arXiv:1204.5622v2 [hep-th] 1 May 2012

Effective potential for Lifshitz type z=3 gauge theories

K. Farakos

Department of Physics, National Technical University of Athens, Zografou Campus, 15780 Athens, Greece kfarakos@central.ntua.gr

Abstract

We consider the one-loop effective potential at zero temperature in Lifshitz type field theories with anisotropic space-time scaling, with critical exponent z = 3, including scalar, fermion and gauge fields. The fermion determinant generates a symmetry breaking term at one loop in the effective potential and a local minimum appears, for non zero scalar field, for every value of the Yukawa coupling. Depending on the relative strength of the coupling constants for the scalar and the gauge field, we find a second symmetry breaking local minimum in the effective potential for a bigger value of the scalar field.

1 Introduction

In this work we study four dimensional U(1) gauge theories in the Lifshitz context, interacting with a complex scalar field and fermions with Yukawa coupling to the scalar field. The discussion on Lifshitz-type models has been stimulated recently by Horava who proposed a theory of gravity which is power counting renormalizable [1]. Extensive research in the gravitational and cosmological aspects, such as black hole solutions, has been done [2].

In the Lifshitz-type models there is an anisotropic scaling between temporal and spatial directions, measured by the dynamical critical exponent, z, t → b^zt, x_i → bx_i (1) that breaks Lorentz symmetry in the classical level. Non-relativistic field theories of this type have been considered also since they have an improved ultraviolet behavior and their renormalizability properties are quite different than conventional Lorentz symmetric theories [3]–[7]. Various field theoretical models at the Lifshitz point and non Lorentz invariant extensions of gauge field theories are under consideration [8]. We observe that the quantum effects define an effective energy scale, dependent on the dynamics of the model and restore Lorentz invariance for energies smaller than this scale [6, 9].

In order to investigate the various implications of a field theory it is particularly important to examine its symmetry structure, at the classical and the quantum level. A basic tool for this study is the effective action and effective potential [10]–[20]. In a previous work [15] we analyzed, for dynamical exponent z = 2 the case of a single scalar field and we found a symmetry breaking term induced at one-loop at zero temperature, as well as terms induced at finite temperature at one-loop, that provide symmetry restoration through a first-order phase transition. In a subsequent work [19] we studied a scalar field coupled with a U(1) gauge field also for z = 2. We found that the results depend on the relative strength of the coupling constants for the scalar and the gauge fields, for a particular range of values of which we found similar effects as in [15]; namely, when the strength of the gauge interaction is much smaller than that of the scalar the model has spontaneous symmetry breaking effects. The phenomenon of symmetry breaking however disappears for increasing values of the gauge coupling. In high temperature the model shows symmetry restoration effects.

Because of the importance of symmetry breaking and restoration phenomena in particle physics and cosmology we extend here our previous work, including scalar, gauge fields and fermions at the value z = 3 of the critical exponent^1. Considering the physical implications of the several terms induced at one-loop in the effective potential we see that the behavior of the model depends strongly on the gauge and the fermion couplings with a rich phase structure. The behavior of the terms appearing at one loop from the integration of the various fields differs drastically from what happens correspondingly in the case z = 2, as we describe in the main text. Depending on the relative strength of the gauge coupling to the scalar coupling one or two minima appear in the effective potential. If the fermion Yukawa coupling is non zero then both minima correspond to symmetry breaking with the relative depth depending on the couplings of the model. We can see that, in this model, fermions can give symmetry breaking without the need of a coupling to a gauge field [21, 9].

We write the model and calculate the one-loop effective potential in Sec. 2. In Sec. 3 we describe the contribution of the various terms in the effective potential.

2 The model, calculation of the effective potential

The action of the model is S = ∫ dtd^3x ( − 1 2 F_{0i}F^{0i} − 1 4 F_{ij} (−Δ)^2F^{ij} + 1 2 [D_0Φ]^† [D_0Φ] + 1 2 [ D_iD^2Φ ]_† [ D^iD^2Φ ] + Ψiγ^0D_0Ψ + Ψiγ^kD_kD^2Ψ − hΦ^†ΦΨΨ − U(Φ) ) (2) with z = 3 where, as usual, F_{μν} = ∂_μA_ν − ∂_ν A_μ, Δ = ∂_i∂_i, Φ = Φ_1 + iΦ_2, D_μ = ∂_μ + ieA_μ and D^2 = D_kD^k = −D_kD_k.

