arXiv:1204.1422v2 [gr-qc] 17 Oct 2012

Noether current from the surface term of gravitational action, Virasoro algebra and horizon entropy

Bibhas Ranjan Majhi^∗ and T. Padmanabhan^† IUCAA, Post Bag 4, Ganeshkhind, Pune University Campus, Pune - 411 007, India (Dated: October 18, 2012)

We describe a simple way of obtaining horizon entropy using the approach based on the Virasoro algebra and central charge. We show that the Virasoro algebra defined by the Noether currents corresponding to the surface term of gravitational action, for the diffeomorphisms which leave the horizon structure unaltered, has a central extension that directly leads to the horizon entropy. In this approach there are no ambiguities in the calculation of the central charge. We explain why this approach is physically well motivated and could provide greater insight into the nature of horizon entropy.

PACS numbers: 04.62.+v, 04.60.-m

The most intriguing feature which arises when we combine the principles of quantum theory with those of general relativity is the thermodynamic properties of horizons. There is now considerable evidence to show that these features — which were originally thought of as properties of black holes [1, 2]— is much more general. In fact, the emergent paradigm for gravity [3] takes the thermodynamic entropy and temperature of null surfaces, as attributed to them by local Rindler observers, as the basis for developing the emergent perspective. These investigations also suggest that certain level of universality in the thermodynamic properties of null surfaces is to be expected and hence approaches which compute the entropy density of a null surface in a generic, universal, manner might provide us with deeper insight into the quantum structure of spacetime. This aspect was emphasized, among others, by Carlip who has developed such an approach to compute the entropy using Virasoro algebra. (This is a generalization by Carlip [4, 5] of the original method by Brown and Henneaux [6]. A complete list of references for the later development can be found in [7].) In this approach, one first identifies a set of vector fields based on certain physical considerations, define an algebra of charges for these vector fields and relate the entropy of the horizon to the central charge of the resulting Virasoro algebra using Cardy’s formula. A survey of literature shows that, while the results do exhibit certain level of universality, the physical interpretation of the procedure is not completely clear. We attempt to throw more light on this issue in this letter along the following lines.

To begin with, we will introduce the Virasoro algebra for a class of physically well motivated vector fields which are related to Noether currents. This is partially motivated by the fact that Noether currents are known to be closely related to horizon entropy even in more general

∗Electronic address: bibhas@iucaa.ernet.in †Electronic address: paddy@iucaa.ernet.in

class of theories than Einstein’s gravity [8].

Second, we will use Noether currents related to the diffeomorphism invariance of the York-Gibbons-Hawking [9] surface term of the gravitational action rather than the usual one associated with the Einstein-Hilbert action. This is motivated by the fact that we expect the entropy to be closely related to degrees of freedom around or on the relevant null surface rather than depend on the bulk geometry of the spacetime. Once again, we know that York-Gibbons-Hawking surface term is very closely related to the entropy of the horizon; in fact, this surface term evaluated in the Euclidean extension of the local Rindler frame gives precisely one-quarter for the entropy density of the null surface. Moreover, it is known [10] that in a wide class of gravitational theories, the surface and bulk terms of the action encode the same amount of information and hence we would expect the surface term to lead to similar results.

Lastly, we need to identify the relevant diffeomorphisms from which the algebra has to be constructed. Here we use the criterion that the diffeomorphism should leave the near horizon form of the metric invariant in some non-singular coordinate system. Roughly speaking, such a condition reduces the symmetry of the theory from the full set of diffeomorphism to a subset which respects the existence of horizon in a given coordinate system. Since the symmetry is reduced, some of the original gauge degrees of freedom (which could have been eliminated by certain diffeomorphisms which are now disallowed) can now be thought of as being effectively upgraded to physical degrees of freedom as far as a particular class of observers are concerned. It is these observers (like the local Rindler observers or observers at rest outside a black hole etc.) who attribute observer dependent thermodynamic properties to the horizon because of the extra degrees of freedom relevant to these observers. We will say more about this at the end of the paper.

