arXiv:1204.2818v1 [math-ph] 12 Apr 2012

Solutions to the Master Equations Governing Fractional Vortices

Chang-Shou Lin Department of Mathematics, National Taiwan University, Taipei, Taiwan 10617, ROC

Gabriella Tarantello Dipartimento di Matematica Unversità di Roma “Tor Vergata” Via della Ricerca Scientifica 00133 Rome, Italy

Yisong Yang Institute of Contemporary Mathematics School of Mathematics Henan University Kaifeng, Henan 475004, PR China and Department of Mathematics Polytechnic Institute of New York University

Brooklyn, New York 11201, USA

Abstract

By means of variational methods, in this paper, we establish sharp existence results for solutions of the master equations governing ‘fractional multiple vortices.’ In the doubly periodic situation, the conditions for existence are both necessary and sufficient and give the upper bounds for the vortex numbers in terms of the size of the periodic cell domain. In the planar situation, there is no restriction on the vortex numbers. In both situations, the solutions are uniquely determined by the prescribed locations and the local winding numbers of the vortices.

1 Introduction

Recall that the classical Abrikosov–Nielsen–Olesen vortices [1, 19, 29] are static solutions of the Abelian Higgs model governed by the Hamiltonian H = 1 2 F^2 + 1 2 |Dϕ|^2 + λ 8 (|ϕ|^2 − 1)^2, (1.1)

where F = ∂_1A_2 −∂_2A_1 is the magnetic field induced from the real-valued gauge potential field A = (A_1, A_2), ϕ is the complex-valued scalar Higgs field, Dϕ = ∇ϕ − iAϕ = (D_1ϕ, D_2ϕ) denotes the gauge-covariant derivative, λ > 0 is a coupling parameter, which satisfy the Euler–Lagrange equations of (1.1) given by

Δϕ − 2iA · ∇ϕ − i(∇ · A)ϕ = |A|^2ϕ + λ 2 (|ϕ|^2 − 1)ϕ, (1.2)

ΔA − ∇(∇ · A) = i 2 (ϕDϕ − ϕDϕ), (1.3) also known as the Ginzburg–Landau equations [16]. At the critical coupling λ = 1 separating type-I and type-II superconductivity, the equations (1.2) and (1.3) over R^2 are equivalent [43] to the self-dual or BPS (after the pioneering explorations of Bogomol’nyi [5] and Prasad–Sommerfield [30]) vortex equations

D_1ϕ ± iD_2ϕ = 0, (1.4) F ± 1 2 (|ϕ|^2 − 1) = 0. (1.5)

As a consequence, the solutions are all characterized precisely by the zero distribution of the Higgs field ϕ [19, 42, 43] where superconductivity is absent. More precisely, the zeros of ϕ, say p_1, · · · , p_N , which may be arbitrarily prescribed, are the centers of magnetic vortices. Solutions of such type are known as multiple vortices, and analytically (cf. [19]) they are governed by the master equation

Δu = e^u − 1 + 4π N∑ s=1 δ_{ps} (x). (1.6)

Although the equation (1.6) seems to be rather simple, it is not integrable [31] and its understanding requires techniques [19, 41, 45, 46] based on functional analysis. Besides, an equation of similar structure appears in conformal geometry [2, 8, 9, 10, 11] which has been an actively pursued subject in geometric analysis.

Physically, the solutions of (1.6) give rise to thinly formed vortex tubes in a superconductor, a phenomenon due to the Meissner effect, which is essential to a mechanism called monopole confinement [17, 34]. Those facts provide some of the earliest clues [25, 26, 28, 36, 38] to the great puzzle of quark confinement. Indeed, for quark confinement, Seiberg and Witten [32] showed how vortex tubes are generated in non-Abelian gauge field theory models through a dual Meissner effect and how quark confinement is achieved through (color-charged) non-Abelian monopole condensation [17, 34]. Due to the interest and importance of non-Abelian vortices in monopole and quark confinement problems, a burst of studies have been carried out and a wide range of nonlinear vortex equations of rich features have been derived by theoretical physicists. Here we mention the seminal papers of Marshakov and Yung [27], Hanany and Tong [18], and Auzzi, Bolognesi, Evslin, Konishi, and Yung [3], and refer to the survey articles [14, 20, 21, 33, 44] and references therein for various relevant results in this active area. Also we indicate in [22, 23, 24] a series of existence and uniqueness results concerning the associated partial differential equation problems.

In the present paper, we aim at establishing the existence and uniqueness theorems for solutions of the master equations governing ‘fractional vortices’ in the recent work of Eto, Fujimori, Gudnason, Konishi, Nagashima, Nitta, Ohashi, and Vinci, [13]. These equations may be regarded as extensions of the classical master equation (1.6) governing the Abelian Higgs vortices. We shall show that, unlike the equations arising in the Weinberg–Salam electroweak theory [4, 12, 35, 40] and the Chern–Simons theory [6, 39, 41, 46], the elegant structures of these master equations allow us to achieve a complete understanding of their solutions in terms of explicitly stated conditions. In the next section, we describe the master equations obtained in [13], to be studied here. We state our main existence and uniqueness results in §2 and in the subsequent sections, §3 – §5, we give the proofs. Our methods here are centered around a direct minimization procedure, an idea initiated in the recent work [22]. We note that, while direct minimization is convenient to implement for problems over a doubly periodic domain (due to compactness), it is not an easy task to carry on for problems over the full plane (due to loss of compactness). In §5, we elaborate on such a problem and overcome the difficulty by establishing some coercive estimates for the action functionals. We shall see that the positive and negative parts of a trial function need to be treated separately and the coercive lower bounds for them are rather different. We anticipate that this new method will be useful in dealing with other problems of similar difficulties. In §7 and §8, we study and describe various degenerate situations.

2 The master equations and existence theorems

The first master equation obtained in [13] is a scalar equation of the form

Δu = λ(m|A|^2e^{mu} + n|B|^2e^{nu} − ξ) + 4π N∑ s=1 δ_{ps} , (2.1)

where ξ > 0, (A, B) ∈ C^2 is a constant vector which lies in the elliptical vacuum manifold (denoted by M) defined by the equation

m|A|^2 + n|B|^2 = ξ, (2.2)

and the set of points {p_1, · · · , p_N }, where the p’s are not necessarily distinct, describes the locations of N vortices as in the Abelian Higgs case, (1.6). There are two problems of interest: the solutions of (2.1) defined over a doubly (gauge) periodic domain Ω, originally formulated in [37] and elaborated in concrete situations in [6, 35, 45], and those over the full plane R^2 . In the latter situation, the vacuum manifold (2.2) leads us to the following natural boundary condition for u: u → 0 as |x| → ∞. (2.3) Our existence theorem for (2.1) may be stated as follows.

Theorem 2.1. Consider the multiple vortex equation (2.1) with arbitrarily prescribed points p_1, · · · , p_N , and assume that (2.2) holds subject to the non-degeneracy condition m, n ≥ 0, and ξ > 0. Then

(i) a solution exists over a doubly periodic domain Ω if and only if 4πN λ < ξ|Ω|; (2.4)

(ii) a solution over the full plane R^2 subject to the boundary condition (2.3) always exists and tends to zero exponentially fast;

(iii) in both cases, the solution u is unique and satisfies u < 0, m|A|^2‖e^{mu} − 1‖_1 + n|B|^2‖e^{nu} − 1‖_1 =^{4π}_λ N, (2.5)

where ‖ · ‖_1 denotes the L^1-norm over Ω or R^2 respectively.

The second and third master equations obtained in [13] are systems of two nonlinear equations of the form

Δu_1 = λ_1(m|A|^2e^{mu1} + |B|^2e^{u1+u2} + |C|^2e^{u1−u2} − ξ_1) + 4π

N_1∑

s=1 δ_{p1,s} , (2.6)

Δu_2 = λ_2(|B|^2e^{u1+u2} − |C|^2e^{u1−u2} − ξ_2) + 4π

N_2∑

s=1 δ_{p2,s} , (2.7)

where m = 1 or 2, respectively, λ_1, λ_2, ξ_1, ξ_2 > 0 are all fixed parameters, and (A, B, C) ∈ C^3 satisfies m|A|^2 + |B|^2 + |C|^2 = ξ_1, |B|^2 − |C|^2 = ξ_2. (2.8)

The vanishing of either one of the parameters B and C makes the system of equations (2.6)–(2.7) degenerate into the Abelian model (1.6), as will be discussed in §7 and §8.

Thus, to capture the true new features of (2.6)–(2.7), we shall discuss it first under the non-degeneracy conditions

B ≠ 0 and C ≠ 0. (2.9)

Notice that, for C ≠ 0, we subject the sets of vortex points to the condition {p_{2,1}, · · · , p_{2,N2} } ⊂ {p_{1,1}, · · · , p_{1,N1} }, (2.10) and impose the natural restriction N_2 ≤ N_1, (2.11) which ensure the regularity of the quantity e^{u1−u2} .

