arXiv:1204.1379v1 [hep-th] 5 Apr 2012

CSULB–PA–11–3 (Revised Version)

N = 1 Non-Abelian Tensor Multiplet

in Four Dimensions

Hitoshi NISHINO^{1)} and Subhash RAJPOOT^{2)}

Department of Physics & Astronomy California State University 1250 Bellflower Boulevard Long Beach, CA 90840

Abstract

We carry out the N = 1 supersymmetrization of a physical non-Abelian tensor with non-trivial consistent couplings in four dimensions. Our system has three multiplets: (i) The usual non-Abelian vector multiplet (VM) (A_μ^I , λ^I ), (ii) A non- Abelian tensor multiplet (TM) (B_{μν}^I , χ^I , φ^I ), and (iii) A compensator vector multiplet (CVM) (C_μ^I , ρ^I ). All of these multiplets are in the adjoint representation of a non-Abelian group G. Unlike topological theory, all of our fields are propagating with kinetic terms. The C_μ^I -field plays the role of a Stueckelberg compensator absorbed into the longitudinal component of B_{μν}^I . We give not only the component lagrangian, but also a corresponding superspace reformulation, reconfirming the total consistency of the system. The adjoint representation of the TM and CVM is further generalized to an arbitrary real representation of general SO(N) gauge group. We also couple the globally N = 1 supersymmetric system to supergravity, as an additional non-trivial confirmation.

PACS: 11.15.-q, 11.30.Pb, 12.60.Jv Key Words: Non-Abelian Tensor, N = 1 Supersymmetry, Tensor Multiplet, Vector Field in Non-Trivial Representation, Consistency of Field Equations and Couplings.

1) E-Mail: hnishino@csulb.edu 2) E-Mail: rajpoot@csulb.edu 1

1. Introduction

Recently, the long-standing problem with non-Abelian tensors [1] has been solved by de Wit, Samtleben, and Nicolai [2][3]. The original motivation in [2] was to generalize the tensor and vector field interactions in manifestly E_{6(+6)} -covariant formulation of five-dimensional (5D) maximal supergravity by gauging non-Abelian sub-groups. In [3], this work was further related to M-theory [4] by confirming the representation assignments under the duality group of the gauge charges. The underlying hierarchies of these tensor and vector gauge fields are presented with the consistency of general gaugings.

The hierarchy in [2][3] has been further applied to the conformal supergravity in 6D [5]. In ref. [5], the ‘minimal tensor hierarchy’ as a special case of the more general hierarchy in [2][3] has been discussed. This hierarchy consists of A_μ^r and two-form gauge potentials B_{μν}^I , with two labels r and I. Also introduced is the 3-form gauge potentials C_{μνρ r} with the index_r is dual to^r of A_μ^r. The field strengths of vector and two-form gauge potentials are defined by [5] F_{μν}^r ≡ 2∂_{⌊⌈μ}A_{ν⌋⌉}^r + h_I^rB_{μν}^I , (1.1a) H_{μνρ}^I ≡ 3D_{⌊⌈μ}B_{νρ⌋⌉}^I + 6d_{rs}^I A_{⌊⌈μ}^r∂_ν A_{ρ⌋⌉}^s − 2f_{pq}^sd_{rs}^I A_{⌊⌈μ}^rA_ν^pA_{ρ⌋⌉}^q + g^{Ir}C_{μνρr} . (1.1b) The prescription for tensor-vector system, which we will be based upon, is described with eq. (3.22) in [5]. To be more specific, we consider in the present paper the product of two identical gauge groups G × G [6], whose adjoint indices are respectively r, s, ··· and r^′, s^′, ···. Accordingly, we use the coefficients

f_{rs}^t = f_{rs}^t , f_{rs}′^{t′} = −f_s′_r^{t′} = +^1_2 f_{rs}′^{t′} , (1.2a) d^t_{rs}′ = d^t_s′_r = −^1_2 f_{rs}′^t , h^{r′}_s = δ^{r′}_s , (1.2b)

where f_{rs}^t is the structure constant of a non-Abelian gauge group. We use the same field content arising by this prescription.

Since the outstanding paper [5] gives the extensive details of how to get our system from [2][3][6], there is nothing new to explain, except for our notational preparation. In our notation, the field strengths of the B and C -fields are respectively G and H defined by G_{μνρ}^I ≡ +3D_{⌊⌈μ}B_{νρ⌋⌉}^I − 3f^{IJK} C_{⌊⌈μ}^J F_{νρ⌋⌉}^K , (1.3a) H_{μν}^I ≡ +2D_{⌊⌈μ}C_{ν⌋⌉}^I + gB_{μν}^I . (1.3b)

The gauge transformations for B, C and A -fields are

δ_α(B_{μν}^I , C_μ^I , A_μ^I ) = ( −f^{IJK}α^J B_{μν}^K , − f^{IJK} α^J C_μ^K , + D_μα^I ) , (1.4a) δ_β(B_{μν}^I , C_μ^I , A_μ^I ) = ( +2D_{⌊⌈μ}β_{ν⌋⌉}^I , − gβ_μ^I , 0) , (1.4b) δ_γ (B_{μν}^I , C_μ^I , A_μ^I ) = ( −f^{IJK}F_{μν}^J γ^K , D_μγ^I , 0) . (1.4c)

As (1.3b) or (1.4b) shows, C_μ^I is a vectorial Stueckelberg field, absorbed into the longitudinal component of B_{μν}^I . Due to the general hierarchy [2][3], all field strengths are invariant: δ_α(G_{μνρ}^I , H_{μν}^I , F_{μν}^I ) = −f^{IJK} α^J (G_{μνρ}^K , H_{μν}^K , F_{μν}^K ) , (1.5a) δ_β(G_{μνρ}^I , H_{μν}^I , F_{μν}^I ) = 0 , δ_γ (G_{μνρ}^I , H_{μν}^I , F_{μν}^I ) = 0 . (1.5b)

Since the hierarchy given in [2][3] guarantees the gauge invariance of all field strengths, the construction of purely bosonic lagrangian is straightforward. Consider the action I_1 ≡ ∫ d^4x g^2L_1^{3)} with

L_1 ≡ −^1_{12} (G_{μνρ}^I )^2 −^1_4 (H_{μν}^I )^2 −^1_4 (F_{μν}^I )^2 . (1.6)

The gauge invariances of all field strength also guarantee the consistency of the A, B and C -field equations, such as the divergence D_ν (δL_1/δB_{μν}^I ) .= 0.^{4)} Since we will do similar confirmation for supersymmetric system later, we skip the details for the purely bosonic system.

The purpose of our present paper is to supersymmetrize this system. The rest of our paper is organized as follows. In section 2, we give the component formulation of N = 1 tensor multiplet (TM). In section 3, we give the superspace re-formulation of component result. In section 4, we give the generalization to non-adjoint representation of G = SO(N) case. In section 5, we give the supergravity coupling to non-Abelian TM, as supporting evidence for the consistency of the global case. Section 6 is for concluding remarks. Appendix A is devoted to purely bosonic systems of non-Abelian tensors with much simpler structures than has been presented in arbitrary space-time dimensions with arbitrary signature. An example of tensor-vector duality G = F^∗ in D = 2 + 4 dimensions, and its dimensional reduction (DR) into the self-dual YM F = F^∗ in D = 2 + 2 is also presented.

