arXiv:1204.5640v1 [hep-th] 25 Apr 2012

SHEP-12-14

The Baryonic Phase in Holographic Descriptions of the QCD Phase Diagram

Nick Evans,^a Keun-Young Kim,^{a,b} Maria Magou,^a Yunseok Seo,^c and Sang-Jin Sin^c aSchool of Physics and Astronomy, University of Southampton, Southampton SO17 1BJ, UK.

bInstitute for Theoretical Physics University of Amsterdam, Science Park 904, Postbus 94485, 1090 GL Amsterdam, The Netherlands cDepartment of Physics, Hanyang University, Seoul 133-791, Korea E-mail: evans@soton.ac.kr, K.Y.Kim@uva.nl, mm21g08@soton.ac.uk,

yseo@hanyang.ac.kr, sjsin@hanyang.ac.kr

Abstract: We study holographic models of the QCD temperature-chemical potential phase diagram based on the D3/D7 system with chiral symmetry breaking. The baryonic phase may be included through linked D5-D7 systems. In a previous analysis of a model with a running gauge coupling a baryonic phase was shown to exist to arbitrarily large chemical potential. Here we explore this phase in a more generic phenomenological setting with a step function dilaton profile. The change in dilaton generates a linear confining q̄q potential and opposes the screening effect of temperature. We show that the persistence of the baryonic phase depends on the step size and that QCD-like phase diagrams can be described. The baryonic phase’s existence is qualitatively linked to the existence of confinement in Wilson loop computations in the background.

Keywords: Gauge/Gravity duality

Contents

1 Introduction 1

2 The Holographic Model 4 2.1 The Background 4 2.2 D7 flavor brane and quark phase 5 2.3 D5 Baryon Vertex 7 2.4 Baryon phase: D7 + D5 branes 9

3 Phase diagram in grand canonical ensemble 10

4 The canonical ensemble 14

5 Quark-antiquark potential 14

6 Summary 17

1 Introduction

Holography [1, 2] has provided a new and powerful description of strongly coupled gauge theories. Although a true holographic description of QCD has not been found, many insights have nevertheless been obtained through understanding confinement [3, 4], chiral symmetry breaking [5–7], phenomenological models of mesons such as AdS/QCD [8, 9], and the transport properties of non-abelian plasmas [10]. For further examples, see [11, 12] and references therein. Recently [13, 14] we have been interested in finding a holographic description of the QCD phase diagram and we will continue those studies here.

The QCD phase diagram is characterized by the quark and baryon densities and the chiral condensate. It is therefore sensible to begin with a simple holographic model that encodes the physics of quarks and chiral symmetry breaking. The D3/D7 system is the simplest such example [11, 15–18]. It describes the SU(N_c) N = 4 super Yang-Mills theory with N_f quark hypermultiplets. In the quenched approximation the theory is conformal and on the gravity side is described by probe D7 branes in AdS_5 × S^5. The theory is 3+1 dimensional at all energy scales and has a conformal UV in which the identification of the operator matching between the field theory and the gravity description is clean.

The simplest example of chiral symmetry breaking in the D3/D7 system is found by imposing a background magnetic field[19]. In [20] some of the current authors explored the temperature-chemical potential phase diagram of this top down system which was surprisingly complex. The phase diagram is shown in Fig 1a The chiral restoration transition was found to be first order with temperature and second order with density. A critical

– 1 –

(a) T -μ phase diagram of D3/D7 system with a background magnetic field [20]. The inset diagrams are representative probe brane embeddings (dotted lines), where a black disk represents a black hole.

(b) Phase diagram of a model [13] with a phenomenological dilaton profile that mimics QCD.

(c) The phase diagram of the massless axion/dilaton gauge theory in [14] showing a baryonic phase.

(d) The QCD-like phase diagram for a step function dilaton computed in this paper: A = 10, λ = 1.715

Figure 1. Example holographic phase diagrams (see the appropriate references for conventions): red lines are first order transitions and blue second order. Phases are labelled by whether chiral symmetry is broken or not and whether there is a quark density, d, present. In each case the vertical axis is the size of the black hole in the geometry which measures the temperature T.

point lies between these regimes. In addition there is an extra transition associated with the formation of density and the mesons of the system melting into the background plasma [21, 22]. In places in phase space this merges with the chiral transition but in other places it separates and can be either first or second order. Such a phase with a quark density but chiral symmetry breaking could potentially exist in QCD. On the gravity side the phases are the associated pictograms shown in Fig 1: the D7 can lie flat, fall on to the black hole which provides temperature, or bend in the space to avoid the origin. A number of other top-down analyses of related phase diagrams can be found in [14, 23–30].

Although the phase diagram of the magnetic field case is interesting it does not overlap with expectations in QCD where the finite temperature transition is believed to be second order and the finite density transition first order. In [13] we introduced a more phenomenological model in which we treated the running of the gauge coupling/dilaton profile as a free function. This was inspired by the fact that the DBI action for the probe

– 2 – with the magnetic field present is equivalent to the same theory with a particular choice of unbackreacted dilaton. Using an ansatz which steps between a conformal UV and a conformal IR with a larger coupling value we could reproduce phase diagrams like that for the magnetic field case but also a wider set of phase diagrams [13]. To describe one that looked like the QCD phase diagram we used a further phenomenological freedom. The D3/D7 system if backreacted would display an SO(4)×SO(2) symmetry in the directions transverse to the D3 rather than the SO(6) symmetry of AdS_5 × S^5 space. We therefore allowed ourselves to introduce a parameter breaking the symmetry in that fashion in the emblackening factor of the black hole providing temperature. With this extra feedom we could produce the phase diagram in Fig 1b which maps more closely to that expected in QCD. The high T and low μ transition can therefore be fitted well. Here we turn to the phase structure in the low T, high μ regime.