From the vacuum manifold (2.8), we see that for a solution (u_1, u_2) of (2.6)–(2.7) over R^2 , the natural boundary condition is expressed as follows: u_1, u_2 → 0 as |x| → ∞. (2.12) On the other hand, the vacuum manifold (2.8) plays no role as far as the solvability of the system of equations (2.6)–(2.7) is concerned under periodic boundary conditions with a given cell domain Ω. In this case, we identify necessary and sufficient conditions for the existence of a periodic solution that impose upper bounds on the vortex numbers N_1 and N_2 (see (2.13) and (2.14) below), a feature common to other self-dual periodic vortex problems (cf. [41, 46]). Actually, the vacuum constant enters to ensure suitable pointwise estimates on the solution, consistently with their physical interpretation.

More precisely, we prove Theorem 2.2. Consider the master equations (2.6) and (2.7) for any integer m > 0 subject to the non-degeneracy condition (2.9). Then

(i) a solution over a doubly periodic domain Ω exists if and only if the conditions 4π ( N_1 λ_1 + N_2 λ_2 ) < (ξ_1 + ξ_2)|Ω|, (2.13) 4π ( N_1 λ_1 − N_2 λ_2 ) < (ξ_1 − ξ_2)|Ω|, (2.14)

hold simultaneously;

(ii) a solution over the full R^2 subject to the boundary condition (2.12) always exists provided (2.8) holds;

(iii) in both cases above, when a solution exists, it must be unique; (iv) furthermore, if we assume (2.8) together with the condition

λ_2 > λ_1, ξ_2 > 0, and m|A|^2 < min { 1, 2 m } ( λ_2 λ_1 − 1 ) |C|^2, (2.15)

then u_1 ± u_2 < 0, u_1 < 0, (2.16) and the following “quantization” property hold:

m|A|^2‖1 − e^{mu1} ‖_1 + 2|B|^2‖1 − e^{u1+u2} ‖_1 = 4π ( N_1 λ_1 + N_2 λ_2 ) , (2.17)

m|A|^2‖1 − e^{mu1} ‖_1 + 2|C|^2‖1 − e^{u1−u2} ‖_1 = 4π ( N_1 λ_1 − N_2 λ_2 ) , (2.18)

where ‖ ‖_1 denotes the L^1-norm, over Ω or R^2 , accordingly.

Remark 2.3. The conditions (2.11) and (2.18) almost justify the necessity of the condition λ_2 > λ_1.

For convenience, degenerate cases where B or C will be allowed to vanish will be treated separately in latter sections.

3 Proof of Theorem 2.1

We first consider (2.1) over a doubly periodic domain Ω. Let u_0 be the unique periodic solution over Ω of the problem: { Δu_0 = −^{4πN}_{|Ω|} + 4π ∑_N s=1 δ_{ps} , ∫ Ω u_0 dx = 0.

(3.1)

Thus, with u = u_0 +v, the equation (2.1) subject to periodic boundary condition becomes: { Δv = λ(m|A|^2e^{mu0+mv} + n|B|^2e^{nu0+nv} − ξ) +^{4πN}_{|Ω|} , x ∈ Ω, v is doubly periodic over ∂Ω.

(3.2)

Integrating (3.2) over Ω, we have ∫ Ω ( m|A|^2e^{mu0+mv} + n|B|^2e^{nu0+nv} ) dx = ξ|Ω| − 4πN λ ≡ η > 0, (3.3)

which gives us the condition (2.4) as a necessary condition for a solution to exist. We now show that (2.4) is sufficient to ensure the existence of a solution.

It is clear that (3.2) is the Euler–Lagrange equation of the variational functional I(v) = ∫ Ω { 1 2 |∇v|^2 + λ ( |A|^2e^{mu0+mv} + |B|^2e^{nu0+nv} ) − ( λξ − 4πN |Ω| ) v } dx, (3.4)

over the Sobolev space

H(Ω) = {v ∈ W^{1,2}loc(R^2 ) | v is doubly periodic with periodic cell domain Ω}, (3.5)

equipped with the standard scalar product and corresponding norm. To proceed further, we decompose H(Ω) = R ⊕ Ḣ(Ω) with

f = f + ḟ, f ∈ R, ḟ ∈ Ḣ(Ω) satisfying ∫ Ω ḟ dx = 0. (3.6)

By means of the Jensen inequality, we have: I(v) = ∫ Ω { 1 2 |∇v̇|^2 + λ ( |A|^2e^{mu0+mv̇+mv} + |B|^2e^{nu0+nv̇+nv} )} dx − ληv ≥ 1 2 ∫ Ω |∇v̇|^2 dx + λ|Ω| ( |A|^2e^{mv} + |B|^2e^{nv} ) − ληv. (3.7)

Since for a ≥ 0, b ≥ 0, a + b > 0, c > 0, m ≥ 0, n ≥ 0, and am + bn > 0, the function

σ(t) = ae^{mt} + be^{nt} − ct, (3.8)

satisfies: σ(t) → ∞ as t → ±∞, we see from (3.7) that I(·) is bounded from below and, by virtue of the Poincaré inequality, it is also coercive in H(Ω). By the weak lower semicontinuity of I and its strict convexity, we conclude that I attains the minimum value at a point that is its unique critical point. So part (i) of Theorem 2.1 is established.

Now consider (2.1) over the full plane. In view of the condition (2.2), it may be rewritten as follows:

Δu = λm|A|^2(e^{mu} − 1) + λn|B|^2(e^{nu} − 1) + 4π N∑ s=1 δ_{ps} . (3.9)

We introduce the background function:

u_0(x) = N∑ s=1 ln ( |x − p_s|^2 μ + |x − p_s|^2 ) , (3.10)

satisfying:

Δu_0 = 4π N∑ s=1 δ_{ps} − g_0, g_0 = 4μ N∑ s=1 1 (μ + |x − p_s|^2)^2

. (3.11)

Thus, setting u = u_0 + v, we recast (3.9) into the equation

Δv = λm|A|^2(e^{mu0+mv} − 1) + λn|B|^2(e^{nu0+nv} − 1) + g_0, x ∈ R^2 , (3.12)

corresponding to the Euler–Lagrange equation of the functional I(v) = 1 2 ‖∇v‖^2 + λ|A|^2 ∫ R^2

{e^{mu0} (e^{mv} − 1 − mv) + (e^{mu0} − 1)mv} dx +λ|B|^2 ∫ R^2

{e^{nu0} (e^{nv} − 1 − nv) + (e^{nu0} − 1)nv} dx + ∫ R^2

g_0v dx, (3.13)

well defined and of class C^1 over the Sobolev space W^{1,2}(R^2 ). Indeed, the above functional is similar to that derived for the equation (1.6) in [19, 42]. Hence, using the method in [19, 42], the existence and uniqueness of a critical point of I in the space W^{1,2}(R^2 ) can be established. Similarly, (2.5) follows for example by arguing as in Proposition 3.2.4 of [41]. Here, we omit the details.

We note that the existence of a critical point of the functional (3.13) may also be established by our direct minimization method to be presented in §5.

4 Proof of Theorem 2.2: doubly periodic case

We now consider the equations (2.6) and (2.7) over a doubly periodic domain Ω. Let u^0_j (j = 1, 2) be the unique periodic solutions over Ω of the equations: { Δu^0_j = −^{4π}_{|Ω|} N_j + 4π ∑_{Njs=1} δ_{pj,s} (x), ∫ Ω u^0_j dx = 0, j = 1, 2,

(4.1)

and set u^0_3 = u^0_1 − u^0_2. It is clear that, for C ≠ 0, the condition (2.10) ensures the smoothness of the function e^{u03} .

Set u_j = u^0_j + v_j (j = 1, 2). Then the system of equations (2.6) and (2.7) subject to periodic boundary conditions become:

Δv_1 = λ_1 ( m|A|^2e^{mu01+mv1} + |B|^2e^{u01+u02+v1+v2} + |C|^2e^{u03+v1−v2} − ξ_1 ) + 4π |Ω| N_1, (4.2)

Δv_2 = λ_2 ( |B|^2e^{u01+u02+v1+v2} − |C|^2e^{u03+v1−v2} − ξ_2 ) + 4π |Ω| N_2, (4.3)

v_1, v_2 are doubly periodic on ∂Ω.

The problem above defines the Euler–Lagrange equations of the functional:

I(v_1, v_2) = ∫ Ω { 1 2λ_1

|∇v_1|^2 + 1 2λ_2

|∇v_2|^2 + |A|^2e^{mu01+mv1} + |B|^2e^{u01+u02+v1+v2} + |C|^2e^{u03+v1−v2} − ( ξ_1 − 4πN_1 |Ω|λ_1 ) v_1 − ( ξ_2 − 4πN_2 |Ω|λ_2 ) v_2 } dx, v_j ∈ H(Ω), j = 1, 2. (4.4)

Again, on the basis of the Moser–Trudinger inequality (cf. [2, 15]), we check that I ∈ C^1(H(Ω) × H(Ω)). It is also easy to check the weak lower semi-continuity of I.