3) The reason we need the factor g^2 in the action is due to the mass-dimension assignments of our fields. 4) We use the symbol .= for a field equation to be distinguished from an algebraic equation.

2. Component Formulation of N=1 TM

The supersymmetrization of the purely bosonic system (1.6) is rather straightforward, except for subtlety to be mentioned later. Our system has three multiplets: (i) A TM (B_{μν}^I , χ^I , φ^I ), (ii) A compensating vector multiplet (CVM) (C_μ^I , ρ^I ), and (iii) A Yang-Mills vector multiplet (YMVM) (A_μ^I , λ^I ). Our total action I ≡ ∫ d^4x L has the lagrangian L = −^1_{12} (G_{μνρ}^I )^2 +^1_2 (χ^I D/ χ^I ) −^1_2 (D_μφ^I )^2 −^1_2 g^2(φ^I )^2 − g(χ^I ρ^I ) −^1_4 (H_{μν}^I )^2 +^1_2 (ρ^I D/ ρ^I ) −^1_4 (F_{μν}^I )^2 +^1_2 (λ^I D/ λ^I ) −^1_2 gf^{IJK}(λ^I χ^J )φ^K +^1_2 f^{IJK}(λ^I γ^μρ^J )D_μφ^K +^1_{12} f^{IJK} (λ^I γ^{μνρ}ρ^J )G_{μνρ}^K +^1_4 f^{IJK}(ρ^I γ^{μν} χ^J )F_{μν}^K −^1_4 f^{IJK} (λ^I γ^{μν} χ^J )H_{μν}^K −^1_2 f^{IJK} F_{μν}^I H^{μν J} φ^K , (2.1) up to quartic-order terms O(ϕ^4).

It is clear that the scalar φ^I has its mass g, while there is a mixture between χ^I and ρ^I , again with the asme mass g. As has been mentioned after (1.4), C_μ^I plays the role of Stueckelberg field [7], being absorbed into the longitudinal component of B_{μν}^I . Eventually, the kinetic term of the C -field becomes the mass term of B_{μν}^I . Accordingly, the degrees of freedom (DOF) for the massive TM fields are B_{μν}^I (3), ρ^I (4) and φ^I (1), up to the adjoint index I.

Our action I is invariant under global N = 1 supersymmetry δ_QB_{μν}^I = + (ϵγ_{μν} χ^I ) − 2f^{IJK}C_{⌊⌈μ|}^J (δ_QA_{|ν⌋⌉}^K ) , (2.2a) δ_Qχ^I = +^1_6 (γ^{μνρ}ϵ)G_{μνρ}^I − (γ^μϵ)D_μφ^I

+^1_2 f^{IJK} [ + ϵ(λ^J ρ^K ) − (γ_5γ^μϵ)(λ^J γ_5γ_μρ^K ) − (γ_5ϵ)(λ^J γ_5ρ^K ) ] , (2.2b) δ_Qφ^I = + (ϵχ^I ) , (2.2c) δ_QC_μ^I = + (ϵγ_μρ^I ) + f^{IJK} (ϵγ_μλ^J )φ^K , (2.2d) δ_Qρ^I = +^1_2 (γ^{μν} ϵ)H_{μν}^I − gϵφ^I −^1_2 f^{IJK} (γ^{μν} ϵ)F_{μν}^J φ^K

+^1_4 f^{IJK} [ + ϵ(λ^J χ^K ) − (γ^μϵ)(λ^J γ_μχ^K ) +^1_2 (γ^{μν} ϵ)(λ^J γ_{μν} χ^K ) − (γ_5γ^μϵ)(λ^J γ_5γ_μχ^K ) − (γ_5ϵ)(λ^J γ_5χ^K ) ] , (2.2e) δ_QA_μ^I = + (ϵγ_μλ^I ) , (2.2f) δ_Qλ^I = +^1_2 (γ^{μν} ϵ)F_{μν}^I +^1_2 f^{IJK}(γ_5ϵ)(ρ^J γ_5χ^K ) , (2.2g) up to cubic terms O(ϕ^3) in fields. The fermionic quadratic terms in (2.2b), (2.2e) and (2.2g) are fixed in superspace formulation, as will be explained later. In the conventional dimensions with all the bosonic (or fermionic) fields with 1 (or 3/2) mass dimensions,^{5)} these terms lead to non-renormalizability. For example, the l.h.s. of (2.2b) has dimension 3/2, while its r.h.s. for the ϵ(λγρ) term has (−1/2) + (3/2) + (3/2) = 5/2. In other words, there is an implicit coupling constant ℓ with the dimension of length in front of fermionic quadratic terms. This feature is also related to the existence of Pauli-terms which are nonrenormalizable, already at a globally supersymmetric system. These features are similar to supergravity [8], even though our system so far has only global supersymmetry.

The usual non-Abelian gauge transformation δ_α and our tensorial gauge transformation δ_β, and δ_γ -transformation are exactly the same as (1.4), while all the fermionic fields are transforming only under δ_α, as the B and C -fields do, so that there arises no problem with the δ_β and δ_γ -invariances of the field strengths as in (1.5). These immediately lead to the invariances of our action δ_αI = 0, δ_βI = 0 and δ_γ I = 0.

The Bianchi identities (BIds) for our field strengths G, H and F are: D_{⌊⌈μ}G_{νρσ⌋⌉}^I − 32 f^{IJK}F_{⌊⌈μν}^J H_{ρσ⌋⌉}^K ≡ 0 , (2.3a) D_{⌊⌈μ}H_{νρ⌋⌉}^I − 13 g G_{μνρ}^I ≡ 0 , (2.3b) D_{⌊⌈μ}F_{νρ⌋⌉}^I ≡ 0 . (2.3c) Relevantly, the non-trivial δ_Q -transformations of the field strengths are δ_QG_{μνρ}^I = + 3(ϵγ_{⌊⌈μν} D_{ρ⌋⌉}χ^I ) + 3f^{IJK}(δ_QA_{⌊⌈μ}^J )H_{νρ⌋⌉}^K − 3f^{IJK} (δ_QC_{⌊⌈μ}^J )F_{νρ⌋⌉}^K , (2.4a) δ_QH_{μν}^I = − 2(ϵγ_{⌊⌈μ}D_{ν⌋⌉}ρ^I ) + g(ϵγ_{μν} χ^I ) + 2f^{IJK} D_{⌊⌈μ|} [ (δ_QA_{|ν⌋⌉}^J )φ^K ] , (2.4b) δ_QF_{μν}^I = − 2(ϵγ_{⌊⌈μ}D_{ν⌋⌉}λ^I ) , (2.4c) reflecting the presence of CS terms.

Note that our YMVM and CVM has on-shell DOF 2+2, while off-shell DOF 3+4, because we have not added the D -auxiliary field. On the other hand, our TM is in the off-shell formulation, because the total off-shell DOF is 4 + 4, because the off-shell DOF of each field are [(4 − 1) · (4 − 2)]/2 = 3 for B_{μν} , 4 for χ and 1 for φ.

5) Our bosonic (or fermionic) fields have dimensions 0 (or 1/2), in contrast to the conventional dimensions 1 (or 3/2).

