arXiv:1205.0240v1 [math.DG] 1 May 2012

VARIATION OF HODGE STRUCTURE FOR GENERALIZED COMPLEX MANIFOLDS

DAVID BARAGLIA

Abstract. A generalized complex manifold which satisfies the ∂∂-lemma admits a Hodge decomposition in twisted cohomology. Using a Courant algebroid theoretic approach we study the behavior of the Hodge decomposition in smooth and holomorphic families of generalized complex manifolds. In particular we define period maps, prove a Griffiths transversality theorem and show that for holomorphic families the period maps are holomorphic. Further results on the Hodge decomposition for various special cases including the generalized Kähler case are obtained.

1. Introduction

Generalized complex structures, introduced by Hitchin [15] and further developed by Gualtieri [12] and Cavalcanti [5] are a hybrid of complex and symplectic geometry. They have gained popularity for their connections to string theory compactifications, supersymmetry and mirror symmetry. Aside from the unification of complex and symplectic geometry there are other features which point towards a deep connection between mirror symmetry and generalized complex geometry.

On a generalized complex manifold M there is an analogue of the ∂-operator for complex manifolds, which we also denote by ∂. This gives rise to cohomology groups H^k_∂ (M) which are to be thought of as a kind of Hochschild homology since in the case that M is an ordinary complex manifold one has H^k_∂ (M) = ⨁ q−p=k H p,q(M). In certain cases the ∂-cohomology gives rise to a decomposition of the cohomology of M, or in the presence of a non-trivial twisting 3-form H, a decomposition in twisted cohomology (the relevant definitions are recalled in the paper)

(1.1) H^∗(M, H) ⊗ C = n⨁ k=−n H^k_∂ (M). More generally H^∗(M, H) ⊗ C is related to the H^∗_∂ (M) groups through a spectral sequence. The decomposition (1.1) occurs precisely when M satisfies the generalized complex version of the ∂∂-lemma. In this case (1.1) is a Hodge structure on twisted cohomology. This paper concerns aspects of these Hodge structures and in particular their behavior with respect to families of generalized complex structures.

Recall that the classical picture of mirror symmetry involves an isomorphism between A-model correlation functions on one side and B-model correlation functions

Date: May 2, 2012.

This work is supported by the Australian Research Council Discovery Project DP110103745. 1

on the mirror. The A-model correlation functions are related to quantum cohomology while the B-model is related to variation of Hodge structure. To explain the B-model further let M be a compact Calabi-Yau manifold. We may define the Hochschild cohomology HH^∗(M) and Hochschild homology HH_∗(M) of M by [4]

HH^k(M) = ⨁ q+p=k H^q(∧^pT^{1,0}M) HH_k(M) = ⨁ q−p=k H^q (∧^{p,0}T^∗M). Observe that HH^∗(M) is a graded ring and HH_∗(M) is a graded module for HH^∗(M). Since M is a Calabi-Yau manifold there is a holomorphic volume form Ω which induces an isomorphism Ω : HH^k(M) ≃ HH_{n−k}(M). We can think of either HH^∗(M) or HH_∗(M) as the space of states in the topological B-model [22] and the correlation functions are essentially given by the module structure HH^j (M) ⊗ HH_k(M) → HH_{j+k}(M). The special case

H^1(T^{1,0}M) ⊗ H^q(∧^{p,0}T^∗M) → H^{q+1}(∧^{p−1,0}T^∗M)

describes infinitesimal variation of Hodge structure.

Kapustin and Li [16] show how a generalized Calabi-Yau manifold gives rise to a topological field theory generalizing the A and B models. The ring HH^∗(M) is now given by Lie algebroid cohomology H^∗(L), where L is the Lie algebroid associated to the generalized complex structure and HH_∗(M) is now given by the ∂-cohomology H^∗_∂ (M). We will see that the case HH^2(M) ⊗ HH_k(M) → HH_{k+2}(M) similarly corresponds to infinitesimal variation of the Hodge structure (1.1). We find therefore that variation of Hodge structure on a generalized Calabi-Yau manifold is related to the correlation functions in the topological field theory of Kapustin and Li. Speculatively we might conjecture that variations of Hodge structure are related to a quantum cohomology ring on a mirror generalized Calabi-Yau manifold.