On the other hand, integrating the equations (4.2) and (4.3) over Ω, we obtain the natural constraints ∫ Ω (m 2 |A|^2e^{mu01+mv1} + |B|^2e^{u01+u02+v1+v2} ) dx = 1 2 (ξ_1 + ξ_2)|Ω| − 2π ( N_1 λ_1 + N_2 λ_2 )

≡ η_1 > 0, (4.5) ∫ Ω (m 2 |A|^2e^{mu01+mv1} + |C|^2e^{u03+v1−v2} ) dx = 1 2 (ξ_1 − ξ_2)|Ω| − 2π ( N_1 λ_1 − N_2 λ_2 )

≡ η_2 > 0. (4.6)

Thus we deduce the necessity of the conditions (2.13) and (2.14) for the existence of a solution once we take into account of (2.9).

Now assume that the conditions (2.13) and (2.14) are fulfilled. We show that (2.6) and (2.7) will have a solution.

To this purpose we use the decomposition (3.6) to obtain the following:

I(v_1, v_2) − ∫ Ω { 1 2λ_1

|∇v̇_1|^2 + 1 2λ_2

|∇v̇_2|^2 + |A|^2e^{mu01+mv1} } dx = |B|^2 ∫ Ω e^{u01+u02+v1+v2+v̇1+v̇2} dx − η_1(v_1 + v_2) +|C|^2 ∫ Ω e^{u03+v1−v2+v̇1−v̇2} dx − η_2(v_1 − v_2)

≥ |B|^2|Ω|e^{v1+v2} − η_1(v_1 + v_2) + |C|^2|Ω|e^{v1−v2} − η_2(v_1 − v_2), (4.7)

where again we have used the Jensen inequality.

At this point, by the non-degeneracy condition (2.9) and the fact that η_1 > 0 and η_2 > 0 (see (4.5) and (4.6)), as above we deduce that I is coercive and bounded from below in H(Ω)×H(Ω). By weak lower semi-continuity, we see that I attains its minimum value. Since I is strictly convex, the minimum point gives the unique critical point of I, and the first part of Theorem 2.2 is proved.

5 Proof of Theorem 2.2: planar case

In this section, we study the equations (2.6) and (2.7) over the entire plane R^2 subject to the topological boundary condition (2.12). As usual, ‖·‖_p denotes the norm of L^p(R^2 ) and B_r denotes the disk in R^2 centered at the origin with radius r > 0. We will continue to assume the condition (2.10) imposed on the sets of vortex points. Our goal is to establish an existence and uniqueness theorem as in the doubly periodic situation.

To this end, we introduce the background functions:

u^0_j (x) = N_j∑

s=1 ln ( |x − p_{j,s}|^2 μ + |x − p_{j,s}|^2 ) , h_j(x) = e^{u0j (x)}, j = 1, 2, (5.1)

g_j(x) = 4μ N_j∑

s=1 1 (μ + |x − p_{j,s}|^2)^2

, j = 1, 2. (5.2)

We now set

H_1(x) = h_1(x)h_2(x), H_2(x) = h_1(x) h_2(x)

, (5.3)

G_1(x) = 1 λ_1 g_1(x) + 1 λ_2 g_2(x), G_2(x) = 1 λ_1 g_1(x) − 1 λ_2 g_2(x), (5.4)

which are all smooth functions.

Setting u_j = u^0_j + v_j (j = 1, 2), we see that the equations (2.6) and (2.7) subject to the boundary condition (2.12) become the following boundary value problem over R^2 :

Δv_1 = mλ_1|A|^2(h^m_1 e^{mv1} − 1) + λ_1|B|^2(H_1e^{v1+v2} − 1) + λ_1|C|^2(H_2e^{v1−v2} − 1) + g_1,

(5.5) Δv_2 = λ_2|B|^2(H_1e^{v1+v2} − 1) − λ_2|C|^2(H_2e^{v1−v2} − 1) + g_2, (5.6) v_1 → 0, v_2 → 0, |x| → ∞. (5.7)

As in the doubly periodic situation, we pursue a solution of the problem (5.5)–(5.7) by a minimization procedure. For this purpose, we observe that the problem enjoys a variational formulation with the action functional:

I(v_1, v_2) = 1 2λ_1

‖∇v_1‖^2 + 1 2λ_2

‖∇v_2‖^2 + |A|^2 ∫ R^2

(h^m_1 [e^{mv1} − 1 − mv_1] + [h^m_1 − 1]mv_1) dx +|B|^2 ∫ R^2

(H_1[e^{v1+v2} − 1 − (v_1 + v_2)] + [H_1 − 1][v_1 + v_2]) dx +|C|^2 ∫ R^2

(H_2[e^{v1−v2} − 1 − (v_1 − v_2)] + [H_2 − 1][v_1 − v_2]) dx + ∫ R^2 ( 1 λ_1 g_1v_1 + 1 λ_2 g_2v_2 ) dx, (5.8)

where v_1, v_2 ∈ W^{1,2}(R^2 ).

Notice that,

0 ≤ h_j < 1, 0 ≤ H_j < 1; (1 − h^m_j ), (1 − H_j) ∈ L^p(R^2 ), ∀p > 1; g_j ∈ L^1(R^2 ) ∩ L^∞(R^2 ); j = 1, 2.

(5.9)

So the functional (5.8) is well defined and of class C^1 in W^{1,2}(R^2 ) × W^{1,2}(R^2 ).

Moreover, exactly as for the Abelian case, elliptic estimates and standard regularity theory ensures that a critical point of I in W^{1,2}(R^2 )×W^{1,2}(R^2 ) is a solution of (5.5)–(5.7). Furthermore, it can easily be checked that I is weakly lower semi-continuous and strictly convex. So it allows at most one critical point.

Fix λ > max{λ_1, λ_2} > 0 and rewrite (5.8) as follows:

I(v_1, v_2) = ( 1 λ_1 − 1 λ ) 1 2 ‖∇v_1‖^2 + ( 1 λ_2 − 1 λ ) 1 2 ‖∇v_2‖^2 + 1 4λ ( ‖∇(v_1 + v_2)‖^2 + ‖∇(v_1 − v_2)‖^2 )

+|A|^2 ∫ R^2

(h^m_1 [e^{mv1} − 1 − mv_1] + [h^m_1 − 1]mv_1) dx +|B|^2 ∫ R^2

(H_1[e^{v1+v2} − 1 − (v_1 + v_2)] + [H_1 − 1][v_1 + v_2]) dx +|C|^2 ∫ R^2

(H_2[e^{v1−v2} − 1 − (v_1 − v_2)] + [H_2 − 1][v_1 − v_2]) dx + ∫ R^2 ( 1 λ_1 g_1v_1 + 1 λ_2 g_2v_2 ) dx = ( 1 λ_2 − 1 λ ) 1 2 ‖∇v_2‖^2 + ( 1 λ_1 − 1 λ ) 1 m^2

J_0(mv_1) + 1 2λ (J_1(v_1 + v_2) + J_2(v_1 − v_2))

+ ∫ R^2 ( 1 λ_1 g_1v_1 + 1 λ_2 g_2v_2 ) dx, (5.10)

where

J_0(v) = 1 2 ‖∇v‖^2 + m^2 ( 1 λ_1 − 1 λ )_{−1} |A|^2 ∫ R^2

(h^m_1 [e^v − 1 − v] + [h^m_1 − 1]v) dx, (5.11)

J_1(v) = 1 2 ‖∇v‖^2 + 2λ|B|^2 ∫ R^2

(H_1[e^v − 1 − v] + [H_1 − 1]v) dx, (5.12)

J_2(v) = 1 2 ‖∇v‖^2 + 2λ|C|^2 ∫ R^2

(H_2[e^v − 1 − v] + [H_2 − 1]v) dx. (5.13)

These functionals may collectively be expressed in the form: J(v) = 1 2 ‖∇v‖^2 + α^2 ∫ R^2

(H_{0,μ}(e^v − 1 − v) + (H_{0,μ} − 1)v) dx, (5.14)

where α > 0 is a constant and

u_{0,μ}(x) = N∑ s=1 ln ( |x − p_s|^2 μ + |x − p_s|^2 ) , H_{0,μ} = e^{u0,μ}, (5.15)

with p_1, · · · , p_N ∈ R^2 fixed points repeated accounting to their multiplicities. We have 0 ≤ H_{0,μ} < 1 and 1 − H_{0,μ} ∈ L^2(R^2 ). Besides, for R_0 > 3 max{|p_s| | s = 1, · · · , N}, (5.16) there exists some c_0 = c_0(R_0) > 1, such that for any μ ≥ 1 we have: H_{0,μ}(x) ≥ 1 c_0μ^N

, |x| ≥ R_0, (5.17) 0 ≤ H_{0,μ}(x) ≤ c_0 μ^N , |x| ≤ R_0, (5.18) ∫ B_{R0} H_{0,μ}(x) dx ≥ 1 c_0μ^N

. (5.19)

Lemma 5.1. For the functional defined in (5.14), there is a constant μ_α > 1 such that for μ > μ_α there holds: J(v) ≥ 1 4 ‖∇v‖^2 + α 2 ‖v_−‖ + α^2b_0 μ^N ‖v_+‖^2 − C_μ, v ∈ W^{1,2}(R^2 ), (5.20)

where v^+ = max{v, 0} and v^− = max{−v, 0} are the positive and negative parts of v, respectively, b_0 > 0 is a constant independent of μ and C_μ > 0 is some constant depending on μ.

