arXiv:1204.2521v2 [hep-th] 8 Jun 2012

KCL-MTH-12-03 NORDITA-2012-30 Prepared for submission to JHEP

Topologically gauged superconformal Chern-Simons matter theories

Ulf Gran,^a Jesper Greitz,^{b,c} Paul Howe^c and Bengt E.W. Nilsson^a aFundamental Physics Chalmers University of Technology SE-412 96 Göteborg, Sweden bNordita Royal Institute of Technology and Stockholm University Roslagstullsbacken 23, SE-106 91 Stockholm, Sweden cDepartment of Mathematics, King’s College London The Strand, London WC2R 2LS, UK E-mail: ulf.gran@chalmers.se, jesper.greitz@nordita.org,

paul.howe@kcl.ac.uk, tfebn@chalmers.se

Abstract: By coupling N = 8 superconformal matter to N = 8 superconformal Chern- Simons gravity in three dimensions we obtain theories with novel terms in the scalar potential leading to AdS_3 solutions and superconformal symmetry breaking. If we start from the theory derived by Bagger, Lambert and Gustavsson, our coupled theory either inherits the SO(4) gauge group or reduces it to SO(3). If the construction is instead based on a free matter theory we find that the gravitational topological gauging also requires the introduction of a Chern-Simons gauge sector resulting in a consistent theory for any SO(N) gauge group.

Keywords: String theory, M-theory, Branes, CFT

Contents

1 Introduction 3

2 The Noether method 5 2.1 The conformal supergravity sector 6 2.2 The covariantised matter sector in the 3-algebra formulation 7 2.3 The new interactions in gauged BLG and the new N = 8 SO(N) theories 9 2.4 The field equations and AdS_3 background solutions 12 2.5 Rewriting the results of the Noether 3-algebra approach in quiver form 13 2.5.1 Conversion rules 14 2.5.2 The quiver formulation 17 2.6 Establishing the equivalence of the results in the different approaches 18

3 The SUSY algebra approach 19 3.1 Field equations of topologically gauged N = 8 BLG and SO(N) theories 19

4 Superspace 24 4.1 Matter multiplets 24 4.2 Coupling to supergravity 27 4.2.1 N =6 27 4.2.2 N =8 28 4.3 N = 8 models with SO(N) gauge groups 30

5 Conclusions 30

A Comparing conventions 31 A.1 Conventions in the Noether approach 31 A.2 Supersymmetry conventions 32 A.3 (γ^μ, Γ^i) versus Γ^M = (Γ^μ, Γ^I ) versus (γ^a, (Σ^I )_A^{A′} ) 32

B Cancellation of ϵψ^3X in the Noether approach 33

C Closing the SUSY algebra 34 C.1 Conventions 34 C.2 [δ_1, δ_2]Ψ_a 34 C.3 Summary 36

D Superconformal geometry 37 D.1 Conformal constraints 37 D.2 Completeness of the solution 41 D.3 Super-Weyl covariance 43

– 2 –

1 Introduction

The study of theories living on stacks of branes in string/M-theory has proved to be a very fruitful area of research over the past few years. In this context the AdS/CFT correspondence has led to crucial insights by providing a novel way to probe the non-perturbative aspects of these theories. While stacks of D-branes in string theory have turned out to be reasonably straightforward to model, the analogous case of stacks of M2 and M5-branes in M-theory have turned out to be much more difficult. According to the AdS/CFT correspondence the physics of a stack of M2-branes should be captured, to leading order, by eleven dimensional supergravity in the near-horizon limit of the stack, i.e. on the space AdS_4 × S^7. In the dual picture, there should be a CFT describing the multiple M2-brane physics living on the boundary of AdS_4 which realises all the bulk symmetries.

A Chern-Simons (CS) matter theory [1] satisfying these requirements, i.e. having superconformal N = 8 symmetry and SO(8) R-symmetry, was found by Bagger and Lambert [2, 3] and Gustavsson [4] (BLG). At the classical level the theory has a unique gauge group, SO(4) = SU(2) × SU(2), which indicates an interpretation of the theory as describing two M2-branes. Subsequently, a lot of progress has been made by considering theories that have only N = 6 superconformal symmetry manifestly realised [5] then providing a description for stacks with any number branes. However, this work and more recent results show that the N = 8 theory can be generalised at the quantum level to describe any number of M2-branes, see e.g. [6] and references therein. This also includes a better understanding of the U(1) factor related to the centre of mass.

An important ingredient in the AdS/CFT correspondence is the kind of boundary conditions that are imposed in the variational problem relating the bulk and boundary theories. The predominant boundary condition used is the Dirichlet one, where the variations on the boundary are required to vanish. This leads to CFTs in a fixed geometry, the BLG theory being one example of this. In this paper we will follow the ideas proposed in [7] and investigate the boundary theory that may be obtained by instead imposing Neumann or, more generally, mixed boundary conditions as discussed in [8].

In the Neumann variational problem, a consequence of the metric variations being non-vanishing at the boundary is that the boundary stress-energy tensor has to vanish. In order to allow for a non-vanishing stress-tensor we need to use mixed Dirichlet-Neumann boundary conditions, for which one has to add a gravitational Chern-Simons boundary term^k_{4π} S_{CS} to the bulk action^1[8]. For k = 0 we recover the Neumann case, with vanishing stress-energy tensor, while k = ∞ sets the graviton fluctuations to zero at the boundary, thereby recovering the Dirichlet case. This and a number of other considerations relevant to this problem can be found in [7].

In light of this it is natural to couple superconformal N = 8 matter, e.g. in the form of BLG theory, to (superconformal N = 8) Chern-Simons gravity in order to investigate the whole range of boundary conditions between Dirichlet and Neumann ones. Such a coupled theory was first considered in [9] where part of the theory was obtained. Using

1Note that while the bulk theory is parity even the gravitational Chern-Simons boundary term, which enforces the mixed boundary conditions, is parity odd.

– 3 – three different methods, Noether, on-shell susy algebra and superspace, we will in this paper complete this computation and derive the most general theory of this type, referred to as the topologically gauged N = 8 Chern-Simons matter theory (TGCS) in analogy with the N = 6 case derived in [10] and further studied in [11]. One result of coupling superconformal N = 8 matter to superconformal N = 8 Chern-Simons gravity is that the SO(4) gauge group of the BLG theory is either left intact or reduced to SO(3), but, more importantly, the coupling of conformal supergravity to the free N = 8 matter can be performed for any gauge group SO(N). Thus, in this latter case the BLG gauge sector has been replaced by another one related to SO(N). Furthermore, in this case there is only one Chern-Simons term as opposed to the two SU(2) terms with opposite signs that occur in the BLG quiver model. If the gauged theory also has an interpretation in terms of branes these theories would then describe arbitrary stacks of M2-branes, although it is not clear how many that would be for a given N.

The complete^2 Lagrangian for superconformal N = 8 matter coupled to superconformal N = 8 Chern-Simons gravity is given in the next section, but focusing on the deformation of the BLG theory (i.e. N = 4) we get, dropping terms with explicit gravitino fields, L =^1_g L^{SUGRA} conf + L BLG cov −^e_{16} X^2R − V^{new} +^{ig}_{64} e(Ψ̄_aΨ_aX^2 − 10Ψ̄_aΨ_bX^I_a X^I_b + 2Ψ̄_aΓ^{IJ} Ψ_bX^I_a X^J_b ), (1.1)

where we see that the scalar potential, apart from the original contribution from the BLG theory, has received a new term given by

V^{new} =^{eg2}_{2·32·32} ( (X^2)^3 − 8(X^2)X^J_b X^J_c X^K_c X^K_b + 16X^I_c X^I_a X^J_a X^J_b X^K_b X^K_c ) , (1.2)

where g is the (conformal) gravitational coupling constant [11] possibly related to a level parameter of the gravitational Chern-Simons theory. The theory therefore depends on two parameters, the ordinary level parameter λ =^{2π}_k , extracted as usual from the structure constants, and g. As we will see later these can be combined and interpreted as two ordinary level parameters related to the two CS terms in the quiver version of the theory. Note, however, that this new part of the potential is independent of the structure constants f^{abcd} and thus appears even if we start the gauging from the free matter theory. In this case we therefore find an entirely new theory with gauge group SO(N) that is not related to BLG at all and is consistent for any N ≥ 1.

In the above Lagrangian L^{SUGRA}_{conf} is the action for superconformal N = 8 Chern- Simons gravity, see (2.1) below, L^{BLG}_{cov} is the BLG action (2.10) covariantised in the sense that the covariant derivatives also contain a spin connection and an SO(8) R-symmetry gauge field. In addition one should note that the usual BLG relation between Ã_μ^b_a (the 3-algebra connection) and A_μ^b_a (the field with respect to which the Lagrangian is varied) is generalised to

Ã^{ab}_μ := A^{cd}_μ (f_{cd}^{ab} −^g_4 δ^{ab}_{cd} ) . (1.3)

2Possibly modulo terms of cubic order in the Rarita-Schwinger field.

– 4 –

The new term in the potential given above is positive definite and can be evaluated for a single or a multiple scalar vacuum expectation value (VEV) v. The resulting value of the potential is of some importance when looking for background solutions. As will be discussed in more detail in section 2, this theory has AdS_3 solutions corresponding to topologically massive supergravity (TMSG) theories. Interestingly enough, similar to the N = 6 case where, as pointed out in [10, 11], the AdS solution is at a chiral point in the sense of [12], for the theory with N = 8 derived here the value V (v) of the potential is different but does also seem to correspond to critical values. In fact, depending on how many scalars p are given the VEV v one finds both critical AdS and critical warped AdS solutions [13]. This difference between N = 8 and N = 6 has of course consequences for how the spectrum is organised in the different cases and should be studied further. We intend to return to this question elsewhere.

We also investigate whether the particular coupling to conformal supergravity we find in N = 8 has a counterpart for N = 6 and find that it does not. This means that the results found in [10, 11] do not admit any further generalisation.

The paper is organised as follows: In section 2 the theory is derived using the Noether method in the 3-algebra formulation, thereby completing the results of [9]. In this section it is also explained how to compare these results to the ones obtained in the algebraic and superspace approaches presented in the following two sections. Thus in section 3 the theory is derived by closing the on-shell supersymmetry algebra generalising the method of the original references [2, 3]. The derivation in superspace is given in section 4, and we end with conclusions and a discussion in section 5. Some technical details can be found in the appendices.

2 The Noether method

The theory we construct in this paper is the result of turning the global symmetries of N = 8 superconformal matter theories into local symmetries without destroying their conformal properties. The first example of this kind of gauging was given in [9] where it was applied to the BLG theory. The requirement of maintaining the conformal symmetries implies that the supergravity sector must itself consist of Chern-Simons (CS) terms, or in other words, be topological. The topological aspects will play an important rôle for what kind of degrees of freedom the gauged theories describe. That this kind of gauging does not add any new degrees of freedom (see e.g. [14]) was the main reason for the construction in [9]. We emphasise again that the construction also leads to a topologically gauged version of the free N = 8 superconformal matter theory in which case we find a somewhat unexpected new result: The allowed gauge group is in this case SO(N) for any positive integer N. Thus our results apply to stacks of branes as well as to a single brane provided the interpretation in terms of branes is still valid after the gauging. For a discussion of this latter question, see [7]. Since the gauged free matter theories are unrelated to what is normally referred to as “the BLG theory” we will refer to all of them as just “topologically gauged N = 8 theories” and use “BLG” only when appropriate, i.e., when the gauge group is SU(2) × SU(2). Note that there is another SO(4) theory with only one CS term, namely

– 5 – the theory obtained by gauging the free theory for N = 4. As will be clear later there is also a new theory which is a mixture of the two situations described above and that has only one SO(3) as gauge group.

In this section we give a brief but hopefully accessible account of the topologically gauged N = 8 theories and how to derive them using the Noether method. The account of the complete theory given here in terms of the Lagrangian, transformation rules and field equations is written to facilitate the comparison to the results of the other two approaches. We also hope it will benefit the reader to have the theory given both in the three-algebra and the quiver versions including an explanation of how to convert between them. Since the three different methods used in this paper to derive the same theory rely on different conventions we will also make an effort to relate them.

We also take the opportunity to mention here that in the case of N = 6 supersymmetries we provide in a later section a new derivation in superspace proving that the topological gauging of [10] is unique. This can in fact also be seen in the Noether approach [10] since there one can analyse the cancellation options for the relevant terms in δL where this question arises.

2.1 The conformal supergravity sector We start by presenting the pure conformal supergravity sector that is independent of the conventions used in the CS matter sector and is therefore the same in the three-algebra and quiver formulations. The fields in on-shell N = 8 conformal supergravity are the dreibein, e_μ^α, the Rarita-Schwinger field, χ_μ with a hidden R-symmetry spinor index, and the R-symmetry gauge field, B^i_{μj}. The topological CS Lagrangian is [9, 15–17] L^{conf}_{sugra} =^1_2 ϵ^{μνρ}T r_α(ω̃_μ∂_νω̃_ρ + 2 3 ω̃_μω̃_νω̃_ρ) − ie^{−1}ϵ^{αμν} ϵ^{βρσ}(D̃_μχ̄_ν γ_β γ_αD̃_ρχ_σ) −ϵ^{μνρ}T r_i(B_μ∂_ν B_ρ + 2 3 B_μB_ν B_ρ), (2.1)

where the traces are over the three- and eight-dimensional vector indices for the spinconnection and SO(8) R-symmetry gauge field, respectively. The tilde on the covariant derivatives refers to the spin connection ω̃_{μαβ} which contains an ordinary second-order term ω(e) plus a contorsion term K bilinear in the Rarita-Schwinger field χ_μ. The covariant derivative is given explicitly in the subsection on the BLG theory below. Thus the three Chern-Simons terms in this Lagrangian are of third, second and first order in derivatives, respectively.

The standard procedure to obtain local supersymmetry for the spin-connection is to start by adding Rarita-Schwinger terms to the dreibein-compatible ω(e). That is, one defines ω̃_{μαβ} = ω_{μαβ} + K_{μαβ} , (2.2) with ω_{μαβ} = 1 2 (Ω_{μαβ} − Ω_{αβμ} + Ω_{βμα}), Ω_{μν}^α = ∂_μe_ν^α − ∂_ν e_μ^α, (2.3) and K_{μαβ} = − i 2 (χ_μγ_βχ_α − χ_μγ_αχ_β − χ_αγ_μχ_β). (2.4)

– 6 –

This combination of spin connection and contorsion is supercovariant, i.e. derivatives on the supersymmetry parameter cancel out if ω̃_{μαβ} is varied under the ordinary transformations of the dreibein and Rarita-Schwinger field: δe_μ^α = iϵ̄γ^αχ_μ, δχ_μ = D̃_μϵ. (2.5) The above Lagrangian is then supersymmetric if the R-symmetry gauge field varies according to δB^{ij}_μ = − i 2e ϵ̄_gΓ^{ij}γ_ν γ_μf^ν + δB^{ij}_μ |_{new} (2.6)

where f^μ =^1_2 ϵ^{μνρ}D̃_ν χ_ρ and δB^{ij}_μ |_{new} is a new term that is zero here but needed in the coupling to matter. With this latter term present the end result of the variation of the superconformal gravity sector is δL^{conf}_{sugra} = ϵ^{μνρ}δB^{ij}_μ |_{new}G^{ij}_{νρ} + i e f̄^μγ_ν γ_μΓ^{ij}χ_ρϵ^{νρσ}δB^{ij}_σ |_{new}, (2.7) where G^{ij}_{μν} is the field strength of B^{ij}_μ .

Following the strategy of [9] in the Noether approach, we will use the first term in δL^{conf}_{sugra} above to determine δB^{ij}_μ |_{new} from the cancellation of D̃^2_μ terms in the variation of the Lagrangian. These new terms are all without derivatives and will be fed back into the computation through the second term in δL^{conf}_{sugra} above which then gives rise to terms that are first order in derivatives but quartic in fermions (counting also the susy parameter) and at least bilinear in the χ_μ.

This supergravity theory is also invariant [9] under the following superconformal transformations with parameter η(x):

δ_S e_μ^α = 0, δ_S χ_μ = γ_μη, δ_S B^{ij}_μ =^i_2η̄Γ^{ij} χ_μ, (2.8)

and dilatations with parameter ϕ(x):

δ_Δe_μ^α = −ϕe_μ^α, δ_Δχ_μ = −^1_2 ϕχ_μ, δ_ΔB^{ij}_μ = 0. (2.9)

The strategy we will adopt in the Noether construction is to not allow δχ_μ = D̃_μϵ to be extended by a term proportional to a γ matrix thereby eliminating the possibility of the S-supersymmetry to mix with ordinary supersymmetry in the derivation of the gauged theory. Allowing for such a mixing would just complicate the calculations without adding any extra information apart from proving also the superconformal invariance of the whole theory. However, this invariance is built into the superspace formulation and will be discussed more fully in that context.