Given these three ingredients, the calculation of central extension of Virasoro algebra is straightforward and we obtain the entropy density of the null surface without any ambiguities in a clear and transparent manner. We will now describe the essential ingredients of the computation.

We begin with the Noether current that can be associated with the Gibbons-Hawking surface term which is given by A_{sur} = 1 8πG ∫ ∂V √ σd^3xK = 1 8πG ∫ V √ gd^4x∇_a(KN^a) , (1)

where N^a is the unit normal to the boundary ∂V of the region V while K = −∇_aN^a is the trace of the extrinsic curvature of this boundary. Since the Lagrangian is a scalar, the Noether current J^a for a diffeomorphism x^a → x^a + ξ^a can be found by considering the changes of the both sides of (1) as the Lie derivative and then equating them. (Since one does not usually calculate Noether current for surface term, we have described the algebraic steps in the Appendix, for the sake of completeness.) The conserved Noether current J^a is given by:

J^a[ξ] = ∇_bJ^{ab}[ξ] = 1 8πG ∇_b ( Kξ^aN^b − Kξ^bN^a ) . (2)

where J^{ab} is the Noether potential. The corresponding charge is defined as, Q[ξ] = 1 2 ∫ ∂Σ √ hdΣ_{ab}J^{ab} . (3) Here, dΣ_{ab} = −d^{(d−2)}x(N_aM_b − N_bM_a) is the surface element of the (d − 2)-dimensional surface ∂Σ and h is the determinant of the corresponding metric. Since our present discussion will be near the horizon, we choose the unit normals N^a and M^a as spacelike and timelike respectively. One can easily check that the charge in Eq. (3), calculated on the Killing horizon of a static metric times 2π/κ, for the corresponding Killing vector, leads to the Bekenstein-Hawking entropy, where κ is the surface gravity of the horizon. More generally, we get the entropy (surface) density to be one-quarter for any local Rindler horizon.

We will next introduce the relevant algebra of charges through the definition:

[Q_1, Q_2] : = 1 2 ( δ_{ξ1} Q[ξ_2] − δ_{ξ2} Q[ξ_1] )

= 1 2 ∫ ∂Σ √ hdΣ_{ab} [ ξ^a_2 J^b[ξ_1] − ξ^a_1 J^b[ξ_2] ] ,(4)

where δ_{ξ1} Q[ξ_2] = ∫ Σ dΣ_a£_{ξ1} (√ gJ^a[ξ_2] ) with ∂Σ is the boundary of the (d−1)-hypersurface Σ. The logic behind this definition is described in detail in [7] and will not be repeated here. We merely note that it has a very natural antisymmetric structure and encodes the response of the Noether current itself to diffeomorphisms.

We can now obtain a Virasoro algebra in the usual manner once we identify appropriate vector fields ξ^a. For this we shall follow the philosophy outlined earlier on and choose these vector fields to be those which leave the horizon structure invariant. To do this explicitly, let us consider the form of the metric close to the null surface in the local Rindler frame around some event. The relevant part of the metric in the x − t plane is given in the standard Rindler coordinates by:

ds^2 = −2κxdt^2 + 1 2κx dx^2 + dx^2_⊥ . (5)

where the Killing horizon is at x = 0 and x_⊥ denotes the transverse coordinates. We will first transform to Bondilike (Gaussian null) coordinates by the transformation du = dt − dx 2κx ; dX = dx . (6) thereby transforming the metric to ds^2 = −2κXdu^2 − 2dudX + dx^2_⊥ . (7) The Killing horizon in this frame is at X = 0. We now choose our vector fields ξ^a by imposing the condition that the metric coefficients g_{XX} and g_{uX} in the above expression remain unchanged:

£_ξg_{XX} = 0; £_ξg_{uX} = 0 . (8)

which gives

£_ξg_{XX} = −2∂_X ξ^u = 0;

£_ξg_{uX} = −∂_uξ^u − 2κX∂_X ξ^u − ∂_X ξ^X = 0 . (9)

The solutions to these equations are given by:

ξ^u = F (u, x_⊥); ξ^X = −X∂_uF (u, x_⊥) , (10)

The condition £_ξg_{uu} = 0 is satisfied near the horizon, since a direct calculation yields £_ξ g_{uu} = O(X). (These gauge conditions have appeared earlier in [11] in the context of late time symmetry near the horizon of a black hole.) In the original Rindler coordinates these vector fields reduce to the following form:

ξ̃^t = T − 1 2κ ∂_tT ; ξ̃^x = −x∂_tT , (11) where T (t, x, x_⊥) ≡ F (u, x_⊥). We now have all the ingredients (diffeomorphism vector fields ξ^a, Noether currents and the definition of algebra of charges) to proceed with the computation. For the Rindler metric with

N^a = (0, √ 2κx); M^a = ( 1 √ 2κx , 0); K = − √ κ 2x (12)

and d = 4, substituting Eq. (11) in Eq. (3) and Eq. (4) we obtain Q[ξ] = 1 8πG ∫ H √ hd^2x ( κT − 1 2 ∂_tT ) , (13)

Thus for a given choice of T we get a corresponding vector fields ξ^a (see Eq. (11)) and charge Q (see Eq. (13)). Since both are linear in T , if we expand the function T in terms of a set of basis functions T_m, with T = ∑ m A_mT_m; A^∗_m = A_{−m} (14)

we will get corresponding expansions for ξ^a (in terms of some ξ^a_m-s defined by Eq. (11) with T replaced by T_m) and for Q (in terms of some Q_m-s defined by Eq. (13) with T replaced by T_m). The usual procedure is now to choose the basis T_m such that the resulting ξ^a_m obeys the algebra: i{ξ_m, ξ_n}^a = (m − n)ξ^a_{m+n} , (15) where {, } is the Lie bracket. This can be achieved by the choice

T_m = 1 α exp [im (αt + g(x) + p.x_⊥)] , (16)

where , α is a constant, p is an integer and g(x) = G(X = x) = −α ∫_{dx} 2κx . (Such a choice is standard in these computations and has been used several times in the literature; see, for example, [12].) Since transverse directions are non-compact due to our Rindler approximations, we will assume that T_m is periodic in the transverse coordinates, with say the periodicities L_y and L_z on y and z respectively. It is now straightforward to compute the algebra of the charges corresponding to T = T_m, T_n, say, by using Eq. (4) and we get:

[Q_m, Q_n] : = 1 8πG ∫ H √ hd^2x [ κ(T_m∂_tT_n − T_n∂_tT_m) − 1 2 (T_m∂^2_t T_n − T_n∂^2_t T_m) + 1 4κ (∂_tT_m∂^2_t T_n − ∂_tT_n∂^2_t T_m) ] . (17)

We now substitute Eq. (16) in Eq. (13) (with T replaced by T_m) and in Eq. (17) and integrate over a cross-section area A = L_yL_z in transverse directions to obtain the explicit expressions:

Q_m = A 8πG κ α δ_{m,0}; [Q_m, Q_n] = − iκA 8πGα (m − n)δ_{m+n,0} −im^3 αA 16πGκ δ_{m+n,0} . (18)

Therefore, the central term in the algebra is: K[ξ_m, ξ_n] = [Q_m, Q_n] + i(m − n)Q_{m+n} = −im^3 A 16πG α κ δ_{m+n,0} . (19)

from which we can read off the central charge C and the zero mode energy Q_0 as: C 12 = A 16πG α κ ; Q_0 = A 8πG κ α (20)

Finally, we use the Cardy formula [13, 14] to obtain the entropy: S = 2π √ CQ_0 6 = A 4G . (21)

This is exactly the result we would have expected.