Proof. Since J(v) = J(v^+) + J(v^−), we can split the proof into two cases.

Case 1. v ≤ 0 a.e. in R^2 . Recall the Sobolev inequality ∫ R^2

v^4 dx ≤ 2 (∫ R^2

v^2 dx ) (∫ R^2 |∇v|^2 dx ) , v ∈ W^{1,2}(R^2 ). (5.21)

Thus, we have (∫ R^2

v^2 dx

)_2 = (∫ R^2 |v| 1 + |v| (1 + |v|)|v| dx )_2

≤ 2 ∫ R^2

v^2 (1 + |v|)^2 dx ∫ R^2

(v^2 + v^4) dx. (5.22)

Inserting (5.21) into (5.22), we have

‖v‖^2 ≤ 2 ( 1 + 2‖∇v‖^2 ) ∫ R^2

v^2 (1 + |v|)^2 dx, v ∈ W^{1,2}(R^2 ). (5.23)

Besides, from the well-known inequality:

1 − e^{−t} ≥ t 1 + t

, ∀t ≥ 0, (5.24)

we deduce that,

e^{−t} − 1 + t = ∫_t 0 (1 − e^{−τ} ) dτ ≥ ∫_t 0 τ 1 + τ dτ ≥ t^2 2(1 + t)

, ∀t ≥ 0. (5.25)

Hence, for v ≤ 0, we obtain the lower bound:

H_{0,μ}(e^v − 1 − v) + (H_{0,μ} − 1)v = (H_{0,μ} − 1)(e^v − 1) + (e^v − 1 − v) ≥ e^v − 1 − v ≥ 1 2 v^2 1 + |v| . (5.26)

Consequently, using (5.23), we have J(v) ≥ 1 2 ‖v‖^2 + α^2 2 ∫ R^2

v^2 1 + |v| dx ≥ 1 2 ‖v‖^2 + α^2 2 ∫ R^2

v^2 (1 + |v|)^2 dx ≥ 1 2 ( ‖∇v‖^2 + α^2 2 ‖v‖^2 (1 + 2‖∇v‖^2) )

≥ 1 4 ‖∇v‖^2 + 1 4 ( ‖∇v‖^2 + α^2‖v‖^2 1 + ‖∇v‖^2 ) . (5.27)

Therefore, we can minimize the function

φ(t) = t + α^2‖v‖^2 1 + t

, t > 0, (5.28)

to find φ(t) ≥ 2α‖v‖_2 − 1, and conclude: J(v) ≥ 1 4 ‖∇v‖^2 + α 2 ‖v‖_2 − 1, v ≤ 0. (5.29)

Case 2: v ≥ 0 a.e. in R^2 . First, note that ∫ R^2

(H_{0,μ}(e^v − 1 − v) + (H_{0,μ} − 1)v) dx ≥ ∫ R^2 ( 1 2 H_{0,μ}v^2 + (H_{0,μ} − 1)v ) dx, (5.30)

and from (5.17), we get ∫ |x|≥R_0 ( 1 2 H_{0,μ}v^2 + (H_{0,μ} − 1)v ) dx ≥ 1 2c_0μ^N

‖v‖^2_L2_{(R}2_{\BR0 )} − ‖1 − H_{0,μ}‖_L2_{(R}2_{\BR0 )}‖v‖_L2_{(R}2_{\BR0 )} ≥ 1 4c_0μ^N

‖v‖^2_L2_{(R}2_{\BR0 )} − C_{1,μ}, (5.31)

for a suitable constant C_{1,μ} > 0.

On the other hand, if we set M = 1 |B_{R0} | ∫ B_{R0} v dx, v_1 = v − M, (5.32)

we find: ∫ B_{R0} ( 1 2 H_{0,μ}v^2 + (H_{0,μ} − 1)v ) dx = 1 2 ∫ B_{R0} H_{0,μ}v^2_1 dx + ∫ B_{R0} H_{0,μ}v_1 dx +

M^2 2 ∫ B_{R0} H_{0,μ} dx

+M (∫ B_{R0} H_{0,μ}v_1 dx + ∫ B_{R0} (H_{0,μ} − 1) dx )

≥ 1 2 ∫ B_{R0} H_{0,μ}v^2_1 dx + ∫ B_{R0} H_{0,μ}v_1 dx +

M^2 4 ∫ B_{R0} H_{0,μ} dx

− (∫ B_{R0} H_{0,μ} dx )_{−1} (∫ B_{R0} (H_{0,μ}v_1 + H_{0,μ} − 1) dx

)_2

≥ 1 2 ∫ B_{R0} H_{0,μ}v^2_1 dx + ∫ B_{R0} H_{0,μ}v_1 dx +

M^2 4 ∫ B_{R0} H_{0,μ} dx

− (∫ B_{R0} H_{0,μ} dx )_{−1} [∫ B_{R0} H_{0,μ}v_1 dx

]_2 − 2 [∫ B_{R0} H_{0,μ}v_1 dx ] ×

× [∫ B_{R0} (1 − H_{0,μ}) dx ] + [∫ B_{R0} (1 − H_{0,μ}) dx ]_2

≥ M^2 4 ∫ B_{R0} H_{0,μ} dx + (∫ B_{R0} H_{0,μ}v_1 dx ) 2 [∫ B_{R0} H_{0,μ} dx ]_{−1} − 1

− 1 2 (∫ B_{R0} H_{0,μ} dx )_{−1} (∫ B_{R0} H_{0,μ}v_1 dx

)_2 − C_{2,μ} ≥ M^2 4 ∫ B_{R0} H_{0,μ} dx − c_μ‖v_1‖_L2_{(BR0 )}

− 1 2 (∫ B_{R0} H_{0,μ} dx )_{−1} (∫ B_{R0} H^2_{0,μ} dx ) ‖v_1‖^2_L2_{(BR0 )} − C_{2,μ}, (5.33)

for some suitable constants c_μ, C_{2,μ} > 0, after using the inequality ∫ B_{R0} H_{0,μ}v^2_1 dx ≥ (∫ B_{R0} H_{0,μ} dx )_{−1} (∫ B_{R0} H_{0,μ}v_1 dx

)_2

. (5.34)

As a consequence, using (5.31), for v ≥ 0, we have J(v) ≥ 1 2 ‖∇v‖^2 + α^2 ( 1 4 ∫ B_{R0} H_{0,μ} dx ) M^2

−α^2 (∫ B_{R0} H_{0,μ} dx )_{−1} (∫ B_{R0} H^2_{0,μ} dx ) ‖v_1‖^2_L2_{(BR0 )} + α^2 4c_0μ^N

‖v‖^2_L2_{(R}2_{\BR0 )} − C_{3,μ}, (5.35)

for some constant C_{3,μ} > 0. Now notice that (∫ B_{R0} H_{0,μ} dx )_{−1} (∫ B_{R0} H^2_{0,μ} dx ) ≤ ‖H_{0,μ}‖_L∞_{(BR0 )} ≤ c_0 μ^N , (5.36)

in view of (5.18). On the other hand, by the Poincaré inequality, we have ‖v_1‖^2_L2_{(BR0 )} ≤ a_0R^2_0‖∇v_1‖^2_L2_{(BR0 )}, (5.37) which leads us to obtain:

‖v‖^2_L2_{(BR0 )} ≤ a_0R^2_0 ( ‖∇v‖^2_L2_{(BR0 )} + M^2 ) . (5.38)

Thus, by (5.18), (5.19), (5.35), (5.37), and (5.38), we can find constants b_0, b_1 > 0, depending on R_0 but independent of μ, such that J(v) ≥ ( 1 2 − α^2b_0 μ^N ) ‖∇v‖^2 + α^2b_1 μ^N ‖v‖^2 − C_μ, v ≥ 0. (5.39)

Summarizing Cases 1 and 2 above, i.e., (5.29) and (5.39), we can find μ_α > 1 sufficiently large such that (5.20) holds whenever μ ≥ μ_α.

