arXiv:1204.4615v2 [cond-mat.stat-mech] 21 May 2012

On the coupling constant bounds implying area decay of Wilson loop for Z2 lattice gauge theories with Wilson action Boltzmann factor given by bond variables described by transverse Ising model.

F. C. Sá Barreto^∗ and A. L. Mota^† Departamento de Ciências Naturais, Universidade Federal de São João del Rei, C.P. 110, CEP 36301-160, São João del Rei, Brazil

We obtain correlation functions for lattice gauge theories with action Boltzmann factor given by bond variables described by transverse Ising model and apply them to obtain area decay of the Wilson loop observable in a range of the coupling parameter larger than that obtained from mean field theory considerations.

PACS numbers: 05.50.+q,64.60.De,11.15.Ha,75.10.Jm

In this paper we study the lattice gauge theories using correlation identities and rigorous inequalities to obtain coupling parameters which imply area decay in lattices decorated by bond variables of spins σ = 1/2 described by the transverse Ising action. Therefore we study the effect of a disordered field on the area decay behavior of the Wilson loop observable. Previously [1], it has been presented the study of the quantum transverse Ising antiferromagnet on the kagome lattice, with weak transverse field dynamics and other local perturbations. The possibility of a disordered zero-temperature phase is investigated by means of an appropriate mapping to a compact U(1) gauge theory on the honeycomb lattice that is coupled to a charge-1 matter field. The interest on such systems lies on the possibility of exotic phases and spin liquid states appearing in geometrically frustrated quantum magnets, as, for example, in [2–6]. Spin ice [7, 8], its mapping on a Ising system on a kagomé lattice [9, 10] and excitations on the spin ice ground state [11] also constitute recent examples. In all these cases, in order to identify phase transitions on the system, the absence of a non-zero magnetization to be employed as an order parameter can be circumvented by evaluating the decay law of the Wilson loop [12].

Here, we consider the well known Wilson loop observable of a pure gauge Z^d lattice theory with Wilson action defined as

< W (C) >= lim_{Λ→Zd} < W (C) >_Λ (1)

where < W (C) >_Λ, is the finite lattice Gibbs ensemble average, with action Boltzmann factor [13–15], given by, exp ( βΩ ∑ i σ^x_i + βJ ∑ P ⊂Λ χ_P ) , (2)

where P denotes the unit squares (plaquettes) of Λ, and χ_P is given by, χ_P = σ^z_1 σ^z_2 σ^z_3 σ^z_4 ; σ^z_i and σ^x_i are the Pauli matrix for the spin 1/2.

∗Electronic address: fcsabarreto@gmail.com †Electronic address: motaal@ufsj.edu.br

The action is, H = −Ω ∑ i σ^x_i + J 2 ∑ P ⊂Λ χ_P (3)

Let W(C) be the product of σ^z_b , where b stands for the bond, along the perimeter of the planar rectangle C of area A. The gauge coupling constant is J , 0 < βJ < ∞. Ω is the local transverse field in the bond that exchanges its value from ±1 to ∓1 .Therefore the sign of the plaquette changes according to the Ωσ^x_i term of the action Eq.(3). Area decay of < W (C) > is a criterion for confinement. In section 3, we deduce the identity for < σ^z_D >, where σ^z_D = σ^z_{i1}...σ^z_{iD} denotes a product of distinct bond variables. Similar procedure has been applied previously for the Z2 lattice gauge Ising case [16]. We take free boundary conditions and note that Griffith’s first and second inequalities for the spin model apply [18–20] and therefore imply the existence of the thermodynamic limit [21]. For d = 3 and d = 4 we obtain lower bounds β_L on the area decay of < W (C) > ( i.e. for all β < β_L , < W (C) > has area decay, using correlation equalities for σ^z_D and Griffith’s inequalities. For completeness, in section 2, we give the mean field lower bound β_M (β_M < β_L) using a decoupling and Griffith’s inequality argument [16, 22].