The field equations for λ^I , χ^I , ρ^I , A_μ^I , B_{μν}^I , φ^I and C_μ^I are respectively^{6)} + D/ λ^I −^1_2 gf^{IJK}χ^J φ^K +^1_2 f^{IJK}(γ^μρ^J )D_μφ^K −^1_4 f^{IJK} (γ^{μν} χ^J )H_{μν}^K +^1_{12} f^{IJK}(γ^{μνρ}ρ^J )G_{μνρ}^K .= 0 , (2.5a)

+ D/ χ^I − gρ^I +^1_2 gf^{IJK}λ^H φ^K −^1_4 f^{IJK} (γ^{μν} λ^J )H_{μν}^K +^1_4 f^{IJK}(γ^{μν} ρ^J )F_{μν}^K .= 0 , (2.5b)

+ D/ ρ^I − gχ^I +^1_2 f^{IJK} (γ^μλ^J )D_μφ^K −^1_{12} f^{IJK}(γ^{μνρ}λ^J )G_{μνρ}^K +^1_4 f^{IJK} (γ^{μν} χ^J )F_{μν}^K .= 0 , (2.5c)

+ D_ν F_μ^{ν I} + gf^{IJK}φ^J D_μφ^K +^1_2 gf^{IJK}(λ^J γ_μλ^K ) + f^{IJK}H_{μν}^J D^ν φ^K

−^1_2 f^{IJK} G_{μρσ}^J H^{ρσ K} +^1_2 f^{IJK} (χ^J D_μρ^K ) +^1_2 f^{IJK} (ρ^J D_μχ^K ) .= 0 , (2.5d)

+ D_ρG^{μνρ I} − gH^{μν I} −^1_2 f^{IJK} D_ρ(λ^J γ^{μνρ}ρ^K ) + gf^{IJK}F^{μν J} φ^K −^1_2 gf^{IJK}(λ^J γ^{μν} χ^K ) .= 0 , (2.5e)

+ D^2_μφ^I − gf^{IJK}(λ^J χ^K ) − g^2φ^I −^1_2 f^{IJK} F_{μν}^J H^{μν K} .= 0 , (2.5f)

+ D_ν H^{μν I} −^1_2 f^{IJK}F_{ρσ}^J G^{μρσ K} −^1_2 f^{IJK}(χ^J D^μλ^K ) −^1_2 f^{IJK}(λ^J D^μχ^K ) +^1_2 gf^{IJK}(λ^J γ^μρ^K ) − f^{IJK}F^{μν J} D_ν φ^K .= 0 . (2.5g) In the derivation of these field equations, we have also used other field equations, in order to simply their final expressions, as a conventional prescription.

In the above computation, we do not attempt to fix the O(ϕ^3) -terms in field equations, or equivalently the fermionic O(ϕ^4) -terms in the lagrangian. There are several remarks about these terms. First, our system is non-renormalizable as supergravity theory [8], as has been mentioned after eq. (2.2). Accordingly, the (fermion)^2 -terms in the fermionic transformations such as (2.2b), (2.2e) and (2.2g) are accompanied by the implicit constant ℓ carrying the dimension of (legnth). In supergravity theory [8], this is the gravitational coupling κ. In our lagrangian, all the quartic-fermion terms carry ℓ^2, so that the lagrangian has the mass dimension +4. Accordingly, a typical Noether-term has the structure ℓ Ψ^2 ∂ Φ, that

6) These equations are fixed up to O(ϕ^3) -terms, due to the quartic fermion terms in the lagrangian.

produces the terms of the form ℓ^2 ϵ Ψ^3 ∂ Φ via δ_Q Ψ ≈ ℓ ϵ Ψ^2. Here Ψ (or Φ) is a general fermionic (or bosonic) fundamental field. These ℓ^2 ϵ Ψ^3 ∂ Φ -terms are cancelled by the variation of the fermionic quartic terms ℓ^2 Ψ^4, via δ_QΨ ≈ ϵ ∂Φ. In other words, the structure of these cancellations associated with quartic-fermion terms is parallel to supergravity [8], since ℓ is analogous to κ.

However, in our peculiar system, this cancellation mechanism may be not simply parallel to conventional supergravity [8]. For example, there may be ℓ^2Ψ^2Φ∂Ψ -type terms in the action, while ℓ^2ϵΨ^2Φ -type terms in the transformation rules may exist, because both of them yield ℓ^2ϵΨ^3∂Φ -type terms, canceling each other in δ_QI. At the present time, we do not know, if such terms arise, because the ℓ^2ϵΨ^2Φ -type terms in transformations are at O(ϕ^3), while ℓ^2Ψ^2Φ∂Ψ -type terms in the action are at O(ϕ^4). In fact, even in the superspace re-confirmation in the next section, we have fixed only the O(ϕ^1) and O(ϕ^2) -terms in the transformation rules for fermions, such as (3.2d), (3.2e) and (3.2f), but not cubic terms O(ϕ^3). Our consistent principle in this paper is to fix only O(ϕ^1), O(ϕ^2) and O(ϕ^3) -terms in the lagrangian, O(ϕ^1) and O(ϕ^2) -terms in all transformation rules, while O(ϕ^1) and O(ϕ^2) -terms in all field equations. However, we try to fix neither O(ϕ^4) -terms in the lagrangian, nor O(ϕ^3) -term in all transformation rules, nor O(ϕ^3) -terms in all field equations. We do not specify each field meant by ϕ is fermionic or bosonic in this paper, either.

Second, as an additional difference from supergravity [8], the fermionic quartic terms do not contain any gravitino. This implies that we can not use the conventional technique of ‘supercovariantizing’ fermionic field equations. Due to this feature, as well as the abovementioned possible non-purely-fermionnic ℓ^2Ψ^2Φ∂Ψ -type terms, the quartic terms O(ϕ^4) at O(ℓ^2) will be more involved than conventional supergravity [8] which are tedious. For these reasons, we do not attempt to fix them in this paper.

Third, according to the past experience in supergravity theory [8], it is understood that the series in terms of κ in a lagrangian will stop at a finite order, such as the quarticfermion terms at O(κ^2) [8]. However, at the present time, we do not know, whether this is also the case with our globally supersymmetric system. This is because of the abovementioned differences of our system from supergravity [8], and therefore the analogy with supergravity might be not valid in our system. Fourth, since we have already fixed the cubic terms in the lagrangian, they seem sufficient for non-trivial and consistent couplings as a supersymmetric system.

3. Superspace Reformulation of N=1 TM

As a reconfirmation of the total consistency of our system, we re-formulate our theory in terms of superspace language. Our basic superspace BIds for the superfield strengths F_{AB}^I , G_{ABC}^I and H_{AB}^I are^{7)} + 16 ∇_{⌊⌈A}G_{BCD)}^I − 14 T_{⌊⌈AB|}^E G_{E|CD)} − 14 f^{IJK} F_{⌊⌈AB}^J H_{CD)}^K ≡ 0 , (3.1a) + 12 ∇_{⌊⌈A}H_{BC)}^I − 12 T_{⌊⌈AB|}^DH_{D|C)}^I − g G_{ABC}^I ≡ 0 , (3.1b) + 12 ∇_{⌊⌈A}F_{BC)}^I − 12 T_{⌊⌈AB|}^DF_{D|C)}^I ≡ 0 . (3.1b) These BIds are the superspace generalizations of the component BIds (2.3), with the supertorsion terms added for local Lorentz indices, as usual in superspace.

