arXiv:1204.2553v1 [nucl-th] 11 Apr 2012

Few Body Systems manuscript No. (will be inserted by the editor)

Chen Chen · Lei Chang · Craig D. Roberts · Shaolong Wan · David J. Wilson

Spectrum of hadrons with strangeness

5 April 2012

Abstract We describe a calculation of the spectrum of strange and nonstrange hadrons that simultaneously correlates the dressed-quark-core masses of meson and baryon ground- and excited-states within a single framework. The foundation for this analysis is a symmetry-preserving Dyson-Schwinger equation treatment of a vector×vector contact interaction. Our results exemplify and highlight the deep impact of dynamical chiral symmetry breaking on the hadron spectrum: an accurate description of the meson spectrum entails a similarly successful prediction of the spectrum of baryons, including those with strangeness. The analysis also provides numerous insights into baryon structure. For example, that baryon structure is largely flavour-blind, the first radial excitation of ground-state baryons is constituted almost entirely from axial-vector diquark correlations, and DCSB is the foundation for the ordering of low-lying baryon levels; viz., (1/2)^+, (1/2)^+, (1/2)^−.

Keywords Bethe-Salpeter equation · Confinement · Dynamical chiral symmetry breaking · Dyson- Schwinger equations · Faddeev equation · Hadron spectrum · Strange mesons and baryons

1 Introduction

Quantum chromodynamics (QCD) is a relativistic quantum field theory that is generally believed to describe the strongly interacting part of the Standard Model. If so, it is Nature’s only known example of an essentially nonperturbative fundamental theory. This is the difficulty: in attempting to understand QCD one must immediately confront a unique nonperturbative problem. Never before have we been confronted by a theory whose elementary excitations are not those degrees-of-freedom readily accessible via experiment; i.e., whose elementary excitations are confined. Moreover, it appears that QCD generates forces which are so strong that less-than 2% of a nucleon’s mass can be attributed to the current-quark masses that appear in the QCD Lagrangian; viz., forces that generate mass from (almost) nothing, a phenomenon known as dynamical chiral symmetry breaking (DCSB). It follows that the Higgs mechanism is largely irrelevant to the bulk of normal matter in the Universe. Instead the most important mass generating mechanism is the strong interaction effect of DCSB. Neither confinement nor DCSB is apparent in QCD’s Lagrangian and yet they play the dominant role in determining the

Chen Chen · Shaolong Wan Institute for Theoretical Physics and Department of Modern Physics, University of Science and Technology of China, Hefei 230026, P. R. China

Lei Chang Institut für Kernphysik, Forschungszentrum Jülich, D-52425 Jülich, Germany

Chen Chen · Craig D. Roberts · David J. Wilson Physics Division, Argonne National Laboratory, Argonne Illinois 60439, USA

Chen Chen · Craig D. Roberts Department of Physics, Illinois Institute of Technology, Chicago Illinois 60616, USA observable characteristics of real-world QCD. The physics of hadrons is ruled by emergent phenomena, such as these, which can only be elucidated through the employment of nonperturbative methods in quantum field theory.^1 This is both the greatest novelty and the biggest challenge within the Standard Model.

One method by which to validate QCD is computation of its hadron spectrum and subsequent comparison with modern experiment. Indeed, this is an integral part of the international effort in nuclear physics. The N^∗ programme [2; 3] and the search for hybrid and exotic mesons [4; 5] together address the questions: which hadron states and resonances are produced by QCD, and how are they constituted? Herein, motivated by this intense effort in hadron spectroscopy, we extend Ref. [6] and treat ground- and excited-state hadrons with s-quark content. Furthermore, as Ref. [6] was a precursor to a wide-ranging study of nucleon elastic and transition form factors [7; 8], the study we describe herein is also a necessary step toward a comprehensive analysis of form factors that involve hadrons with strangeness.

We bring to these tasks a continuum perspective based on QCD’s Dyson-Schwinger equations (DSEs) [1; 9; 10] and within this framework we use a symmetry-preserving treatment of a vector×vector contact interaction because that has proven to be a reliable tool in spectrum calculations. It is appropriate to remark that this interaction produces form factors which are too hard [7; 8; 11; 12] but, when interpreted carefully, they, too, can be used to draw valuable insights.

To explain our choice of interaction we note by contrast that DSE kernels with a closer connection to perturbative QCD; namely, which preserve QCD’s one-loop renormalisation group behaviour, have long been employed in studies of the spectrum and interactions of mesons [13; 14; 15]. Such kernels are developed in the rainbow-ladder approximation, which is the leading-order in a systematic and symmetry-preserving truncation scheme [16; 17]; and their model input is expressed via a statement about the nature of the gap equation’s kernel at infrared momenta. With a single parameter that expresses a confinement length-scale or strength [18; 19], they have successfully described and predicted numerous properties of vector [19; 20; 21; 22; 23] and pseudoscalar mesons [19; 22; 23; 24; 25; 26; 27] with masses less than 1 GeV, and ground-state baryons [28; 29; 30; 31]. Such kernels are also reliable for ground-state heavy-heavy mesons [32].

On the other hand, whilst model-independent results for properties of pseudoscalar meson excited states have been established [33; 34], the rainbow-ladder truncation is quantitatively inaccurate for the spectrum of light-quark mesons with masses greater than 1 GeV, for reasons which are understood [22; 23]. In fact, an explanation of the spectrum of such states requires that the kernels used in formulating the associated bound-state problems are essentially nonperturbative, incorporating effects of DCSB which it has only recently become possible to express [35; 36; 37; 38]. An equivalent formulation of the baryon bound-state problem is not yet available. Furthermore, technical difficulties associated with the analytic structure of rainbow-ladder kernels constructed using realistic interactions [14; 25; 39] have so far prevented computation of the spectrum of meson excited states, and the excited states and parity partners of ground-state baryons.

Key elements in a successful spectrum computation are: symmetries and the pattern by which they are broken; the mass-scale associated with confinement and DCSB; and full knowledge of the physical content of bound-state kernels. These features are present in the informed use of a symmetry-preserving treatment of a vector×vector contact interaction. This underlies the success of that approach in Ref. [6], which produced the first unified DSE description of the spectrum of light-quark meson and baryon ground- and excited-states, and is promising to provide a bridge between QCD and dynamical coupledchannels reaction models [8]. We undertake the current study in the expectation of similar reward in connection with strange hadrons. This is critical because contemporary hadron structure calculations, which typically omit meson-cloud effects, should not directly be compared with experiment but instead with the bare-masses, -couplings, etc., determined via coupled-channels analyses [40; 41; 42; 43].

In Sect. 2 we explain our interaction, and its application to mesons and colour-antitriplet quarkquark correlations. The latter bear no relation to the pointlike diquark degrees-of-freedom employed in some models of the constituent-quark type. Instead, they are dynamical elements that arise naturally in

1 In connection with these phenomena, it is important to appreciate that the static potential measured in numerical simulations of quenched lattice-regularised QCD is not related in any known way to the question of light-quark confinement. It is a basic feature of QCD that light-quark creation and annihilation effects are essentially nonperturbative and therefore it is impossible in principle to compute a potential between two light quarks. These points are elucidated, e.g., in Sect. 2.4 of Ref. [1].

Fig. 1 Poincaré covariant Faddeev equation employed herein to calculate baryon properties. Ψ in Eq. (29) is the Faddeev amplitude for a baryon of total momentum P = pq + p_d. It expresses the relative momentum correlation between the dressed-quark and -diquarks within the baryon. The shaded region demarcates the kernel of the Faddeev equation, Sect. 3.1, in which: the single line denotes the dressed-quark propagator, Sect. 2.1; Γ is the diquark Bethe-Salpeter amplitude, Sect. 2.2; and the double line is the diquark propagator, Eqs. (33), (37). Quarks within a diquark are correlated via gluon exchange but the kernel in this Faddeev equation expresses binding within the baryon through diquark breakup and reformation, which is mediated by exchange of a dressed-quark with momentum q.

solving a Faddeev equation with QCD-based interactions; and, as we shall make clear, they are crucial in understanding the baryon spectrum. Section 3 describes the general structure of the Faddeev equations and solution amplitudes, and explains the impact of omitting resonant (meson cloud) contributions when constructing the Faddeev kernel. Our results are presented and discussed in Sect. 4; and we provide a summary and perspective in Sect. 5.

2 Elements in the Faddeev Equation

We base our description of baryon bound-states on a Poincaré-covariant Faddeev equation, which is illustrated in Fig. 1. Introduced in Ref. [44], its key elements are the dressed-quark and -diquark propagators, and the diquark Bethe-Salpeter amplitudes. All are completely determined once the quarkquark interaction kernel is specified and, as explained in the Introduction, we use g^2D_{μν} (p − q) = δ_{μν} 4πα_{IR} m^2_G

, (1)

where m_G = 0.8 GeV is a gluon mass-scale typical of the one-loop renormalisation-group-improved interaction detailed in Ref. [22], and the fitted parameter α_{IR} = 0.93π is commensurate with contemporary estimates of the zero-momentum value of a running-coupling in QCD [45; 46; 47; 48; 49; 50]. We embed Eq. (1) in a rainbow-ladder truncation of the DSEs, which is the leading-order in the most widely used, global-symmetry-preserving truncation scheme [17]. This means

Γ_ν (p, q) = γ_ν (2)

in the gap equation and in the subsequent construction of the Bethe-Salpeter kernels.

One may view the interaction in Eq. (1) as being inspired by models of the Nambu–Jona-Lasinio type [51] but our treatment is atypical. Used to build a rainbow-ladder truncation of the DSEs, Eqs. (1), (2) produce results for low-momentum-transfer observables that are practically indistinguishable from those produced by more sophisticated interactions [7; 8; 11; 12].

2.1 Dressed-quark propagator

Using Eqs. (1), (2), the gap equation for a quark of flavour f becomes

S^{−1}_f (p) = iγ · p + m_f + 16π 3 α_{IR} m^2_G ∫ d^4q (2π)^4 γ_μ S_f (q) γ_μ , (3)

where m_f is the quark’s current-mass. (Our Euclidean metric conventions are detailed in App. A.) Equation (3) possesses a quadratic divergence, even in the chiral limit. When the divergence is regularised in a Poincaré covariant manner, the solution is

S_f (p)^{−1} = iγ · p + M_f , (4)

Table 1 Computed dressed-quark properties, required as input for the Bethe-Salpeter and Faddeev equations, and computed values for in-hadron condensates [52; 53; 54]. All results obtained with αIR = 0.93π and (in GeV) Λir = 0.24 , Λuv = 0.905. N.B. These parameters take the values determined in the spectrum calculation of Ref. [6]; and we assume isospin symmetry throughout. (All dimensioned quantities are listed in GeV.) mu ms ms/mu M0 Mu Ms Ms/Mu κ^{1/3}_0 κ^{1/3}π κ^{1/3}_K 0.007 0.17 24.3 0.36 0.37 0.53 1.43 0.241 0.243 0.246

where M_f is momentum-independent and determined by

M_f = m_f + M_f

4α_{IR} 3πm^2_G ∫_∞ 0 ds s 1 s + M^2_f

. (5)

Our regularisation procedure follows Ref. [55]; i.e., we write 1 s + M^2 = ∫_∞ 0 dτ e^{−τ (s+M 2)} → ∫_τ 2_{ir}

τ^2_{uv}

dτ e^{−τ (s+M 2)} = e^{−(s+M 2 )τ 2uv} − e^{−(s+M 2 )τ 2ir} s + M^2

, (6)

where τ_{ir,uv} are, respectively, infrared and ultraviolet regulators. It is apparent from the rightmost expression in Eq. (6) that a finite value of τ_{ir} =: 1/Λ_{ir} implements confinement by ensuring the absence of quark production thresholds [1; 9; 56]. Since Eq. (1) does not define a renormalisable theory, then Λ_{uv} := 1/τ_{uv} cannot be removed but instead plays a dynamical role, setting the scale of all dimensioned quantities. Using Eq. (6), the gap equation becomes

M_f = m_f + M_f

4α_{IR} 3πm^2_G C iu(M^2_f ) , (7)

where C^{iu}(σ)/σ = C^{iu}(σ) = Γ (−1, στ^2_{uv}) − Γ (−1, στ^2_{ir}), with Γ (α, y) being the incomplete gammafunction.

In Table 1 we report values of u- and s-quark properties, computed from Eq. (7), that will subsequently be used in bound-state calculations: the input ratio m_s/m̄, where m̄ = (m_u + m_d)/2, is consistent with contemporary estimates [57]. N.B. It is a feature of Eq. (7) that in the chiral limit, m_f = m_0 = 0, a nonzero solution for M_0 := lim_{mf →0} M_f is obtained so long as α_{IR} exceeds a minimum value. With Λ_{ir,uv} as specified in the Table, that value is α^c_{IR} ≈ 0.4π. In the Table we also include chiral-limit and physical-mass values of the in-pseudoscalar-meson condensate [52; 53; 54], κ_H , which is the dynamically generated mass-scale that characterises DCSB. A growth with current-quark mass is anticipated in QCD [14; 58].

2.2 Mesons and diquark correlations

2.2.1 Mesons

The rainbow-ladder truncation of the gap and Bethe-Salpeter equations provides a good approximation for ground-state vector- and charged-pseudoscalar-mesons [9; 35; 59; 60]. We therefore employ it herein, in which case the homogeneous Bethe-Salpeter equation (BSE) for a meson comprised of quarks with flavours f, ḡ is

Γ_{f ḡ} (k; P ) = − 16π 3 α_{IR} m^2_G ∫ d^4q (2π)^4 γ_μS_f (q + P )Γ_{f ḡ} (q; P )S_g (q)γ_μ , (8)

where P is the total momentum of the bound-state. This equation has a solution for P^2 = −m^2_{f ḡ}, where m_{f ḡ} is the bound-state’s mass.

Here we illustrate the nature of the BSE via two relevant examples; viz., the negatively charged kaon and the kindred K^∗ vector meson, both of which possess sū flavour structure. The interaction in Eq. (1) supports a kaon Bethe-Salpeter amplitude of the form

Γ_K (P ) = iγ_5 E_K (P ) + 1 2M_R γ_5γ · P F_K (P ) , (9) where^2 M_R = M_sM_u/[M_s + M_u]. If one inserts Eq. (9) into Eq. (8) and employs the symmetrypreserving regularisation of the contact interaction explained, e.g., in Ref. [8], which requires 0 = ∫_1 0 dα [ C^{iu}(ω(M^2_u , M^2_s , α, P^2)) + C^{iu}_1 (ω(M^2_u , M^2_s , α, P^2)) ] , (10)

where ω(M^2_u , M^2_s , α, P^2) = M^2_u (1 − α) + αM^2_s + α(1 − α)P^2 , (11) C^{iu}_1 (z) = −z(d/dz)C^{iu}(z) = z [ Γ (0, M^2τ^2_{uv}) − Γ (0, M^2τ^2_{ir}) ] , (12) then the explicit form of the kaon BSE is [ E_K (P ) F_K (P ) ] = 4α_{IR} 3πm^2_G [ K^K_{EE} K^K_{EF} K^K_{F E} K^K_{F F} ] [ E_K (P ) F_K (P ) ] , (13)

with

K^K_{EE} =

∫_1 0 dα { C^{iu}(ω(M^2_u , M^2_s , α, P^2)) + [ M_uM_s − α(1 − α)P^2 − ω(M^2_u , M^2_s , α, P^2) ] C^{iu}_1 (ω(M^2_u , M^2_s , α, P^2)) } , (14a)

K^K_{EF} = P^22M_R

∫_1 0 dα [ (1 − α)M_u + αM_s ] C^{iu}_1 (ω(M^2_u , M^2_s , α, P^2)), (14b)

K^K_{F E} = 2M^{2R}P_2 K^K_{EF} , (14c)

K^K_{F F} = − 12

∫_1 0 dα [ M_uM_s + (1 − α)M^2_u + αM^2_s ] C^{iu}_1 (ω(M^2_u , M^2_s , α, P^2)) . (14d)

Equation (13) is an eigenvalue problem, which has a solution for P^2 = −m^2_K . The eigenvector is the kaon’s Bethe-Salpeter amplitude, and in the computation of observables one must employ the canonically normalised amplitude; viz., the amplitude rescaled such that 1 = d dP^2 Π_K (Q, P ) | | |_{Q=P} , (15)

where Π_K (Q, P ) = 6tr_D ∫ d^4q (2π)^4 Γ_K (−Q) ∂ ∂P_μ S_s(q + P ) Γ_K (Q) S_u(q) . (16)

Since Eq. (1) can only support a vector meson Bethe-Salpeter amplitude of the form Γ_K∗ = γ^⊥_μ E_K∗ (P ) , (17)

where P_μγ^⊥_μ = 0, the K^∗ BSE is simpler; viz.,

1 − K^{K∗} (−m^2_K∗ ) = 0 , (18) with

K^{K∗} (P^2) = 2α^{IR}3πm_{2G}

∫_1 0 dα [ M_uM_s − (1 − α)M^2_u − αM^2_s − 2α(1 − α)P^2 ] C^{iu}_1 (ω(M^2_u , M^2_s , α, P^2)) , (19)

where we have used Eq. (10). In this case the canonical normalisation condition can be written 1 E^2_K∗

= 9m^2_G d dz K K^∗ (z) | | | z=−m^2_{K∗} , 1 m^2_G =

4πα_{IR} m^2_G

. (20)

It should be plain that the analogous set of equations for the ρ-meson is obtained simply by replacing the s-quark by a d-quark throughout; and that for the ϕ by replacing the ū-quark by a s̄-quark. Other states are discussed in App. B.

