arXiv:1205.0152v3 [hep-th] 14 Apr 2013

Lorentz-invariant CPT violation

Masud Chaichian^∗, Kazuo Fujikawa^† and Anca Tureanu^∗

∗Department of Physics, University of Helsinki, P.O.Box 64, FIN-00014 Helsinki, Finland † Mathematical Physics Laboratory, RIKEN Nishina Center, Wako 351-0198, Japan

Abstract

A Lorentz-invariant CPT violation, which may be termed as long-distance CPT violation in contrast to the familiar short-distance CPT violation, has been recently proposed. This scheme is based on a non-local interaction vertex and characterized by an infrared divergent form factor. We show that the Lorentz covariant T^⋆- product is consistently defined and the energy-momentum conservation is preserved in perturbation theory if the path integral is suitably defined for this non-local theory, although unitarity is generally lost. It is illustrated that T violation is realized in the decay and formation processes. It is also argued that the equality of masses and decay widths of the particle and anti-particle is preserved if the non-local CPT violation is incorporated either directly or as perturbation by starting with the conventional CPT-even local Lagrangian. However, we also explicitly show that the present non-local scheme can induce the splitting of particle and anti-particle mass eigenvalues if one considers a more general class of Lagrangians.

1 Introduction

The local field theory defined in Minkowski space-time is very successful, and CPT symmetry is a fundamental symmetry of any such theory [1]. Nevertheless, the possible breaking of CPT symmetry has also been discussed. One of the logical ways to break CPT symmetry is to make the theory non-local by preserving Lorentz symmetry, while the other is to break Lorentz symmetry itself. The Lorentz symmetry breaking scheme has been mainly studied in the past including its physical implications [2, 3, 4]. It is important to study the possible violation of CPT symmetry in the framework of Lorentz-invariant theory. A Lorentz-invariant CPT violation, which may be termed as long-distance CPT violation in contrast to the familiar short-distance CPT violation [2], has been recently proposed in Ref. [5]. Its logical consisitency has also been emphasized in [6]. This scheme is based on a non-local interaction vertex and characterized by an infrared-divergent form factor.

To be definite, we study a specific realization of the idea with the Yukawa-type interaction L = ψ̄(x)[iγ^μ∂_μ − M]ψ(x) + 1 2 ∂_μϕ(x)∂^μϕ(x) − 1 2 m^2ϕ(x)^2 +gψ̄(x)ψ(x)ϕ(x) − V (ϕ) +g_1ψ̄(x)ψ(x) ∫ d^4yθ(x^0 − y^0)δ((x − y)^2 − l^2)ϕ(y) (1.1)

as a main theoretical model. This Lagrangian is hermitian and the term with a small real g_1 and the step function θ(x^0 − y^0) stands for the CTP- and T-violating interaction; l is a real constant parameter. It is interesting that the CPT- and T-violating term is real in the present case. T-violating terms usually carry imaginary coupling constants in the ordinary local field theory. As for the potential for the scalar field in (1.1), we have

V (ϕ) = λ 4! ϕ^4 (1.2)

in mind. The Yukawa-type interaction in (1.1) can in fact induce terms odd in ϕ as higher-order corrections. We simply eliminate these corrections by a fine tuning, since the essence of the present analysis in lower order perturbation theory is not influenced by this procedure. We shall discuss this and related issues in Section 6. We define the interaction part L_I = gψ̄(x)ψ(x)ϕ(x) +g_1ψ̄(x)ψ(x) ∫ d^4yθ(x^0 − y^0)δ((x − y)^2 − l^2)ϕ(y). (1.3)

We treat this non-local Lagrangian in a formal way in path integral as described in [7].

We first note that the present way to introduce CPT violation is based on the extra form factor in momentum space as

g_1 ∫ d^4xψ̄(x)ψ(x) ∫ d^4yθ(x^0 − y^0)δ((x − y)^2 − l^2)ϕ(y)

= g_1 ∫ dp_1dp_2dq ∫ d^4xψ̄(p_1)e^{−ip1x}ψ(p_2)e^{−ip2x} ∫ d^4yθ(x^0 − y^0)δ((x − y)^2 − l^2)ϕ(q)e^{−iqy}

= g_1 ∫ dp_1dp_2dq(2π)^4δ^4(p_1 + p_2 + q) ∫ d^4zθ(z^0)δ(z^2 − l^2)e^{iqz}ψ̄(p_1)ψ(p_2)ϕ(q)

= g_1 ∫ dp_1dp_2dq(2π)^4δ^4(p_1 + p_2 + q)ψ̄(p_1)ψ(p_2)f(q)ϕ(q), (1.4)

where we defined f(q) ≡ ∫ d^4zθ(z^0)δ(z^2 − l^2)e^{iqz}. (1.5)

Namely, CPT violation is realized by the insertion of the form factor f(q) to the ϕ − ψ̄ψ coupling in momentum space. The ordinary local field theory is characterized by δ^4(z) and f(q) = 1. The above form factor is infrared divergent, and it diverges quadratically in the present example. This infrared divergence arises from the fact that we cannot divide Minkowski space into (time-like) domains with finite 4-dimensional volumes in a Lorentz-invariant manner. The Minkowski space is hyperbolic rather than elliptic. CPT symmetry is related to the fundamental structure of Minkowski space, and thus it is gratifying that its possible breaking is also related to the basic properties of Minkowski space. The details of the infrared divergence of the form factor are discussed in Appendix A. The above model of CPT violation in [5] was introduced as a counter example to Greenberg’s claim [3] that CPT violation implies Lorentz symmetry violation. This paper is based on different sets of assumptions (see [6] for a detailed discussion of those assumptions). To be more specific, Greenberg assumes a consistent axiomatic (Wightman) formulation of realistic particle theory, although to our knowledge nobody has given a convincing axiomatic formulation of the Standard Model, for example. He then assumes that a consistent axiomatic formulation is maintained when one breaks the CPT symmetry simultaneously with Lorentz symmetry, to argue that CPT breaking inevitably breaks Lorentz symmetry. This latter assumption has no solid support, since a concrete demonstration is missing how the Lorentz invariant theory is inevitably deformed to a Lorentz non-invariant theory, which is also defined in an axiomatic formulation. In this respect, a very de! tailed analysis of modified QED, which breaks both Lorentz and CPT symmetries, has been recently given in Ref. [4]. They show that unitarity is generally spoiled unless the charge conjugation symmetry C is preserved. This shows that unitarity is not maintained in full generality with the Lorentz symmetry breaking scheme, since we know that C invariance is broken in the most realistic models for particles interactions, i.e. in the Standard Model and its modifications. Also, the remnant C symmetry would imply that the most interesting aspect of CPT breaking, namely, the particle and antiparticle mass splitting is not realized at least in their model. We find their analysis very interesting and illuminating. Futher analyses in the direction of [4] will greatly enrich our understanding of the CPT violation with Lorentz symmetry breaking.

On the other hand, our concrete models break CPT symmetry in a Lorentz-invariant manner, although they inevitably become non-local in space-time. It is thus generally expected that our models as they stand break unitarity. However, it is our opinion that the explicit analyses of the implications of possible CPT breaking, in particular in a Lorentz-invariant scheme, are important. We believe that it is sensible to understand first what the CPT breaking with Lorentz symmetry is by postponing the basic issue of unitarity to future study^1. Our paper is conceived in this spirit.

1To our knowledge, there exists no example of a viable field theoretical model of elementary particles which breaks CPT invariance (in addition to C and CP breaking) while preserving unitarity, regardless of whether Lorentz invariance is violated or not. Therefore, it is natural to consider the Lorentz invariant CPT violating theories, in particular the ones studied in the present work, as effective theories. The latter could emerge from a more fundamental theory in higher dimensions or as the low energy limit of some basic theory.

2 Covariant T^⋆-product and energy-momentum conservation

The non-local field theory has a long history and its general features are well summarized by Marnelius [8]. It is well known that theory non-local in time lacks the reliable definition of canonical momenta and thus canonical quantization. To analyze the aspects of quantized field theory, however, one needs to employ some ways to quantize non-local theories. By employing a procedure close to the canonical quantization, Marnelius shows the breakdown of energy-momentum conservation in this class of theories in addition to the failure in defining a unitary S-matrix in general. This shows that one cannot define a consistent canonically quantized energy-momentum operator.

In the present paper, we suggest to employ the path integral which is based on Schwinger’s action principle, as explained in detail below. This path integral is based on the equations of motion and an assembly of all sets of Green’s functions, which are evaluated in the path integral by one way or another, are identified with quantum field theory. For local field theory, those Green’s functions agree with quantum mechanical Green’s functions and the canonical structure is extracted from those Green’s functions by means of Bjorken–Johnson–Low prescription, which is related to the Riemann–Lebesgue lemma [7]. For non-local theory one can still define Green’s functions but their direct connection with quantum mechanical Green’s functions is not established, although one can show the agreement of those Green’s functions with quantum mechanical ones if one considers the local limit of the Lagrangian in the path integral. The path integral thus defined is manifestly Poincaré invariant for Lorentz invariant non-local theoies we study, and thus the energy-momentum conservation is ensured although the canonically quantized energy-momentum operator does not exist. This scheme also provides a covenient scheme to define perturbation theory in terms of the small CPT breaking terms. Ultimately, the test of this scheme depends on the final outcomes of the formulation, namely, whether the final results are physically sensible.

