arXiv:1204.3688v2 [hep-th] 8 May 2012

Three-Point Correlator of Heavy Vertex Operators for Circular Winding Strings in AdS_5 × S^5

Shijong Ryang

Department of Physics Kyoto Prefectural University of Medicine Taishogun, Kyoto 603-8334 Japan

ryang@koto.kpu-m.ac.jp

Abstract

We consider an extremal three-point correlator of three heavy vertex operators for the circular winding string state with one large spin and one windining number in AdS_5 and one large spin and one winding number in S^5. We use a Schwarz-Christoffel transformation to compute semiclassically the extremal three-point correlator on a stationary string trajectory which is mapped to the complex plane with three punctures. It becomes a 4d conformal invariant three-point correlator on the boundary. We discuss the marginality condition of vertex operator.

April, 2012

In the AdS/CFT correspondence [1] a lot of fascinating results have been found in the computation of the planar contribution to the conformal dimensions of non-BPS operators for any value of the coupling constant, using integrability [2].

Due to the AdS/CFT correspondence the correlation functions in the N = 4 super Yang-Mills theory (SYM) can be calculated both at weak and at strong coupling. The three-point correlation functions of BPS operators have been derived at strong coupling in the supergravity approximation. There have been various investigations that correlation functions of operators in the AdS_5 ×S^5 string theory carrying large charges of order of string tension √ λ/2π should be controled at large λ by the semiclassical string solutions [3, 4, 5, 6].

The two-point correlators of heavy string states have been constructed by using the vertex operator approach [7] and the wave function procedure [8] where relevant string surfaces ending at the AdS boundary saturate the correlators. The extension to the three-point correlator of two heavy string vertex operators with large charges and one light operator with fixed charges has been presened in [9]. Further constructions of the three-point correlators of two various heavy string states and a certain light mode have been performed [10, 11, 12]. This semiclassical approach has been applied to the four-point correlators of two heavy vertex operators and two light operators [13] and also the correlators involving Wilson loops and light local operators [14].

In the N = 4 SYM theory side the planar three-point correlators of single trace gaugeinvariant operators have been studied at weak coupling [15]. Using the integrability techniques, the matchings of three-point correlators of two non-BPS operators and one short BPS operator between weak and strong coupling have been demonstrated [16, 17].

The three-point correlator of heavy three BMN string states which are point-like in AdS_5 and rotating in S^5 has been computed by an assumption that the three cylinders associated with three external states may be joined together at an intersection point [8], where the 4d conformal invariant dependence on the three positions of the operator insertion points is extracted by taking advantage of the conformal symmetry of AdS_5. Using a light-cone gauge for the worldsheet theory the three-point correlator of BMN vertex operators has been constructed by finding a solution in minimizing the action upon varying the intersection point of three Euclidean BMN strings [18], where the three-point correlator of three heavy string vertex operators for the circular winding strings with two equal spins in S^5 is also computed to have a 4d conformal invariant expression.

Taking account of a string splitting process we have studied the extremal three-point correlator of three heavy vertex operators for the circular winding string states which are point-like in AdS_5 and rotating with two spins and two winding numbers in S^5 [19]. A special correlator such that two of the three vertex operators are located at the same point on the boundary is evaluated on the stationary splitting string surface consisting of three cylinders which is transformed by the Schwarz-Christoffel map to the complex plane with three punctures which are associated with the vertex insertion points.

There have been investigations of the AdS part of three-point correlator for the string states without any spins in AdS_2 [20] as well as for the large spin limit of Gubser-Klebanov- Polyakov folded string states rotating in AdS_3 [21], by using the Pohlmeyer reduction procedure which is developed for the computation of gluon scattering amplitudes at strong coupling.

In ref. [22] the three-point correlators of three heavy vertex operators have been calculated for the ( BPS or non-BPS) string states which have no spins in AdS_5 and carry large charges in S^5 by using a particular Schwarz-Christoffel map defined by the AdS stress tensor which transforms the three-geodesic solution in cylinder (τ, σ) domain to the complex plane with three punctures. The resulting BPS correlator has been shown to agree with the large charge limit of the corresponding supergravity and free gauge theory expressions.

We are interested in the three-point correlator for the heavy non-BPS string states which carry a spin in AdS_5. We will use a Schwarz-Christoffel map to construct the extremal threepoint correlator of three heavy vertex operators for the circular spinning strings carrying one large spin with one winding number in AdS_5 as well as one large spin with one winding number in S^5. We will evaluate semiclassically the extremal three-point correlator on a stationary string trajectory, where the three vertex operators are located at the different points on the boundary. We will show that it becomes a 4d conformal invariant three-point correlator on the boundary.

Based on the vertex operator prescription [6, 7] we consider an extremal three-point correlation function of the three string vertex operators which are associated with the circular spinning string solutions with spins and winding numbers (S, n) in AdS_5 and (J, m) in S^5.

The embedding coordinates Y_M (M = 0, · · · , 5) of the Minkowski signature AdS_5 are expressed in terms of the global coordinates (t, ρ, θ, ϕ_1, ϕ_2) as

Y_5 + iY_0 = cosh ρe^{it}, Y_1 + iY_2 = sinh ρ cos θe^{iϕ1} , Y_3 + iY_4 = sinh ρ sin θe^{iϕ2} , Y^M Y_M = −Y^2_5 + Y^μY_μ + Y^2_4 = −1, Y^μY_μ = −Y^2_0 + Y_mY_m (1)

with μ = 0, 1, 2, 3, m = 1, 2, 3. These coordinates are related with the Poincare coordinates (z, x^μ), ds^2 = z^{−2}(dz^2 + dx^μdx_μ) as Y_μ = x_μ/z, Y_4 = (−1 + z^2 + x^μx_μ)/2z, Y_5 = (1 + z^2 + x^μx_μ)/2z with x^μx_μ = −x^2_0 + x^2_m. For comparison we write down the embedding coordinates of S^5, X_1 ≡ X_1 + iX_2 = sin γ cos ψe^{iφ1} , X_2 ≡ X_3 + iX_4 = sin γ sin ψe^{iφ2} , X_3 ≡ X_5 + iX_6 = cos γe^{iφ3} .