2.2 The covariantised matter sector in the 3-algebra formulation

We now turn to the 3-algebra formulation of the CS-matter sector. It contains the fields of the N = 8 BLG theory, i.e., eight real scalars, X^i_a , in the vector representation (indices i, j, k, ..) of the SO(8) R-symmetry group and eight Majorana spinors, ψ_a, in a chiral spinor

– 7 – representation of SO(8) (here with non-explicit spinor indices) together with a set of Chern- Simons gauge fields A_{μa}^b in an as yet unspecified gauge group which acts on the 3-algebra index (a, b, c, ...) possessed by both the scalar and spinor fields. Recall that the classical ungauged BLG theory in flat space-time is consistent only for the gauge group SO(4) while quantum mechanically the situation is rather different (see, e.g., [6]). The CS-matter Lagrangian explicitly covariantised under the new local symmetries diffeomorphisms, Rsymmetry and supersymmetry reads [9]

L_{BLG} = −^1_2 e g^{μν}D̃_μX^i_aD̃_ν X^i_a +^i_2 eψ̄_aγ^μD̃_μψ_a +^1_2 ϵ^{μνρ}(A_{μab}∂_νÃ^{ab}_ρ +^2_3 A_{μab}Ã^{ac}_ν Ã^{cb}_ρ )

+^i_4 eψ̄_aΓ^{ij} ψ_bX^i_cX^j_d f^{abcd} −^1_{12} e(f^{abcd}X^i_bX^j_c X^k_d )(f^{aefg}X^i_eX^j_f X^k_g ), (2.10)

where we see that the scalar potential is positive definite and can be written as

V (X) =^{λ2}_{12} (ϵ^{abcd}X^i_bX^j_c X^k_d )(ϵ^{aefg}X^i_eX^j_f X^k_g ), (2.11)

after using the substitution of the structure constants by λ ϵ^{abcd} which is possible since the gauge group is SO(4) in this case. Here λ is related to the level k by λ =^{2π}_k .

The supergravity covariant derivative is

D̃_μψ_a = ∂_μψ_a +^1_4ω̃_{μαβ} γ^{αβ}ψ_a +^1_4 B^{ij}_μ Γ^{ij}ψ_a + Ã_{μab}ψ_b, (2.12) and Ã^{ab}_μ := A^{cd}_μ f^{cdab}. (2.13)

Here the structure constants are completely antisymmetric and indices are raised and lowered with a delta (so we can be cavalier about the position, up or down, of the threealgebra indices) to avoid problems with unitarity in the scalar field sector. As a result of checking supersymmetry the structure constant must satisfy the fundamental identity^3

f^{[abc}_gf^{e]fg}_d = 0. (2.14)

In terms of finite dimensional 3-algebras, this identity is known to have only one solution corresponding to Ã^{ab}_μ := A^{cd}_μ f^{cdab} being an element of the Lie algebra of SO(4). The fact that SO(4) is the unique gauge group is in general not changed by the gauging which can be seen in all three approaches as long as the structure constants are non-zero. However, by tuning the two parameters it is possible to project away one of the two SU(2) factors. Furthermore, it is very important to note that after gauging one can set the ordinary BLG structure constants to zero, or just derive the gauged theory from a free N = 8 matter theory. In either case one finds a theory without any restrictions on the range of the 3- algebra indices and containing only a single Chern-Simons term with a gauge group SO(N) for any N. This fact is clear in all three approaches.

The supersymmetry transformation rules are

δX^i_a = iϵ̄_mΓ^iψ_a, (2.15)

3The form of the identity given here was obtained in [18].

– 8 – δψ_a = γ^μΓ^iϵ_mD̃_μX^i_a −^1_6 Γ^{ijk}ϵ_mX^i_bX^j_c X^k_d f^{abcd} + δψ_a|_{new}, (2.16) and δÃ^{ab}_μ = iϵ̄_mγ^μΓ^iX^i_cψ_d f^{cdab} + δÃ^{ab}_μ |_{new}, (2.17) where we have indicated where the corrections will appear in the topologically gauged theory. Note that elimination of the BLG gauge fields by setting the structure constants to zero thus just means that a new set of gauge fields are introduced as already mentioned.

Note also that the parameter ϵ_m has an index m for matter since we will need to normalise it in a different way compared to the parameter in the supergravity sector which we henceforth will denote as ϵ_g in the Noether construction. This notation will also be useful when comparing the Noether approach to the algebraic and superspace ones.

2.3 The new interactions in gauged BLG and the new N = 8 SO(N) theories

We now turn to the new interaction terms that arise as a result of the gauging and that are not already included in the covariantised version of the BLG theory discussed above. As in the ABJM case in [10] there are new interaction terms both with and without structure constants although some of the terms that appear in the N = 6 case vanish identically in the N = 8 situation discussed here. For example, using the antisymmetric structure constants above, it is easy to see that no sixth-order scalar potential term can be constructed with only one structure constant in the N = 8 case.

There will appear two parameters, λ and g, in the expressions below of which the former is related to the structure constant as f^{abcd} = λϵ^{abcd}, with λ =^{2π}_k and k is the level. The parameter g, on the other hand, is a dimensionless gravitational coupling constant (denoted g^2_M in the analogues N = 6 discussion of [11]) that must appear in such a way that the gravitational and matter sectors can be decoupled by letting g go to zero. While the way g appears is the same in all three approaches, the way it is introduced into the theory as well as its interpretation vary between the approaches. The two parameters will affect also the BLG part of the action and in particular the Chern-Simons term as will be explained in more detail below.

Before doing that, however, we would like to emphasise that setting the structure constants, or λ in the formulae below, to zero makes it possible to introduce a new gauge group, namely SO(N) for any N. This result is supported by the fact that, in any of three approaches, the range of the three-algebra index does not play any role in the calculation. Interestingly enough, there is a special new case with non-zero λ but with a gauge group that is different from the BLG one, namely when the expression^g_4 δ^{cd}_{ab} − λϵ^{cdab} corresponds to P_± =^1_2 (δδ ±^1_2 ϵ) which projects onto the self- and anti-selfdual parts. The gauge group has then only one SO(3) factor and hence only one CS term in the gauge sector.

– 9 –

The Lagrangian derived here takes the following form, using f^{abcd} = λϵ^{abcd}, L =^1_g L^{sugra}_{conf} + L^{BLG}_{cov} + iAeχ̄_μΓ^iγ^ν γ^μψ_a(D̃_ν X^i_a −^i_2 Aχ̄_ν Γ^iψ_a) −^{ieλ}_6 Aχ̄_μγ^μΓ^{ijk}ψ_aX^i_bX^j_c X^k_d ϵ^{abcd} +^{ie}_{48} λχ̄_μγ^{μν} Γ^{ijkl}χ_ν X^i_aX^j_b X^k_c X^l_d ϵ^{abcd} −^i_4 ϵ^{μνρ}χ̄_μΓ^{ij} χ_ν (X^i_aD̃_ρX^j_a) + iAf̄^μγ_μΓ^iψ_aX^i_a +^i_4 X^2f̄^μχ_μ −^e_{16} X^2R +^{igA}_{32} eχ̄_μγ^μΓ^iψ_a(X^i_aX^2 − 4X^j_aX^j_b X^i_b) −^{ig}_{256} ϵ^{μνρ}χ̄_μγ_ν χ_ρ((X^2)^2 − 4(X^i_aX^j_a)(X^i_bX^j_b )) +^{ig}_{64} e(ψ̄_aψ_aX^2 − 10ψ̄_aψ_bX^i_aX^i_b + 2ψ̄_aΓ^{ij} ψ_bX^i_aX^j_b ) −^{eg2}_{2·32·32} ((X^2)^3 − 8(X^2)(X^i_aX^j_a)(X^i_bX^j_b ) + 16(X^i_aX^j_a)(X^j_b X^k_b )(X^k_c X^i_c)), (2.18) where A^2 =^1_2 , X^2 := X^i_aX^i_a and the covariant derivative is as given above. Note that the new potential appearing on last line in the Lagrangian can be written as a square as follows V^{new} =^{eg2}_{2·32·32} ((X^2)X^i_a − 4(X^i_bX^k_b )X^k_a )^2. (2.19) The full set of supersymmetry transformation rules for the coupled theory is, with ϵ_m = Aϵ_g, δe_μ^α = iϵ̄_gγ^αχ_μ, (2.20) δχ_μ = D̃_μϵ_g. (2.21)

δB^{ij}_μ = −^i_{2e}ϵ̄_gΓ^{ij} γ_ν γ_μf^ν −^{3ig}_8 ψ̄_aγ_μΓ^{[i}ϵ_mX^{j]}_a −^{ig}_{16}ψ̄_aγ_μΓ^{ijk}ϵ_mX^k_a −^{ig}_4 χ̄_μΓ^{k[i}ϵ_gX^{j]}_a X^k_a −^{ig}_{32}χ̄_μΓ^{ij}ϵ_gX^2 (2.22) δX^i_a = iϵ̄_mΓ^iψ_a (2.23)

δψ_a = γ^μΓ^iϵ_m(D̃_μX^i_a − iAχ̄_μΓ^iψ_a) −^λ_6 Γ^{ijk}ϵ_mX^i_bX^j_c X^k_d ϵ_a^{bcd} +^g_8 Γ^iϵ_mX^i_bX^j_b X^j_a −^g_{32} Γ^iϵ_mX^i_aX^2 (2.24)

δÃ^{ab}_μ = −iλϵ̄_mγ_μΓ^iψ_cX^i_d ϵ^{cdab} −^{iλ}_2 χ̄_μΓ^{ij}ϵ_gX^i_cX^j_d ϵ^{cdab} +^{ig}_4 ϵ̄_mγ_μΓ^iψ_{[a}X^i_{b]} +^{ig}_8 χ̄_μΓ^{ij}ϵ_gX^i_aX^j_b (2.25) We now give the main steps needed to derive this Lagrangian and the transformation rules in the Noether approach. The first step is to add the coupling term between the two sectors, the supergravity and CS-matter sectors, i.e., the supercurrent term which is the last term on the first line in the Lagrangian. It couples the Rarita-Schwinger field χ_μ to the supercurrent constructed to be conserved at the linear level in the fields^4. In the standard fashion conservation of the supercurrent implies a gauge transformation of the gauge field, which in this case is just the supersymmetry transformation δχ_μ = D̃_μϵ_g.

4There is another conserved supercurrent which, however, can be seen to be equivalent to the one used here modulo terms involving the Dirac equation.

– 10 –

The variation of the Lagrangian is then organised according to the number of covariant derivatives (counting field strengths as two derivatives) in each term. Cancelling all terms in δL of second order in derivatives (third-order terms occur only in the supergravity sector) requires the addition of new terms in the Lagrangian and in the transformation rules. These new terms are the ones in the second and third lines in the Lagrangian (which are independent of the parameter g) and all the new terms in the variation of the gauge field δB^{ij}_μ |_{new} while only the new g independent term in δÃ^{ab}_μ |_{new} is derived at this stage in the calculation. The term δψ_a|_{new}, on the other hand, is determined entirely at order one derivative. This result was obtained already in [9] to which we refer the reader for the details of the calculation.

To cancel also the terms at order one derivative in δL we need to add the terms corresponding to δψ_a|_{new} and the g dependent terms in δÃ^{ab}_μ |_{new}. The remaining terms in the Lagrangian all arise at this level except the potential term which is multiplied by g^2. At this point the full set of transformation rules is determined. The terms at this order that we need to prove cancel in δL are with two spinors ϵDψX^3, ϵDχX^4, (2.26) and with four spinors ϵDχψ^2, ϵDχ^2ψX, ϵDχ^3X^2, (2.27) where the last three have not been checked in detail.

Finally, checking that also the non-derivative terms cancel in δL will provide the coefficients of the new scalar potential terms proportional to g^2 but beyond that we only get a number of cross-checks. The terms involved here have two up to eight fermionic quantities (fields together with the supersymmetry parameter) and some of the cancellations will lead to extensive fierzing. In the Noether approach, however, we have only done the computations needed to obtain the final terms in the Lagrangian with one cross-check on the coefficients in the potential. The Lagrangian presented above is, however, the complete answer possibly up to terms cubic in the Rarita-Schwinger fields. However, although we don’t know for sure if terms with more than two Rarita-Schwinger fields can occur, we know from the Noether calculation with N = 6 supersymmetries carried out in [10] that some terms of this kind were checked and seen not to appear. Modulo such cubic and higher terms in the Rarita-Schwinger field, the only four-fermi term in the Lagrangian is the term that supercovariantises the the derivative in the supercurrent term.

The terms without derivatives that have explicitly been checked to cancel are

ϵχX^6, ϵψX^3 (2.28)

which fixes the coefficients in the potential and provides one cross-check on the result. In addition we have confirmed that the terms ϵψ^3X cancel which requires some simple fierzing. This calculation can be found in the Appendix.

We end this subsection with a discussion of the CS terms in the gauge sector since these have changed relative the covariantised BLG theory given above but we have not yet explained exactly what has happened. Looking at δÃ^{ab}_μ it seems as if f^{abcd} has been

– 11 – replaced by f^{ab}_{cd} −^g_4 δ^{ab}_{cd} but this replacement is not natural in other sectors of the theory. However, as can easily be checked, when discussing the CS term for A^{ab}_μ this replacement is consistent with the requirements that one needs to put on the variation of the CS term, for instance when obtaining the field equations. We will in fact take advantage of this property of the CS term below. That this is a correct procedure for dealing with the CS term is supported by the results of all three approaches as will be demonstrated in the last subsection.

Thus we end the discussion here by just quoting the answer: L_{CS(A)} = 1 2 ϵ^{μνρ}(A_{μab}∂_νÃ^{ab}_ρ + 2 3 A_{μab}Ã^{ac}_ν Ã^{cb}_ρ ), (2.29)

where, as indicated by the form of δÃ^{ab}_μ , we have

Ã^{ab}_μ := A^{cd}_μ (λϵ^{cdab} −^g_4 δ^{cd}_{ab} ), (2.30)

which is a direct generalisation of the ungauged BLG definition which corresponds to g = 0.

2.4 The field equations and AdS_3 background solutions

We start with the field equations in the supergravity sector. The Cotton and Cottino equations are easily obtained from the Lagrangian given in the previous subsection but since we will here primarily be interested in the background solution only the bosonic part of the Cotton equation is given.