We thus start with the path integral by integrating the formal equations of motion by means of Schwinger’s action principle [7], whose basis is analogous to that of the Yang–Feldman formulation [9]. Namely, ⟨0, +∞|0, −∞⟩_J = ∫ Dψ̄DψDϕ exp { i ∫ d^4x[L_0 + L_I + L_J ] } (2.1)

with the source term L_J = ψ̄(x)η(x)+η̄(x)ψ(x)+ϕ(x)J(x), and one may generate Green’s functions in a power-series expansion of perturbation as (i)^n⟨T^⋆ϕ(x_1)...ϕ(x_N ) ∫ d^4y_1L_I (y_1).... ∫ d^4y_nL_I (y_n)⟩, (2.2)

where we consider only N scalar particles corresponding to external fields, for simplicity. We use the T^⋆-product which is essential to make the path integral on the basis of Schwinger’s action principle consistent [7].

This scheme of path integral may be regarded as a definition of quantization in the present paper and it was successfully applied to the analysis of theories in noncommutative space-time [7]. It was shown there that one can reproduce all the results of canonical quantization rules for higher-derivative theory by using the Bjorken–Johnson– Low prescription in conventional flat space-time, and that one can reproduce all the results of Yang–Feldman formulation at least in a perturbative sense in non-commutative space-time. Pauli’s spin-statistics theorem is also tightly related to the CPT symmetry, although for the former theorem, one needs stronger assumptions (see the first paper in [10]). In this respect, we mention that the spin-statistics theorem can be defined in the path integral framework [11]. In particular, the statistics of fields appearing in the free part of the Yukawa theory, which defines perturbation theory, can be readily handled by the path integral. The path integral on the basis of Schwinger’s action principle is thus expected to provide a reasonable framework to deal with the present non-local theory, although a scheme satisfactory in all respects is absent. Our analysis in this paper is based on this path integral quantization and formal perturbative expansion.

The part of the above Green’s function which depends on the CPT-violating interaction is written as

(ig_1)^n ∫ d^4y_1 ∫ d^4z_1.... ∫ d^4y_n ∫ d^4z_n

×θ(y^0_1 − z^0_1 )δ((y_1 − z_1)^2 − l^2)...θ(y^0_n − z^0_n)δ((y_n − z_n)^2 − l^2) ×⟨T^⋆ϕ(x_1)...ϕ(x_N )ψ̄(y_1)ψ(y_1)ϕ(z_1)....ψ̄(y_n)ψ(y_n)ϕ(z_n)⟩. (2.3) This expression is manifestly Lorentz invariant in perturbation theory, since the correlation function of fields is defined in terms of free fields of Yukawa theory and the extra constraints imposed on the correlation function are Lorentz invariant.

If one defines the correlation function by G(x_1, ..., x_N ; y_1, z_1, ......, y_n, z_n) = ⟨T^⋆ϕ(x_1)...ϕ(x_N )ψ̄(y_1)ψ(y_1)ϕ(z_1)....ψ̄(y_n)ψ(y_n)ϕ(z_n)⟩, (2.4)

which is expressible in terms of ordinary free propagators of Yukawa theory, the expression is invariant under the uniform constant shift of coordinates G(x_1 + ϵ, ..., x_N + ϵ; y_1 + ϵ, z_1 + ϵ, ......, y_n + ϵ, z_n + ϵ) = G(x_1, ..., x_N ; y_1, z_1, ......, y_n, z_n), (2.5) where ϵ is a constant 4-vector. This translational symmetry, which also keeps the factor ∫ d^4y_1 ∫ d^4z_1.... ∫ d^4y_n ∫ d^4z_n

×θ(y^0_1 − z^0_1 )δ((y_1 − z_1)^2 − l^2)...θ(y^0_n − z^0_n)δ((y_n − z_n)^2 − l^2) (2.6)

invariant, ensures the energy-momentum conservation in the sense of the aboved perturbation theory (2.3), although we do not have the quantized energy-momentum operator in the conventional sense. Namely, the in-coming and out-going 4-momenta carried by the external fields ϕ(x_1), ..., ϕ(x_N ) are equal.

The operator statement of energy-momentum conservation is ill-defined in non-local Lagrangians in general, as was already explained. However, the action defined by our

Lagrangian (1.1), as it stands, is local if one looks at the fermion and the boson separately, and thus it is much better defined than general non-local theories. In fact, the form factor (1.5) is close to the Coulomb potential for the space-like momentum q, as is shown in Appendix A, and in this sense our Lagrangian is similar to a system interacting through the non-local Coulomb potential. Thus the formal canonical energy-momentum operator, if one defines it for the present model, may have a better property.

As for the absence of a covariant time-ordered product, the Lorentz-invariant T^⋆- product can be defined as above in a perturbative sense. But the absence of the unitary S-matrix is still there in our formulation since the cutting rule to analyze perturbative unitarity is not precisely defined for the amplitude in (2.3) involving interaction terms non-local in time. This difficulty in fact persists in any known scheme.

3 T violation in decay and production processes

We start with a comment on a novel feature of the present scheme of CPT and T violation. The part of the interaction

L^′_I = g_1ψ̄(x)ψ(x) ∫ d^4yθ(x^0 − y^0)δ((x − y)^2 − l^2)ϕ(y) (3.1)

clearly violates T symmetry in a quantum mechanical sense. But in a field theoretical sense, it has the following special properties. When one considers the limit x^0 → −∞, the above interaction goes to zero:

L^′_I = g_1ψ̄(x)ψ(x) ∫ d^4yθ(x^0 − y^0)δ((x − y)^2 − l^2)ϕ(y) → 0, (3.2)

regardless of the behavior of the coupling constant g_1. Also, for x^0 → ∞, we have

L^′_I = g_1ψ̄(x)ψ(x) ∫ d^4yθ(x^0 − y^0)δ((x − y)^2 − l^2)ϕ(y) → g_1ψ̄(x)ψ(x) ∫ d^4yδ((x − y)^2 − l^2)ϕ(y), (3.3)

regardless of the behavior of the coupling constant g_1. Namely, the effect of the T violation disappears independently of the behavior of the coupling constant g_1 in asymptotic regions.

It is thus desirable to confirm that the present way to introduce CPT and T violation really leads to T violation in the conventional sense. For this purpose, we analyze the decay ϕ → ψ̄ψ and its inverse, the production process ψ̄ψ → ϕ.

3.1 Tree processes

We start with the analysis of tree diagrams. We first evaluate the decay process ϕ → ψ̄ψ by assuming m > 2M: ⟨0|a(⃗p_1)b(⃗p_2)i ∫ d^4xL_I (x)c^†(⃗k)|0⟩ = ig ∫ d^4xe^{ip1x}e^{ip2x}e^{−ikx} + ig_1 ∫ d^4x ∫ d^4yθ(x^0 − y^0)δ((x − y)^2 − l^2)e^{ip1x}e^{ip2x}e^{−iky} = (2π)^4δ^4(p_1 + p_2 − k)ig + (2π)^4δ^4(p_1 + p_2 − k)ig_1 ∫ d^4zθ(z^0)δ(z^2 − l^2)e^{ikz}

= (2π)^4δ^4(p_1 + p_2 − k)i [ g + g_1 ∫ d^4zθ(z^0)δ(z^2 − l^2)e^{ikz} ] , (3.4)

where we used the operator notation, but the same result is obtained by starting with Green’s function and amputating external legs since the free part of Yukawa theory can be equally formulated in the path integral and operator formulation. Some irrelevant constant factors were omitted. We also suppressed the spinor index and left aside the factor ū(⃗p_1)v(⃗p_2) by which this amplitude should actually be multiplied.

This may be compared to the time-reversed pair annihilation process ψ̄ψ → ϕ: ⟨0|c(−⃗k)i ∫ d^4xL_I (x)a^†(−⃗p_1)b^†(−⃗p_2)|0⟩ = ig ∫ d^4xe^{−ip1x}e^{−ip2x}e^{ikx} + ig_1 ∫ d^4x ∫ d^4yθ(x^0 − y^0)δ((x − y)^2 − l^2)e^{−ip1x}e^{−ip2x}e^{iky} = (2π)^4δ^4(p_1 + p_2 − k)ig + (2π)^4δ^4(p_1 + p_2 − k)ig_1 ∫ d^4zθ(z^0)δ(z^2 − l^2)e^{−ikz}

= (2π)^4δ^4(p_1 + p_2 − k)i [ g + g_1 ∫ d^4zθ(z^0)δ(z^2 − l^2)e^{−ikz} ] . (3.5)

This amplitude should be multiplied by ū(−⃗p_1)v(−⃗p_2) to express the time reversed process with reversed momentum directions.