The dimensions in units of mass for the gauge fields and coupling are: [A_0] = (d + z − 2)/2, [A_i] = (d − z)/2 and [e] = (z − d)/2 + 1 and for case d = 3, z = 3 we have [A_0] = 2, [A_i] = 0 and [e] = 1. For the fermion field and the Yukawa coupling of fermions we have [Ψ] = d/2, [h] = z. The scalar field has also dimensionality [Φ] = (d − z)/2 = 0, the potential term for Φ can, therefore, be an arbitrary polynomial up to the infinite order [16].

1One cannot define the analog of the Dirac equation for z = 2.

In order to illustrate the general features of the relative contributions of the gauge, scalar and fermion terms to the effective potential we will consider a potential term of the eighth order,

U(Φ) = g 8! ( Φ^†Φ

)_4 (3) with [g] = 6, where the strength of relative contributions, as it will turn out, will depend on the dimensionless ratio g/e^6.

The action is gauge invariant under the usual U(1) gauge transformations. To calculate the effective potential we add an appropriate, for z = 3 gauge theories, gauge-fixing term [19] L_{gf} = − 1 2 (∂_0A_0 + Δ^2∂_iA^i) 1 Δ^2

(∂_0A_0 + Δ^2∂_iA^i). (4)

Although non-local, this is the analog of the Feynman gauge for the Lifshitztype theory at hand and can be derived using either a Fadeev-Popov [19] or a BRST [5] procedure. As in usual QED the ghosts decouple and we can ignore them. This gauge fixing term, (4), has the advantage of making the calculation of the effective action easier by canceling the mixed A_0 − A_i terms. One may investigate these problems in various, more general gauge conditions; provided one chooses a renormalizable gauge-fixing, the physical results will be gauge-independent [11, 13, 22].

Now we shift the fields Φ_1 → ϕ + ϕ_1, Φ_2 → 0 + ϕ_2 in the action, expand the action up to quadratic order, and then calculate the effective potential for ϕ at one-loop integrating over the various fields [11]. To calculate only the effective potential we keep ϕ space-time independent. We write for the Lagrangian, separating the kinetic terms from the interaction terms: L + L_{gf} = L_2 + L_{int} (5)

keeping only quadratic order and ϕ-dependent terms, where

L_2 = 1 2 A_0(

∂^2_0 Δ^2

− Δ + m^2_e(ϕ))A_0 − 1 2 A_i(∂^2_0 − Δ^3)A_i − 1 2 ϕ_1(∂^2_0 − Δ^3 + m^2_1(ϕ))ϕ_1 − 1 2 ϕ_2(∂^2_0 − Δ^3 + m^2(ϕ))ϕ_2

+Ψ(iγ^0∂_0 − iγ^k∂_kΔ − m_F (ϕ))Ψ (6) and L_{int} = m_e(ϕ)A_0∂_0ϕ_2 − 1 2 m_e(ϕ)^2A_i∂_i∂_j ΔA_j − m_e(ϕ)A_i∂_iΔ^2ϕ_2. (7)

We have m^2_1(ϕ) = U^{′′}(ϕ), ϕm^2(ϕ) = U^′(ϕ) for the scalar ϕ-dependent masses. For the fermion and the gauge field we have correspondingly m_F (ϕ) = hϕ^2 and m_e(ϕ) = eϕ. For the particular potential term that we will analyze we have m^2_1(ϕ) =^1_{6!} gϕ^6 and m^2(ϕ) =^1_{7!} gϕ^6, but we will keep the abstract expressions in order to give the most general result for the effective potential.