2 The choice one makes for the mass-dimensioned constant, MR, has no effect on any result.

2.2.2 Diquark correlations

The relevance of the rainbow-ladder meson BSE to the baryon Faddeev equation is explained, e.g., in Sect. 2.1 of Ref. [6]; namely, in this truncation one may obtain the mass and Bethe-Salpeter amplitude for a colour-antitriplet quark-quark correlation (diquark) with spin-parity J^P from the equation for a J^{−P} -meson in which the only change is a halving of the interaction strength [61]. The flipping of the sign in parity occurs because it is opposite for fermions and antifermions.

At this point it is appropriate to remark that the rainbow-ladder truncation generates asymptotic diquark states. Such states are not observed and their appearance is an artefact of the truncation. Higher-order terms in the quark-quark scattering kernel, whose analogue in the quark-antiquark channel do not materially affect the properties of vector and flavour non-singlet pseudoscalar mesons, ensure that QCD’s quark-quark scattering matrix does not exhibit singularities which correspond to asymptotic diquark states [17; 59; 60]. Studies with kernels that exclude diquark bound states nevertheless support a physical interpretation of the masses, m_{(qq)JP} , obtained using the rainbow-ladder truncation; viz., the quantity ℓ_{(qq)J}P := 1/m_{(qq)JP} may be interpreted as a range over which the diquark correlation can propagate before fragmentation.

This caveat expressed, one may write the contact-interaction rainbow-ladder BSE for a colourantitriplet diquark constituted from quarks with flavour f, g:

Γ^C_{f g} (k; P ) := Γ_{f g} (k; P )C^† = − 8π 3 α_{IR} m^2_G ∫ d^4q (2π)^4 γ_μS_f (q + P )Γ^C_{f g} (q; P )S_g (q)γ_ν , (21)

where C is the charge-conjugation matrix, Eq. (A.9).

Capitalising further on the connection between the meson and diquark sectors, one may readily write explicit forms of the BSEs and canonical normalisation conditions for scalar ([fg]) and axialvector ({ff}, {fg}) diquark correlations. For example, the Bethe-Salpeter amplitude for a J^P = 0^+ [s, u]-diquark is

Γ^C_{[su]0+} (P ) = iγ_5 E_{[su]0+} (P ) + 1 2M_R γ_5γ · P F_{[su]0+} (P ) , (22)

which satisfies the following BSE [ E_{[su]0+} (P ) F_{[su]0+} (P ) ] = 2α_{IR} 3πm^2_G [ K^K_{EE} K^K_{EF} K^K_{F E} K^K_{F F} ] [ E_{[su]0+} (P ) F_{[su]0+} (P ) ] . (23)

In this case the canonical normalisation condition is 1 = d dP^2 Π_{[su]0+} (Q, P ) | | | Q=P , (24)

where

Π_{[su]0+} (Q, P ) = 4tr_D ∫ d^4q (2π)^4

Γ_{[su]0+} (−Q) ∂ ∂P_μ S_s(q + P ) Γ_{[su]0+} (Q) S_u(q) . (25)

Compared with Eq. (15), the colour factor is different owing to the fact that diquarks are colourantitriplets not singlets.

Following this pattern one may immediately write the BSE for J^P = 1^+ {su} diquark correlations; viz., 1 − 1 2 K^{K∗} (−m^2_{{su}}) = 0 , (26)

and the canonical normalisation condition: 1 E^2_{{su}} = 6m^2_G d dz K^{K∗} (z) | | | z=−m^2_{{su}} . (27)

The analogous set of equations for axial-vector {uu}- and {ud}-diquarks are obtained by replacing the s-quark by either a u- or d-quark throughout; and that for the {ss}-diquark by replacing the u-quark by a s-quark. Other correlations are discussed in App. B.

Table 2 Row 1: Quark-core masses of ground-state mesons computed using our symmetry-preserving regularisation of the vector×vector contact interaction, with the input from Table 1. Row 2: Except for scalar mesons, values drawn from Ref. [62], with weighted averages of mass-squared values reported, where appropriate. For the isoscalar-scalar meson we list an estimate for the state’s dressed-quark core [63; 64]. Nothing is known about this value for the I = 1/2 scalar. Rows 3 and 4 repeat this pattern for the mesons’ first radial excitation. The theory error in Row 3 displays the outcome of varying the location of the node in the radial excitation’s Bethe-Salpeter amplitude: 1/d_F = 2M^2(1 ± 0.2). An asterisk-marked mass in Row 4 indicates a state whose properties are poorly determined. (All dimensioned quantities are listed in GeV.) mπ mK mρ mK∗ m_ϕ mσ mκ ma_1 mK_1 m_{f1} n=0 DSE 0.14 0.50 0.93 1.03 1.13 1.29 1.40 1.38 1.48 1.59

expt. 0.14 0.50 0.78 0.89 1.02 1.0 - 1.2 1.23 1.34 1.42

n=1 DSE 1.33±0.06 1.33±0.07 1.29±0.05 1.40±0.05 1.51±0.05 1.42±0.02 1.53±0.02 1.47±0.02 1.57±0.01 1.67±0.02

expt. 1.3±0.1 1.46^∗ 1.46±0.03 1.68^∗ 1.68±0.02 1.65±0.02

2.2.3 Mesons: computed masses

Before discussing the results presented in Table 2, it is necessary to recapitulate on an important modification of the rainbow-ladder Bethe-Salpeter kernel that one should implement before prediction and comparison with experiment are meaningful. It has long been known that the rainbow-ladder truncation describes vector meson and flavour-nonsinglet pseudoscalar-meson ground-states very well but fails for their parity partners [22; 23; 65; 66; 67; 68]. The origin and solution of this longstanding puzzle are now available following a novel reformulation of the BSE [35], which is valid and tractable when the quark-gluon vertex is fully dressed. In employing this approach to study the meson spectrum it was found that DCSB generates a large dressed-quark anomalous chromomagnetic moment and consequently that spin-orbit splitting between ground-state mesons is dramatically enhanced [36; 37; 69]. This is the mechanism responsible for a magnified splitting between parity partners; namely, there are essentially nonperturbative DCSB corrections to the rainbow-ladder kernels, which largely-cancel in the pseudoscalar and vector channels but add constructively in the scalar and axial-vector channels.

With this in mind, we follow Ref. [6] and introduce spin-orbit repulsion into the scalar- and pseudovector-meson channels through the artifice of a phenomenological coupling g^2_{SO} ≤ 1, introduced as a single, common factor multiplying the kernels defined in Eqs. (B.9), (B.15). The value^3

g_{SO} = 0.24 (28)

is chosen so as to obtain the experimental value for the a_1-ρ mass-splitting, which we know to be achieved by the corrections described above [35; 36; 69]. It is noteworthy that the shift in m_{a1} is accompanied by an increase of m_σ and that the new value matches an estimate for the q̄q-component of the σ-meson obtained using unitarised chiral perturbation theory [63; 64].

This expedient produces the results for scalar and axial-vector mesons in Rows 1,3 of Table 2, which reports calculated results for meson masses and compares them with available empirical values. This information is represented pictorially in the left panel of Fig. 2. Owing to our choice for the currentquark masses, m_π and m_K agree with experiment. All other computed values for ground-states are greater than the empirical masses, where they are known. This is typical of DCSB-corrected kernels that nevertheless omit resonant contributions; i.e., do not contain effects that may phenomenologically be associated with a meson cloud. In Table 3 we list the canonically normalised Bethe-Salpeter amplitude for each meson. These are the quantities used in calculating observable properties of mesons; and comparison with the kindred diquark amplitudes, listed in Table 5, will subsequently be instructive.

In practical calculations, meson-cloud effects divide into two distinct types. The first is within the gap equation, where pseudoscalar meson loop corrections to the dressed-quark-gluon vertex act to reduce uniformly the mass-function of a dressed-quark [19; 70; 71; 72; 73]. This effect can be pictured as a single quark emitting and reabsorbing a pseudoscalar meson. It can be mocked-up by simply choosing the parameters in the gap equation’s kernel so as to obtain a dressed-quark mass-function

3 NB. gSO = 1 means no spin-orbit repulsion. The mass changes slowly with diminishing gSO; e.g., gSO = 0.50 yields ma_1 = 1.23 GeV.

Fig. 2 Left panel: Pictorial representation of Table 2. Circles – computed ground-state masses; squares – computed masses of radial excitations; diamonds – empirical ground-state masses in Row 2; and triangles – empirical radial excitation masses in Row 4. Right panel: Circles – computed splitting between the first radial excitation and ground state in each channel; and triangles – empirical splittings, where they are known. The dashed line marks a splitting of 0.1 GeV.

that is characterised by a mass-scale of approximately 400 MeV. Such an approach has implicitly been widely employed with phenomenological success [9; 15; 74; 75]. We employ it herein.

The second type of correction arises in connection with bound-states and may be likened to adding pseudoscalar meson exchange between dressed-quarks within the bound-state [76; 77; 78; 79; 80; 81; 82], as opposed to the first type of effect; i.e., emission and absorption of a meson by the same quark. The type-2 contribution is that computed in typical evaluations of meson-loop corrections to hadron observables based on a point-hadron Lagrangian. These are the corrections that should be added to the calculated results in Table 2. The most complete computation of this sort predicts that such effects reduce m_ρ by 0.13 GeV [81]. Applied to our result, this would produce m^{loop−corrected}_ρ = 0.8 GeV, in good agreement with the empirical value of 0.78 GeV.

These observations underpin a view that bound-state kernels which omit type-2 meson-cloud corrections should produce dressed-quark-core masses for hadron ground-states that are larger than the empirical values. As we shall see, this is uniformly true herein. Moreover, this perspective also has implications for the description of elastic and transition form factors [8; 28; 83; 84].

The situation for radially excited states is less clear. This may be seen from the right panel of Fig. 2, which depicts the computed mass splitting between ground-states and the first radial excitation in each channel; and also provides a comparison with experiment, when that is available. The comparison suggests that our formulation of the contact interaction kernels produces the correct trend but underestimates the splitting by ∼ 0.2 GeV. We note that this mismatch is reduced if type-2 mesoncloud corrections to the masses of radial excitations are smaller than for ground-states. On the other hand, it might simply be that this underestimate is an error arising from the expedient we employ in order to define radial excitations within the contact interaction framework, which is discussed in

Table 3 The structure of meson Bethe-Salpeter amplitudes is described in Sect. 2.2.1 and App. B. Here we list the canonically normalised amplitude associated with each of the BSE eigenstates in Table 2. Only pseudoscalar mesons involve two independent amplitudes when a vector×vector contact interaction is treated systematically in rainbow-ladder truncation. mπ mK mρ mK∗ m_ϕ mσ mκ ma_1 mK_1 m_{f1} n=0 Eqq̄ 3.60 3.86 1.53 1.62 1.74 0.47 0.47 0.31 0.31 0.31

Fqq̄ 0.48 0.60

n=1 Eqq̄ 0.83 0.76 0.72 0.70 0.66 0.34 0.35 0.28 0.28 0.28

Fqq̄ 0.05 1.18

Fig. 3 Left panel: Pictorial representation of Table 4. Diamonds – ground-state diquark masses in Row 1; circles – ground-state meson masses in Row 2; triangles – masses of diquark first radial excitations in Row 3; and squares – masses of meson radial excitations in Row 4. Right panel: Diamonds – for diquarks, computed splittings between first radial excitation and ground state; and circles – for mesons, computed splitting between the first radial excitation and ground state in each channel. The dashed line marks a splitting of 0.1 GeV.

App. B.1. Given that possibility, one must allow that our predictions for the dressed-quark-core masses of hadron first radial excitations might be ∼ 0.2 GeV too small.

2.2.4 Diquarks: computed masses

The preceding discussion of systematic trends within our predictions for meson masses is important to understanding the results of our Faddeev equation studies because of the connection between the meson and diquark BSEs, outlined in Sect. 2.2.2: predictions for mesons masses determine the diquark spectrum and hence impact heavily on the baryon spectrum. In Table 4 we therefore present results for the masses of diquark correlations and compare them with the meson masses in Table 2. This information is also depicted in the left panel of Fig. 3.

It is plain from Fig. 3 that the level ordering of diquark correlations is precisely the same as that for mesons. Moreover, in all diquark channels, except the scalar, the mass of the diquark’s partner meson is a fair guide to the diquark’s mass: the meson mass bounds the diquark’s mass from below; and the splitting is always less than 0.13 GeV and decreases with increasing meson mass.

The scalar diquark channels are particular owing to DCSB and the Goldstone boson character of the partner pseudoscalar mesons. We note that in a two-color version of QCD, the scalar diquark is also a Goldstone mode [85; 86], a long-known result of Pauli-Gürsey symmetry [87; 88]. A memory of the symmetry persists in the three-color theory and is evident here in low masses for the scalar diquarks. That they are low is highlighted by the right panel of Fig. 3, which shows large splittings

Table 4 Row 1: Quark-core masses of diquark correlations that play a role in the octet and decuplet spectra of baryons, computed using our symmetry-preserving regularisation of the vector×vector contact interaction, with the input from Table 1. Row 2: Ground-state meson masses from Row 1 of Table 2. Rows 3, 4 repeat the pattern of Rows 1, 2 for the diquarks’ first radial excitations. The theory error in these rows displays the outcome of varying the location of the node in the radial excitation’s Bethe-Salpeter amplitude: 1/d_F = 2M^2(1 ± 0.2). (All dimensioned quantities are listed in GeV.) [u, d]_0+ [s, u]_0+ {u, u}_1+ {s, u}_1+ {s, s}_1+ [u, d]_0− [s, u]_0− {u, u}_1− {s, u}_1− {s, s}_1− n=0 qq 0.78 0.93 1.06 1.16 1.26 1.37 1.47 1.45 1.55 1.65

qq̄ 0.14 0.50 0.93 1.03 1.13 1.29 1.40 1.38 1.48 1.59

n=1 qq 1.34±0.05 1.35±0.05 1.32±0.04 1.42±0.04 1.53±0.04 1.48±0.03 1.57±0.02 1.52±0.01 1.62±0.02 1.71±0.01

qq̄ 1.33±0.06 1.33±0.07 1.29±0.05 1.40±0.05 1.51±0.05 1.42±0.02 1.53±0.02 1.47±0.02 1.57±0.01 1.67±0.02

Table 5 The structure of diquark Bethe-Salpeter amplitudes is described in Sect. 2.2.2 and App. B. Here we list all canonically normalised amplitudes that are relevant to the baryons we consider. Only scalar diquarks involve two independent amplitudes. [u, d]_0+ [s, u]_0+ {u, u}_1+ {s, u}_1+ {s, s}_1+ [u, d]_0− [s, u]_0− {u, u}_1− {s, u}_1− {s, s}_1− Eqq 2.74 2.91 1.30 1.36 1.42 0.40 0.39 0.27 0.27 0.26

Fqq 0.31 0.40

between the ground and excited states in the scalar diquark channel. Notwithstanding this, the scalar diquark correlations are split widely from the true Goldstone mode mesons.