We recognize that these two amplitudes contain different phases due to the T-violating term. This T violation is characterized by the form factors

f_±(k) = ∫ d^4z_1e^{±ikz1} θ(z^0_1 )δ((z_1)^2 − l^2), (3.6)

which are inequivalent for time-like k due to the factor θ(z^0_1 ). For the time-like momentum k one may choose a suitable Lorentz frame such that ⃗k = 0, and

f_±(k^0) = 2π ∫_∞ 0 dz z^2e^{±ik0√z2+l2} √ z^2 + l^2

, (3.7)

while for the space-like momentum k one may choose a suitable Lorentz frame such that k^0 = 0, and f_±(⃗k) = 2π |k|^2 ∫_∞ 0 dzz sin z √ z^2 + (|k|l)^2

, (3.8) which is analogous to the Fourier transform of the Coulomb potential and real. The details of these calculations are found in Appendix A. It is also explained there that f_±(k) is mathematically related to the formula of the two-point Wightman function (for a free scalar field), which suggests that f_±(k) is mathematically well-defined for k ≠ 0 at least in the sense of distribution.

In our application, we have time-like momentum with k^0 = m > 0, and thus

f_±(m) = 2π m^2 ∫_∞ 0 dz z^2e^{±i} √_{z2+(ml)2} √ z^2 + (ml)^2

(3.9)

is the relevant phase factor. This quantity can be made real for ml → 0 by a suitable rotation of the integration contour in the complex z-plane. But for ml ≠ 0, one cannot eliminate the phases arising from the approximate interval [0, ±iml] of z by a rotation of the integration contour. We thus have non-vanishing T-violating phases. But one cannot detect the T violation in the absolute square of the above probability amplitudes in (3.4) and (3.5) at this tree level.

3.2 One-loop correction

A way to recognize the effects of T violation in the present scheme may be to include one-loop corrections to the decay and production processes. The basic idea is that the decay amplitude develops its own intrinsic imaginary parts in the one-loop corrections if one chooses the masses to be

3M > m > 2M, (3.10)

and we can detect the T-violating phase by looking at the interference of two complex quantities. The specific choice (3.10) makes the present decay mode the only allowed decay mode and thus the analysis becomes more definite. We consider only the lowest order effect in g_1 by assuming that g_1 is substantially smaller than g, and the perturbation theory is still meanigful. Namely,

1 ≫ g ≫ g_1. (3.11)

We now analyze the diagrams with one-loop corrections. To this order, we have amplitudes with the coupling constants: 1 ≫ O(g) ≫ O(g_1), O(g) ≫ O(g^3) ≫ O(g_1g^2), O(g_1) ≫ O(g_1g^2). (3.12)

We thus retain only the leading diagrams of the order O(g), O(g^3) and O(g_1). In this way, we can reduce the number of Feynman diagrams substantially.

We need to evaluate only the one-loop diagrams with O(g^3), which are the one-loop corrections in the ordinary Yukawa theory described by (1.1). We have three kinds of diagrams. The vertex correction for ϕ − ψψ̄ coupling, the self-energy correction to the scalar ϕ, and the self-energy correction for the fermion ψ. Among these three kinds of diagrams, the self-energy correction to the fermion does not develop an imaginary part for m + M > M, (3.13)

since we are assuming m > 2M, and thus the fermion ψ cannot decay to ψ + ϕ. The tree amplitude with O(g) dominates the real part of the amplitude, and we can neglect the real part contribution from the fermion self-energy correction.

We thus need to evaluate only the O(g^3) amplitudes of the vertex ϕ − ψψ̄ and the self-energy of the scalar ϕ in the ordinary Yukawa interaction. The one-loop correction to the vertex of the decay process in Yukawa theory has the standard form,

(ig)^3(2π)^4δ^4(p_1 + p_2 − k) ∫ d^4q (2π)^4

×ū(p_1) [ i q̸+ k̸ − M + iϵ i q̸− p̸_2 − M + iϵ i q^2 − m^2 + iϵ ] v(p_2). (3.14)

This integral is standard and evaluated by various methods in field theory. One needs to take out one of the imaginary factor i from this amplitude when one talks about real and imaginary parts in conformity with (3.4) and (3.5); actually, another factor of i appears due to the Wick rotation of the loop momentum q. The following facts about this amplitude are known: the real part contains a logarithmic divergence which is removed by the coupling constant renormalization. The imaginary part, which is controlled by the Landau–Cutkosky rule, is finite. After using the Dirac equation, the final result of the renormalized vertex depends only on Lorentz-invariant combinations such as p_1 · k, which are invariant under the reversal of all the momentum directions, and thus common to decay and formation processes. The evaluation of the self-energy correction of the scalar ϕ proceeds in a similar manner.

After these calculations of Feynman diagrams, we obtain in a symbolic notation: A(ϕ → ψ̄ψ) = i [ g|A_1| + g^3|A_3|e^{−iθi} + g_1|A^′_1|e^{iθCP T} ] ū(⃗p_1)v(⃗p_2), A(ψ̄ψ → ϕ) = i [ g|A_1| + g^3|A_3|e^{−iθi} + g_1|A^′_1|e^{−iθCP T} ] ū(−⃗p_1)v(−⃗p_2), (3.15)

where θ_i stands for the intrinsic imaginary phase of the decay or formation amplitudes in Yukawa theory and θ_{CP T} stands for the phase of the CPT-violating term. The intrinsic phase is the same for the two reversed processes, as we analyzed above. They arise from essentially the same Feynman amplitudes in T-invariant Yukawa theory. We have already evaluated the tree amplitudes g|A_1| + g_1|A^′_1|e^{±iθCP T} in (3.4) and (3.5).

We can thus produce the time-reversal non-invariance in the square of the probability amplitudes, |A(ϕ → ψ̄ψ)|^2 ≠ |A(ψ̄ψ → ϕ)|^2, (3.16) after averaging over spin directions for the processes ϕ → ψ̄ψ and ψ̄ψ → ϕ, as a result of the interference of the two phases, θ_i and ±θ_{CP T} .

Our analysis shows that the present CPT- and T-violation scheme, which may be termed as CPT violation at long distances in contrast to the more familiar CPT violation at short distances, produces the expected T violation in the path integral quantization.

3.3 Formal analysis

We here briefly mention a formal analysis which supports our formula (3.15). In the analysis of T symmetry defined by the anti-unitary T operator, it is convenient to consider the quantity ⟨A(t_f ), exp[−iH(t_f − t_i)]B(t_i)⟩ = ⟨A(t_f ), T^{−1}T exp[−iH(t_f − t_i)]T^{−1}T B(t_i)⟩ = ⟨T A(t_f ), T exp[−iH(t_f − t_i)]T^{−1}T B(t_i)⟩^⋆ = ⟨T A(t_f ), exp[iT HT^{−1}(t_f − t_i)]T B(t_i)⟩^⋆ = ⟨B̃(−t_i), exp{−i(T HT^{−1})^†[(−t_i) − (−t_f )]}Ã(−t_f )⟩, (3.17)

where Ã(−t_f ) = T A(t_f ) and B̃(−t_i) = T B(t_i) are the time-reversed states of A(t_f ) and B(t_i), respectively. When one considers the limit of t_f → ∞ and t_i → −∞, respectively, the above relation gives the U-matrix relation for the normal and ”time-reversed” processes, although the ”time-reversed” process is generated by (T HT^{−1})^†.

Now one can directly evaluate the time-reversed process for a given Hamiltonian H, which may or may not be time-reversal invariant, as ⟨B̃(−t_i), exp{−iH[(−t_i) − (−t_f )]}Ã(−t_f )⟩. (3.18) The agreement of this expression with the last expression in (3.17) is the condition of time reversal invariance. We usually choose the Hamiltonian to be hermitian, and thus the time reversal invariance is equivalent to

T HT^{−1} = H. (3.19)

In our application, we have a Hamiltonian of the form H = H_{Y ukawa} + H_{CP T} , (3.20) where H_{Y ukawa} stands for the pure Yukawa theory. This H satisfies T HT^{−1} = H_{Y ukawa} + H^′_{CP T} , (3.21) with

H^′_{CP T} = T H_{CP T} T^{−1} ≠ H_{CP T} . (3.22)

Here, H_{CP T} stands for the time-reversal violating part H_{CP T} = −g_1 ∫ d^3xψ̄(x)ψ(x) ∫ d^4yθ(x^0 − y^0)δ((x − y)^2 − l^2)ϕ(y), (3.23)

formally treated as a lowest-order perturbation in our spirit of path integral quantization.

In the analysis of time-reversal invariance, one compares

⟨A(t_f ), exp[−iH(t_f − t_i)]B(t_i)⟩ (3.24) with the directly evaluated reversed process ⟨B̃(−t_i), exp{−iH[(−t_i) − (−t_f )]}Ã(−t_f )⟩, (3.25) or equivalently, ⟨B̃(−t_i), exp{−i(H_{Y ukawa} + H^′_{CP T} )[(−t_i) − (−t_f )]}Ã(−t_f )⟩, (3.26) with ⟨B̃(−t_i), exp{−i(H_{Y ukawa} + H_{CP T} )[(−t_i) − (−t_f )]}Ã(−t_f )⟩. (3.27) In these expressions, H^′_{CP T} and H_{CP T} generate different phases.