Let us consider the vertex operator which describes the following circular spinning closed string state with quantum numbers like spins (S, J) and winding numbers (n, m) [23] t = κτ, ρ = ρ_0, θ = 0, ϕ_1 = ωτ + nσ ≡ ϕ, γ = π 2 , ψ = 0, φ_1 = wτ − mσ ≡ φ. (2) Its energy-spin relation is expressed in the λ/J^2 expansion as

E = J + S + λ 2J^2

(m^2J + n^2S) − λ^2 8J^5

(m^4J^2 + n^4SJ + 4n^2m^2SJ + 4n^4S^2) + · · · . (3)

Both the worldsheet time τ and the global AdS time t are rotated to the Euclidean ones simultaneously, which lead to the similar rotations for the time-like coordinates Y_0 and x_0. Using four coordinates ⃗a_i of a point on the boundary of the Euclidean Poincare patch of AdS_5 space we express the integrated vertex operator of dimension Δ_i as

V (⃗a_i) = ∫ d^2ξ [ z z^2 + (⃗x − ⃗a_i)^2 ]_{Δi} (Y_1 + iY_2)^{Si} V^i_{AdS5} (X_1 + iX_2)^{Ji} V^i_S5 , (4) where ⃗x^2 = x^2_0 +x^2_m and V^i_{AdS5} , V^i_S5 represent the derivative terms for the AdS_5 and S^5 parts that are not relevant for determining the stationary string trajectory. We put the location of the vertex operator in the boundary as ⃗a_i = (a_i, 0, 0, 0). The expression Y_1 + iY_2 is described in terms of Euclidean Poincare coordinates as Y_1 + iY_2 = (x_1 + ix_2)/z = (r/z)e^{iϕ} and the S^5 part is given by X_1 + iX_2 = e^{iφ}. The winding number dependences are implicitly included through the angular coordinates [19].

We use the vertex operators labelled by points a_1, a_2, a_3 on the boundary of AdS_5 which are chosen as a_1 = 0 < a_2 < a_3 and compute a correlator of three heavy vertex operators < V_{Δ1,S1,n1,J1,m1} (a_1)V^∗_{Δ2,S2,n2,J2,m2} (a_2)V^∗_{Δ3,S3,n3,J3,m3} (a_3) > (5) in large spins of order of string tension √ λ/2π ≫ 1. The Euclidean continuation of (2) is given by t = κτ, ρ = ρ_0, ϕ = −iωτ + nσ, φ = −iwτ − mσ. The corresponding embedding coordinates in (1) are expressed as

Y_5 = cosh ρ_0 cosh κτ, Y_0 = cosh ρ_0 sinh κτ, Y_4 = 0, Y_1 = sinh ρ_0 cosh(ωτ + inσ), Y_2 = −i sinh ρ_0 sinh(ωτ + inσ), Y_3 = 0, (6)

which are transformed to the Euclidean Poincare coordinates in the form z = 1 cosh ρ_0 cosh κτ

, x_0 = tanh κτ,

x_± ≡ x_1 ± ix_2 = re^{±iϕ} = tanh ρ_0 cosh κτ e^{±(ωτ +inσ)}. (7) For the large spin limit κ ≈ ω ≫ 1 the complex world surface given by (7) approaches the boundary z → 0 at τ → ±∞ with x_0(±∞) = ±1 and r(±∞) = 0.

In order to compute semiclassically the three-point correlator (5), we express the Euclidean action accompanied with the vertex contributions as an integral over the complex ξ plane A = √ λ π ∫ d^2ξ [ 1 z^2 (∂z ¯∂z + ∂x_0 ¯∂x_0 + ∂r ¯∂r + r^2∂ϕ ¯∂ϕ) + ∂φ ¯∂φ ]

− ∫ d^2ξ

[_3 ∑ i=1 Δ_iδ^2(ξ − ξ_i) ln z z^2 + r^2 + (x_0 − a_i)^2 ]

− ∫ d^2ξ [ S_1δ^2(ξ − ξ_1) ln re^{iϕ} z + S_2δ^2(ξ − ξ_2) ln re^{−iϕ} z + S_3δ^2(ξ − ξ_3) ln re^{−iϕ} z ]

− ∫ d^2ξ[J_1δ^2(ξ − ξ_1) ln e^{iφ} + J_2δ^2(ξ − ξ_2) ln e^{−iφ} + J_3δ^2(ξ − ξ_3) ln e^{−iφ}], (8)

where the ln V^i_{AdS5} and ln V^i_S5 terms subleading in the large spin are omitted and the vertex operators with dimensions Δ_1, Δ_2, Δ_3 are located at the marked points ξ_1, ξ_2, ξ_3.

When the vertex operator with dimension Δ_1 is inserted at τ = −∞ and the other two vertex operators with dimensions Δ_2 and Δ_3 are inserted at τ = ∞ for the extremal case

Δ_1 = Δ_2 + Δ_3, (9) the Schwarz-Christoffel map is described by

ζ = e^{τ +iσ} = ξ − ξ_1 (ξ − ξ_2)^{Δ2/Δ1} (ξ − ξ_3)^{Δ3/Δ1}

. (10)

The marked point ξ_1 is mapped to τ = −∞, while ξ_2 and ξ_3 are mapped to τ = ∞.