In constructing baryon Faddeev equations, the canonically normalised diquark Bethe-Salpeter amplitudes are critical because they determine the strength of the correlation within a given baryon. We list them in Table 5. Notably, the amplitudes of the positive-parity states are much larger than those of states with negative-parity: for like-flavour content, the ratio always exceeds 5. This pattern repeats that established by the ground-state mesons, see Table 3.

3 Baryon Faddeev Equations

3.1 General structure of the Faddeev amplitudes

A spin-1/2 baryon is represented by a Faddeev amplitude [44]

Ψ = Ψ_1 + Ψ_2 + Ψ_3 , (29)

where the subscript identifies the bystander quark and, e.g., Ψ_{1,2} are obtained from Ψ_3 by a cyclic permutation of all the quark labels. We employ the simplest realistic representation of Ψ, so that an octet baryon is composed from a sum of scalar and axial-vector diquark correlations:

Ψ_3(p_j , α_j , φ_j ) = N^{0+}_{Ψ3} + N^{1+}_{Ψ3} , (30)

with (p_j , α_j , φ_j ) the momentum, spin and flavour labels of the quarks constituting the bound state, and P = p_1 + p_2 + p_3 the system’s total momentum.

It is conceivable that pseudoscalar and vector diquarks could play a role in the Faddeev amplitudes of ground-state J^P = (1/2)^+ baryons. However, such correlations have opposite parity and hence can only appear in concert with nonzero quark angular momentum. Since one expects ground-states to possess the minimum possible amount of quark orbital angular momentum and these diquark correlations are significantly more massive than the scalar and axial-vector (see Fig. 3), they can safely be ignored in computing properties of the ground state.

In order to assist in explicating the structure of the diquark pieces in Eq. (30), we define a set of flavour matrices

t^{1=[ud]} =

0 1 0 −1 0 0 0 0 0

, t^{2=[us]} =

0 0 1 0 0 0 −1 0 0

, t^{3=[ds]} =

0 0 0 0 0 1 0 −1 0 ,

t^{4={uu}} = √ 2 0 0 0 0 0 0 0 0 , t^{5={ud}} = 0 1 0 1 0 0 0 0 0 , t^{6={us}} = 0 0 1 0 0 0 1 0 0 ,

t^{7={dd}} =

0 0 0 0 √ 2 0 0 0 0 , t^{8={ds}} = 0 0 0 0 0 1 0 1 0 , t^{9={ss}} = 0 0 1 0 0 0 0 0 √ 2 .

(31)

Employing these matrices, the scalar diquark piece in Eq. (30) can be written

N^{0+}_{Ψ3} (p_j , α_j , φ_j ) = ∑ [φ_1φ_2]φ_3∈Ψ [ t^{[φ1φ2]} Γ^{0+}_{[φ1φ2]}( 1 2 p_{[12]}; K) ]_{φ1φ2} α_1α_2

Δ^{0+}_{[φ1φ2]}(K) [S^Ψ (ℓ; P )u^Ψ (P )]^{φ3}_{α3} , (32) where: K = p_1 + p_2 =: p_{{12}}, p_{[12]} = p_1 − p_2, ℓ := (−p_{{12}} + 2p_3)/3;

Δ^{0+}_{[φ1φ2]}(K) = 1 K^2 + m^2_{[φ1φ2]0+}

(33)

is a propagator for the scalar diquark formed from quarks 1 and 2, with m_{[φ1φ2 ]0+} the mass-scale associated with this [φ_1φ_2]_0+ diquark; Γ^{0+}_{[φ1φ2]} is the canonically-normalised Bethe-Salpeter amplitude describing the relative momentum correlation between the quarks; S, a 4 × 4 Dirac matrix, describes the relative quark-diquark momentum correlation within the baryon; and the spinor satisfies

(iγ · P + M_Ψ ) u^Ψ (P ) = 0 = ū^Ψ (P ) (iγ · P + M_Ψ ) , (34)

with M_Ψ the baryon mass obtained by solving the Faddeev equation. We note that u^Ψ also possesses another column-vector degree of freedom; viz.,

u_p = [ud]u {uu}d {ud}u , u_{Σ+} = [us]u {uu}s {us}u , u_{Ξ0} = [us]s {us}s {ss}u , u_Λ =^1√_2 √ 2[ud]s [ud]s − [ds]u {us}d − {ds}u . (35)

Owing to our assumption of isospin symmetry, the unlisted octet charge states are degenerate with their listed partners.

The axial-vector part of Eq. (30) is

N^{1+}_{Ψ3} (p_j , α_j , φ_j ) = ∑ {φ_1φ_2}φ_3∈Ψ [ t^{{φ1φ2}} Γ^{1+}_{μ{φ1 φ2}}( 1 2 p_{[12]}; K) ]_{φ1φ2} α_1α_2 Δ^{{φ1φ2}} 1^+μν (K) [A Ψ ν (ℓ; P )u^Ψ (P )]^{φ3}_{α3} ,

(36) where Δ^{{φ1φ2}} 1^+μν (K) = 1 K^2 + m_m2_{{φ1φ2 }1+} ( δ_{μν} + K_μK_ν m^2_{{φ1φ2}1+} ) , (37)

is a propagator for the axial-vector diquark formed from quarks 1 and 2 and the other elements in Eq. (36) are obvious analogues of those in Eq. (32).

In connection with decuplet baryons we note that it is not possible to combine an isospin-zero diquark with an isospin-1/2 quark to obtain isospin-3/2 and hence the Δ is comprised solely from axial-vector correlations. This sets the pattern for the remaining decuplet baryons, which may therefore be expressed via Ψ^{10}_3 (p_i, α_i, φ_i) = D^{1+}_{Ψ 103} (p_j , α_j , φ_j ), (38)

with

D^{1+}_Ψ 10_3 (p_j , α_j , φ_j ) = ∑ {φ_1φ_2}φ_3 ∈Ψ^{10} [ t^{{φ1φ2 }} Γ^{1+}_{{φ1φ2}}( 1 2 p_{[12]}; K) ]_{φ1φ2} α_1α_2 Δ^{{φ1 φ2}} 1^+μν (K) [D

Ψ^{10}

νρ (ℓ; P )u^{Ψ 10}_ρ (P )]^{φ3}_{α3} ,

(39) where u^{Ψ 10}_ρ (P ) is a Rarita-Schwinger spinor and, as with octet baryons, in constructing the Faddeev equations we focus on that member of each isospin multiplet which has maximum electric charge; viz.,

u_Δ = [ {uu}u ] , u_Σ∗ = [ {uu}s {us}u ] , u_Ξ∗ = [ {us}s {ss}u ] , u_Ω = [ {ss}s ] . (40)

The general forms of the matrices S^Ψ (ℓ; P ), A^Ψ_ν (ℓ; P ) and D^{Ψ 10}_{νρ} (ℓ; P ), which describe the momentum-space correlation between the quark and diquark in the octet and decuplet baryons, respectively, are described in Refs. [66; 89]. The requirement that S^Ψ (ℓ; P ) represent a positive energy baryon entails S^Ψ (ℓ; P ) = s^Ψ_1 (ℓ; P ) I_D + ( iγ · ℓ̂ − ℓ̂ · P̂ I_D ) s^Ψ_2 (ℓ; P ) , (41) where (I_D)_{rs} = δ_{rs}, ℓ̂^2 = 1, P̂^2 = −1. In the baryon rest frame, s^Ψ_{1,2} describe, respectively, the upper, lower component of the bound-state baryon’s spinor. Placing the same constraint on the axial-vector component, one has

A^Ψ_ν (ℓ; P ) = 6∑ n=1 p^Ψ_n (ℓ; P ) γ_5 A^n_ν (ℓ; P ) , (42)

where (ℓ̂^⊥_ν = ℓ̂_ν + ℓ̂ · P̂ P̂_ν , γ^⊥_ν = γ_ν + γ · P̂ P̂_ν )

A^1_ν = γ · ℓ̂^⊥ P̂_ν , A^2_ν = −iP̂_ν , A^3_ν = γ · ℓ̂^⊥ ℓ̂^⊥ , A^4_ν = i ℓ̂^⊥_μ , A^5_ν = γ^⊥_ν − A^3_ν , A^6_ν = iγ^⊥_ν γ · ℓ̂^⊥ − A^4_ν .

(43)

Finally, requiring also that D^{Ψ 10}_{νρ} (ℓ; P ) be an eigenfunction of Λ_+(P ), one obtains

D^{Ψ 10}_{νρ} (ℓ; P ) = S^{Ψ 10} (ℓ; P ) δ_{νρ} + γ_5A^{Ψ 10}_ν (ℓ; P ) ℓ^⊥_ρ , (44)

with S^{Ψ 10} and A^{Ψ 10}_ν given by obvious analogues of Eqs. (41) and (42), respectively.

Having in hand detailed forms for the dressed-quark propagators, the diquark Bethe-Salpeter amplitudes and the diquark propagators, it is now possible to write Faddeev equations for the baryons. As apparent in Fig. 1, the kernels of those equations involve diquark breakup and reformation via exchange of a dressed-quark. In proceeding we follow Ref. [6] and make a drastic simplification; namely, in the Faddeev equation for a baryon of type B, the quark exchanged between the diquarks is represented as

S^T(k) → g^2_B M_f , (45)

where the superscript “T” indicates matrix transpose, f is the quark’s flavour and g_B is discussed below. This is a variant of the so-called “static approximation,” which itself was introduced in Ref. [90] and has subsequently been used in studies of a range of nucleon properties [8; 91]. In combination with diquark correlations generated by Eq. (1), whose Bethe-Salpeter amplitudes are momentum-independent, Eq. (45) generates Faddeev equation kernels which themselves are momentum-independent. It follows that Eqs. (41), (42) simplify dramatically, with only those terms that are independent of the relative momentum surviving:

S^Ψ (ℓ; P ) → S^Ψ (P ) = s^Ψ (P ) I_D , (46a) A^Ψ_ν (ℓ; P ) → A^Ψ_μ (P ) = a^Ψ_1 (P ) iγ_5γ_μ + a^Ψ_2 (P )γ_5P̂_μ . (46b)

3.2 Explicit example: Λ baryon

In App. C.1 we derive the Faddeev equation for the Δ^{++} resonance, whose simple spin-flavour structure makes it a useful illustrative example; and in App. C.2 the nucleon’s Faddeev equation is reported, with indications of the minor changes in analysis that are necessary to complete its derivation. Here, on the other hand, we illustrate different aspects of the construction of the Faddeev equation by considering the Λ baryon, which is an isospin-zero, J = (1/2)^+ state constituted from a single quark of each flavour and hence has a complicated spin-flavour amplitude.

Recalling comments made when opening Sect. 3.1, five possible diquark combinations are possible for the ground-state Λ:

s[ud]_0+ , d[us]_0+ , u[ds]_0+ , d{us}_1+ , u{ds}_1+ . (47) Of these, s[ud]_0+ has I = 0, whilst the others do not possess good isospin. This lies behind a mixing that obscures the Λ and Σ^0 octet baryon isospin-eigenstates and entails that building the flavour structure of the Λ Faddeev kernel is quite involved. States of good isospin can be constructed as follows: with

V = [ud]s [us]d [ds]u {us}d {ds}u , O = 1 0 0 0 0 0^{1√}_2 −^{1√}_2 0 0 0^{1√}_2^{1√}_2 0 0 0 0 0^{1√}_2 −^{1√}_2 0 0 0^{1√}_2^{1√}_2

, (48) then each of the entries in the new column vector

Ṽ = OV = 1√ 2

√ 2[ud]s , I = 0 [us]d − [ds]u , I = 0 [us]d + [ds]u , I = 1 {us}d − {ds}u , I = 0 {us}d + {ds}u , I = 1 (49)

is an eigenvectors of isospin, with the eigenvalue indicated.

A consideration of Fig. 1 reveals that the column vector V satisfies a Faddeev equation of the form V = K_{uds}V , which it is helpful to write explicitly: [ud]s [us]d [ds]u {us}d {ds}u = 0 K_{[ud],[us]} K_{[ud],[ds]} K_{[ud],{us}} K_{[ud],{ds}} K_{[us],[ud]} 0 K_{[us],[ds]} 0 K_{[us],{ds}} K_{[ds],[ud]} K_{[ds],[us]} 0 K_{[ds],{us}} 0 K_{{us},[ud]} 0 K_{{us},[ds]} 0 K_{{us},{ds}} K_{{ds},[ud]} K_{{ds},[us]} 0 K_{{ds},{us}} 0

[ud]s [us]d [ds]u {us}d {ds}u , (50)

where, e.g., K_{[ud],[us]} describes the breakup of a [us] scalar diquark through emission of a dressed uquark, which then joins the d-quark to form a [ud] scalar diquark, leaving the s-quark as a bystander. In the kernel, the repeated flavour label always indicates the exchanged quark. Using the notation connected with Eq. (31), one may write

K_{uds} = 0 K_{12} K_{13} K_{16} K_{18} K_{21} 0 K_{23} 0 K_{28} K_{31} K_{32} 0 K_{36} 0 K_{61} 0 K_{63} 0 K_{68} K_{81} K_{82} 0 K_{86} 0

. (51)

We now make two entries explicit:

K_{12} = U^T_F t^2Γ_{[us]}(l_{ds})S^T_u t^{1T}Γ̄_{[ud]}(−k_{ud})S_d(l_d)Δ_{[us]}(l_{us}) U_F , (52a)

= Γ_{[us]}(l_{ds})S^T_u Γ̄_{[ud]}(−k_{ud})S_d(l_d)Δ_{[us]}(l_{us}) =: K_{12} , (52b)

K_{13} = U^T_F t^3Γ_{[ds]}(l_{ds})S^T_d t^{1T}Γ̄_{[ud]}(−k_{qq} )S_u(l_u)Δ_{[ds]}(l_{ds})U_F , (52c)

= −Γ_{[ds]}(l_{ds})S^T_d Γ̄_{[ud]}(−k_{qq} )S_u(l_u)Δ_{[ds]}(l_{ds}) =: −K_{13} , (52d)

where U^T_F = (1, 1, 1) is a device that we use to collapse the flavour structure. Repeating this procedure for all entries and using isospin symmetry, one arrives at

K_{uds} = 0 K_{12} −K_{13} −K_{16} K_{16} K_{21} 0 K_{23} 0 K_{28} −K_{21} K_{23} 0 K_{28} 0 −K_{61} 0 K_{62} 0 K_{68} K_{61} K_{62} 0 K_{68} 0

. (53)

As the kernel K_{uds} contains mixing that obscures the Λ and Σ^0 isospin-eigenstate baryons, we now employ the matrix O in Eq. (48) and construct the non-mixing kernel:

K_{uds} = O K_{uds} O^T = 0 √ 2K_{12} 0 − √ 2K_{16} 0 √ 2K_{21} −K_{23} 0 −K_{28} 0 0 0 K_{23} 0 K_{28} − √ 2K_{61} −K_{63} 0 −K_{68} 0 0 0 K_{63} 0 K_{68}

. (54)

Rows 1, 2, 4 map I = 0 into itself, whereas rows 3, 5 do the same for (I, I_z ) = (1, 0). Focusing on the I = 0 sector, one arrives at the following Faddeev equation for the Λ baryon: Ṽ_Λ = K^Λ_{uds}Ṽ_Λ; i.e., explicitly,

Ṽ_Λ = 1√ 2 √ 2[ud]s [us]d − [ds]u {us}d − {ds}u = 0 √ 2K_{12} − √ 2K_{16} √ 2K_{21} −K_{23} −K_{28} − √ 2K_{61} −K_{63} −K_{68} 1√ 2 √ 2[ud]s [us]d − [ds]u {us}d − {ds}u . (55)

Acknowledging that the axial-vector diquark components of all baryon amplitudes involve two scalar functions, as evident in Eq. (46b), we re-express K^Λ_{uds} as follows:

K^Λ_{uds} = 0 √ 2K^Λ_{12} − √ 2K^Λ_{161} − √ 2K^Λ_{162} √ 2K^Λ_{21} −K^Λ_{23} −K^Λ_{281} −K^Λ_{282} − √ 2K^Λ_{611} −K^Λ_{61 3} −K^Λ_{61 81} −K^Λ_{61 82} − √ 2K^Λ_{621} −K^Λ_{62 3} −K^Λ_{62 81} −K^Λ_{62 82}

; (56)

i.e., adding subscripts associated with the diquark labels 6, 8. Having arrived at this form, one can write compact algebraic expressions for each of the entries, which we list in App. C.3.