Our basic superspace constraints at mass dimensions 0 ≤ d ≤ 1 are

T_{αβ}^c = + 2(γ^c)_{αβ} , G_{αβc}^I = +2(γ_c)_{αβ} φ^I , (3.2a) G_{αbc}^I = − (γ_{bc}χ^I )_α , H_{αb}^I = −(γ_bρ^I )_α − f^{IJK} (γ_bλ^J )_α φ^K , (3.2b) F_{αb}^I = − (γ_bλ^I )_α , ∇_αφ^I = −χ_α^I , (3.2c) ∇_αχ_β^I = − 16 (γ^{cde})_{αβ} G_{cde}^I − (γ^c)_{αβ}∇_cφ^I −^1_2 f^{IJK} [ + C_{αβ}(λ^J ρ^K ) − (γ_5γ^c)_{αβ} (λ^J γ_5γ_cρ^K ) − (γ_5)_{αβ} (λ^J γ_5ρ^K ) ] , (3.2d) ∇_αρ_β^I = +^1_2 (γ^{cd})_{αβ}H_{cd}^I + g C_{αβ} φ^I −^1_2 f^{IJK} (γ^{cd})_{αβ} F_{cd}^J φ^K

−^1_4 f^{IJK} [ + C_{αβ}(λ^J χ^K ) + (γ^c)_{αβ} (λ^J γ_cχ^K ) −^1_2 (γ^{cd})_{αβ}(λ^J γ_{cd}χ^K ) − (γ_5γ^c)_{αβ} (λ^J γ_5γ_cχ^K ) − (γ_5)_{αβ}(λ^J γ_5χ^K ) , (3.2e) ∇_αλ_β^I = +^1_2 (γ^{cd})_{αβ}F_{cd}^I −^1_2 (γ_5)_{αβ} f^{IJK} (ρ^J γ_5χ^K ) . (3.2f) All other components, such as G_{αβγ}^I , T_{αβ}^γ , T_{ab}^c, H_{αβ}^I etc. at d ≤ 1 are zero. Note that (fermion)^2 -terms in (3.2d) through (3.2f) have been determined in superspace by satisfying BIds at d = 1. Note that these results are valid up to O(ϕ^3) -terms, which we do not attempt to fix these terms in this paper. However, all the O(ϕ^2) -terms have been included, as has been also mentioned at the end of last section.

7) Only in this superspace section, we use the indices A = (a,α), B = (b,β), ··· for superspace coordinates, where a, b, ··· = 0, 1, 2, 3 (or α, β, ··· = 1, 2, 3, 4) are for bosonic (or fermionic) coordinates. In superspace, the (anti)symmetrization convention, e.g., X_{⌊⌈AB)} ≡ X_{AB} − (−1)^{AB} X_{BA} is different from our component notation.

There are also useful relationships obtained from d = +3/2 BIds: ∇_αG_{bcd} = −^1_2 (γ_{⌊⌈bc}∇_{d⌋⌉}χ^I )_α −^1_2 f^{IJK} (γ_{⌊⌈b|}λ^J )_αH_{|cd⌋⌉}^K +^1_2 f^{IJK}(γ_{⌊⌈b|}ρ^J )_αF_{|cd⌋⌉}^K , (3.3a) ∇_αH_{bc}^I = + (γ_{⌊⌈b}∇_{c⌋⌉}ρ^I )_α − g(γ_{bc}χ^I )_α − f^{IJK} ∇_{⌊⌈b} [ (γ_{c⌋⌉}λ^J )_αφ^K ] , (3.3b) ∇_αF_{bc}^I = + (γ_{⌊⌈b}∇_{c⌋⌉}λ^I )_α , (3.3c) up to O(ϕ^3) -terms. Note the existence of the O(ϕ^2) -terms in (3.3a) and (3.3b), reflecting the corresponding terms in the component results (2.4a) and (2.4b).

As usual, the satisfaction of all the BIds in superspace by the constraints (3.2) and (3.3) is straightforward to perform, from the dimension d = 0 to d = 3/2, as usual. In particular, the (Fermions)^2 -terms in (3.2d) through (3.2f) are the results of our superspace re-formulation.

The fermionic λ and ρ -field equations (2.5a) and (2.5c) are obtained as usual by computing {∇_α, ∇_β} λ^{βI} and {∇_α, ∇_β} ρ^{βI} , while the χ -field equation is shown to be consistent with the component lagrangian. As has been mentioned, since the TM is off-shell multiplet, we can not get the χ -field equation (2.5b) in superspace directly, but we can show that (2.5b) is consistent in superspace. The bosonic field equations (2.5d) - (2.5g) are obtained by applying another fermionic derivative on the fermionic field equations (2.5a) - (2.5c).

4. Generalization to Non-Adjoint Representations of G = SO(N) We have so far considered the case for the TM and CVM both carrying only the adjoint representation. We can generalize this result to other more general representations, such as an arbitrary real representation of a SO(N) -type gauge group.^{8)}

To be more specific, we consider the TM (B_{μν}^i, χ^i, φ^i) and the CVM (C_μ^i, ρ^i), where the index i is for any real representation of a gauge group G = SO(N). Let (T^I )^{jk} be the generator of the group G. Then our action I^′ ≡ ∫ d^4x L^′ has the lagrangian^{9)} L^′ = −^1_{12} (G_{μνρ}^i)^2 +^1_2 (χ^iD/ χ^i) −^1_2 (D_μφ^i)^2 −^1_2 g^2(φ^i)^2 − g(ρ^iχ^i)

−^1_4 (H_{μν}^i)^2 +^1_2 (ρ^iD/ ρ^i) −^1_4 (F_{μν}^I )^2 +^1_2 (λ^I D/ λ^I ) −^1_2 g(T^I )^{jk}(λ^I χ^j ) φ^k +^1_2 (T^I )^{jk}(λ^I γ^μρ^j )D_μφ^k +^1_{12} (T^I )^{jk}(λ^I γ^{μνρ}ρ^j ) G_{μνρ}^k +^1_4 (T^I )^{jk}(ρ^jγ^{μν} χ^k)F_{μν}^I −^1_4 (T^I )^{jk}(λ^I γ^{μν} χ^j )H_{μν}^k −^1_2 (T^I )^{jk}F_{μν}^I H^{μν j} φ^k , (4.1)

8) We can also consider the complex representation for SU(N) -type gauge groups. 9) Since the metric for the gauge group G = SO(N) is positive definite, we do not distinguish the upper or lower indices for i, j, ··· = 1, 2, ···, dim R, where R is a real representation of G.

up to quartic terms O(ϕ^4). Our action I^′ is invariant under global N = 1 supersymmetry δ_QB_{μν}^i = + (ϵγ_{μν} χ^i) − 2(T^J )^{ik}C_{⌊⌈μ|}^k(δ_QA_{|ν⌋⌉}^J ) , (4.2a) δ_Qχ^i = +^1_6 (γ^{μνρ}ϵ)G_{μνρ}^i − (γ^μϵ)D_μφ^i

−^1_2 (T^J )^{ik} [ + ϵ(λ^J χ^k) − (γ_5γ^μϵ)(λ^J γ_5γ_μχ^k) − (γ_5ϵ)(λ^J γ_5χ^k) ] , (4.2b) δ_Qφ^i = + (ϵχ^i) , (4.2c) δ_QC_μ^i = + (ϵγ_μρ^i) − (T^J )^{ik}(ϵγ_μλ^J )φ^k , (4.2d) δ_Qρ^i = +^1_2 (γ^{μν} ϵ)H_{μν}^i − gϵφ^i +^1_2 (T^J )^{ik}(γ^{μν} ϵ)F_{μν}^J φ^k