In [14] the phase diagram was studied for the holographic description of a theory with a running dilaton. The background has an induced vev for both T rF^2 and T rF̃ F ; in the gravity dual these scalar solutions satisfy the equations of motion whilst leaving a pure AdS background. Quarks are again introduced using a D7 probe. The phase diagram is shown in Fig 1c and shows the same three phases as the cases already discussed. The chiral transition is first order throughout the plane. The extra key component of the analysis in [14] was to note that in the geometry with a running dilaton a baryonic phase was also present. A baryon vertex is described by a D5 brane wrapped on the S^5 of the AdS_5 × S^5 space [31–36]. In the pure N = 4 theory such vertices shrink to zero size. However in the running dilaton geometry the large IR value of the dilaton stabilizes the D5 embedding. Solutions exist that link the D5 to the D7 brane embedding with a balancing force condition. These configurations describe the gauge theory with finite baryon density rather than finite quark density. The D7 bends off axis to meet the D5 and so the phase has chiral symmetry broken. This phase sets in at a particular finite chemical potential and then persists to infinite chemical potential (as shown in Fig 1c) which is certainly unlike the equivalent phase in QCD (the phase diagram is very similar to that found in the Sakai Sugimoto model in [37]) .

The goal of this paper is to combine the approaches of these papers discussed. We will investigate the baryonic phase in the model with phenomenological freedom in the running coupling. As we had hoped, we will show that these models can possess a baryonic phase and that for regions of parameter space it can be in the finite region one would expect it to be in for QCD. Our dilaton ansatz transitions between two conformal regions. In each of those conformal regimes, as in the N = 2 Karch Katz theory, the baryon vertices are free to shrink. Around the transition radius though there is an extra cost to the D5s shrinking further since they must encounter the larger dilaton value within. The result is a set of stable D5 configurations when the change in dilaton between the two conformal regimes is sufficiently large. These configurations are present for low temperatures where the black hole horizon has not eaten the D5s but not present at large temperatures. The D7 branes that introduce the quark fields can end on the D5 baryon vertex when they are available. The D7 branes also prefer not to enter the interior of the geometry with a large dilaton value. Thus if the dilaton is sufficiently large inside the D5 radius they will prefer to join

– 3 –

AdS-Black hole S^5 coordinate t x^1 x^2 x^3 r, w S^5 Background D3 • • • • R^4 R^2 coordinate t x^1 x^2 x^3 ρ S^3 L S^1 Flavor D7 • • • • • • • • R S^5 coordinate t x^1 x^2 x^3 ξ θ S^4 Baryon vertex D5 • • • • • •

Table 1. The brane profile showing the coordinates we use: the background D3, the compact D5 and the probe D7

the D5. For very large interior dilaton values this occurs for all values of chemical potential and the baryonic phase exists out to infinite chemical potential as in the analysis of [14] (in that model the dilaton actually diverges in the IR). However we find that if the change in the dilaton is more modest across the transition then whether the D7 energetically prefer to join the D5 or end on the black hole horizon must be calculated and depends on the parameters. In particular we do find ranges of parameter space where the baryonic phase lives in the regime shown in Fig 1d corresponding to the region expected in QCD. This is the main result of the paper which we will explore in detail.

Finally we briefly explore the link between confinement and the baryonic phase. The quark anti-quark potential can be computed by drooping a string into the AdS interior [3, 4]. The step dilaton profile induces a linear potential between a quark and an antiquark when the step size is sufficiently large. The transition from a Coulomb potential to linear confinement qualitatively happens at the same value of the step size that induces a baryonic phase in the theory at finite chemical potential as one might expect.

2 The Holographic Model

We seek to describe a strongly coupled gauge theory with quenched quark fields using the D3/probe-D7 system. A running coupling will be imposed on the theory through a radial dilaton profile. Finite temperature will be included through an AdS-Schwarzchild geometry and baryon number chemical potential via a gauge field in the probe D7 DBI action. The final ingredient will be to also allow D5 configurations wrapped on the S^5 of the geometry to represent baryon density. We review each of these steps in turn:

2.1 The Background

Our geometry will be the AdS-Schwarzschild black hole metric in Einstein frame which reads ds^2 = r^2 R^2 ( −fdt^2 + d⃗x^3 ) + R^2 r^2 dr^2 f + R^2dΩ^2_5 , (2.1)

– 4 – where R is the AdS radius (R^4 = 4πg_sN_cα^{′2}) and f is the emblackening factor,

f(r) = 1 − r^4_H r^4

, r_H = πR^2T , (2.2)

with the temperature T . There is also the self-dual RR five-form G_{(5)}

G_{(5)} = (1 + ∗)dt ∧ d⃗x ∧ d(g_{xx}) . (2.3)

We will impose an unbackreacted dilaton profile in the AdS-Schwarzschild geometry to allow us to explore a range of gauge coupling runnings in the gauge theory. In particular we will use the simple step-function form

e^ϕ = A + 1 − A tanh(r − λ) , (2.4)

where A is the amount of e^ϕ’s change at the position λ.

The rescaling of the radius (r) coordinate [5] dr r √ f ≡ dw w =⇒ w = 1 √ 2 √ r^2 + √ r^4 − r^4_H , r = √ w^4 + w^4_H w^2

(2.5)

with √ 2w_H = r_H , makes the R^6 structure in the transverse space explicit:

ds^2 = w^2 R^2

(−g_tdt^2 + g_xd⃗x^2) +

R^2 w^2

(dw^2 + dΩ^2_5) , (2.6)

where

g_t =

(w^4 − w^4_H )^2 w^4(w^4 + w^4_H )

, g_x = w^4 + w^4_H

w^4

. (2.7)

2.2 D7 flavor brane and quark phase

We include a small number (N_f ) of quark flavours by placing probe D7 branes into the background we have constructed. For this purpose, it is convenient to parameterize R^6 so that R^4 × R^2 is explicit (see the middle of Table 1):

dw^2 + w^2dΩ^2_5 = dρ^2 + ρ^2dΩ^2_3 + dL^2 + L^2dΩ^2_1 , (2.8)

where the D7 brane lies in the (t, ⃗x, ρ, Ω_3) directions and L and ρ are related to w, θ̃ w = √ ρ^2 + L^2 , ρ = w cos θ̃ , L = w sin θ̃ , (2.9)

where 0 ≤ θ̃ ≤ π/2 and is different from 0 ≤ θ ≤ π in the bottom of Table 1.

