arXiv:1204.4330v2 [hep-ph] 18 Jun 2012

An effective gluon potential and hybrid approach to Yang-Mills thermodynamics

Chihiro Sasaki^1 and Krzysztof Redlich^2 1Frankfurt Institute for Advanced Studies, D-60438 Frankfurt am Main, Germany 2Institute of Theoretical Physics, University of Wroclaw, PL-50204 Wrocław, Poland (Dated: June 19, 2012)

We derive the partition function for the SU(3) Yang-Mills theory in the presence of a uniform gluon field within the background field method. We show, that the n-body gluon contributions in the partition function are characterized solely by the Polyakov loop. We express the effective action through characters of different representations of the color gauge group resulting in a form deduced in the strong-coupling expansion. A striking feature of this potential is that at low temperature gluons are physically disfavored and therefore they do not yield the correct thermodynamics. We suggest a hybrid approach to Yang-Mills thermodynamics, combining the effective gluon potential with glueballs implemented as dilaton fields.

PACS numbers: 12.38.Aw, 25.75.Nq, 11.10.Wx

1. INTRODUCTION

The SU(N_c) pure gauge theory has a global Z(N_c) symmetry which is dynamically broken in the high temperature phase. The Polyakov loop, defined from the temporal gauge field integrated over the Euclidean time, plays a role of an order parameter of the Z(N_c) global symmetry [1]. Effective Polyakov-loop models [2, 3] have been suggested as a macroscopic approach to the pure SU(3) gauge theory. The thermodynamics that comes out from such models is qualitatively in agreement with that obtained in lattice gauge theories [4]. Alternative approaches are based on the quasi-particle picture of thermal gluons [5]. A natural extension was carried out where the gluons propagate in a constant gluon background and the Polyakov loop appears in the partition function reflecting the group characters [6–10].

In previous studies the effective potentials for gluons were approximated into the Boltzmann distribution and expanded in series of the Polyakov loop to finite order. Such expansion is however unclear to be justified in the SU(3) gauge theory around the first-order phase transition.

In this work, our main scope is to derive the SU(3) gluon thermodynamics utilizing the background field method for the one-loop quantization and to clarify the Polyakov-loop effective potentials used in the literature anchored to the field theoretical basis. We show, that in this approach the calculated gluon potential, exhibits the correct asymptotic behavior at high temperatures, whereas at low temperatures, it disfavors gluons as appropriate dynamical degrees of freedom. We derive its correspondence to the strong-coupling expansion, of which the relevant coefficients of the gluon energy distribution are specified solely by characters of the SU(3) group.

The paper is organized as follows: In Section 2 we derive the thermodynamic potential for the SU(3) pure Yang-Mills theory in terms of the Polyakov loop in the fundamental representation. A correspondence to other phenomenological potentials is deduced in Section 3. In

Section 4 we introduce a hybrid approach that matches gluons with glueballs at deconfinement transition and study its thermodynamics. Our concluding remarks are given in Section 5.

2. MODELING GLUONS IN HOT MATTER

To formulate thermodynamics of the SU(3) Yang-Mills theory, we start with the partition function for gluon A_μ and ghost C fields, Z = ∫ DA_μDCDC̄ exp [ i ∫ d^4xL ] , L = L_{kin} + L_{GF} + L_{FP} , (2.1)

with the gauge fixing (GF) and the Faddeev-Popov ghost (FP) terms. The kinetic term is given by

L_{kin} = − 1 2g^2 tr [A_{μν} A^{μν} ] ,

A_{μν} = ∂_μA_ν − ∂_ν A_μ − i [A_μ, A_ν ] , (2.2)

where A_μ = A^a_μT^a and tr [ T^aT^b ] = δ^{ab}/2. Following [2, 11] we employ the background field gauge to evaluate the functional integrals. The gluon field is decomposed into background (classical) Ā_μ and the quantum Ǎ_μ contribution

A_μ = Ā_μ + gǍ_μ . (2.3)

We fix the background field gauge with the following form

L_{GF} = − 1 α tr [( D̄_μǍ^μ)^2 ] , (2.4)

where α is the gauge fixing parameter and D̄_μǍ^ν = ∂_μǍ^ν − i [¯ A_μ, Ǎ^ν ] . Expanding the Lagrangian and collecting the terms quadratic in the quantum fields one gets