The variation with respect to the dreibein, or the metric if the spinors are set to zero, leads to the following Cotton equation 1 g C_{μν} −^{eX2}_{16} (R_{μν} −^1_2 g_{μν} R) +^e_2 g_{μν} V (X)

−^e_2 (D_μX^i_aD_ν X^i_a −^1_2 g_{μν} D^σX^i_aD_σX^i_a) −^e_{16} g_{μν} □X^2 +^e_{16} ∇_μ∇_ν X^2 = 0. (2.31)

The equation of motion for the R-symmetry gauge fields, on the other hand, will be useful to have in more detail. Up to χ dependent terms it reads 1 g ϵ^{μνρ}G^{ij}_{νρ} − eg^{μν} (D̃_ν X^{[i}_a )X^{j]}_a +^i_8 eψ̄_aγ^μΓ^{ij}ψ_a = 0. (2.32)

Turning to the matter sector we first give the scalar field equation. Discarding the fermions it becomes □X^i_a −^1_8 X^i_aR − ∂_Xi_a V (X) = 0 which can be seen to be consistent with the trace of the Cotton equation. In fact, combining these two scalar equations leads to the condition on the potential X∂_X V (X) = 6V (X) which is obviously correct in a three-dimensional conformally invariant theory. With the potential given above the full Klein-Gordon equation without χ dependent terms becomes

□X^i_a −^1_8 X^i_aR −^{λ2}_2 ϵ_a^{bcg}X^j_b X^k_c ϵ^{defg}X^i_dX^j_e X^k_f

−^{g2}_{32·32} (3X^i_a(X^2)^2 − 8X^i_a(X^j_b X^k_b )(X^j_c X^k_c ) − 16X^2X^k_a X^k_b X^i_b + 48X^j_a (X^j_b X^k_b )(X^k_c X^i_c))

−^{iλ}_2 ψ̄_cΓ^{ij}ψ_dX^j_b ϵ_a^{bcd} +^{ig}_{32} (ψ̄_bψ_bX^i_a − 10ψ̄_aψ_bX^i_b + 2ψ̄_aΓ^{ij} ψ_bX^j_b ) = 0. (2.33)

– 12 –

The field equation for the gauge field A^{ab}_μ is, again discarding the χ terms, 1 2 ϵ^{μνρ}F̃^{ab}_{νρ} − eg^{μν} (D̃^μX^i_c)M̃^{ab}_{cd} X^i_d +^i_2 eψ̄_cγ^μψ_dM̃^{ab}_{cd} = 0, (2.34)

where M̃^{ab}_{cd} = λϵ^{ab}_{cd} −^g_4 δ^{ab}_{cd} . (2.35)

The Dirac equation will also be useful in comparing the results from the different approaches. It reads, discarding the χ dependent terms,

γ^μD̃_μψ_a +^λ_2 Γ^{ij} ψ_bX^i_cX^j_d ϵ^{cdab} +^g_{32} (ψ_aX^2 − 10ψ_bX^i_aX^i_b + 2Γ^{ij} ψ_bX^i_aX^j_b ) = 0. (2.36)

We end this subsection by noting that similar to the N = 6 case in [10, 11] the above bosonic field equations are solved by a scalar vacuum expectation value (VEV) v and an AdS_3 metric satisfying R = −^{27}_{128} v^4g^4. (2.37)

As for N = 6 we find also in this case that the vacuum solution corresponds to a topologically massive supergravity. However, there is an important difference namely that while in N = 6 the solution [10, 11] corresponds to a chiral point in the sense of [12] that is not quite the case here. Determining the relevant parameters as defined in [12] we find for the theories discussed here that μl =^1_3 while the chiral point corresponds μl = 1. The value μl = 1 is, however, obtained if we give two scalar fields the same VEV. Using the following form of the scalar VEV matrix^5 < X^i_a >= ( v1_{p×p} 0 0 0 ) , with p = 2 thus gives an AdS solution of the kind found in the N = 6 case. Interestingly enough, by giving the same VEV to 3 or 6 scalars, i.e., for p = 3 or p = 6, we also find solutions corresponding to the critical value μl = 3 in the analysis of warped AdS_3 in [13]. Note that ending up at some critical point is natural for reasons having to do with massive graviton modes whose presence would be hard to explain from the point of view of the topological gauging, see for instance the discussion in [7]. This analysis still needs to be done in detail and will be discussed elsewhere. Finally, four scalars with the same VEV gives a vanishing V^{new}. Note that this discussion of solutions is valid for the case with zero BLG structure constants, i.e., for the new SO(N) theories, and may be altered for p ≥ 3 if the BLG structure constants are kept non-zero.

2.5 Rewriting the results of the Noether 3-algebra approach in quiver form

We will now convert the theory above from the 3-algebra to the quiver formulation. The field equations written in this formulation will then be easily compared to the ones obtained in the superspace approach which is also in quiver form. As will be clear below, in the quiver formulation it is natural to introduce the two parameters discussed above as two

5This analysis may be carried out also for the new potential in the topologically gauged N = 6 case [10].

– 13 – level parameters tied to the two chiral parts of the gauge field since after the topological gauging they are no longer related to each other. However, we find that the gravitational Chern-Simons terms in the gauged theory do not seem to make room for any additional level parameters although levels can be defined also in that sector, see e.g. Horne and Witten [19]. In fact, the three methods of derivation introduce the free parameters in different ways and seemingly for different reasons. Nevertheless, they all point at the same result, namely that the maximum number of free parameters (or levels) is just two.

2.5.1 Conversion rules Starting from the real fields X^i_a where i takes 8 values and the 3-algebra index a 4 values (as a vector of the gauge group SO(4)) and introducing elements T^a of the three-algebra satisfying T r(T^aT^b) = δ^{ab} we define X̂^i = X^i_aT^a. Hence

L_{KG} = −^1_2 D^μX^i_aD_μX^i_a = −^1_2 T r(D^μX̂^iD_μX̂^i) = −tr(D^μX^iD_μX^{†i}), (2.38)

where in the last step we have used

X̂ = X_aT^a = ( 0 X X^† 0 ) . Note that the symbol tr refers to the 2-dimensional trace over the indices of the matrices

X_m^{m̄} = 1 2 (X^41 + iσ^iX^i) = 1 2 X^aτ^a = 1 2 ( X^4 + iX^3 iX^1 + X^2 iX^1 − X^2 X^4 − iX^3 ) , and (X^†)_{m̄}^m = 1 2 (X^41 − iσ^iX^i) = 1 2 X^aτ̄^a = 1 2 ( X^4 − iX^3 −iX^1 − X^2 −iX^1 + X^2 X^4 + iX^3 ) , whose determinants are SO(4) invariant.

With the definitions above we have

T^a = 1 2 ( 0 τ^a τ̄^a 0 ) , τ^a = (iσ^i, 1), τ̄^a = (−iσ^i, 1).

We can now define self-dual projections by considering

T^{ab} = T^{[a}T^{b]} = 1 4 ( τ^{ab} 0 0 τ̄^{ab} ) ,

and noting that τ^{ab} is self-dual and τ̄^{ab} anti-selfdual.

Turning to the triple product terms we have, from the definition of the three-algebra,

[T^a, T^b, T^c] = f^{abc}_dT^d, (2.39)

that X^i_aX^j_b X^k_c f^{abc}_dT^d = X^i_aX^j_b X^k_c [T^a, T^b, T^c] = [X̂^i, X̂^j , X̂^k]. (2.40)

– 14 –

In terms of matrices this becomes

[X̂^i, X̂^j , X̂^k] = 4 ( 0 (X^{[i}X^{†j} X^{k]})_m^{m̄} (X^{†[i}X^j X^{†k]})_{m̄}^m 0 ) . With these definitions we can now translate the Lagrangian terms L = −^1_2 D^μX^i_aD_μX^i_a −^{λ2}_{12} X^i_aX^j_b X^k_c f^{abc}_dX^i_a′ X^j_{b′} X^k_c′ f^{a′b′c′d} = −^1_2 T r(D^μX̂^iD_μX̂^i) −^{λ2}_{12} T r([X̂^i, X̂^j , X̂^k], [X̂^i, X̂^j , X̂^k]) (2.41)

into the quiver formulation as [20]

L = −tr(DX^iDX^{†i}) −^{8λ2}_3 tr((X^{[i}X^{†j} X^{k]})(X^{†[i}X^j X^{†k]})). (2.42)

Varying this with respect to X^{†i} we get, after collecting and rewriting the three terms that are obtained in the variation,

□X^i − 8λ^2X^j (X^{†[i}X^j X^{†k]})X^k = 0, (2.43)

where we also have inserted the level parameter λ that can be extracted from the structure constant. Comparing with the results in the superspace approach in section 4 we find that

c^2 = λ^2. (2.44)

Note that in this comparison the superspace expressions must be rescaled using X → √ 2X in order to get the supersymmetry transformations on the same form, which in fact also requires the susy parameter in superspace ϵ → √ 2ϵ := ϵ_m, the Noether parameter in the matter sector.

Repeating this for terms with four fields and one structure constant we find iλ 4 ψ̄_aΓ^{ij} ψ_bX^i_cX^j_d ϵ^{abcd} = −2iλtr(ψ̄Γ^{ij} ψ^†X^iX^{†j} ), (2.45) while terms without structure constants are simpler i 2 ψ̄_aγ^μD̃_μψ_a +^{ig}_{64} ψ̄_aψ_aX^2 = itr(ψ̄γ^μD̃_μψ^†) +^{ig}_{16} tr(ψ̄ψ^†)tr(X^iX^{†i}). (2.46)

When discussing the last type of expressions containing three fields that are not antisymmetrised, it is important to establish that the 3-algebra and quiver formulations have a one-to-one relation. In particular we need to show that all quiver expressions in three fields can be written with one trace in order to translate them to the 3-algebra language. That this is indeed the case can be shown as follows. The set of five possible expressions with three quiver fields contains two expressions with a trace

A = (X^i)^{m̄}_mtr(X^j X^{†j} ), B = (X^j )^{m̄}_mtr(X^iX^{†j} ), (2.47)

and three expressions without a trace

C = (X^iX^{†j} X^j )^{m̄}_m, D = (X^j X^{†i}X^j )^{m̄}_m, E = (X^j X^{†j} X^i)^{m̄}_m, (2.48)

– 15 – which, however, are linearly dependent. In fact, by cycling the two-dimensional indices it follows that A and B may be used as a basis: C = E =^1_2 A, D = B −^1_2 A. (2.49) Next we use the four-dimensional 3-algebra indices (assuming that the gauge group is SO(4)) to split the fields into self-dual and anti-self-dual parts. We consider first the covariant derivative

D_μX_a = ∂_μX_a + Ã_{μab}X_b = ∂_μX_a + (2λ −^g_4 )A^+_{μab}X_b − (2λ +^g_4 )A^−_{μab}X_b = ∂_μX_a + (2λ −^g_4 )A^+_{μab}X_b + (2λ +^g_4 )X_bA^−_{μba}. (2.50) To get these expressions into quiver form we multiply by 3-algebra elements T^a and define, following [20], the covariant derivative to be D_μX_m^{m̄} = ∂_μX_m^{m̄} − (^g_8 − λ)A^L_{μm}^nX_n^{m̄} + (^g_8 + λ)X_m^{n̄}A^R_{μn̄}^{m̄}. (2.51) To reach this form we have used the relations A^±_μ =^1_2 A^{L/R}_μ =^i_2 A^{L/R4i}_μ σ^i, (2.52) where the gauge fields belong to the gauge group SU_L(2)×SU_R(2), i.e. the index structure is A^{L4i}_μ (σ^i)_m^n and A^{R4i}_μ (σ^i)_{m̄}^{n̄}. As a final step we absorb the multiplicative factors into the gauge fields to get the covariant derivative in its standard form D_μX_m^{m̄} = ∂_μX_m^{m̄} − A^L_{μm}^nX_n^{m̄} + X_m^{n̄}A^R_{μn̄}^{m̄}. (2.53) Now we repeat these steps for the CS term where we should note the factor of i in the definition of the quiver gauge fields above which therefore are anti-hermitian. Thus L_{CS(A)} =^1_2 ϵ^{μνρ}(2λ −^g_4 )(A^+_{μab}∂_ν A^{+ab}_ρ +^2_3 (2λ −^g_8 )A^+_{μab}A^{+ac}_ν A^{+cb}_ρ ) −^1_2 ϵ^{μνρ}(2λ +^g_4 )(A^−_{μab}∂_ν A^{−ab}_ρ −^2_3 (2λ +^g_4 )A^−_{μab}A^{−ac}_ν A^{−cb}_ρ ). (2.54) In terms of the (anti-hermitian) quiver fields this becomes L_{CS(A)} =^1_2 ϵ^{μνρ}(^g_8 − λ)tr(A^L_μ ∂_ν A^L_ρ +^2_3 (^g_8 − λ)A^L_μ A^L_ν A^L_ρ )

+^1_2 ϵ^{μνρ}(^g_8 + λ)tr(A^R_μ ∂_ν A^R_ρ +^2_3 (^g_8 + λ)A^R_μ A^R_ν A^R_ρ ), (2.55) which after the same absorption of coefficients as above becomes L_{CS(A)} =^1_a L_{CS(A}L_) +^1_{a′} L_{CS(A}R_), (2.56) where we have identified the coefficients a :=^g_8 − λ, a^′ :=^g_8 + λ. (2.57) These correspond in fact to the ones used when setting up the superspace calculation, then defined as the levels for the two independent SU(2) factors in the quiver formulation of the SO(4) theory.

– 16 –

With these parameters present it is trivial to see that one can either turn off the BLG gauge group by letting λ → 0 or the coupling to gravity by sending g → 0. In the latter case one must as usual first rescale away the inverse factor of g in front of the gravitational Chern-Simons terms so that the limit is not singular and all gravitational couplings to matter and gravitational self-interactions become proportional to positive powers of g. This is done by sending the variation of the dreibein, the Rarita-Schwinger and R-symmetry fields to √ g times themselves. Note the gauge field A^{ab}_μ appears in a slightly different form when using the above definition of the corresponding tilde field. To get an analogous situation for the gauge field it needs a redefinition by a square root of the tilde factor but this can only be done after splitting A^{ab}_μ into self-dual and anti-self-dual parts as done above.

2.5.2 The quiver formulation Here we use the conversion rules discussed above to present the result of rewriting the Lagrangian and transformation rules as found in the Noether approach in quiver form. Note that in doing so we continue to use the two supersymmetry parameters in the Noether approach ϵ_g, ϵ_m related by ϵ_g = 2Aϵ_m, where A^2 =^1_2 .

We start with converting the matter sector. We find L_{BLG} = −e g^{μν} tr(D̃_μX^iD̃_ν X^{†i}) + ie tr(ψ̄γ^μD̃_μψ^†) +^1_2 aϵ^{μνρ}(A^L_μ ∂_ν A^L_ρ +^2_3 aA^L_μ A^L_ν A^L_ρ ) +^1_2 a^′ϵ^{μνρ}(A^R_μ ∂_ν A^R_ρ +^2_3 a^′A^R_μ A^R_ν A^R_ρ )

−2iλ e tr(ψ̄Γ^{ij}ψ^†X^iX^{†j} ) −^{8λ2}_3 e tr((X^iX^{†j} X^k)(X^{†i}X^j X^{†k})), (2.58)

where we used the definitions (and the notation a, a^′, b, c from superspace)

a = b + c =^g_8 − λ, a^′ = b − c =^g_8 + λ, (2.59)

The supergravity covariant derivative

D̃_μψ = ∂_μψ +^1_4ω̃_{μαβ} γ^{αβ}ψ +^1_4 B^{ij}_μ Γ^{ij} ψ − a A^L_μ ψ + a^′ ψA^R_μ , (2.60)

and similarly for its complex conjugate ψ^†.

The supersymmetry transformation rules are

δX^i = iϵ̄_mΓ^iψ, (2.61)

δψ = γ^μΓ^iϵ_mD̃_μX^i −^{2λ}_3 Γ^{ijk}ϵ_mX^iX^{†j} X^k + δψ|_{new}, (2.62) and δA^L_μ = iϵ̄_mγ^μΓ^i(X^iψ^† − ψX^{†i}) + δA^L_μ |_{new}, (2.63)

with a similar result for A^R_μ and where we have indicated where the corrections will appear in the topologically gauged theory.

Note that the parameter ϵ_m has an index m for matter since we will need to normalise it in a different way compared to the parameter in the supergravity sector which we henceforth

– 17 – will denote as ϵ_g in the Noether construction. This will also be useful when comparing the Noether approach to the algebraic and superspace ones.

We can then present the entire theory in the quiver formulation: L =^1_g L^{sugra}_{conf} + L^{BLG}_{cov} + 2iAeχ̄_μΓ^iγ^ν γ^μ(tr(ψD̃_ν X^{†i}) −^i_2 Atr(ψψ̄^†)Γ^iχ_ν ) +^{4ieλ}_3 Aχ̄_μγ^μΓ^{ijk}tr(ψX^{†i}X^j X^{†k}) −^{ieλ}_6 χ̄_μγ^{μν} Γ^{ijkl}χ_ν tr(X^iX^{†j} X^kX^{†l}) −^i_2 ϵ^{μνρ}χ̄_μΓ^{ij}χ_ν tr(X^iD̃_ρX^{†j} ) + 2iAf̄^μγ_μΓ^itr(ψX^i) +^i_2 tr(X^2)f̄^μχ_μ −^e_8 tr(X^2)R +^{igA}_8 eχ̄_μγ^μΓ^i(tr(ψX^i)tr(X^2) − 4tr(ψX^j )tr(X^{ij} )) −^{ig}_{64} ϵ^{μνρ}χ̄_μγ_ν χ_ρ((tr(X^2))^2 − 4tr(X^{ij} )tr(X^{ij} )) +^{ieg}_{16} (tr(ψ̄ψ^†)tr(X^2) − 10tr(ψ̄X^{†i})tr(ψX^{†i}) + 2tr(X^iψ̄^†)Γ^{ij} tr(ψX^{†j} )) −^{eg2}_{16·16} ((tr(X^2))^3 − 8tr(X^2)tr(X^{ij} )tr(X^{ij} ) + 16tr(X^{ij} )tr(X^{jk})tr(X^{ki})) (2.64) where A^2 =^1_2 and we have introduced the short-hand notation tr(X^{ij} ) := tr(X^iX^{†j} ) and tr(X^2) = tr(X^{ii}). The covariant derivative is as given above.