If one considers the processes lowest order in H_{CP T} or H^′_{CP T} , the real and imaginary parts generated by H_{Y ukawa} in perturbation theory in (3.26) and (3.27) are identical for those two amplitudes; this agrees with our one-loop Feynman diagram analysis. The vertex correction, for exmple, is a counterpart of the phase shift induced by strong interactions. One can thus observe the interference of those two amplitudes generated by H_{CP T} and H_{Y ukawa} (or H^′_{CP T} and H_{Y ukawa}) to detect the effects of the time reversal non-invariance of H_{CP T} , |⟨B̃(−t_i), exp{−i(H_{Y ukawa} + H^′_{CP T} )[(−t_i) − (−t_f )]}Ã(−t_f )⟩|^2 ≠ |⟨B̃(−t_i), exp{−i(H_{Y ukawa} + H_{CP T} )[(−t_i) − (−t_f )]}Ã(−t_f )⟩|^2, (3.28) or equivalently |⟨A(t_f ), exp[−i(H_{Y ukawa} + H_{CP T} )(t_f − t_i)]B(t_i)⟩|^2 ≠ |⟨B̃(−t_i), exp{−i(H_{Y ukawa} + H_{CP T} )[(−t_i) − (−t_f )]}Ã(−t_f )⟩|^2, (3.29) in the limit t_f → ∞ and t_i → −∞.

To detect the interference, we need two separate channels as in the double-slit experiment: one is generated by H_{Y ukawa} and the other by H_{CP T} in our example.

4 Equality of mass and width of the particle and antiparticle

To examine the effects of CPT violation on the equality of masses and widths of fermion and anti-fermion in our model, we start with some sample calculations in perturbation theory by incorporating the CPT-violating interaction. We show that our calculation leads to reasonable results which suggest that our path integral prescription is sensible, but no mass or width splitting emerges, since the models we analyze contain C or CP as residual symmetry. Nevertheless, our calculations clearly illustrate that the formal hermiticity of the Lagrangian tends to mask the possible effects of CPT violation on masses and widths in the present scheme.

4.1 One-loop fermion self-energy corrections

The fermion propagator is given by

⟨T^⋆ψ(w_1)ψ̄(w_2)⟩ (4.1)

and the second-order perturbation in the T-violating interaction gives rise to

(ig_1)^2 ∫ d^4xd^4z_1d^4yd^4z_2S_F (w_1 − x)θ(x^0 − z^0_1 )δ((x − z_1)^2 − l^2)

× S_F (x − y)D_F (z_1 − z_2)θ(y^0 − z^0_2 )δ((y − z_2)^2 − l^2)S_F (y − w_2)

= (ig_1)^2 ∫ d^4xd^4z_1d^4yd^4z_2S_F (w_1 − x)θ(z^0_1 )δ((z_1)^2 − l^2)

× S_F (x − y)D_F (x − y − z_1 + z_2)θ(z^0_2 )δ((z_2)^2 − l^2)S_F (y − w_2). (4.2)

After truncating the external legs, this leads to the self-energy correction,

Σ(p) = (g_1)^2 ∫ d^4q (2π)^4 d^4k (2π)^4 ∫ d^4xd^4z_1d^4yd^4z_2e^{−ip′(−x)}θ(z^0_1 )δ((z_1)^2 − l^2) × e^{−iq(x−y)} q̸ − m e^{−ik(x−y−z1+z2)} k^2 − m^2 θ(z^0_2 )δ((z_2)^2 − l^2)e^{−ipy}

= (g_1)^2(2π)^4δ^{(4)}(p^′ − p) ∫ d^4k (2π)^4 1 p̸− k̸ − m 1 k^2 − m^2

F (k^2), (4.3)

with

F (k^2) = ∫ d^4z_1d^4z_2θ(z^0_1 )δ((z_1)^2 − l^2)e^{ikz1−ikz2} θ(z^0_2 )δ((z_2)^2 − l^2)

= f_+(k)f_−(k), (4.4)

where f_±(k) is defined in (3.6). This form factor is Lorentz invariant and also invariant under k → −k, and thus it depends only on k^2. The form factor F (k^2) cannot induce the splitting of positive and negative p_0 in (4.4). Namely, no splitting of particle and anti-particle masses.

We next evaluate the corrections arising from the mixing of T-violating and T-preserving interactions:

i^2g_1g ∫ d^4xd^4z_1d^4yS_F (w_1 − x)θ(x^0 − z^0_1 )δ((x − z_1)^2 − l^2)S_F (x − y)D_F (z_1 − y)S_F (y − w_2)

+ i^2g_1g ∫ d^4xd^4yd^4z_2S_F (w_1 − x)S_F (x − y)D_F (x − z_2)θ(y^0 − z^0_2 )δ((y − z_2)^2 − l^2)S_F (y − w_2)

= i^2g_1g ∫ d^4xd^4z_1d^4yS_F (w_1 − x)θ(z^0_1 )δ((z_1)^2 − l^2)S_F (x − y)D_F (x − y − z_1)S_F (y − w_2)

+ i^2g_1g ∫ d^4xd^4yd^4z_2S_F (w_1 − x)S_F (x − y)D_F (x − y + z_2)θ(z^0_2 )δ((z_2)^2 − l^2)S_F (y − w_2).

(4.5)

After truncating the external legs, we obtain the self-energy corrections:

Σ(p) = g_1g ∫ d^4q (2π)^4 d^4k (2π)^4 ∫ d^4xd^4z_1d^4ye^{−ip′(−x)}θ(z^0_1 )δ((z_1)^2 − l^2) e^{−iq(x−y)} q̸ − m e^{−ik(x−y−z1)} k^2 − m^2 e^{−ipy} + g_1g ∫ d^4q (2π)^4 d^4k (2π)^4 ∫ d^4xd^4yd^4z_2e^{−ip′(−x)} e^{−iq(x−y)} q̸ − m e^{−ik(x−y+z2)} k^2 − m^2 θ(z^0_2 )δ((z_2)^2 − l^2)e^{−ipy}

= g_1g(2π)^4δ^{(4)}(p^′ − p) ∫ d^4k (2π)^4 1 p̸− k̸ − m 1 k^2 − m^2

(f_+(k) + f_−(k)), (4.6)

where we used the form factors in (3.6). We have the combination of form factors

f_+(k) + f_−(k) = ∫ d^4z[e^{ik0z0} θ(z^0) + e^{−ik0z0} θ(z^0)]e^{i⃗k⃗z}δ((z)^2 − l^2) = ∫ d^4z[e^{ik0z0} θ(z^0) + e^{ik0z0} θ(−z^0)]e^{i⃗k⃗z}δ((z)^2 − l^2) = ∫ d^4ze^{ikz}δ((z)^2 − l^2)

≡ f_0(k^2), (4.7)

which contains no T-violating step function. Namely, the mixing terms give rise to

g_1g(2π)^4δ^{(4)}(p^′ − p) ∫ d^4k (2π)^4 1 p̸− k̸ − m 1 k^2 − m^2 f_0(k^2), (4.8)

which shows no splitting between the negative and positive p_0.

We thus see no indication of particle and anti-particle mass splitting in this setting. This is what we expect since our initial Lagrangian is invariant under C and CP transformations, which ensure the equality between the masses of the particle and the anti-particle. But an important implication of these calculations is that the symmetric combination of CPT-violating form factors such as f_+(k)f_−(k) and f_+(k) + f_−(k) ensures the symmetry between the negative and positive p_0. This is also regarded as a result of the hermiticity of the amplitudes.

4.2 Inclusion of CP violation

The simplest way to incorporate CP violation into the above scheme is to consider a modification of the Lagrangian (1.1) as follows: L = ψ̄(x)[iγ^μ∂_μ − M]ψ(x) + 1 2 ∂_μϕ(x)∂^μϕ(x) − 1 2 m^2ϕ(x)^2 +gψ̄(x)(1 + iϵγ_5)ψ(x)ϕ(x) − V (ϕ) +g_1ψ̄(x)ψ(x) ∫ d^4yθ(x^0 − y^0)δ((x − y)^2 − l^2)ϕ(y), (4.9)

with a small g_1 for the CPT- and T-violating interaction, and the small real ϵ term violating P and T and thus CP; the chiral freedom was fixed by choosing the fermion mass term real. We define the interaction part

L_I = gψ̄(x)(1 + iϵγ_5)ψ(x)ϕ(x)

+ g_1ψ̄(x)ψ(x) ∫ d^4yθ(x^0 − y^0)δ((x − y)^2 − l^2)ϕ(y), (4.10)

which is treated in the path integral quantization.