Equation (55) is an eigenvalue problem whose solution yields the mass for the dressed-quark-core of the Λ-resonance. If one sets g_Λ = 1, then the Faddeev equation yields m_Λ = 1.39 GeV and the unit-normalised eigenvector

s^1_Λ s^{[2,3]}_Λ a^{[6,8]}_{Λ1} a^{[6,8]}_{Λ2} 0.65 0.59 −0.47 −0.020

. (57)

The eigenvector corresponds to the following probabilities: P^1_Λ = 43%, P^{[2,3]}_Λ = 35%, P^{[6,8]}_Λ = 22%; i.e., the ground-state Λ is 22% axial vector diquark and 78% scalar, with a roughly equal probability of both I = 0 scalar diquark configurations. Comparison with Eq. (C.18) reveals an interesting result; viz., P^{[6,8]}_Λ = P^4_N + P^5_N . So, despite the differences in flavour structure, the net axial-vector diquark content of the nucleon and Λ is the same.

3.3 Pion-loops and baryon masses

We discussed the nature of resonance contributions to meson bound-state kernels on page 7. Similar remarks may be made in connection with baryon Faddeev equations and this provides us with a means by which to fix g_B in Eq. (45); viz., formulae such as those in Ref. [92] can be used to estimate the size of type-2 meson-loop corrections to baryon masses computed using the Faddeev equations herein. The straightforward application of such expressions, using a common meson-baryon form-factor mass-scale of 0.8 GeV, yields a shift of (−300 MeV) in m_N and (−270 MeV) in m_Δ, from which one may infer that our type-2 uncorrected Faddeev equations should produce m_N = 1.24 GeV and m_Δ = 1.50 GeV, values which Apps. C.1,C.2 show to be of the appropriate size. For the Δ-resonance there is another estimate, which is arguably more sophisticated. Namely, that produced by the Excited Baryon Analysis Center [42], which used a realistic coupled-channels model to remove meson dressing from the Δ and expose a dressed-quark-core bare-mass of 1.39 GeV. Following these observations, which are condensed from Ref. [6], we return to Eq. (45) and choose

g_8 := g_{B=N,Λ,Σ,Ξ} = 1.18 , g_{10} := g_{Δ,Σ}∗_{,Ξ}∗_{,Ω} = 1.56 , (58)

so that the Faddeev equations in Apps. C.1,C.2 produce m_N = 1.14 GeV, m_Δ = 1.39 GeV, δm = m_Δ − m_N = 0.25 GeV because these outcomes are consistent with the information presented above and Refs. [80; 82; 84]. N.B. Notwithstanding this common choice for the couplings within the octet and separately within the decuplet, the kernels in different strangeness sectors are still distinct owing to the appearance of the dressed-quark mass in the denominator of Eq. (45).

Table 6 Dressed-quark-core masses of ground-state octet and decuplet baryons, those of their radial excitations and of all their parity partners, computed using our symmetry-preserving formulation of the vector×vector contact interaction supplemented by Eqs. (58) and the material in Sect. 2. Row 1: Baryon ground-states. The lowest mass state in each channel has positive parity. Row 3: First radial excitations of the ground-states, which provide the second level in each channel. The theory error in this row displays the outcome of varying the location of the node in the radial excitation’s Faddeev amplitude: 1/d_F = 2M^2(1 ± 0.2). Row 5: Parity partners of the baryon ground-states, which provide the third level in each channel. Row 7: First radial excitations of the parity partner to each of the baryon ground-states, which provide the fourth level in each channel. Masses in the rows labelled “expt.” are taken from Ref. [62]. To explain the notation we observe that the entry 1.44P_{11} in the “N” column is read as “N(1440)P11 ”, and a hyphen in any position indicates that no empirically known resonance can confidently be associated with the associated state. (All dimensioned quantities are listed in GeV.) N Λ Σ Ξ Δ Σ^∗ Ξ^∗ Ω P = + n=0 DSE 1.14 1.26 1.35 1.51 1.39 1.51 1.63 1.76 expt. 0.94 1.12 1.19 1.31 1.23P_{33} 1.39P_{13} 1.53P_{13} 1.67 P = + n=1 DSE 1.82±0.07 1.89±0.07 2.09±0.01 2.16±0.01 1.84±0.04 1.94±0.04 2.04±0.04 2.14±0.04 expt. 1.44P_{11} 1.60P_{01} 1.66P_{11} - 1.60P_{33} - - - P = − n=0 DSE 2.30 2.40 2.41 2.51 2.33 2.44 2.55 2.65 expt. 1.54S_{11} 1.67S_{01} 1.75S_{11} - 1.70D_{33} 1.67D_{13} 1.82D_{13} - P = − n=1 DSE 2.35±0.01 2.45±0.01 2.46±0.01 2.55±0.01 2.39±0.01 2.49±0.01 2.59±0.01 2.70±0.01 expt. 1.65S_{11} 1.80S_{01} - - - 1.94D_{13} - -

4 Baryon spectrum

4.1 Faddeev equations

The Faddeev equations for all ground-state baryons in our formulation of the contact interaction are presented in App. C.

Turning to radial excitations we note that, in analogy with mesons, the leading Tchebychev moment of the bound-state amplitude for a baryon’s first radial excitation should possess a single zero. Hence, as advocated in Ref. [6], it is possible to estimate masses for these states by employing the expedient described in App. B.1. With the zero located as prescribed in Eq. (B.1), no new parameters are introduced. Following this reasoning, the Faddeev equation for the first radial excitation of each baryon is simply obtained by making the following replacement throughout the equations in App. C:

C_1(σ) → F_1(σ) . (59)

In a more general setting one might imagine that a baryon’s first radial excitation could be an admixture of two components: one with a zero in the Faddeev amplitude, describing a radial excitation of the quark-diquark system; and the other with a zero in the diquark’s Bethe-Salpeter amplitude, which represents an internal excitation of the diquark. The procedure in App. B.1 can conceivably distinguish between these components via a mixing term whose strength is ∝ E_{(f g)JP} E_{(f g)}∗_{JP} , where the latter is the excited diquark’s amplitude. Owing to orthogonality of the two-body ground- and first-radially-excited states, we anticipate that this mixing term is negligible. Under this assumption, a baryon’s first radial excitation is predominantly a radial excitation of the quark-diquark system. Should a state constituted from a radially-excited diquark exist, then its mass will be larger because [E^2_{(f g)}∗_{JP} /m^2_{(f g)}∗_{JP} ] ≪ [E^2_{(f g)JP} /m^2_{(f g)JP} ].

The case of parity partners is more complicated. One must typically reanalyse each isospin/flavour channel, beginning with the equation represented by Fig. 1, because of the altered Dirac structure of the diquark correlations that are involved. For example, the nucleon’s parity partner is composed of pseudoscalar and vector diquark correlations and its Faddeev amplitude must change sign under a parity transformation. These alterations lead to changes in the locations of the γ_5 matrices in the Faddeev equation and also a reduction in the number of terms because the pseudoscalar diquark does not possess a F (P )-component [Eq. (22) cf. Eq. (B.13)]. With the exception of the Δ(^3_2^−), whose Faddeev equation is written in Eq. (C.12), we do not report parity-partner Faddeev equations herein.

Fig. 4 Left panel: Pictorial representation of octet masses in Table 6. Circles – computed masses; and diamonds – empirical masses. On the horizontal axis we list a particle name with a subscript that indicates its row in the table; e.g., N1 means nucleon column, row 1. In this way the labels step through ground-state, radial excitation, parity partner, parity partner’s radial excitation. Right panel: Analogous plot for the decuplet masses in Table 6.

As will be seen from Eq. (C.12), however, the Faddeev kernels that one obtains via this reanalysis have similar forms to those for the positive parity states, listed in App. C, but sign changes are introduced^4 and, throughout, one has the replacements E_{(f g)JP} → E_{(f g)J−P} , m_{(f g)JP} → m_{(f g)J−P} . (60) Equations for the radial excitations of the parity partners are readily obtained by using Eq. (59).

4.2 Computed Results

We have solved all the Faddeev equations, supplemented by Eqs. (58) and the material in Sect. 2, and obtained the masses and eigenvectors of the ground-state octet and decuplet baryons. The masses are listed in Table 6, with this information also depicted in Fig. 4.

It is evident in Fig. 4 that, as with mesons, our computed baryon masses lie uniformly above the empirical values. We view this as a success because our results are those for the baryons’ dressed-quark-cores, whereas the empirical values include effects associated with type-2 meson-cloud effects, which typically produce sizable reductions [40; 42]. Our values may reasonably be viewed as bare-mass inputs appropriate for dynamical coupled-channels analyses of the hadron spectrum [3]. This was explained and illustrated for the nucleon and Δ-resonance in Sect. 4.5 of Ref. [6] and in particular for the Roper resonance in Ref. [8]. Here we reiterate those instances in which a comparison can be made:

N_{940}P_{11} N_{1440}P_{11} N_{1535}S_{11} N_{1650}S_{11} Δ_{1232}P_{33} Δ_{1700}D_{33} Table 6 (DSE) 1.14 1.82_{0.07} 2.30 2.35_{0.01} 1.39 2.33 M^0_B (Ref. [40]) 1.24 2.05 1.92 1.46 2.25 M^0_B (Ref. [42]) 1.76 1.80 1.88 1.39 1.98

(61)

where M^0_B , when it appears, is the relevant bare mass inferred in the associated coupled-channels analysis. These bare masses have hitherto been uncertain and dependent on model details. However, as we made no attempt to fit them, their proximity to our results suggests that it might now be possible to place these bare masses on firmer ground, investing them with meaning within the context of hadron structure calculations that have a traceable connection with QCD.

In Fig. 5 we plot the theory-experiment mass differences computed, where possible, from Table 6. This difference is uniformly less-than 0.2 GeV for ground-states. Moreover, for decuplet ground-states it decreases uniformly with increasing strangeness, a result that owes to the simplicity of the decuplet

4 These changes were inadvertently overlooked in Ref. [6]. They lead to increases in the mass of parity partners but the effect is always smaller than 4%.

Fig. 5 Theory-experiment mass differences computed, where possible, from Table 6. The dashed line is a difference of 0.2 GeV; the dotted line, 0.37 GeV; and the dot-dashed line, 0.68 GeV. Horizontal axis: particle name with a subscript that indicates its row in the table; e.g., N1 means nucleon column, row 1. In this way the labels step through ground-state, radial excitation, parity partner, parity partner’s radial excitation.

Faddeev amplitudes. For octet radial excitations the difference is roughly 0.4 GeV; and for higher excitations it is around 0.7 GeV. This identification of band clustering for the excited states is, perhaps, arguable but the scatter can be attributed, at least in part, to experimental uncertainty. Notwithstanding this, these features suggest a regularity in the strength of type-2 meson-loop corrections within excitation bands, with the case being strongest for ground-states.

In this connection we remark that it is most appropriate to view Eq. (45) as implementing an approximation to the Faddeev equation kernel in a given channel, instead of merely as a simplification of the propagator for the exchanged quark. From such a perspective one might argue that the Bethe- Salpeter and Faddeev amplitudes could influence the integrand’s support within the channel under consideration and hence that g_B should rightly depend on strangeness, contrary to the assumptions expressed in Eqs. (58). Such a dependence may potentially alter our expectations regarding the size of meson-loop corrections to the mass of baryons with different strangeness content. Notwithstanding this, we note that a strangeness-dependent g_B is a second order effect within the rainbow-ladder framework because the propagator of the exchanged quark cannot itself exhibit a dependence on the environment in which it is subsequently embedded. Any effect should therefore be small.

A full analysis of the impact of Eqs. (58) can only be achieved by comparing our results with those obtained when Eq. (45) is not used. Notably, however, the pattern of results in the decuplet, reported here and in Ref. [6], is consistent with the estimates of meson-loop corrections in Ref. [92]; and hence a strangeness-dependent g_{10} is not demanded. In relation to the octet some might argue, following the decuplet pattern or Ref. [93], that the magnitude of the meson-loop correction to an octet baryon’s mass should fall as the number of its s-quark constituents increases. We do not find this. However, we can obtain m^{th}_Ξ − m^{emp}_Ξ = m^{th}_Ω − m^{emp}_Ω by choosing g_Ξ = 1.15 g_N . This small modification is well within bounds that may reasonably be applied to a first study and does not impact upon our discussion of band clustering, reducing masses of other Ξ-baryons in Table 6 by less-than 1%.

It is also interesting to consider the baryons’ diquark content, which is revealed by the Faddeev amplitude; i.e., the eigenvector produced by the Faddeev equation, and listed in Table 7. It is apparent that the relative strength of spin-zero cf. spin-one diquarks is fixed within a spectral level, almost independent of strangeness: the spin-zero-diquark content is 78% in ground-states; 0% in the positiveparity radial excitations; 52 ± 10% in the ground-state baryon parity-partners; and 46 ± 10% in radial excitations of the latter. This outcome is not surprising but, instead, reassuring because it indicates that baryon structure is largely flavour-blind within our framework, something one should also expect in QCD.

This discussion highlights a striking feature of Table 7; namely, in possessing zero probability for J = 0 diquark content, the Faddeev amplitudes corresponding to the first radial excitation of each ground-state are vastly different from the amplitudes for every other state. This suggests a fascinating

Table 7 Contact interaction Faddeev amplitudes for each of the octet baryons and their low-lying excitations. The superscript in the expression s^i or a^i is a diquark enumeration label associated with Eq. (31), except for [2, 3] and [6, 8], which are the I = 0 combinations in Eq. (49).

s^1 s^2 s^{[2,3]} a^4_1 a^4_2 a^5_1 a^5_2 a^6_1 a^6_2 a^{[6,8]}_1 a^{[6,8]}_2 a^9_1 a^9_2 PJ=0 (P = +, n = 0) N 0.88 -0.38 0.27 -0.06 0.04 78% Λ 0.67 -0.27 -0.45 -0.09 79% Σ 0.85 -0.45 0.26 0.12 0.02 72% Ξ 0.91 0.14 0.08 0.39 0.00 82% (P = +, n = 1) N -0.02 0.52 -0.37 -0.63 0.44 0% Λ 0.03 0.06 -0.78 0.63 0% Σ 0.00 -0.04 0.02 0.83 -0.55 0% Ξ 0.00 0.01 -1.00 -0.02 0.06 0% (P = −, n = 0) N 0.71 -0.41 0.29 0.41 -0.29 50% Λ 0.64 0.44 -0.47 0.42 61% Σ 0.61 -0.47 0.23 0.55 -0.21 38% Ξ 0.76 -0.34 0.35 0.33 -0.28 58% (P = −, n = 1) N 0.66 -0.41 0.29 0.45 -0.32 44% Λ 0.60 0.43 -0.48 0.47 55% Σ 0.57 -0.47 0.23 0.58 -0.24 33% Ξ 0.73 -0.34 0.37 0.33 -0.31 54%

new possibility for the structure of these first radial excitations of baryon dressed-quark cores, which was first noted in connection with the Roper resonance [94].

To explain this remark, we focus first on the octet ground-states, whose Faddeev amplitudes describe states that are dominated by their scalar diquark components (78%). The axial-vector components are significantly smaller but nevertheless important. For the nucleon, this heavy weighting of the scalar diquark component persists in solutions obtained with more sophisticated Faddeev equation kernels (see, e.g., Table 2 in Ref. [84]). From a perspective provided by the octet states’ parity partners and the first radial excitation of these states, in which the scalar and axial-vector diquark probabilities are 52%-48% and 46%-54%, respectively, the scalar diquark content of the octet ground-states actually appears to be unnaturally large.

One can nevertheless understand the structure of the octet ground-states. As with so much else in hadron physics, the composition of these flavour octet states is intimately connected with DCSB. In Sect. 2.2.4 we observed that in a two-color version of QCD, scalar diquarks are Goldstone modes [85; 86] and that memories of this persist in the three-color theory. For example, in the low masses of scalar diquark correlations (Table 4); and in the large values of their canonically normalised Bethe-Salpeter amplitudes (Table 5) and hence strong quark+quark−diquark coupling within the octet ground-states. (A qualitatively identical effect explains the large value of the πN coupling constant and its analogues involving other pseudoscalar-mesons and octet-baryons.) There is no commensurate enhancement mechanism associated with the axial-vector diquark correlations. Therefore the scalar diquark correlations dominate within octet ground-states.

With the Faddeev equation treatment described herein, the effect on the first radial excitations is dramatic: orthogonality of the ground- and excited-states forces the radial excitations to be constituted almost entirely from axial-vector diquark correlations. It is critical to check whether this outcome survives with Faddeev equation kernels built from a momentum-dependent interaction.