The full set of supersymmetry transformation rules for the coupled theory is, with ϵ_m = Aϵ_g, δe_μ^α = iϵ̄_gγ^αχ_μ, (2.65) δχ_μ = D̃_μϵ_g, (2.66)

δB^{ij}_μ = −^i_{2e}ϵ̄_gΓ^{ij} γ_ν γ_μf^ν −^{3ig}_4 tr(ψ̄γ_μΓ^{[i}ϵ_mX^{†j]}) −^{ig}_8 tr(ψ̄γ_μΓ^{ijk}ϵ_mX^{†k}) −^{ig}_2 χ̄_μΓ^{k[i}ϵ_gtr(X^{j]}X^k) −^{ig}_{16}χ̄_μΓ^{ij}ϵ_gtr(X^2), (2.67) δX^i = iϵ̄_mΓ^iψ, (2.68)

δψ = γ^μΓ^iϵ_m(D̃_μX^i − iAχ̄_μΓ^iψ) +^{2λ}_3 Γ^{ijk}ϵ_m(X^iX^{†j} X^k)

+^g_4 Γ^iϵ_mtr(X^{ij} )X^j −^g_{16} Γ^iϵ_mX^itr(X^2), (2.69)

δA^L_μ = −iϵ̄_mγ_μΓ^i(ψX^{†i} − X^iψ^†) − iχ̄_μΓ^{ij}ϵ_gX^iX^{†j} , (2.70) δA^R_μ = −iϵ̄_mγ_μΓ^i(ψ^†X^i − X^{†i}ψ) − iχ̄_μΓ^{ij}ϵ_gX^{†i}X^j . (2.71) 2.6 Establishing the equivalence of the results in the different approaches In this subsection we establish the relation between the three approaches and show that the three sets of results are equivalent. This is most easily done by verifying that the final form of the transformation rules are the same which can be done after finding the proper relations between fields and parameters in three cases. There is a number of sign conventions that we will not try to sort out. Instead we will determine the connection between the parameters in the various approaches only up to signs but this will be enough to see that the most important features, like the form of the new potential terms, are exactly the same in all three approaches.

– 18 –

Consider first the transformation rules obtained in the Noether approach written in 3-algebra language and the ones derived in the algebraic on-shell supersymmetry approach in the next section. The equivalence between these two sets of transformation rules is established if one extracts λ as usual from the structure constants in the latter case and set α^2 =^1_{16} g^2. (2.72) In this case also signs can be made to match by noting the freedom we have to place the gamma matrices in a prescribed order. This will produce signs in the algebraic approach since there the gamma matrices in the space-time directions anti-commute with those in the eight internal directions.

Next we recall the quiver form of the transformation rules in the Noether approach obtained in the previous subsection. To translate the corresponding equations obtained in the superspace approach back to the Noether approach we need to identify fields and parameters as follows, with A^2 =^1_2 ,

Λ = ψ, X_I = A^{−1}X^i, ϵ = ϵ_g = A^{−1}ϵ_m, (2.73)

This will also establish the equivalence of the supersymmetry algebras in the different approaches. Inspecting the transformation rules for the scalar and spinor fields in the matter sector we find that the equivalence between the Noether and superspace approaches follows from the identifications:

b =^1_2 (a + a^′) =^g_8 , c =^1_2 (a − a^′) = −λ, (2.74)

and hence a =^g_8 − λ, a^′ =^g_8 + λ. (2.75)

3 The SUSY algebra approach

In this section we will outline how to derive the field equations of N = 8 superconformal matter-coupled supergravity in three dimensions by requiring that the supersymmetry algebra closes. This method was used by Bagger and Lambert [3] to derive the BLG theory and below we will see that extra structure is allowed, in the sense that the SO(4) symmetry of the BLG theory can be replaced by SO(N), by coupling to N = 8 superconformal Chern- Simons gravity. The presentation here will focus on the method and results; for more technical details see appendix C. The computations in this section have been facilitated by using the Mathematica package GAMMA [21].

3.1 Field equations of topologically gauged N = 8 BLG and SO(N) theories Using the same conventions as in [9], we have the following SUSY transformations for conformal Chern-Simons supergravity δe_μ^α = iϵ̄Γ^αχ_μ , δχ_μ = D̃_μϵ , (3.1) δB^{IJ}_μ = − i 2 e^{−1}ϵ̄Γ^{IJ} Γ_ν Γ_μf^ν,

– 19 – where χ is the gravitino and B^{IJ}_μ is the SO(8) gauge field. The supersymmetry transformations for conformal matter without coupling to gravity, as described by the BLG theory, are [3]

δX^I_a = iϵ̄Γ^I Ψ_a ,

δΨ_a = D̄_μX^I_a Γ^μΓ^I ϵ −^1_6 X^I_b X^J_c X^K_d Γ^{IJK} ϵf^{bcd}_a , (3.2)

δÃ_μ^a_b = iϵ̄Γ_μΓ^I X^I_c Ψ_df^{cda}_b .

In order to couple these theories we make an ansatz for the SUSY transformations for the combined theory where we add all possible terms, to lowest order in the gravitino, allowed by the dimensions of the fields, arriving at^6

δe_μ^α = α_1iϵ̄Γ^αχ_μ , δχ_μ = α_1D̃_μϵ + α_2Γ_μϵX^2 + O(χ^2) , δB^{IJ}_μ = − i 2 α_1e^{−1}(ϵ̄Γ^{IJ} Γ_ν Γ_μf^ν) + iα_3(Ψ̄_aΓ_μΓ^{[I} ϵ)X^{J]}_a + iα_4(Ψ̄_aΓ^K Γ^{IJ} Γ_μϵ)X^K_a

+iα_8(χ̄_μΓ^{K[I}ϵ)X^{J]}_a X^K_a + iα_9(χ̄_μΓ^{IJ} ϵ)X^2 + O(χ^2), δX^I_a = iϵ̄Γ^I Ψ_a ,

δΨ_a = −(D̄_μX^I_a − i α_1 χ̄_μΓ^I ψ_a)Γ^μΓ^I ϵ +^1_6 X^I_b X^J_c X^K_d Γ^{IJK}ϵf^{bcd}_a (3.3)

+ α_5Γ^I ϵX^I_a X^2 + α_6Γ^I ϵX^J_a X^J_b X^I_b + O(χ^2) ,

δÃ_μ^b_a = iϵ̄Γ_μΓ^I X^I_c Ψ_df^{cdb}_a − iα_7ϵ̄Γ_μΓ^I X^I_{[b}Ψ_{a]} + iα_{10}(ϵ̄Γ^{IJ} χ_μ)X^I_c X^J_d f^{cdb}_a +iα_{11}(ϵ̄Γ^{IJ} χ_μ)X^I_b X^J_a + O(χ^2) .

where the constants α_i will be determined by requiring closure of the algebra. To simplify the ansatz we have used the freedom of making field redefinitions and the fact that two SUSY transformations of the fields are only allowed to contain ∂ϵ-terms when acting on gauge fields^7.

The commutator of two supersymmetry transformations must close up to the symmetries of the theory; in our case general coordinate transformations, supersymmetry transformations, Lorentz transformations, SO(8) and three-algebra gauge transformations and superconformal transformations. Note that all the global symmetries of BLG have been promoted to local ones when we couple to supergravity.

Due to the simplicity of δX^I_a we start by computing the commutator of two supersymmetry transformations on X^I_a in order to identify the parameters of the symmetry transformations into which the SUSY algebra closes. Using the SUSY variations above we get [δ_1, δ_2]X^I_a = v^μD̃_μX^I_a + δ_QX^I_a − Λ^I_J X^J_a + Λ̃^b_aX^I_b , (3.4)

6We have changed the sign of some of the standard BLG variations in order for the conformal Chern- Simons supergravity and BLG transformations to close into a translation having the same sign.

7This in particular removes two possible X times χ terms in δX^I_a .

– 20 – where

v^μ = 2iϵ̄_2Γ^μϵ_1 , Q = − 1 α_1 v^μχ_μ , Λ^{IJ} = −2iα_5(ϵ̄_2Γ^{IJ} ϵ_1)X^2 − 4iα_6(ϵ̄_2Γ^{[I|K} ϵ_1)X^{J]}_b X^K_b ) , (3.5) Λ̃^b_a = i(ϵ̄_2Γ^{KL}ϵ_1)(X^K_c X^L_d f^{cdb}_a − 2α_6X^K_b X^L_a ) .

We have here kept subleading terms in the gravitino in order to identity the supersymmetry parameter Q, but from now on we will only focus on the leading behaviour in the gravitino^8. In addition to the standard BLG terms [3] there is now a local supersymmetry transformation, a local SO(8) rotation and an additional term in Λ̃^b_a.

We now turn to the computation of [δ_1, δ_2]Ψ_a. Using various Fierz rearrangements we find, to lowest order^9 in χ

[δ_1, δ_2]Ψ_a = v^μD̃_μΨ_a − 1 4 Λ_{IJ} Γ^{IJ} Ψ_a + Λ̃^b_aΨ_b + δ_S Ψ_a

+ i(ϵ̄_2Γ_ν ϵ_1)Γ^ν ( · · · ) − i 4 (ϵ̄_2Γ_{KL}ϵ_1) ( · · · ) (3.6)

+ (ϵ̄_2Γ_μΓ_{IJKL}ϵ_1)Γ^μ ( · · · ) , where δ_S denotes superconformal transformations and ellipses has been used to represent messy explicit formulae. To start, we note that we must have α_1 = ± √ 2 from the requirement that [δ_1, δ_2]e_μ^α generates the same transport term as in [δ_1, δ_2]X^I_a .

We now analyse the different gamma-structures in (3.6). The Γ^{(5)} term does not represent symmetries of the theory, as can be seen from (3.5), and therefore this term must vanish. From the Γ^{(1)} term we can read off the Dirac equation, and finally the Γ^{(2)} constitutes a consistency condition. Collecting the results^{10} we find

α_2 = α_1(2α_5 +^1_4 α_7) , α_3 = 2α_7 , (3.7) α_6 =^1_2 α_7 ,

and the Dirac equations is

0 = /D̃Ψ_a +^1_2 Γ_{IJ} X^I_c X^J_d f^{cdb}_aΨ_b + (3α_5 +^{α7}_4 )X^2Ψ_a −^1_{α1} X^I_a Γ^I Γ^μf_μ + (3α_4 + 2α_7)X^I_a X^I_b Ψ_b + (3α_4 +^{α7}_2 )Γ_{IJ} X^I_a X^J_b Ψ_b , (3.8)

where we have included χ-terms yielding curvatures upon variation as they will be important in the derivation of the Klein-Gordon equation below.

8This also means that we will not be careful regarding determinants of the vielbein in the expressions below as they will only give gravitino terms upon supersymmetry variation. The correct factors can be deduced when integrating the field equation to an action.

9There is no supersymmetry variation included in the RHS to lowest order in χ as Q ∼ χ. 10In additions four of the five parameters of the superconformal transformation are determined, see appendix C for details.

– 21 –

We now compute [δ_1, δ_2]Ã_μ^b_a, which must take the form [δ_1, δ_2]Ã_μ^b_a = −v^νF̃_{μν}^b_a + D̃_μΛ̃^b_a , (3.9) from which we can read off the field strength F̃_{μν}^b_a = ϵ_{μνλ} ( (X^I_c D̃^λX^I_d −^i_2Ψ̄_cΓ^λΨ_d)f^{cdb}_a − α_7(X^I_{[b}D̃^λX^I_{a]} −^i_2Ψ̄_{[b}Γ^λΨ_{a]}) ) (3.10) and the constraints α_{10} =^1_{α1} , α_{11} = −^{α7}_{α1} . (3.11) In this computation we need to use the fact that f^{abcd} satisfies the fundamental identity. A further constraint from this computation is that a non-zero f^{abcd} implies that the range of the three-algebra indices can be at most four. We thus see that in order to access the SO(N) sequence of gauge groups for N > 4 we need to set f^{abcd}, which parametrizes the BLG theory, to zero. Note however that when the range of the three-algebra indices is four we do get a deformation of the BLG theory, with the interesting self- and anti-self-dual cases discussed in section 2.

We now turn to closing the SUSY algebra on the gravitino. To lowest order in the gravitino it is only the superconformal transformation that contribute in the right-hand side of the algebra [δ_1, δ_2]χ_μ = δ_S χ_μ + O(χ) . (3.12) The vanishing of terms not of this form implies that α_3 + 8α_4 = 0 , (3.13) and the requirement of matching the superconformal transformation read off from closing the supersymmetry algebra on Ψ_a yields α_5 = −^1_8 α_7 . (3.14) Let us now consider the SO(8) gauge field. From the requirement that [δ_1, δ_2]B_μ^{IJ} = −v^ν G_{μν}^{IJ} + D̃_μΛ^{IJ} , (3.15) we can read off the SO(8) field strength G_{μν}^{IJ} = 2α_7ϵ_{μν}^ρ(X^{[I}_a D̃_ρX^{J]}_a −^i_8Ψ̄_aΓ_ρΓ^{IJ} Ψ_a) (3.16) and the constraints α_8 = 4^{α6}_{α1} , α_9 = −2^{α5}_{α1} . (3.17)

– 22 –

The constraints obtained on the α_i parameters leave only one free parameter, which we choose to be α_7 and relabel as just α from now on.

Making a supersymmetry variation of the Dirac equation (3.8) which, using the solution for the α_i parameters, simplifies to 0 = /D̃Ψ_a +^1_2 Γ_{IJ} X^I_c X^J_d f^{cdb}_aΨ_b −^α_8 X^2Ψ_a +^5_4 αX^I_a X^I_b Ψ_b

−^1_4 αΓ_{IJ} X^I_a X^J_b Ψ_b −^1_{α1} X^I_a Γ^I Γ^μf_μ , (3.18) we obtain the Klein-Gordon equation ~□X^I_a − d_{XIa} V −^1_8 X^I_aR̃ = 0 (3.19)

where V =^1_{12} X^I_a X^J_b X^K_c X^I_e X^J_f X^K_g f^{abcd}f^{efg}_d +^{α2}_8

(_1

16 (X^2)^3 −^1_2 (X^2)X^J_b X^J_c X^K_c X^K_b + X^I_c X^I_a X^J_a X^J_b X^K_b X^K_c ) . (3.20) By instead making a supersymmetry variation of the SO(8) field strength (3.16) we get the Cottino equation 4e^{−1}ϵ_σ^{μν} Γ_ρΓ_μD̃_ν f^ρ +^{α2}_{α1} Γ_σΓ^I Ψ_b(X^K_b X^K_a X^I_a −^1_4 X^I_b X^2) +2^α_{α1} Γ^I (Ψ_aD̃_σX^I_a − D̃_σΨ_aX^I_a ) + 2^α_{α1} Γ^ρΓ_σΓ^I Ψ_aD̃_ρX^I_a (3.21) −^1_3^α_{α1} Γ_σΓ^{IJK} X^I_a X^J_b X^K_c Ψ_df^{abcd} + αe^{−1}Γ_ρΓ_σf^ρX^2 = 0 , which can be rewritten using the Dirac equation giving

4e^{−1}ϵ_σ^{μν} Γ_ρΓ_μD̃_ν f^ρ − 2^α_{α1} ϵ_σ^{μν} Γ_μΓ^ID̃_ν (Ψ_aX^I_a ) + 4^α_{α1} Γ^ρΓ_σΓ^I Ψ_aD̃_ρX^I_a + 2αe^{−1}f_σX^2 −2^{α2}_{α1} Γ_σΓ^I Ψ_b(X^K_b X^K_a X^I_a −^1_4 X^I_b X^2) +^2_3^α_{α1} Γ_σΓ^{IJK} X^I_a X^J_b X^K_c Ψ_df^{abcd} = 0 . (3.22) Performing a supersymmetry variation of the Cottino equation (3.22) yields the Cotton equation −^4_αC̃_{μν} + X^2(R̃_{μν} −^1_2 g_{μν}R̃) − 8g_{μν} V (X) + g_{μν} ~□X^2 − D̃_{(μ}D̃_{ν)}X^2 + 8(D̃_μX^I_aD̃_ν X^I_a −^1_2 g_{μν}D̃^ρX^I_a D̃_ρX^I_a ) = 0 (3.23) where we have only kept the purely bosonic terms.

And finally, by using the Klein-Gordon equation (3.19) and the fundamental identity we can show that the Bianchi identity ϵ^{μνρ}D̃_μF̃_{νρ}^a_b = 0 (3.24) is satisfied.

To summarise, starting from a general ansatz for the supersymmetry transformations we have been able to derive the field equations for conformal matter coupled to conformal Chern-Simons gravity in three dimensions by requiring that the supersymmetry algebra closes up to symmetry transformations of the theory. The most notable outcome of coupling to gravity is that the allowed gauge group is SO(N) for N ≥ 1.