In the (τ, σ) domain which is mapped to the upper half plane with three marked points ξ_1, ξ_2, ξ_3 on the real axis by the Schwarz-Christoffel transformation (10) there are the following three regions I, II, III which are identified with the three interacting open strings and specified by the interaction points (τ_{int}, σ_{int}) in the open string picture I : −∞ < τ ≤ τ_{int}, 0 ≤ σ ≤ π, II : τ_{int} ≤ τ < ∞, 0 ≤ σ ≤ σ_{int} = Δ_2 Δ_1 π, III : τ_{int} ≤ τ < ∞, σ_{int} ≤ σ ≤ π, (11) where τ_{int} is determined from the critical point of the map (10) ∂ζ/∂ξ = 0 as

τ_{int} = ln

(ξ_2 − ξ_1)^{Δ3/Δ1} (ξ_3 − ξ_1)^{Δ2/Δ1} ξ_3 − ξ_2

+ ln

Δ_1 Δ^{Δ2/Δ1}

2 Δ^{Δ3/Δ1}_3

(12)

for ξ_1 < ξ_3 < ξ_2 [22]. The closed string can be described by doubling trick, to take two copies of the domain and perform appropriate identifications to ensure periodicity in σ.

For the string solution (7) we make the respective dilatations and translations in the three regions such that

I : x_0(τ = −∞) = a_1 = 0, x_0(τ = ∞) = b_1, II : x_0(τ = −∞) = b_2, x_0(τ = ∞) = a_2, III : x_0(τ = −∞) = b_3, x_0(τ = ∞) = a_3 (13)

at the boundary to obtain the independent solutions in the regions I, II, III.

I : z = b_1 2 cosh ρ_0 cosh(κ_1τ + τ_1)

, x_0 = b_1 2 (tanh(κ_1τ + τ_1) + 1), x_± = re^{±iϕ} = b_1 tanh ρ_0 2 cosh(κ_1τ + τ_1) e^{±(ωτ +inσ)}, II : z = a_2 − b_2 2 cosh ρ_0 cosh(κ_2τ + τ_2)

, x_0 = a_2 − b_2 2 ( tanh(κ_2τ + τ_2) + a_2 + b_2 a_2 − b_2 ) , x_± = re^{±iϕ} = (a_2 − b_2) tanh ρ_0 2 cosh(κ_2τ + τ_2) e^{±(ωτ +inσ)}, III : z = a_3 − b_3 2 cosh ρ_0 cosh(κ_3τ + τ_3)

, x_0 = a_3 − b_3 2 ( tanh(κ_3τ + τ_3) + a_3 + b_3 a_3 − b_3 ) , x_± = re^{±iϕ} = (a_3 − b_3) tanh ρ_0 2 cosh(κ_3τ + τ_3) e^{±(ωτ +inσ)}, (14) where the parameters τ_i (i = 1, 2, 3) are introduced. The parameters b_i, τ_i will be discussed later to be determined by the gluing condition at the three string interaction. The Euclidean spinning string configuration in S^5 in each region is specified by

X_1 = e^{wτ −imσ}. (15)

The angular momenta S and J for the closed string in each region are evaluated by doubling the σ-integrals

I : S_1 = 2 √ λ ∫_π 0 dσ 2π ω sinh^2 ρ_0 = √ λω sinh^2 ρ_0, J_1 = 2 √ λ ∫_π 0 dσ 2π w = √ λw, II : S_2 = 2 √ λ ∫_σ(1)_{int} 0 dσ 2π ω sinh^2 ρ_0 =

Δ_2 Δ_1

S_1, J_2 = 2 √ λ ∫_σ(1)_{int} 0 dσ 2π w = Δ_2 Δ_1

J_1,

III : S_3 = 2 √ λ ∫_π σ^{(2)}_{int} dσ 2π ω sinh^2 ρ_0 =

Δ_3 Δ_1

S_1, J_3 = 2 √ λ ∫_π σ^{(2)}_{int} dσ 2π w = Δ_3 Δ_1

J_1. (16)

Owing to (9) these charges are conserved

S_1 = S_2 + S_3, J_1 = J_2 + J_3. (17)

The continuity conditions of the string variables Y_1 + iY_2 = sinh ρ_0e^{iϕ} and X_1 = e^{iφ} at the interaction time τ_{int} are satisfied in the same way as discussed in [19].

In the region I the parameter m in (15) can be regarded as the winding number of the incoming closed string m_1 = m. By doubling the σ-intervals for the closed string configuration and rescaling the worldsheet space coordinate σ to σ_2, σ_3 in such a way that 0 ≤ σ ≤ 2πΔ_2/Δ_1 → 0 ≤ σ_2 ≤ 2π and 2πΔ_2/Δ_1 ≤ σ ≤ 2π → 0 ≤ σ_3 ≤ 2π

σ_2 =

Δ_1 Δ_2 σ, σ_3 = ( σ − 2π Δ_2 Δ_1

) Δ_1 Δ_3

, (18)

which are regarded as the worldsheet space coordinates of the regions II, III we rewrite the expression (15) as the two outgoing string configurations in the regions II, III, X^{II}_1 (σ_2, τ) = e^{wτ −im2σ2} , X^{III}_1 (σ_3, τ) = e^{wτ −im3σ3} , where m_2 = (Δ_2/Δ_1)m, m_3 = (Δ_3/Δ_1)m. The periodicity conditions for the outgoing closed string in the cylindrical regions II, III imply that m_2, m_3 are integers and regarded as the respective winding numbers of the closed strings in II, III. The winding numbers are also conserved such that m_1 = m_2 + m_3. In the winding number n of the string configuration in AdS_5 the same argument for Y_1 +iY_2 = sinh ρ_0e^{wτ +inσ} yields the respective winding numbers in the three cylindrical regions I, II, III n_1 = n, n_2 = (Δ_2/Δ_1)n, n_3 = (Δ_3/Δ_1)n.

