arXiv:1204.2859v1 [gr-qc] 13 Apr 2012

Entropy Spectrum of a Carged Black Hole of Heterotic String Theory via Adiabatic Invariance

Alexis Larrañaga^∗ National Astronomical Observatory. National University of Colombia.

Luis Cabarique^† and Manuel Londoño^‡ Department of Physics. National University of Colombia.

Abstract

Using adiabatic invariance and the Bohr-Sommerfeld quantization rule we investigate the entropy spectroscopy of a charged black hole of heterotic string theory. It is shown that the entropy spectrum is equally spaced identically to the Schwarzschild, Reissner-Nordström and Kerr black holes. Since the adiabatic invariance method does not use quasinormal mode analysis, there is no need to impose the small charge limit and no confusion on whether the real part or imaginary part is responsible for the entropy spectrum.

PACS: 04.70.Dy, 04.70.Bw, 11.25.-w, 05.70.-a, 02.40.-k Keywords: quantum aspects of black holes, thermodynamics, strings and branes

∗ ealarranaga@unal.edu.co † lfcabariqueb@unal.edu.co ‡ malondonoc@unal.edu.co

I. INTRODUCTION

Bekenstein [1] showed that the black hole horizon area is an adiabatic invariant, so that it should be quantized by Ehrenfest principle. Considering the minimum change of the horizon area, △A, due to the absorption of a test particle into the black hole, Bekenstein argued that it can only be proportional to ℏ, so that the area spectrum should be linearly quantized. This equally spaced area spectrum let us understand the entropy of a black hole as proportional to the horizon area because it can be considered as formed by patches of equal Planck’s area ℓ^2_p and the patches get added one at a time. Using the point particle model presented in [2], Bekenstein found that the smallest possible increase in horizon area of a non-extremal black hole is exactly ΔA = 8πℓ^2_p.

Recent investigation by Hod [3] and later by Maggiore [4] on quasinormal modes has shown the possibility to use Bohr’s correspondence principle to provide a method to quantize the horizon area of black holes. On the other hand, Zeng et. al. [5] obtined the area spectrum of Schwarzschild and Kerr black holes by considering that the frequency of an outgoing wave is given by the inverse of the Hawking temperature.

In this work, we will investigate the spectroscopy of a charged black hole of heterotic string theory by the new approach presented by Mahji and Vagenas [6]. Here the entropy spectrum is obtained by using solely the adiabaticity of black holes and the Bohr-Sommerfeld quantization rule. The resulting black hole entropy shows an equally spaced spectrum and the corresponding horizon area spectrum is identical to the result reported by Wei et. al. [7] using quasinormal modes.

II. THE GMGHS BLACK HOLE

The low energy effective action of the heterotic string theory in four dimensions is given by

A = � d^4x √ −g̃e^{−ψ} ( −R + 1 12 H_{μνρ}H^{μνρ} − G̃^{μν} ∂_μψ∂_ν ψ + 1 8 F_{μν} F^{μν} ) , (1)

where R is the Ricci scalar, G̃_{μν} is the metric that arises naturally in the σ model and

F_{μν} = ∂_μA_ν − ∂_ν A_μ (2) is the Maxwell field associated with a U (1) subgroup of E_8 × E_8. There is also a dilaton field ψ and an antisymmetric tensor gauge field B_{μν} given by

H_{μνρ} = ∂_μB_{νρ} + ∂_ν B_{ρμ} + ∂_ρB_{μν} − [Ω_3 (A)]_{μνρ} , (3) with the gauge Chern-Simons term

[Ω_3 (A)]_{μνρ} = 1 4 (A_μF_{νρ} + A_ν F_{ρμ} + A_ρF_{μν} ) . (4) Taking H_{μνρ} = 0 and working in the conformal Einstein frame, the action becomes

A = � d^4x √ −g̃ ( −R + 2 (∇ψ)^2 + e^{−2ϕ}F^2 ) , (5) where the Einstein frame metric g̃_{μν} is defined as

g̃_{μν} = e^{−ψ}G̃_{μν} . (6) The charged black hole solution to the corresponding field equations is known as the Gibbons-Maeda-Garfinkle-Horowitz-Strominger (GMGHS) solution [7, 8] and can be written as

ds^2 = −f (r) dt^2 + dr^2 f (r) + r ( r − Q^2e^{−2ψ0} M ) dΩ^2 (7) e^{−2ψ} = e^{−2ψ0} ( 1 − Q^2 Mr ) (8) F = Q sin θdθ ∧ dϑ (9) where f (r) = 1−^{2M}_r , M and Q are the mass and electric charge of the black hole respectively and ψ_0 is the asymptotic value of the dilaton. There is a spherical event horizon at

r_H = 2M (10) with an area given by

A = 4πr^2_H − 8πQ^2e^{−2ψ0} . (11)

From Eq. (11) it is easy to see that the GMGHS solution becomes a naked singularity if r^2_H ≤ 2Q^2e^{−2ψ0} , (12) or equivalently when M^2 ≤ 1 2 Q^2e^{−2ψ0} . (13) The surface gravity at the horizon takes the value