The action for a D7 brane is given by the DBI action without the Wess-Zumino term

S_{D7} = −T_7 ∫ d^8ξe^ϕ √ −det(P [G]_{αβ} + (2πα^′)F_{αβ} ) (2.10)

– 5 – where T_{D7} =^1_{g2UV (2π)7 a′4} and

e^ϕ = A + 1 − A tanh √ (ρ^2 + L^2)^2 + w^4_H ρ^2 + L^2 − λ . (2.11)

We add a chemical potential to our system by allowing Ã_t ≡ 2πA_t(ρ) ≠ 0, and assume that the D7 brane embedding profile is none trivial on ρ only, L = L(ρ). The action becomes:

S_{D7} = T_{D7} ∫ d^4xdρL_{D7} ,

L_{D7} = −e^ϕρ^3 √ g_tg^3_x(1 + L^{′2}) − g^3_x e^ϕ Ã^′2_t

(2.12)

where T_{D7} = T_{D7}N_f Ω_3.

Since A_t is a cyclic coordinate, there is the conserved charge defined by d̃ ≡ ∂L^{D7} ∂Ã^′_t , (2.13)

in terms of which, the Wick-rotated (Euclidean, t → −it_E ) Legendre transformed action (Ã^′_t → d̃) is defined by S^{E,LT}_{D7} = T_{D7} ∫ dt_Ed⃗x ∫ dρL^{E,LT}_{D7}

L^{E,LT}_{D7} = Ã^′_td̃ − L_{D7} = e^ϕ w^4 − w^4_H w^4 √ 1 + L^′(ρ)^2 √( w^4 + w^4_H

w^4

)_2 ρ^6 + w^4 w^4 + w^4_H d̃2 e^ϕ (2.14)

where the following relation obtained in (2.13) is used.

Ã^′_t = d̃ w^4 − w^{4H} w^4 + w^4_H

1 + L^{′2} (_{w4+w4H} w^4

)_2

ρ^6 +^{w4}_{w4+w4H}^{d̃2}_{eϕ}

. (2.15)

We solve the equation of motion for L(ρ) minimizing the action (2.14) for a given d̃. The equation is second order and we impose two boundary conditions: L(∞) = m and the IR (ρ → ρ_H ) regularity. Asymptotically at large ρ the embedding field L takes the form L = m + c/ρ^2 + ... with m and c proportional to the quark mass and condensate bilinear. By plugging the classical solution L(ρ) into (2.15), we also get the solution A_t, for which the large ρ behaviour is Ã_t = μ̃ −^{d̃}_{2ρ2} + ... with μ̃ and d̃ proportional to the chemical potential and quark density. To compute the chemical potential, μ̃, we simply integrate the right hand side of (2.15), i.e.

μ̃ = ∫_∞ ρ_H dρ d̃ w^4 − w^4_H w^4 + w^4_H 1 + L^{′2} (_{w4+w4H} w^4

)_2

ρ^6 +^{w4}_{w4+w4H}^{d̃2}_{eϕ}

, (2.16)

– 6 – where Ã_t(ρ_H ) = 0 by a regularity condition at horizon.

The field theory free energy density (F) is holographically identified as

F = T_{D7} ∫_∞ ρ_H dρ L^{E,LT}_{D7} | | on−shell

, (2.17)

where L^{E,LT}_{D7} is written in (2.14). The field theory grand potential density (Ω) is identified with the Euclidean original action before the Legendre transformation:

Ω = T_{D7} ∫_∞ ρ_H dρ L^E_{D7} | on−shell

= T_{D7} ∫_∞ ρ_H dρρ^6e^ϕ w^4 − w^4_H w^4 ( w^4 + w^4_H w^4

)_2 √ 1 + L^{′2} 1 (_{w4+w4H} w^4

)_2 ρ^6 +^{w4}_{w4+w4H}^{d̃2}_{eϕ} . (2.18)

In both cases, we added the counterterm ∼ −^1_{4ρ4cut−off} to renormalize the actions.^1

2.3 D5 Baryon Vertex

The D7 world volume gauge field (dual to the chemical potential) has to be sourced by strings (quarks in the gauge theory). The string endpoints on the D7 world volume are point charges and the world volume gauge field A_t couples to this point source. The other end of the strings must end on either the black hole horizon or another brane. In the previous section, we considered the first case: the D7 brane touches the black hole horizon and the source for the gauge field are behind the horizon. Now we turn to the latter case.

Baryons, bound states of N_c quarks, are described in AdS_5 × S^5 by a baryon vertex, a D5 brane wrapped on the five sphere with N_c fundamental strings attached to it. Therefore, it is natural to consider a baryon vertex as a source of strings coupling to the A_t world volume field of the D7 brane.

For a D5 brane baryon vertex configuration, it is more useful to parameterize R^6 as

dw^2 + w^2dΩ^2_5 = dξ^2 + ξ^2 ( dθ^2 + sin θ^2dΩ^2_4 ) , (2.19)

rather than (2.8), since the D5 brane will lie in the (t, Ω_4) directions with a non-trivial profile ξ(θ). See the bottom of Table 1. We renamed w to ξ, to make clear that the radial coordinate is a function of θ here, which is different from w(ρ) = √ L(ρ)^2 + ρ^2 in the D7 brane case. Furthermore, θ here is also different from θ̃ in the D7 brane case as noted below (2.9). The plots in the following section show the D7 and D5 brane embeddings simultaneously in one plot, which is not, strictly speaking, correct because of these different coordinate systems. The superposition of the two pictures, which only match where the two branes join, is though helpful to understand the solutions.

1Since we consider only the massless case, L(∞) → 0, the counter term is simple. In general, the counter term is a function of m and c.

– 7 –

The action for the D5 baryon vertex in the string frame is given by the DBI and the Wess-Zumino term:

S_{D5} = −T_{D5} ∫ d^6ξe^{−ϕ} √ −det(P [G]_{αβ} + (2πα^′)F_{αb}) + T_{D5} ∫ d^6ξA_{(1)} ∧ G_{(5)} (2.20)

where T_{D5} =^1_{g2UV (2π)5 a′3} and A_{(1)} is the world volume gauge field one-form on the D5 brane, which is different from A_t introduced on the D7 brane. In (2.19) the dilaton reads

e^ϕ = A + 1 − A tanh √ ξ^4 + w^4_H ξ^2 − λ . (2.21)

Note that the Wess-Zumino term contributes to the action as well due to the coupling of the worldvolume gauge field A_{(1)} with the background five-form G_{(5)} (2.3). A nontrivial temporal gauge field A_t(θ) couples to N_c charge on the D5 brane. With assumptions ξ = ξ(θ) and A_t = A_t(θ), the action is given by:

S_{D5} = T_{D5} ∫ dtdθL_{D5} L_{D5} = − sin θ^4 ( √ e^ϕ √ (ξ^4 − w^4_H )^2 ξ^4(ξ^4 + w^4_H )

(ξ^2 + ξ^{′2}) − 1 e^ϕ Ã′^2_t − 4Ã_t ) ,

where T_{D5} = R^4Ω_4T_{D5}. Note that we extract R^4 to make L_{D5} dimensionless.