For definiteness assume C lies in the x_1, x_2 plane. Consider a bond b fixed in the lower left-hand corner of C. Replace βJ by (βJ)λ, λ ∈ [0, 1], in the action for the 2(d−1) plaquettes (call them P_1...P_{2(d−1)}) that have one bond in common with b. In the following we will discard the mechanism of disorder represented by Ω. Denote the corresponding expectation by < W (C) >_λ . Integrating (^d_{dλ} ) < W (C) >_λ gives, noting that < W (C) >_0= 0,

< W (C) >= ∫_1 0 dλ d dλ < W (C) >_λ

= β ∫_1 0 dλ 2(d−1)∑

i=1 (< W (C)χ_{Pi} >_λ − < W (C) >_λ>< χ_{Pi} >_λ)

≤ β ∫_1 0 dλ 2(d−1)∑

i=1 < W (C)χ_{Pi} >_λ

≤ β 2(d−1)∑

i=1 < W (C)χ_{Pi} >, (4)

using Griffith’s first (second) inequality in the first (second) equality. Each term on the right corresponds to a modified contour determined by the bonds of the variables of W (C)χ_{Pi} which enlarges or diminishes C by one plaquette. We repeat the argument proceeding along successive rows of plaquettes enclosed by C. After A applications we arrive at

< W (C) >≤ β^A(sum of [2(d − 1)]^A terms) (5)

Each term is non-negative and bounded above by 1 giving ⟨ W (C) ⟩ ≤ [β2(d − 1)]^A. Therefore, for each β ,

β ∈ 1/(2(d − 1)), (6)

we have, ⟨ W (C) ⟩ ≤ e^{[− log(2β(d−1)A)]}. (7)

In the preceding arguments, which led to the mean field lower bound β_M , we have modified the action by replacing βJ by (βJ)λ. The effect of Ω is to lower the critical temperature T_c, or to increase β_c, up to T_c = 0, or β_c = ∞.

We now present the derivation of the longitudinal spin correlation function which is derived in a manner analogous to the ones for the spin transverse Ising systems [23](see also [24]) and they will be used to extend the β region of area decay given by relation (6), for d = 3 and 4. Let σ^z_D = σ^z_{i1}...σ^z_{iD} denote a product of distinct bond variables and for a fixed bond b occurring in σ^z_D give a numerical ordering 1,2,... to the 2(d- 1) plaquettes that have one bond in common with b. Let σ^{(b)}_D be the product σ_D with the bond b deleted. Let us consider the bond b, with σ_b, and the plaquette χ_b which contains the bond b. Summing over σ_b, we have, < σ^z_D >= ⟨ σ^{z(b)}_D ∑ j,k,l Jij σ z j σ^z_k σ^z_l E_i tanh βE_i ⟩ (8) where,

E_i = √ E^2_{i,x} + E^2_{i,z} (9)

with E_{i,x} = Ω and E_{i,z} = ∑ j,k,l Jij σ z j σ^z_k σ^z_l .

Also, σ^z_j ,σ^z_k and σ^z_l are the neighbours of σ^z_b on the plaquette χ_b.

From the expectation value < σ^z_D >= T r(σ^z_D e^{−βH)})/Z (10) we obtain, writing H = H_b + H^′, where H_b includes all terms related to bond b and H^′ the rest of the lattice, the equation, < σ^z_D >= ⟨ σ^{z(b)}_D T r_{(b)}σ^z_D e^{−βHb} T r_{(b)}e^{−βHb} ⟩

− ⟨ σ^{z(b)}_D [ T r_{(b)}σz_D e−βHb T r_{(b)}σ^z_D e^{−βHb} − σ^z_D ] Δ ⟩ (11)

where T r_{(b)} represents the partial trace with respect to bond b and Δ = 1 − e^{−βHb} e^{−βH′} e^{β(Hb+H′ )}. Equation (11) is an exact relation. However, it is difficult to be used. Therefore, we will make an approximation based on the following decoupling, ⟨ σ^{z(b)}_D [ T r_{(b)}σz_De−βH_b T r_{(b)}e^{−βHb} − σ^z_D ] Δ ⟩ ≈ ⟨ σ^{z(b)}_D [ T r_{(b)}σz_De−βH_b T r_{(b)}e^{−βHb} − σ^z_D ]⟩⟨ Δ ⟩ (12)

Inserting (12) into (11) and using the fact that Δ ≠ 1, we obtain,

< σ^z_D >≤ ⟨ σ^{z(b)}_D T r_{(b)}σ^z_D e^{−βHb} T r_{(b)}e^{−βHb} ⟩ (13)