L^{(2)} = − 1 2 Ǎ^a_α [ (D_μD^μ)^{αβ}_{ab} + Σ^{αβ}_{ab} ] Ǎ^b_β + iC̄^a (D_μD^μ)^{(CC)}_{ab} C^b , (2.5) where we define (D_μ)^{αβ}_{ab} = −g^{αβ}δ_{ab}∂_μ + Γ^{αβ}_{μ,ab} , Γ^{αβ}_{μ,ab} = −2itr [¯ A_μ [T_a, T_b] ] g^{αβ} , Σ^{αβ}_{ab} = −4itr [¯ A^{αβ} [T_a, T_b] ] , (D_μ)^{(CC)}_{ab} = δ_{ab}∂_μ + 2itr [¯ A_μ [T_a, T_b] ] . (2.6)

Here ’t Hooft-Feynman gauge (α = 1) was taken^{#1}. Note that the ghost term does not contain Ǎ_μ and therefore the Gaussian integral over the ghost fields can easily be carried out. In the following we keep only the terms quadratic in Ǎ_μ and rewrite Eq. (2.5) as

L^{(2)} = − 1 2 Ǎ^a_α [δ_{ab}g^{αβ}∂^2 − f_{abc} (∂^βĀ^{α,c} + 2g^{αβ}Ā^c_μ∂^μ) + f_{acc̄}f_{cb}¯_dg^{αβ}Ā^{c̄}_μĀ^{μ,d̄} + 2f_{abc}Ā^{αβ,c} ] Ǎ_β^b . (2.7)

In the above Lagrangian we consider a constant uniform background Ā_0:

Ā^a_μ = Ā^a_0 δ_{μ0} . (2.8)

It is convenient to take a diagonal and traceless generators, i.e. a = 3, 8. We first consider the simplest case where only Ā^3_0 contributes. Then, in the momentum space, the Lagrangian (2.7) is of the following form

L^{(2)} = − 1 2 Ǎ^b_α (D^{−1})_{ab} Ǎ^{α,b} , ( D^{−1} ) ab = δ_{ab}p^2 + 2if_{ab3}Ā^3_0p_0 − f_{ac3}f_{cb3} (¯ A^3_0

)_2 , (2.9)

where non-vanishing elements of the inverse propagator are given by ( D^{−1} ) 11 = ( D^{−1} ) 22 = p^2 + (¯ A^3_0

)_2 , ( D^{−1} ) 33 = ( D^{−1} ) 88 = p^2 , ( D^{−1} ) 44 = ( D^{−1} ) 55 = ( D^{−1} ) 66 = ( D^{−1} ) 77 = p^2 + 1 4 (¯ A^3_0

)_2 , ( D^{−1} ) 12 = − ( D^{−1} ) 21 = 2iĀ^3_0p_0 , ( D^{−1} ) 45 = − ( D^{−1} ) 54 = − ( D^{−1} ) 67 = ( D^{−1} ) 76 = iĀ^3_0p_0 . (2.10)

Diagonalizing D^{−1} into D̃^{−1} = U^†D^{−1}U using unitary

#1 The partition function must be independent of gauge, i.e.

d ln Z/dα = 0. Since the running coupling depends also on α, the condition reads, d ln Z/dα = (∂/∂α + (∂g/∂α)(∂/∂g)) ln Z = 0 [12]. In this paper we work in Feynman gauge since the standard partition function of a free boson gas is readily obtained in the high temperature limit.

transformation, one finds ( D̃^{−1} ) 11 = ( p_0 − Ā^3_0

)_2 − |⃗p|^2 , ( D̃^{−1} ) 22 = ( p_0 + Ā^3_0

)_2 − |⃗p|^2 , ( D̃^{−1} ) 33 = ( D̃^{−1} ) 88 = p^2 , ( D̃^{−1} ) 44 = ( D̃^{−1} ) 77 = ( p_0 − 1 2 Ā^3_0

)_2 − |⃗p|^2 , ( D̃^{−1} ) 55 = ( D̃^{−1} ) 66 = ( p_0 + 1 2 Ā^3_0

)_2 − |⃗p|^2 . (2.11)

The two elements, (a, b) = (3, 8), are never mixed with the background field Ā_0 because the generators T^3 and T^8 are commuting, [T^3, T^8] = 0.