The equation of motion for the gauge field A_t(θ) takes the form:

∂_θD̃(θ) = 4 sin θ^2 , (2.22)

where the conjugate momentum D̃ of Ã_t is defined by D̃(θ) = δL^{D5} δÃ_t^′ = Ã_t^′ sin^4 θ √ e^ϕ √ (ξ^4−w^4_H )^2 ξ^4(ξ^4+w^4_H ) (ξ

2 + ξ^{′2}) −^~A^{′t} 2 e^ϕ (2.23)

The general solution of (2.22) is:

D̃(θ) = 3 2 (νπ − θ + 3 2 sin θ cos θ + sin θ^3 cos θ) , (2.24)

where 0 ≤ ν ≤ 1 is the integration constant and it is related to the number of fundamental strings attached to each pole [32]. For our purposes we choose ν = 0 which is the case that all the fundamental strings emerge from only one pole of the baryon vertex which we choose to be θ = π. Using (2.23) we can rewrite our Euclidean baryon vertex Lagrangian as: L^E_{D5} = √ e^ϕ √ (ξ^4 − w^4_H )^2 ξ^4(ξ^4 + w^4_H )

(ξ^2 + ξ^{′2}) √ D̃(θ)2 + sin^8 θ , (2.25)

– 8 – where D̃(θ) is defined in (2.24) with ν = 0. This is for one Bayron vertex. The holographic energy density of many non-interacting free baryon vertex system at finite density n_B is n_BT_{D5} ∫ dθL^E_{D5} (2.26)

where n_B =^{nq}_{Nc} and n_q is the quark density.

2.4 Baryon phase: D7 + D5 branes

The baryon phase is constructed by connecting a D7 flavour brane and D5 baryon vertices by strings between them. It can be shown that the strings’ tension is so strong that they tend to shrink to a point [14], which makes the D7 flavor brane and D5 baryon vertices meet at a point. Therefore, ignoring strings, we start with the D7 - n_B D5 combined system. Its free energy density is

F_B = T_{D7} ∫_∞ 0 dρL^{E,LT}_{D7} + n_q N_c T_{D5} ∫_π 0 dθL^E_{D5} (2.27)

= T_{D7} (∫_∞ 0 dρL^{E,LT}_{D7} + 2 3π d̃ ∫_π 0 dθL^E_{D5} ) , (2.28)

≡ T_{D7}(F̃_{D7} + F̃_{D5}) , (2.29)

where^{nq}_{2πα′T D7} = d̃ since n_q is identified with^1_{V3}^{δSD7}_{δAt(∞)} (V_3 is the three dimensional volume). Let us consider, at a fixed finite density d̃, the configuration of the D7 brane with a fixed boundary value L(∞) = m and the D5 brane with a fixed ξ(0) = ξ_0. The two brane embeddings have to meet at ρ = 0 and θ = π, i.e. L(0) = ξ(π) ≡ w_0. There are infinitely many configurations satisfying this condition, parameterized by w_0. To find out the lowest energy configuration, we vary the total free energy. δF_B ∼ ∫_∞ 0 dρ(EOM_L)δL + ∂L^{E,LT}_{D7} ∂L^′ δL | | | ∞

0 + 2 3π d̃ ∫_π 0 (EOM_ξ)δξ + 2 3π d̃ ∂L^{ED5} ∂ξ^′ δξ | | π 0 ∼ − ∂L^{E,LT}_{D7} ∂L^′ δL | | | ρ=0 + 2 3π d̃∂L^{ED5} ∂ξ^′ δξ | | |_{θ=π} ,

(2.30)

where the EOM_L and EOM_ξ are the equations of motion of L and ξ respectively. They vanish since we consider only the solutions of the equation piecewise. δL(∞) = δξ(0) = 0 by our boundary condition. At the matching point, δL = δξ, so the condition is reduced to ∂L^{E,LT}_{D7} ∂L^′ | | |_{ρ=0} = 2 3π d̃∂L^{ED5} ∂ξ^′ | | |_{θ=π} ⇒ L^′(0) = ξ^′(π) ξ(π) , (2.31)

which is called a force balancing condition [14, 36].

– 9 –

Figure 2. Examples of the baryon vertex solutions and their behaviour as we increase density - for these parameters there are two vertices for each value of density. The energetically prefered one is always that with the largest radius. The red lines corresponds to d = 0.01, blue d = 5 and green d = 1000. Parameters w_H = 0.1, A = 10, λ = 1.715.

In the baryon phase, the chemical potential has an extra contribution from D5 branes. μ̃ ≡ 1 T_{D7} ∂F_B ∂d̃ = μ̃_{D7} + 2 3π ∫_π 0 dθL^E_{D5} . (2.32)

where μ̃_{D7} means (2.16) now integrated from the D5/D7 join to infinity. Note the extra term from the D5 originates from (2.28) where there is an extra coefficient of d̃.

However, both in the quark phase and the baryon phase, the grand potential is computed as a D7 brane Euclidean on-shell action, which is written explicitly in (2.18). The D5 brane action does not explicitly contribute in the baryon phase because

Ω̃_B ≡ Ω^B T_{D7} = F̃_B − μ̃d̃ = F̃_{D7} + F̃_{D5} − ( μ̃_{D7} + 2 3π ∫_π 0 dθL^E_{D5} ) d̃ = F̃_{D7} − μ̃_{D7}d̃ .

(2.33)

However, the D5 brane still implicitly contributes by changing the classical embedding solution. In the following section, we will drop the subscripts B and D7.