We are now ready to prove that the functional I defined in (5.8) or (5.10) is coercive. In fact, applying Lemma 5.1 to the functionals J_ℓ, ℓ = 0, 1, 2, defined in (5.11)–(5.13), we can find constants a, b > 0 (independent of μ) and c_μ > 1, such that for μ > 0 sufficiently large and N = max{N_1 + N_2, mN_1}, we have

I(v_1, v_2) ≥ a ( ‖∇v_1‖^2 + ‖∇v_2‖^2 + |A|‖v_{1−}‖_2 + |B|‖(v_1 + v_2)_−‖_2 + |C|‖(v_1 − v_2)_−‖_2 ) + b μ^N ( |A|^2‖v_{1+}‖^2 + |B|^2‖(v_1 + v_2)_+‖^2 + |C|^2‖(v_1 − v_2)_+‖^2 )

+ ∫ R^2 ( 1 λ_1 g_1v_1 + 1 λ_2 g_2v_2 ) dx − c_μ. (5.40)

Recalling (5.4), for B ≠ 0, C ≠ 0, we can estimate ∫ R^2 ( 1 λ_1 g_1v_1 + 1 λ_2 g_2v_2 ) dx = 1 2 ∫ R^2

G_1(v_1 + v_2) dx + 1 2 ∫ R^2

G_2(v_1 − v_2) dx ≥ − 1 2 ‖G_1‖_2‖v_1 + v_2‖_2 − 1 2 ‖G_2‖‖v_1 − v_2‖_2 ≥ − c μ (‖v_1 + v_2‖_2 + ‖v_1 − v_2‖_2) ≥ − c μ (‖(v_1 + v_2)_−‖_2 + ‖(v_1 − v_2)_−‖_2) − ε μ^N ( ‖(v_1 + v_2)_+‖^2 + ‖(v_1 − v_2)_+‖^2 ) − C_{ε,μ},(5.41) where ε > 0 is arbitrarily small. Incidentally, also notice that in the case C = 0 but A ≠ 0, B ≠ 0, we can estimate ∫ R^2 ( 1 λ_1 g_1v_1 + 1 λ_2 g_2v_2 ) dx = ∫ R^2 ([ 1 λ_1 g_1 − 1 λ_2 g_2 ] v_1 + 1 λ_2 g_2[v_1 + v_2] ) dx ≥ − c μ (‖v_1‖_2 + ‖v_1 + v_2‖_2) , (5.42) and argue as before to arrive at a lower bound like that in (5.41). Similarly, in the case B = 0 but A ≠ 0, C ≠ 0, we can estimate ∫ R^2 ( 1 λ_1 g_1v_1 + 1 λ_2 g_2v_2 ) dx = ∫ R^2 ([ 1 λ_1 g_1 + 1 λ_2 g_2 ] v_1 − 1 λ_2 g_2[v_1 − v_2] ) dx ≥ − c μ (‖v_1‖_2 + ‖v_1 − v_2‖_2) , (5.43)

so that a similar conclusion holds. In view of these results, we see that (5.40) allows us to obtain some constants a, b, c, C_0 > 0 such that the following coercive lower bound holds,

I(v_1, v_2) ≥ a ( ‖∇v_1‖^2 + ‖∇v_2‖^2 ) + b (‖v_{1−}‖_2 + ‖v_{2−}‖_2) +c ( ‖v_{1+}‖^2 + ‖v_{2+}‖^2 ) − C_0, v_1, v_2 ∈ W^{1,2}(R^2 ). (5.44)

Therefore, by virtue of (5.44), we can use standard arguments to obtain the existence of a global minimum point for I as its unique critical point in W^{1,2}(R^2 ) × W^{1,2}(R^2 ), provided at least two of the constants A, B, and C do not vanish. Hence, the following slight extension of part (ii) of Theorem 2.2 holds:

Theorem 5.2. Consider the equations (2.6) and (2.7) over the full plane such that the vacuum constraint (2.8) is satisfied with at least two of the constants A, B, and C not vanishing. Then there always exists a unique solution (u_1, u_2) satisfying the boundary condition u_1, u_2 → 0 as |x| → ∞.

6 Proof of pointwise estimates

In this section, we analyze equations (2.6) and (2.7) under the vacuum constraint (2.8) so that they take the forms:

Δu_1 = λ_1 ( m|A|^2[e^{mu1} − 1] + |B|^2[e^{u1+u2} − 1] + |C|^2[e^{u1−u2} − 1] ) + 4π

N_1∑

s=1 δ_{p1,s} , (6.1)

Δu_2 = λ_2 ( |B|^2[e^{u1+u2} − 1] − |C|^2[e^{u1−u2} − 1] ) + 4π

N_2∑

s=1 δ_{p2,s} . (6.2)

Actually, after some simple manipulation, it is easy to rewrite (6.1)–(6.2) as follows:

Δu_1 = λ_1 ( m|A|^2[e^{mu1} − 1] + [|B|^2 + |C|^2][e^{u1} − 1] + [|C|^2 − |B|^2]e^{u1−u2} [1 − e^{u2} ]

+2|B|^2e^{u1} [cosh u_2 − 1] ) + 4π

N_1∑

s=1 δ_{p1,s} , (6.3)

Δu_2 = λ_2 ( 2|B|^2e^{u1} sinh u_2 + [|C|^2 − |B|^2]e^{u1−u2} [e^{u2} − 1] + [|C|^2 − |B|^2][1 − e^{u1} ] )

+4π N_2∑

s=1 δ_{p2,s} . (6.4)

From (6.3)–(6.4), by the maximum principle and with the aid of a continuity method, it is possible to show that for |B| ≤ |C| every periodic solution (u_1, u_2) of the equations satisfies u_1 < 0 and u_2 < 0.

Here we focus on the physically relevant situation where

|B| > |C| i.e. ξ_2 > 0. (6.5)

In the following, the solution (u_1, u_2) considered will either be periodic or satisfies (6.3)– (6.4) over R^2 together with the boundary condition (2.12).

Also notice that in the periodic situation considered over the cell domain Ω and under the vacuum constraint (2.8), the necessary and sufficient conditions for existence take the form: m|A|^2 + 2|B|^2 > 4π |Ω| ( N_1 λ_1 + N_2 λ_2 ) , (6.6) m|A|^2 + 2|C|^2 > 4π |Ω| ( N_1 λ_1 − N_2 λ_2 ) , (6.7)

and provide explicit upper bounds on the vortex numbers N_1 and N_2 in terms of the size of Ω. In addition, notice that (6.6)–(6.7) allow N_1 = N_2 = 0 (i.e., the absence of vortices) which yields only the trivial solution u_1 = u_2 = 0, consistently with the physical interpretation.

So from now on we assume N_1 > 0 and start by showing the following:

Lemma 6.1. Let λ_2 > λ_1, |B| > |C|, and assume that

m^2|A|^2 < 2 ( λ_2 λ_1 − 1 ) |C|^2. (6.8)

Then u_1

λ_1 ± u_2 λ_2

< 0, and in particular u_1 < 0. (6.9)

Remark 6.2. It is important to notice that our assumption (2.15) compares to (6.8) as follows. If 0 < m < 2, then (2.15) is stronger than (6.8) and implies it. If m ≥ 2, then (2.15) and (6.8) are one and the same.

Proof. Observe that, if by contradiction we assume that there exists x_0: 1 λ_1 u_1(x_0) − 1 λ_2 u_2(x_0) = max ( 1 λ_1 u_1 − 1 λ_2 u_2 ) ≥ 0, (6.10)

then x_0 ∉ {p_{1,1}, · · · , p_{1,N1} } ∪ {p_{2,1}, · · · , p_{2,N2} } and it satisfies

0 ≥ Δ ( u_1 λ_1 − u_2 λ_2 ) (x_0) = m|A|^2 ( e^{mu1(x0)} − 1 ) + 2|C|^2 ( e^{u1(x0)−u2(x0)} − 1 )

≥ λ_1 ( m^2|A|^2 + 2|C|^2 ) ( u_1(x_0) λ_1 − u_2(x_0) λ_2 ) + λ_1 λ_2 ( m^2|A|^2 − 2|C|^2 [ λ_2 λ_1 − 1 ]) u_2(x_0).

Thus, from (6.8), we get u_2(x_0) ≥ 0. As a consequence, u_1(x_0) ≥ (λ_1/λ_2)u_2(x_0) ≥ 0. Therefore, there exists x_1 ∉ {p_{1,1}, · · · , p_{1,N1} } such that

u_1(x_1) = max u_1 ≥ 0.