In Euclidean space we replace p_0 and Ā_0 with iω_n = i2nπT and −iĀ_4, respectively. Then, with the propagator (2.11), the summation over n which appears in the partition function is easily performed and one arrives at^{#2} ∑ n ln det ( D^{−1} ) = ln det ( 1 − L̂_Ae^{−|⃗p|/T} ) , (2.12)

with the matrix,

L̂_A = diag ( 1, 1, e^{iĀ34/T} , e^{−iĀ34/T} , e^{iĀ34/2T} , e^{−iĀ34 /2T} , e^{iĀ34 /2T} , e^{−iĀ34/2T} ) .(2.13)

In a more general case, when

Ā_0 = Ā^3_0T^3 + Ā^8_0T^8 , (2.14)

the calculations of (2.12) can be extended resulting in the modified form of the adjoint matrix;

L̂_A = diag ( 1, 1, e^{iĀ34/T} , e^{−iĀ34 /T} , e^{i(Ā34 +√3Ā84)/2T} , e^{−i(Ā34+√3Ā84)/2T} , e^{i(Ā34 −√3Ā84)/2T} , e^{−i(Ā34−√3Ā84)/2T} ) . (2.15)

Since the rank of the SU(3) group is two, the Polyakov loop matrix in the adjoint representation L̂_A, can also be expressed in terms of two angler parameters ϕ_1 and ϕ_2 as L̂_A = diag ( 1 , 1 , e^{i(ϕ1−ϕ2)} , e^{−i(ϕ1−ϕ2 )} , e^{i(2ϕ1 +ϕ2)} , e^{−i(2ϕ1+ϕ2 )} , e^{i(ϕ1+2ϕ2)} , e^{−i(ϕ1+2ϕ2 )} ) . (2.16)

#2 Equation (2.12) can be generalized to any N_c. See e.g. [11].

Due to this change of variables, the partition function is rewritten as

ln Z = V ∫ d^3p (2π)^3 ln det ( 1 − L̂_Ae^{−|⃗p|/T} ) + ln M(ϕ_1, ϕ_2) ,

(2.17)

with M being the Haar measure for a fixed volume V given by

M(ϕ_1, ϕ_2) = 8 9π^2 sin^2 ( ϕ_1 − ϕ_2 2 ) sin^2 ( 2ϕ_1 + ϕ_2 2 )

× sin^2 ( ϕ_1 + 2ϕ_2 2 ) , (2.18)

which is normalized such that ∫_{2π} 0 ∫_{2π} 0 dϕ_1dϕ_2M(ϕ_1, ϕ_2) = 1 . (2.19)

The first term in Eq. (2.17) yields the following thermodynamics potential:

Ω_g = 2T ∫ d^3p (2π)^3 tr ln ( 1 − L̂_A e^{−Eg /T} ) , (2.20)

where in the quasi-gluon energy E_g = √ |⃗p|^2 + M^2_g the effective gluon mass M_g is introduced from phenomenological reasons^{#3}. To calculate the thermodynamic potential (2.20) one still needs to perform the trace in a color space. We define gauge invariant quantities, normalized by dimensions of representations, as Φ = 1 N_c trL̂_F , Φ̄ = 1 N_c trL̂^†_F , Φ_A = 1 N^2_c − 1 trL̂_A ,

(2.21)

where L̂_F is the Polyakov loop matrix in the fundamental representation,

L̂_F = diag ( e^{iϕ1} , e^{iϕ2} , e^{−i(ϕ1+ϕ2)} ) , (2.22)

and Φ_A is related with Φ and Φ̄ via ( N^2_c − 1 ) Φ_A = N^2_c Φ̄Φ − 1 . (2.23)

Carrying out the trace over colors and expressing it in terms of Φ and its conjugate Φ̄, one finally finds

Ω_g = 2T ∫ d^3p (2π)^3 ln ( 1 + 8∑ n=1 C_n e^{−nEg /T} ) , (2.24)

#3 The SU(3) gluon plasma was studied in [7] starting from the same thermodynamic potential as (2.20), whereas the logarithm was expanded.

with the coefficients C_n given by

C_8 = 1 , C_1 = C_7 = 1 − 9Φ̄Φ , C_2 = C_6 = 1 − 27Φ̄Φ + 27 (¯ Φ^3 + Φ^3 ) , C_3 = C_5 = −2 + 27Φ̄Φ − 81 (¯ ΦΦ )_2 , C_4 = 2 [ −1 + 9Φ̄Φ − 27 (¯ Φ^3 + Φ^3 ) + 81 (¯ ΦΦ )_2] . (2.25)

Thus, the n-body gluon contributions to the thermodynamic potential (2.24) are characterized solely by the Polyakov loop, i.e. the characters of the fundamental and the conjugate representations of the color SU(3) gauge group.