– 23 –

4 Superspace

In this part of the paper we discuss these models from the superspace point of view. The fields can be thought of as belonging to three multiplets: conformal supergravity, Yang- Mills and scalar. The first of these can be described off-shell for any N , and as this has been discussed previously in the literature [22–26] we have relegated it to appendix D. However, the treatment given there is quite detailed and contains some previously unpublished material on the completeness of the solution to the Bianchi identities and N = 6 as well as the conventions for this section. The basic feature of the off-shell conformal supergravity field strength multiplet, for N ≥ 4, is that it is given by a constrained dimension-one Lorentz-scalar superfield, M_{IJKL}, that is totally antisymmetric on its SO(N ) indices. This superfield contains the Cotton and Cottino tensors amongst its components and can therefore be thought of as the super Cotton tensor. A similar situation holds in the Yang-Mills sector where there is another constrained dimension-one superfield W_{IJ} [27, 28]. The constraints are given in (D.9) for gravity and (D.20) for Yang-Mills. For conformal supergravity this leads to the multiplet structure given in Figure 1 in appendix D, while a similar picture, given by Figure 2, is valid for the Yang-Mills sector. On the other hand the scalar multiplets for N = 6 and N = 8 are on-shell. They both consist of (sets of) eight scalars and spinors so the basic constraints, which state that the former transform into the latter, necessarily imply the equations of motion by supersymmetry.

To construct the complete on-shell theory we therefore need to specify the super Cotton tensor M_{IJKL} and the Yang-Mills tensor W_{IJ} in terms of the scalar multiplet fields. Since these both have dimension one it follows that they must be bilinears in the scalar fields, and from the basic constraint on the latter it follows that the constraints on M and W are satisfied, and hence that the Bianchi identities for both gravity and Yang-Mills are also satisfied, as discussed in D.2.

The problem is therefore to check that these equations are consistent with the Ricci identity for the scalar multiplet.^{11} For the latter, the anti-commutator of two odd superspace derivatives acting on the scalar, or the spinor, will give rise to terms involving the torsion, the geometrical curvatures and the Yang-Mills field strength, and it turns out to be sufficient to check this anti-commutator for the scalars. From this consistency constraint, given that the Bianchi identities in the gauge and geometry sectors hold, the restrictions on the possible gauge groups that are allowed can be derived. By applying further odd derivatives one can then obtain the equations of motion for the spacetime fields.

In the following we shall occasionally refer to (p, q) forms, superspace forms with p even and q odd indices. For example, the Bianchi identity for a Yang-Mills field is I := DF = 0, and the lowest-dimensional component of this is the one with all odd indices, i.e. I_{0,3}.

4.1 Matter multiplets For a vector field in D = 3 the conformal Lagrangian is the Chern-Simons term so that in the absence of any matter the equation of motion states that the spacetime field strength is zero, and the superspace extension of this is simply that the whole of the superspace

11By Ricci identity we mean the definition of a curvature in terms of a graded commutator of derivatives.

– 24 – field strength vanishes. When matter is present the spacetime field strength will be given by the dual of the matter current and in superspace this implies that all components of the field strength will be given as bilinears in the matter fields. There have been discussions of these models in the literature in a superspace context in [29–31], from a pure spinor inspired point of view, in [32, 33] using superfields and the Nambu bracket formulation of BLG, and in [27, 28] in a more conventional approach that is close to ours.

In this section we shall briefly recap what happens in flat superspace in a Lie-algebra formalism. We shall take the gauge group to be G × G^′ in N = 6 and recover the result that G = G^′ = SU(2) for N = 8.

We begin with N = 8.^{12} The scalar multiplet has eight scalars X_I and eight spinors Λ_{αA}′ , so the constraint on the superfield X_I must be

D_{αA}X_I = i(Σ_I )_{AA}′ Λ^{A′}_α . (4.1)

Here, the derivative is gauge-covariant with respect to the group G × G^′, so the Ricci identity is [D_{αA}, D_{βB} ]X_I = iδ_{AB} (γ^a)_{αβ} D_aX_I − aF_{αAβB} X_I + a^′X_I F^′_{αAβB} , (4.2) where a, a^′ are real constants. To check the consistency of the Ricci identity we can parametrise the variation of Λ as D_{αA}Λ_{βB}′ = 1 2 (γ^a)_{αβ} (Σ_I )_{AB}′ D_aX_I + ε_{αβ} H_{AB}′ + (γ^a)_{αβ} H_{aAB}′ . (4.3)

The first term is there in the absence of interactions while the fields appearing the second and third will be functions of the matter fields as we are on-shell. In order to determine these we need first to say something about the lowest-dimensional components of the fields strengths. The scalar X has dimension one-half, Λ dimension one and F_{0,2} also has dimension one. The latter can therefore only be bilinear in X. We have^{13}

F_{αAβB} = iε_{αβ} (Σ^{IJ} )_{AB} X_I X^∗_J and F^′_{αAβB} = iε_{αβ} (Σ^{IJ} )_{AB} X^∗_I X_J , (4.4)

Using (4.1) we can easily see that these constraints are compatible with the Bianchi identities for F, F^′. The dimension three-halves component of F is given by

F_{aβB} = (γ_aχ)_{βB} , (4.5)

and similarly for F^′ where

χ_{αA} = i(Σ^I (X_I Λ^∗ − ΛX^∗_I ))_{αA}

χ^′_{αA} = i(Σ^I (X^∗_I Λ − Λ^∗X_I ))_{αA} . (4.6)

12For N = 8 the R-symmetry group is taken to be Spin(8) rather than SO(8) whence the spinor Rsymmetry index A. See appendix D.

13In other words these equations give WAB and W^′_{AB} in terms of the scalars.

– 25 –

As discussed in appendix D it suffices to show that the (0, 3) component of the Bianchi identity holds, which it clearly does given equations (4.1) and (4.4)

Substituting (4.3) into (4.2) we find, in the case of flat superspace, that H_{aBC}′ = 0, and that

2(Σ_I )_{[A}^{C′} H_{B]C}′ = (Σ^{JK} )_{AB} (b(X_J X^∗_K X_I − X_I X^∗_J X_K ) + c(X_J X^∗_K X_I + X_I X^∗_J X_K )) , (4.7) where b :=^1_2 (a + a^′) and c :=^1_2 (a − a^′). The terms cubic in X contain the representations (1000), (0011) and (1100) of SO(8), but only the first two are contained in H_{AB}′ . The mixed symmetry representation must therefore be excluded. It appears inevitably in the b term, so that b must be set to zero, i.e. a = −a^′. This means that the coefficients of the two Chern-Simons terms in the spacetime action must have equal magnitude and opposite sign. The c term will also have a mixed symmetry component except for the case SU(2) × SU(2), and when X_I is real, X_x^{x′} → X̄^x_x′ = ε^{xy}X_y^{y′} ε_y′_x′ ∀ I , (4.8) where x, x^′ = 1, 2 are doublet indices for the two SU(2)s. In this case, it is easy to see, using the cyclic formula

AB^∗C + AC^∗B = Atr(B^∗C) , (4.9)

valid for any real fields (as in (4.8)) in the bi-fundamental representation of SU(2)×SU(2). In this case one finds that only the totally antisymmetric X^3 term survives and that H_{AA}′ = c 6 (Σ^{IJK} )_{AA}′ X^3_{IJK} , (4.10)

where X^3_{IJK} := X_{[I} X^∗_J X_{K]} .

In the ABJM case the scalar field Z_A is complex, in the four-dimensional spinor representation of SU(4), the spin group of SO(6). As it is complex it can also carry a U(1) charge q with respect to the additional U(1) R-symmetry factor. In flat superspace the basic equations are: the variation of the scalar,

D_{αI} Z_A = i(Σ_I )_{AB} Λ^B_α . (4.11)

the Ricci identity, [D_{αI} , D_{βJ} ]Z_A = iδ_{IJ} (γ^a)_{αβ} D_aZ_A − aF_{αIβJ} Z_A + a^′Z_AF^′_{αIβJ} , (4.12) the variation of Λ,

D_{αI} Λ^B_β = 1 2 (γ^a)_{αβ} (Σ_I )^{BC} D_aZ_C + ε_{αβ} H_I^B + (γ^a)_{αβ} H_{aI}^B , (4.13)

and the dimension-one components of the gauge field strengths, F_{αIβJ} = iaε_{αβ} ZΣ^{IJ} Z^∗ and F^′_{αIβJ} = ia^′ε_{αβ} Z^∗Σ^{IJ} Z . (4.14)

– 26 –

As in the the BLG case we can substitute (4.13) in (4.12) to find, firstly, that H_{aI}^B = 0, and then that

4Σ_{[I} H_{J]} = b(ZΣ^{IJ} Z^∗Z − ZZ^∗Σ^{IJ} Z) + c(ZΣ^{IJ} Z^∗Z + ZZ^∗Σ^{IJ} Z) . (4.15)

Making the SU(4) structure of these terms more explicit we find that the b term is

2b(Σ_{IJ} )^B_C Z_{(A}Z̄^C Z_{B)} , (4.16)

whereas the c term is antisymmetric on AB. (4.16) can be rewritten as

2b(Σ^{KLM} Σ_{IJ} )_{AB} ξ_{KLM}^B . (4.17)

The spinor ξ can be expanded in terms of irreducible representations and we find that it contains the thirty-six dimensional (201) representation that does not drop out of (4.15) and that cannot be absorbed in H_I . So we again have to choose b = 0. On the other hand, the c term is compatible with (4.15) for any choice of gauge group of the form G × G^′. One finds

H_I^A = c(ζ_I − 1 4 Σ_I Σ^J ζ_J )^A , (4.18)

where

ζ_I^A := − 1 2 (Σ_I )^{BC} Z_BZ̄^AZ_C . (4.19)

4.2 Coupling to supergravity

In this section we consider the coupling of the matter-gauge systems to conformal supergravity. The idea is that we have to satisfy the Bianchi identities in the gravity and gauge sectors and the Ricci identity for the matter fields. For the ABJM case it turns out that the parameter b must still be set equal to zero and that the scalar multiplet can be coupled to the off-shell superconformal geometry, while for the BLG case the situation is more complicated. There one can couple the scalar multiplet to on-shell conformal supergravity, but only if the parameter b is non-zero.

4.2.1 N =6 The basic constraint on the scalar multiplet (4.11) is unchanged (although the derivative now includes the geometrical connections), and the dimension-one components of the gauge field strength tensors are also unaltered. However, the Ricci identity (4.12) is amended to

[D_{αI} , D_{βJ} ]Z_A = iδ_{IJ} (γ^a)_{αβ} D_aZ_A − aF_{αIβJ} Z_A + a^′Z_AF^′_{αIβJ} − iqG_{αIβJ} Z_A − R_{αIβJ,A}^B Z_B , (4.20) where q is the U(1) charge of the scalar field Z and the last term involves the SO(6) curvature in the spin representation, R_A^B =^1_4 (Σ^{IJ} )_A^B R_{IJ} . The variation of Λ is still given by (4.13), although the field H_a cannot be set to zero. We now want to investigate the Ricci

– 27 – identity on the scalar fields using the variation of the spinor, as before. The crucial terms come from the M × Z terms in the SO(6) and U(1) curvatures acting on Z. The key point is that these give rise to a composite object M_{IJ} Z_A, (where, for N = 6, M_{IJ} is the SO(6) dual of the super Cotton tensor M_{IJKL}), which decomposes into (201)+(011)+(100). The matter multiplet, as we discussed above, does contribute a term in the (201) when b ≠ 0, as can be seen from (4.16). However, M_{IJ} can only be proportional to tr(ZΣ_{IJ} Z^∗) on-shell, whereas (4.16) cannot be written in this form for any choice of gauge group G × G^′, not even for G = G^′ = SU(2). In the SU(2) × SU(2) case one can use (4.9) to write (4.16) as a sum of two terms involving traces. One of these has the correct form to be absorbed by M_{IJ} Z_A, but the other has the form tr(ZZ)Z^∗ which cannot. We therefore conclude that b = 0 in the presence of conformal supergravity as well as in flat space.

This result means that the (201) representation in M_{IJ} Z cannot be absorbed by the matter sector and hence the two MZ terms in (4.20) must be arranged so that this term cancels between them. This requires the charge q to be −^1_2 . With this choice the susy algebra on the scalars closes provided that the H-functions in the variation of Λ are chose to be

H_{aI}^A = L_{aIJ} (Σ^J Z)^A − 1 2 L_a^{JK} (Σ_{IJK} Z)^A H_I^A = 1 2 K_{IJ} (Σ^J Z)^A + c(ζ_I − 1 4 Σ_I Σ^J ζ_J )^A − iμ_I^A + 3i 8 (Σ_I Σ^J μ_J )^A , (4.21)

where

M_{IJ} Z := μ̂_{IJ} + Σ_{[I} μ_{j]} . (4.22)

Here, μ̂_{IJ} denotes the (201), while μ_I is the sum of the other two representations, (011) and (100). Note that this does not require that the conformal supergravity sector is on-shell, although of course one will need to impose this to obtain the full equations of motion. This is done by taking M_{IJ} to be proportional to tr(ZΣ_{IJ} Z^∗). The conclusion is therefore that the N = 6 gauging of [10, 11] does not admit any further generalisation.

4.2.2 N =8 The situation is somewhat different in N = 8. We shall start with the closure of supersymmetry on the scalars, for which (4.2) is modified to

[D_{αA}, D_{βB} ]X_I = iδ_{AB} (γ^a)_{αβ} D_aX_I − aF_{αAβB} X_I + a^′X_I F^′_{αAβB} − R_{αAβB,I}^J X_J , (4.23) while the variation of the fermion is given in (4.3). We now find that there is a solution for the H-fields in the variation of Λ for the gauge group SU(2) × SU(2) with non-vanishing conformal supergravity provided that b ≠ 0. Explicitly we find

– 28 –

H_{AA}′ = 1 2 (Σ^I )_A′^B K_{AB}X_I + b 2 (Σ^I )_{AA}′ (tr(X_I X^∗_J )X_J − 1 4 trX^2X_I ) − c 6 X^3_{IJK} H_{aAA}′ = 1 4 (−(Σ^I )_{AA}′ L_{aIJ} X_J + 1 2 (Σ^{IJK} )_{AA}′ L_{aIJ} X_K ) , (4.24)

where trX^2 := tr(X_I X^∗_I ). The b term in H_{AA}′ can be absorbed by the geometry provided that we choose

C_{IJ} = 8b(tr(X_I X^∗_J ) − 1 8 δ_{IJ} trX^2) , (4.25)

where C_{IJ} is the super Cotton tensor for N = 8. (Its relation to M_{ABCD} is described in Appendix D.) It might be thought that the terms in (4.24) involving K_{AB} and L_{aBC} could be ignored since their leading components can be gauged away (see Appendix D), but this is not correct because the spinorial derivatives of these fields include terms involving the gravitino field strength and the field λ_{ABC} (the dimension three-halves component of the super Cotton multiplet). In particular, the latter turns out to be (using (D.18))

λ_I = − 14ib 3 (tr(X_I Λ^∗) − 1 7 Σ_{IJ} tr(X_J Λ^∗)) . (4.26)

This essentially solves the problem in superspace. It is tedious, but straightforward, to verify that the supersymmetry algebra closes on Λ and to obtain as a bi-product the equation of motion for the spinor field. It is

γ^aD_aΛ = − b 4 (2Σ^{IJ} tr(ΛX_I )X_J + 10tr(ΛX_I )X_I − trX^2Λ)

+cΣ^{IJ} X_I ΛX_J − 3 4 Σ^I ΨX_I + 1 4 L_{aIJ} γ^aΣ^{IJ} Λ (4.27)

From this one finds the pure scalar terms in the scalar equation of motion to be

D^aD_aX_I = b^2(3tr(X_I X_J )tr(X_J X_K )X_K − trX^2tr(X_I X_J )X_J − 1 2 tr(X_J X_K )tr(X_J X_K )X_I + + 3 16 (trX^2)^2X_I ) + 2c^2X_J X^3_{IJK} X_K . (4.28)

The last term can be rewritten in terms of traces if desired. This corresponds to a potential that is proportional to

V (X) ∝ b^2 ( 1 2 tr(X_I X_J ) tr(X_I X_K ) tr(X_J X_K ) − 1 4 trX^2 tr(X_I X_J ) tr(X_I X_J ) + 1 48 (trX^2)^3 )

−c^2tr(X^3_{IJK} X^3_{IJK} ) . (4.29)

– 29 –

For the geometrical sector the general analysis given in appendix D shows that we have a complete solution of the Bianchi identities provided that the field M_{ABCD} satisfies (D.9) (with the indices replaced by A, B etc and with λ_5 being the dual of λ_3). That this is so is easily verified from (4.25) and (4.1). For the gauge sector we have already shown that the Bianchi identities are satisfied given (4.4) and (4.1). The dimension three-halves components are given by (4.5) and (4.6). The dimension-two components are given by

F_{ab} = −ε_{ab}^c(X_I D_cX^∗_I − D_cX_I X^∗_I + i 2 Λ_A′ γ_cΛ^∗_A′ )

F^′_{ab} = −ε_{ab}^c(X^∗_I D_cX_I − D_cX^∗_I X_I + i 2 Λ^∗_A′ γ_cΛ_A′ ) . (4.30)

The equations derived above are covariant under super-Weyl transformations, although this is not manifest. A discussion of this topic can be found in Appendix D.