This brings us to a final, very significant observation; namely, the match between our computed level ordering and that of experiment, something which has historically been difficult for models to obtain (see, e.g., the discussion in Ref. [95]) and is not achieved in contemporary numerical simulations of lattice-regularised QCD (see, e.g., Ref. [96]). In particular, our calculations produce a parity-partner for each ground-state that is always more massive than its first radial excitation so that, in the nucleon channel, e.g., the first J^P =^1_2^− state lies above the second J^P =^1_2^+ state.

A veracious expression of DCSB in the meson spectrum is critical to this success. One might ask why and how? It is DCSB that both ensures the dressed-quark-cores of pseudoscalar and vector mesons are far lighter than those of their parity partners and produces strong quark+antiquark−meson couplings, which are expressed in large values for the canonically normalised Bethe-Salpeter amplitudes (Table 3). The remnants of Pauli-Gürsey symmetry described previously entail that these features are carried into the diquark sector: as evident in Fig. 3 and Table 5 and their comparison with Fig. 2 and Table 3. The inflated masses but, more importantly, the suppressed values of the Bethe-Salpeter amplitudes for negative-parity diquarks, in comparison with those of positive-parity diquarks, guarantee the level ordering we have computed: attraction in a given channel diminishes with the square of the Bethe- Salpeter amplitude (see App. C). Hence, an approach within which DCSB cannot be realised or a simulation whose parameters are such that the importance of DCSB is suppressed will both necessarily have difficulty reproducing the experimental ordering of levels.^5

5 Summary and Perspective

We described the first DSE-based calculation of the spectrum of strange and nonstrange hadrons that simultaneously correlates the dressed-quark-core masses of meson and baryon ground- and excitedstates within a single symmetry-preserving framework. The nonstrange sector was described previously [6]. Therein, the physical pion mass is obtained with m_u = m_d = m = 7 MeV; and five parameters are used to define the gap-, Bethe-Salpeter- and Faddeev-equations. In a comparison with relevant quantities, the study records a value of 13% for the overall root-mean-square-relative-error/degree-of freedom; and notable amongst the results is agreement between the computed masses of nonstrange baryon dressed-quark-cores and the bare masses employed in modern dynamical coupled-channels models of meson-baryon reactions. We reproduce all results in Ref. [6]; and in extending that work to hadrons with strangeness, a s-quark current-mass of 0.17 GeV produces the physical kaon mass, and we neither introduce new model parameters nor change the values of those determined previously.

In explaining mesons we capitalised on recent progress in understanding the far-reaching effects of dynamical chiral symmetry breaking (DCSB) within the Bethe-Salpeter kernel to improve upon the rainbow-ladder truncation in the scalar and axial-vector channels. This enabled us to produce a spectrum of meson dressed-quark-core masses in which empirical values are typically overestimated by ∼ 10%. This is a marked success since our DCSB-corrected kernel omits resonant contributions; i.e., effects that may phenomenologically be associated with a meson cloud. Indeed, since meson cloud contributions typically induce a material reduction in hadron dressed-quark-core masses, any approach that omits such effects, whether deliberately or inadvertently, should be viewed with caution unless it overestimates masses by a similar magnitude. Failing this, extreme care must be exercised before drawing insights or claiming understanding therefrom.

Our description of meson dressed-quark-cores enabled a prediction of the spectrum of baryons, including those with strangeness, that is similarly successful. Deconstructing the masses, we arrived at numerous insights into baryon structure. For example, we found that the diquark content of baryons is largely independent of strangeness; namely, that baryon structure is flavour-blind within our framework, something one should also expect in QCD. Another noteworthy result concerns the first radial excitation of each ground-state; viz., they possess negligible probability for J = 0 diquark content. Thus, in striking contrast to the Faddeev amplitudes of every other state, the radial excitations are constituted almost entirely from axial-vector diquark correlations. This possibility was first noted in connection with the Roper resonance [94]. Lastly and significantly, our computed level ordering matches that of experiment. In particular, the parity-partner for each ground-state is always more massive than its first radial excitation; i.e., the first J^P =^1_2^− state always lies above the second J^P =^1_2^+ state. We showed that a veracious expression of DCSB in the meson spectrum is critical to this outcome, so that an approach within which DCSB cannot be realised or a simulation whose parameters are such that the importance of DCSB is suppressed will both necessarily have difficulty reproducing the experimental ordering of levels. Furthermore, our results suggest that realistic simulation parameters, including

5 A phenomenological meson mass formula is used in Ref. [97] as the basis for the analytic inference of baryon mass formulae. This transmits patterns in the meson spectrum into the baryon sector. The baryon mass formulae inferred thereby are consistent with the empirical level ordering. This pathway bears a qualitative resemblance to our finding.

near-empirical masses for dynamical light-quarks, must be achieved in order for lattice-regularised QCD to confirm the role of diquark correlations in baryon structure.

The analysis and results described herein further strengthen the claim that a symmetry-preserving treatment of a vector×vector contact interaction is a useful tool for the study of phenomena characterised by probe momenta less-than the dressed-quark mass. As remarked above, whilst this interaction produces form factors which are too hard, even they, when interpreted carefully, can be used to draw valuable insights, especially concerning relationships between different hadrons. This foundation is therefore being used in the computation of elastic and transition form factors involving baryons with strangeness.

Studies employing a symmetry-preserving regularisation of the contact interaction serve as a useful surrogate, exploring domains which analyses using interactions that more closely resemble those of QCD are as yet unable to enter. They are critical at present in attempts to use experimental data as a tool for charting the nature of the quark-quark interaction at long-range; i.e., for identifying distinct signals of the running of the couplings and masses in QCD.

Acknowledgements We thank A. Bashir, I. C. Cloët, M. U. Döring, T.-S. H. Lee, V. I. Mokeev, S.-x. Qin, H. L. L. Roberts and S. M. Schmidt for helpful discussions. Chen Chen acknowledges the support of the China Scholarship Council (file no. 2010634019). This work was also supported by: Forschungszentrum Jülich GmbH; and U. S. Department of Energy, Office of Nuclear Physics, contract no. DE-AC02-06CH11357.

A Euclidean Conventions

In our Euclidean formulation: p · q = 4∑ i=1 piqi ; (A.1) {γμ, γν } = 2 δμν ; γ^†_μ = γμ ; σμν = i 2 [γμ, γν ] ; tr [γ5γμγν γργσ] = −4 ϵμνρσ , ϵ1234 = 1 . (A.2) A positive energy spinor satisfies ū(P, s) (iγ · P + M) = 0 = (iγ · P + M) u(P, s) , (A.3) where s = ± is the spin label. It is normalised: ū(P, s) u(P, s) = 2M , (A.4) and may be expressed explicitly: u(P, s) = √ M − iE ( χ_s σ · P M − iE χs ) , (A.5)

with E = i √ P^2 + M^2,

χ+ = ( 1 0 ) , χ− = ( 0 1 ) . (A.6)

For the free-particle spinor, ū(P, s) = u(P, s)^†γ4.

The spinor can be used to construct a positive energy projection operator:

Λ+(P ) := 1 2M ∑ s=± u(P, s) ū(P, s) = 1 2M (−iγ · P + M) . (A.7) A negative energy spinor satisfies v̄(P, s) (iγ · P − M) = 0 = (iγ · P − M) v(P, s) , (A.8) and possesses properties and satisfies constraints obtained via obvious analogy with u(P, s).

A charge-conjugated Bethe-Salpeter amplitude is obtained via

Γ̄ (k; P ) = C^† Γ (−k; P )^T C , (A.9)

where “T” denotes a transposing of all matrix indices and C = γ2γ4 is the charge conjugation matrix, C^† = −C. We note that C^†γ^T_μ C = −γμ , [C, γ5] = 0 . (A.10)

In describing decuplet resonances we employ a Rarita-Schwinger spinor to represent a covariant spin-3/2 field. The positive energy spinor is defined by the following equations: (iγ · P + M) uμ(P ; r) = 0 , γμuμ(P ; r) = 0 , Pμuμ(P ; r) = 0 , (A.11) where r = −3/2, −1/2, 1/2, 3/2. It is normalised:

ūμ(P ; r^′) uμ(P ; r) = 2M , (A.12)

and satisfies a completeness relation 1 2M 3/2∑ r=−3/2 uμ(P ; r) ūν (P ; r) = Λ+(P ) Rμν , (A.13)

where Rμν = δμν I D − 1 3 γμγν + 2 3 P̂_μP̂_ν I_D − i 1 3 [P̂μγν − P̂ν γμ] , (A.14) with P̂^2 = −1, which is very useful in simplifying the Faddeev equation for a positive energy decuplet state.

B Bethe-Salpeter equations

We discussed the BSEs for ground-state charged-pseudoscalar and vector mesons in Sect. 2.2.1, and for groundstate scalar and axial-vector diquark correlations in Sect. 2.2.2. Here we report formulae for other channels and also radial excitations in each channel. In the latter context, some remarks are in order.

B.1 Radial excitations of pseudoscalar mesons and scalar diquarks

In quantum mechanics the radial wave function for a bound-state’s first radial excitation possesses a single zero. A similar feature is expressed in quantum field theory: namely, in a fully covariant approach a single zero is usually seen in the relative-momentum dependence of the leading Tchebychev moment of the dominant Dirac structure in the bound state amplitude for a meson’s first radial excitation [23; 33; 34]. The existence of radial excitations is therefore clear evidence against the possibility that the interaction between quarks is momentum-independent: a bound-state amplitude that is independent of the relative momentum cannot exhibit a single zero. One may also express this differently; namely, if the location of the zero is at k^2_0 , then a momentum-independent interaction can only produce reliable results for phenomena that probe momentum scales k^2 ≪ k^2_0 . In QCD, k^2_0 ∼ 2M^2 ∼ (0.5 GeV)^2 [23; 33; 34].

In the phenomenological application of a contact interaction, however, this difficulty has been skirted by means of an expedient employed in Refs. [98; 99]; i.e., one inserts a zero by hand into the kernels expressed in Eqs. (14). This means that one identifies the BSE for a radial excitation as the form of Eq. (8) obtained with Eq. (1) and insertion into the integrand of a factor

1 − d_F q^2, (B.1)

which forces a zero into the kernel at q^2 = 1/d_F , where d_F is a parameter. Plainly, the presence of this zero reduces the coupling in the BSE and hence increases the bound-state’s mass. Although this may not be as transparent with a more sophisticated interaction, a qualitatively equivalent mechanism is responsible for the elevated values of the masses of radial excitations.

The expedient may readily be illustrated in connection with pseudoscalar mesons. First define the function

F^{iu}(ω(M^2_u, M^2_s , α, P^2)) = C^{iu}(ω(M^2_u, M^2_s , α, P^2)) − d_F D^{iu}(ω(M^2_u, M^2_s , α, P^2)) , (B.2)

D^{iu}(ω(M^2_u, M^2_s , α, P^2)) = ∫_∞ 0 ds s^2 1 s + ω^2 → ∫_r2_{ir}

r2uv dτ 2 τ^3 exp [ −τ ω(M^2_u, M^2_s , α, P^2) ] , (B.3) with, as usual, F^{iu}_1 (z) = −z(d/dz)F^{iu}(z) and F_1(z) = F1(z)/z. Then the BSE for the kaon’s first radial excitation, denoted K^1, is obtained with the kernel

K^{K1} = [ K^{K1}_{EE} K^{K1}_{EF} K̃^{K1}_{F E} K̃^{K1}_{F F} ] , (B.4a)

K^{K1}_{EE} =

∫_1 0 dα { F^{iu}(ω(M^2_u, M^2_s , α, P^2)) + [ MuMs − α(1 − α)P^2 − ω(M^2_u, M^2_s , α, P^2) ] F^{iu}_1 (ω(M^2_u, M^2_s , α, P^2)) } , (B.4b)

K^{K1}_{EF} = P^2 2MR ∫_1 0 dα [ (1 − α)Mu + αMs ] F^{iu}_1 (ω(M^2_u, M^2_s , α, P^2)), (B.4c)

K^{K1}_{F E} =

2M^2_R P^2

K^{K1}_{EF} = MR

∫_1 0 dα [ (1 − α)Mu + αMs ] F^{iu}_1 (ω(M^2_u, M^2_s , α, P^2)), (B.4d)

K^{K1}_{F F} = − 1 2 ∫_1 0 dα [ MuMs + (1 − α)M^2_u + αM^2_s ] F^{iu}_1 (ω(M^2_u, M^2_s , α, P^2)) . (B.4e)

In Eq. (B.4a), K̃^{K1}_{F E} = K^{K1}_{F E} − K^{K1}_{F E} | |_{ms,u →0} , K̃^{K1}_{F F} = K^{K1}_{F F} − K^{K1}_{F F} | |_{ms,u→0} . (B.5) These subtractions are implemented so as to ensure that the leptonic decay constant of the radially-excited pseudoscalar meson vanishes in the chiral limit, which is a consequence of the axial-vector Ward-Takahashi identity [33; 34]. The kernel for the radially-excited scalar diquark is obtained through obvious analogy with Eq. (23).

B.2 Vector mesons and axial-vector diquarks

We emphasise that the vector-meson and axial-vector-diquark Bethe-Salpeter amplitudes only assume the simple form in Eq. (17) when rainbow-ladder truncation is employed. Even with a momentum-independent interaction, these amplitudes possess two Dirac covariants immediately upon inclusion of next-to-leading-order corrections to the quark-gluon vertex; viz.,

Γ^{1−}_μ (P ) = γ^⊥_μ E_1− (P ) −→ γ^⊥_μ E_1− (P ) + i 1 M σμν Pν F_1− (P ) , γ^⊥_μ Pμ = 0. (B.6) Similar observations hold for a g^2D(p − q) ∼ δ^4(p − q) interaction [17; 59; 60].

In studying radial excitations, there are no complications in these channels: one simply implements the replacement C → F in Eq. (19) and then works with the BSEs and canonical normalisation conditions obtained therefrom.

B.3 Axial-vector mesons and vector diquarks

Again owing to the simplicity of the interaction and truncation, the Bethe-Salpeter amplitude for an axialvector meson composed from a f- and ḡ-quark is

Γ^{f ḡ}_{μ1+} (P ) = γ5γ^⊥_μ E^{1+}_{f ḡ} (P ) . (B.7)

Inserting Eq. (B.7) into Eq. (8) yields the following BSE:

0 = 1 + K^{1+}_{f ḡ} (−(m^{1+}_{f ḡ} )^2) , (B.8)

K^{1+}_{f ḡ} (z) =

2αIR 3πm^2_G ∫_1 0 dα [ C^{iu}_1 (ω(M^2_g , M^2_f , α, z)) + (Mf Mg + α(1 − α)z)C^{iu}_1 (ω(M^2_g , M^2_f , α, z)) ] . (B.9)

Given the discussion in Sect. 2.2.2, the Bethe-Salpeter amplitude for a J^P = 1^− correlation of quarks with flavour f, g is given by Γ^{f g C}_{μ1−} (P ) = γ5γ^⊥_μ E_{{f g}1−} (P ) . (B.10) In a three flavour theory the allowed correlations are {uu}, {ud}, {dd}, {su},{sd}, {ss} and their masses are determined from 1 + 1 2 K^{1+}_{f ḡ} (−m^2_{{f g}1−} ) . (B.11)

The canonical normalisation conditions are 1 (E^{1+}_{f ḡ} )^2

= − 9m^2_G d dz K^{1+}_{f ḡ} (z) | | |_{z=−(m1+f ḡ )2} , 1 E^2_{{f g}1−} = − 6m^2_G d dz K^{1+}_{f ḡ} (z) | | |_{z=−m2{f g}} 1− . (B.12)

Once again, in studying radial excitations there are no complications in these channels: one simply implements the replacement C → F in Eq. (B.9) and then works with the BSEs and canonical normalisation conditions obtained therefrom.

