . . ∫_{tn−1} 0 dt_n e^{△n} l(x_1) . . . l(x_n) r(x_1) . . . r(x_n) | | | |_x . For the purposes of this section it will suffice to consider a potential which contains only a left-Moyal product so we will consider the case r(x) ≡ 1. Thus, the leading terms in (4.5) read

(4.6) Tr ( f(x) · e^{−βH} ) = 1 (4πβ)^{d/2} ∫ R^d dx f(x) ( 1 − β e^{− 14β ∂lΘ2∂l} l(x) + . . . ) . The first term coincides with the leading term –the volume contribution– in the commutative case, whereas the second one can be written as (see the discussion below eq. (1.2))

(4.7) − β (4πβ)^{d/2} ∫ R^c dx̃ ∫ R^{2b} dx̂ f(x̃, x̂) ∫ R^{2b} dŷ β^b π^b det Ξ e^{β(x̂−ŷ)Ξ−2(x̂−ŷ)} l(x̃, ŷ) ∼ ∼ − 1 (4πβ)^{d/2} · β^{b+1} π^b det Ξ ∫ R^c dx̃ (∫ R^{2b} dx̂ f(x̃, x̂) ) (∫ R^{2b} dŷ l(x̃, ŷ) ) + . . . As can be seen from this expression, the presence of a smearing function that acts by pointwise multiplication originates a contribution to the SDW coefficient a_{b+1} which is nonlocal in the generalized Moyal sense. Notice that this Moyal nonlocal coefficient was obtained when considering the case r(x) ≡ 1, i.e. even when the potential in H does not mix left- and right-Moyal actions.

4.3. No mixing between left- and right-Moyal multiplication. We will now consider the case in which the heat-trace involves only left-Moyal multiplication (r(x) ≡ 1 and Θ̄ = Θ) or only right-Moyal multiplication (l(x) ≡ 1 and Θ̄ = −Θ). Under any of these alternative assumptions the operators D_i vanish, whereas △^{NC}_n takes the form

(4.8) △^{NC}_n := ± n∑ i<j=1 ∂_iΘ∂_j , where the upper (lower) sign corresponds to the case where only left- (right-) Moyal multiplication is considered; the derivatives ∂_i act consequently on l(x_i) (r(x_i)). Therefore, according to formula (4.2), the action of the operator e^{i△NCn} is the only effect of noncommutativity on the SDW coefficients. Notice that the action of these operator defines Moyal multiplication (see eq. (1.1)), so that the heat-trace (for the left-Moyal case) reduces to Tr ( f(x) ⋆ e^{−βH} ) = 1 (4πβ)^{d/2} ∞∑ n=0 (−β)^n ∫ R^d dx f(x) × (4.9) × ∫_1 0 dt_1 ∫_{t1} 0 dt_2 . . . ∫_{tn−1} 0 dt_n e^{β ∑ni,j=1 g(ti,tj )∂i∂j} l(x_1) ⋆ · · · ⋆ l(x_n) | | | |_x . In this case, we conclude that the noncommutative SDW coefficients can be obtained from the commutative coefficients for a matrix potential l(x) (cfr. (4.4)), by replacing every spatially-pointwise matrix product of adjacent potentials with left- (right-) Moyal products. For example, up to β^3 one gets Tr ( f(x) ⋆ e^{−βH} ) = 1 (4πβ)^{d/2} ∫ R^d dx f(x) × (4.10) × [ 1 − βl(x) + β^2 ( 1 2 l^2_⋆(x) − 1 6 ∂^2l(x) ) + β^3 ( − 1 60 ∂^4l(x)

+ 1 12 ( ∂^2l ⋆ l(x) + l ⋆ ∂^2l(x) + ∂l ⋆ ∂l(x) ) − 1 3! l^3_⋆(x) ) + · · · ]

In summary, when there is only left- (right-) Moyal multiplication the SDW coefficients are Moyal local [19, 20].