The Haar measure (2.18) is also expressed in terms of Φ and Φ̄ as

M(ϕ_1, ϕ_2) = 8 9π^2 [ 1 − 6Φ̄Φ + 4 ( Φ^3 + Φ̄^3 ) − 3 (¯ ΦΦ )_2] .(2.26)

A complete effective thermodynamic potential of gluons in the large volume limit is obtained from Eq. (2.17) as follows:

Ω = Ω_g + Ω_Φ + c_0 , (2.27)

where Ω_g is given by Eq. (2.24) and the Haar measure contribution

Ω_Φ = −a_0T ln [ 1 − 6Φ̄Φ + 4 ( Φ^3 + Φ̄^3 ) − 3 (¯ ΦΦ )_2] . (2.28)

In (2.28) we have neglected the normalization factor of the Haar measure which gives sub-leading contribution to thermodynamics. The a_0 and c_0 and/or gluon mass are free parameters which have to be fixed through certain external conditions. They can be e.g. chosen to reproduce the equation of state of the SU(3) pure gauge theory obtained on the lattice through Monte Carlo calculations.

3. ASYMPTOTIC EXPANSIONS OF THE POTENTIAL

The potential for the SU(3) Yang-Mills theory (2.27) obtained in the previous section provides an effective description of gluon thermodynamics. In particular, in asymptotically high temperatures, the Ω_g should reproduce the ideal gas limit. Indeed, taking the limit Φ, Φ̄ → 1, corresponding to Ā_0 → 0, one finds from (2.24), that

Ω_g(Φ = Φ̄ = 1) = 16T ∫ d^3p (2π)^3 ln ( 1 − e^{−Eg /T} ) . (3.1)

Thus, the standard expression for a non-interacting gas of massive/massless gluons, is recovered.

On the other hand, having in mind a quasi-particle approach, where gluons are considered as massive particles with a temperature-dependent mass M_g = M_g (T ), one can expand the logarithm in Eq. (2.24). For a sufficiently large M_g(T )/T one approximates the logarithm by the first term of the expansion, resulting in the following form of the potential;

Ω_g ≃

T^2M^2_g

π^2 8∑ n=1 C_n n K_2(nβM_g ) , (3.2)

where C_n are as in Eq. (2.25) and K_2(x) is the Bessel function. The above can also be considered as a strong coupling expansion regarding the relation M_g(T ) = g(T )T , where g(T ) is an effective gauge coupling.

The character expansion of the potential (3.2) corresponds to that obtained in the Polyakov loop models on the lattice, derived using strong coupling techniques for the non-Abelian gauge group SU(3). Indeed, in the strong-coupling expansion the effective action to the next-to-leading order is obtained in terms of group characters as [10]^{#4}:

S^{(SC)}_{eff} = λ_{10}S_{10} + λ_{20}S_{20} + λ_{11}S_{11} + λ_{21}S_{21} , (3.3)

with products of characters S_{pq}, specified by two integers p and q counting the numbers of fundamental and conjugate representations, and couplings λ_{pq} being real functions of temperature. One readily finds those couplings from Eq. (3.2), as well as the correspondence between S_{pq} and C_n from Eqs. (3.2) and (2.25), as

C_{1,7} = S_{10} , C_{2,6} = S_{21} ,

C_{3,5} = S_{11} , C_4 = S_{20} . (3.4)

Taking only the contribution of a single-gluon distribution exp[−M_g/T ] in the expansion Eq. (3.2) yields the “minimal model” described by

Ω_g ≃ −F(T, M_g)Φ̄Φ , (3.5)

with the negative sign needed to get a first-order transition as studied in [10]. Here, an explicit form of the function F relies on approximations used in evaluation of the momentum integration and parameterization of M_g(T ). Assuming appropriate temperature dependence of F so that the thermodynamic potential (2.27) yields the phase transition with thermal expectation value of the Polyakov loop ⟨Φ⟩ as the order parameter of Z(3) symmetry, the form widely used in the PNJL model [13– 16] is recovered.