We consider the contribution arising from the mixing of two classes of interactions. The self-energy correction in (4.6) is then replaced by

Σ(p) = i^2g_1g ∫ d^4xd^4z_1d^4ye^{−ip′(−x)}θ(z^0_1 )δ((z_1)^2 − l^2) × S_F (x − y)(1 + iϵγ_5)D_F (x − y − z_1)e^{−ipy} + i^2g_1g ∫ d^4xd^4yd^4z_2e^{−ip′(−x)} × (1 + iϵγ_5)S_F (x − y)D_F (x − y + z_2)θ(z^0_2 )δ((z_2)^2 − l^2)e^{−ipy}

= g_1g ∫ d^4q (2π)^4 d^4k (2π)^4

(2π)^4δ^{(4)}(p^′ − q − k)(2π)^{(4)}δ^4(p − q − k) (4.11) × [ 1 q̸ − m 1 k^2 − m^2

(1 + iϵγ_5)f_+(k) + (1 + iϵγ_5) 1 q̸ − m 1 k^2 − m^2 f_−(k) ] , which is written as

Σ(p) = g_1g(2π)^4δ^{(4)}(p^′ − p) ∫ d^4k (2π)^4 { 1 p̸− k̸ − m 1 k^2 − m^2

(f_+(k) + f_−(k)) +iϵγ_5 [( 1 − p̸+ k̸ − m 1 k^2 − m^2 ) f_+(k) + 1 p̸− k̸ − m 1 k^2 − m^2 f_−(k) ] } , (4.12)

where we used f_+(k) and f_−(k) in (3.6), which are invariant under the proper Lorentz transformation, and f_+(−k) = f_−(k). We thus have the form factor f_+(k)+f_−(k) = f_0(k^2) for the CP-invariant part of (4.12) as in (4.7), which is invariant under k → −k.

The CP-invariant part contained in the mixing of the T-invariant and T-violating interactions thus gives rise to

g_1g(2π)^4δ^{(4)}(p^′ − p) ∫ d^4k (2π)^4 1 p̸− k̸ − m 1 k^2 − m^2 f_0(k^2)

= g_1g(2π)^4δ^{(4)}(p^′ − p) ∫ d^4k (2π)^4 1 k^2 − m^2 f_0(k^2) (4.13) × { 1 2 [ 1 p̸− k̸ − m + 1 − p̸− k̸ − m ] + 1 2 [ 1 p̸− k̸ − m − 1 − p̸− k̸ − m ]} . The first term in this expression, which is invariant under p → −p, depends only on p^2 and contributes to the mass term, while the second term, which is odd under p → −p, is proportional to p̸ and contributes to the kinetic energy term.

The P- or CP-violating part contained in the mixing of the T-invariant and T-violating interactions gives

g_1g(2π)^4δ^{(4)}(p^′ − p) ∫ d^4k (2π)^4 ×iϵγ_5 [( 1 − p̸+ k̸ − m 1 k^2 − m^2 ) f_+(k) + 1 p̸− k̸ − m 1 k^2 − m^2 f_−(k) ] , (4.14)

which is invariant under p → −p if one recalls that f_+(−k) = f_−(k), and thus contains only p^2 and contributes to the (parity violating) mass term.

We thus see no asymmetry in positive and negative p_0, therefore no indication of the particle and anti-particle mass splitting in this setting. This is what we expect, since our initial Lagrangian is invariant under C, which ensures the equality between masses of the particle and the anti-particle. Still, we see that the symmetric appearance of f_+(k) and f_−(k) in the amplitude, which also ensures the hermiticity, tends to enforce this symmetry between the positive and negative p_0.

In the present spirit of sample calculations, the next step we need to take is to study a model which violates C explicitly in addition to CP, by incorporating chiral gauge interactions, for example. The incorporation of local gauge symmetry into a non-local theory is a rather formidable task. Instead of analyzing gauge interactions, we later analyze a general class of free Lagrangians for the fermion, in which P, C, CP and CPT are formally violated by the present non-local CPT-violating mechanism.

4.3 Weinberg’s model of CP violation

We here briefly mention Weinberg’s scheme [12] of possible CP violation in the Standard Model. This model, as it now stands, is not realistic, but it illustrates the possible complications arising from the infrared divergence of the present CPT violation scheme when applied to gauge theory in general. The CP violation in this model arises from the coupling of the Higgs and the quartet of quarks:

L_I = (m_dd̄_R(x)d_L(x) + m_ss̄_R(x)s_L(x))(λ^⋆_1)^{−1}φ^{0⋆}_1 (x)

+ (m_uū_R(x)u_L(x) + m_cc̄_R(x)c_L(x))(λ_2)^{−1}φ^0_2(x)

+ [m_dd̄_R(x)u_L(x) + m_ss̄_R(x)c_L(x)] ∫ d^4yθ(x^0 − y^0)δ((x − y)^2 − l^2)(λ^⋆_1)^{−1}φ^{+⋆}_1 (y)

− (m_uū_R(x)d_L(x) + m_cc̄_R(x)s_L(x))(λ_2)^{−1}φ^+_2 (x) + h.c., (4.15)

where we chose the vanishing Cabbibo angle θ_c = 0 for simplicity. As an illustration, we inserted the CPT-violating factor into the third term only; we actually need to insert the same factor into the first term to preserve SU(2) × U(1), but it leads to an infrared divergence arising from the vacuum value of φ^{0⋆}_1 , since the vacuum value carries the vanishing momentum. This is an illustration of the possible complications when one attempts to incorporate the present CPT violation into realistic gauge models.

In this model, CP violation is manifested by the complex

D_{12}(x − y) = ⟨T (λ^⋆_1)^{−1}φ^{+⋆}_1 (x)(λ_2)^{−1}φ^+_2 (y)⟩. (4.16)

If we expand

φ^+_k (x) = 3∑ l=1 a_{kl}ϕ^+_l (x), k = 1, 2 (4.17)

with the mass eigenstates ϕ^+_l (x), we have

D_{12}(x − y) = 3∑ l=1 (λ^⋆_1λ_2)^{−1}a^⋆_{1l}a_{2l}⟨T ϕ^{+⋆}_l (x)ϕ^+_l (y)⟩. (4.18)

By performing some detailed analysis, one can confirm that the final conclusion is essentially the same as the above simple model in (4.9).^2

5 General Lagrangians for free fermion

We study here a general class of Lagangians for a free fermion, which are constructed so that all the symmetries, P, C, CP and CPT, are formally violated by using the present non-local CPT violation. We also impose formal hermiticity on these Lagrangians. We define two different non-local deformations of the Lagrangian. The first one is the smooth deformation, starting with the conventional CPT-even local theory, with the non-local factor inserted. This analysis is rather close to the sample calculations in the preceding section, where the CPT violation was studied as higher order effects. The second one is a non-smooth deformation, by incorporating terms which are not allowed in the conventional CPT-even local field theory.

5.1 CPT violation in the free-quadratic Lagrangian (smooth non-local deformation)

We examine the Lagrangian L = ψ̄_L(x)iγ^μ∂_μψ_L(x) + ψ̄_R(x)iγ^μ∂_μψ_R(x) + η[ψ̄_R(x)iγ^μ∂_μF̃ ψ_R(x) + F̃ ψ̄_R(x)iγ^μ∂_μψ_R(x)] − mψ̄(x)ψ(x) + iϵ[ψ̄(x)γ_5F̃ ψ(x) + F̃ ψ̄(x)γ_5ψ(x)], (5.1) where η and ϵ are infinitesimal real parameters. Here we defined ψ_{R,L}(x) = 1 2 (1 ± γ_5)ψ(x), F̃ ψ_R(x) ≡ ∫ d^4yθ(x^0 − y^0)δ((x − y)^2 − l^2)ψ_R(y), F̃ ψ(x) ≡ ∫ d^4yθ(x^0 − y^0)δ((x − y)^2 − l^2)ψ(y). (5.2)

2After completing our manuscript, we received a related analysis of the mass splitting induced by Lorentz-invariant CPT violation [13].

This Lagrangian is formally hermitian and all its terms, when one removes the non-local factor, are allowed and CPT-even in the conventional local field theory.

The first two terms of the Lagrangian in (5.1) preserve all the symmetries. The terms with η in the Lagrangian break P, C, T and CPT due to the CPT and T breaking nonlocal factor. The terms with ϵ in the Lagrangian break P, T, CPT. Those breakings are, however, all formal. Therefore, we have to examine these apparent symmetry breakings in more detail.

We first note that

∂_μF̃ ψ_R(x) = ∫ d^4y ∂ ∂x^μ [ θ(x^0 − y^0)δ((x − y)^2 − l^2) ] ψ_R(y) = − ∫ d^4y ∂ ∂y^μ [θ(x^0 − y^0)δ((x − y)^2 − l^2)]ψ_R(y) = ∫ d^4y [ θ(x^0 − y^0)δ((x − y)^2 − l^2) ] ∂ ∂y^μ ψ_R(y) = F̃ ∂_μψ_R(x) (5.3)

after partial integration. We thus have in the action: ∫ d^4x { ψ̄_R(x)iγ^μ∂_μF̃ ψ_R(x) + F̃ ψ̄_R(x)iγ^μ∂_μψ_R(x) }

= ∫ d^4x { ψ̄_R(x)iγ^μF̃ ∂_μψ_R(x) + F̃ ψ̄_R(x)iγ^μ∂_μψ_R(x) }

= ∫ d^4xd^4y { ψ̄_R(x)iγ^μθ(x^0 − y^0)δ((x − y)^2 − l^2)∂_μψ_R(y)

+θ(x^0 − y^0)δ((x − y)^2 − l^2)ψ̄_R(y)iγ^μ∂_μψ_R(x) }

= ∫ d^4xd^4y { ψ̄_R(y)iγ^μθ(y^0 − x^0)δ((y − x)^2 − l^2)∂_μψ_R(x)

+θ(x^0 − y^0)δ((x − y)^2 − l^2)ψ̄_R(y)iγ^μ∂_μψ_R(x) }

= ∫ d^4xd^4yδ((x − y)^2 − l^2)ψ̄_R(y)iγ^μ∂_μψ_R, (5.4)

where we interchanged the integration variables x ↔ y in the 5th line. This final expression shows that the T-violating effect caused by θ(x^0 − y^0) disappears in the action and CPT invariance is restored.