κ = 1 2 f^′(r_H ) = 1 4M (14)

and therefore the Hawking temperature is

T = ℏκ 2π = 1 8πM (15) which is independent of the electric charge. Finally, the electric potential at the event horizon is ϕ = Q r_H e^{−2ψ0} (16) and the relation between area and entropy gives

S = A 4ℏ = πr^2_H − 2πQ^2e^{−2ψ0} ℏ . (17)

III. ENTROPY SPECTRUM

Now we will use the adiabatic invariant action I = ∑ i � p_idq_i (18)

to obtain the entropy spectrum of the GMGHS black hole. We have

I = ∑ i � �_{pi} o dp^′_idq_i = ∑ i � �_H o dH^′ q̇_i dq_i (19)

where p_i is the conjugate momentum of the q_i coordinate. Here we take i = 0, 1 with q_0 = τ the Euclidean time, q_1 = r and dot means derivative with respect to τ. Therefore, this invariant can be expanded as

I = � �_H o dH^′dτ + � �_H o dH^′ ṙ dr. (20) Considering the black hole metric (7), it can be “Euclideanized” by the transformation t → −iτ, giving

ds^2 = f(r)dτ^2 + dr^2 f(r) + r ( r − Q^2e^{−2ψ0} M ) dΩ^2. (21)

Considering radial null paths we have

ṙ = dr dτ = ±i |f(r)| = R_±(r) (22)

where the ± sign mean outgoing or ingoing paths respectively. Using this relation we can write

� �_H o dH^′dτ = � �_H o dH^′ dr R_±(r) = � �_H o dH^′ dr ṙ (23)

and the adiabatic invariant (20) becomes

I = 2

� �_H o dH^′dτ. (24) The Euclidean time τ is periodic with period^{2π}_κ where κ is the surface gravity given by Eq. (14). Now, we will only consider outgoing paths and therefore the limits in the τ integration will be 0 and^π_κ , obtaining

I = 2π �_H o dH^′ κ = ℏ �_H o dH^′ T . (25)

To relate this result with the entropy of the black hole, consider the first law of thermodynamics for the GMGHS black hole

dM = T dS + ϕdQ. (26) Following the work of Wald [9] and Sudarsky & Wald [10] to obtain the Hamiltonian of the Einstein-Maxwell system we have the relation of H with the mass and electric potential,

H = M − ϕQ. (27) Therefore, the adiabatic invariant in terms of the entropy is simply

I = ℏS. (28) Implementing the Bohr-Sommerfeld quantization rule

I = ∑ i � p_{qi} dq_i = 2πnℏ (29)

gives the equally spaced entropy spectrum

S = 2πn or

△S = 2π. Using the relation between entropy and horizon area (17) we obtain the area spectrum

△A = 8πl^2_p where l_p is Planck’s lenght (in units with G = c = 1).

IV. CONCLUSIONS

Although the quantum gravity theory has not been found, it is meaningful to investigate quantum corrections to the entropy spectrum. Here we have investigated the entropy of a GMGHS black hole with the help of Bohr-Sommerfeld quantization rule and the adiabatic invariance. The result shows an equally spaced entropy spectrum which is the same as the one of Schwarzschild, Reissner-Nordström and Kerr black holes. This fact confirms the proposal of Bekenstein that the area spectrum of a black hole is independent of its parameters. Evenmore, our result is identical to the spectrum reported by Wei et. al. [7] using the quasinormal modes analysis.

However, the adiabatic invariance calculation does not need the quasinormal mode frequency, so there is no confusion on whether the real part or imaginary part is responsible for the entropy spectrum and the small charge limit, which is necessary in the quasinormal mode analysis, was not imposed. In a forthcoming paper we will extend this analysis to the charged rotating black hole of heterotic string theory found by Sen [11].

Acknowledgements This work was supported by the Universidad Nacional de Colombia. Hermes Project Code 13038.

[1] J.D. Bekenstein, Lett. Nuovo Cimento 11, 467 (1974), arXiv:9710076[gr-qc], arXiv:9808028[gr- qc] [2] D. Christodoulou, Phys. Rev. Lett. 25, 1596 (1970) [3] S. Hod, Phys. Rev. Lett. 81, 4293 (1998) [4] M. Maggiore, Phys. Rev. Lett. 100, 141301 (2008) [5] X. Zeng, X. Liu, W. Liu. arXiv:1203.5947[gr-qc] [6] B. R. Majhi, E. C. Vagenas. Phys .Lett. B 701, 623-625 (2011) [7] S. W. Wei, Y. X. Liu, K. Yang, Y. Zhong, Phys. Rev. D 81, 104042 (2010) [8] G.W. Gibbons, Nucl. Phys. B207, 337 (1982); G.W. Gibbons and K. Maeda, ibid. B298, 741 (1988); D. Garfinkle, G.T. Horowitz, and A. Strominger, Phys. Rev. D43, 3140 (1991); 45, 3888(E) (1992)

[9] R. M. Wald. arXiv:9305022[gr-qc].

[10] D. Sudarsky, R. M. Wald, Phys. Rev. D 46, 1453 (1992). [11] A. Sen, Phys. Rev. Lett. 69, 1006 (1992)