#4 The action at this order includes one additional term, ρ_1V_1 with V_1 = ∑ ⃗x(|L_F (⃗x)|^2 − 1) [10]. Since we deal with the temporal gluon field as a uniform background, V_1 is not distinguished from S_{10}.

In addition, the logarithm of the Haar measure part Ω_Φ can also be expanded in powers of Z(3)-invariant operators. In this case, the effective gluon potential is found in the polynomial form [3, 16]. Such form of Ω can, however, be applied only to a weak first-order phase transition. The polynomial form applied in the PNJL model was also shown to cause some problems in behaviors of charge fluctuations [15] as well as with the phase structure and symmetry properties of the potential at complex chemical potential [17].

4. A HYBRID APPROACH

The model described by Eqs. (2.24), (2.27) and (2.28) works fairly well when the thermal expectation ⟨Φ⟩ of the Polyakov loop is non-vanishing. However, at any temperatures below T_c, where ⟨Φ⟩ = 0 is dynamically favored, it causes some unphysical results on the equation of state.

The model parameters a_0 and c_0 are fixed such that the model reproduces the value of T_c and the pressure at T_c calculated from SU(3) Lattice Gauge Theory. In such formulation, the model applied to the phase below T_c yields a positive pressure, however the entropy and energy densities turn out to be negative. In fact, keeping at low temperatures only the C_1 term as a main contribution, one gets the potential

Ω_g (Φ = Φ̄ = 0) ≃ 2T ∫ d^3p (2π)^3 ln ( 1 + e^{−Eg /T} ) , (4.1)

which does not posses the correct sign in front of exp[−E_g/T ] expected from the Bose-Einstein statistics. One immediately finds that the entropy and energy densities calculated from Eq. (4.1) are negative. Therefore, the model cannot be naively applied to the phase below T_c. This problem appears not only with the complete potential (2.24), but also with its minimal form (3.5) which is frequently used in the literature. There, the equation of state is entirely zero, at any temperature below T_c. This is clearly unphysical as there are color-singlet hadrons, glueballs, contributing to thermodynamics in a pure Yang-Mills theory and they must generate a nonvanishing pressure.

The above aspects are in a striking contrast to the quark sector of the thermodynamics obtained in the presence of a background gluon field Ā_0. There, the thermodynamic potential for quarks and anti-quarks with N_f flavors is obtained as,

Ω_{q+q̄} = −2N_f T ∫ d^3p (2π)^3 tr ln [ 1 + L̂_F e^{−(Eq −μ)/T} ]

+ (μ → −μ) . (4.2)

The trace over color indices in this case is easily performed and the potential is expressed by characters of fundamental Φ and the conjugate Φ̄ representation

FIG. 1: Thermal expectation value of the Polyakov loop (left-hand figure) and the normalized pressure (right-hand figure) calculated in the hybrid model (4.8) for massless Mg = 0 and massive Mg = 850 MeV gluons.

as [13, 18]

Ω_{q+q̄} = −2N_f T ∫ d^3p (2π)^3

× ln [ 1 + N_c ( Φ + Φ̄e^{−E+/T} ) e^{−E+/T} + e^{−3E+/T} ] + (μ → −μ) , (4.3)

with E^± = E_q ∓ μ being the energy of a quark (antiquark).

In the limit of Φ, Φ̄ → 0, which is expected at low temperatures, the contribution of one- and two-quark states is suppressed and only three-quark (baryonic) states, ∼ exp(−3E^{(±)}/T ), survives. This, on a qualitative level, is similar to confinement in QCD thermodynamics [15]. One should however keep in mind that this model yields only colored quarks being statistically suppressed at low temperatures. On the other hand, unphysical thermodynamics that comes out below T_c from the gluon sector (2.27), apparently indicates that gluons are physically forbidden bellow T_c. We note that in the mean field approximation higher representations of the Polyakov loop than the fundamental one are non-vanishing below T_c. This is an artifact of the approximation and in fact they do not condense when one evaluates their group averages with the Haar measure. Such “hidden” physics of the higher representations can be embedded in the mean field approach when all the gluon energy distributions are expressed in terms of the fundamental Polyakov loop Φ. In this way all the colored gluons are suppressed and therefore the correct physics interpretation is recovered.