4.4. Mixing between left- and right-Moyal multiplication. In this last subsection we will consider the presence of both functions l(x) and r(x) in the potential of the operator (2.2). The calculation goes along the same line followed in subsection 4.2 and we will arrive to a similar conclusion, namely, the existence of Moyal nonlocal SDW coefficients. For simplicity, we will consider f(x) ≡ 1. Formula (4.2) then reads Tr ( e^{−βH} ) = 1 (4πβ)^{d/2} ∞∑ n=0 (−β)^n ∫ R^d dx × (4.11) × ∫_1 0 dt_1 ∫_{t1} 0 dt_2 . . . ∫_{tn−1} 0 dt_n e^{△n} l(x_1) . . . l(x_n) r(x_1) . . . r(x_n) | | | x , Let us consider the leading terms in expansion (4.11) corresponding to an increasing number n of insertions of l(x) and r(x).

For n = 0 we get the commutative volume contribution. For n = 1 we get the leading contribution − β (4πβ)^{d/2} ∫ R^d dx r(x)e^{− 1β ∂lΘ2∂l} l(x) , (4.12)

where upon integration by parts we have replaced ∂^r → −∂^l. Expression (4.12) can be obtained from the subleading term of (4.6) by identifying r(x) with f(x). Proceeding analogously we get for (4.12)

(4.13) − 1 (4πβ)^{d/2} β^{b+1} (4π)^b det Ξ ∫ R^c dx̃ ∫ R^{2b} dx̂ r(x̃, x̂) ∫ R^{2b} dŷ e^{β4 (x̂−ŷ)Ξ−2(x̂−ŷ)} l(x̃, ŷ) ∼ ∼ − 1 (4πβ)^{d/2} · β^{b+1} (4π)^b det Ξ ∫ R^c dx̃ {(∫ R^{2b} dx̂ r(x̃, x̂) ) (∫ R^{2b} dŷ l(x̃, ŷ) )

+ β 4 (Ξ^{−2})_{ij} [∫ R^{2b} dx̂ x̂^ix̂^jr(x̃, x̂) · ∫ R^{2b} dŷ l(x̃, ŷ) + ∫ R^{2b} dx̂ r(x̃, x̂) · ∫ R^{2b} dŷ ŷ^iŷ^jl(x̃, ŷ) − 2 ∫ R^{2b} dx̂ x̂^ir(x̃, x̂) ∫ R^{2b} dŷ ŷ^jl(x̃, ŷ) ] + . . . } . In this expression we have explicitly written the splitting of the coordinates x ∈ R^d in commuting x̃ ∈ R^c and noncommuting x̂ ∈ R^{2b} coordinates (see the discussion below eq. (1.2)). Expansion (4.13) shows the Moyal nonlocal contributions, which are linear in the product r(x)l(y), to the coefficients a_{b+1} and a_{b+2} [18] that could lead to the non-renormalizability of the corresponding theory [21].

4.5. The noncommutative torus. As our last example, we will consider the operator (2.2) on the d-dimensional noncommutative torus T^d, as defined in [8]. The coordinates x = (x̃, x̂) on T^d can be split in commuting x̃ ∈ T^c and noncommuting x̂ ∈ T^{2b} components, with d = c + 2b, as discussed after eq. (1.2). We also define 0 ≤ x_i ≤ L_i.

The heat-kernel ⟨y|e^{−βH} |x⟩_T d subject to the corresponding periodic boundary conditions can be obtained as the sum of infinitely many transition amplitudes

⟨y + t_k|e^{−βH} |x⟩_Rd computed on the whole space R^d , where t_k = (L_1k_1, . . . , L_dk_d) and k = (k_1, . . . , k_d) ∈ Z^d: (4.14) ⟨y|e^{−βH} |x⟩_T d = ∑ k∈Z^d ⟨y + t_k|e^{−βH} |x⟩_Rd The functions l, r in the operator H of the r.h.s. of this equation are the periodic extensions to the whole space R^d of the functions l, r in the operator H of the l.h.s.