−^1_4 (T^J )^{ik} [ + ϵ(λ^J χ^k) − (γ^μϵ)(λ^J γ_μχ^k) +^1_2 (γ^{μν} ϵ)(λ^J γ_{μν} χ^k) − (γ_5γ^μϵ)(λ^J γ_5γ_μχ^k) − (γ_5ϵ)(λ^J γ_5χ^k) ] , (4.2e) δ_QA_μ^I = + (ϵγ_μλ^I ) , (4.2f) δ_Qλ^I = +^1_2 (γ^{μν} ϵ)F_{μν}^I −^1_2 (T^I )^{jk}(γ_5ϵ)(ρ^jγ_5χ^k) . (4.2g)

The essential point is that all the cubic-order terms contain one component field A_μ^I or λ^I with the index I, and the remaining two component fields out of either TM or CVM carry the indices j and k. So the cancellation structure is parallel to the adjoint-representation case, e.g., with the structure constant f^{IJK} replaced by the matrix − (T^J )^{ik} in D_μχ^I = ∂_μχ^I + gf^{IJK}A_μ^J χ^K =⇒ D_μχ^i = ∂_μχ^i − g(T^J )^{ik}A_μ^J χ^k. Accordingly, the Stueckelberg mechanism [7] works in a parallel fashion, because C_μ^i is absorbed into the longitudinal component of B_{μν}^i, both in the same representation R.

5. Coupling to N = 1 Supergravity

Once we have established the N = 1 global system of non-Abelian TM with non-trivial and consistent interactions, the next natural step is to make N = 1 supersymmetry local, coupling to N = 1 supergravity.

This coupling is rather straightforward, because most of the basic structure is parallel to the usual matter coupling to supergravity, except for certain couplings to be mentioned later. Our result for the lagrangian ~L of our action is ~I ≡ ∫ d^4x ~L: e^{−1} ~L = −^1_4 R(ω) − [ ψ_μγ^{μνρ}D_ν (ω)ψ_ρ ] −^1_{12} (G_{μνρ}^I )^2 +^1_2 [ χ^I D/ (ω)χ^I ] − 12 (D_μφ^I )^2 −^1_4 (F_{μν}^I )^2 +^1_2 [ λ^I D/ λ^I ] −^1_4 (H_{μν}^I )^2 +^1_2 [ ρ^I D/ (ω)ρ^I ] − g(χ^I ρ^I ) −^1_2 g^2(φ^I )^2

−^1_2 gf^{IJK}(λ^I χ^J )φ^K −^1_4 f^{IJK} (λ^I γ^{μν} χ^J )H_{μν}^K +^1_{12} f^{IJK} (λ^I γ^{μνρ}ρ^J )G_{μνρ}^K +^1_4 f^{IJK}(ρ^I γ^μχ^J )F_{μν}^K −^1_2 f^{IJK} F_{μν}^I H^{μν J} φ^K +^1_2 f^{IJK} (λ^I γ^{μν} ρ^J )D_μφ^K + (ψ_μγ^ν γ^μχ^I )D_ν φ^I +^1_6 (ψ_μγ^{ρστ} γ^μχ^I )G_{ρστ}^I −^1_2 (ψ_μγ^{ρσ}γ^μλ^I )F_{ρσ}^I −^1_2 (ψ_μγ^{ρσ}γ^μρ^I )H_{ρσ}^I − g(ψ_μγ^μρ^I )φ^I , (5.1) up to O(ϕ^4) terms.

Our action ~I is now invariant under local N = 1 supersymmetry δ_Qe_μ^m = − 2(ϵγ^mψ_μ) , (5.2a) δ_Qψ_μ = + D_μ(^ω)ϵ −^1_6 (γ_μ^{ρστ} ϵ) ^G_{ρστ}^I φ^I , (5.2b) δ_QB_{μν}^I = + (ϵγ_{μν} χ^I ) − 2f^{IJK}C_{⌊⌈μ|}^J (δ_QA_{|ν⌋⌉}^K ) − 4(ϵγ_{⌊⌈μ}ψ_{ν⌋⌉})φ^I , (5.2c) δ_Qχ^I = +^1_6 (γ^{μνρ}ϵ) ^G_{μνρ}^I − (γ^μϵ)^D_μφ^I

+^1_2 f^{IJK} [ + ϵ(λ^J ρ^K ) − (γ_5γ^μϵ)(λ^J γ_5γ_μρ^K ) − (γ_5ϵ)(λ^J γ_5ρ^K ) ] , (5.2d) δ_Qφ^I = + (ϵχ^I ) , (5.2e) δ_QC_μ^I = + (ϵγ_μρ^I ) + f^{IJK} (ϵγ_μλ^J )φ^K , (5.2f) δ_Qρ^I = +^1_2 (γ^{μν} ϵ)^H_{μν}^I − g ϵ φ^I −^1_2 f^{IJK} (γ^{μν} ϵ) ^F_{μν}^J φ^K

+^1_4 f^{IJK} [ + ϵ(λ^J χ^K ) − (γ^μϵ)(λ^J γ_μχ^K ) +^1_2 (γ^{μν} ϵ)(λ^J γ_{μν} χ^K ) − (γ_5γ^μϵ)(λ^J γ_5γ_μχ^K ) − (γ_5ϵ)(λ^J γ_5χ^K ) ] , (5.2g) δ_QA_μ^I = + (ϵγ_μλ^I ) , (5.2h) δ_Qλ^I = +^1_2 (γ^{μν} ϵ) ^F_{μν}^I +^1_2 f^{IJK}(γ_5ϵ)(ρ^J γ_5χ^K ) , (5.2i) up to O(ϕ^3) terms. The supercovariant field strengths are defined as usual in supergravity [8] by ^F_{μν}^I ≡ + 2∂_{⌊⌈μ}A_{ν⌋⌉}^I + gf^{IJK}A_μ^J A_ν^K − 2(ψ_{⌊⌈μ}γ_{ν⌋⌉}λ^I ) = F_{μν}^I − 2(ψ_{⌊⌈μ}γ_{ν⌋⌉}λ^I ) , (5.3a) ^G_{μνρ}^I ≡ + 3D_{⌊⌈μ}B_{νρ⌋⌉}^I − 3f^{IJK} C_{⌊⌈μ}^J F_{νρ⌋⌉}^K − 3(ψ_{⌊⌈μ}γ_{νρ⌋⌉}χ^I ) + 6(ψ_{⌊⌈μ|}γ_{|ν|}ψ_{|ρ⌋⌉})φ^I = + G_{μνρ}^I − 3(ψ_{⌊⌈μ}γ_{νρ⌋⌉}χ^I ) + 6(ψ_{⌊⌈μ|}γ_{|ν|}ψ_{|ρ⌋⌉})φ^I , (5.3b) ^H_{μν}^I ≡ + 2D_{⌊⌈μ}C_{ν⌋⌉}^I + gB_{μν}^I − 2(ψ_{⌊⌈μ}γ_{ν⌋⌉}ρ^I ) = H_{μν}^I − 2(ψ_{⌊⌈μ}γ_{ν⌋⌉}ρ^I ) , (5.3c) ^D_μφ^I ≡ + D_μφ^I − (ψ_μχ^I ) . (5.3d)

Certain remarks are in order. First, the last term in (5.1) of the type g(ψγρ)φ is related to the φ -linear term in δ_Qρ in (5.2g). Second, the δ_QB_{μν} contains the (ϵγψ)φ -term. This is consistent with G_{αβc}^I = +2(γ_c)_{αβ} φ^I in (3.2a) in superspace. Third, for the gψρχ -terms, we need non-trivial Fierz rearrangement. To be more specific, there are three contributions to this sector: (i) g(ψγρ)φ, (ii) ge(χρ), and (iii) (ψγγρ)H -terms. This rearrangement is highly non-trivial, showing the consistency of our total system.