We will show that the relevant string configuration expressed in terms of the complex worldsheet coordinate ξ becomes the stationary string trajectory in the presence of the vertex operators as source terms. The equation of motion for ϕ is given by ∂ ( r^2 z^2 ¯∂ϕ ) + ¯∂ ( r^2 z^2 ∂ϕ ) = − iπ √ λ [S_1δ^2(ξ − ξ_1) − S_2δ^2(ξ − ξ_2) − S_3δ^2(ξ − ξ_3)]. (19)

The Schwarz-Christoffel map (10) is expressed as τ = 1 2 ( ln(ξ − ξ_1)(ξ̄ − ξ̄_1) −

Δ_2 Δ_1 ln(ξ − ξ_2)(ξ̄ − ξ̄_2) −

Δ_3 Δ_1 ln(ξ − ξ_3)(ξ̄ − ξ̄_3) ) , σ = 1 2i ( ln ξ − ξ_1 ξ̄ − ξ̄_1 −

Δ_2 Δ_1 ln ξ − ξ_2 ξ̄ − ξ̄_2 −

Δ_3 Δ_1 ln ξ − ξ_3 ξ̄ − ξ̄_3 ) , (20)

which leads to (∂ ¯∂ + ¯∂∂)τ = π ( δ^2(ξ − ξ_1) −

Δ_2 Δ_1 δ^2(ξ − ξ_2) −

Δ_3 Δ_1 δ^2(ξ − ξ_3) ) , (∂ ¯∂ + ¯∂∂)σ = 0. (21)

In the region I, ξ cannot reach the points ξ_2, ξ_3 so that δ^2(ξ − ξ_2) = δ^2(ξ − ξ_3) = 0 and then the r.h.s. of eq. (19) becomes −iπS_1δ^2(ξ − ξ_1)/ √ λ. Substituting the region I string configuration of (14) and taking account of (21) we see that the l.h.s. of eq. (19) becomes −iω sinh^2 ρ_0πδ^2(ξ − ξ_1). Thus the eq.(19) in the region I is satisfied only when S_1 is given by S_1 = ω sinh^2 ρ_0 √ λ. (22) Similarly the eq. (19) in the regions II, III also holds if the respective spins S_2, S_3 are expressed as S_2 = (Δ_2/Δ_1)S_1, S_3 = (Δ_3/Δ_1)S_1, which are given in (16).

We consider the equation of motion for x_0 ∂ ( ¯∂x_0 z^2 ) + ¯∂ ( ∂x_0 z^2 ) = 2π √ λ 3∑ i=1 Δ_i x_0 − a_i z^2 + r^2 + (x_0 − a_i)^2 δ^2(ξ − ξ_i) (23)

with a_1 = 0. This equation in the region I is satisfied when

Δ_1 = κ_1 cosh^2 ρ_0 √ λ, (24)

while the equations in the regions II, III give κ_2 cosh^2 ρ_0Δ_2/Δ_1 = Δ_2/ √ λ, κ_3 cosh^2 ρ_0Δ_3/Δ_1 = Δ_3/ √ λ. Thus we have κ_2 = κ_3 = Δ_1/(cosh^2 ρ_0 √ λ) = κ_1 ≡ κ.

The equation of motion for r reads r∂ ( ¯∂r z^2 ) + r ¯∂ ( ∂r z^2 ) − 2 r^2 z^2 ∂ϕ ¯∂ϕ = − π √ λ 3∑ i=1 S_iδ^2(ξ − ξ_i) + 2π √ λ 3∑ i=1 Δ_i r^2 z^2 + r^2 + (x_0 − a_i)^2 δ^2(ξ − ξ_i). (25)

In the region I, since τ → −∞ corresponds to ξ → ξ_1 the equation is given by − κ[2κ∂τ ¯∂τ + tanh(κτ + τ_1)(∂ ¯∂ + ¯∂∂)τ] − 2(n^2 − ω^2)∂τ ¯∂τ = π(2κ − ω)δ^2(ξ − ξ_1), (26)

where we use ∂σ ¯∂σ = ∂τ ¯∂τ, ∂τ ¯∂σ + ∂σ ¯∂τ = 0 and (22), (24). The non-singular ∂τ ¯∂τ terms yield ω^2 = κ^2 + n^2 (27) and the remaining singular terms provide

− κ tanh(κτ + τ_1)δ^2(ξ − ξ_1) = (2κ − ω)δ^2(ξ − ξ_1) (28)

through (21). Owing to tanh(κτ + τ_1)|_{ξ→ξ1} = −1 the eq. (28) is satisfied to the leading order in the large spin limit κ ≈ ω ≫ 1. In the regions II, III using the following limits tanh(κτ + τ_2)|_{ξ→ξ2} = tanh(κτ + τ_3)|_{ξ→ξ3} = 1, we see that the non-singular part gives the same relation as (27) and the singular part is also satisfied in the large spin limit only when the relations between S_i (i = 1, 2, 3) are expressed as (16).

We turn to the equation of motion for z z∂ ( ¯∂z z^2 ) + z ¯∂ ( ∂z z^2 ) + 2 z^2 (∂z ¯∂z + ∂x_0 ¯∂x_0 + ∂r ¯∂r + r^2∂ϕ ¯∂ϕ) = π √ λ 3∑ i=i S_iδ^2(ξ − ξ_i) + π √ λ 3∑ i=i Δ_i z^2 − r^2 − (x_0 − a_i)^2 z^2 + r^2 + (x_0 − a_i)^2 δ^2(ξ − ξ_i). (29)

In the region I it becomes

2∂τ ¯∂τ sinh^2 ρ_0(κ^2 − ω^2 + n^2) − κ tanh(κτ + τ_1)(∂ ¯∂ + ¯∂∂)τ = π[κ(1 − sinh^2 ρ_0) + ω sinh^2 ρ_0]δ^2(ξ − ξ_1), (30)

which is satisfied in the large spin limit through (27). In the regions II, III the equation (29) also holds owing to (27) and (16).

The remaining equation of motion for φ is given by (∂ ¯∂ + ¯∂∂)φ = − iπ √ λ [J_1δ^2(ξ − ξ_1) − J_2δ^2(ξ − ξ_2) − J_3δ^2(ξ − ξ_3)], (31)

which combines with (21) to yield the relations between J_i (i = 1, 2, 3) in (16).