Correspondingly, the heat-trace on the torus can be computed as

(4.15) Tr ( e^{−βH} ) = ∫ T^d dx ⟨x|e^{−βH} |x⟩_T d = ∫ T^d dx ∑ k∈Z^d ⟨x + t_k|e^{−βH} |x⟩_Rd The transition amplitudes on the whole R^d were already computed and can be read from eqs. (2.9) and (3.7). The first contribution, corresponding to n = 0 in eq. (2.9), gives the volume term

(4.16) 1 (4πβ)^{d/2} d∏ i=1 L_i ∑ k∈Z e^{− L} 2 i 4β k^2 ∼ 1 (4πβ)^{d/2} L_1 . . . L_d . Notice that the only contribution to the asymptotic expansion for small β comes from the term corresponding to k = 0.

On the other hand, the term corresponding to n = 1 in eq. (2.9) reads

(4.17) − β (4πβ)^{d/2} ∑ k∈Z^d ∫ T^d dx r(x)e^{− 1β} (^{−iΘ∂+ 12 tk})^2 l(x) ,

where we have used the periodicity of l(x) and r(x) to replace ∂^r by −∂^l. This contribution has been analyzed in [8] for the case in which the matrix elements of Θ satisfy a Diophantine condition.

5. Application to λ ϕ⋆^4 In this section we will apply our formula (4.2) to a simple noncommutative model.

In particular, we will compute some SDW coefficients to study the one-loop corrections to the propagator of a real scalar field with a quartic self-interaction defined on the Euclidean spacetime R^d . We therefore consider the following action

(5.1) L = 1 2 (∂ϕ)^2 + m^2 2 ϕ^2 + λ 4! ϕ^4_⋆ ,

where ϕ^4_⋆ := ϕ ⋆ ϕ ⋆ ϕ ⋆ ϕ. The one-loop effective action Γ can be written as [18] Γ = 1 2 log Det { −∂^2 + m^2 + λ 3 [L(ϕ^2_⋆) + R(ϕ^2_⋆) + L(ϕ)R(ϕ)] } (5.2) = − 1 2 ∫_∞ Λ^{−2} dβ β e^{−βm2} Tr e^{−β}{^{−∂2+ λ3} [^{L(ϕ2⋆)+R(ϕ2⋆ )+L(ϕ)R(ϕ)}]} , where we have used the Schwinger proper time approach to represent the functional determinant and we have introduced an UV-cutoff Λ.

Since the propagator is obtained from the quadratic terms in the effective action, we only need to consider the terms in expression (5.2) which are linear in λ. Therefore, we can use formula (4.2) to compute the contributions of the three terms L(ϕ^2_⋆), R(ϕ^2_⋆) and L(ϕ)R(ϕ) separately. By replacing f(x) ≡ 1, Θ̄ = 0 and r(x) ≡ 1 in the term corresponding to n = 1 in eq. (4.2) we obtain the contribution of L(ϕ^2_⋆) to the effective action. Analogously, the contribution corresponding to R(ϕ^2_⋆) is obtained by replacing instead l(x) ≡ 1. Both contributions are equal and the sum of them reads

(5.3) ∫_∞ Λ^{−2} dβ e^{−βm2} 1 (4πβ)^{d/2} ∫ R^d dx λ 3 ϕ^2_⋆(x) = λ 3 m^{d−2} (2π)^{d/2} Γ(1 − d/2, m^2/Λ^2) ∫ R^d ϕ^2 ,

where Γ(·, ·) represents the incomplete gamma function [26]. In the limit Λ → ∞, this contribution diverges as log Λ, for d = 2, and as Λ^{d−2}, for d > 2. This divergence is eliminated by a mass redefinition; in this way, the dependence of the mass with the cutoff Λ is determined. Notice that result (5.3) –which corresponds to the contribution of one-loop planar diagrams– does not depend on the noncommutativity parameters and holds also in the commutative case.