This property is not affected by quarks. Let us consider massive gluons and quarks at zero chemical potential. From Eqs. (4.1) and (4.3) applied to T < T_c, the thermodynamic potential is approximated as

Ω_g + Ω_{q+q̄} ≃

T^2 π^2 [ M^2_g K_2 ( M_g T ) − 2N_f 3 K_2 ( 3M_q T )] . (4.4)

Assuming that the glueball and nucleon are made from two gluons and three quarks respectively and putting empirical numbers M_{glueball} = 1.7 GeV [19] and M_{nucleon} = 0.94 GeV, one finds M_g = 0.85 GeV and M_q = 0.31 GeV. Given those numbers, Eq. (4.4) is positive for either N_f = 2 or 3. Consequently, the entropy density is negative at any temperature as found in a pure Yang- Mills case. Therefore, thermodynamics remains unphysical, unless additional terms responsible for the nonperturbative effects in confined phase are considered.

4.1. Modeling glueballs as dilaton fields

Below T_c, thermodynamics needs to be described in terms of physical degrees of freedom, i.e. glueballs. We introduce a glueball as a dilaton field χ representing the gluon composite ⟨A_{μν} A^{μν} ⟩, which is responsible for the QCD trace anomaly [20]. The Lagrangian that we use is of a standard form given by

L_χ = 1 2 ∂_μχ∂^μχ − V_χ , V_χ = B 4 ( χ χ_0

)_4 [ ln ( χ χ_0

)_4 − 1 ] , (4.5)

where B is the bag constant and χ_0 is a dimensionful quantity. The two parameters B and χ_0 can be fixed using the vacuum energy density E =^1_4 B = 0.6 GeV fm^{−3} [21] and the vacuum glueball mass M_χ = 1.7 GeV [19] with the following definition:

M^2_χ =

∂^2V_χ ∂χ^2 | | χ=χ_0 = 4B χ^2_0

. (4.6)

One finds that B = (0.368 GeV)^4 and χ_0 = 0.16 GeV.

With the Lagrangian (4.5), the thermodynamic potential of effective glueball fields is found to be

Ω = Ω_χ + V_χ + B 4 , Ω_χ = T ∫ d^3p (2π)^3 ln ( 1 − e^{−Eχ/T} ) , E_χ = √ |⃗p|^2 + M^2_χ , M^2_χ =

∂^2V_χ ∂χ^2 , (4.7)

where a constant B/4 is added so that Ω = 0 at zero temperature.

4.2. The hybrid thermodynamic potential

To avoid problems of unphysical equations of state in confined phase we adopt a hybrid approach which accounts for gluons and glueballs degrees of freedom by combining Eqs. (2.27) and (4.7) as follows:

Ω = Θ(T_c − T ) Ω(χ) + Θ(T − T_c) Ω(Φ) . (4.8)

The model parameters are constrained by requiring that

• Ω(Φ) yields a first-order phase transition at T_c = 270 MeV as found in SU(3) lattice calculations [4, 22].

• Ω(χ) and Ω(Φ) match at T_c.

When the gluon effective mass is assumed to be zero, one finds the following model parameters:

M_g = 0 : ⟨Φ⟩_{Tc} = 0.395 , a_0 = (0.197 GeV)^3 , c_0 = −(0.180 GeV)^4 . (4.9)

One can also assume that the gluon becomes massive via non-vanishing gluon condensation ⟨χ⟩ ≠ 0 [23]. Requiring that a glueball is composed of two constituent gluons yields M_g = M_χ/2. Since ⟨χ⟩ little varies with temperature around T_c [24], we treat M_g as a constant and choose M_g = 1.7 GeV/2 = 0.85 GeV. The parameters in this case are found as

M_g = 0.85 GeV : ⟨Φ⟩_{Tc} = 0.439 , a_0 = (0.125 GeV)^3 , c_0 = −(0.130 GeV)^4 . (4.10)

A more general case, not considered in this paper, would include the temperature-dependent effective gluon mass which is fixed such that the present model quantifies thermodynamics calculated on the lattice in the SU(3) gauge theory.

4.3. Thermodynamics

Thermodynamic properties of the hybrid model and its phase structure can be quantified directly from the potential (4.8). Fig. 1 shows the thermal expectation value of the Polyakov loop ⟨Φ⟩ obtained from Eq. (4.8) as the solution of the stationary condition, ∂Ω/∂Φ = 0. There is a trivial solution ⟨Φ⟩ = 0 at any temperatures and it becomes degenerate with a non-trivial solution ⟨Φ⟩ at some T_c, indicating a first-order deconfinement transition.