If we turn now to the Euclidean momentum space after the Wick rotation, the action of the model is:

S_E = 1 2 ∫ dωd^3p (2π)^4

{A_4( ω^2 p^4

+ p^2 + m^2_e)A_4 + A_k(ω^2 + p^6)A_k + ϕ_1(ω^2 + p^6 + m^2_1)ϕ_1

+ϕ_2(ω^2 + p^6 + m^2)ϕ_2 + m^2_eA_kp_kp_j p^2A_j − 2im_eA_4ωϕ_2 + 2im_eA_kp_kp^4ϕ_2} + ∫ dωd^3p (2π)^4

Ψ(γ_4ω + γ_kp_kp^2 − m_F )Ψ, (8)

where we used the expressions ω = ip_0, γ_4 = iγ_0, A_0 = iA_4 and the notation: p^2 = p^2_i for the spatial momentum. We use also the abbreviations m_k instead of m_k(ϕ) in what follows.

When we are doing the functional integration it is easier to perform first the integration with respect to A_4 and A_k, and then with respect to ϕ_2. The integration with respect to ϕ_1 and Ψ, Ψ is independent and straightforward.

The standard techniques of functional integration [11] give the final result for the effective potential at one-loop:

U_{eff} = U(ϕ) + 1 2 T r ln(ω^2 + p^6 + m^2_1) + 1 2 T r ln(ω^2 + p^6 + m^2)

−2T r ln(ω^2 + p^6 + m^2_F ) + 1 2 T r ln(ω^2 + p^6 + m^2_ep^4) + 1 2 T r ln ( 1 + m^2_em^2p^4 (ω^2 + p^6)(ω^2 + p^6 + m^2) ) , (9)

where T r = ∫_{dωd}3_p (2π)^4 .

The first three contributions in (9) can be treated in the same way. For the integration over ω after dropping an overall infinite constant we have [19, 20]: ∫_∞ −∞ dω ln(ω^2 + B) = 2π √ B. (10)

We use also the regularized identity: ∫_∞ 0 dαα^{−3/2−δ} exp^{−αB} = Γ(− 1 2 − δ)B^{12 +δ} = −2 √ π √ B, (11) in the limit δ → 0.

So the first one-loop correction term, U_{m1} , in (9) becomes

U_{m1} = 1 2 ∫ dωd^3p (2π)^4 ln(ω^2 + p^6 + m^2_1) = 1 2 ∫ d^3p (2π)^3 √ p^6 + m^2_1 = M^ϵ 2 ∫ d^dp (2π)^d √ p^6 + m^2_1 = − M^ϵ 4 √ π ∫_∞ 0 dαα^{−3/2} ∫ d^dp (2π)^d exp^{−α(p6+m21)}, (12)

where ϵ = 3 − d and M is an arbitrary UV mass scale introduced to compensate for the integral dimensions, keeping [p] = 1. Integrating out the angles of the integration momentum and after the change of variable p = u^13 we get

U_{m1} = − M^ϵ 4 √ π 1 (2π)^d 2π^{d/2} Γ(d/2) ∫_∞ 0 dαα^{−3/2} ∫_∞ 0 du 3 u^{d3 −1} exp^{−α(u2+m21)} . (13)

We perform the integral over u first and then the integral over α, and using a change of variables and the properties of the Γ function, we get:

U_{m1} = − M^ϵ 4 √ π 1 (2π)^d 2π^{d/2} Γ(d/2) Γ(d/6) 6 Γ(− 1 2 − d 6 )(m^2_1)^{12 + d6} = m^2_1 48π^2

Γ(^ϵ_6 ) (1 −^ϵ_6 )

M^ϵ(m^2_1)^{− ϵ}6 (4π)^ϵ2

. (14)

Expanding the last expression in powers of ϵ we get the final result:

U_{m1} = m^2_1 48π^2 ( 6 ϵ − γ − 3 ln(4π)) + m^2_1 48π^2

(1 − ln( m^2_1 M^6

)), (15)

here we have a^1_ϵ divergence corresponding to a logarithmic divergence if we use a momentum cutoff, Λ, instead of dimensional regularization.