4.3 N = 8 models with SO(N) gauge groups

In the N = 8 modification of BLG we have seen that setting b = 0 immediately implies that the background has to be superconformally flat, because C_{IJ} and hence all of the field strengths in the super Cotton tensor must vanish. On the other hand one can set c = 0 without getting a free model. If the gauge group is SU(2) × SU(2) this means that the two Chern-Simons terms in the spacetime Lagrangian have equal magnitudes and signs. They can therefore be rewritten as a single SO(4) Chern-Simons term. It turns out, as we shall now show, that this model can be generalised to an SO(N) gauge group for any N.

We now take the scalar field X^r_I , r = 1, . . . N to transform under the vector representation of SO(N) as well as SO(8). Then (4.23) becomes [D_{αA}, D_{βB} ]X^r_I = iδ_{AB} (γ^a)_{αβ}D_aX_I − aF^{rs}_{αAβB} X^s_I − R_{αAβB,I}^J X^r_J , (4.31) while in (4.2) both X and Λ carry an extra SO(n) vector index and (4.4) is replaced by

F^{rs}_{αAβB} = i(Σ^{IJ} )_{AB} X^r_I X^s_J . (4.32)

We then find that the supersymmetry algebra closes on the scalars if we take

C_{IJ} = 8a(tr(X_I X_J ) − 1 8 δ_{IJ} trX^2) (4.33) and H_{AA}′ = 1 2 (Σ^I )_A′^B K_{AB} X_I + a 2 (Σ^I )_{AA}′ (tr(X_I X_J ) − 1 4 δ_{IJ} trX^2)X_J . (4.34)

5 Conclusions

The main goal of this paper has been to derive the possible topologically gauged M2-brane theories with six and eight supersymmetries. We have done this by combining results from three different methods, partly from expediency and partly because the different approaches

– 30 – illuminate different aspects of the problem with the results appearing in a different orders. Clearly each of these methods, Noether, algebraic on-shell supersymmetry and superspace, would by itself provide a complete and consistent way to derive any of the topologically gauged theories discussed in this paper.

In the case of N = 6 supersymmetry we have shown rigorously that there are no further possibilities for topological gauging of the ABJM models beyond those that have already appeared in the literature [10, 11]. On the other hand, for N = 8, we have seen that the gauged BLG theory can accommodate an extra interaction in the presence of gravity provided that the coefficients of the two SU(2) Chern-Simons terms no longer have the same magnitude. When the standard BLG sextic potential is switched off this results in a new interacting theory with a single SO(4) Chern-Simons term. Furthermore, this model can be extended to arbitrary SO(N) gauge groups. Note, however, that for special values of the parameters in the deformed BLG the SO(4) is reduced to SO(3).

One general feature of these topologically gauged theories is the appearance of new terms in the scalar potential. If evaluated for a single scalar field vacuum expectation value v, the new potential picks up a non-zero value V (v) which implies that all these theories have AdS_3 vacuum solutions of various kinds. In the N = 6 cases considered in [10, 11] the resulting topologically massive supergravity theory ended up at the chiral point corresponding to that discussed by Li, Song and Strominger in [12]. However, the theories with eight supersymmetries obtained in this paper have different solutions depending on how many scalar fields are given the VEV v. As explained in section 2, in this way we find both critical AdS_3 backgrounds and critical warped AdS_3 ones corresponding to those discussed in [13].

The interpretation of these new models in terms of membranes is not immediately apparent. We have argued in the introduction that they might correspond to branes in the context of AdS/CFT with mixed Dirichlet-Neumann boundary conditions as suggested in [7]. It would be interesting to study whether this tentative identification can be established with more certainty.

Acknowledgments

We would like to thank Martin Cederwall and Jelle Hartong for discussions and Nordita and the organisers of the programme “Geometry of strings and fields” where part of this work was carried out. BN is partly funded by the Swedish Research Council and UG is supported by the Knut and Alice Wallenberg Foundation.

A Comparing conventions

A.1 Conventions in the Noether approach We use here the convention ϵ^{μνρ} : ϵ^{012} = +1 (A.1) together with eγ^{μν} = ϵ^{μνρ}γ_ρ,^1_2 ϵ^{μνρ}γ_{νρ} = −eγ^μ, ϵ^{μνρ}ϵ_{τ νρ} = −2e^2δ^μ_τ . (A.2)

– 31 –

The eight internal gamma matrices Γ^i are 16 × 16, antisymmetric and commute with the ones in space-time γ^μ.

A.2 Supersymmetry conventions The choice of the dimension zero torsion in superspace T_{αβ}^a = −iγ^a_{αβ} implies using the superspace Ricci identity (the curvature term is not needed here) {D_α, D_β} = −T_{αβ}^aD_a = iγ^a_{αβ} D_a , (A.3) which can be turned into a commutation relation for two supersymmetries as follows. Form δ_1 = ϵ̄^α_1 D_α and the same for the second one, and construct the commutator. We find that

[δ_1, δ_2] = iϵ̄_1γ^aϵ_2D_a . (A.4)

Now we compute the same commutator from the transformation rules of the component fields in the Noether and algebraic approaches. Using

δX^i_a = iϵ̄Γ^iψ_a, δψ_a = Γ^iγ^μϵD_μX^i_a , (A.5)

(note the order of the gamma matrices in δψ_a which makes it valid in both component approaches) we find that [δ_1, δ_2] = −2iϵ̄_1γ^μϵ_2D_μ . (A.6) The difference in the factor of ”2” is clear since it is taken care of by the factor of^1_2 in the superspace approach, A in the Noether approach and the √ 2 in the algebraic approach.

The sign difference on the other hand is correct since the derivative and field realizations should give susy algebras with different signs on the right hand side.

A.3 (γ^μ, Γ^i) versus Γ^M = (Γ^μ, Γ^I ) versus (γ^a, (Σ^I )_A^{A′} ) In the Noether and superspace approaches the 3d gamma matrices commute with the 8d ones, while in the algebraic approach they anti-commute. These choices are not significant and could have been done differently in each case. In the title of this subsection the matrices used in the three approaches are given in the order Noether, algebraic, and superspace. There is also some notational differences for the SO(8) gamma matrices. In the component approaches one uses Γ^i, with i an SO(8) vector index, which in superspace is replaced by Σ^I and Σ̄^I , now with I as the vector index. One can check that the Clifford algebra in this case allows for two different kinds of gamma matrices. While the metric in spinor space must be symmetric the Γ^i matrices themselves can be either symmetric or antisymmetric. The Noether approach uses antisymmetric Γ^i matrices but in the superspace approach this is not an issue since only the 8×8 blocks Σ^I and Σ̄^I appear. If needed the relation between the gamma matrices is

Γ^i = ( 0 Σ^I Σ̄I 0 ) , where Σ̄^I = −Σ^I while in superspace it is understood that if needed Σ̄^I = Σ^I is used. Note that the chirality of the R-symmetry spinors is explicit in the superspace conventions where the gamma matrices are often written with spinor indices as (Σ^I )_A^{A′} .

– 32 –

B Cancellation of ϵψ^3X in the Noether approach One interesting term to check here is ϵψ^3X without a structure constant. Such terms come from the following variations δL_{Dirac}|_{δB} =^{ie}_8 ψ̄_aγ^μΓ^{ij}ψ_aδB^{ij}_μ , (B.1) δL_{Dirac}|_{δA,nof} =^{ie}_2 ψ̄_aγ^μψ_bδÃ^{ab}_μ , (B.2) and δL_{Y uk,nof} |_{δX} =^{ig}_{32} e(ψ̄_aψ_aX^k_b δX^k_b − 10ψ̄_aψ_bX^i_aδX^i_b + 2ψ̄_aΓ^{ij}ψ_bX^i_aδX^j_b ). (B.3) Inserting the relevant variations we get δL_{Dirac}|_{δB} =^{ie}_8 ψ̄_aγ^μΓ^{ij}ψ_a(−^{3ig}_8 ψ̄_bγ_μΓ^{[i}ϵ_mX^{j]}_b −^{ig}_{16} ψ̄_bγ_μΓ^{ijk}ϵ_mX^k_b ), (B.4) δL_{Dirac}|_{δA,nof} =^{ie}_2 ψ̄_aγ^μψ_b^{ig}_4 ϵ̄_mγ_μΓ^iψ_{[a}X^i_{b]}, (B.5) and δL_{Y uk,nof} |_{δX} =^{ig}_{32} e(ψ̄_aψ_aX^k_b − 10ψ̄_aψ_bX^k_a + 2ψ̄_aΓ^{ik}ψ_bX^i_a)(−iψ̄_bΓ^kϵ_m) . (B.6) To find the identity that must be proven by fierzing we drop^{eg}_{64} X^k_b from the above expressions and get (after writing the three-algebra indices in the right way for fierzing) 2ψ̄_aψ_aψ̄_bΓ^kϵ − 20ψ̄_bψ_aψ̄_aΓ^kϵ − 4ψ̄_bΓ^{ik}ψ_aψ̄_aΓ^iϵ + 3ψ̄_aγ^μΓ^{ik}ψ_aψ̄_bγ_μΓ^iϵ +^1_2ψ̄_aγ^μΓ^{ij} ψ_aψ̄_bγ_μΓ^{ijk}ϵ + 8ψ̄_bγ^μψ_aψ̄_aγ_μΓ^kϵ = 0 . (B.7) We now would like to Fierz these terms so that the two fermions with the index a sit together. The possible terms are then ψ̄_aψ_a, ψ̄_aΓ^{ijkl}ψ_a, ψ̄_aγ^μΓ^{ij}ψ_a, (B.8) since the spinors are chiral and only Γ^{2n} can appear between two spinors of the same chirality. Here we need the symmetrized Fierz identity:

ψ_{(a} ⊗ ψ_{b)} = −^1_{16} Cψ̄_{(a}ψ_{b)} +^1_{32} γ^μΓ^{ij}ψ̄_{(a}γ_μΓ^{ij}ψ_{b)} −^1_{32}^1_{4!} CΓ^{ijkl}ψ̄_{(a}Γ^{ijkl}ψ_{b)}, (B.9) which reads for a = b

ψ_a ⊗ ψ_a = −^1_{16} Cψ̄_aψ_a +^1_{32} γ^μΓ^{ij}ψ̄_aγ_μΓ^{ij}ψ_a −^1_{32}^1_{4!} CΓ^{ijkl}ψ̄_aΓ^{ijkl}ψ_a. (B.10) If we multiply by the 3d charge conjugation matrix from the right and use ψC = ψ̄ this becomes ψ_a ⊗ ψ̄_a = −^1_{16}ψ̄_aψ_a +^1_{32} γ^μΓ^{ij}ψ̄_aγ_μΓ^{ij}ψ_a −^1_{32}^1_{4!} Γ^{ijkl}ψ̄_aΓ^{ijkl}ψ_a . (B.11) We now construct the three Fierz expressions needed in the 2nd, 3rd and last terms above:

ψ̄_b|ψ_a ⊗ ψ̄_a|Γ^kϵ = −^1_{16}ψ̄_bΓ^kϵψ̄_aψ_a +^1_{32} ψ̄_bγ^μΓ^{ij}Γ^kϵψ̄_aγ_μΓ^{ij} ψ_a −^1_{32}^1_{4!}ψ̄_bΓ^{ijkl}Γ^kϵψ̄_aΓ^{ijkl}ψ_a (B.12)

– 33 – ψ̄_bΓ^{ik}|ψ_a ⊗ ψ̄_a|Γ^iϵ = −^1_{16}ψ̄_bΓ^{ik}Γ^iϵψ̄_aψ_a +^1_{32} ψ̄_bΓ^{ik}γ^μΓ^{(2)}Γ^iϵψ̄_aγ_μΓ^{(2)}ψ_a −^1_{32}^1_{4!}ψ̄_bΓ^{ik}Γ^{(4)}Γ^iϵψ̄_aΓ^{(4)}ψ_a (B.13) and finally ψ̄_bγ^μ|ψ_a ⊗ ψ̄_a|γ_μΓ^kϵ = −^1_{16} ψ̄_bγ^μγ_μΓ^kϵψ̄_aψ_a +^1_{32}ψ̄_bγ^μγ^ν Γ^{ij}γ_μΓ^kϵψ̄_aγ_ν Γ^{ij} ψ_a −^1_{32}^1_{4!}ψ̄_bγ^μΓ^{ijkl}γ_μΓ^kϵψ̄_aΓ^{ijkl}ψ_a = −^3_{16} ψ̄_bΓ^kϵψ̄_aψ_a −^1_{32} ψ̄_bγ^ν Γ^{ij}Γ^kϵψ̄_aγ_ν Γ^{ij}ψ_a −^3_{32}^1_{4!}ψ̄_bΓ^{ijkl}Γ^kϵψ̄_aΓ^{ijkl}ψ_a (B.14) First we add up the −^1_{32}^1_{4!}ψ̄_bΓ^{ijkl}Γ^kϵψ̄_aΓ^{ijkl}ψ_a terms which cancel since − 20 − 4 + 3 · 8 = 0, (B.15) and secondly we check the ψ̄_aψ_aψ̄_bΓ^kϵ terms which cancel since 2 − 20(−^1_{16} ) − 4(^7_{16} ) + 8(−^3_{16} ) = 0, (B.16) and finally the terms ψ̄_bγ^μΓ^{ij}Γ^kϵψ̄_aγ_μΓ^{ij}ψ_a cancel since

− 20^1_{32} Γ^{ij} Γ^k − 4^1_{32} (−4Γ^kΓ^{ij} + Γ^{ij}Γ^k) + 3Γ^iδ^{jk} +^1_2 Γ^{ijk} + 8(−^1_{32} )Γ^{ij}Γ^k = 0. (B.17) Thus we find that the ϵψ^3X terms cancel in the supersymmetry variation of the lagrangian. C Closing the SUSY algebra C.1 Conventions We essentially use the same conventions as in [3]. For example the Γ-matrices are 11- dimensional, and using the chirality properties of ϵ, we get Γ_{μν} ϵ = ϵ_{μνρ}Γ^ρϵ (C.1) for dualizing Γ-matrices with three-dimensional indices (same sign for acting on χ_μ, opposite sign when acting on Ψ_a). For Γ-matrices with eight-dimensional indices we have the following dualization relation Γ_{I1···Ip} = (−1)^{p(p−1)/2} (8 − p)! ϵ_{I1···Ip}^{Jp+1···J8} Γ_{(8)} , (C.2) where Γ_{(8)} is the product of all Γ-matrices with eight-dimensional indices. C.2 [δ_1, δ_2]Ψ_a Here we will give some more details on closing the SUSY algebra on Ψ_a focussing on one of the main differences compared to the analysis in [3], namely that we need to allow for superconformal transformations in the right hand side of the algebra. Under superconformal transformations Ψ_a transforms as δ_S Ψ_a = X^I_a Γ^I η (C.3)

– 34 – where

η =^i_{32} ( γ_1(ϵ̄_1Γ_μϵ_2)Γ^μΓ^J X^J_b Ψ_b +^{γ2}_{2!} (ϵ̄_1Γ_{LM} ϵ_2)Γ^LX^M_b Ψ_b +^{γ3}_{2!} (ϵ̄_1Γ_{LM} ϵ_2)Γ^{LMN} X^N_b Ψ_b +^{γ4}_{4!} (ϵ̄_1Γ_μΓ_{L1···L4} ϵ_2)Γ^μΓ^{L1L2L3} X^{L4}_b Ψ_b (C.4) +^{γ5}_{4!} (ϵ̄_1Γ_μΓ_{L1···L4} ϵ_2)Γ^μΓ^{L1···L4M} X^M_b Ψ_b ) . We first analyse the Γ^{(5)} term in (3.6). As can be seen from (3.5) this term does not represent symmetries of the theory and it must therefore vanish. As a consistency check we note that all terms containing the three-algebra structure constants cancel against each other, just as in the BLG analysis [3]. There are three different gamma-structures represented by the ellipses in (3.6). The ones with two and six SO(8) gamma matrices, which contain just one type of term each, combine via duality to give

α_3 − 2α_4 + 4α_5 − 2α_6 − α_7 −^1_8 γ_4 −^1_2 γ_5 = 0 . (C.5)

The terms coming with four SO(8) gamma matrices contain two independent structures with respect to the three-algebra indices. One of these structures further split into three independent terms which, however, give rise to the same equation. In this way we get

− 2α_6 + α_7 = 0 , α_3 + 2α_4 − 4α_5 − 2α_6 − α_7 −^1_8 γ_4 +^1_2 γ_5 = 0 . (C.6)

We can now combine the equations and summarize the constraints from the Γ^{(5)} term in (3.6) as

α_3 − 2α_7 = 0 , −α_4 + 2α_5 −^1_{16} γ_4 −^1_4 γ_5 = 0 , (C.7) −2α_6 + α_7 = 0 .