Similarly, one can show that ∫ d^4x [ iϵψ̄(x)γ_5F̃ ψ(x) + iϵF̃ ψ̄(x)γ_5ψ(x) ]

= ∫ d^4xd^4yδ((x − y)^2 − l^2)[iϵψ̄(x)γ_5ψ(y)], (5.5)

namely, the T-violating effect caused by θ(x^0 − y^0) disappears in the action and CPT invariance is restored.

This analysis shows that the present non-local CPT violation does not spoil the CPT invariance of the free fermion action if one starts with the conventional CPT-even local theory and deforms it to be non-local. The formal hermiticity of the action is crucial in this analysis. Consequently, no splitting between the masses and the widths of the particle and anti-particle appears. We have already seen in the sample calculations that hermiticity tends to mask CPT breaking effects. We conjecture that the CPT breaking in the free part of the fermion is not induced either directly or as a result of perturbation, as long as one starts with the CPT-even local theory and deforms it by a non-local factor.

We emphasize that this disappearance of CPT violation by the requirement of hermiticity does not take place in the cubic or higher order interaction terms in the Lagrangian. The CPT or T violation implemented by the present non-local scheme is genuine, as was explicitly demonstrated in Section 3.

5.2 CPT violation in the free-quadratic Lagrangian (non-smooth non-local deformation)

In the present non-local formulation, we have a new possibility which is absent in a smooth extension of the CPT-even local field theory. The CPT-odd term iμψ̄(x)ψ(y) (to be precise, iμψ̄(x)ψ(x)), with a real μ, does not appear in the local Lagrangian since it cancels with its hermitian conjugate. But in the present non-local theory one can consider the hermitian combination ∫ d^4x [ iμψ̄(x)F̃ ψ(x) − iμF̃ ψ̄(x)ψ(x) ] (5.6) = ∫ d^4xd^4y[θ(x^0 − y^0) − θ(y^0 − x^0)]δ((x − y)^2 − l^2)[iμψ̄(x)ψ(y)],

which is non-vanishing. Under CPT, we have iμψ̄(x)ψ(y) → −iμψ̄(−y)ψ(−x). By performing the change of integration variables −x → y and −y → x, this combination is confirmed to be CPT=−1. In fact, we have the following transformation properties of the operator part: C : iμψ̄(x)ψ(y) → iμψ̄(y)ψ(x), P : iμψ̄(x^0, ⃗x)ψ(y^0, ⃗y) → iμψ̄(x^0, −⃗x)ψ(y^0, −⃗y), T : iμψ̄(x^0, ⃗x)ψ(y^0, ⃗y) → −iμψ̄(−x^0, ⃗x)ψ(−y^0, ⃗y), (5.7) and thus the overall transformation property is C=−1, P=1, T=1. Namely, C=CP=CPT=−1.

It is thus interesting to examine a new action, S = ∫ d^4x { ψ̄(x)iγ^μ∂_μψ(x) − mψ̄(x)ψ(x) (5.8) − ∫ d^4y [ θ(x^0 − y^0) − θ(y^0 − x^0) ] δ((x − y)^2 − l^2) [ iμψ̄(x)ψ(y) ] } , which is Lorentz-invariant and hermitian. For the real parameter μ, the third term has C = CP = CP T = −1 and no symmetry to ensure the equality of particle and antiparticle masses.

The Dirac equation is replaced by

iγ^μ∂_μψ(x) = mψ(x) (5.9) + iμ ∫ d^4y [ θ(x^0 − y^0) − θ(y^0 − x^0) ] δ((x − y)^2 − l^2)ψ(y).

By inserting an ansatz for the possible solution: ψ(x) = e^{−ipx}U(p), (5.10) we have p̸U(p) = mU(p) + iμ ∫ d^4y [ θ(x^0 − y^0) − θ(y^0 − x^0) ] δ((x − y)^2 − l^2)e^{−ip(y−x)}U(p) = mU(p) + iμ [f_+(p) − f_−(p)] U(p), (5.11)

where f_±(p) is the Lorentz-invariant form factor defined in Appendix A. The propagator is defined by ∫ d^4xe^{ipx}⟨T^⋆ψ(x)ψ̄(0)⟩ = i p̸ − m + iϵ − iμ [f_+(p) − f_−(p)] , (5.12)

which is Lorentz covariant. Note that we use T^⋆-product for the path integral on the basis of Schwinger’s action principle, which is based on the equation of motion (5.9) with a source term added, ⟨0, +∞|0, −∞⟩_J = ∫ Dψ̄Dψ exp { iS + i ∫ d^4xL_J } , (5.13)

where the action S is given in (5.8) and the source term is L_J = ψ̄(x)η(x) + η̄(x)ψ(x). The T^⋆-product is quite different from the canonical T -product in the present non-local theory; in fact, the canonical quantization is not defined in the present theory.

For space-like p, the extra term with μ in the denominator of the propagator (5.12) vanishes, since f_+(p) = f_−(p) for p = (0, ⃗p), as is shown in Appendix A, eq. (A.3). Thus, the propagator has poles only at time-like momentum, and in this sense the present hermitian action (5.8) does not allow a tachyon. By assuming a time-like p, we go to the frame where ⃗p = 0. Then the eigenvalue equation is given by

p_0γ^0 = m + iμ[f_+(p_0) − f_−(p_0)], (5.14)

namely,

p_0γ^0 = m − 4πμ ∫_∞ 0 dz z^2 sin[p_0 √ z^2 + l^2] √ z^2 + l^2

, (5.15)

where we used the explicit formula (A.4),

f_±(p_0) = 2π ∫_∞ 0 dz z^2e^{±ip0√z2+l2} √ z^2 + l^2

. (5.16)

The solution p_0 of eq. (5.15) determines the possible mass eigenvalues.

This eigenvalue equation becomes, under p_0 → −p_0:

− p_0γ^0 = m + 4πμ ∫_∞ 0 dz z^2 sin[p_0 √ z^2 + l^2] √ z^2 + l^2

. (5.17)

By sandwiching this equation by γ_5, which is regarded as CPT operation, we have:

− p_0γ^0 = −m − 4πμ ∫_∞ 0 dz z^2 sin[p_0 √ z^2 + l^2] √ z^2 + l^2

, (5.18)

namely,

p_0γ^0 = m + 4πμ ∫_∞ 0 dz z^2 sin[p_0 √ z^2 + l^2] √ z^2 + l^2

, (5.19)

which is not identical to the original equation in (5.15). In other words, if p_0 is the solution of the original equation, −p_0 cannot be the solution of the original equation except for μ = 0. The last term in the Lagrangian (5.8) with C=CP=CPT=−1 splits the particle and anti-particle masses. As a very crude estimate of the mass splitting, one may assume μ ≪ m and solve these equations iteratively. If the particle mass for (5.15) is chosen at p_0 ≃ m − 4πμ ∫_∞ 0 dz z^2 sin[m √ z^2 + l^2] √ z^2 + l^2

, (5.20)

then the anti-particle mass for (5.19) is estimated at

p_0 ≃ m + 4πμ ∫_∞ 0 dz z^2 sin[m √ z^2 + l^2] √ z^2 + l^2

. (5.21)

This simple Lagrangian model in (5.8) may provide a useful theoretical laboratory when one investigates Lorentz-invariant CPT violation in the future, for example, in connection with the neutrino mass [14].

Further detailed analyses of this Lagrangian model were reported elsewhere [15].

5.3 Noether’s theorem

It is interesting to see how Noether’s theorem for the global fermion number symmetry in the non-local action (5.8) is realized. The action is invariant under the fermion number phase transformation, ψ(x) → e^{iα}ψ(x), ψ̄(x) → ψ̄(x)e^{−iα} (5.22) with a real constant α.