But then from (6.3) we readily see that u_2(x_1) ≤ 0 and we conclude with

u_1(x_1) λ_1 ≤ u_1(x_1)

λ_1 − u_2(x_1) λ_2 ≤ u_1(x_0) λ_1 − u_2(x_0) λ_2 ≤ u_1(x_0) λ_1 ≤ u_1(x_1) λ_1 . That is, u_2(x_1) = u_2(x_0) = 0 and by virtue of (6.3) again we have

max u_1 = u_1(x_1) = 0 = u_1(x_0) λ_1 − u_2(x_0)

λ_2

= max { u_1 λ_1 − u_2 λ_2 } . Consequently, Δ ( u_1 λ_1 − u_2 λ_2 ) ≥ ( m^2|A|^2 − 2|C|^2 [ λ_2 λ_1 − 1 ]) u_1 + 2|C|^2λ_2 ( u_1 λ_1 − u_2 λ_2 )

≥ 2|C|^2λ_2 ( u_1 λ_1 − u_2 λ_2 ) . So, we can use the strong maximum principle to conclude that u_1 λ_1 ≡ u_2 λ_2 , which is certainly never allowed by (6.1)–(6.2), unless u_1 ≡ u_2 ≡ 0. That is, N_1 = N_2 = 0. Hence for N_1 > 0, there holds u_1 λ_1 − u_2 λ_2

< 0. (6.11)

On the other hand, from (6.11) we also get that, necessarily, u_1 < 0. Indeed, if, as before, we assume that there exists x_1 ∉ {p_{1,s} | s = 1, · · · , N_1} such that u_1(x_1) = max u_1 ≥ 0, then u_2(x_1) ≤ 0 and we get a contradiction as follows: 0 ≤ u_1(x_1) λ_1 ≤ u_1(x_1) λ_1 − u_2(x_1) λ_2 < 0. In turn, we see that Δ ( u_1 λ_1 + u_2 λ_2 ) = m|A|^2(e^{mu1} − 1) + 2|B|^2(e^{u1+u2} − 1) + 4π λ_1 ∑ s=1 N_1δ_{p1,s} + 4π λ_2

N_2∑

s=1 δ_{p2,s} ≥ ( m^2|A|^2 − 2|B|^2 [ λ_2 λ_1 − 1 ]) u_1 + 2|B|^2λ_2 ( u_1 λ_1 + u_2 λ_2 )

≥ 2|B|^2λ_2 ( u_1 λ_1 + u_2 λ_2 ) , where the last inequality follows by the observation that m^2|A|^2 − 2|B|^2 ( λ_2 λ_1 − 1 ) < m^2|A|^2 − 2|C|^2 ( λ_2 λ_1 − 1 ) < 0 and u_1 < 0.

Whence, u_1 λ_1 + u_2 λ_2 < 0, as it follows easily by the maximum principle.

Next we show how the stronger assumption (2.15) (when 0 < m < 2) actually implies

u_1 ± u_2 < 0.

To this purpose, observe that

Δ(u_1 + u_2) = λ_1 ( m|A|^2[e^{mu1} − 1] − [ λ_2 λ_1 − 1 ] |C|^2[e^{u1−u2} − 1] )

+(λ_1 + λ_2)|B|^2(e^{u1+u2} − 1) + 4π (_{N1} ∑ s=1 δ_{p1,s} + N_2∑

s=1 δ_{p2,s} ) , (6.12)

Δ(u_1 − u_2) = λ_1 ( m|A|^2[e^{mu1} − 1] − [ λ_2 λ_1 − 1 ] |B|^2[e^{u1+u2} − 1] )

+(λ_1 + λ_2)|C|^2(e^{u1−u2} − 1) + 4π (_{N1} ∑ s=1 δ_{p1,s} − N_2∑

s=1 δ_{p2,s} ) . (6.13)

Therefore, if by contradiction we assume that there exists

x̄ ∉ {p_{1,1}, · · · , p_{1,N1} } : (u_1 + u_2)(x̄) = max(u_1 + u_2) ≥ 0,

then u_1(x̄) ≥ −u_2(x̄), and we find:

0 ≥ Δ(u_1 + u_2)(x̄) ≥ λ_1 ( m|A|^2[e^{mu1(x̄)} − 1] − [ λ_2 λ_1 − 1 ] |C|^2[e^{2u1(x̄)} − 1] ) . In case 0 < m ≤ 2, then realizing that u_1 < 0 (by Lemma 6.1) and by (2.15), we obtain the desired contradiction as follows: m|A|^2(e^{mu1(x̄)}−1)− ( λ_2 λ_1 − 1 ) |C|^2(e^{2u1(x̄)}−1) ≥ ( m|A|^2 − [ λ_2 λ_1 − 1 ] |C|^2 ) (e^{2u1(x̄)}−1) > 0.

In case m > 2, then (6.8) and (2.15) coincide and in this case, we arrive at the desired contradiction, by observing that under (6.8), the function

f(t) = m|A|^2(e^{mt} − 1) − ( λ_2 λ_1 − 1 ) |C|^2(e^{2t} − 1) satisfies f(t) > 0, ∀t < 0.

Similarly, we show that u_1 − u_2 < 0. Since if by contradiction we assume there exists

x̂ ∉ {p_{1,1}, · · · , p_{1,N1} } \ {p_{2,1}, · · · , p_{2,N2} } : (u_1 − u_2)(x̂) = max(u_1 − u_2) ≥ 0,

then u_1(x̂) ≥ u_2(x̂) and we get

0 ≥ Δ(u_1 − u_2)(x̂) ≥ λ_1 ( m|A|^2[e^{mu1(x̂)} − 1] − [ λ_2 λ_1 − 1 ] |B|^2[e^{2u1(x̂)} − 1] ) . At this point, recalling that |B| > |C|, we reach a contradiction arguing exactly as above.

To conclude the proof of Theorem 2.2, it remains to establish (2.17) and (2.18). In the periodic case, they just express (4.5) and (4.6) once we introduce the vacuum constraint (2.8) and use (2.16). In the planar case, they follow exactly as in the Abelian case (e.g., see the proof of Proposition 3.2.4 in [41]). Indeed, multiplying (5.5) by the test function χ_R(x) = χ(^x_R ) with χ ∈ C^∞_c (B_2) satisfying χ ≡ 1 in B_1 and integrate over R^2 , to obtain: ∫ R^2 { m|A|^2(1 − e^{mu1} ) + |B|^2(1 − e^{u1+u2} ) + |C|^2(1 − e^{u1−u2} ) } χ_R dx = 1 λ_1 (∫ R^2

g_1χ_R dx − ∫ R^2

Δv_1χ_R dx )

= 1 λ_1 (∫ R^2

g_1χ_R dx − ∫ R^2

v_1Δχ_R dx ) → 4π N_1 λ_1 as R → ∞, since lim_{R→∞} ∫ R^2

g_1χ_R dx = ∫ R^2

g_1 dx = 4πN_1,

and | | | ∫ R^2

v_1χ_R dx | | | ≤ ( ‖v_1‖_L∞_{(R≤|x|≤2R)} ) (∫ B_2 |Δχ| dx ) → 0 as R → ∞. Thus, we deduce that (1 − e^{mu1} ), (1 − e^{u1±u2} ) ∈ L^1(R^2 ) and

m|A|^2‖1 − e^{mu1} ‖_1 + |B|^2‖1 − e^{u1+u2} ‖_1 + |C|^2‖1 − e^{u1−u2} ‖_1 = 4πN_1 λ_1

. (6.14)

Using (5.6), by a similar argument, we get

|B|^2‖1 − e^{u1+u2} ‖_1 − |C|^2‖1 − e^{u1−u2} ‖_1 = 1 λ_2 ∫ R^2

g_2 dx = 4πN_2 λ_2

. (6.15)

So (2.17) and (2.18) are established.

In concluding this section, we mention that, by standard methods, it is not hard to show that, under the given assumption, u_1 ± u_2 approach zero at infinity exponentially fast.

7 Degenerate cases: doubly periodic solutions

In this section, we focus on the problems over a doubly periodic domain Ω.

(i) A ≠ 0, B = C = 0. In this case the system decouples and we reduce to analyze the single equation:

Δu_1 = λ_1(m|A|^2e^{mu} − ξ_1) + 4π

N_1∑

s=1 δ_{p1,s} (x), (7.1)

which is the well-known Abelian vortex equation, that admits a unique solution if and only if 4π N_1 λ_1

< ξ_1|Ω|. (7.2)

(ii) A = 0, B ≠ 0, C = 0. The equations (4.2) and (4.3) now become

Δv_1 = λ_1 ( |B|^2e^{u01+u02+v1+v2} − ξ_1 ) + 4π |Ω| N_1, (7.3)

Δv_2 = λ_2 ( |B|^2e^{u01+u02+v1+v2} − ξ_2 ) + 4π |Ω| N_2, (7.4)

and no longer we need to assume (2.10). Since (4.6) gives us

η_2 = 0, (7.5)

then Δ ( v_1 λ_1 − v_2 λ_2 ) = −(ξ_1 − ξ_2) + 4π |Ω| ( N_1 λ_1 − N_2 λ_2 ) = − 2 |Ω| η_2 = 0, (7.6)

which implies that v_2 = λ^{−1}_1 λ_2v_1 up to a constant. The equations are turned into a single one, and a unique solution exists if and only if (7.2) holds.

(iii) A = 0, B = 0, C ≠ 0. The governing equations now read

Δv_1 = λ_1 ( |C|^2e^{u03+v1−v2} − ξ_1 ) + 4π |Ω| N_1, (7.7)

Δv_2 = −λ_2 ( |C|^2e^{u03+v1−v2} + ξ_2 ) + 4π |Ω| N_2. (7.8)

Since (4.5) implies η_1 = 0 or

(ξ_1 + ξ_2)|Ω| − 4π ( N_1 λ_1 + N_2 λ_2 ) = 0,

we have Δ ( v_1 λ_1 + v_2 λ_2 ) = 0 (7.9)

and, thus, v_2 = −λ^{−1}_1 λ_2v_1 up to a constant, and we arrive at the same conclusion as in the case (ii).