In order to describe variations of Hodge structure for generalized complex manifolds we first need to define what we mean by a family of generalized complex structures. A simple definition would be to fix a manifold M and closed 3-form H and consider a collection J(t) of generalized complex structures that depend on a parameter t ∈ B. This definition seems overly restrictive since for instance we would like to allow for families defined over a punctured disc. Using Courant algebroids we find a more natural notion for a family, in fact we find there are two possible definitions which essentially correspond to smooth and holomorphic families. Section 2 introduces the notion of families of exact Courant algebroids and this is used in Section 3.2 to define smooth families (Definition 3.1) and holomorphic families (Definition 3.2).

A generalized complex manifold (M, J) gives rise to a complex Lie algebroid L. In [12] it was found that infinitesimal deformations of J are described by H^2(L), degree 2 Lie algebroid cohomology of L. We call the class of such a deformation the generalized Kodaira-Spencer class. In Section 3.3, we reinterpret generalized

Kodaira-Spencer classes in terms of our definition of smooth families.

Section 4 represents the core of the paper. Here we consider how the Hodge decomposition (1.1) varies in smooth and holomorphic families of compact generalized complex manifolds. Proposition 4.2 shows that the existence of a Hodge decomposition is preserved under all sufficiently small deformations. For a family X → B of generalized complex structures, we find that the twisted cohomology of the fibers determines a vector bundle with flat connection, an analogue of the Gauss-Manin connection (Section 2.3). If a fiber M_0 = π^{−1}(0) satisfies a Hodge decomposition (1.1) then by Proposition 4.2, so do all sufficiently close fibers and the ∂-cohomology groups H^k_∂ (M_t) define smooth subbundles of the bundle of twisted cohomology. As with variations of Hodge structures in complex geometry it is easier to work with the associated Hodge filtrations, which take the form:

F^pH(M_t) = · · · ⊕ H^{p−4}_∂ (M_t) ⊕ H^{p−2}_∂ (M_t) ⊕ H^p_∂ (M_t).

Using these filtrations we may define periods maps (over a simply connected subset of the base):

P^p : B → Grass(f^p, H^{p+n+τ} (M_0, H_0)_C ), where f^p = dim_C F^pH(M_t), M_0 is 2n-dimensional, τ is the parity (Section 3.1) and Grass(r, V ) is the Grassmannian of complex r-dimensional subspaces of V . Proposition 4.4 shows that an analogue of Griffiths transversality holds: if ∇ is the flat connection on the bundle of twisted cohomology groups and e a vector field on the base, then ∇_e(F^pH(M_t)) ⊆ F^{p+2}H(M_t). The induced map

F^pH(M_t)/F^{p−2}H(M_t) → F^{p+2}H(M_t)/F^pH(M_t)

is shown to be the map H^p_∂ (M_t) → H^{p+2}_∂ (M_t) given by the Clifford action of the generalized Kodaira-Spencer class corresponding to the deformation in the direction e. In Proposition 4.7, we use this to show that for holomorphic families of generalized complex manifolds the period maps are holomorphic.

In Section 5, we consider the Hodge decomposition and variations of Hodge structure in some special cases. For a symplectic manifold (M, ω), the existence of the Hodge decomposition is equivalent to the strong Lefschetz property. Section 5.1 studies this case and we show that the Hodge decomposition is completely determined by the action of ω on the cohomology of M. At the other extreme we consider generalized complex manifolds of complex type in Section 5.2. Note that this consists of a complex manifold (M, I) together with a real closed 3-form H of type (1, 2) + (2, 1). The Hodge decomposition is not the usual one for complex manifold, but rather a twisted version which incorporates H. We recall that there is a natural filtration {W^j } on twisted cohomology induced differential form degree. We show in Proposition 5.2 that if the Hodge decomposition (1.1) holds, then the Hodge structure together with the filtration {W^i} forms a mixed Hodge structure. This means that the Hodge decomposition induces Hodge decompositions on the quotients W^j /W^{j+1}. In the case H = 0 we have W^j /W^{j+1} = H^j (M, C ) and we recover the usual Hodge decomposition for M. In Section 5.3 we consider the case of generalized Calabi-Yau manifolds. For a compact generalized Calabi-Yau manifold which satisfies the ∂∂-lemma a result of Goto [8] shows that all infinitesimal deformations are unobstructed and there is a smooth local moduli space M of generalized

Calabi-Yau structures. As an application of the results on variation of Hodge structure, we show in Proposition 5.4 that the period map P^{−n} : M̃ → P(H^τ (M, H)_C ) which sends a pure spinor ρ to span of the twisted cohomology class [ρ] is an immersion. Here M̃ is a cover of M taken so that the period map is single-valued.