The remaining contribution, corresponding to the term L(ϕ)R(ϕ), is obtained by replacing f(x) ≡ 1, Θ̄ = 0 and ∂^l = −∂^r in the term corresponding to n = 1 in eq. (4.2); the result reads, 1 2 ∫_∞ Λ^{−2} dβ e^{−βm2} 1 (4πβ)^{d/2} ∫ R^d dx λ 3 ϕ(x)e^{− 1β ∂Θ2∂} ϕ(x) = (5.4) = λ 6 (2π)^{3d/2}m^{d−2} ∫ d^cp̃ d^{2b}p̂ ϕ̃^∗(p̃, p̂)ϕ̃(p̃, p̂) · Σ_{NP} (p̂) , where

(5.5) Σ_{NP} (p̂) := ∫_∞ 0 dβ β^{d/2} e^{−β− m2β |Ξp̂|2} = 2(m|Ξp̂|)^{1−d/2}K_{d/2−1}(2m|Ξp̂|) , being K_{d/2−1}(·) the modified Bessel function. In eq. (5.4) we have made use of the splitting defined in eq. (1.3) to separate spacetime R^d into R^c , which is described by commuting coordinates, and R^{2b} , where noncommutativity is defined by the nondegenerate matrix Ξ. We have also written this contribution to the effective action in terms of the Fourier transform ϕ̃(p̃, p̂) of the field, where p̃ ∈ R^c and p̂ ∈ R^{2b} . Notice also that in expression (5.5) the term depending on Ξ makes the integral convergent at β → 0 and, in consequence, the cutoff Λ has been removed. In other words, noncommutativity regularizes UV-divergence at the one-loop level. It can be shown that expression (5.4) corresponds to the contribution of one-loop non-planar diagrams.

Since Σ_{NP} (p̂) ∼ |p̂|^{−d+2}, for small |p̂| and d > 2, the integrand in (5.4) grows as |p̂|^{1−c} for |p̂| → 0, where c = d − 2b is the number of commuting coordinates. Therefore, this contribution to the one-loop effective action is divergent if the number of commuting coordinates is greater or equal than two. The same result can be obtained from expression (4.13), whose leading term reads

(5.6) − 1 (4πβ)^{d/2} · β^{b+1} (4π)^b det Ξ ∫ R^c dx̃ (∫ R^{2b} dx̂ ϕ(x̃, x̂) ) (∫ R^{2b} dŷ ϕ(x̃, ŷ) ) . If this contribution is inserted in the last line of expression (5.2) one can see that the integrand behaves as β^{−c/2} for small β and then the integral diverges as Λ → ∞ if c ≥ 2. This UV-divergence cannot be eliminated by a counterterm in the Lagrangian due to the high non-locality in the fields of the contribution (5.6).

As is well-known, the S-matrix is not unitary if time is a noncommutative coordinate [27, 28, 29]. Therefore, for an odd number of spacelike coordinates, unitarity imposes that at least two coordinates are commutative, i.e. c ≥ 2. In this case, as we have seen, some one-loop non-planar diagrams generate divergencies that cannot be regularized by a redefinition of the parameters of the theory. In consequence, as has been shown by V. Gayral et al. [21], a real scalar field in four dimensions with a quartic self-interaction does not have a well-defined effective action.

On the other hand, notice that the function Σ_{NP} (p̂) behaves as

(5.7) Σ_{NP} (p̂) = [ (d/2 − 2)!(m|Ξp̂|)^{2−d} + 2(−1)^{d/2} (d/2 − 1)! log (m|Ξp̂|) ] (1 + O(|p̂|^2)) ,

for small |p̂| and d > 2. The corresponding result for d = 2 reads

(5.8) Σ_{NP} (p̂) = −2 [log m|Ξp̂| + γ] (1 + O(|p̂|^2)) ,

where γ is Euler’s constant. The result of expression (5.7) evaluated at d = 4 and c = 0 corresponds to the contribution to the effective action computed by S. Minwalla et al. [3] by considering one-loop non-planar diagrams.

The divergent behavior at small p̂ shown in expressions (5.7) and (5.8) implies that the propagator receives one-loop corrections which are divergent for small values of the momentum in the noncommutative directions. This is the well-known UV/IR-mixing, which shows that in some noncommutative theories the integration of internal momenta can generate divergencies at small values of the external momenta, even for massive fields. As a consequence, these noncommutative theories are non-renormalizable.