Before discussing the broader and conceptual aspects of this result we would like to briefly mention one technical point. The idea of choosing the diffeomorphisms which preserve the horizon structure can be implemented in many different ways. Our motivation was to choose a minimal set of vector fields ξ^a which will allow us to generate the appropriate Virasoro algebra. It is possible to make other choices in such a way that the vectors ξ^a has appropriate limiting behaviour close to the horizon (like e.g suitable powers of the distance from the horizon etc.) and implement the same idea. All such diffeomorphisms will lead to the same result. (Of course if the metric has to be left completely invariant then the diffeomorphism has to be generated by a Killing vector which will not exist in a general spacetime.) The basic idea is to impose a minimal set of conditions on the vector fields generating the diffeomorphism, which will lead to the necessary Virasoro algebra. This is precisely what we have achieved.

The logical simplicity of the above approach is especially noteworthy. Just to provide a contrast we will mention couple of technical points related to previous derivations in the literature leading to similar results. In most of the earlier work (for a complete list, see [7]), to obtain the correct entropy one had to either shift the zero mode energy (as done in. e.g., [5]) or choose a parameter contained in the Fourier modes of T (for instance α in Eq. (16) here) as the surface gravity (as done in, e.g.,[12]) or both [7] depending on the action of the theory we have started with. Here, interestingly, we did not require any such ad hoc prescription. This is because the parameter α in the expression of T_m Eq. (16) did not appear in the final expression of entropy. Hence the present derivation of entropy is a lot simpler compared to others and free of any ambiguity.

As far as we know, using (a) the Noether current corresponding to the York-Gibbons-Hawking surface term and (b) choosing the vector fields by demanding invariance of the Rindler form of the metric, have not been attempted before and are new features of this work. This is important because it further strengthens the peculiar feature present in all gravitational actions [10], viz., that the same information is encoded in both bulk and boundary terms of the action. Our analysis can also be considered as local in the sense that it uses features related to the null surface both in the choice of surface term in the action and in the choice of specific diffeomorphisms. It also provides a more transparent physical interpretation of some of the mathematical steps involved in this approach.

Let us briefly summarize what has been achieved in this letter. We consider a class of diffeomorphisms which leave a particular form of the Rindler metric invariant.

We also introduce the Noether current associated with the surface term in the action functional for gravity (in contrast to previous approaches in the literature in which either the bulk term or the Einstein-Hilbert action was used to define the Noether current). Given the Noether current and diffeomorphism, there is a natural Virasoro algebra which can be associated with the horizon. We compute the central extension of this Virasoro algebra and show that it leads — via Cardy formula — to the correct entropy density of the horizon. The class of diffeomorphisms which keep the horizon structure invariant is a subset of all possible diffeomorphisms without any constraint. From a physical point of view it seems natural to assume that such a constraint upgrades the remaining degrees of freedom (which were originally pure gauge degrees of freedom) to effectively real degrees of freedom for the observer who perceives the horizon. This naturally accounts for an observer dependent notion of degrees of freedom which contributes to an observer dependent entropy.

The last point is conceptually important and provides a nice, simple, physical picture of the connection between horizon entropy and the degrees of freedom which contribute to it. In conventional physics, we are accustomed to thinking of degrees of freedom of a system as absolute and independent of observer or the coordinate system used by the observer. In such a picture, the entropy — which is related to the logarithm of the degrees of freedom — will also be absolute and independent of the observer. We however know that horizon entropy, horizon temperature etc. must be treated as observer dependent notions [15] because a freely falling observer through a black hole horizon and a static observer outside the black hole will attribute different thermodynamic properties to the horizon. It follows that any microscopic degrees of freedom which leads to horizon entropy must also be necessarily observer and coordinate dependent. So the question “what are the degrees of freedom responsible for black hole entropy?” has no observer independent answer. We find that the notion of residual gauge symmetries which are perceived as real degrees of freedom under a restricted class of diffeomorphism, allows us to quantify this notion. An observer who perceives a horizon works with a theory having less diffeomorphism symmetry if she wants to retain the structure of the metric near the horizon. This necessarily upgrades some of the original gauge degrees of freedom to effectively true degrees of freedom as far as this particular observer is concerned. As a result, this particular class of observers will attribute an entropy to the horizon in an observer dependent manner.

Acknowledgement

The research of TP is partially supported by the JC Bose research grant of DST India.