Finally in Section 6 we consider how the Hodge decomposition behaves for families of generalized Kähler manifolds. A generalized Kähler manifold M has two commuting generalized complex structures J_1, J_2 and the ∂∂-lemma holds for both [13], so there are two decompositions {H^k_{∂1} (M)}, {H^k_{∂2} (M)} in twisted cohomology. Moreover, the two decompositions are compatible in that there is a decomposition H^∗(M, H) ⊗ C = ⨁ j,k H^{j,k}_{δ+} (M). Here δ_+ is a certain differential on the space of forms on M defined in Section 6.1 and as subspaces of H^∗(M, H)⊗C we have H^{j,k}_{δ+} (M) = H^j_{∂1} (M)∩H^k_{∂2} (M). The way this decomposition can vary in families X → B of generalized Kähler manifolds is essentially controlled by the generalized Kodaira spencer classes ρ_i : T B → H^2(L_i) for i = 1, 2 representing deformations of J_1, J_2. The requirement that J_1, J_2 commute however imposes compatibility conditions on ρ_1, ρ_2 which we determine in Proposition 6.3. On a generalized Kähler manifold there are decompositions L_1 = L^+_1 ⊕L^−_1 , L_2 = L^+_1 ⊕ L^−_1 , for certain complex Lie algebroids L^±_1 . In Section 6.2 we show how such decompositions give the differential complexes (∧^∗L^∗_1, d_{L1} ), (∧^∗L^∗_2, d_{L2} ) the structure of bigraded differential complexes. In particular there exists natural maps H^2(L_1) → H^2(L^±_1 ), H^2(L_2) → H^2(L^+_1 ) and H^2(L_2) → H^2(L^−_1 ). The compatibility conditions on ρ_1, ρ_2 are that they coincide under the maps to H^2(L^+_1 ) and they are related by conjugation under the maps H^2(L_1) → H^2(L^−_1 ), H^2(L_2) → H^2(L^−_1 ). In Section 6.4 we interpret these conditions in terms of variation of Hodge structure on generalized Kähler manifolds.

2. Smooth families in generalized geometry

2.1. Courant algebroids and generalized geometry. One may define various geometric structures on a smooth manifold in terms of structure on the tangent bundle. Generalized geometry works similarly except the tangent bundle is replaced with an exact Courant algebroid. In this section we review Courant algebroids and develop a suitable notion of smooth families in generalized geometry.

Courant algebroids were introduced in [18] as a generalization of the bracket used by Courant [6] in the context of Hamiltonian systems. Courant algebroids can be defined in terms of a skew-symmetric bracket, the Courant bracket, or as we prefer a bracket which is rarely skew-symmetric called the Dorfman bracket. We follow [23] in defining Courant algebroids in terms of Dorfman brackets.

Definition 2.1. A Courant algebroid on a smooth manifold M consists of a vector bundle E → M, R-bilinear bracket [ , ] : Γ(E) ⊗ Γ(E) → Γ(E) called the Dorfman bracket, non-degenerate bilinear form ⟨ , ⟩ and a bundle map ρ : E → T M called the anchor such that for all a, b, c ∈ Γ(E) and f ∈ C^∞(M), we have (C1) [a, [b, c]] = [[a, b], c] + [b, [a, c]], (C2) ρ[a, b] = [ρ(a), ρ(b)],

(C3) [a, fb] = ρ(a)(f)b + f[a, b], (C4) [a, b] + [b, a] = d⟨a, b⟩, (C5) ρ(a)⟨b, c⟩ = ⟨[a, b], c⟩ + ⟨b, [a, c]⟩, where [ρ(a), ρ(b)] is the Lie bracket of vector fields and d is the operator d : C^∞(M) → Γ(E) defined by ⟨df, a⟩ =^1_2 ρ(a)(f).