In the path integral formulation of Noether’s theorem or Ward–Takahashi identities [16], we define

ψ^′(x) = e^{iα(x)}ψ(x), ψ̄^′(x) = ψ̄(x)e^{−iα(x)} (5.23) and start with the identity (we neglect the source term, as it is not essential in the present analysis): ∫ Dψ̄Dψ exp{iS(ψ̄, ψ)} = ∫ Dψ̄^′Dψ^′ exp{iS(ψ̄^′, ψ^′)}, (5.24) which means that the naming of integration variables does not change the integral itself. In the absence of anomaly, as is the present case, we have [16] Dψ̄Dψ = Dψ̄^′Dψ^′ (5.25) and thus the above identity is written as ∫ Dψ̄Dψ exp{iS(ψ̄, ψ)} = ∫ Dψ̄Dψ exp{iS(ψ̄^′, ψ^′)}, (5.26) which is the basis of field theoretical indentities. We obtain the Ward–Takahashi-type identities when expanding S(ψ̄^′, ψ^′) in powers of the infinitesimal α(x). In the lowest order of α(x), we have

S(ψ̄^′, ψ^′) = S(ψ̄, ψ) + ∫ d^4xα(x)∂_μ[ψ̄(x)γ^μψ(x)] (5.27) − ∫ d^4xα(x)μ ∫ d^4y[θ(x^0 − y^0) − θ(y^0 − x^0)]δ((x − y)^2 − l^2)[ψ̄(x)ψ(y)] + ∫ d^4yα(y)μ ∫ d^4x[θ(x^0 − y^0) − θ(y^0 − x^0)]δ((x − y)^2 − l^2)[ψ̄(x)ψ(y)]

after partial integration. When one uses this relation in the identity (5.26) and when one expands the factor in the exponential to the linear order of α(x), one obtains: ⟨ ∫ d^4xα(x)∂_μT^⋆[ψ̄(x)γ^μψ(x)] − ∫ d^4xα(x)μ ∫ d^4y[θ(x^0 − y^0) − θ(y^0 − x^0)]δ((x − y)^2 − l^2)T^⋆[ψ̄(x)ψ(y)] + ∫ d^4yα(y)μ ∫ d^4x[θ(x^0 − y^0) − θ(y^0 − x^0)]δ((x − y)^2 − l^2)T^⋆[ψ̄(x)ψ(y)] ⟩ = 0. (5.28)

When one applies the functional derivative^δ_{δα(z)} to this relation, one obtains ∂_μ⟨T^⋆ψ̄(z)γ^μψ(z)⟩ = ⟨ μ ∫ d^4y[θ(z^0 − y^0) − θ(y^0 − z^0)]δ((z − y)^2 − l^2)T^⋆[ψ̄(z)ψ(y)] ⟩

− ⟨ μ ∫ d^4x[θ(x^0 − z^0) − θ(z^0 − x^0)]δ((x − z)^2 − l^2)T^⋆[ψ̄(x)ψ(z)] ⟩

= ⟨ μ ∫ d^4y[θ(z^0 − y^0) − θ(y^0 − z^0)]δ((z − y)^2 − l^2)T^⋆[ψ̄(z)ψ(y)] ⟩

− ⟨ μ ∫ d^4y[θ(y^0 − z^0) − θ(z^0 − y^0)]δ((z − y)^2 − l^2)T^⋆[ψ̄(y)ψ(z)] ⟩ . (5.29)

The relations (5.28) and (5.29) are the general identities for the fermion number symmetry in the present non-local theory, which give rise to general Ward–Takahashi identities when inserted into Green’s functions.

The relation (5.29) is the statement of the fermion number conservation (Noether’s theorem) in the present non-local theory defined by (5.8) and the non-local equation of motion in (5.9). We avoid the use of the term ”charge” for this symmetry since we have no gauge symmetry and thus no electromagnetic field to detect the charge. A general analysis of electromagnetic interactions in this model will be given elsewhere [17], where the relation corresponding to (5.29) is shown to give rise to the electric charge conservation^3.

6 Discussion and conclusion

The results of our analysis may be summarized as follows.

1. As concerns the formal aspects of quantizing the Lagrangian non-local in time, there is no definite method which is satisfactory in all respects. The path integral on the basis of Schwinger’s action principle adopted in the present paper is one of the possible working hypotheses. The final outcomes of the formulation in lower order perturbation theory are reasonable, which suggests that the path integral scheme is sensible.

2. The non-local implementation of CPT and T violation was shown to produce the expected T violation in decay and production processes in Section 3. This suggests that the induced dipole moment, decay or scattering amplitudes, in general, can contain the CPT- or T-violation effects.

3. Although we have not completed the analysis of all the possible induced CPT violations, our analysis so far strongly indicates that the perturbative treatment of the present non-local CPT violation, which is implemented in the CPT-even local Lagrangian, does not spoil the CPT invariance of the free part of the Lagrangian. A treatment of chiral gauge theory in the present scheme, which breaks C invariance, is in general a difficult but important future task to complete the analysis of the induced CPT violation in the present scheme. However, relaxing the quadratic CPT-violating term in the Lagrangian used in the present work as in (5.8), the question remains as of which symmetry is responsible for the equality of the masses of partice and antiparticle. By taking CPT violation to be due to only interaction (when C and CP are also violated), two of the present authors (MC and AT) will analyze elsewhere [18] whether in such a case the equality of masses is maintained. A further clarification of the basic mechanism which may ensure equal masses to the particle and anti-particle in the absence of C, CP and CPT symmetries is an interesting remaining issue.

4. We have found an interesting simple Lagrangian model (5.8) which produces the splitting of particle and anti-particle masses by the present Lorentz-invariant CPT violation. The detailed analysis of this Lagrangian model was reported elsewhere [15], and its application to the neutrino anti-neutrino mass splitting in the Standard Model was also presented and the unique nature of the neutrino mass was emphasized [19].

3An opposite result has been reported in [13].

5. As for the mathematical subtlety of the present formulation, in particular, in the analyses in Section 3 and Section 5, we treated the form factor

f_±(k^0) = 2π ∫_∞ 0 dz z^2e^{±ik0√z2+l2} √ z^2 + l^2

(6.1)

as a well-defined function instead of a distribution^4. As is explained in Appendix A, this is mathematically related to a precise understanding of the two-point Wightman function for a free scalar field at time-like separation.

6. One may attempt to modify the model Lagrangian in (1.1) to be more realistic, for example, L = ψ̄(x)[iγ^μ∂_μ − g(ϕ(x) + iγ_5φ(x))]ψ(x) + 1 2 ∂_μϕ(x)∂^μϕ(x) + 1 2 ∂_μφ(x)∂^μφ(x) − V (ϕ, φ) +g_1ψ̄(x) ∫ d^4yθ(x^0 − y^0)δ((x − y)^2 − l^2)[ϕ(y) + iγ_5φ(y)]ψ(x), (6.2)

with V (ϕ, φ) = 1 4 Tr { μ^2 2 (ϕ + iγ_5φ)(ϕ − iγ_5φ) + λ 4! [(ϕ + iγ_5φ)(ϕ − iγ_5φ)]^2 }

= μ^2 2 (ϕ^2 + φ^2) + λ 4! (ϕ^2 + φ^2)^2, (6.3)

where Tr stands for the trace over the Dirac matrix. This Lagrangian is invariant under the global chiral transformation ψ(x) → U(α)ψ(x), (ϕ + iγ_5φ) → U(α)(ϕ + iγ_5φ)U(α)^†, (6.4)

where U(α) = exp[iγ_5α] with a space-time independent parameter α. One may attempt to generate the fermion mass by a Higgs-type mechanism,

ϕ(x) → ϕ(x) + v, (6.5)

with φ(x) standing for the massless Nambu–Goldstone field. In this class of analysis, the infrared divergent form factor leads to the problem with the constant v and the massless φ(x). The treatment of the spontaneous symmetry breaking needs to be understood better in the more realistic applications of the present CPT violation mechanism even in the context of non-gauge theory.

4 It is possible to assign a finite value to the last term in eqs.(5.20) and (5.21) for p_0 ≠ 0 by using the formal relation ∫_∞ 0 dz z^2 sin[p_0 √ z^2 + l^2] √ z^2 + l^2 = − ∂^2 ∂p^2_0 ∫_∞ 0 dz z^2 sin[p_0 √ z^2 + l^2] [z^2 + l^2]^{3/2} .

Note added in proof. Our form factor (1.5) (see also (3.6), (4.4), (4.7), (6.1), (A.1) and (A.6)) is related to the two-point Wightman function for a real free scalar field when the coordinates and momenta are interchanged. The T- or CPT-violation by an apparently real-looking form factor in our model is related to the fact that the form factor develops an imaginary part for the time-like momentum, which corresponds to a cut in the Wightman function for a time-like separation. The referee raised an interesting question, whether the CPT violation in our model is related to the negative norm states introduced by the nonlocal form factor. This issue certainly deserves further investigation, but the negative norm by itself does not induce CPT violation, as is illustrated by the Faddeev–Popov hermitian Lagrangian for the Landau gauge in QED, L = B∂^μA_μ − iξ∂^μ∂_μη, with real Faddeev– Popov ghost η and anti-ghost ξ which induces an indefinite norm but does not violate CPT: under anti-unitary CPT, A_μ(x^0, ⃗x) → −A_μ(−x^0, −⃗x), B(x^0, ⃗x) → B(−x^0, −⃗x), ξ(x^0, ⃗x) → ξ(−x^0, −⃗x), and η(x^0, ⃗x) → −η(−x^0, −⃗x). Acknowledgements

The support of the Academy of Finland under the Projects No. 136539 and 140886 is gratefully acknowledged.