As the couplings to supergravity in (5.1) show, our original globally supersymmetric system shares certain feature with supergravity, such as fermionic bilinear terms. Because such terms are common in supergravity [8], but not in conventional global supersymmetry. Our original global system already possessed the feature of local N = 1 supersymmetry. As has been mentioned after (2.2), the conventional dimensional analysis tells that such terms imply non-renormalizability. In other words, our globally supersymmetric system already had a hidden gravitational constant κ providing negative mass dimension. In a sense, this feature resembles σ -models with non-renormalizable couplings, sharing certain features with gravity interactions.

6. Concluding Remarks

In this paper, we have carried out the N = 1 supersymmetrization in 4D of a non- Abelian tensor with consistent couplings, as a special case [6] of the minimal tensor hierarchy discussed in [5], which is further a special case of more general hierarchy in [2][3]. We have given both the component and superspace formulations of our system, providing the nontrivial consistency of our system. Our CVM (C_μ^I , ρ^I ) plays the role of a Stueckelberg [7] compensator multiplet, being absorbed into the TM (B_{μν}^I , χ^I , φ^I ), making the latter massive.

We have also generalized the adjoint-representation case to the general real representation for G = SO(N). The action invariance works in a fashion parallel to the former. We foresee no obstruction against generalizing these result further to the complex representation of, e.g., G = SU(N) group. Finally, we have also coupled the global N = 1 system to N = 1 supergravity up to quartic terms. This has provided a non-trivial confirmation for the total consistency of the non-Abelian TM.

It has been known that certain problem exists in the quantization of Stueckelberg model [7] for non-Abelian gauge groups [9]. The common problem is that the longitudinal components of the gauge field do not decouple from the physical Hilbert space, upsetting the renormalizability and unitarity of the system [9]. For this issue, we clarify our standpoints as follows: First of all, our theory is not renormalizable from the outset, due to Pauli couplings. Our theory makes stronger sense, when couplings to supergravity are also taken into account, as we have done in section 5. Moreover, there are certain theories in 4D, such as non-linear sigma models which are not renormalizable, but are not excluded from the outset. So we do not go into the renormalizability issue in this paper. Second, thanks to N = 1 supersymmetry, our system has good chance to have a better quantum behavior, compared with non-supersymmetric systems.

As will be shown in Appendix A, the purely bosonic part of our system can be generalized to arbitrary space-time dimensions with arbitrary signatures. The key ingredient is the tensor B_{μ1···μp+1}^I and a Stueckelberg-type [7] compensator C_{μ1···μp}^I .

The potential importance of the result in this paper is N = 1 supersymmetry that has better quantum behavior compared with non-supersymmetric cases. We have presented a new supersymmetric physical system with Stueckelberg mechanism that solves both the problem with non-Abelian tensor, and the problem with extra vector fields in the non-singlet representation of a non-Abelian gauge group.

This work is supported in part by Department of Energy grant # DE-FG02-10ER41693.

Appendix A: Higher-Dimensional Application of Purely Bosonic System

In this appendix, we generalize the purely bosonic part of our system in 4D into arbitrary space-time dimensions with arbitrary signatures. We also apply it to the case of tensor-vector duality in 6D, and perform a DR to 4D. Our field content is (A_μ^I , B_{⌊⌈n−1⌋⌉}^I , C_{⌊⌈n−2⌋⌉}^I ).^{10)}

We generalize the definitions of field strengths (2.1a) and (2.1b) to arbitrary space-time dimension D as G_{μ1···μn}^I ≡ +nD_{⌊⌈μ1} B_{μ2···μn⌋⌉}^I − n(n−1)2 f^{IJK} C_{⌊⌈μ1···μn−2}^J F_{μn−1 μn⌋⌉}^K , (A.1a) H_{μ1···μn−1}^I ≡ +(n − 1)D_{⌊⌈μ1} C_{μ2···μn−1⌋⌉}^I + gB_{μ1···μn−1}^I . (A.1b) 10) We use the symbols like ⌊⌈n⌋⌉ for totally antisymmetric indices μ1 μ2···μn in order to save space.

The YM field strength F is the same as in (1.2). The BIds for these field strengths are D_{⌊⌈μ}F_{νρ⌋⌉}^I ≡ 0 , (A.2a) D_{⌊⌈μ1} G_{μ2···μn+1⌋⌉}^I ≡ + n2 f^{IJK} F_{⌊⌈μ1 μ2|}^J H_{|μ3···μn+1⌋⌉}^K , (A.2b) D_{⌊⌈μ1} H_{μ2···μn⌋⌉}^I ≡ + 1n g G_{μ1···μn}^I . (A.2c) The α, β and γ -transformations for A_μ^I , B_{⌊⌈n−1⌋⌉}^I and C_{⌊⌈n−2⌋⌉}^I are the generalizations of our 4D case: δ_α(A_μ^I , B_{⌊⌈n−1⌋⌉}^I , C_{⌊⌈n−2⌋⌉}^I ) = (D_μα^I , − gf^{IJK}α^J B_{⌊⌈n−1⌋⌉}^K , − gf^{IJK}α^J C_{⌊⌈n−2⌋⌉}^K ) , (A.3a) δ_α(F_{μν}^I , G_{⌊⌈n⌋⌉}^I , H_{⌊⌈n−1⌋⌉}^I ) = −gf^{IJK}α^J (F_{μν}^K , G_{⌊⌈n⌋⌉}^K , H_{⌊⌈n−1⌋⌉}^K ) , (A.3b) δ_βB_{μ1···μn−1}^I = +(n − 1)D_{⌊⌈μ1} β_{μ2···μn−1⌋⌉}^I , δ_β A_μ^I = 0 , (A.3c) δ_βC_{μ1···μn−2}^I = −gβ_{μ1···μn−2}^I , (A.3d) δ_β(F_{μν}^I , G_{⌊⌈n−1⌋⌉}^I , H_{⌊⌈n−2⌋⌉}^I ) = 0 , (A.3e) δ_γ C_{μ1···μn−2}^I = +(n − 2)D_{⌊⌈μ1} γ_{μ2···μn−2 ⌋⌉}^I , δ_γ A_μ^I = 0 , (A.3f) δ_γ B_{μ1···μn−1}^I = + (n−1)(n−2)2 f^{IJK} γ_{⌊⌈μ1···μn−3 |}^J F_{|μn−2 μn−1⌋⌉}^K , (A.3g) δ_γ (F_{μν}^I , G_{⌊⌈n−1⌋⌉}^I , H_{⌊⌈n−2⌋⌉}^I ) = 0 . (A.3h) Eq. (A.3d) shows that the C -field is a Stueckelberg field absorbed into the longitudinal components of the B -field.