A Courant algebroid E → M is exact if the sequence

0 // T^∗M 1 2 ρ^∗ //

E^ρ // T M // 0

is exact. Here ρ^∗ is the transpose T^∗M → E^∗ of ρ followed by the identification of E and E^∗ using the pairing.

Let E be an exact Courant algebroid. A section s : T M → E of the anchor will be called an isotropic splitting if s(T M) is isotropic with respect to the pairing on E. It is clear that isotropic splittings exist for any exact Courant algebroid E and that on choosing such a splitting we get an isomorphism E = T M ⊕T^∗M such that the pairing ⟨ , ⟩ is given by ⟨X + ξ, Y + η⟩ = 1 2 (ξ(Y ) + η(X))

and the operator d : C^∞(M) → Γ(E) sends a function f to the image of df under the inclusion T^∗M → E.

Exact Courant algebroids over a manifold M are classified by third degree cohomology with real coefficients, H^3(M, R). Indeed given an exact Courant algebroid E and a choice of isotropic splitting there is a closed 3-form H such that the Dorfman bracket on E is given by [25]

(2.1) [X + ξ, Y + η]_H = [X, Y ] + L_X η − i_Y dξ + i_X i_Y H.

A change in isotropic splitting for E changes H by an exact term but the cohomology class [H] ∈ H^2(M, R), called the Ševera class of E is independent of the splitting. Conversely, for any closed 3-form H the H-twisted Dorfman bracket given in (2.1) defines an exact Courant algebroid. Given two closed 3-forms H, H^′ the associated exact Courant algebroids are isomorphic if and only if H and H^′ represent the same class in H^3(M, R). Thus exact Courant algebroids on M are classified by H^3(M, R). This classification is due to Ševera [24].

If B is a 2-form on M we let B act on E = T M ⊕ T^∗M according to B(X + ξ) = i_X B. We also let e^B denote the exponentiated action e^B (X + ξ) = X + ξ + i_X B. Such a transformation is called a B-shift. For any 2-form B we note that e^B preserves the pairing ⟨ , ⟩ and the anchor in the sense that ρ ∘ e^B = ρ. If B is closed then we also see that e^B preserves the H-twisted Dorfman bracket for any closed H. More generally for any B we have an identity e^B [a, b]_H = [e^B a, e^B b]_{H+dB} .

2.2. Families of exact Courant algebroids. Generalized geometry can be described as the study of geometric structures on exact Courant algebroids. Given a geometric structure it is natural to consider its deformations. We have found that the notion of a family of exact Courant algebroids gives a suitable framework in which to study deformation problems in generalized geometry.

Definition 2.2. Let π : M → B be a locally trivial fiber bundle and V = Ker(π_∗) ⊆ T M the vertical bundle. A Courant algebroid E → M on is called a family of exact Courant algebroids over B if the anchor ρ : E → T M factors through a map E → V and the induced sequence 0 → V^∗ → E → V → 0 is exact.

We now explain how a family of exact Courant algebroids E → M as defined above gives rise to an exact Courant algebroid on each fiber. Let b ∈ B and M_b = π^{−1}(b) be the fiber of π over b. Let i : M_b → M be the inclusion. The restriction to M_b of the vertical bundle of of π is canonically isomorphic to the tangent bundle of M_b, so we have an exact sequence 0 → T^∗M_b → E|_{Mb} → T M_b → 0. Let a, b be sections of E|_{Mb} over M_b. We can find smooth extensions ã, b̃ of a, b to sections of E over M. Now we define a Dorfman bracket [ , ]_{E|Mb} by setting [a, b]_{E|Mb} = ([ã, b̃]_E )|_{Mb} . To show that this is independent of the choice of smooth extensions we need only show that if r, s are sections of E and s vanishes on M_b then so do [r, s]_E and [s, r]_E . First note that since [r, s]_E + [s, r]_E = ρ^∗d⟨r, s⟩, it suffices to show that [r, s]_E vanishes on M_b. We see that ρ([r, s]_E ) = [ρ(r), ρ(s)] and we know that ρ(r), ρ(s) are vertical vector fields and ρ(s) vanishes on M_b, so [ρ(r), ρ(s)] also vanishes on M_b. Given any vertical vector field W let W^′ be a lift of W to a smooth section of E. It now suffices to show that ⟨W^′, [r, s]_E ⟩ vanishes on M_b for all such W^′. But we have ⟨W^′, [r, s]_E ⟩ = ρ(r)⟨W^′, s⟩−⟨[r, W^′], s⟩ and the claim follows.