3 Phase diagram in grand canonical ensemble

We will explore the phase diagram of the model with massless quarks. The phase diagram, neglecting the baryon vertex, was explored in [13]. The scale λ is the only conformal symmetry breaking scale in the model and so its value can be scaled (for numerical work we take λ = 1.715 to match previous work). The phase structure depends on the value of the parameter A that determines how much the dilaton changes between the UV and the IR. For each point in the phase diagram one numerically seeks all possible D7 embedding solutions that asymptote to L = 0 at large ρ. There is always the flat solution L(ρ) = 0. There can also be “Minkowski” solutions that end at ρ = 0 with L^′(0) = 0. Finally there

– 10 –

(a) wH = 0.1 (b) wH = 0.345

(c) wH = 0.8 (d) wH = 1.5

Figure 3. Behavour of the baryon vertex with temperature for fixed density. There is always one baryon vertex for the temperatures considered and typically two as shown. The energetically prefered one is always the one with the largest radius. Parameters d = 5, A = 10, λ = 1.715.

can be embeddings that end on the black hole horizon. It is convenient to fix the density d and then determine μ from (2.16). The grand potentials of the solutions are then compared to determine the prefered phase.

For A < 2.1 the model is always in the chirally symmetric phase. The massless D7 embedding is L(ρ) = 0 at all temperatures and density. To induce chiral symmetry breaking the cost of entering the interior volume with the enlarged dilaton must outweigh the cost of bending off axis. For A > 2.1 such chiral symmetry breaking is preferred at low T and μ. In the parameter regime 2.1 < A < 15 the phase diagram divides into a chiral symmetric phase at high T, μ and a region with chiral symmetry breaking at low T, μ. The transition between is first order throughout the phase diagram. For A > 15 D7 embeddings that end on the black hole play a role in the phase structure at high μ and the phase diagram mutates to the form shown in Fig 1a [13]. The extra phase has non-zero quark number and chiral symmetry breaking. The transitions between the phases at high density become second order (the transition with T at μ = 0 remains first order no matter how large A).

In addition to these embeddings we can now seek linked D5-D7 configurations as well with the same massless asymptotic boundary condition on the D7. Some examples of these configurations are shown in Fig 2 and Fig 3. The D5s are all stabilized for radii of order λ.

Generally the number of baryon vertex solutions (linked D5/D7 solutions with massless boundary conditions on the D7) vary with the parameters A, d and T . For some parameter sets we don’t have any baryon vertex solutions (for small A’s and densities). In Fig 2 we show an example of a parameter set where we have two baryon vertex solutions. Regardless of the number of baryon vertex solutions, we have always found that the energetically

– 11 –

(a) wH = 0.1 (b) wH = 0.8

(c) wH = 0.1 (d) wH = 0.8

(e) wH = 0.1 (f) wH = 0.8

Figure 4. Plots showing the variation of a number of order parameters through the transition regions. The colour coding is - Green:flat embedding, Black: Minkowski embedding, Blue: large radius baryon vertex, Orange: small radius baryon vertex, Red: black hole embedding. Parameters: A = 10, λ = 1.715, Γ = 1. Top: the grand canonical potential vs chemical potential, Middle: d-μ plot, Bottom: condensate c vs μ.

favoured solution is the one with the largest radius at the south pole. As we increase A the number of solutions increases and the D5 embeddings grow in radius. The baryon vertex solutions also change with density. Starting from very small density and increasing density the baryon vertex increases its radius rapidly in the beginning before asymptoting to a slower growth for larger densities. At fixed density, increasing temperature typically generates a smaller baryon vertex due to the black hole attraction (Fig 3).

Our job now is to again compare the Grand Potential energies of all these configurations. Some examples of that process are shown in Fig 4(a,b). The points where transitions occur can be read from the energies and then checked against transitions in order parame-

– 12 –

(a) A = 3 (b) A = 10

(c) A = 20

Figure 5. Phase diagrams as a function of the parameter A in the dilaton profile. The temperature T is in units of w_H . Transitions marked in blue are first order, those in red second order. The phases are labelled by whether chiral symmetry is broken and whether there is a baryon or quark density.

ters of the model. For example in Fig 4(c,d) we plot the quark density against the chemical potential where the transitions and their orders can also be seen. The parameter c determining the quark condensate is also shown in Fig 4(e,f).

After this work one can construct the full phase diagram which is shown in Fig 5 for three choices of the parameter A. For small A (but still above the threshold for there to be chiral symmetry breaking) the baryonic phase plays no role. The cost of entering the high A area is not large enough to discourage the flat embedding.

At intermediate A we see the baryonic phase enters at intermediate chemical potential and low T . Fig 5b looks similar to expectations in QCD for the position of the baryonic phase and this is the most significant result we present. Note that the transition to the baryonic phase from the vacuum phase is second order. In QCD it is expected to be first order at low temperature due to the interactions between the nucleons. At low μ the phase in QCD can be thought of as sparse liquid droplets of nucleons (ie nuclei) in the vacuum. When μ is sufficient to fill space with nucleons the droplets rearrange themselves into the hadron gas. The entropy change associated with the internuclear interactions in this rearrangement generates the first order behaviour. In our analysis such interactions are neglected so not surprisingly a simple second order transition results. Recent work on computing inter-baryon forces using holography are summarized in [38].

Finally for large A the baryonic phase is stable out to infinite chemical potential - the cost of entering the large A region is so great that the flat embedding is always less

– 13 –

Figure 6. The canonical ensemble phase diagram for the case A = 10. The temperature T is in units of w_H . Transitions marked in blue are first order, those in red second order. The phases are labelled by whether chiral symmetry is broken and whether there is a baryon or quark density.

prefered than a D5 ending embedding. This matches the model of [14] in which the dilaton diverges at small radius (and also the Sakai Sugimoto phase diagram in [37]). The A = 20 diagram also displays a small phase region in which black hole embeddings are dominant corresponding to a chiral symmetry broken phase but with quark density.

4 The canonical ensemble

The phase diagram of our theory shows some additional structure in the canonical ensemble that is worth mentioning. We will work just in the case A = 10. Here we fix the density d rather than the chemical potential μ and we minimize the free energy rather than the grand potential. We display the phase diagram in Fig 6. The chiral symmetry breaking phase with d = 0 in the grand canonical ensemble lies entirely on the T axis in this plot. Interestingly though the canonical ensemble phase diagram includes a region with black hole embeddings (the chiral symmetry breaking, d ≠ 0 phase) which is absent in the grand canonical ensemble. This is not a discrepancy. At the first order transitions in the grand canonical ensemble there is a jump in all order parameters including the quark density d - there must therefore be regions of the canonical ensemble phase diagram that are not present in the grand canonical ensemble and indeed are energetically unstable. On any given fixed T line the first order transition from either the Minkowski embedding or the baryon phase to the symmetric phase “leaps” over the black hole embedding phase of the canonical ensemble. As we saw in Fig 4(c) for A = 20 this third phase does play a small role in the phase diagram in the grand canoncial ensemble.