The fourth term in (9), that comes from the gauge field, can also be easily integrated with the previous approach, and we get U_{me} = 1 2 ∫ d^3p (2π)^3 p^2 √ p^2 + m^2_e = − M^ϵ 4 √ π ∫_∞ 0 dαα^{−3/2} ∫ d^dp (2π)^d p^2 exp^{−α(p2+m2e )} = − M^ϵ 4 √ π 1 (2π)^d 2π^{d/2} Γ(d/2) Γ(1 +^d_2 ) 2 (m^2_e)^{32 + d2} Γ(− 3 2 − d 2 ). (16)

For d = 3 − ϵ, expanding in powers of ϵ we get: U_{me} = m^6_e 128π^2 ( 2 ϵ − γ − ln(4π)) + m^6_e 128π^2 ( 11 6 − ln( m^2_e M^2

)). (17)

For the last, mixed term in (9),we proceed as follows: we rescale with the scalar mass m_2 the integration variables ω → x = ω/m_2 and p → y = p/m^{1/3}_2 then this term depends on the ratio^{m2e}_{(m2)1/3} 1 2 T r ln ( 1 + m^2_em^2p^4 (ω^2 + p^6)(ω^2 + p^6 + m^2) )

= 2 m^2 (2π)^3 ∫_∞ 0 ∫_∞ 0 dxdyy^2 ln ( 1 + m^2_e (m^2)^{1/3} y^4 (x^2 + y^6)(x^2 + y^6 + 1) ) . (18)

If define now the dimensionless parameter λ =^{m2e}_{(m2 )1/3} and the function

F (λ) = ∫_∞ 0 ∫_∞ 0 dxdyy^2 ln ( 1 + λ y^4 (x^2 + y^6)(x^2 + y^6 + 1) ) , (19)

then the mixed term (18) is written as: 2^{m2}_{(2π)3} F (λ).

The integral is finite for every value of the parameter λ, for example F (1) = 0.4838 for a used typical set of the couplings. The parameter λ is in general a function of the scalar field ϕ. For the scalar potential (3) the parameter λ is independent of ϕ and equal to λ = (7!)^{1/3 e2}_{g1/3} .

Substituting the results in (9) the dimensionally regularized one-loop effective potential U_{eff} in the modified minimal subtraction (MS) scheme is written as [23]:

U_{eff} = U(ϕ) + m^2_1(ϕ) 48π^2

(1 − ln( m^2_1(ϕ) M^6

)) + m^2(ϕ) 48π^2

(1 − ln( m^2(ϕ) M^6 )) − 4m^2_F (ϕ) 48π^2

(1 − ln( m^2_F (ϕ) M^6

)) + m^6_e(ϕ) 128π^2 ( 11 6 − ln( m^2_e(ϕ) M^2

)) + 2 m^2(ϕ) (2π)^3

F (λ). (20)

For the scalar potential term (3) that we consider, we have:

U_{eff} = g 8! ϕ^8 + g 6! ϕ^6 48π^2

(1 − ln( gϕ^6 6!M^6

)) + g 7! ϕ^6 48π^2

(1 − ln( gϕ^6) 7!M^6 )) − h^2ϕ^4 12π^2

(1 − ln( h^2ϕ^4 M^6

)) + e^6ϕ^6 128π^2 ( 11 6 − ln( e^2ϕ^2 M^2

)) + g 7! ϕ^6 4π^3

F (λ). (21)

Some words are necessary in order to understand why we choose the scalar potential (3) to be of the order ϕ^8. We observe that the contribution from the gauge field is proportional to m^6_e ≈ e^6ϕ^6 and negative for large values of the field ϕ, turning the potential unstable except if we have a positive contribution of the same order from the other terms. An inspection of the effective potential shows that the other terms from the scalar loops have exactly the same behavior. The only possibility that we have to stabilize the potential for large values of ϕ is to choose the bare scalar potential to behave as ϕ^n with n ≥ 8 for large values of ϕ.

3 Results

We discuss first the behavior of the U_{eff} versus ϕ for zero Yukawa coupling, h = 0. The one loop effective potential is zero and has a local minimum ϕ = 0. The contribution of the scalar terms and the gauge term is positive for small values of ϕ and negative for large values of ϕ as we can see from Eq. (21) for the effective potential. The contribution of the mixed term, however, always comes with a positive sign. The final conclusion on the presence of symmetry breaking at one-loop depends on the dimensionless ratio of the scalar and gauge couplings, because if the gauge term turns negative before the scalar terms then it is possible for a second minimum to appear for ϕ ≠ 0.