6. Conclusions

We have determined the phase space propagator and the phase space generating functional and written a path integral formulation for non-local operators which are relevant in field theories on noncommutative spacetimes. In this formulation, we have derived a master formula (cfr. (4.2)) for the heat-trace expansion which can be applied to different noncommutative settings. In particular, we considered a nonlocal operator involving the product of left-Moyal and right-Moyal multiplications.

We have shown that the natural rescaling x → √ βx and p → p/ √ β in phase space introduces O(1/β) differential operators which act on the potentials. These operators are given by D_i, defined in eqs. (4.3). Notice that when the heat operator involves only left-Moyal multiplication (∂^r = 0 and Θ̄ = Θ) or only right-Moyal multiplication (∂^l = 0 and Θ̄ = −Θ) the operators D_i vanish. However, in the case where both left- and right-Moyal multiplications are present, the operators D_i generate SDW coefficients which are non-local even in the generalized Moyal sense. These non-local SDW coefficients are equivalent to the non-planar contributions in a perturbative calculation of the effective action in terms of Feynman diagrams.

Our phase space formulation provides a simple derivation of these results and is suitable for further generalizations in noncommutative models. In particular, the introduction of a Grosse-Wulkenhaar term [24, 25] can be straightforwardly implemented in our phase space approach by replacing the vanishing matrix element of the propagator given by eq. (3.3) by a constant matrix element, proportional to the squared frequency of the harmonic oscillator term. Finally, we consider that this formalism could be a useful tool in the study of other models involving more general non-local operators. Research along these lines is currently in progress.

Acknowledgments

The authors thank F. Bastianelli for help and suggestions and for participating in the earlier stages of this project. P.A.G.P. and S.A.F.V. acknowledge D.V. Vassilevich for calling their attention on the results of [8] and for a discussion on the open problems of heat-trace expansion on the NC torus. O.C. thanks the Dipartimento di Fisica and INFN Bologna for hospitality and support while parts of this work were completed. The work of O.C. is partly funded by SEP-PROMEP/103.5/11/6653. The work of P.A.G.P. and S.A.F.V. is partly funded by CONICET (PIP 01787) and UNLP (proj. 11/X492). S.A.F.V.’s stay at the Università di Roma “La Sapienza” was partly financed by the ERASMUS MUNDUS Action 2 programme.

References

[1] M. R. Douglas, N. A. Nekrasov, “Noncommutative field theory,” Rev. Mod. Phys. 73 (2001) 977-1029.

[2] R. J. Szabo, “Quantum field theory on noncommutative spaces,” Phys. Rept. 378 (2003) 207-299.

[3] S. Minwalla, M. Van Raamsdonk, N. Seiberg, “Noncommutative perturbative dynamics,” JHEP 0002 (2000) 020.

[4] D. V. Vassilevich, “Heat kernel expansion: User’s manual,” Phys. Rept. 388 (2003) 279-360.

[5] F. Bastianelli, P. van Nieuwenhuizen, “Path integrals and anomalies in curved space,” Cambridge, UK: Univ. Pr. (2006) 379 P.

[6] D. V. Vassilevich, “Heat trace asymptotics on noncommutative spaces,” SIGMA 3 (2007) 093.

[7] A. H. Chamseddine, A. Connes, “The Spectral action principle,” Commun. Math. Phys. 186 (1997) 731-750.

[8] V. Gayral, B. Iochum and D. V. Vassilevich, “Heat kernel and number theory on NC-torus,” Commun. Math. Phys. 273 (2007) 415.

[9] G. Mangano, “Path integral approach to noncommutative space-times,” J. Math. Phys. 39, 2584 (1998).

[10] C. Acatrinei, “Path integral formulation of noncommutative quantum mechanics,” JHEP 0109, 007 (2001).

[11] A. Smailagic and E. Spallucci, “Feynman path integral on the noncommutative plane,” J.