A Appendix: Form factor responsible for CPT violation

It has been noted in the body of the paper that the present way of incorporating CPT violation is realized by an extra form factor in the interaction vertex (see eq. (1.5)). It was also noted that this form factor is infrared divergent. We here analyze some details of the infrared structure of the CPT-violating form factor. We define two Lorentz-invariant form factors,

f_±(k) = ∫ d^4z_1e^{±ikz1} θ(z^0_1 )δ((z_1)^2 − l^2), (A.1)

which are inequivalent for time-like k due to the time ordering factor θ(z^0_1 ). These form factors contain quadratic divergences at k → 0. To be specific,

f_±(0) = ∫ d^4z_1θ(z^0_1 )δ((z_1)^2 − l^2) = ∫ d^3z_1 1 2 √ ⃗z^2_1 + l^2 ∼ L^2 → ∞, (A.2) with L the size of the space. For space-like momentum, one may choose a suitable Lorentz frame such that k^0 = 0, and then f_±(⃗k) = ∫ d^3z_1 e^{∓i⃗k⃗z1} 2 √ ⃗z^2_1 + l^2

= 2π ∫ d|z_1||z_1|^2 sin |k||z_1| |k||z_1| √ |z_1|^2 + l^2 = 2π |k|^2 ∫_∞ 0 dzz sin z √ z^2 + (|k|l)^2

, (A.3)

which is analogous to the Fourier transform of the Coulomb potential and diverges quadratically at ⃗k → 0. For the time-like momentum, one may choose ⃗k = 0, and

f_±(k^0) = ∫ d^3z_1 e^{±ik0} √_{⃗z21 +l2} 2 √ ⃗z^2_1 + l^2

= 2π ∫_∞ 0 dz z^2e^{±ik0√z2+l2} √ z^2 + l^2

, (A.4)

or, if one assumes k^0 > 0,

f_±(k^0) = 2π (k^0)^2 ∫_∞ 0 dz z^2e^{±i} √_{z2+(k0l)2} √ z^2 + (k^0l)^2

, (A.5)

which again diverges quadratically for k^0 → 0.

In passing, we recall the two-point Wightman function for a free scalar field: ⟨0|ϕ(x)ϕ(y)|0⟩ = ∫ d^4k (2π)^4 e^{−ik(x−y)}2πδ(k^2 − m^2)θ(k^0). (A.6)

It is interesting that this expression, when one exchanges coordinates and momenta, precisely gives rise to the CPT-violating form factor in (A.1). The quadratic infrared divergence corresponds to the quadratic divergence of the Wightman function at short distances x − y → 0. This analogy shows that our form factor is well-defined for k ≠ 0 at least as a distribution. The precise behavior of the Wightman function at time-like separation is important in order to understand our form factor for time-like momentum.

This quadratic infrared divergence does not lead to an infrared divergence in the calculations of the self-energy corrections to fermions (except for the case of Weinberg’s model of CP violation, where it introduces certain complications), but it gives rise to a divergence in the decay amplitudes in Section 3 at k → 0.

For the case of the CPT-violating factor θ(z^0_1 )θ((z_1)^2 − l^2), which is the original choice in [15], one has

f_±(k) = ∫ d^4z_1e^{±ikz1} θ(z^0_1 )θ((z_1)^2 − l^2) (A.7) and thus

f_±(0) = ∫ d^4z_1θ(z^0_1 )θ((z_1)^2 − l^2) = ∫_∞ l dz^0_1 ∫ z^0_1 ≥

√_{⃗z21 +l2} d^3z1 = ∫_∞ l dz^0_1 4π 3 [√ (z^0_1 )^2 − l^2

]_3

, (A.8)

which diverges quartically and induces an infrared divergence in the self-energy corrections to fermions. For the space-like momentum, one may choose a suitable Lorentz frame such that k^0 = 0. Then f_±(⃗k) = ∫_∞ l dz^0_1 ∫ z^0_1 ≥ √_{⃗z21 +l2} e^{∓i⃗k⃗z1} d^3z1 = ∫_∞ l dz^0_1 ∫ z^0_1 ≥ √_{|⃗z1|2+l2} 2π e^{i|⃗k||⃗z1|} − e^{−i|⃗k||⃗z1|} i|⃗k||⃗z_1| |⃗z_1|^2d|⃗z_1|

= 4π |⃗k|^4 ∫_∞ |⃗k|l dz̃^0_1

∫ √_{(z̃}0_{1 )}2_{−(|}⃗_{k|l)}2 0 sin(z)zdz, (A.9)

which diverges quartically for |⃗k| → 0. For time-like k, one may choose the frame where ⃗k = 0. Then one has

f_±(k^0) = ∫_∞ l dz^0_1 e^{±ik0z01} ∫ z^0_1 ≥

√_{⃗z21 +l2} d^3z1 = ∫_∞ l dz^0_1 e^{±ik0z01} 4π 3 [√ (z^0_1 )^2 − l^2

]_3

= 4π 3(k^0)^4 ∫_∞ k^0l dze^{±iz} [√ z^2 − (k^0l)^2

]_3 , (A.10)

which diverges quartically for k^0 → 0.

These infrared divergences are related to the fact that we cannot divide Minkowski space into domains with finite 4-dimensional volumes in a Lorentz-invariant manner. The best we can do is to use θ(z^0_1 )δ((z_1)^2 −l^2) which still has a quadratically divergent volume. Note that the local field theory corresponds to the choice δ^4(z) and to a constant form factor f(k) = 1 for any k.

References

[1] W. Pauli, Niels Bohr and the Development of Physics, W. Pauli (ed.) (Pergamon Press, New York, 1955).

G. Lüders, Det. Kong. Danske Videnskabernes Selskab, Mat.-fys. Medd. 28 (5) (1954).

[2] J. R. Ellis, N. E. Mavromatos and D. V. Nanopoulos, Int. J. Mod. Phys. A 11 (1996) 1489 [hep-th/9212057].

J. R. Ellis, J. L. Lopez, N. E. Mavromatos and D. V. Nanopoulos, Phys. Rev. D 53 (1996) 3846 [hep-ph/9505340].

V.A. Kostelecky, ”Perspectives on Lorentz and CPT Violation”, arXiv:0802.0581 [grqc], and references therein.

N. E. Mavromatos, J. Phys. Conf. Ser. 171 (2009) 012007 [arXiv:0904.0606 [hep-ph]].

[3] O.W. Greenberg, Phys. Rev. Lett. 89 (2002) 231602 [hep-ph/0201258].

[4] O.M. Del Cima, D.H.T. Franco, A.H. Gomes, J.M. Fonseca and O. Piguet, Phys.

Rev. D85, 065023 (2012).

[5] M. Chaichian, A.D. Dolgov, V.A. Novikov and A. Tureanu, Phys. Lett. B 699 (2011) 177 [arXiv:1103.0168 [hep-th]].

[6] M. Duetsch and J. M. Gracia-Bondia, Phys. Lett. B 711 (2012) 428 [arXiv:1204.2654 [hep-th]].

[7] K. Fujikawa, Phys. Rev. D 70 (2004) 085006 [arXiv:hep-th/0406128]. As for the Bjorken–Johnson–Low method, see also Appendix in K. Fujikawa and P. van Nieuwenhuizen, Annals Phys. 308 (2003) 78.

[8] R. Marnelius, Phys. Rev. D 10 (1974) 3411.

[9] C.N. Yang and D. Feldman, Phys. Rev. 78 (1950) 972.

[10] M. Chaichian, K. Nishijima and A. Tureanu, Phys. Lett. B 568 (2003) 146 [arXiv:hep-th/0209008].

L. Alvarez-Gaumé and M. A. Vazquez-Mozo, Nucl. Phys. B 668 (2003) 293 [arXiv:hep-th/0305093].

M. M. Sheikh-Jabbari, Phys. Rev. Lett. 84 (2000) 5265 [arXiv:hep-th/0001167].

[11] K. Fujikawa, Int. J. Mod. Phys. A16 (2001) 4025 [arXiv:hep-th/0107076].

[12] S. Weinberg, Phys. Rev. Lett. 37 (1976) 657.

[13] A. D. Dolgov and V. A. Novikov, JETP Lett. 95 (2012) 594 [arXiv:1204.5612 [hepph]].

[14] H. Murayama and T. Yanagida, Phys. Lett. B 520 (2001) 263 [arXiv:hep-ph/0010178].

G. Barenboim, L. Borissov, J. D. Lykken and A. Y. Smirnov, JHEP 0210 (2002) 001 [arXiv:hep-ph/0108199].

G. Barenboim, L. Borissov and J. Lykken, Phys. Lett. B 534 (2002) 106 [arXiv:hep-ph/0201080].

S. M. Bilenky, M. Freund, M. Lindner, T. Ohlsson and W. Winter, Phys. Rev. D 65 (2002) 073024 [arXiv:hep-ph/0112226].

G. Barenboim and J. D. Lykken Phys. Rev. D 80, 113008 (2009). [arXiv:0908.2993 [hep-ph]].

[15] M. Chaichian, K. Fujikawa and A. Tureanu, Phys. Lett. B 712 (2012) 115 [arXiv:1203.0267 [hep-th]].

[16] K. Fujikawa, Phys. Rev. Lett. 42 (1979) 1195; Phys. Rev. D 21 (1980) 2848 ; Phys.

Rev. Lett. 44 (1980) 1733.

[17] M. Chaichian, K. Fujikawa and A. Tureanu, Phys. Lett. B 718 (2013) 1500 [arXiv:1210.0208 [hep-th]].

[18] M. Chaichian and A. Tureanu, to appear.

[19] M. Chaichian, K. Fujikawa and A. Tureanu, Phys. Lett. B 718 (2012) 178 [arXiv:1208.5508 [hep-ph]].