B.4 Scalar Mesons and Pseudoscalar Diquarks

The Bethe-Salpeter amplitude for a fḡ scalar meson is

Γ^{f ḡ}_{0+} (P ) = ID E^{0+}_{f ḡ} (P ) . (B.13)

As with axial-vector mesons, corrections beyond rainbow-ladder truncation do not generate new covariants. Inserting Eq. (B.13) into Eq. (8) produces the BSE

0 = 1 + K^{0+}_{f ḡ} (−(m^{0+}_{f ḡ} )^2) , (B.14)

K^{0+}_{f ḡ} (z) = − 4α^{IR} 3πm^2_G ∫_1 0 dα [( C^{iu}(ω(M^2_g , M^2_f , α, z)) − C^{iu}_1 (ω(M^2_g , M^2_f , α, z)) )

− (M_f Mg + α(1 − α)z)C^{iu}_1 (ω(M^2_g , M^2_f , α, z)) ] . (B.15)

The canonical normalisation condition is: 1 (E^{0+}_{f ḡ} )^2 = − 9 2 m^2_G d dz K^{0+}_{f ḡ} (z) | | |_{z=−(m0+f ḡ )2} . (B.16)

It is worth reiterating at this point that when applied in the chiral limit to the isoscalar-scalar channel, Eq. (B.14) yields [100] m^2_{(0)0}++ = 2M0 . (B.17) Whilst this algebraic result does not persist beyond rainbow-ladder truncation, it is a useful test of symmetry conservation within an application of the contact interaction and also provides for a reasonable definition of a single dressed-quark mass-scale when a more sophisticated interaction is employed.

Given the discussion in Sect. 2.2.2, the Bethe-Salpeter amplitude for a pseudoscalar diquark is readily inferred from Eq. (B.13): Γ^{C [f g]} 0− (P ) = ID E_{[f g]0−} (P ) . (B.18) In a three-flavour theory, allowed combinations are [ud], [su], [sd]. The associated BSE takes the simple form

0 = 1 + K^{0+}_{f ḡ} (−m^2_{[f g]0−} ) (B.19)

and the canonical normalisation condition is: 1 E^2_{[f g]0−}

= −3m^2_G d dz K^{0+}_{f ḡ} (z) | | |_{z=−m2[f g]} 0− . (B.20)

C Ground-state Faddeev equations

C.1 Δ-resonance

As remarked when opening Sect. 3.2, owing to its inherent simplicity the Δ is an ideal system with which to illustrate steps in the derivation of Faddeev equations that involve Dirac algebra and analysis of momentum integrals. One begins by observing that with a momentum-independent kernel, the Faddeev amplitude cannot depend on relative momentum and hence for the Δ-resonance Eq. (38) becomes

Dνρ(ℓ; P )u^Δ_ρ (P ) = f^Δ(P ) ID u^Δ_ν (P ) . (C.1)

N.B. Regarding Eq. (38) in general, one might naively suppose that isospin-one tensor diquarks could play a material role in the Faddeev amplitude for a ground state Δ. However, this notion can quickly be discarded because ground-states are distinguished by containing the smallest amount of quark orbital angular momentum, L, and a tensor diquark is characterised by L ≥ 1.

Using Eqs. (C.1), (45), Fig. 1 is realised as

f^Δ(P ) u^Δ_μ (P ) = 4 g^2_{10} Mu ∫ d^4ℓ (2π)^4

M^Δ_{μν} (ℓ; P ) f^Δ(P ) u^Δ_ν (P ) , (C.2)

with (K = −ℓ + P , P^2 = −m^2_Δ) M^Δ_{μν} (ℓ; P ) = 2 iΓ^{1+}_{ρ{uu}}(K)iΓ̄^{1+}_{μ{uu}}(−P )S(ℓ)Δ^{{uu}}_{1+ρν} (K) , (C.3) where the “2” has arisen through isospin contractions.

At this point, one post-multiplies by ū^Δ_β (P ; r) and sums over the polarisation index to obtain, using Eq. (A.13),

Λ^Δ_+ (P )R^Δ_{μβ} (P ) = 4 g^2_{10} Mu ∫ d^4ℓ (2π)^4

M^Δ_{μν} (ℓ; P ) Λ^Δ_+ (P )R^Δ_{νβ} (P ) , (C.4)

which, after contracting with δ_{μβ} , yields 1 = g^2_{10} Mu trD ∫ d^4ℓ (2π)^4

M^Δ_{μν} (ℓ; P ) Λ^Δ_+ (P )R^Δ_{νμ}(P ) (C.5) = 8 3 g^2_{10} Mum^3_Δ E^2_{{uu}1+} m^2_{{uu}1+} ∫ d^4ℓ (2π)^4 1 (K^2 + m^2_{{uu}1+} )(ℓ^2 + M^2_u ) ( −ℓ · P [3 m^2_{{uu}1+} m^2_Δ + (K · P )^2]

+mΔ[2mΔℓ · KK · P + 3M(m^2_{{uu}1+} m^2_Δ + (K · P )^2)] ) , (C.6)

where E_{{uu}1+}(K) is the canonically-normalised axial-vector diquark Bethe-Salpeter amplitude, explained in Eq. (27). Now, with the aid of a Feynman parametrisation, the right hand side becomes 8 3 g^2_{10} Mum^3_Δ E^2_{{uu}1+} m^2_{{uu}1+} ∫ d^4ℓ (2π)^4

∫_1 0 dα 1 [(ℓ − αP )^2 + σ(α, M^2_u, m^2_{{uu}1+} , m^2_Δ)]^2 ( −ℓ · P [3 m^2_{{uu}1+} m^2_Δ +(K · P )^2] + mΔ[2mΔℓ · KK · P + 3M(m^2_{{uu}1+} m^2_Δ + (K · P )^2)] ) (C.7)

where σ(α, x, y, z) = (1 − α) x + α y − α(1 − α) z . (C.8) We employ a symmetry-preserving regularisation scheme. Hence the shift ℓ →= ℓ^′ + αP is permitted, whereafter O(4)-invariance entails ℓ^′ · P = 0 so that one may set

ℓ · P → αP^2 , K · P = (1 − α)P^2 , ℓ · K → α(1 − α)P^2 , (C.9)

and therewith obtain

1 = 8 g^2_{10} Mu E^2_{{uu}1+} m^2_{{uu}1+} ∫ d^4ℓ^′ (2π)^4

∫_1 0 dα (m^2_{{uu}1+} + (1 − α)^2m^2_Δ)(αmΔ + Mu)

[ℓ^{′2} + σ(α, M^2_u, m^2_{{uu}1+} , m^2_Δ)]^2

(C.10)

= g^2_{10} Mu E^2_{{uu}1+} m^2_{{uu}1+} 1 2π^2

∫_1 0 dα [m^2_{{uu}1+} + (1 − α)^2m^2_Δ][αmΔ + Mu]C^{iu}_1 (σ(α, M^2_u , m^2_{{uu}1+} , m^2_Δ)) . (C.11)

This is an eigenvalue problem whose solution yields the mass for the dressed-quark-core of the Δ-resonance. If one sets g10 = 1, then mΔ = 1.60 GeV.

For the purpose of illustration, here we present the Faddeev equation for the parity partner of the groundstate Δ-resonance: 1 = g^2_{10} Mu E^2_{{uu}1−} m^2_{{uu}1−} 1 2π^2

∫_1 0 dα [m^2_{{uu}1−} + (1 − α)^2m^2_Δ− ][αm_Δ− − Mu]C^{iu}_1 (σ(α, M^2_u , m^2_{{uu}1−} , m^2_Δ− )) . (C.12)

C.2 Nucleon

As we have already observed, using Eq. (45) the nucleon’s Faddeev amplitude simplifies to the form in Eqs. (46), which here we write as S^N (P ) = s^1_N (P ) I D , A^{Ni}_μ (P ) = a^i_{N1}(P )iγ5γμ + a^i_{N2}(P )γ5P̂μ , i = 4, 5 , (C.13a) where the superscripts are diquark enumeration labels associated with Eq. (31). In terms of the associated amplitude, the nucleon’s Faddeev equation takes the form

s^N_1 (P ) a^4_{N1}(P ) a^5_{N1}(P ) a^4_{N2}(P ) a^5_{N2}(P ) = K^N_{11} − √ 2 K^N_{141} K^N_{141} − √ 2 K^N_{142} K^N_{142} − √ 2 K^N_{411} 0 √ 2 K^N_{41 41} 0 √ 2 K^N_{41 42} K^N_{41 1} √ 2 K^N_{41 41} K^N_{4141} √ 2 K^N_{41 42} K^N_{4142} − √ 2 K^N_{421} 0 √ 2 K^N_{42 41} 0 √ 2 K^N_{42 42} K^N_{42 1} √ 2 K^N_{42 41} K^N_{42 41} √ 2 K^N_{42 42} K^N_{42 42} s^N_1 (P ) a^4_{N1}(P ) a^5_{N1}(P ) a^4_{N2}(P ) a^5_{N2}(P )

, (C.14)

where the kernel expresses the isospin symmetry we have assumed; i.e., that the Bethe-Salpeter amplitudes for the {uu}_1+ and {ud}_1+ correlations are identical. Define now cN = g^2_8 4π^2Mu , σ^i_N = (1 − α) M^2_u + α m^2_i − α(1 − α)m^2_N , (C.15)

where i = 1, 4 are diquark labels associated with Eq. (31), then the entries in the nucleon’s Faddeev kernel may be expressed as follows:

K^N_{11} = K^N_{EE} + K^N_{EF} + K^N_{F F} , (C.16a)

K^N_{EE} = cN E^2_1

∫_1 0 dα C 1(σ^1_N )(αmN + Mu) , (C.16b) K^N_{EF} = −2cN E1F1 mN Mu ∫_1 0 dα C 1(σ^1_N )(1 − α)(αmN + Mu) , (C.16c)

K^N_{F F} = cN F^2_1 m^2_1 M^2_u

∫_1 0 dα C 1(σ^1_N )(αmN + Mu) ; (C.16d)

K^N_{141} = K^N_{E41} + K^N_{F 41} , (C.16e)

K^N_{E41} = cN E1E4 m^2_4

∫_1 0 dα C 1(σ^4_N )(m^2_4(3Mu + αmN ) + 2α(1 − α)^2m^3_N ) , (C.16f) K^N_{F 41} = −cN F1E4 m^2_4 mN Mu ∫_1 0 dα C 1(σ^4_N )(1 − α)(m^2_4(Mu + 3αmN ) + 2(1 − α)^2Mum^2_N ) ; (C.16g)

K^N_{142} = K^N_{E42} + K^N_{F 42} , (C.16h)

K^N_{E42} = cN E1E4 m^2_4

∫_1 0 dα C 1(σ^4_N )(αmN − Mu)((1 − α)^2m^2_N − m^2_4) , (C.16i)

K^N_{F 42} = cN F1E4 m^2_4 mN Mu ∫_1 0 dα C 1(σ^4_N )(1 − α)(αmN − Mu)((1 − α)^2m^2_N − m^2_4) ; (C.16j)

K^N_{41 1} = K^N_{41 E} + K^N_{41 F} , (C.16k)

K^N_{41 E} = cN 3 E1E4 m^2_4

∫_1 0 dα C 1(σ^1_N )(αmN + Mu)(2m^2_4 + (1 − α)^2m^2_N ) , (C.16l)

K^N_{41F} = − cN 3 F1E4 m^2_4 mN Mu ∫_1 0 dα C 1(σ^1_N )(1 − α)(2m^2_4 + (1 − α)^2m^2_N )(αmN + Mu) ; (C.16m)

K^N_{42 1} = K^N_{42 E} + K^N_{42 F} , (C.16n)

K^N_{42 E} = cN 3 E1E4 m^2_4

∫_1 0 dα C 1(σ^1_N )(αmN + Mu)(m^2_4 − 4(1 − α)^2m^2_N ), (C.16o)

K^N_{42F} = cN 3 F1E4 m^2_4 mN Mu ∫_1 0 dα C 1(σ^1_N )(1 − α)(5m^2_4 − 2(1 − α)^2m^2_N )(αmN + Mu) ; (C.16p)

K^N_{41 41} = − c^N 3 E^2_4 m^2_4

∫_1 0 dα C 1(σ^4_N )(2m^2_4(Mu − αmN ) + (1 − α)^2m^2_N (Mu + 5αmN )) ; (C.16q)

K^N_{41 42} = − 2cN 3 E^2_4 m^2_4

∫_1 0 dα C 1(σ^4_N )(−m^2_4 + (1 − α)^2m^2_N )(αmN − Mu) ; (C.16r)

K^N_{42 41} = − c^N 3 E^2_4 m^2_4

∫_1 0 dα C 1(σ^4_N )(m^2_4(11αmN + Mu) − 2(1 − α)^2m^2_N (7αmN + 2Mu)) ; (C.16s)

K^N_{42 42} = − 5cN 3 E^2_4 m^2_4

∫_1 0 dα C 1(σ^4_N )(m^2_4 − (1 − α)^2m^2_N )(αmN − Mu) , (C.16t)

with E1, F1, E4 being canonically normalised Bethe-Salpeter amplitudes for diquarks corresponding to enumeration labels i = 1, 4 in Eq. (31). This kernel was computed following the procedure detailed for the Δ-resonance in App. C.1. During this process we employed the replacements in Eq. (C.9), their analogues involving the scalar-diquark’s momentum, K_{[ud]0+} , and K_{[ud]0+} · K_{{uu}1+} → (1 − α)^2P^2. In the present context, of course, P^2 = −m^2_N . If one sets g8 = 1, then mN = 1.27.

Given the structure of the kernel, it is not surprising that the eigenvectors exhibit the pattern

a^4_{Nj} = − √ 2 a^5_{Nj} , j = 1, 2 . (C.17)

For example, at the mass presented in Table 6, the nucleon’s unit-normalised Faddeev amplitude is

s^1_N a^4_{N1} a^5_{N1} a^4_{N2} a^5_{N2} 0.88 0.38 −0.27 −0.065 0.046 . (C.18)

The axial-vector-diquark correlation provides 22% of the unit normalisation.

C.3 Kernel for the Λ baryon

Here we make explicit each entry in the Faddeev equation kernel for the Λ-baryon, Eq. (56). Define

c^f_Λ = g^2_8 4π^2M_f

, σ^{f,i}_Λ = σ(α, M^2_f , m^2_i , m^2_Λ) , (C.19)

where σ(α, x, y, z) was introduced in Eq. (C.8), f labels a quark flavour and i is the diquark enumeration label in Eq. (31), so that mi is the mass of the associated correlation, then

K^Λ_{12} = c^{uΛ} 2MuMR ∫_1 0 dα C 1(σ^{u,2}_Λ )[E1Mu − F1mΛ(1 − α)][2E2MR − F2mΛ(1 − α)][Mu + αmΛ] , (C.20a) K^Λ_{161} = c^u_ΛE6 Mum^2_6 ∫_1 0 dα C 1(σ^{u,6}_Λ ) [ E1Mu[3Mum^2_6 + mΛ(m^2_6 + 2m^2_Λ(1 − α)^2)α]

− F1mΛ(1 − α)(Mu[m^2_6 + 2m^2_Λ(1 − α)^2] + 3m^2_6mΛα) ] , (C.20b)

K^Λ_{162} = c^{uΛ}E^6 Mum^2_6 ∫_1 0 dα C 1(σ^{u,6}_Λ )[E1Mu + F1mΛ(1 − α)][m^2_6 − m^2_Λ(1 − α)^2][Mu − αm_λ] , (C.20c)

K^Λ_{21} = c^{sΛ} 2MuMR ∫_1 0 dα C 1(σ^{s,1}_Λ )[E1Mu − F1mΛ(1 − α)][2E2 MR − F2mΛ(1 − α)][Ms + αmΛ] , (C.20d) K^Λ_{23} = c^{sΛ}

4M^2_R

∫_1 0 dα C 1(σ^{u,2}_Λ )[2E2MR − F2mΛ(1 − α)]^2[Mu + αmΛ] , (C.20e)

K^Λ_{281} = c^{sΛ}E^6 2MRm^2_6

∫_1 0 dα C 1(σ^{u,6}_Λ ) [ 2E2MR[3Mum^2_6 + mΛ[m^2_6 + 2m^2_Λ(1 − α)^2]α] ,

− F2mΛ(1 − α)[Mu(m^2_6 + 2m^2_Λ(1 − α)^2) + 3m^2_6mΛα] ] , (C.20f)

K^Λ_{282} = c^s_ΛE6 2MRm^2_6

∫_1 0 dα C 1(σ^{u,6}_Λ )[2E2MR + F2mΛ(1 − α)][m^2_6 − m^2_Λ(1 − α)^2][Mu − αmΛ] , (C.20g)