By expanding Δ we see that the approximation is correct to the order of β^2 and it is consistent with the application of the correlation inequalities that will be used later. Remarck : A more general result can be represented by equations identical to (11) and (13) but written for < F (σ)σ^z_b >, where F (σ) is any product function of the bond components, except σ^z_b . Relations (11) and (13) are special cases where F (σ) = σ^{z(b)}_D . The relation for the longitudinal bond magnetization < σ^z_b > is the special case where F (σ) = 1. Within this description, the decoupling (12) can then be viewed as a 0-th order approximation of the exact relation (11) for F (S) = 1 , i.e. , Eq.(13) can be assumed to be obtained from the approximation < σ̄^z_b − σ^z_b >= 0 where σ̄^z_b = T r_{(b)}{σ^z_b e^{−βH}b }/T r_{(b)}{e^{−βH}b }. Introducing ∇ =^∂_{∂x} through e^{α∇}.f(x) = f(x + α), we get, < σ^z_D >≤ ⟨ σ^{z(b)}_D e^( ∑ j,k,l Jb,j,k,lσ z j σ^z_k σ^z_l )∇⟩f(x) | x=0(14)

and, f(x) = x √ (2Ω)^2 + x^2 tanh(β) √ (2Ω)^2 + x^2 = −f(−x)

(15) Considering, ⟨ e^( ∑ j,k,l Jb,j,k,lσ z j σ^z_k σ^z_l )∇⟩

3 = ⟨ ∏ j,k,l e^{(Jbjklσzj σzk σzl )∇} ⟩

= ⟨ ∏ j,k,l [ cosh(J_{bjkl}∇) + σ^z_j σ^z_k σ^z_l sinh(J_{bjkl} ∇) ]⟩ (16)

we obtain,

< σ^z_D >≤ ⟨ σ^{z(b)}_D ∏ j,k,l [ cosh(J_{bjkl}∇) +σ^z_j σ^z_k σ^z_l sinh(J_{bjkl}∇) ]⟩ .f(x) |_{x=0} (17)

Applying the previous result, equation (17), for d= 2,3,4, after some algebra, we obtain, (a), (b) and (c):

(a) d = 2 < σ^z_D >≤ a_2 ∑ i < σ^z_D χ_{Pi} >, (18) a_2 = 1 2 f(2J), a_2 ≥ 0

(b) d = 3 < σ^z_D >≤ a_3 ∑ i < σ^z_D χ_{Pi} > +b_3 ∑ ijk < σ^z_D χ_{Pi} χ_{Pj} χ_{Pk} >, (19) a_3 = 1 2^3

[f(4J) + 2f(2J), a_3 ≥ 0

b_3 = 1 2^3

[f(4J) − 2f(2J), b_3 ≤ 0

(c) d = 4 < σ^z_D >≤ a_4 ∑ i < σ^z_D χ_{Pi} > +b_4 ∑ ijk < σ^z_Dχ_{Pi} χ_{Pj} χ_{Pk} > +c_4 ∑ ijklm < σ^z_D χ_{Pi} χ_{Pj} χ_{Pk} χ_{Pl} χ_{Pm} >, (20) a_4 = 1 2^5

[f(6J) + 4f(4J) + 5f(2J), a_4 ≥ 0

b_4 = 1 2^5

[f(6J) − 3f(2J), b_4 ≤ 0

c_4 = 1 2^5

[f(6J) − 4f(4J) + 5f(2J), c_4 ≥ 0

We will now derive the coupling bounds for the area decay of the correlation functions . Applying the procedure described below to equations (20) and (21), we will obtain the upper bounds for d=3 and d=4. If βJ is such that:

(a)4a_3 < 1, then ⟨ W (C) ⟩ ≤ e^{(−ln[4a3 ]A)}, for d= 3. (21)

(b)6(a_4 + c_4) < 1,

then ⟨ W (C) ⟩ ≤ e^{(−ln[6(a4+c4 ]A)}, for d= 4. (22)

The proofs of results (a) and (b) follows the same procedure used to obtain the mean field results (section2). Let us prove result (a). For b ∈ C, < W (C) >≤ a_3 ∑ i < W (C)χ_{Pi} > +b_3 ∑ i<j<k < W (C)χ_{Pi} χ_{Pj} χ_{Pk} > ≤ a_3 ∑ i < W (C)χ_{Pi} > (23) The last inequality is obtained because b_3 is negative and < W (C)χ_{Pi} χ_{Pj} χ_{Pk} > is positive by Griffith’s first inequality. At each application of the equality we pass to an inequality by dropping the b_3 terms. After A steps we arrive at

< W (C) >≤ a^A_3 (sum of 4^A terms) (24)

where each term is less than one. To prove result (b) for d=4 we use equation (20) and proceed as previously as in the proof of result (a) for d=3 . We can drop the b_4 terms in favour of an inequality. At each stage we have six terms from the a_4 term and six terms from the c_4 term.