We now turn to the Γ^{(1)} term in (3.6). From (3.5) it follows that the only contributing symmetry transformation is the transport term, and the reminder becomes the Dirac equation

0 = /D̃Ψ_a +^1_2 Γ_{IJ} X^I_c X^J_d f^{cdb}_aΨ_b + (^{α2}_{α1} + α_5)X^2Ψ_a + (2α_5 +^3_2 α_7 −^1_{32} γ_1 −^7_{128} γ_4 −^7_{32} γ_5)X^I_a X^I_b Ψ_b (C.8) + (2α_5 −^1_{32} γ_1 −^7_{128} γ_4 −^7_{32} γ_5)Γ_{IJ} X^I_a X^J_b Ψ_b −^1_{α1} X^I_a Γ^I Γ^μf_μ .

The remaining part of (3.6) is the Γ^{(2)} term, which now turns into a consistency condition as it has to be written in terms of the Dirac equation above [3], and the remaining symmetry parameters in (3.5). This leads to six equations, one coming from a structure with four gamma matrices, and five coming from structures containing two gamma matrices. The condition from the structure with four gamma matrices yields

α_5 +^1_4 α_7 +^1_{64} γ_1 +^1_{32} γ_3 −^{11}_{256} γ_4 −^{11}_{64} γ_5 = 0 . (C.9)

– 35 –

The equations coming from the linearly independent structures with two gamma matrices are α_5 +^1_4 α_7 +^1_{64} γ_1 +^1_{32} γ_3 −^{11}_{256} γ_4 −^{11}_{64} γ_5 = 0 , α_5 −^1_4 α_7 +^1_{64} γ_1 +^1_{64} γ_2 −^{11}_{256} γ_4 −^{11}_{64} γ_5 = 0 , −3α_5 −^1_4 α_7 −^1_{64} γ_1 +^1_{32} γ_3 +^{23}_{256} γ_4 +^{23}_{64} γ_5 = 0 , (C.10) 4^{α2}_{α1} − 8α_5 − α_7 = 0 , α_7 − 2α_6 = 0 .

Solving all the above equations yield

α_2 α_1 = 2α5 + 1 4 α_7 , α_3 = 2α_7 , α_6 =^1_2 α_7 , γ_1 = −68α_4 + 8α_5 − 16α_7 , γ_2 = 24α_4 + 16α_5 + 32α_7 , γ_3 = 12α_4 + 8α_5 , γ_4 = −16α_4 + 32α_5 − 4γ_5 . (C.11)

C.3 Summary The resulting Dirac equation becomes

0 = /D̃Ψ_a +^1_2 Γ_{IJ} X^I_c X^J_d f^{cdb}_aΨ_b −^α_8 X^2Ψ_a +^5_4 αX^I_a X^I_b Ψ_b −^1_4 αΓ_{IJ} X^I_a X^J_b Ψ_b −^1_{α1} X^I_a Γ^I Γ^μf_μ . (C.12)

and the supersymmetry variations, after closing the algebra on all the fields, takes the form

δe_μ^α = α_1iϵ̄Γ^αχ_μ , δχ_μ = α_1D̃_μϵ + O(χ^2) , δB^{IJ}_μ = − i 2 α_1e^{−1}ϵ̄Γ^{IJ} Γ_ν Γ_μf^ν + 2iαΨ̄_aΓ_μΓ^{[I} ϵX^{J]}_a −^i_4 αΨ̄_aΓ^K Γ^{IJ} Γ_μϵX^K_a +2i^α_{α1} (χ̄_μΓ^{K[I}ϵ)X^{J]}_a X^K_a +^i_4^α_{α1} (χ̄_μΓ^{IJ} ϵ)X^2 + O(χ^2), δX^a_I = iϵ̄Γ^I Ψ_a , δΨ_a = −(D̃_μX^I_a − i α_1 χ̄_μΓ^I ψ_a)Γ^μΓ^I ϵ +^1_6 X^I_b X^J_c X^K_d Γ^{IJK} ϵf^{bcd}_a (C.13) −^1_8 αΓ^I ϵX^I_a X^2 +^1_2 αΓ^I ϵX^J_a X^J_b X^I_b + O(χ^2) , δÃ_μ^b_a = iϵ̄Γ_μΓ^I X^I_c Ψ_df^{cdb}_a − iαϵ̄Γ_μΓ^I X^I_{[b}Ψ_{a]} +^i_{α1} (ϵ̄Γ^{IJ} χ_μ)X^I_c X^J_d f^{cdb}_a −i^α_{α1} (ϵ̄Γ^{IJ} χ_μ)X^I_b X^J_a + O(χ^2) ,

where α_1 = ± √ 2 and we have replaced α_7 by just α.

– 36 –

D Superconformal geometry

D.1 Conformal constraints

N -extended conformal supergravity can be described in terms of the geometry of a supermanifold M with (even|odd)-dimension (3|2N ). As is usual in superspace, it is convenient to work in a preferred basis specified by a set of basis forms E^A = (E^a, E^{αI} ), where a = 0, 1, 2 is a Lorentz vector index, α = 1, 2 is a spinor index and I = 1, . . . N is an SO(N ) vector index, and their vector duals. The structure group is SL(2, R ) × SO(N ), and the connection Ω_A^B takes its values in the Lie algebra of this group. The torsion and curvature are defined as usual.^{14}The only constraint necessary to describe off-shell superconformal geometry is

T_{αIβJ}^c = −iδ_{IJ} (γ^c)_{αβ} ; c = 0, 1, 2 . (D.1)

Using the Bianchi identities and all possible conventional constraints, which correspond to choosing the connection and the even vector basis E_a, we find that the only other nonzero torsion components are

T_{aβJ}^{γK} = (γ_a)_β^γ K_J^K + (γ^b)_β^γ L_{abJ}^K , (D.2)

where K_{IJ} is symmetric and L_{abIJ} is antisymmetric on both pairs of indices, and the dimension three-halves torsion whose leading component is the gravitino field strength. The dimension-one curvatures are

R_{αIβJ,cd} = −2i(γ_{cd})_{αβ} K_{IJ} − 2iε_{αβ} L_{cdIJ} R_{αIβJ,KL} = iε_{αβ} (M_{IJKL} + 4δ_{[I[K} K_{J]L]}) − i(γ^a)_{αβ} (4δ_{(I[K} L_{aJ)L]} − δ_{IJ} L_{aKL}) , (D.3) where L_{ab} = ε_{abc}L^c, and M_{IJKL} is totally antisymmetric. The dimension three-halves Lorentz curvature is R_{aβJ,cd} = − i 2 (γ_aΨ_{cd} − 2γ_{[c}Ψ_{d]a})_{βJ} , (D.4)

where the dimension three-halves torsion has been rewritten as Ψ_{abγK} . The SO(N ) curvature, R_{aβJ,KL} has gamma-traceless and spinor parts given by

R̂_{aβI,JK} = χ_{aβIJK} − iδ_{I[J}Ψ̂_{aβK]} R_{αI,JK} = ρ_{αI,JK} − 2λ_{αIJK} + 2δ_{I[J} ρ_{αK]} , (D.5) where we have decomposed the dual of the gravitino field strength as Ψ_a = Ψ̂_a + γ_aΨ and where ρ_{I,JK} and λ_{IJK} are in the irreducible (i.e. traceless) tableaux and . The field

14The conventions used in the superspace sections can be found in [25], for general N and [34] for N = 8, although i, j are used there for SO(N ) vector indices instead of I, J.

– 37 – χ is also totally antisymmetric as well as being Lorentz gamma-traceless. The derivative of K_{IJ} is given by

D_{αI} K_{JK} = 2ρ_{α(J,K)I} + 2δ_{I(J} κ_{αK)} + δ_{JK} κ^′_{αI} , (D.6)

while the derivative of L_{aIJ} is

D_{αI} L_{aJK} = χ_{aαIJK} + iδ_{I[J}Ψ̂_{aαK]} + (γ_a)_α^β (λ_{IJK} + ρ_{I,JK} + 2δ_{I[J} σ_{K]})_β , (D.7)

The spin one-half fields in the vector representation of SO(8) are related by κ = i 2 Ψ , κ^′ = 2σ − i 4 Ψ , ρ = σ + i 2 Ψ . (D.8)

In addition, we have D_{αI} M_{JKLM} = iλ_{IJKLM} + 12iδ_{I[J} λ_{αKLM]} . (D.9) This geometry describes an off-shell superconformal multiplet [22]. The interpretation of the dimension-one fields, K, L, M, is as follows. The geometry is determined by the basic constraint (D.1) which is invariant under Weyl rescalings where the parameter is an unconstrained scalar superfield. This means that some of the fields that appear in the geometry do not belong to the conformal supergravity multiplet. At dimension one K and L are of this type, so that we could set them to zero if we were only interested in the superconformal multiplet. The field M_{IJKL}, on the other hand, can be considered as the field strength superfield for the conformal supergravity multiplet [22]. Similarly, at dimension three-halves, the fields λ_{IJK} and λ_{IJKLM} are components of the Cotton superfield, while σ, ρ and χ are like K and L in that their leading components can be removed by super-Weyl transformations [22–24]. It is easy to see that these fields correspond to the θ^3 components of a scalar superfield.

The fact that M is not expressible in terms of the torsion is due to a lacuna in Dragon’s theorem [24, 26] which in higher-dimensional spacetimes states that the curvature is so determined [35]. We recall that in three-dimensional spacetime there is no Weyl tensor but that its place is taken by the dimension-three Cotton tensor. This turns out to be a component of the field M_{IJKL} so that we could refer to the latter as the super Cotton tensor. Using the notation [k, l] to denote fields that have k antisymmetrised SO(N ) indices and l symmetrised spinor indices, one can see that the component fields of the superconformal multiplet fall into two sequences starting from M_{IJKL} [25]. The first has fields of the type [4 − p, p], where the top ([4, 0]) component is the supersymmetric Cotton tensor, while the second has fields of the type (4 + p, p) and therefore includes higher spin fields for N > 8. There is also a second scalar [4, 0] at dimension two. Fields with two or more spinor indices obey covariant conservation conditions so that each field in the multiplet has two degrees of freedom multiplied by the dimension of the SO(N ) representation, provided that we count the dimension one and two scalars together. It is easy to see that the number of

– 38 – bosonic and fermionic degrees of freedom in this multiplet match. Diagrammatically, we have the following picture:

[4,0]

[5,1] [3,1]

[6,2] [4,0] [2,2]

[7,3] [1,3]

[0,4]

Figure 1

The dimension of the top field (i.e. M_{IJKL}) is one and thereafter the dimension increases stepwise by one-half as one goes down the diagram. The spins of the fields are given by the second entry divided by two. For N < 4 the top field will be the one with N internal indices; for example, in N = 3 it will be the dimension three-halves field [3, 1]. The right sequence clearly terminates at [0, 4] but the left sequences can continue to higher spin for N > 8. The fields [2, 2], [3, 1] and [0, 4] are the SO(N ) gauge field strength, the supersymmetric partner of the Cotton tensor (Cottino), and the Cotton tensor respectively. In the case of N = 6 there is an additional U(1) fields strength [6, 2] that plays a key rôle in the ABJM model. It is therefore permissible in this case to introduce a new field strength two-form G that satisfies an abelian Bianchi, dG = 0. At dimension one we can take G_{αIβJ} = iε_{αβ} M_{IJ} , (D.10) where M_{IJ} :=^1_{4!} ε_{IJKLMN} M^{KLMN} is the dual of the four-index scalar appearing in the dimension-one SO(6) curvature. The dimension three-halves Bianchi identity for G then implies that

D_{αI} M_{JK} = 2iδ_{I[J} λ_{αK]} + 3iλ̃_{αIJK} , (D.11)

where λ̃_{IJK} is the dual of λ_{IJK} and λ_I is the dual of λ_{IJKLM} . Indeed, (D.11) is equivalent to (D.9) for N = 6. The dimension three-halves component of G is

– 39 –

G_{aβJ} = −i(γ_aλ_J )_β . (D.12)

In N = 8 one can impose a duality condition on the dimension-one scalar fields that halves the multiplet; the fields in the left sequence become the duals of those in the right sequence. The dimension-two scalar fields also obey a duality constraint but it is opposite to that for the dimension-one scalars. A consequence of this is that there is no off-shell Lagrangian for the N = 8 theory.

In addition, in N = 8 we can take the R-symmetry group to be Spin(8) rather than SO(8) [26, 34]. It turns out that this is the correct choice in order to describe the theories we are interested in, and so we shall switch to this for the remainder of the paper. We denote the spinor indices by A, B, . . . ((0010) representation) and A^′.B^′ . . . ((0001) representation), while we keep I, J, . . . for the vector representation (1000). All three types of index can take 8 values. So for N = 8 we shall take the basis odd one-forms to be E^{αA}, and in the above formulae for the components of the torsion and curvature tensors replace all the internal vector indices by unprimed spinorial ones.

The super Cotton tensor M_{ABCD} will be chosen to be self-dual, i.e. in the representation (2000), which is equivalent to a symmetric traceless second-rank tensor denoted by C_{IJ} : M_{ABCD} = 1 16 (Σ^{IK} )_{[AB} (Σ^J_K )_{CD]}C_{IJ} , (D.13)

or, inverting, C_{IJ} = 1 24 (Σ_{IK} )_{AB} (Σ_J^K )_{CD}M^{ABCD} . (D.14)

Furthermore, we can relate the algebra indices on the curvature in three eight-dimensional representations by means of Σ-matrices: R_{AB} = 1 4 (Σ^{IJ} )_{AB}R_{IJ} ; R_A′_B′ = 1 4 (Σ^{IJ} )_A′_B′ R_{IJ} . (D.15)

Inverting, we have R_{IJ} = 1 4 (Σ_{IJ} )^{AB} R_{AB} = 1 4 (Σ_{IJ} )^{A′B′} R_A′_B′ . (D.16)

Clearly similar formulae apply to any second-rank anti-symmetric tensors, such as L_{aIJ} .

The dimension three-halves curvatures and relations are given by equations (D.5) to (D.9) but with I, J, K, .. replaced by A, B, C. The five-index λ spinor is the dual of λ_{ABC} multiplied by a factor of 1/3. The field λ_{ABC} can also be written as a Σ-traceless primed vector-spinor λ_{IA}′ , with λ_{IA}′ = − 1 3 (Σ^J )_A′^A(Σ_{IJ} )^{BC} λ_{ABC} , (D.17)

and it is easy to check that λ_{αIA}′ = i 15 (Σ^J )_A′^AD_{αA}C_{IJ} . (D.18)

– 40 –

For the Yang-Mills sector there is a similar off-shell multiplet which is relevant to the superconformal case, i.e. the Chern-Simons Lagrangian. The (0, 2) component of the field strength two-form F is taken to be [27] F_{αIβJ} = iε_{αβ} W_{IJ} , (D.19) where W_{IJ} , which is in the adjoint representation of the gauge group, is antisymmetric on its SO(N ) indices (and we assume N ≥ 2). The lowest-order Bianchi identity will be satisfied if D_{αI} W_{JK} = D_{α[I} W_{JK]} − 2 N − 1 δ_{I[J} D^L_α W_{K]L} , (D.20)

where the derivative is now covariant with respect to the gauge group as well as the geometry. The multiplet described by this constraint is rather similar to the super Cotton multiplet. Its independent components can be represented by a similar diagram with top vertex given by a field [2, 0] which is the leading component of W_{IJ} :

[2,0]

[3,1] [1,1]

[4,2] [2,0] [0,2]

Figure 2

The fields on the right diagonal terminate at [0, 2], i.e. F_{ab}, while the fields on the left diagonal generically involve higher-spin components that obey covariant divergence constraints. This multiplet is off-shell but can only be used to construct an off-shell Lagrangian for the cases N = 2, 3, 4 (with self-duality imposed for the latter), but not for the cases we are interested in. (Although there is an off-shell version of Chern-Simons gauge theory in N = 6 harmonic superspace [36]; for other discussions of Chern-Simons theories in harmonic superspaces, including ABJM in N = 3 harmonic superspace, see e.g. [37, 38].)