A typical action I ≡ ∫ d^Dx L is given by the lagrangian L = − 12(n!) (G_{⌊⌈n⌋⌉}^I )^2 − 12·(n−1)! (H_{⌊⌈n−1⌋⌉}^I )^2 − 14 (F_{μν}^I )^2 , (A.4) yielding the B and C -field equations δL δB_{⌊⌈n−1]}^I = 1(n−1)! ( D_μG^{μ⌊⌈n−1⌋⌉ I} − gH^{⌊⌈n−1⌋⌉ I} ) ._{= 0 , (A.5a)} δL δC_{⌊⌈n−2⌋⌉}^I = 1 (n − 2)! ( D_ν H^{ν⌊⌈n−2⌋⌉ I} + 12 f^{IJK}F_{ρσ}^J G^{⌊⌈n−2⌋⌉ρσ K} ) ._{= 0 . (A.5b)}

As in the 4D case, it is straightforward to show the consistency

0^?= D_μ ( δL δB_{μ⌊⌈n−2⌋⌉}^I ) ≡ − 1n−1 g ( δL δC_{⌊⌈n−2⌋⌉}^I ) ._{= 0 , (A.6a)}

0^?= D_μ ( δL δC_{μ⌊⌈n−3⌋⌉}^I ) ≡ + n−12 f^{IJK}F_{ρσ}^J ( δL δB_{⌊⌈n−3⌋⌉ρσ}^K ) ._{= 0 (Q.E.D.) (A.6b)}

We next apply our result to 6D with the signature (−, −, +, +, +, +), and consider the duality condition F_{μν}^{I ∗}= + 124 ϵ_{μν}^{ρστ λ} G_{ρστ λ}^I , G_{μνρσ}^{I ∗}= + 12 ϵ_{μνρσ}^{τ λ} F_{τ λ}^I . (A.7) This duality looks similar to eq. (3.6) in [5], but the existence of the physical scalar field ϕ^I in the latter makes the fundamental difference.

We have to first confirm the consistency of (A.7) with the G and H -BIds. First, the rotation of the 2nd equation in (A.7) gives 0^?= + ϵ^{μνρστ λ}D_ν ( G_{ρστ λ}^I − 12 ϵ_{ρστ λ}^{ωψ}F_{ωψ}^I ) ≡ +ϵ^{μνρστ λ} ( 2f^{IJK} F_{νρ}^J H_{στ λ}^K ) − 24D_ν F^{μν I} = −24 ( D_ν F^{μν I} − 112 ϵ^{μνρστ λ}f^{IJK}F_{νρ}^J H_{στ λ}^K ) . (A.8) In the second identity in (A.8), we have used the G -BId (A.2b). The first term in the last line is the kinetic term of A_μ^I , so that its last term is its source term. Second, in order to see if eq. (A.8) has consistent solutions, we can confirm the conservation of the source term, by applying D_μ on (A.8) based on H -BId (A.2c) and (A.7), but we skip the details here.

We next show that the usual self-duality relationship in D = 2 + 2 F_{μν}^{I ∗}= + 12 ϵ_{μν}^{ρσ} F_{ρσ}^I (A.9) is embedded into (A.7). To this end, we use hat symbols both on fields and indices in 6D, while no hats on 4D quantities from now on. We also use μ̂, ν̂, ··· = 1, 2, 3, 4, 5, 6 and

μ, ν, ··· = 1, 2, 3, 4, while α, β, ··· = 5, 6. Our basic ansätze for the DR are ^G_{μ̂ν̂ρ̂σ̂}^{I ∗}= + ^F_{⌊⌈μ̂ν̂}^I ^P_{ρ̂σ̂⌋⌉} , ^P_{μ̂ν̂} ≡ + ^∂_{μ̂} ^X_{ν̂} − ^∂_{ν̂} ^X_{μ̂} , ^H_{μ̂ν̂ρ̂}^{I ∗}= + 12 g ^F_{⌊⌈μ̂ν̂}^I ^X_{ρ̂⌋⌉} , (A.10a) ^P_{μ̂ν̂} = ϵ_{αβ} (for μ̂ = α, ν̂ = β) , ^F_{μ̂ν̂}^I = ^F_{μν}^I = F_{μν}^I (for μ̂ = μ, ν̂ = ν) , (A.10b) ^ϵ^{μ̂ν̂ρ̂σ̂τ̂ λ̂} = ^ϵ^{μνρσαβ} = ϵ^{μνρσ} ϵ^{αβ} (for ⌊⌈μ̂ν̂ρ̂σ̂τ̂^^λ⌋⌉ = ⌊⌈μνρσαβ⌋⌉) . (A.10c) Other components, such as ^P_{μβ} are all zero. We can confirm that (A.10) are consistent with the BIds (A.2b) and (A.2c). It is easy to show that the ⌊⌈αβ⌋⌉ and ⌊⌈μα⌋⌉ -components of the first equation in (A.7) are satisfied, while the ⌊⌈μν⌋⌉ -component gives directly the 4D self-duality (A.9). Thus the 4D self-duality F^∗= ~F is indeed embedded in the 6D duality (A.7).

We next generalize the 6D result to the D = 2m+2 with the signature (−, −, 2m +, · · · , +). The duality condition (A.7) is generalized to ^F_{μ̂ν̂}^{I ∗}= + 1(2m)! ^ϵ_{μ̂ν̂}^{ρ̂1···ρ̂2m} ^G_{ρ̂1···ρ̂2m}^I , ^G_{ρ̂1···ρ̂2m}^{I ∗}= + 12 ^ϵ_{ρ̂1···ρ̂2m}^{μ̂ν̂} ^F_{μ̂ν̂}^I . (A.11)

As in the 6D case, we can first confirm the consistency with BIds. We can next confirm the current conservation, whose details are skipped here.

The previous ansätze for 6D case in (A.10) are generalized to ^G_{μ̂1···μ̂2m}^{I ∗}= + c ^F_{⌊⌈μ̂1μ̂2|}^I ^P^{(1)}_{|μ̂3μ̂4|} · · · ^P^{(m−1)}_{|μ̂2m−1 μ̂2m⌋⌉} , ^P^{(k)}_{μ̂ν̂} ≡ ^∂_{μ̂} ^X^{(k)}_{ν̂} − ^∂_{ν̂} ^X^{(k)}_{μ̂} , (A.12a) ^H_{μ̂1···μ̂2m−1}^{I ∗}= + 1m cg ^F_{⌊⌈μ̂1μ̂2|}^I ^P^{(1)}_{|μ̂3μ̂4|} · · · ^P^{(m−2)}_{|μ̂2m−3 μ̂2m−2 |} ^X_{|μ̂2m−1⌋⌉} , (A.12b) ^P^{(k)}_{μ̂ν̂} = ^P^{(k)}_{2k+3, 2k+4} = − ^P^{(k)}_{2k+4, 2k+3} = ϵ^{(k)}_{2k+3, 2k+4} = −ϵ^{(k)}_{2k+4, 2k+3} = +1 (for μ̂ = 2k+3, ν̂ = 2k+4; k = 1, ···, m−1) , (A.12c) ^F_{μ̂ν̂}^I = F_{μν}^I (for μ̂ = μ, ν̂ = ν) , (A.12d) ^ϵ^{μ̂1···μ̂2m+2} = ϵ^{μνρσ} ϵ^{α1···α2m−2} = ϵ^{μνρσ} ϵ^{⌊⌈α1α2|}_{(1)} · · · ϵ^{|α2m−3 α2m−2 ⌋⌉}_{(m−1)} (for ⌊⌈μ̂1···μ̂2m+2 ⌋⌉ = ⌊⌈μνρσα1 ···α2m−2 ⌋⌉) . (A.12e) where c is a constant to be fixed later.