The Polyakov loop expectation is weakly changing with M_g and approaches unity rather quickly as seen in Fig. 1. The temperature dependence of ⟨Φ⟩ just above T_c and its value at T_c are consistent with lattice results and can be still improved by introducing a thermal gluon mass M_g(T ) as done e.g. in [8]. There, the effective mass was parameterized as in the standard quasi-particle approaches at high temperature, M_g(T ) = g(T )T , with the effective running coupling g(T ) [5]. The lattice data on the renormalized ⟨Φ⟩ are known to exceed unity at T/T_c ∼ 3 [25]. This property of lattice data, which is associated with uncertainties of the renormalization procedure [2, 26], can never appear in effective Polyakov loop models where Φ is the character of the fundamental representation and restricts the target space, so that ⟨Φ⟩ is not allowed to go beyond unity.

Fig. 1-right shows the pressure calculated from the effective gluon (2.27) and from the effective glueball (4.7) potential for massless and massive gluons. Although the presence of a constant c_0 in Eq. (2.27) makes the pressure positive below T_c, as mentioned in the previous section, Eq. (2.27) unavoidably leads to a negative entropy and energy densities. Consequently, in the hybrid model (4.8) and for T ≤ T_c, the pressure must be quantified by the glueball potential (4.7). The cusp at T_c in pressure implies a discontinuity in its temperature derivative. The energy density and the interaction measure Δ = (E − 3P )/T^4 are presented in Fig. 2. The energy density has a jump from glueballs to gluons thermodynamics at T_c, whereas the interaction measure exhibits a maximum just above T_c.

Even though, the qualitative behaviors of E/T^4 and Δ follow general trends seen in lattice data, the EoS is apparently more sensitive to M_g than ⟨Φ⟩. The model calculations with massless gluons converge too quickly to asymptotic Stefan-Boltzmann limit. The EoS for massive gluons, on the other hand, exhibits a better agreement with lattice data. This clearly indicates the presence of some residual interactions above T_c which can be incorporated into M_g(T ). Thus, to quantify lattice results one would need to include the temperature-dependent gluon mass. In simplified quasi-particle models, where Φ = 1 for any T , the M_g(T ) was shown to be strongly increasing when approaching T_c from above. This behavior, however, can be modified if the contribution of the background gauge field is included in the quasiparticle model formulated in Eq. (2.24).

For T ≤ T_c the hybrid model includes a glueball as the relevant degree of freedom, similarly as seen in lattice calculations. However, in the present treatment, the model contains only the lowest-lying glueball, which might not be sufficient to quantify lattice thermodynamics in a con-

FIG. 2: Normalized energy density (left-hand figure) and the interaction measure (right-hand figure) calculated in the hybrid model (4.8) for massless Mg = 0 and massive Mg = 850 MeV gluons.

fined phase. One way out would be to deal with a gluon degeneracy factor as an additional parameter.

5. CONCLUSIONS

We have derived the thermodynamic potential in the SU(3) pure Yang-Mills theory in the presence of a uniform gluon field within the background field method. We have shown that such effective gluon potential, which accounts for quantum statistics and reproduces an ideal gas limit at high temperatures, is formulated in terms of the Polyakov loop in the fundamental representation.

The gluon distributions are found to be specified solely by the Polyakov loop and therefore there is one-to-one correspondence to the effective action in the strongcoupling expansion. We have shown that effective models of the Polyakov loop used so far to describe pure gauge theory thermodynamics appear as limiting cases of our result.

Our main observation is that the effective Polyakovloop potential can not be applied to the phase where the thermal expectation value of the Polyakov-loop vanishes. There, in confined phase, the equation of state is unphysical resulting in negative entropy and energy densities. This property of gluon potential is in remarkable contrast to the description of “confinement” within a class of chiral models with Polyakov loops [13, 16]. There, colored quarks are suppressed only statistically at low temperatures.

The gluonic model considered here indicates that colored gluons are forbidden below T_c as dynamical degrees of freedom. This feature is unchanged by the presence of quarks. To avoid problems of unphysical thermodynamics in confined phase we proposed a hybrid approach which matches at deconfinement critical temperature the effective model of gluons to the one of glueballs constrained by the QCD trace anomaly.

The approach developed in this work is open to further investigations of the SU(3) gluodynamics guided by available lattice results, as well as to a more realistic description of an effective QCD thermodynamics with quarks.