We plot the effective potential, for h = 0, in Fig. 1: the results are shown in terms of the overall dimension one, ultraviolet scale, M. The potential is in units of M^6 and ϕ has mass dimension zero. The coupling constants are g = g̃M^6, e = ẽM and h = h̃M^3. With fixed g̃ = 0.1 and h̃ = 0 the three curves shown correspond to ẽ = 0.68, 0.69 and 0.70, from top to bottom. We see the phenomenon of symmetry breaking induced by one-loop effects as the gauge coupling ẽ is increasing beyond a critical value. The critical value for the gauge coupling ẽ depends on the value of the scalar coupling, g̃.

When we include in the plot the fermion contribution the picture changes, because now the fermion determinant gives a negative contribution for small values of ϕ and turns positive for bigger ϕ. We plot the full expression for the effective potential (21) with h̃ ≠ 0 in Fig. 2 and Fig. 3: the results are shown again in terms of the overall ultraviolet scale, M. We work with fixed g̃ = 0.1 and fixed h̃ = 0.2.

The three curves shown in Fig. 2 correspond to ẽ = 0.15, 0.71, 0.73, from bottom to top and the figure is drawn for small values of ϕ. We see that symmetry breaking is induced by one-loop fermion effects for every value of the gauge coupling, e. As the gauge coupling increases a second minimum appears for a bigger value of ϕ when the gauge coupling is above a critical value. We see this behavior in Fig. 3 for the same values of the gauge couplings, as before, ẽ = 0.15, 0.71 and 0.73 from top to bottom. For ẽ = 0.73 the effective potential has two minima, one for ϕ ≈ 1.5 and the other for ϕ ≈ 8.5. The relevant depth of the two minima is coupling dependent. For ẽ = 0.71 and 0.15 the effective potential has only one minimum for ϕ ≈ 1.6 and ϕ ≈ 2.2 correspondingly.

Finally we comment briefly on a Yukawa Lifshitz-type model with a real scalar field [9]. In [9] a dynamical mass for the fermion appears using the non-perturbative Schwinger-Dyson approach. The generated fermion mass is non zero when the Yukawa coupling exceeds a critical value. Using the effective potential techniques as above we can isolate only the fermion contribution. For the scalar field it is enough to use a mass ϕ^2 term. We find then that a symmetry breaking minimum for the potential appears, for a non zero value of ϕ, that gives mass to the fermion, for every value of the Yukawa coupling.

Acknowledgements We would like to thank N. Vlachos and N. Trakas for useful discussions and D. Metaxas for reading the manuscript.

References

[1] P. Horava, JHEP 0903, 020 (2009); P. Horava, Phys. Rev. D79, 084008 (2009); P. Horava and C. M. Melby-Thompson, Phys. Rev. D82, 064027 (2010).

[2] E. Kiritsis and G. Kofinas, Nucl. Phys. B821, 467 (2009); S. Mukohyama, JCAP, 0906, 001 (2009); R. Brandenberger, Phys. Rev. D80, 043516 (2009); R. G. Cai, L. M. Cao and N. Ohta, Phys. Rev. D80, 024003 (2009); A. Kehagias and K. Sfetsos, Phys. Lett. B678, 123 (2009); C. Charmousis, G. Niz, A. Padilla and P. M. Saffin, JHEP 0908, 070 (2009); G. Koutsoumbas and P. Pasipoularides, Phys. Rev. D82, 044046 (2010); M. Eune and W. Kim, Mod. Phys. Lett. A25, 2923 (2010); D. Orlando and S. Reffert, Class. Quant. Grav. 26, 155021

Figure 1: The one-loop effective potential for h = 0 as a function of ϕ for the scalar-gauge theory. The potential is plotted in units of M^6, ϕ is dimensionless. With fixed g̃ = 0.1, the three curves shown correspond, from top to bottom, to ẽ = 0.68, 0.69, 0.70.

Figure 2: The full one-loop effective potential as a function of ϕ for the scalar-fermion-gauge theory. The potential is plotted in units of M^6 and ϕ is dimensionless. With fixed g̃ = 0.1 and h̃ = 0.2, the three curves shown correspond, from bottom to top, to ẽ = 0.15, 0.71, 0.73.