Summing (25) and (29) in order to eliminate the ∑ i S_iδ^2(ξ − ξ_i) terms in the r.h.s. we have r∂ ( ¯∂r z^2 ) + r ¯∂ ( ∂r z^2 ) + z∂ ( ¯∂z z^2 ) + z ¯∂ ( ∂z z^2 ) + 2 z^2 (∂z ¯∂z + ∂x_0 ¯∂x_0 + ∂r ¯∂r) = π √ λ 3∑ i=i Δ_i z^2 + r^2 − (x_0 − a_i)^2 z^2 + r^2 + (x_0 − a_i)^2 δ^2(ξ − ξ_i). (32)

We demand that the equation (23) and the combined equation (32) are non-singular when ξ → ∞. The large ξ behavior of the r.h.s. of (23) and (32) suggests that for the coefficients of the common δ^2(ξ) factor we should impose the two equations

Δ_1 x_0 z^2 + r^2 + x^2_0 | | | |_{ξ→ξ1} + Δ^2

x_0 − a_2 z^2 + r^2 + (x_0 − a_2)^2 | | | |_{ξ→ξ2} + Δ^3

x_0 − a_3 z^2 + r^2 + (x_0 − a_3)^2 | | | |_{ξ→ξ3} = 0, Δ_1 z^2 + r^2 − x^2_0 z^2 + r^2 + x^2_0 | | | ξ→ξ_1 + Δ_2 z^2 + r^2 − (x_0 − a_2)^2 z^2 + r^2 + (x_0 − a_2)^2 | | | ξ→ξ_2 + Δ_3 z^2 + r^2 − (x_0 − a_3)^2 z^2 + r^2 + (x_0 − a_3)^2 | | | ξ→ξ_3 = 0. (33)

These equations are indeed satisfied by the solution (14).

Here we require that the two equations in (33) hold at τ = τ_{int} which is the common worldsheet time for the three cylinders. Since z^2 + r^2 is expressed as z^2 cosh^2 ρ_0 in each region, the interaction location z(τ_{int}) ≡ z̃, x_0(τ_{int}) ≡ x̃_0 is determined from the following equations

Δ_1 x̃_0 cosh^2 ρ_0z̃^2 + x̃^2_0

+ Δ_2 x̃_0 − a_2 cosh^2 ρ_0z̃^2 + (x̃_0 − a_2)^2

+ Δ_3 x̃_0 − a_3 cosh^2 ρ_0z̃^2 + (x̃_0 − a_3)^2

= 0,

Δ_1 cosh^2 ρ_0z̃^2 − x̃^2_0 cosh^2 ρ_0z̃^2 + x^2_0

+ Δ_2 cosh^2 ρ_0z̃^2 − (x̃_0 − a_2)^2 cosh^2 ρ_0z̃^2 + (x̃_0 − a_2)^2

+ Δ_3 cosh^2 ρ_0z̃^2 − (x̃_0 − a_3)^2 cosh^2 ρ_0z̃^2 + (x̃_0 − a_3)^2

= 0. (34)

This requirement is considered to be identical to treating the τ-dependent string configuration within the subspace of (z, r, x_0) constrained by a relation r = z sinh ρ_0 as a point-like string. Up to a factor cosh ρ_0 the equations in (34) take the same form as the equations derived by extremizing the effective AdS_5 action for the three-point correlator for the BPS states which is specified by the Witten diagram in supergravity description in ref. [18], where the solution of the equations is found. Following this solution we express the relevant solution to the two equations in (34) as

x̃_0 = α_1a_2a_3(α_2a_2 + α_3a_3) α_1α_2a^2 + α_1α_3a^2_3 + α_2α_3(a_3 − a_2)^2 , cosh ρ_0z̃ = √ α_1α_2α_3(α_1 + α_2 + α_3)(a_3 − a_2)a_2a_3 α_1α_2a^2 + α_1α_3a^2_3 + α_2α_3(a_3 − a_2)^2

, (35)

where α_1 = Δ_2 + Δ_3 − Δ_1, α_2 = Δ_3 + Δ_1 − Δ_2, α_3 = Δ_1 + Δ_2 − Δ_3. The two equations (19) and (31) have no singularity at ξ = ∞ because of the charge conservations in (17).

Now we shift τ to τ − τ_{int} such that each τ in the solution (14) for AdS_5 is replaced by τ − τ_{int}. Accordingly the solution (15) for S^5 is also expressed as X_1 = e^{w(τ −τint)−imσ}. (36) The shifted expressions of z and x_0 in the three regions are combined in such a way that the τ − τ_{int} dependence is eliminated to yield

I : cosh^2 ρ_0z^2 = x_0(b_1 − x_0), II : cosh^2 ρ_0z^2 = (a_2 − x_0)(x_0 − b_2), III : cosh^2 ρ_0z^2 = (a_3 − x_0)(x_0 − b_3). (37)

Demanding that at τ = τ_{int}, (z, x_0) in (37) become (z̃, x̃_0) in (35) we determine b_i (i = 1, 2, 3) as b_1 =

(α_2 + α_3)a_2a_3 α_2a_2 + α_3a_3

, b_2 = α_1a_2a_3 (α_1 + α_3)a_2 − α_3a_3

, b_3 = α_1a_2a_3 (α_1 + α_2)a_3 − α_2a_2

. (38)

Then the parameters τ_i (i = 1, 2, 3) are fixed such that each shifted expression of (z, x_0) in the three regions I, II, III (14) becomes (z̃, x̃_0) at τ = τ_{int}

τ_1 = 1 2 ln α_1(α_2a_2 + α_3a_3)^2 (a_3 − a_2)^2α_2α_3(α_1 + α_2 + α_3)

, τ_2 = 1 2 ln a^2_3α_1α_3(α_1 + α_2 + α_3) α_2(α_3a_3 − (α_1 + α_3)a_2)^2 , τ_3 = 1 2 ln a^2α_1α_2(α_1 + α_2 + α_3) α_3(α_2a_2 − (α_1 + α_2)a_3)^2

. (39)

The three-point correlator can be calculated semiclassically by evaluating string action with source terms on the stationary string trajectory. It is convenient to go back to the Euclidean cylindrical worldsheet coordinates (τ, σ) through the conformal transformation (10) for computing the string action in (8) A_{str} = √ λ 4π 2 ∫_{τint} τ (ξ_1) dτ ∫_π 0 dσ + ∫_{τ (ξ2 )} τ_{int} dτ ∫_σ(1)_{int} 0 dσ + ∫_{τ (ξ3)} τ_{int} dτ ∫_π σ^{(2)}_{int} dσ L_{str}, L_{str} = 1 z^2

[(∂_τ z)^2 + (∂_τ x_0)^2 + (∂_τ r)^2 + r^2((∂_τ ϕ)^2 + (∂_σϕ)^2)]

+ (∂_τ φ)^2 + (∂_σφ)^2 (40) with τ(ξ_i) = (ln |ξ − ξ_1|^2 − Δ_2/Δ_1 ln |ξ − ξ_2|^2 − Δ_3/Δ_1 ln |ξ − ξ_3|^2)/2|_{ξ→ξi} , where the integral region is divided into the three regions according to (11).