(iv) A ≠ 0, B ≠ 0, C = 0. Again, we no longer need to require (2.10), as the equations are Δv_1 = λ_1 ( m|A|^2e^{mu01+mv1} + |B|^2e^{u01+u02+v1+v2} − ξ_1 ) + 4π |Ω| N_1, (7.10)

Δv_2 = λ_2 ( |B|^2e^{u01+u02+v1+v2} − ξ_2 ) + 4π |Ω| N_2, (7.11)

with associated action functional

I(v_1, v_2) = ∫ Ω { 1 2λ_1

|∇v_1|^2 + 1 2λ_2

|∇v_2|^2 + |A|^2e^{mu01+mv1} + |B|^2e^{u01+u02+v1+v2} } dx −η_1(v_1 + v_2) − η_2(v_1 − v_2). (7.12)

On the other hand, with C = 0, the constraints (4.5) and (4.6) are refined into ∫ Ω m 2 |A|^2e^{mu01+mv1} dx = η_2 > 0, (7.13) ∫ Ω |B|^2e^{u01+u02+v1+v2} dx = η_1 − η_2 ≡ η_3 > 0. (7.14)

Thus, we can substitute

η_1(v_1 + v_2) + η_2(v_1 − v_2) = 2η_2v_1 + η_3(v_1 + v_2) (7.15)

into (7.12) and follow the proof of Theorem 2.2 to show that the functional (7.12) has a unique critical point in H(Ω) × H(Ω).

(v) A ≠ 0, B = 0, C ≠ 0. The equations are

Δv_1 = λ_1 ( m|A|^2e^{mu01+mv1} + |C|^2e^{u03+v1−v2} − ξ_1 ) + 4π |Ω| N_1, (7.16)

Δv_2 = −λ_2 ( |C|^2e^{u03+v1−v2} + ξ_2 ) + 4π |Ω| N_2, (7.17)

with associated action functional

I(v_1, v_2) = ∫ Ω { 1 2λ_1

|∇v_1|^2 + 1 2λ_2

|∇v_2|^2 + |A|^2e^{mu01+mv1} + |C|^2e^{u03+v1−v2} } dx −η_1(v_1 + v_2) − η_2(v_1 − v_2). (7.18)

When B = 0, the constraints (4.5) and (4.6) become ∫ Ω m 2 |A|^2e^{mu01+mv1} dx = η_1 > 0, (7.19) ∫ Ω |C|^2e^{u03+v1−v2} dx = η_2 − η_1 ≡ η_4 > 0. (7.20)

Therefore, we may insert

η_1(v_1 + v_2) + η_2(v_1 − v_2) = 2η_1v_1 + η_4(v_1 − v_2) (7.21)

into (7.18) and adapt the proof of Theorem 2.2 to establish the existence and uniqueness of a critical point of the functional (7.18).

In summary, we can state

Theorem 7.1. In the degenerate cases when B or C vanishes (we need to require (2.10) only when C ≠ 0), the existence and uniqueness of a solution to the master equations (2.6) and (2.7) hold under the following necessary and sufficient conditions.

If A ≠ 0, B = C = 0, the equations are reduced to (7.1) and the condition is (7.2). If A = 0, B ≠ 0, C = 0 or A = 0, B = 0, C ≠ 0, the equations are also reduced to (7.1) and the condition reads N_1 λ_1 < ξ_1 |Ω| 4π , (7.22)

along with N_1 λ_1 − N_2 λ_2

= (ξ_1 − ξ_2) |Ω| 4π , (7.23) or N_1 λ_1 + N_2 λ_2

= (ξ_1 + ξ_2) |Ω| 4π , (7.24)

respectively.

If A ≠ 0, B ≠ 0, C = 0, then the condition reads 4π ( N_1 λ_1 − N_2 λ_2 ) < (ξ_1 − ξ_2)|Ω|, 4π

N_2 λ_2

< ξ_2|Ω|. (7.25)

If A ≠ 0, B = 0, C ≠ 0, then the condition states 4π ( N_1 λ_1 + N_2 λ_2 ) < (ξ_1 + ξ_2)|Ω|, ξ_2|Ω| < 4π

N_2 λ_2

. (7.26)

In all cases, the solutions may be constructed by a direct minimization method.

It is interesting to note that the pair of conditions (7.23) and (7.24), and (7.25) and (7.26), are interchangeable under the correspondence (N_2, ξ_2) ↔ −(N_2, ξ_2).

8 Degenerate cases: planar solutions

We now consider the degenerate cases concerning the planar solutions of the equations (2.6) and (2.7) subject to the boundary conditions (2.12). We have already shown existence and uniqueness when at least two of the constants A, B, and C do not vanish. Here we consider the other degenerate cases.

(i) A ≠ 0, B = C = 0. In this case, we do not need (2.10), and the condition (2.8) gives ξ_2 = 0 and the system decouples into an equation for u_1 as that in the Abelian Higgs model (1.6) and a linear equation for u_2, given as follows:

Δu_1 = λ_1 ( m|A|^2e^{mu1} − ξ_1 ) + 4π

N_1∑

s=1 δ_{p1,s} (x), (8.1)

Δu_2 = 4π

N_2∑

s=1 δ_{p2,s} (x). (8.2)

Obviously, the natural boundary condition for (8.1), (8.2) only involves u_1 and requires u_1(x) → 0 as |x| → ∞. Thus the existence and uniqueness of a solution u_1 < 0 follows by the same analysis of the Abelian Higgs model (1.6). While a solution of (8.2) with logarithmic growth may be obtained via the fundamental solution.

(ii) A = 0, B ≠ 0, C = 0. From (2.8), we see that ξ_1 = ξ_2 ≡ ξ = |B|^2. Thus the system becomes

Δu_1 = λ_1 ( |B|^2e^{u1+u2} − ξ ) + 4π

N_1∑

s=1 δ_{p1,s} (x), (8.3)

Δu_2 = λ_2 ( |B|^2e^{u1+u2} − ξ ) + 4π

N_2∑

s=1 δ_{p2,s} (x). (8.4)

Now the natural boundary condition involves only u_1 + u_2 as follows: (u_1 + u_2)(x) → 0 as |x| → ∞. With the background functions defined in (5.1) and (5.2) and setting u_j = u^0_j +v_j (j = 1, 2), we may recast the above equations into

Δv_1 = λ_1 ( |B|^2e^{u01+u02+v1+v2} − ξ ) + g_1, (8.5)

Δv_2 = λ_2 ( |B|^2e^{u01+u02+v1+v2} − ξ ) + g_2. (8.6)

Again, we no longer need to require (2.10). Moreover, (8.5) and (8.6) can be easily handled as the Abelian model (1.6) once we introduce the known w = v_1 + v_2 that must satisfy:

Δw = (λ_1 + λ_2)|B|^2(H_1e^w − 1) + g_1 + g_2, w → 0 as |x| → ∞, (8.7) where the function H_1 is as given in (5.3).

We know the existence and uniqueness of a solution w ∈ W^{1,2}(R^2 ) of (8.7) that also satisfies: H_1e^w < 1, w → 0 exponentially fast at infinity, and |B|^2 ∫ R^2

(1 − H_1e^w) dx =

4π(N_1 + N_2) λ_1 + λ_2

. (8.8)

At this point, we can use v_1 +v_2 = w in (8.5)–(8.6) and linear elliptic theory to find v_1 and v_2 (unique up to an additive constant) and see that in general they admit a logarithmic growth at infinity at a rate determined by the integral value of the right-hand side of (8.5) and (8.6) respectively.

From (8.8), we easily compute: 1 2π ( λ_1|B|^2 ∫ R^2

(H_1e^w − 1) dx + 4πN_1 ) = 2λ_1λ_2 λ_1 + λ_2 ( N_1 λ_1 − N_2 λ_2 )

= − 1 2π ( λ_2|B|^2 ∫ R^2

(H_1e^w − 1) dx + 4πN_2 ) , and obtain: v_1(x) =^{2λ1λ2}_{λ1+λ2} (_{N1} λ_1 −

N_2 λ_2 ) ln |x| + O(1), v_2(x) = −^{2λ1λ2}_{λ1+λ2} (_{N1} λ_1 −

N_2 λ_2 ) ln |x| + O(1), as |x| → ∞. (8.9) For details, see e.g. Lemma 1.1 and Corollary 1.1 of [7].

Thus, in this case in terms of the original variables u_1 and u_2, we can claim the existence of a solution for (8.3)–(8.4) satisfying: u_1 + u_2 < 0, u_1 + u_2 → 0 exponentially fast at infinity, and |B|^2 ∫ R^2

(1 − e^{u1+u2} ) dx =

4π(N_1 + N_2) λ_1 + λ_2 . Moreover, by the maximum principle, we see that: if N_1 λ_1 − N_2 λ_2

< 0, then u_1 < 0 in R^2 , if N_1 λ_1 − N_2 λ_2

> 0, then u_2 < 0 in R^2 .

Only in the limiting case:^{N1}_{λ1} =^{N2}_{λ1} , we can actually ensure that (v_1, v_2) ∈ W^{1,2}(R^2 ) × W^{1,2}(R^2 ); and so both u_1 and u_2 vanish at infinity and u_1 < 0, u_2 < 0 in R^2 .