As before, we can also confirm the G and H -BIds for (A.11). The constant c in (A.12a) is fixed by getting the 4D self-duality in the ⌊⌈μν⌋⌉ -component of the first equation in (A.11): F_{μν}^{I ∗}= + 1(2m)! ^ϵ_{μν}^{ρ̂1···ρ̂2m} ^G_{ρ̂1···ρ̂2m}^I = + ( 2m 2 )_{(2m)! ^}ϵ_{μν ρσα1 ···α2m−2 ^}G_{ρσα1 ···α2m−2 I} = + 12 c [ 1 (m−1)!·(2m−3)!! ]_2 ϵ_{μν}^{ρσ} F_{ρσ}^I . (A.13) For this to agree with F^∗= ~F , we get c = [ (m − 1)! · (2m − 3)!! ]^2. The remaining components ⌊⌈αβ⌋⌉ and ⌊⌈μα⌋⌉ are trivially satisfied.

The above mechanism for D = 2m + 2 is further generalized to D = 2m + 1 with the signature (−, −, 2m−1 +, +, · · · , +) with the duality condition ^F_{μ̂ν̂}^{I ∗}= + 1(2m−1)! ^ϵ_{μ̂ν̂}^{ρ̂1···ρ̂2m−1} ^G_{ρ̂1···ρ̂2m−1}^I , ^G_{ρ̂1···ρ̂2m−1}^{I ∗}= + 12 ^ϵ_{ρ̂1···ρ̂2m−1}^{μ̂ν̂} ^F_{μ̂ν̂}^I . (A.14) The confirmation of G and H -BIds is just parallel to the D = 2m + 2 case. The ansätze for DR is ^G_{μ̂1···μ̂2m−1}^{I ∗}= + 2c^′3 ^F_{⌊⌈μ̂1μ̂2|}^I ^P^{(1)}_{|μ̂3μ̂4|} · · · ^P^{(m−3)}_{|μ̂2m−5 μ̂2m−4 |} ^Q_{|μ̂2m−3μ̂2m−2μ̂2m−1 ⌋⌉} , (A.15a) ^H_{μ̂1···μ̂2m−2}^{I ∗}= + 2c^′g2m−1 ^F_{⌊⌈μ̂1μ̂2|}^I ^P^{(1)}_{|μ̂3μ̂4|} · · · ^P^{(m−3)}_{|μ̂2m−5 μ̂2m−4 |} ^Y_{|μ̂2m−3μ̂2m−2 ⌋⌉} , (A.15b) ^P^{(k)}_{μ̂ν̂} ≡ ^∂_{μ̂} ^X^{(k)}_{ν̂} − ^∂_{ν̂} ^X^{(k)}_{μ̂} , ^Q_{μ̂ν̂ρ̂} ≡ + ^∂_{μ̂} ^Y_{ν̂ρ̂} + ^∂_{ν̂} ^Y_{ρ̂μ̂} + ^∂_{ρ̂} ^Y_{μ̂ν̂} , (A.15c)

^P^{(k)}_{μ̂ν̂} = ^P^{(k)}_{2k+3, 2k+4} = − ^P^{(k)}_{2k+4, 2k+3} = ϵ^{(k)}_{2k+3, 2k+4} = −ϵ^{(k)}_{2k+4, 2k+3} = +1 , (A.15d) ^Q_{μ̂ν̂ρ̂} = ^Q_{2m−3,2m−2,2m−1} = ϵ_{2m−3,2m−2,2m−1} = +1 (for ⌊⌈μ̂ν̂ρ̂⌋⌉ = ⌊⌈2m−3,2m−2,2m−1⌋⌉) , (A.15e) ^F_{μ̂ν̂}^I = F_{μν}^I (for μ̂ = μ, ν̂ = ν) , (A.15f) ^ϵ^{μ̂1···μ̂2m+1} = ϵ^{μνρσ} ϵ^{α1···α2m−3} = ϵ^{μνρσ} ϵ^{⌊⌈α1α2|}_{(1)} · · · ϵ^{|α2m−7 α2m−6 |}_{(m−3)} ϵ^{|α2m−5 α2m−4 α2m−3 ⌋⌉} . (A.15g) The totally antisymmetric constant tensor ϵ^{αβγ} is for the last three coordinates in D = 2m + 1. The satisfaction of the duality (A.14) fixes the constant c^′ = ⌊⌈(m − 3)! · (2m − 7)!!⌋⌉^2 .

References

[1] M. Henneaux, V.E. Lemes, C.A. Sasaki, S.P. Sorella, O.S. Ventura and L.C. Vilar, Phys. Lett. 410B (1997) 195.

[2] B. de Wit and H. Samtleben, Fortsch. Phys. 53 (2005) 442, hep-th/0501243.

[3] B. de Wit, H. Nicolai and H. Samtleben, JHEP 0802:044,2008, arXiv:0801.1294 [hep-th].

[4] C. Hull and P.K. Townsend, Nucl. Phys. B438 (1995) 109; E. Witten, Nucl. Phys. B443 (1995) 85;

P.K. Townsend, ‘Four Lectures on M-Theory’, in ‘Proceedings of ICTP Summer School on High Energy Physics and Cosmology’, Trieste (June 1996), hep-th/9612121; ‘M-theory from its Superalgebra’, Cargese Lectures, 1997, hep-th/9712004; T. Banks, W. Fischler, S.H. Shenker and L. Susskind, Phys. Rev. D55 (1997) 5112; K. Becker, M. Becker and J.H. Schwarz, ‘String Theory and M-Theory: A Modern Introduction’, Cambridge University Press, 2007.

[5] H. Samtleben, E. Sezgin and R. Wimmer, JHEP 12 (2011) 062.

[6] C.-S. Chu, ‘A Theory of Non-Abelian Tensor Gauge Field with Non-Abelian Gauge Symmetry G × G’, arXiv:1108.5131 [hep-th].

[7] E.C.G. Stueckelberg, Helv. Phys. Acta 11 (1938) 225; A. Proca, J. Phys. Radium 7 (1936) 347; See, e.g., R. Delbourgo and G. Thompson, Phys. Rev. Lett. 57 (1986) 2610 D. Feldman, Z. Liu and P. Nath, Phys. Rev. Lett. 97 (1986) 021801; For reviews, see, e.g., H. Ruegg and M. Ruiz-Altaba, Int. Jour. Mod. Phys. A19 (2004) 3265.

[8] S. Ferrara, D.Z. Freedman and P. van Nieuwenhuizen, Phys. Rev. D13 (1976) 3214; S. Deser and B. Zumino, Phys. Lett. 62B (1976) 335; P. van Nieuwenhuizen, Phys. Rep. 68 (1981) 189; J. Wess and J. Bagger, ‘Superspace and Supergravity’, Princeton University Press (1992).

[9] J.M. Kunimasa and T. Goto, Prog. Theor. Phys. 37 (1967) 452; A.A. Slavnov, Theor. Math. Phys. 10 (1972) 99; M.J.G. Veltman, Nucl. Phys. B7 (1968) 637; A.A. Slavnov and L.D. Faddeev, Theor. Math. Phys. 3 (1970) 312; A.I. Vainshtein and I.B. Khriplovich, Yad. Fiz. 13 (1971) 198; K.I. Shizuya, Nucl. Phys. B121 (1977) 125; Y.N. Kafiev, Nucl. Phys. B201 (1982) 341.