The values of Ω_c , the local disorder critical field, for which the conditions (22) and (22) are not satisfied, in other words, for which the perimeter decay regime of the Wilson loop dominates, are:

Ω_c(d = 3) = 1.3755J (25) Ω_c(d = 4) = 2.4466J (26)

For values greater than those there are no confinement.

In this paper, we introduce the Z^d lattice gauge model for which the action has a term that represents a disorder mechanism. This term is described by a local field represented by the σ^x spin 1/2 operator. The effect of this local field is to change the sign of the plaquette, i.e, from ±1 to ∓1. We have use correlation identities and rigorous inequalities, to obtain, for d = 3 and d = 4, lower bounds for the area decay of < W (C) >, i.e , for all β ≤ β_L, < W (C) > has area decay. The correlation identities are a gauge version of Callen’s identities employed by the authors [23] to obtain lower than mean field upper bounds for the critical couplings for the transverse Ising model. The procedure was based on an approximation for an exact identity and on rigorous inequalities for the spin correlation functions. We obtain the critical local disorder field above which the perimeter decay regime of the Wilson loop dominates.

FCSB is grateful for the financial support of CAPES/Brazil which made possible his visit to the

UFSJ/Brasil. ALM acknowledges financial support from CNPq and FAPEMIG (brazilian agencies).

[1] P. Nikolić and T. Senthil, Phys.Rev. B 71, 024401 (2005). [2] P.W. Anderson, Science 35 1196 (1987).

[3] T. Senthil and M.P.A. Fisher, Phys. Rev. B 62 7850 (2000).

[4] R. Coldea, D.A. Tennant, A.M. Tsvelik and Z. Tylczynski, Phys. Rev. Lett. 86 1335 (2001).

[5] M. Serbyn, T. Senthil and P.A. Lee, Phys. Rev. B 84, 180403(R) (2011).

[6] L. Dang, S. Inglis and R.G. Melko, Phys. Rev. B 84, 132409 (2011).

[7] B.C. den Hertog and M.J.P. Gingras, Phys. Rev. Lett.

84, 3430 (2000).

[8] S.T.Bramwell et al, Phys. Rev. Lett. 87, 047205 (2001) [9] M. Tanaka, E. Saitoh, H. Miyajima, T. Yamaoka and Y.

Iye, Phis. Rev. B 73 052411 (2006).

[10] P. Mellado, O. Petrova, Y. Shen, and O. Tchernyshyov, Phys. Rev. Lett. 105 187206 (2010).

[11] C. Castelnovo, R. Moessner, and S.L. Sondhi, Nature 451, 42 (2008).

[12] A. Tsvelik, Quantum Field Theory in Condensed Matter Physics, Cambridge University Press, (2003).

[13] K. Wilson, Phys. Rev. D 10 2445-59 (1974).

[14] E. Seiler, Gauge Theories as a Problem of Constructive Quantum Field Theory and StatisticalMechanics,1982 Lect. Notes in Physics 159.

[15] J. Kogut, Rev. Mod. Phys. 51 659 (1979). [16] F.C. Sá Barreto and M. O’Carroll, J.Phys. A: Math. Gen.

16 L431-4 (1983).

[17] F.C. Sá Barreto and M. O’Carroll, J.Phys. A: Math. Gen.

16 1035-9 (1983).

[18] G. Gallavotti, Studies Appl. Math 50 89 (1971). [19] M. Suzuki, J. Math. Phys. 12 837 (1973). [20] P. Contucci and J.L. Lebowitz, J. Math. Phys. 51 023302 (2010).

[21] J. Glimm and A. Jaffe, Quantum Physics (New York:

Springer) (1981).

[22] E. Tomboulis, A. Ukawa and P. Windey, Nucl. Phys. B 180 294 (1981).

[23] F.C. Sá Barreto and A.L. Mota, J. Stat. Mech. P05006 (2012).

[24] F.C. Sá Barreto, I.P. Fittipaldi and B. Zeks, Ferroelectrics 39 1103 (1981).