(iii) A = B = 0, C ≠ 0. This case requires (2.10) and the natural boundary condition: (u_1 − u_2)(x) → 0 as |x| → ∞.

Such a case can be treated as above with the help of the new variable w = v_1 − v_2, which must satisfy a problem as (8.7) only with H_1 replaced by H_2, |B|^2 by |C|^2, and g_1 + g_2 by g_1 − g_2.

So, by similar arguments, also in this case the existence of a solution pair (u_1, u_2) can be established satisfying: u_1 − u_2 < 0 in R^2 , u_1 − u_2 → 0 at infinity exponentially fast, and |C|^2 ∫ R^2

(1 − e^{u1−u2} ) dx =

4π(N_1 − N_2) λ_1 + λ_2 . Finally, we remark that in all parameter regimes the following “flux quantization” formulas ∫ ( m|A|^2e^{mu1} + |B|^2e^{u1+u2} + |C|^2e^{u1−u2} − ξ_1 ) = − 4πN_1 λ_1

, (8.10) ∫ ( |B|^2e^{u1+u2} − |C|^2e^{u1−u2} − ξ_2 ) = − 4πN_2 λ_2

, (8.11) are valid for solutions of (2.6)–(2.7) over a doubly periodic domain, or the full plane. These expressions are weaker than but cover those stated in (2.17) and (2.18) which involve the L^1-norms of various quantities. They are exactly what have been used in literature for the computation of the tension of the non-Abelian vortex tubes.

References

[1] A. A. Abrikosov, On the magnetic properties of superconductors of the second group, Sov.

Phys. JETP 5, 1174–1182 (1957).

[2] T. Aubin, Nonlinear Analysis on Manifolds: Monge–Ampére Equations, Springer, Berlin and New York, 1982.

[3] R. Auzzi, S. Bolognesi, J. Evslin, K. Konishi, and A. Yung, Nonabelian superconductors:

vortices and confinement in N = 2 SQCD, Nucl. Phys. B 673 (2003) 187–216.

[4] D. Bartolucci and G. Tarantello, Liouville type equations with singular data and their applications to periodic multivortices for the electroweak theory, Commun. Math. Phys. 229 (2002) 3–47.

[5] E. B. Bogomol’nyi, The stability of classical solutions, Sov. J. Nucl. Phys. 24 (1976) 449– 454.

[6] L. Caffarelli and Y. Yang, Vortex condensation in the Chern–Simons Higgs model: an existence theorem, Commun. Math. Phys. 168 (1995) 321–336.

[7] D. Chae and G. Tarantello, One planar electroweak vortices, Ann. I. H. P. Anal. Nonlin.

21 (2004) 187–207.

[8] S.-Y. A. Chang and P. C. Yang, The inequality of Moser and Trudinger and applications to conformal geometry, Comm. Pure Appl. Math. 56 (2003) 1135–1150.

[9] S.-Y. A. Chang and P. C. Yang, Prescribing Gaussian curvature on S^2, Acta Math. 159 (1987) 215–259.

[10] S.-Y. A. Chang and P. C. Yang, Conformal deformation of metrics on S^2, J. Diff. Geom.

27 (1988) 259–296.

[11] C.-C. Chen and C.-S. Lin, Topological degree for a mean field equation on Riemann surfaces, Comm. Pure Appl. Math. 56 (2003) 1667–1727.

[12] C.-C. Chen and C.-S. Lin, Mean field equations of Liouville type with singular data: sharper estimates, Discrete Contin. Dyn. Syst. 28 (2010) 1237–1272.

[13] M. Eto, T. Fujimori, S. B. Gudnason, K. Konishi, T. Nagashima, M. Nitta, K. Ohashi, and W. Vinci, Fractional vortices and lumps, Phys. Rev. D 80 (2009) 045018.

[14] M. Eto, Y. Isozumi, M. Nitta, K. Ohashi, and N. Sakai, Solitons in the Higgs phase – the moduli matrix approach, J. Phys. A 39 (2006) R315–R392.

[15] L. Fontana, Sharp borderline Sobolev inequalities on compact Riemannian manifolds, Comment. Math. Helv. 68 (1993) 415–454.

[16] V. L. Ginzburg and L. D. Landau, On the theory of superconductivity, in Collected Papers of L. D. Landau (edited by D. Ter Haar), pp. 546–568, Pergamon, New York, 1965.

[17] J. Greensite, An Introduction to the Confinement Problem, Lecture Notes in Physics 821, Springer-Verlag, Berlin and New York, 2011.

[18] A. Hanany and D. Tong, Vortices, instantons and branes, J. High Energy Phys. 0307 (2003) 037.

[19] A. Jaffe and C. H. Taubes, Vortices and Monopoles, Birkhäuser, Boston, 1980. [20] K. Konishi, The magnetic monopole seventy-five years later, in Lect. Notes Phys. 737, pp 471–521, 2008.

[21] K. Konishi, Advent of non-Abelian vortices and monopoles – further thoughts about duality and confinement, Prog. Theor. Phys. Suppl. 177 (2009) 83–98.

[22] E. H. Lieb and Y. Yang, Non-Abelian vortices in supersymmetric gauge field theory via direct methods, Commun. Math. Phys., to appear.

[23] C. S. Lin and Y. Yang, Sharp existence and uniqueness theorems for non-Abelian multiple vortex solutions, Nucl. Phys. B 846 (2011) 650–676.

[24] C. S. Lin and Y. Yang, Non-Abelian multiple vortices in supersymmetric field theory, Commun. Math. Phys. 304 (2011) 433–457.

[25] S. Mandelstam, Vortices and quark confinement in non-Abelian gauge theories, Phys. Lett.

B 53 (1975) 476–478.

[26] S. Mandelstam, General introduction to confinement, Phys. Rep. C 67 (1980) 109–121. [27] A. Marshakov and A. Yung, Non-Abelian confinement via Abelian flux tubes in softly broken N = 2 SUSY QCD, Nucl. Phys. B 647 (2002) 3–48.

[28] Y. Nambu, Strings, monopoles, and gauge fields, Phys. Rev. D 10 (1974) 4262–4268. [29] H. B. Nielsen and P. Olesen, Vortex-line models for dual strings, Nucl. Phys. B 61 (1973) 45–61.

[30] M. K. Prasad and C. M. Sommerfield, Exact classical solutions for the ’t Hooft monopole and the Julia–Zee dyon, Phys. Rev. Lett. 35 (1975) 760–762.

[31] J. Schiff, Integrability of Chern–Simons Higgs and Abelian Higgs vortex equations in a background metric, J. Math. Phys. 32 (1991) 753–761.

[32] N. Seiberg and E. Witten, Monopole condensation, and confinement in N = 2 supersymmetric Yang-Mills theory, Nucl. Phys. B 426 (1994) 19–52. Erratum – ibid. B 430 (1994) 485–486.

[33] M. Shifman, and A. Yung, Supersymmetric solitons and how they help us understand non- Abelian gauge theories, Rev. Mod. Phys. 79 (2007) 1139–1196.

[34] M. Shifman and A. Yung, Supersymmetric Solitons, Cambridge U. Press, Cambridge, U.

K., 2009.

[35] J. Spruck and Y. Yang, On multivortices in the electroweak theory I: existence of periodic solutions, Commun. Math. Phys. 144 (1992) 1–16.

[36] G. ’t Hooft, On the phase transition towards permanent quark confinement, Nucl. Phys. B 138 (1978) 1–25.

[37] G. ’t Hooft, A property of electric and magnetic flux in nonabelian gauge theories, Nucl.

Phys. B 153 (1979) 141–160.

[38] G. ’t Hooft, Topology of the gauge condition and new confinement phases in non-Abelian gauge theories, Nucl. Phys. B 190 (1981) 455–478.

[39] G. Tarantello, Multiple condensate solutions for the Chern–Simons–Higgs theory, J. Math.

Phys. 37 (1996) 3769–3796.

[40] G. Tarantello, Analytical, geometrical and topological aspects of a class of mean field equations on surfaces, Discrete Contin. Dyn. Syst. 28 (2010) 931–973.

[41] G. Tarantello, Self-Dual Gauge Field Vortices, an Analytic Approach, Progress in Nonlinear Differential Equations and Their Applications 72, Birkhäuser, Boston, Basel, Berlin, 2008.

[42] C. H. Taubes, Arbitrary N-vortex solutions to the first order Ginzburg–Landau equations, Commun. Math. Phys. 72 (1980) 277–292.

[43] C. H. Taubes, On the equivalence of the first and second order equations for gauge theories, Commun. Math. Phys. 75 (1980) 207–227.

[44] D. Tong, Quantum vortex strings: a review, Ann. Phys. 324 (2009) 30–52. [45] S. Wang and Y. Yang, Abrikosov’s vortices in the critical coupling, SIAM J. Math. Anal.

23 (1992) 1125–1140.

[46] Y. Yang, Solitons in Field Theory and Nonlinear Analysis, Springer-Verlag, New York, 2001.