D.2 Completeness of the solution It is easy enough to see at the linearised level that the components in the Cotton superfield with spins ≥ 1, i.e. two or more symmetrised spinor indices, must also obey conservation conditions which must become covariant conservation constraints in the full theory because otherwise the degrees of freedom account would go astray. This has not been verified directly, however, except for the Cottino and Cotton tensors in the case of N = 8. What can be said, however, is that there are no more constraints coming from higher-dimensional Bianchi identities, and that we therefore have a complete solution to these equations, even for N > 8.

– 41 –

We can show this making use of the idea which is based on the fact that the Bianchi identities themselves obey identities even when they are not satisfied [39].^{15} These are

DI = 0 : DI^A = −E^BI_B^A; DI_A^B = 0 , (D.21)

where I , I^A and I_A^B are respectively the Bianchi identities for the Yang-Mills field strength, the torsion and the curvature, and where we have made use of the Ricci identity, D^2 ∼ F + R. The idea now is to show that when a subset of the Bianchi identities have been satisfied then the other, higher-dimensional ones automatically are by virtue of (D.21). For this we shall need to use a little bit of superspace cohomology. The basic idea is that a given n-form can be split into (p, n − p) bi-degrees where the pair (p, q) denotes the number of even (odd) indices on a particular component, with increasing p corresponding to increasing mass dimension. Moreover, the exterior derivative d splits into components with bi-degrees (−1, 2), (0, 1), (1, 0) and (2, −1). The first of these, denoted t_0, has dimension zero and is purely algebraic. On a (p, q) form it operates by contracting one of the even indices with the vector index on the dimension-zero torsion and then by symmetrising over the q + 2 odd indices thereby giving a form of bi-degree (p − 1, q + 2). It squares to zero and is thus associated with its own cohomology H^{p.q}_t [40]. It is the only one we shall need in the following. Suppose we have an equation of the form dω = 0 where ω is an n-form, and suppose that the lowest non-vanishing component of ω is ω_{p,q}. Then the lowest non-trivial component of dω = 0 is t_0ω_{p,q} = 0, and is thus purely algebraic. We shall always assume that the dimension-zero torsion is as given in (D.1) and so solving this equation is the same as in flat superspace. In three dimensions, for N > 2, the key fact is that H^{p,q}_t = 0 for p > 0. This can be seen via dimensional reduction [41, 42] or directly in three dimensions [43].

A simple example is given by the Yang-Mills case. Suppose that we have solved the lowest-dimensional component, i.e. I_{0,3} = 0. Then DI = 0 implies that t_0I_{1,2} = 0. Since H^{1,2}_t = 0, we must have I_{1,2} = t_0J_{2,0}, so that solving this Bianchi identity component by setting J_{2,0} = 0 simply allows one to solve for F_{2,0} in terms of the lower-dimensional fields. Then with I_{1,2} = 0 similar arguments show that I_{2,1} = I_{3,0} = 0, in other words, a complete solution to the identities is guaranteed if I_{0,3} = 0, i.e. if (D.20) holds.

For the geometry, we shall suppose that the torsion Bianchi identities have been solved up to dimension three-halves, so that the torsion and dimension-one curvatures have the form given above. (The dimensions of the (p, q) components of the identities are given by (p + q/2) − k where k = 1, 1/2, 0 for I^a, I^α, I_A^B respectively, where α denotes a combined spinor-internal index.) Furthermore, the dimension three-halves field strengths are determined in terms of derivatives of the dimension-one fields. Using the second of equations (D.21) one can show that the dimension three-halves identity I_{0,3}^{ab} must be identically satisfied, although this is not true for I_{0,3}^{IJ} . The remaining condition that comes from this identity component is the constraint on the derivative of the super Cotton tensor (D.9). We can now use the third equation in (D.21) to show that the dimension-two components of I_A^B, namely I_{1,2}^{ab} and I_{1,2}^{IJ} , are solved by specifying the (2, 0) Lorentz and SO(N )

15We assume here that N > 4 although only minor modifications are needed for the other cases.

– 42 – curvature components in terms of derivatives and bilinears in the dimension-one fields, as in the Yang-Mills case. The second of equations (D.21) can then be used to show that the torsion identities are identically satisfied at dimension-two, and it is a simple matter to confirm that there are no new conditions arising at dimension five-halves, again with the aid of (D.21).

The upshot of this analysis is that all of the non-zero components of the torsion and curvature tensors are determined as functions of the independent dimension-one fields K, L and M and their derivatives, and that the super Cotton tensor satisfies the constraint (D.9).

D.3 Super-Weyl covariance

The modified BLG theory given above couples the superconformal geometry to the N = 8 matter system which is superconformal in the flat space limit. We therefore expect the combined system to be invariant under super-Weyl transformations as well as superdiffeomorphisms, but this is not manifest in the formalism. In this subsection we show that the Dirac equation (4.27) is indeed super-Weyl covariant in that it scales homogeneously under super-Weyl transformations.

The latter can be defined as follows. For any variation of the supervielbein and connections we define

H_A^B = E_A^MδE_M^B Φ_A = E_A^MδΩ_M , (D.22)

where Ω_M is either the Lorentz or SO(8) connection. The variation of the torsion is given by δT_{AB}^C = 2D_{[A}H_{B]}^C − T_{AB}^DH_D^C − 2H_{[A}^DT_{|D|B]}^C + 2Φ_{[A,B]}^C , (D.23)

where the antisymmetrisation brackets are graded. In order to preserve the constraints on the torsion under a super-Weyl transformation with parameter an unconstrained superfield S we must take

H_{αA}^{βB} = −δ_α^βδ_A^B S ; H_a^b = −2δ_a^bS H_a^{βB} = −2i(γ_a)^{βγ} D^B_γ S , (D.24)

and, for the connections,

Φ_{αA,bc} = 2(γ_{bc})_α^βD_{βA}S Φ_{αA,BC} = −4δ_{A[B} D_{αC]}S Φ_{a,bc} = 4η_{a[b}D_{c]}S Φ_{a,BC} = 2iD^2_{aBC} S , (D.25)

– 43 – where D_{αA}D_{βB} S = i 2 δ_{AB} (γ^a)_{αβ} D_aS + ε_{αβ} D^2_{AB} S + (γ^a)_{αβ} D^2_{aAB} S (D.26) defines the second-order derivatives which are respectively symmetric and anti-symmetric on their SO(8) indices. The dimension-one supergravity fields transform as

δC_{IJ} = 2SC_{IJ} δK_{AB} = 2SK_{AB} − 2iD^2_{AB} S δL_{aBC} = 2SL_{aBC} − 2iD^2_{aBC} S . (D.27) The last two equations here show that the leading components of K and L can be transformed away using the θ^2 components of S. For the matter fields we have

δϕ_I = Sϕ_I δΛ_{αA}′ = 2SΛ_{αA}′ − i((Σ^I )_{AA}′ D_{αA}S)ϕ_I , (D.28) and we take the one-form gauge potentials to be invariant, so that the components with respect to a preferred basis transform only because of the supervielbein factors. In order to compute the super-Weyl variation of the Dirac equation we also need the variation of the gravitino field strength Ψ We have

T_{ab}^{γC} := ε_{abc}Ψ^{cγC} (D.29) and we set

Ψ_a :=: Ψ̂_a + γ_aΨ (D.30) in terms of irreducible Lorentz representations. From the variation of the dimension threehalves torsion we find

δΨ_{αA} = 3SΨ_{αA} + 4i 3 (γ^aD_aDS)_{αA} − 4iK_{AB} D_{αB} S . (D.31) If one now simply varies all of the terms in the Dirac equation using the above formulae one finds, after a few pages of algebra, that the whole equation transforms with a factor of 3S, reflecting the fact that it is a dimension three-halves equation.

References

[1] J. H. Schwarz, “Superconformal Chern-Simons theories,” JHEP 0411 (2004) 078 [arXiv:hep-th/0411077].

[2] J. Bagger and N. Lambert, “Modeling multiple M2’s,” Phys. Rev. D 75 (2007) 045020 [arXiv:hep-th/0611108]. CITATION = PHRVA,D75,045020;

– 44 –

[3] J. Bagger and N. Lambert, “Gauge Symmetry and Supersymmetry of Multiple M2-Branes,” Phys. Rev. D 77 (2008) 065008 [arXiv:0711.0955 [hep-th]].

[4] A. Gustavsson, “Algebraic structures on parallel M2-branes,” Nucl. Phys. B 811 (2009) 66 [arXiv:0709.1260 [hep-th]].

[5] O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena, “N = 6 superconformal Chern-Simons-matter theories, M2-branes and their gravity duals,” arXiv:0806.1218 [hep-th].

[6] D. Bashkirov and A. Kapustin, “Dualities between N = 8 superconformal field theories in three dimensions,” JHEP 1105 (2011) 074 [arXiv:1103.3548 [hep-th]].

[7] B. E. W. Nilsson, “Aspects of topologically gauged M2-branes with six supersymmetries:

towards a ’sequential AdS/CFT’?,” arXiv:1203.5090 [hep-th].

[8] S. de Haro, “Dual Gravitons in AdS(4) / CFT(3) and the Holographic Cotton Tensor,” JHEP 0901, 042 (2009). [arXiv:0808.2054 [hep-th]].

[9] U. Gran and B. E. W. Nilsson, “Three-dimensional N=8 superconformal gravity and its coupling to BLG M2-branes,” JHEP 0903 (2009) 074 [arXiv:0809.4478 [hep-th]].

[10] X. Chu, B. E. W. Nilsson, “Three-dimensional topologically gauged N=6 ABJM type theories,” JHEP 1006 (2010) 057. [arXiv:0906.1655 [hep-th]].

[11] X. Chu, H. Nastase, B. E. W. Nilsson, C. Papageorgakis, “Higgsing M2 to D2 with gravity:

N=6 chiral supergravity from topologically gauged ABJM theory,” JHEP 1104 (2011) 040. [arXiv:1012.5969 [hep-th]].

[12] W. Li, W. Song, A. Strominger, “Chiral Gravity in Three Dimensions,” JHEP 0804 (2008) 082. [arXiv:0801.4566 [hep-th]].

[13] D. Anninos, W. Li, M. Padi, W. Song and A. Strominger, “Warped AdS(3) Black Holes,” JHEP 0903 (2009) 130 [arXiv:0807.3040 [hep-th]].

[14] B. E. W. Nilsson, “Light-cone analysis of ungauged and topologically gauged BLG theories,” Class. Quant. Grav. 26, 175001 (2009). [arXiv:0811.3388 [hep-th]].

[15] S. Deser and J. H. Kay, “Topologically Massive Supergravity,” Phys. Lett. B 120 (1983) 97.

[16] P. Van Nieuwenhuizen, “Three-dimensional conformal supergravity and Chern-Simons terms,” Phys. Rev. D 32 (1985) 872.

[17] U. Lindstrom and M. Roček, “Superconformal gravity in three-dimensions as a gauge theory,” Phys. Rev. Lett. 62 (1989) 2905.

[18] U. Gran, B. E. W. Nilsson and C. Petersson, “On relating multiple M2 and D2-branes,” JHEP 0810 (2008) 067 [arXiv:0804.1784 [hep-th]].

[19] J. H. Horne and E. Witten, “Conformal Gravity In Three-dimensions As A Gauge Theory,” Phys. Rev. Lett. 62 (1989) 501.

[20] M. Van Raamsdonk, “Comments on the Bagger-Lambert theory and multiple M2-branes,” JHEP 0805 (2008) 105 [arXiv:0803.3803 [hep-th]].

[21] U. Gran, “GAMMA: A Mathematica package for performing gamma matrix algebra and Fierz transformations in arbitrary dimensions,” hep-th/0105086.

[22] P. S. Howe, J. M. Izquierdo, G. Papadopoulos and P. K. Townsend, “New supergravities

– 45 – with central charges and Killing spinors in (2+1)-dimensions,” Nucl. Phys. B 467 (1996) 183 [arXiv:hep-th/9505032].

[23] P. S. Howe and E. Sezgin, “The Supermembrane revisited,” Class. Quant. Grav. 22 (2005) 2167 [arXiv:hep-th/0412245].

[24] S. M. Kuzenko, U. Lindstrom and G. Tartaglino-Mazzucchelli, “Off-shell supergravity-matter couplings in three dimensions,” JHEP 1103 (2011) 120 [arXiv:1101.4013 [hep-th]].

[25] J. Greitz and P. S. Howe, “Maximal supergravity in three dimensions: supergeometry and differential forms,” JHEP 1107 (2011) 071 [arXiv:1103.2730 [hep-th]].

[26] M. Cederwall, U. Gran, B. E. W. Nilsson, “D=3, N=8 conformal supergravity and the Dragon window,” JHEP 1109 (2011) 101. [arXiv:1103.4530 [hep-th]].

[27] H. Samtleben and R. Wimmer, “N=8 Superspace Constraints for Three-dimensional Gauge Theories,” JHEP 1002 (2010) 070 [arXiv:0912.1358 [hep-th]].

[28] H. Samtleben and R. Wimmer, “N=6 Superspace Constraints, SUSY Enhancement and Monopole Operators,” JHEP 1010 (2010) 080 [arXiv:1008.2739 [hep-th]].

[29] M. Cederwall, “N=8 superfield formulation of the Bagger-Lambert-Gustavsson model,” JHEP 0809 (2008) 116 [arXiv:0808.3242 [hep-th]].

[30] M. Cederwall, “Superfield actions for N=8 and N=6 conformal theories in three dimensions,” JHEP 0810 (2008) 070 [arXiv:0809.0318 [hep-th]].

[31] I. A. Bandos and P. K. Townsend, “SDiff Gauge Theory and the M2 Condensate,” JHEP 0902 (2009) 013 [arXiv:0808.1583 [hep-th]].

[32] I. A. Bandos, “NB BLG model in N=8 superfields,” Phys. Lett. B 669 (2008) 193 [arXiv:0808.3568 [hep-th]].

[33] I. A. Bandos, “On multiple M2-brane model(s) and its N=8 superspace formulation(s),” arXiv:0912.1741 [hep-th].

[34] J. Greitz and P. S. Howe, “Half-maximal supergravity in three dimensions: supergeometry, differential forms and algebraic structure,” arXiv:1203.5585 [hep-th].

[35] N. Dragon, “Torsion And Curvature In Extended Supergravity,” Z. Phys. C 2 (1979) 29.

[36] P. S. Howe and M. I. Leeming, “Harmonic superspaces in low dimensions,” Class. Quant.

Grav. 11 (1994) 2843 [arXiv:hep-th/9408062].

[37] B. M. Zupnik, “Chern-Simons D=3, N=6 superfield theory,” Phys. Lett. B 660 (2008) 254 [arXiv:0711.4680 [hep-th]].

[38] I. L. Buchbinder, E. A. Ivanov, O. Lechtenfeld, N. G. Pletnev, I. B. Samsonov and B. M. Zupnik, “ABJM models in N=3 harmonic superspace,” JHEP 0903 (2009) 096 [arXiv:0811.4774 [hep-th]].

[39] M. F. Sohnius, “Identities For Bianchi Identities,” ICTP/79-80/44.

[40] L. Bonora, P. Pasti and M. Tonin, “Superspace Formulation Of 10-D Sugra+Sym Theory A La Green-Schwarz,” Phys. Lett. B 188 (1987) 335.

[41] N. Berkovits and P. S. Howe, “The cohomology of superspace, pure spinors and invariant integrals,” arXiv:0803.3024 [hep-th].

– 46 –

[42] M. V. Movshev, A. Schwarz and R. Xu, “Homology of Lie algebra of supersymmetries and of super Poincare Lie algebra,” Nucl. Phys. B 854 (2012) 483 [arXiv:1106.0335 [hep-th]].

[43] F. Brandt, “Supersymmetry Algebra Cohomology: II. Primitive Elements in 2 and 3 Dimensions,” J. Math. Phys. 51 (2010) 112303 [arXiv:1004.2978 [hep-th]].

– 47 –