Appendix A: Derivation of noether current

Consider a general Lagrangian which is a total derivative of a vector field so that the resulting action has only a surface contribution. Then the Lagrangian density can be expressed as √ gL = √ g∇_aA^a , (A.1)

where L is a scalar. Under a diffeomorphism x^a → x^a+ξ^a the left hand side changes by: δ_ξ (√ gL ) ≡ £_ξ (√ gL ) = √ g∇_a ( Lξ^a ) . (A.2)

On the other hand, the variation of the right hand side of (A.1) is given by: δ_ξ (√ g∇_aA^a ) = £_ξ [ ∂_a (√ gA^a )]

= ∂_a [ A^a£_ξ √ g + √ g£_ξA^a ]

= √ g∇_a [ ∇_b ( A^aξ^b ) − A^b∇_bξ^a ] (A.3)

Equating (A.2) and (A.3) we obtain the conservation law ∇_aJ^a = 0 for the Noether current:

J^a[ξ] = Lξ^a − ∇_b(A^aξ^b) + A^b∇_bξ^a , (A.4)

which after using (A.1) reduces to the following form:

J^a[ξ] = ∇_bJ^{ab}[ξ] = ∇_b [ ξ^aA^b − ξ^bA^a ] . (A.5)

This was the result used in the paper.

[1] J. D. Bekenstein, Phys. Rev. D 7, 2333 (1973). [2] S. W. Hawking, Nature 248, 30 (1974).

[3] See e.g.,Padmanabhan T., Rep. Prog. Phys., 73, 046901 (2010) [arXiv:0911.5004]; T. Padmanabhan , Lessons from Classical Gravity about the Quantum Structure of Spacetime, J.Phys. Conf.Ser. 306 012001 (2011) [arXiv:1012.4476].

[4] S. Carlip, Phys. Rev. Lett. 82, 2828 (1999) [arXiv:hep-th/9812013].

[5] S. Carlip, Class. Quant. Grav. 16, 3327 (1999)

[arXiv:gr-qc/9906126].

[6] J. D. Brown and M. Henneaux, Commun. Math. Phys.

104, 207 (1986).

[7] B. R. Majhi and T. Padmanabhan, Phys. Rev. D 85, 084040 (2012) [arXiv:1111.1809 [gr-qc]].

[8] Wald R M 1993 Phys. Rev. D 48 3427 [gr-qc/9307038];

Iyer V and Wald R M 1995 Phys. Rev. D 52 4430 [gr-qc/9503052].

[9] J.W. York, Phys. Rev. Letts. 28, 1082 (1972); G. W.

Gibbons, S. W. Hawking, Phys. Rev. D 15, 2752–2756

(1977).

[10] Mukhopadhyay A and Padmanabhan T 2006 Phys.Rev.

D 74 124023 [hep-th/0608120]; S. Kolekar and T. Padmanabhan, Phys. Rev. D 82, 024036 (2010) [arXiv:1005.0619 [gr-qc]]. T. Padmanabhan, Braz. J. Phys. 35, 362 (2005) [gr-qc/0412068].

[11] K. Tanabe, T. Shiromizu and S. Kinoshita, Phys. Rev.

D 85, 024048 (2012) [arXiv:1112.0408 [gr-qc]]. [12] S. Silva, Class. Quant. Grav. 19, 3947 (2002) [arXiv:hep-th/0204179].

[13] J. L. Cardy, Nucl. Phys. B 270 (1986) 186.

H. W. J. Bloete, J. L. Cardy and M. P. Nightingale, Phys.

Rev. Lett. 56, 742 (1986).

[14] S. Carlip, Class. Quant. Grav. 15, 3609 (1998) [arXiv:hep-th/9806026].

[15] In fact the Davis-Unruh effect suggests that all thermodynamic variables (like the temperature, entropy etc. of a glass of water) must be treated as observer dependent. This follows from the fact that a glass of water is a highly excited state of the vacuum and if inertial and Rindler observers assign different temperatures, say, to the vacuum they will also assign different temperatures to the glass of water.