5 Quark-antiquark potential

We found above that a larger dilaton step-size,A, makes a baryonic phase more stable, which implies that a large A triggers a confinement transition as well as chiral symmetry breaking. Therefore, it is interesting to study the confinement/deconfinement transition

– 14 – property by other methods. One of the standard tools is the Wilson-Polyakov loop, which can be obtained holographically by computing the on-shell Nambu-Goto action[3, 4, 39–41]. S_{NG} = 1 2πα^′ ∫ dre^{ϕ/2} √ 1 + ( r R )_4 f(r)x^{′2}, (5.1)

where the static string worldsheet is parametrized as x(r) and x is one of the field theory spacial direction. There are two types of solutions: a pair of parallel strings and a U-shaped string. In principle, the string end points can end on the deep IR bottom of the D7 probe brane. Such a non-trivial embedding is determined by the DBI action. However, in this paper, we will simply consider the D7 brane infinitely far away from the horizon, which corresponds to an infinitely heavy quark.

For a pair of parallel strings, the embedding is simply

x(r) = constant , (5.2)

and for a U-shaped strings, we have the conserved quantity (x is a cyclic coordinate)

c_0 ≡ e^{ϕ(r)/2} √_{r4} R^4 f(r) + 1/x ′2 r^4 R^4 f(r) = e^{ϕ(r0)/2}r^2_0 √ f(r_0) R^2

, (5.3)

where r_0 is the minimum value of r giving x^′(r_0) = ∞. From (5.3) we have

x(r) = 2R^2 ∫_r r_0 dr 1 r^2 √ f(r) √ e^{ϕ(r)}r^4f/(e^{ϕ(r0)}r^4_0f(r_0)) − 1

(5.4)

We can compute the on-shell action of the U-shaped string embedding (S^U_{NG}) by plugging (5.4) into (5.1). However, it is divergent because of the infinitely heavy quark mass contribution. We regularize the on-shell action by subtracting this infinite mass, which is nothing but the on-shell action of a pair of parallel strings (S^‖_{NG}).

In summary, we define the quark-antiquark potential (V_{qq̄}(l)) as

V_{qq̄}(l) ≡ S^U_{NG} − S^‖_{NG} 2πα^′ = 2 ∫_∞ r_0 dr e^{ϕ(r)/2} √ 1 − e^{ϕ(r0)}r^4_0f(r_0)/(e^ϕ(r)r^4f(r)) − 2 ∫_∞ r_H dre^{ϕ(r)/2} . (5.5)

which is the function of l ≡ x(∞), the distance between the quark and antiquark. r_0 on the right hand side can be related to l = x(∞) by (5.4). Our numerical plots of V_{qq̄} for given parameter sets are shown in Fig 7.

Let us start with the case A = 0 which is just the well known N = 4 theory, Fig 7(a). This is the case with a trivial dilaton, e^ϕ = 1, and studied first in [3, 4, 39, 40]. At zero T , the potential scales as 1/l (dotted line), which is a consequence of the conformality. At finite low T , the potential scales as 1/l(1 + O((T l)^4)). Again the dependence on the T l

– 15 –

(a) A = 0, wH = 0 (dotted line) and wH = 0.5 (solid line)

(b) wH = 0.5, A = 0, 1, 3, 5, 10 from top

(c) A = 3, wH = 2, 1, 0.5, 0.2 from top (d) A = 10, wH = 2, 1, 0.5, 0.2 from top

Figure 7. Quark-antiquark potential (Γ = 1, λ = 1.715)

combination is due to the underlying conformal symmetry. The new feature at finite T is the existence of the phase transition from the bound quark antiquark pair to the free quark state, as the distance between quarks increases. In Fig 7(a) it corresponds roughly to the transition from the blue solid curve (a U-shape string) to the red horizontal line (a pair of parallel strings) near l = 1.5^2.

Now let us turn on A at a fixed T, Fig 7(b) (w_H = 0.5 and here again we set the scale in (2.4) λ = 1.715). As A increases a linear potential starts forming, which is the characteristic feature of confinement. It is interesting that the linearity is very clear at A = 10, where there exists a stable baryon phase Fig 5(b)^3. So, we see a rough correlation between our phase diagrams Fig 5 and V_{qq̄} (Fig 7). Fig 7(c) corresponds to Fig 5(a). The linearity is not clear in Fig 7(c) and it is natural that we expect a deconfined phase and no stable baryons as shown in Fig 5(a). Fig 7(d) corresponds to Fig 5(b). At high temperature we tend to loose the linearity and there is no big difference from Fig 7(c) (deconfinment, no baryon). However at lower temperature, the linearity becomes stronger (confinement, baryon phase). So it is consistent with the phase diagram Fig 5(b).

2In principle one should also take into account “graviton exchange” between the separated string worldsheets as was done carefully in [42] for large quark separation. This will modify the potential at large separation and will replace the phase transition shown at l ∼ 1.5 with a cross-over. Since we focus on the dilaton effect at intermediate distance we don’t consider that modification. If we considered it we could have a smoother cross over at larger distance, and also possibly, lose the additional first order transition in the inset of Fig 7(d).

3This linear potential was observed also in a similar setup with e^ϕ = 1 − q/r^4_H log ( 1 − r^4_H /r^4 ) , where q plays a role of our A [41].

– 16 –

There is one additional interesting feature at low temperature and large A. As shown in the insert of Fig 7(d), there is a first order phase transition between the linear potential and Coulomb-like potential. This is at odds with QCD, but makes good sense in our model. Our dilaton profile is a step function so there is a potential barrier localized at r = λ. As l increases, the string will extend inside, reduce r_0 and finally meet r_0 = λ, where a linear potential is built. If we further increase l, then the string finally will manage to get through the barrier at r = λ and beyond that point, there is no friction against the string moving to lower r since the dilaton is constant. Therefore the potential becomes Coulomb-like again. We don’t see this first order transition at high T , because at high T , the interval between r_H and λ is too short and there is no room for a “Coulomb” phase. i.e. After getting inside r = λ, the string should meet the black hole horizon very quickly.