Figure 3: The full one-loop effective potential as a function of ϕ, with fixed g̃ = 0.1 and h̃ = 0.2, in the region of the second local minimum for ẽ = 0.73. The potential is plotted in units of M^6 and ϕ is dimensionless. The three curves shown correspond, from top to bottom, to ẽ = 0.15, 0.71 and 0.73. The plot starts from the value ϕ = 1.2.

(2009); M. Jamil, E. N. Saridakis and M. R. Setare, JCAP 1011, 032 (2010); G. Koutsoumbas, E. Papantonopoulos, P. Pasipoularides and M. Tsoukalas, Phys. Rev. D81, 124014 (2010); J. Alexandre and P. Pasipoularides, Phys. Rev. D83, 084030 (2011).

[3] M. Visser, Phys. Rev. D80, 025011 (2009).

[4] B. Chen and Q. G. Huang, Phys. Lett. B683, 108 (2010).

[5] D. Anselmi and M. Halat, Phys. Rev. D76, 125011 (2007); D. Anselmi, Annals Phys. 324, 874 (2009); D. Anselmi and M. Taiuti, Phys. Rev. D81, 085042 (2010).

[6] R. Iengo, J. G. Russo and M. Serone, JHEP 0911, 020 (2009);

A. Dhar, G. Mandal and S. R. Wadia, Phys. Rev. D80, 105018 (2009); P. R. S. Gomes and M. Gomes, arXiv:1107.6040 [hep-th].

[7] J. Alexandre, Int. J. Mod. Phys. A26, 4523 (2011).

[8] P. Horava, Phys. Lett. B694, 172 (2010); R. Dijkgraaf, D. Orlando and S. Reffert, Nucl. Phys. B824, 365 (2010); J. E. Thompson and R. R. Volkas, Phys. Rev. D82, 116007 (2010); K. Anagnostopoulos, K. Farakos, P. Pasipoularides and A. Tsapalis, arXiv:1007.0355; J. Alexandre and A. Vergou, Phys. Rev. D83, 125008 (2011); J. Alexandre and N. E. Mavromatos, Phys. Rev. D83, 127703 (2011).

[9] J. Alexandre, K. Farakos, P. Pasipoularides and A. Tsapalis, Phys. Rev.

D81, 045002 (2010)

[10] S. R. Coleman and E. J. Weinberg, Phys. Rev. D7, 1888 (1973).

[11] R. Jackiw, Phys. Rev. D9, 1686 (1974).

[12] R. H. Brandenberger, Rev. Mod. Phys. 57, 1 (1985).

[13] L. Dolan and R. Jackiw, Phys. Rev. D9, 3320 (1974).

[14] C. Wetterich, Nucl. Phys. B352, 529 (1991); J. Alexandre, arXiv:0904.0934[hep-ph].

[15] D. Metaxas and K. Farakos, Phys. Lett. B707, 562 (2012).

[16] J. Alexandre, K. Farakos and A. Tsapalis, Phys. Rev. D81, 105029 (2010).

[17] M. Eune, W. Kim and E. J. Son, Phys. Lett. B703, 100 (2011).

[18] D. L. Nacir, F. D. Mazzitelli and L. G. Trombetta, Phys. Rev. D85, 024051 (2012).

[19] D. Metaxas and K. Farakos, accepted for publication in Phys. Letters B, arXiv:1112.6080 [hep-th].

[20] C. F. Farias, M. Gomes, J. R. Nascimento, A. Y. Petrov and A. J. da Silva, arXiv:1112.2081.

[21] K. Cahill, Phys. Lett. B269, 129 (1991).

[22] N. K. Nielsen, Nucl. Phys. B101, 173 (1975); R. Fukuda and T. Kugo, Phys. Rev. D13, 3469 (1976); I. J. R. Aitchison and C. M. Fraser, Annals Phys. 156, 1 (1984); D. Metaxas and E. J. Weinberg, Phys. Rev. D53, 836 (1996); D. Metaxas, Phys. Rev. D63, 085009 (2001).

[23] M. E. Peskin and D. V. Schroeder, An Introduction to Quantum Field Theory, ISBN 0-201-50397-2, Addison-Wesley Publ.Comp. 1995.