Acknowledgments

We acknowledge stimulating discussions with Bengt Friman. The work of C.S. has been partly supported by the Hessian LOEWE initiative through the Helmholtz International Center for FAIR (HIC for FAIR). K.R. acknowledges support by the Polish Science Foundation (NCN).

[1] L. D. McLerran and B. Svetitsky, Phys. Lett. B 98, 195

(1981); Phys. Rev. D 24, 450 (1981).

[2] R. D. Pisarski, hep-ph/0203271. A. Dumitru and

R. D. Pisarski, Phys. Lett. B 525, 95 (2002). A. Dumitru, Y. Hatta, J. Lenaghan, K. Orginos and R. D. Pisarski, Phys. Rev. D 70, 034511 (2004) [3] R. D. Pisarski, Phys. Rev. D 62, 111501 (2000). [4] G. Boyd, J. Engels, F. Karsch, E. Laermann, C. Legeland, M. Lutgemeier and B. Petersson, Nucl. Phys. B 469, 419 (1996).

[5] A. Peshier, B. Kampfer, O. P. Pavlenko and G. Soff, Phys. Rev. D 54, 2399 (1996). M. Bluhm, B. Kampfer, R. Schulze and D. Seipt, Eur. Phys. J. C 49, 205 (2007). P. Levai and U. W. Heinz, Phys. Rev. C 57, 1879 (1998).

[6] L. Turko, Phys. Lett. B 104, 153 (1981). H. T. Elze, D. E. Miller and K. Redlich, Phys. Rev. D 35, 748

(1987). D. E. Miller and K. Redlich, Phys. Rev. D 37, 3716 (1988). K. Redlich, F. Karsch and A. Tounsi, hep-ph/0302245.

[7] P. N. Meisinger, T. R. Miller and M. C. Ogilvie, Phys. Rev. D 65, 034009 (2002), P. N. Meisinger and M. C. Ogilvie, Phys. Rev. D 65, 056013 (2002).

[8] P. N. Meisinger, M. C. Ogilvie and T. R. Miller, Phys.

Lett. B 585, 149 (2004).

[9] K. Kusaka, Phys. Lett. B 269, 17 (1999).

[10] C. Wozar, T. Kaestner, A. Wipf, T. Heinzl and B. Pozsgay, Phys. Rev. D 74, 114501 (2006).

[11] D. J. Gross, R. D. Pisarski and L. G. Yaffe, Rev. Mod.

Phys. 53, 43 (1981).

[12] J. I. Kapusta, Finite-temperature field theory, Cambridge Univ. Press, Cambridge, 1989.

[13] K. Fukushima, Phys. Lett. B 591, 277 (2004). Phys. Rev.

D 68, 045004 (2003). Prog. Theor. Phys. Suppl. 153, 204 (2004).

[14] S. Roessner, C. Ratti and W. Weise, Phys. Rev. D 75, 034007 (2007).

[15] C. Sasaki, B. Friman and K. Redlich, Phys. Rev. D 75, 074013 (2007).

[16] C. Ratti, M. A. Thaler and W. Weise, Phys. Rev. D 73, 014019 (2006).

[17] K. Morita, V. Skokov, B. Friman and K. Redlich, Phys.

Rev. D 84, 074020 (2011); Phys. Rev. D 84, 076009 (2011); arXiv:1111.3446 [hep-ph].

[18] E. Megias, E. Ruiz Arriola and L. L. Salcedo, Phys. Rev.

D 74, 065005 (2006).

[19] J. Sexton, A. Vaccarino and D. Weingarten, Phys. Rev.

Lett. 75, 4563 (1995).

[20] J. Schechter, Phys. Rev. D 21, 3393 (1980). [21] S. Narison, Nucl. Phys. Proc. Suppl. 54A, 238 (1997). [22] O. Kaczmarek, F. Karsch, P. Petreczky and F. Zantow, Phys. Lett. B 543, 41 (2002); Nucl. Phys. Proc. Suppl. 129, 560 (2004).

[23] G. W. Carter, O. Scavenius, I. N. Mishustin, P. J. Ellis, Phys. Rev. C61, 045206 (2000).

[24] C. Sasaki and I. Mishustin, Phys. Rev. C 85, 025202 (2012).

[25] S. Gupta, K. Huebner and O. Kaczmarek, Phys. Rev. D 77, 034503 (2008).

[26] E. Gava and R. Jengo, Phys. Lett. B 105, 285 (1981).