K^Λ_{61 1} = c^{uΛ}E^6 3Mum^2_6

∫_1 0 dα C 1(σ^{s,1}_Λ )[E1Mu − F1mΛ(1 − α)][2m^2_6 + m^2_Λ(1 − α)^2][Ms + αmΛ] , (C.20h)

K^Λ_{621} = c^{uΛ}E^6 3Mum^2_6

∫_1 0 dα C 1(σ^{s,1}_Λ ) [ E1Mu[m^2_6 − 4m^2_Λ(1 − α)^2]

+ F1mΛ[5m^2_6 − 2m^2_Λ(1 − α)^2](1 − α) ] [Mu + αmΛ] , (C.20i)

K^Λ_{61 3} = c^s_ΛE6 6MRm^2_6

∫_1 0 dα C 1(σ^{u,2}_Λ )[2E2MR − F2mΛ(1 − α)][2m^2_6 + m^2_Λ(1 − α)^2][Mu + αmΛ] , (C.20j)

K^Λ_{62 3} = c^{sΛ}E^6

6MRm^2_6

∫_1 0 dα C 1(σ^{u,2}_Λ ) [ 2E2MR[m^2_6 − 4m^2_Λ(1 − α)^2]

+ F2mΛ[5m^2_6 − 2m^2_Λ(1 − α)^2](1 − α) ] [Mu + αmΛ] , (C.20k)

K^Λ_{61 81} = − c^{sΛ}E^{26} 3m^4_6

∫_1 0 dα C 1(σ^{u,6}_Λ )[Mum^2_6[4m^2_6 − m^2_Λ(1 − α)^2] + m^3_Λ[m^2_6 + 2m^2_Λ(1 − α)^2](1 − α)^2α] ,(C.20l)

K^Λ_{61 82} = c^{sΛ}E^{26}

3m^4_6

∫_1 0 dα C 1(σ^{u,6}_Λ )[−2m^4_6 + m^2_6m^2_Λ(1 − α)^2 + m^4_Λ(1 − α)^4][Mu − αmΛ] , (C.20m)

K^Λ_{62 81} = c^{sΛ}E^{26}

3m^4_6

∫_1 0 dα C 1(σ^{u,6}_Λ ) [ Mu[m^4_6 − 4m^2_6m^2_Λ(1 − α)^2 + 6m^4_Λ(1 − α)^4]

+ mΛ[−9m^4_6 + 10m^2_6m^2_Λ(1 − α)^2 + 2m^4_Λ(1 − α)^4]α ] , (C.20n)

K^Λ_{62 82} = c^{sΛ}E^{26}

3m^4_6

∫_1 0 dα C 1(σ^{u,6}_Λ )[5m^4_6 − 7m^2_6m^2_Λ(1 − α)^2 + 2m^4_Λ(1 − α)^4][Mu − αmΛ] , (C.20o)

with MR defined in connection with Eq. (9) and {Ei, Fi|i = 1, 2}, E6 being canonically normalised Bethe- Salpeter amplitudes for diquarks corresponding to enumeration labels i = 1, 2, 6 in Eq. (31). This kernel was computed following the pattern in App. C.1, using analogues of Eq. (C.9).

C.4 Σ Baryon

Given the flavour structure of the Σ, one can obtain its Faddeev equation directly from that of the proton by simply making the replacement d → u. However, we assumed isospin symmetry in writing the proton’s Faddeev equation, so that replacement is not readily achieved. We therefore report the complete structure here.

The Faddeev amplitude for the Σ^+ baryon is expressed in terms of

S^Σ = s^2_Σ (P )ID , A^{Σi}_μ = a^i_{Σ1}(P )iγ5γμ + a^i_{Σ2}(P )γ5P̂μ , i = 4, 6 , (C.21)

where the superscripts are diquark enumeration labels, Eq. (31). The associated Faddeev equation is

s^2_Σ (P ) a^4_{Σ1}(P ) a^6_{Σ1}(P ) a^4_{Σ2}(P ) a^6_{Σ2}(P ) = K^Σ_{22} − √ 2 K^Σ_{241} K^Σ_{261} − √ 2 K^Σ_{242} K^Σ_{262} − √ 2 K^Σ_{412} 0 √ 2 K^Σ_{41 61} 0 √ 2 K^Σ_{41 62} K^Σ_{61 2} √ 2 K^Σ_{61 41} K^Σ_{61 61} √ 2 K^Σ_{61 42} K^Σ_{6162} − √ 2 K^Σ_{422} 0 √ 2 K^Σ_{42 61} 0 √ 2 K^Σ_{42 62} K^Σ_{62 2} √ 2 K^Σ_{62 41} K^Σ_{62 61} √ 2 K^Σ_{62 42} K^Σ_{62 62} s^2_Σ (P ) a^4_{Σ1}(P ) a^6_{Σ1}(P ) a^4_{Σ2}(P ) a^6_{Σ2}(P )

. (C.22)

In order to make each entry explicit, we define

c^f_Σ = g^2_8 4π^2M_f

, σ^{f,i}_Σ = σ(α, M^2_f , m^2_i , m^2_Σ ) , (C.23)

where σ(α, x, y, z) was introduced in Eq. (C.8), f = u, s, i = 2, 4, 6 is the diquark enumeration label in Eq. (31), so that mi is the mass of the associated correlation; and then

K^Σ_{22} = K^Σ_{22EE} + K^Σ_{22EF} + K^Σ_{22F F} , (C.24a)

K^Σ_{22EE} = c^s_Σ E^2_2

∫_1 0 dα C 1(σ^{u,2}_Σ )[Mu + αmΣ ] , (C.24b) K^Σ_{22EF} = −c^s_Σ E2F2 mΣ MR ∫_1 0 dα C 1(σ^{u,2}_Σ )(1 − α)[Mu + αmΣ ] , (C.24c)

K^Σ_{22F F} = c^s_Σ F^2_2 m^2 4M^2_R

∫_1 0 dα C 1(σ^{u,2}_Σ )(Mu + αmΣ ) , (C.24d)

K^Σ_{241} = K^Σ_{241 E} + K^Σ_{241 F} , (C.24e)

K^Σ_{241 E} = c^u_Σ E2E4 m^2_4

∫_1 0 dα C 1(σ^{s,4}_Σ )[3Msm^2_4 + αmΣ (m^2_4 + 2m^2_Σ (1 − α)^2)] , (C.24f)

K^Σ_{241 F} = −c^u_Σ F2E4 m^2_4 mΣ 2MR ∫_1 0 dα C 1(σ^{s,4}_Σ )(1 − α)[Ms[m^2_4 + 2m^2_Σ (1 − α)^2] + 3αm^2_4] , (C.24g)

K^Σ_{242} = K^Σ_{242 E} + K^Σ_{242 F} , (C.24h)

K^Σ_{242 E} = c^u_Σ E2E4 m^2_4

∫_1 0 dα C 1(σ^{s,4}_Σ )[m^2_Σ (1 − α)^2 − m^2_4][αmΣ − Ms] , (C.24i)

K^Σ_{242 F} = c^u_Σ F2E4 m^2_4 mΣ 2MR ∫_1 0 dα C 1(σ^{s,4}_Σ )(1 − α)[m^2_Σ (1 − α)^2 − m^2_4][αmΣ − Ms] , (C.24j)

K^Σ_{261} = K^Σ_{261 E} + K^Σ_{261 F} , (C.24k)

K^Σ_{261 E} = c^s_Σ E2E6 m^2_6

∫_1 0 dα C 1(σ^{u,6}_Σ )[3Mum^2_6 + αmΣ (m^2_6 + 2m^2_Σ (1 − α)^2)] , (C.24l)

K^Σ_{261 F} = −c^s_Σ F2E6 m^2_6 mΣ 2MR ∫_1 0 dα C 1(σ^{u,6}_Σ )(1 − α)[Mu[m^2_6 + 2m^2_Σ (1 − α)^2] + 3αm^2_6] , (C.24m)

K^Σ_{262} = K^Σ_{262 E} + K^Σ_{262 F} , (C.24n)

K^Σ_{262 E} = c^s_Σ E2E6 m^2_6

∫_1 0 dα C 1(σ^{u,6}_Σ )[m^2_Σ (1 − α)^2 − m^2_6][αmΣ − Mu] , (C.24o)

K^Σ_{262 F} = c^s_Σ F2E6 m^2_6 mΣ 2MR ∫_1 0 dα C 1(σ^{u,6}_Σ )(1 − α)[m^2_Σ (1 − α)^2 − m^2_6][αmΣ − Mu] , (C.24p)

K^Σ_{412} = K^Σ_{412E} + K^Σ_{41 2F} , (C.24q)

K^Σ_{41 2E} = c^u_Σ E2E4 3m^2_4

∫_1 0 dα C 1(σ^{u,2}_Σ )[2m^2_4 + m^2_Σ (1 − α)^2][Mu + αmΣ ] , (C.24r)

K^Σ_{41 2F} = −c^u_Σ F2E4 4m^2_4 mΣ 2MR ∫_1 0 dα C 1(σ^{u,2}_Σ )(1 − α)[2m^2_4 + m^2_Σ (1 − α)^2][Mu + αmΣ ] , (C.24s)

K^Σ_{422} = K^Σ_{422E} + K^Σ_{42 2F} , (C.24t)

K^Σ_{42 2E} = c^u_Σ E2E4 3m^2_4

∫_1 0 dα C 1(σ^{u,2}_Σ )[m^2_4 − 4m^2_Σ (1 − α)^2][Mu + αmΣ ] , (C.24u)

K^Σ_{42 2F} = c^u_Σ F2E4 3m^2_4 mΣ 2MR ∫_1 0 dα C 1(σ^{u,2}_Σ )(1 − α)(5m^2_4 − 2m^2_Σ (1 − α)^2)(Mu + αmΣ ) , (C.24v)

K^Σ_{41 61} = −c^u_Σ E^4E^6 3m^2_4m^2_6

∫_1 0 dα C 1(σ^{u,6}_Σ ) [ Mu[m^2_4(4m^2_6 − 2m^2_Σ (1 − α)^2) + m^2_6m^2_Σ (1 − α)^2]

+ α(1 − α)^2m^3_Σ [2m^2_4 − m^2_6 + 2m^2_Σ (1 − α)^2] ] , (C.24w)

K^Σ_{41 62} = c^u_Σ E4E6 3m^2_4m^2_6

∫_1 0 dα C 1(σ^{u,6}_Σ )[m^2_6 − m^2_Σ (1 − α)^2][2m^2_4 + m^2_Σ (1 − α)^2][αmΣ − Mu] , (C.24x)

K^Σ_{4261} = c^u_Σ E4E6 3m^2_4m^2_6

∫_1 0 dα C 1(σ^{u,6}_Σ ) [ Mu(m^2_4[m^2_6 − 8m^2_Σ (1 − α)^2] + 2m^2_Σ (1 − α)^2[2m^2_6 + 3m^2_Σ (1 − α)^2])

+ αmΣ (m^2_4[−9m^2_6 + 2m^2_Σ (1 − α)^2] + 2m^2_Σ (1 − α)^2[4m^2_6 + m^2_Σ (1 − α)^2]) ] , (C.24y)

K^Σ_{42 62} = c^u_Σ E^4E^6 3m^2_4m^2_6

∫_1 0 dα C 1(σ^{u,6}_Σ )[m^2_6 − m^2_Σ (1 − α)^2][5m^2_4 − 2m^2_Σ (1 − α)^2][Mu − αmΣ ] , (C.24z)

K^Σ_{61 2} = K^Σ_{61 2E} + K^Σ_{612F} , (C.25a)

K^Σ_{61 2E} = c^s_Σ E2E6 3m^2_6

∫_1 0 dα C 1(σ^{u,2}_Σ )[2m^2_6 + m^2_Σ (1 − α)^2][Mu + αmΣ ] , (C.25b)

K^Σ_{61 2F} = −c^s_Σ F2E6 3m^2_6 mΣ 2MR ∫_1 0 dα C 1(σ^{u,2}_Σ )(1 − α)[2m^2_6 + m^2_Σ (1 − α)^2][Mu + αmΣ ] , (C.25c)

K^Σ_{62 2} = K^Σ_{62 2E} + K^Σ_{622F} , (C.25d)

K^Σ_{62 2E} = c^s_Σ E2E6 3m^2_6

∫_1 0 dα C 1(σ^{u,2}_Σ )[m^2_6 − 4m^2_Σ (1 − α)^2][Mu + αmΣ ] , (C.25e)

K^Σ_{62 2E} = c^s_Σ F2E6 3m^2_6 mΣ 2MR ∫_1 0 dα C 1(σ^{u,2}_Σ )(1 − α)[5m^2_6 − 2m^2_Σ (1 − α)^2][Mu + αmΣ ] , (C.25f)

K^Σ_{61 41} = −c^u_Σ E^4E^6 3m^2_4m^2_6

∫_1 0 dα C 1(σ^{s,4}_Σ ) [ Ms[m^2_4(4m^2_6 + m^2_Σ (1 − α)^2) − 2m^2_6m^2_Σ (1 − α)^2]

+ α(1 − α)^2m^3_Σ [2m^2_6 − m^2_4 + 2m^2_Σ (1 − α)^2] ] , (C.25g)

K^Σ_{61 42} = c^u_Σ E4E6 3m^2_4m^2_6

∫_1 0 dα C 1(σ^{s,4}_Σ )[m^2_4 − m^2_Σ (1 − α)^2][2m^2_6 + m^2_Σ (1 − α)^2][αmΣ − Ms] , (C.25h)

K^Σ_{62 41} = c^u_Σ E4E6 3m^2_4m^2_6

∫_1 0 dα C 1(σ^{s,4}_Σ ) [ Ms(m^2_4[m^2_6 + 4m^2_Σ (1 − α)^2] + 2m^2_Σ (1 − α)^2[−4m^2_6 + 3m^2_Σ (1 − α)^2])

+ αmΣ (m^2_4[−9m^2_6 + 8m^2_Σ (1 − α)^2] + 2m^2_Σ (1 − α)^2[m^2_6 + m^2_Σ (1 − α)^2]) ] , (C.25i)

K^Σ_{62 42} = c^u_Σ E4E6 3m^2_4m^2_6

∫_1 0 dα C 1(σ^{s,4}_Σ )[m^2_4 − m^2_Σ (1 − α)^2][5m^2_6 − 2m^2_Σ (1 − α)^2][Ms − αMs] , (C.25j)

K^Σ_{61 61} = −c^u_Σ E^{26} 3m^2_6

∫_1 0 dα C 1(σ^{u,6}_Σ )[Mu(2m^2_6 + m^2_Σ (1 − α)^2) + αmΣ (−2m^2_6 + 5m^2_Σ (1 − α)^2)] , (C.25k)

K^Σ_{61 62} = c^u_Σ 2E^{26} 3m^2_6

∫_1 0 dα C 1(σ^{u,6}_Σ )[m^2_6 − m^2_Σ (1 − α)^2][αmΣ − Mu] , (C.25l)

K^Σ_{62 61} = −c^u_Σ

E^2_6 3m^2_6

∫_1 0 dα C 1(σ^{u,6}_Σ )[Mu(m^2_6 − 4m^2_Σ (1 − α)^2) + αmΣ (11m^2_6 − 14m^2_Σ (1 − α)^2)] , (C.25m)

K^Σ_{61 62} = c^u_Σ 5E^{26} 3m^2_6

∫_1 0 dα C 1(σ^{u,6}_Σ )[m^2_6 − m^2_Σ (1 − α)^2][Mu − αmΣ ] . (C.25n)

with MR defined in connection with Eq. (9) and E2, F2, E4, E6 being canonically normalised Bethe-Salpeter amplitudes for diquarks corresponding to enumeration labels i = 2, 4, 6 in Eq. (31). This kernel was computed following the pattern in App. C.1, using analogues of Eq. (C.9).

C.5 Ξ Baryon

As apparent from Eqs. (35), the Ξ^0 baryon may be obtained from the Σ^+ by making the replacements u ↔ s. It follows that the Faddeev equation for the Ξ^0 can simply be obtained from that for the Σ^+ by making the replacements u ↔ s and 4 → 9 in Eqs. (C.21), (C.22), (C.24), (C.25).