Phys. A A 36, L467 (2003).

[12] S. Gangopadhyay and F. G. Scholtz, “Path-Integral Action of a Particle in the Noncommutative Plane,” Phys. Rev. Lett. 102, 241602 (2009).

[13] H. R. Christiansen and F. A. Schaposnik, “Noncommutative quantum mechanics and rotating frames,” Phys. Rev. D 65, 086005 (2002).

[14] O. F. Dayi and A. Jellal, “Hall effect in noncommutative coordinates,” J. Math. Phys. 43, 4592 (2002) [Erratum-ibid. 45, 827 (2004)].

[15] M. Chaichian, A. Demichev, P. Presnajder, M. M. Sheikh-Jabbari and A. Tureanu, “Aharonov- Bohm effect in noncommutative spaces,” Phys. Lett. B 527, 149 (2002).

[16] R. Estrada, J. M. Gracia-Bondia, J. C. Varilly, “On Asymptotic expansions of twisted products,” J. Math. Phys. 30 (1989) 2789-2796.

[17] P.B. Gilkey, “Invariance theory, the heat equation, and the Atiyah-Singer index theorem,” CRC Press, Boca Raton (1995).

[18] D. V. Vassilevich, “Heat kernel, effective action and anomalies in noncommutative theories,” JHEP 0508 (2005) 085.

[19] D. V. Vassilevich, “Noncommutative heat kernel,” Lett. Math. Phys. 67 (2004) 185-194. [20] V. Gayral, B. Iochum, “The Spectral action for Moyal planes,” J. Math. Phys. 46 (2005) 043503.

[21] V. Gayral, J. M. Gracia-Bondia and F. R. Ruiz, “Trouble with space-like noncommutative field theory,” Phys. Lett. B 610 (2005) 141.

[22] D. N. Blaschke, H. Steinacker and M. Wohlgenannt, “Heat kernel expansion and induced action for the matrix model Dirac operator,” JHEP 1103 (2011) 002.

[23] J. De Boer, B. Peeters, K. Skenderis and P. Van Nieuwenhuizen, “Loop calculations in quantum mechanical nonlinear sigma models,” Nucl. Phys. B 446 (1995) 211.

[24] H. Grosse and R. Wulkenhaar, “Renormalization of phi**4 theory on noncommutative R**2 in the matrix base,” JHEP 0312, 019 (2003).

[25] H. Grosse and R. Wulkenhaar, “Renormalization of phi**4 theory on noncommutative R**4 in the matrix base,” Commun. Math. Phys. 256, 305 (2005).

[26] M. Abramowitz, I.A. Stegun, “Handbook of mathematical functions,” Dover, reprint (1972). [27] J. Gomis and T. Mehen, “Space-time noncommutative field theories and unitarity,” Nucl.

Phys. B 591, 265 (2000).

[28] N. Seiberg, L. Susskind and N. Toumbas, “Space-time noncommutativity and causality,” JHEP 0006, 044 (2000).

[29] M. Chaichian, A. Demichev, P. Presnajder and A. Tureanu, “Space-time noncommutativity, discreteness of time and unitarity,” Eur. Phys. J. C 20, 767 (2001).

1 Dipartimento di Fisica, Università di Bologna and INFN, Sezione di Bologna, Via Irnerio 46, I-40126 Bologna, Italy

2 Centro de Estudios en Física y Matemáticas Básicas y Aplicadas Universidad Autónoma de Chiapas, Tuxtla Gutiérrez, Mexico

3 IFLP-CONICET/ Departamento de Física, Facultad de Ciencias Exactas Universidad Nacional de La Plata, C.C. 67 (1900), La Plata, Argentina

4 Dipartimento di Fisica, Università di Roma “La Sapienza” and INFN, Sezione di Roma1, Piazzale Aldo Moro 2, I-00185 Roma, Italy

  E-mail address: bonezzi@bo.infn.it, olindo.corradini@unach.mx,
safranchino@yahoo.com.ar, pisani@fisica.unlp.edu.ar