The Coulomb-phase should not be present in QCD. We could easily cure this artifact by considering a continuously growing dilaton profile in the IR rather than the flat form. However, to keep the phase diagram seen in Fig 5(b), the dilaton should only increase mildly (For example, as 1/r^q as studied in [43]). If it is too strong, the phase diagram will be always the type of Fig 5(c), destroying our motivation for this paper. However, a simpler explanation of the Coulomb phase is that it is a result of the quenched approximation. In reality we would expect q̄q pair production to break the string at separations before the Coulomb phase sets in for large A. For this reason these models still seem reasonable for QCD. In this section, our discussion has only been qualitative. More quantitative studies of the Wilson-Polyakov loop, together with other modifications of dilaton, would be interesting.

6 Summary

In this paper we have used the D3/D7 system to holographically study the phase diagram of a chiral symmetry breaking gauge theory as a function of the running coupling profile. We have included a running coupling through a phenomenological non-backreacted dilaton profile which steps between conformal UV and IR regimes. Here we have considered dependence on the height of the step. The model has previously been shown to have three phases [13]: a chirally symmetric quark plasma at high T and μ; a chiral symmetry broken phase at small T and μ; and a more exotic chiral symmetry broken phase with quark density at intermediate T, μ for some parameter values. The order of these phase transitions depend on the height of the step. A first order transition to the chirally symmetric phase can be achieved for low step values. Previous work has also shown that the low μ transition with T can be made second order by phenomenologically tinkering with the shape of the AdS black hole horizon (in a way compatible with the spatial symmetry breaking of the D3/D7 system).

The crucial extra ingredient we have concentrated in this analysis is the low T and intermediate μ baryonic phase. Baryons can be introduced as D5 branes wrapped on the S^5 of the dual geometry and linked D7-D5 systems describe the hadronic phase. In [14] such configurations were introduced in a geometry with a diverging dilaton in the IR. The resulting baryonic phase persisted though to arbitrarily high density unlike in QCD (but

– 17 – in a similar fashion to the equivalent phase diagram in the Sakai Sugimoto model [37]). Our intuition for our analysis was that in a model with a step function dilaton profile there would be no very large or small baryon vertices because in the two conformal regimes they would shrink away. The only D5 brane configurations would lie around the step and we could hope they would only play a role at intermediate μ. We indeed find, after careful numerical analysis, that this is the case for some range of the step size. Our model which best matches expectations for QCD in the low T regime is shown in Fig 5(b). The second order transition to this regime matches expectations in the absence of internuclear interactions which we neglected.

We have also made a qualitative link between the presence of the baryonic phase and the observation of linear confinement in Wilson loop computations in the background. The step function dilaton form generates both confinement and chiral symmetry breaking when the step size is large enough.

The phase diagrams we produce are not intended as predictions for QCD since the underlying physics model is somewhat different (eg the presence of super-partners) but they do demonstrate the wealth of behaviours possible in strongly coupled gauge theory. We can also hope for some universality and by finding models that match QCD’s expectations for the phase structure it may be possible in the future to study phenomena beyond that stucture using the models. For example in [27] the temporal behaviour of these systems, such as bubble formation, could be followed through a first order phase transition in a model of this type.

Acknowledgments

NE is grateful for the support of an STFC rolling grant. MM is grateful for University of Southampton Scholarships. KK acknowledge support via an NWO Vici grant of K. Skenderis and University of Southampton Scholarships. This work is part of the research program of the Stichting voor Fundamenteel Onderzoek der Materie (FOM), which is financially supported by the Nederlandse Organisatie voor Wetenschappelijk Onderzoek (NWO). The work of YS and SJS was supported by Mid-career Researcher Program through NRF grant(No. 2010-0008456).

References

[1] J. M. Maldacena, The Large N limit of superconformal field theories and supergravity, Adv.Theor.Math.Phys. 2 (1998) 231–252, [hep-th/9711200].

[2] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253–291, [hep-th/9802150].

[3] S.-J. Rey and J.-T. Yee, Macroscopic strings as heavy quarks in large N gauge theory and anti-de Sitter supergravity, Eur.Phys.J. C22 (2001) 379–394, [hep-th/9803001].

[4] J. M. Maldacena, Wilson loops in large N field theories, Phys.Rev.Lett. 80 (1998) 4859–4862, [hep-th/9803002].

– 18 –

[5] J. Babington, J. Erdmenger, N. J. Evans, Z. Guralnik, and I. Kirsch, Chiral symmetry breaking and pions in non-supersymmetric gauge / gravity duals, Phys. Rev. D69 (2004) 066007, [hep-th/0306018].

[6] M. Kruczenski, D. Mateos, R. C. Myers, and D. J. Winters, Towards a holographic dual of large N(c) QCD, JHEP 0405 (2004) 041, [hep-th/0311270].

[7] T. Sakai and S. Sugimoto, Low energy hadron physics in holographic QCD, Prog.Theor.Phys.

113 (2005) 843–882, [hep-th/0412141].

[8] J. Erlich, E. Katz, D. T. Son, and M. A. Stephanov, QCD and a holographic model of hadrons, Phys.Rev.Lett. 95 (2005) 261602, [hep-ph/0501128].

[9] L. Da Rold and A. Pomarol, Chiral symmetry breaking from five dimensional spaces, Nucl.Phys. B721 (2005) 79–97, [hep-ph/0501218].

[10] G. Policastro, D. Son, and A. Starinets, The Shear viscosity of strongly coupled N=4 supersymmetric Yang-Mills plasma, Phys.Rev.Lett. 87 (2001) 081601, [hep-th/0104066].

[11] J. Erdmenger, N. Evans, I. Kirsch, and E. Threlfall, Mesons in Gauge/Gravity Duals - A Review, Eur. Phys. J. A35 (2008) 81–133, [arXiv:0711.4467].

[12] J. Casalderrey-Solana, H. Liu, D. Mateos, K. Rajagopal, and U. A. Wiedemann, Gauge/String Duality, Hot QCD and Heavy Ion Collisions, arXiv:1101.0618. * Temporary entry *.

[13] N. Evans, A. Gebauer, and K.-Y. Kim, Towards a Holographic Model of the QCD Phase Diagram, arXiv:1109.2633.