Substituting the shifted expression of each solution (14) in the three regions I, II, III and (36) into the string action (40) we derive A_{str} = √ λ 2 [ −(τ(ξ_1) − τ_{int}) +

Δ_2 Δ_1

(τ(ξ_2) − τ_{int}) +

Δ_3 Δ_1

(τ(ξ_3) − τ_{int}) ]

× (κ^2 cosh^2 ρ_0 + (n^2 − ω^2) sinh^2 ρ_0 + m^2 − w^2). (41) In this expression we should subtract the logarithmic divergences associated with selfcontractions in the vertex operators.

The source terms in (8) are evaluated using the delta-function as

A_{sour} = (κΔ_1 − ωS_1 − wJ_1)(τ(ξ_1) − τ_{int}) − (κΔ_2 − ωS_2 − wJ_2)(τ(ξ_2) − τ_{int}) − (κΔ_3 − ωS_3 − wJ_3)(τ(ξ_3) − τ_{int}) + Δ_1τ_1 − Δ_2τ_2 − Δ_3τ_3 + Δ_1 ln b_1 + Δ_2 ln(a_2 − b_2) + Δ_3 ln(a_3 − b_3) + (Δ_1 + Δ_2 + Δ_3) ln cosh ρ_0 − (S_1 + S_2 + S_3) ln sinh ρ_0 + i[−(nS_1 − mJ_1)σ(ξ_1) + (nS_2 − mJ_2)σ(ξ_2) + (nS_3 − mJ_3)σ(ξ_3)] (42) with σ(ξ_i) = σ|_{ξ→ξi} in (20). Since the coefficients in the last two terms are expressed as nS_2 − mJ_2 = (nS_1 − mJ_1)Δ_2/Δ_1, nS_3 − mJ_3 = (nS_1 − mJ_1)Δ_3/Δ_1, we put nS_1 = mJ_1 (43) to obtain the following three-point correlator that is consistent with 2d conformal symmetry < V_{Δ1,S1,n1,J1,m1} (a_1)V^∗_{Δ2,S2,n2,J2,m2} (a_2)V^∗_{Δ3,S3,n3,J3,m3} (a_3) > ≈ (sinh ρ_0)^{S1+S2+S3} (cosh ρ_0)^{Δ1+Δ2+Δ3}

C_0 a^{α3}_2 a^{α2}_3 (a_3 − a_2)^{α1} ∫ d^2ξ_1d^2ξ_2d^2ξ_3f(|ξ_{12}|, |ξ_{23}|, |ξ_{13}|), (44)

where

C_0 = ( α^{α1}_1 α^{α2}_2 α^{α3}_3 (α_1 + α_2 + α_3)^{α1+α2+α3} (α_1 + α_2)^{α1+α2} (α_1 + α_3)^{α1+α3} (α_2 + α_3)^{α2+α3} )_{1/2} , f = exp [ √ λ 2 ( − κΔ_1 √ λ + sinh^2 ρ_0(ω^2 + n^2) + w^2 + m^2 )

× ( τ(ξ_1) − τ_{int} − Δ_2 Δ_1 (τ(ξ_2) − τ_{int}) − Δ_3 Δ_1

(τ(ξ_3) − τ_{int}) )] . (45)

Here we impose the marginality condition of vertex operator − κΔ_1 √ λ + sinh^2 ρ_0(ω^2 + n^2) + w^2 + m^2 = 0 (46)

to observe that the leading contributions of the ln |ξ_i − ξ_j| terms vanish in the large spin. The three-point correlator (44) contains the 2-d conformal invariant subleading contribution |ξ_1 − ξ_2|^{−2}|ξ_2 − ξ_3|^{−2}|ξ_1 − ξ_3|^{−2} coming from the the derivative terms in the vertex operators, whose integration over ξ_1, ξ_2, ξ_3 cancels against the Mobius group volume factor. For (46) the elimination of n and ρ_0 through (22), (24), (27) leads to 2κΔ_1 √ λ − 2ωS_1 − κ^2 = J^2_1 + m^2 (47)

with S_1 = S_1 √ λ, J_1 = J_1 √ λ. In ref. [23] the circular two-spin (S, J) string solution with the winding numbers (n, m) was constructed to be specified by the same relations between the relevant parameters as (22), (24), (27) and J_1 = w √ λ in (16) where the off-diagonal Virasoro constraint gives the same relation as (43) and the diagonal Virasoro constraint is presented by 2κE √ λ − 2ωS − κ^2 = 2 √ m^2 + ν^2J − ν^2 (48)

with J = √ m^2 + ν^2. We eliminate the parameter ν to see that the marginality condition (47) coincides with (48) when the dimension Δ_1 is identified with the energy E of the incoming string in the region I. Therefore the dimension Δ_1 is determined as (3).