C.6 Σ^∗ Baryon

The Faddeev amplitude for the decuplet Σ^∗ may be expressed as

D^{Σ∗}_{μρ} u^{Σ∗}_ρ (P ) = ∑ i=4,6 f^i_Σ∗ IDu^{Σ∗}_μ (P ) , (C.26)

so that the Faddeev equation can be written ( f^4_Σ∗ (P ) f^6_Σ∗ (P ) ) = ( 0 √ 2 K^{Σ∗}_{46} √ 2 K^{Σ∗}_{64} K^{Σ∗}_{66} ) ( f^4_Σ∗ (P ) f^6_Σ∗ (P ) ) . (C.27)

Defining c^f_Σ∗ = g^2_{10} 4π^2M_f

, σ^{f,i}_Σ∗ := (1 − α) M^2_f + α m^2_i − α(1 − α)m^2_Σ∗ , (C.28)

where σ(α, x, y, z) was introduced in Eq. (C.8), f = u, s, i = 4, 6 is the diquark enumeration label in Eq. (31), so that mi is the mass of the associated correlation; then

K^{Σ∗}_{46} = c^u_Σ∗ E4E6 6m^2_4m^2_6

∫_1 0 dα C 1(σ^{u,6}_Σ∗ ) [ m^2_4(5m^2_6 + 3m^2_Σ∗ (1 − α)^2)

+ (1 − α)^2m^2_Σ∗ (3m^2_6 + m^2_Σ∗ (1 − α)^2) ] [Mu + αmΣ∗ ], (C.29a) K^{Σ∗}_{64} = c^u_Σ∗ E^4E^6 6m^2_4m^2_6

∫_1 0 dα C 1(σ^{s,4}_Σ∗ ) [ m^2_4(5m^2_6 + 3m^2_Σ∗ (1 − α)^2)

+ (1 − α)^2m^2_Σ∗ (3m^2_6 + m^2_Σ∗ (1 − α)^2) ] [Ms + αmΣ∗ ] , (C.29b)

K^{Σ∗}_{66} = c^s_Σ∗

E^2_6 m^2_6

∫_1 0 dα C 1(σ^{u,6}_Σ∗ ) [m^2_6 + m^2_Σ∗ (1 − α)^2][Mu + αmΣ∗ ] . (C.29c)

with E4, E6 being canonically normalised Bethe-Salpeter amplitudes for diquarks corresponding to enumeration labels i = 4, 6 in Eq. (31). This kernel was computed following the pattern in App. C.1, using analogues of Eq. (C.9).

The eigenvectors corresponding to the results in Table 6 are

P = +, n = 0 P = +, n = 1 P = −, n = 0 P = −, n = 0 f^4_Σ∗ 0.61 0.76 0.67 0.66 f^6_Σ∗ 0.79 0.65 0.74 0.75

(C.30)

indicating that these states generally favour the {us}u configuration over {uu}s. This owes to the quark exchange character of the interaction in Fig. 1: both {uu}s and {us}u feed into {us}u but only {us}u can feed {uu}s. The radial excitation of the positive-parity Σ^∗ is an exception. Its origin is dynamical, connected with the mass ordering Mu < Ms < m4 < m6, with the switch in probability occurring for 1/d_F = 0.64(2M^2 ), at which point the baryon’s mass is 1.85 GeV.

C.7 Ξ^∗ Baryon

As apparent from Eqs. (35), the Ξ^{∗0} baryon may be obtained from the Σ^{∗+} by making the replacements u ↔ s. It follows that the Faddeev equation for the Ξ^{∗0} can simply be obtained from that for the Σ^{∗+} by making the replacements u ↔ s and 4 → 9 in the equations of App. C.6.

The eigenvectors corresponding to the results in Table 6 are

P = +, n = 0 P = +, n = 1 P = −, n = 0 P = −, n = 0 f^6_Ξ∗ 0.85 0.90 0.87 0.87 f^9_Ξ∗ 0.52 0.43 0.49 0.50

(C.31)

indicating that these states favour the {us}u configuration over {ss}u. This owes again to the quark exchange character of the interaction in Fig. 1: both {ss}u and {us}s feed into {us}s but only {us}s can feed {ss}u.

C.8 Ω Baryon

We define cΩ = g^2_{10} 4π^2Ms , σΩ := (1 − α) M^2_s + α m^2_9 − α(1 − α)m^2_Ω , (C.32)

so that the Faddeev equation for the Ω can be written

1 = 2cΩ

E^2_9 m^2_9

∫_1 0 dα [m^2_9 + (1 − α)^2m^2_Ω ][αmΩ + Ms] C^{iu}_1 (σ^9_Ω ) . (C.33)

Of course, this is simply the Faddeev equation for the Δ^+-resonance but for the replacement u → s or, equivalently, 4 → 9.

References

1. C. D. Roberts, arXiv:1203.5341 [nucl-th], Strong QCD and Dyson-Schwinger Equations. 2. I. Aznauryan et al., arXiv:0907.1901 [nucl-th], Theory Support for the Excited Baryon Program at the JLab 12 GeV Upgrade.

3. I. Aznauryan, V. Burkert, T.-S. Lee and V. Mokeev, J. Phys. Conf. Ser. 299, 012008 (2011). 4. D. S. Carman, AIP Conf. Proc. 814, 173 (2006). 5. V. Crede and C. Meyer, Prog. Part. Nucl. Phys. 63, 74 (2009).

6. H. L. L. Roberts, L. Chang, I. C. Cloët and C. D. Roberts, Few Body Syst. 51, 1 (2011). 7. H. L. L. Roberts, A. Bashir, L. X. Gutiérrez-Guerrero, C. D. Roberts and D. J. Wilson, Phys. Rev. C83, 065206 (2011).

8. D. J. Wilson, I. C. Cloët, L. Chang and C. D. Roberts, Phys. Rev. C85, 025205 (2012). 9. L. Chang, C. D. Roberts and P. C. Tandy, Chin. J. Phys. 49, 955 (2011). 10. A. Bashir et al., Commun. Theor. Phys., to appear (2012), [arXiv:1201.3366 nucl-th].

11. L. X. Gutiérrez-Guerrero, A. Bashir, I. C. Cloët and C. D. Roberts, Phys. Rev. C81, 065202 (2010). 12. H. L. L. Roberts, C. D. Roberts, A. Bashir, L. X. Gutiérrez-Guerrero and P. C. Tandy, Phys. Rev. C82, 065202 (2010).

13. P. Jain and H. J. Munczek, Phys. Rev. D48, 5403 (1993). 14. P. Maris and C. D. Roberts, Phys. Rev. C56, 3369 (1997). 15. P. Maris and C. D. Roberts, Int. J. Mod. Phys. E12, 297 (2003). 16. H. J. Munczek, Phys. Rev. D52, 4736 (1995).

17. A. Bender, C. D. Roberts and L. von Smekal, Phys. Lett. B380, 7 (1996). 18. P. Maris, A. Raya, C. D. Roberts and S. M. Schmidt, Eur. Phys. J. A18, 231 (2003). 19. G. Eichmann, R. Alkofer, I. C. Cloët, A. Krassnigg and C. D. Roberts, Phys. Rev. C77, 042202(R) (2008).

20. P. Maris and P. C. Tandy, Phys. Rev. C60, 055214 (1999). 21. M. S. Bhagwat and P. Maris, Phys. Rev. C77, 025203 (2008).

22. S.-x. Qin, L. Chang, Y.-x. Liu, C. D. Roberts and D. J. Wilson, Phys. Rev. C84, 042202(R) (2011). 23. S.-x. Qin, L. Chang, Y.-x. Liu, C. D. Roberts and D. J. Wilson, Phys. Rev. C85, 035202 (2012). 24. P. Maris and C. D. Roberts, Phys. Rev. C58, 3659 (1998). 25. P. Maris and P. C. Tandy, Phys. Rev. C62, 055204 (2000). 26. P. Maris and P. C. Tandy, Phys. Rev. C65, 045211 (2002).

27. M. S. Bhagwat, L. Chang, Y.-X. Liu, C. D. Roberts and P. C. Tandy, Phys. Rev. C76, 045203 (2007). 28. G. Eichmann, I. C. Cloët, R. Alkofer, A. Krassnigg and C. D. Roberts, Phys. Rev. C79, 012202 (2009). 29. G. Eichmann, Phys. Rev. D84, 014014 (2011). 30. G. Eichmann, PoS QCD-TNT-II, 017 (2011). 31. G. Eichmann and C. Fischer, Eur. Phys. J. A48, 9 (2012).

32. M. S. Bhagwat, A. Krassnigg, P. Maris and C. D. Roberts, Eur. Phys. J. A31, 630 (2007). 33. A. Höll, A. Krassnigg and C. D. Roberts, Phys. Rev. C70, 042203 (2004). 34. A. Höll, A. Krassnigg, P. Maris, C. D. Roberts and S. V. Wright, Phys. Rev. C71, 065204 (2005). 35. L. Chang and C. D. Roberts, Phys. Rev. Lett. 103, 081601 (2009). 36. L. Chang, Y.-X. Liu and C. D. Roberts, Phys. Rev. Lett. 106, 072001 (2011). 37. L. Chang and C. D. Roberts, (arXiv:1104.4821 [nucl-th]), Tracing masses of ground-state light-quark mesons.

38. A. Bashir, R. Bermudez, L. Chang and C. D. Roberts, Phys. Rev. C (in press), [arXiv:1112.4847 nucl-th]. 39. M. Bhagwat, M. Pichowsky and P. C. Tandy, Phys. Rev. D67, 054019 (2003). 40. A. M. Gasparyan, J. Haidenbauer, C. Hanhart and J. Speth, Phys. Rev. C68, 045207 (2003). 41. A. Matsuyama, T. Sato and T. S. H. Lee, Phys. Rept. 439, 193 (2007). 42. N. Suzuki et al., Phys. Rev. Lett. 104, 042302 (2010). 43. M. Döring et al., Nucl. Phys. A851, 58 (2011).

44. R. T. Cahill, C. D. Roberts and J. Praschifka, Austral. J. Phys. 42, 129 (1989). 45. A. Aguilar, D. Binosi, J. Papavassiliou and J. Rodriguez-Quintero, Phys. Rev. D80, 085018 (2009). 46. O. Oliveira and P. Bicudo, J. Phys. G G38, 045003 (2011). 47. A. C. Aguilar, D. Binosi and J. Papavassiliou, JHEP 07, 002 (2010). 48. P. Boucaud et al., Phys. Rev. D82, 054007 (2010).

49. M. R. Pennington and D. J. Wilson, Phys. Rev. D84, 119901 (2011). 50. D. Wilson and M. Pennington, PoS QCD-TNT-II, 052 (2011). 51. Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122, 345 (1961).

52. S. J. Brodsky, C. D. Roberts, R. Shrock and P. C. Tandy, Phys. Rev. C82, 022201(R) (2010). 53. L. Chang, C. D. Roberts and P. C. Tandy, Phys. Rev. C85, 012201(R) (2012). 54. S. J. Brodsky, C. D. Roberts, R. Shrock and P. C. Tandy, arXiv:1202.2376 [nucl-th], Confinement contains condensates.

55. D. Ebert, T. Feldmann and H. Reinhardt, Phys. Lett. B388, 154 (1996). 56. C. D. Roberts, A. G. Williams and G. Krein, Int. J. Mod. Phys. A7, 5607 (1992). 57. H. Leutwyler, PoS CD09, 005 (2009).

58. C. D. Roberts, Few Body Syst., to appear (2012), [arXiv:1109.6325 nucl-th]. 59. A. Bender, W. Detmold, C. D. Roberts and A. W. Thomas, Phys. Rev. C65, 065203 (2002). 60. M. S. Bhagwat, A. Höll, A. Krassnigg, C. D. Roberts and P. C. Tandy, Phys. Rev. C70, 035205 (2004). 61. R. T. Cahill, C. D. Roberts and J. Praschifka, Phys. Rev. D36, 2804 (1987). 62. K. Nakamura et al., J. Phys. G37, 075021 (2010). 63. J. Pelaez and G. Rios, Phys.Rev.Lett. 97, 242002 (2006).

64. J. Ruiz de Elvira, J. R. Pelaez, M. R. Pennington and D. J. Wilson, Phys. Rev. D84, 096006 (2011). 65. P. Maris, AIP Conf. Proc. 892, 65 (2007).

66. I. C. Cloët, A. Krassnigg and C. D. Roberts, (arXiv:0710.5746 [nucl-th]), In Proceedings of 11th International Conference on Meson-Nucleon Physics and the Structure of the Nucleon (MENU 2007), Jülich, Germany, 10-14 Sep 2007, eds. H. Machner and S. Krewald, paper 125.

67. P. Watson, W. Cassing and P. C. Tandy, Few Body Syst. 35, 129 (2004). 68. C. S. Fischer and R. Williams, Phys. Rev. Lett. 103, 122001 (2009). 69. L. Chang and C. D. Roberts, AIP Conf. Proc. 1361, 91 (2011). 70. I. C. Cloët and C. D. Roberts, PoS LC2008, 047 (2008).

71. D. Blaschke, Y. Kalinovsky, G. Roepke, S. Schmidt and M. Volkov, Phys.Rev. C53, 2394 (1996). 72. C. S. Fischer, D. Nickel and J. Wambach, Phys.Rev. D76, 094009 (2007). 73. L. Chang, I. C. Cloët, B. El-Bennich, T. Klahn and C. D. Roberts, Chin. Phys. C33, 1189 (2009).

74. C. D. Roberts and S. M. Schmidt, Prog. Part. Nucl. Phys. 45, S1 (2000). 75. C. D. Roberts, M. S. Bhagwat, A. Höll and S. V. Wright, Eur. Phys. J. ST 140, 53 (2007). 76. C. D. Roberts, R. T. Cahill and J. Praschifka, Int. J. Mod. Phys. A4, 719 (1989). 77. L. C. Hollenberg, C. D. Roberts and B. H. McKellar, Phys.Rev. C46, 2057 (1992). 78. R. Alkofer, A. Bender and C. D. Roberts, Int. J. Mod. Phys. A10, 3319 (1995). 79. K. Mitchell and P. Tandy, Phys. Rev. C55, 1477 (1997). 80. N. Ishii, Phys. Lett. B431, 1 (1998).

81. M. A. Pichowsky, S. Walawalkar and S. Capstick, Phys. Rev. D60, 054030 (1999). 82. M. Hecht et al., Phys. Rev. C65, 055204 (2002). 83. I. Cloët et al., Few Body Syst. 42, 91 (2008).

84. I. C. Cloët, G. Eichmann, B. El-Bennich, T. Klähn and C. D. Roberts, Few Body Syst. 46, 1 (2009). 85. C. D. Roberts, in Como 1996, Quark confinement and the hadron spectrum II (World Scientific, Singapore, 1996), chap. Confinement, diquarks and Goldstone’s theorem, pp. 224–230, Eds. N. Brambilla and G. M. Prosperi; [nucl-th/9609039].

86. J. C. Bloch, C. D. Roberts and S. Schmidt, Phys.Rev. C60, 065208 (1999). 87. W. Pauli, Nuovo Cim. 6, 204 (1957). 88. F. Gürsey, Nuovo Cim. 7, 411 (1958).

89. M. Oettel, G. Hellstern, R. Alkofer and H. Reinhardt, Phys.Rev. C58, 2459 (1998). 90. A. Buck, R. Alkofer and H. Reinhardt, Phys. Lett. B286, 29 (1992).

91. W. Bentz, I. C. Cloët, T. Ito, A. W. Thomas and K. Yazaki, Prog. Part. Nucl. Phys. 61, 238 (2008). 92. R. D. Young, D. B. Leinweber, A. W. Thomas and S. V. Wright, Phys. Rev. D66, 094507 (2002). 93. R. Young and A. Thomas, Phys.Rev. D81, 014503 (2010).

94. C. D. Roberts, I. C. Cloët, L. Chang and H. L. L. Roberts, (arXiv:1108.1327 [nucl-th]). 95. S. Capstick and W. Roberts, Prog. Part. Nucl. Phys. 45, S241 (2000).

96. R. G. Edwards, J. J. Dudek, D. G. Richards and S. J. Wallace, Phys. Rev. D84, 074508 (2011). 97. G. F. de Teramond and S. J. Brodsky, arXiv:1203.4025 [hep-ph], Hadronic form factor models and spectroscopy within the gauge/gravity correspondence.

98. M. Volkov and C. Weiss, Phys. Rev. D56, 221 (1997). 99. M. Volkov and V. Yudichev, Phys. Atom. Nucl. 63, 1835 (2000). 100. H. Roberts, L. Chang and C. Roberts, Int. J. Mod. Phys. A26, 371 (2011).