[14] B. Gwak, M. Kim, B.-H. Lee, Y. Seo, and S.-J. Sin, Holographic Instanton Liquid and chiral transition, arXiv:1203.4883.

[15] A. Karch and E. Katz, Adding flavor to AdS/CFT, JHEP 06 (2002) 043, [hep-th/0205236].

[16] M. Grana and J. Polchinski, Gauge / gravity duals with holomorphic dilaton, Phys. Rev.

D65 (2002) 126005, [hep-th/0106014].

[17] M. Bertolini, P. Di Vecchia, M. Frau, A. Lerda, and R. Marotta, N = 2 gauge theories on systems of fractional D3/D7 branes, Nucl. Phys. B621 (2002) 157–178, [hep-th/0107057].

[18] M. Kruczenski, D. Mateos, R. C. Myers, and D. J. Winters, Meson spectroscopy in AdS/CFT with flavour, JHEP 07 (2003) 049, [hep-th/0304032].

[19] V. G. Filev, C. V. Johnson, R. C. Rashkov, and K. S. Viswanathan, Flavoured large N gauge theory in an external magnetic field, JHEP 10 (2007) 019, [hep-th/0701001].

[20] N. Evans, A. Gebauer, K.-Y. Kim, and M. Magou, Holographic Description of the Phase Diagram of a Chiral Symmetry Breaking Gauge Theory, JHEP 03 (2010) 132, [arXiv:1002.1885].

[21] K. Peeters, J. Sonnenschein, and M. Zamaklar, Holographic melting and related properties of mesons in a quark gluon plasma, Phys. Rev. D74 (2006) 106008, [hep-th/0606195].

[22] C. Hoyos-Badajoz, K. Landsteiner, and S. Montero, Holographic Meson Melting, JHEP 04 (2007) 031, [hep-th/0612169].

[23] K. Jensen, A. Karch, and E. G. Thompson, A Holographic Quantum Critical Point at Finite Magnetic Field and Finite Density, JHEP 05 (2010) 015, [arXiv:1002.2447].

[24] K. Jensen, A. Karch, D. T. Son, and E. G. Thompson, Holographic

– 19 –

Berezinskii-Kosterlitz-Thouless Transitions, Phys. Rev. Lett. 105 (2010) 041601, [arXiv:1002.3159].

[25] V. G. Filev and R. C. Raskov, Magnetic Catalysis of Chiral Symmetry Breaking. A Holographic Prospective, Adv.High Energy Phys. 2010 (2010) 473206, [arXiv:1010.0444].

[26] N. Evans, A. Gebauer, K.-Y. Kim, and M. Magou, Phase diagram of the D3/D5 system in a magnetic field and a BKT transition, Phys. Lett. B698 (2011) 91–95, [arXiv:1003.2694].

[27] N. Evans, T. Kalaydzhyan, K.-y. Kim, and I. Kirsch, Non-equilibrium physics at a holographic chiral phase transition, JHEP 01 (2011) 050, [arXiv:1011.2519].

[28] N. Evans, A. Gebauer, and K.-Y. Kim, E, B, μ, T Phase Structure of the D3/D7 Holographic Dual, JHEP 05 (2011) 067, [arXiv:1103.5627].

[29] N. Evans, K.-Y. Kim, and J. P. Shock, Chiral phase transitions and quantum critical points of the D3/D7(D5) system with mutually perpendicular E and B fields at finite temperature and density, arXiv:1107.5053. * Temporary entry *.

[30] N. Evans, K.-Y. Kim, and M. Magou, Holographic Wilsonian Renormalization and Chiral Phase Transitions, Phys.Rev. D84 (2011) 126016, [arXiv:1107.5318].

[31] E. Witten, Baryons and branes in anti-de Sitter space, JHEP 9807 (1998) 006, [hep-th/9805112].

[32] J. Callan, Curtis G., A. Guijosa, K. G. Savvidy, and O. Tafjord, Baryons and flux tubes in confining gauge theories from brane actions, Nucl.Phys. B555 (1999) 183–200, [hep-th/9902197].

[33] Y. Seo and S.-J. Sin, Baryon Mass in medium with Holographic QCD, JHEP 0804 (2008) 010, [arXiv:0802.0568].

[34] Y. Kim, Y. Seo, I. J. Shin, and S.-J. Sin, Holographic meson mass in asymmetric dense matter, arXiv:1108.2751.

[35] K. Jo, M. Rho, Y. Seo, and S.-J. Sin, The Dropping of In-Medium Hadron Mass in Holographic QCD, JHEP 1107 (2011) 008, [arXiv:1104.2362].

[36] Y. Seo, J. P. Shock, S.-J. Sin, and D. Zoakos, Holographic Hadrons in a Confining Finite Density Medium, JHEP 1003 (2010) 115, [arXiv:0912.4013].

[37] O. Bergman, G. Lifschytz, and M. Lippert, Holographic Nuclear Physics, JHEP 0711 (2007) 056, [arXiv:0708.0326].

[38] S. Aoki, K. Hashimoto, and N. Iizuka, Matrix Theory for Baryons: An Overview of Holographic QCD for Nuclear Physics, arXiv:1203.5386.

[39] S.-J. Rey, S. Theisen, and J.-T. Yee, Wilson-Polyakov loop at finite temperature in large N gauge theory and anti-de Sitter supergravity, Nucl.Phys. B527 (1998) 171–186, [hep-th/9803135]. Latex, 17 pages, four figures, substantial revision Report-no: SNUTP 98-018.

[40] A. Brandhuber, N. Itzhaki, J. Sonnenschein, and S. Yankielowicz, Wilson loops in the large N limit at finite temperature, Phys.Lett. B434 (1998) 36–40, [hep-th/9803137].

[41] K. Ghoroku, T. Sakaguchi, N. Uekusa, and M. Yahiro, Flavor quark at high temperature from a holographic model, Phys.Rev. D71 (2005) 106002, [hep-th/0502088].

[42] D. Bak, A. Karch, and L. G. Yaffe, Debye screening in strongly coupled N=4 supersymmetric

– 20 –

Yang-Mills plasma, JHEP 0708 (2007) 049, [arXiv:0705.0994]. [43] R. Alvares, N. Evans, and K.-Y. Kim, Holography of the Conformal Window,

arXiv:1204.2474.

– 21 –