Thus we have the 4-d conformal invariant expression of three-point correlator C_3 (a_2 − a_1)^{Δ1+Δ2−Δ3} (a_3 − a_1)^{Δ1+Δ3−Δ2} (a_3 − a_2)^{Δ2+Δ3−Δ1}

, (49)

where a_1 = 0 and the three-point coefficient is C_3 = C_0(sinh ρ_0)^{S1+S2+S3} /(cosh ρ_0)^{Δ1+Δ2+Δ3} , where C_0 shows the same expression as the coefficients in the three-point correlator for the circular winding strings with two equal spins in S^5 [18] as well as in the AdS_5 part of the threepoint correlator for the BPS strings with large three spins in S^5 [22]. The normalized threepoint coefficient is defined by using the two-point coefficient C_2(Δ) = (sinh ρ_0)^{2S} /(cosh ρ_0)^{2Δ} as C̄_3 = C_3/[C_2(Δ_1)C_2(Δ_2)C_2(Δ_3)]^{1/2}, which becomes C_0.

Taking account of the large J expansion for κ

κ = J + 1 2J ( m^2 + 2n^2 S J )

− 1 8J^3 ( m^4 + 4n^4 S J + 8n^2m^2 S J + 12n^4

S^2 J^2 ) + · · · (50)

we obtain the λ/J^2 expansions of the two factors cosh^2 ρ_0 and sinh^2 ρ_0 which are contained in the three-point coefficient C_3

cosh^2 ρ_0 = 1 + S J − λ 2J^2 ( (n^2 + m^2) S J + 2n^2

S^2 J^2 )

+ λ^2 J^4 ( 3 8 (n^2 + m^2)^2 S J + 2n^2(n^2 + m^2)

S^2 J^2 + 5n^4 2 S^3 J^3 ) + · · · , (51) which is regarded as the expression for the region I. When S is equal to J, the eq. (46) becomes κ^2 − ω^2 sinh^2 ρ_0 − n^2 = 0, which is expressed through (27) and (22) with S_1 = S as S^2(1 − sinh^2 ρ_0) = 2n^2λ sinh^4 ρ_0. We obtain the compact expressions

sinh^2 ρ_0 = 2 1 + √ 1 + 8λ^{n2}_{S2}

, cosh^2 ρ_0 = 3 + √ 1 + 8λ^{n2}_{S2} 1 + √ 1 + 8λ^{n2}_{S2}

, (52)

that lead to the following energy-spin relation E = 3S + √ S^2 + 8λn^2 2 ( 3S + √ S^2 + 8λn^2 2(S + √ S^2 + 8λn^2) )_{1/2} , (53)

whose λ/S^2 expansion reduces to (3) with S = J.

Using the relations in (16) we rewrite cosh^2 ρ_0 in (51) as

cosh^2 ρ_0 = 1 + S_i J_i − λ 2J^2_i ( (n^2_i + m^2_i ) S_i J_i + 2n^2_i

S^2_i J^2_i )

+ λ^2 J^4_i ( 3 8 (n^2_i + m^2_i )^2 S_i J_i + 2n^2_i (n^2_i + m^2_i )

S^2_i J^2_i + 5n^4_i 2 S^3_i J^3_i ) + · · · , (54)

which takes the same value for i = 1, 2, 3, that is, each region of three cylinders. In the same way from the eq. (3) which is regarded as the incoming string energy in the region I, we express the respective string energies in the three regions i = 1, 2, 3 in terms of the quantum numbers S_i, n_i, J_i, m_i as

E_i = J_i + S_i + λ 2J^2_i

(m^2_i J_i + n^2_i S_i) − λ^2 8J^5_i

(m^4_i J^2_i + n^4_i S_iJ_i + 4n^2_i m^2_i S_iJ_i + 4n^4_i S^2_i ) + · · · . (55)

Using a Schwarz-Christoffel map from the complex plane with three punctures to the string surface consisting of one cylinder and two separated cylinders, we have computed an extremal three-point correlator of heavy string vertex operators representing the circular winding strings with spins S, J and winding numbers n, m in AdS_5 × S^5.

We have performed three different transformations of scaling and translation on the circular winding string solution in a cylinder and constructed three string configurations in the three cylinders. By gluing the three string configurations and making the Schwarz- Christoffel transformation we have shown that the circular winding string configurations mapped on the complex plane with three punctures solve the relevant equations of motion on the complex plane with the delta-function sources at the three insertion worldsheet points of vertex operators.

Combining the semiclassically evaluated string action with the vertex contributions from the AdS_5 and S^5 parts we have observed that the diagonal Virasoro constraint expression appears as a coefficient of the worldsheet time interval between each vertex location time τ(ξ_i), i = 1, 2, 3 and the interaction time τ_{int}, while the off-diagnal Virasoro constraint expression appears as a coefficient of the worldsheet space coordinate σ(ξ_i), i = 1, 2, 3 at each vertex operator. We have demonstrated that the marginality condition of the vertex operator for the 2d scaling behavior of the semiclassically evaluated three-point correlator yields the same relation among energy (dimension), spins and winding numbers as is obtained from the diagonal Virasoro constraint, while the requirement of the three-point correlator to have 2d conformal invariant expression gives the same relation between spins and winding numbers as follows from the off-diagonal Virasoro constraint.

We have observed that the resulting extremal three-point correlator has the 4d conformal invariant dependence on the three different positions of vertex operators in the boundary. Although the three-point coefficient is expressed explicitly by the dimensions of vertex operators, the spins and the winding numbers, the normalized three-point coefficient is described only by the relevant dimensions which are specified by the spins and the winding numbers.

References

[1] J.M. Maldacena, Adv. Theor. Math. Phys. 2 (1998) 231 [arXiv:hep-th/9711200];

S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Phys. Lett. B428 (1998) 105 [arXiv:hep-th/9802109]; E. Witten, Adv. Theor. Math. Phys. 2 (1998) 253 [arXiv:hep-th/9802150].

[2] N. Beisert et.al., Lett. Math. Phys. 99 (2012) 3 [arXiv:1012.3982[hep-th]].

[3] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Nucl. Phys. B636 (2002) 99 [arXiv:hep-th/0204051].

[4] D.E. Berenstein, R. Corrado, W. Fischler and J.M. Maldacena, Phys. Rev. D59 (1999) 105023 [arXiv:hep-th/9809188]; K. Zarembo, Phys. Rev. D66 (2002) 105021 [arXiv:hep-th/0209095]; V. Pestun and K. Zarembo, Phys. Rev. D67 (2003) 086007 [arXiv:hep-th/0212296].

[5] S. Dobashi, H. Shimada and T. Yoneya, Nucl. Phys. B665 (2003) 94 [arXiv:hep-th/0209251]; S. Dobashi and T. Yoneya, Nucl. Phys. B711 (2005) 3 [arXiv:hep-th/0406225].

[6] A.A. Tseytlin, Nucl. Phys. B664 (2003) 247 [arXiv:hep-th/0304139].

[7] E.I. Buchbinder, JHEP 1004 (2010) 107 [arXiv:1002.1716[hep-th]]; E.I. Buchbinder and A.A. Tseytlin, JHEP 1008 (2010) 057 [arXiv:1005.4516[hep-th]].

[8] R.A. Janik, P. Surowka and A. Wereszczynski, JHEP 1005 (2010) 030 [arXiv:1002.4613[hep-th]].

[9] K. Zarembo, JHEP 1009 (2010) 030 [arXiv:1008.1059[hep-th]]; M.S. Costa, R. Monteiro, J.E. Santos and D. Zoakos, JHEP 1011 (2010) 141 [arXiv:1008.1070[hep-th]]; R. Roiban and A.A. Tseytlin, Phys. Rev. D82 (2010) 106011 [arXiv:1008.4921[hep-th]].

[10] R. Hernandez, J. Phys. A44 (2011) 085403 [arXiv:1011.0408[hep-th]]; S. Ryang, JHEP 1101 (2011) 092 [arXiv:1011.3573[hep-th]]; G. Georgiou, JHEP 1102 (2011)

046 [arXiv:1011.5181[hep-th]]; J.G. Russo and A.A. Tseytlin, JHEP 1102 (2011) 029 [arXiv:1012.2760[hep-th]].

[11] D, Arnaudov and R.C. Rashkov, Phys. Rev. D83 (2011) 066011 [arXiv:1011.4669[hepth]]; Phys. Rev. D84 (2011) 086009 [arXiv:1106.4298[hep-th]]; C. Park and B.H. Lee, Phys. Rev. D83 (2011) 126004 [arXiv:1012.3293[hep-th]]; D. Bak, B. Chen and J.B. Wu, JHEP 1106 (2011) 014 [arXiv:1103.2024[hep-th]]; A. Bissi, C. Kristjansen, D. Young and K. Zoubos, JHEP 1106 (2011) 085 [arXiv:1103.4079[hep-th]].

[12] R. Hernandez, JHEP 1105 (2011) 123 [arXiv:1104.1160[hep-th]]; X. Bai, B.H. Lee and C. Park, Phys. Rev. D84 (2011) 026009 [arXiv:1104.1896[hep-th]]; C. Ahn and P. Bozhilov, Phys. Lett. B702 (2011) 286 [arXiv:1105.3084[hep-th]]; Phys. Rev. D84 (2011) 126011 [arXiv:1106.5656[hep-th]]; B.H. Lee and C. Park, Phys. Rev. D84 (2011) 086005 [arXiv:1105.3279[hep-th]]; P. Bozhilov, JHEP 1108 (2011) 121 [arXiv:1107.2645[hep-th]].

[13] E.I. Buchbinder and A.A. Tseytlin, JHEP 1102 (2011) 072 [arXiv:1012.3740[hep-th]];

D. Arnaudov, R.C. Rashkov and T. Vetsov, Int. J. Mod. Phys. A26 (2011) 3403 [arXiv:1103.6145[hep-th]].

[14] L.F. Alday and A.A. Tseytlin, J. Phys. A44 (2011) 395401 [arXiv:1105.1537[hepth]]; L.F. Alday, E.I. Buchbinder and A.A. Tseytlin, JHEP 1109 (2011) 034 [arXiv:1107.5702[hep-th]]; R. Hernandez, arXiv:1202.4383[hep-th].

[15] K. Okuyama and L.S. Tseng, JHEP 0408 (2004) 055 [arXiv:hep-th/0404190]; R. Roiban and A. Volovich, JHEP 0409 (2004) 032 [arXiv:hep-th/0407140]; L.F. Alday, J.R. David, E. Gava and K.S. Narain, JHEP 0509 (2005) 070 [arXiv:hep-th/0502186]; G. Georgiou, V. Gili, A. Grossardt and J. Plefka, arXiv:1201.0992[hep-th].

[16] J. Escobedo, N. Gromov, A. Sever and P. Vieira, JHEP 1109 (2011) 028 [arXiv:1012.2475[hep-th]]; JHEP 1109 (2011) 029 [arXiv:1104.5501[hep-th]]; N. Gromov, A. Sever and P. Vieira, arXiv:1111.2349[hep-th].

[17] G. Georgiou, JHEP 1109 (2011) 132 [arXiv:1107.1850[hep-th]]; J. Caetano and J. Escobedo, JHEP 1109 (2011) 080 [arXiv:1107.5580[hep-th]]; A. Bissi, T. Harmark and M. Orcelli, JHEP 1202 (2012) 133 [arXiv:1112.5075[hep-th]].

[18] T. Klose and T. McLoughlin, arXiv:1106.0495[hep-th].

[19] S. Ryang, JHEP 1111 (2011) 026 [arXiv:1109.3242[hep-th]].

[20] R.A. Janik and A. Wereszczynski JHEP 1112 (2011) 095 [arXiv:1109.6262[hep-th]].

[21] Y. Kazama and S. Komatsu, JHEP 1201 (2012) 110 [arXiv:1110.3949[hep-th]]; C.A.

Cardona, arXiv:1202.1736[hep-th].

[22] E.I. Buchbinder and A.A. Tseytlin, Phys. Rev. D85 (2012) 026001 [arXiv:1110.5621[hep-th]].

[23] G. Arutyunov, J. Russo and A.A. Tseytlin, Phys. Rev. D69 (2004) 086009 [arXiv:hep-th/0311004].