We note that the bundle E|_{Mb} has in addition to the inherited bracket [ , ]_{E|Mb} a natural anchor map E|_{Mb} → T M_b and pairing ⟨ , ⟩ both defined by restriction from E. It is straightforward now to see that this structure makes E|_{Mb} into an exact Courant algebroid on M_b.

Next we show that an exact Courant algebroid F → M on M gives rise to a family of exact Courant algebroids over B in a natural way. We have subbundles A^⊥ ⊆ A ⊆ F defined as follows. A is the kernel of the composition F^ρ→ T M^{π∗}→ π^∗(T B) and A^⊥ is the annihilator of A. We note that A, A^⊥ are subbundles of F since π_∗ has constant rank and that A^⊥ ⊆ A, indeed it is straightforward to see that A^⊥ can be identified with the image of π^∗(T^∗B) under the inclusion ρ^∗ : T^∗M → F .

Proposition 2.3. The space Γ(A) of sections of A is a subalgebra of Γ(F ) and the sections Γ(A^⊥) of A^⊥ is a two-sided ideal in Γ(A). The quotient bundle E = A/A^⊥ with the induced bracket on Γ(A/A^⊥) is a family of exact Courant algebroids on M. If F has Ševera class H ∈ H^3(M, R) then the exact Courant algebroid on the fiber M_b = π^{−1}(b) induced by E has Ševera class H|_{Mb} ∈ H^3(M_b, R).

Proof. Let a, b ∈ Γ(A), so ρ(a), ρ(b) are vertical vector fields. Thus ρ([a, b]_F ) = [ρ(a), ρ(b)] is also vertical and [a, b]_F ∈ Γ(A). Suppose now that a ∈ Γ(A) and b ∈ Γ(A^⊥). We must show that [a, b]_F and [b, a]_F take values in A^⊥. Note however that [a, b]_F + [b, a]_F = ρ^∗d⟨a, b⟩ = 0, so it suffices to consider just [a, b]_F . We have ρ([a, b]_F ) = [ρ(a), ρ(b)] = 0 since ρ(b) = 0. Thus [a, b]_F is a 1-form. Let W be a vertical vector field and W^′ a lift to a section of F (in particular W^′ is a section of A). It suffices to show that for all such W, W^′ we have ⟨W^′, [a, b]_F ⟩ = 0. Now ⟨W^′, [a, b]_F ⟩ = ρ(a)⟨W^′, b⟩ − ⟨[a, W^′]_F , b⟩ = ρ(a)(b(W )) − b([ρ(a), ρ(W )]) = 0, since b is in the annihilator of A.

We have shown that the bundle E = A/A^⊥ has a natural bracket on its space of sections. In addition the restriction to A of the pairing ⟨ , ⟩ on F descends to a non-degenerate pairing on A/A^⊥. Similarly the anchor map ρ : F → T M restricts to a map A → V which then descends to a map A/A^⊥ → V . It is straightforward to see that all of the induced structure makes E into a Courant algebroid. We also see that the sequence 0 → V^∗ → E → V → 0 is exact, so E is a family of exact Courant algebroids over B.

Let b ∈ B and π^{−1}(b) = M_b the fiber over b. To determine the Ševera class of E|_{Mb} let us first choose an isotropic splitting s : T M → F for F . Then there is a closed 3-form H ∈ Ω^3(M) such that for all vector fields X, Y on M we have (2.2) [sX, sY ]_F − s[X, Y ] = i_Y i_X H. The cohomology class of H in H^3(M, R) is the Ševera class of F . Observe that the restriction s|_V of s to the vertical tangent bundle V maps into A and by factoring out A^⊥ we get an induced isotropic splitting s̃ : V → A/A^⊥. If X, Y are vertical vector fields, equation (2.2) becomes [s̃X, s̃Y ]_E − s̃[X, Y ] = i_Y i_X H mod(A^⊥). Restricting to the fiber M_b we immediately see that the Ševera class of E|_{Mb} is just [H]|_{Mb} . □ The family of exact Courant algebroids E = A/A^⊥ obtained from F will be called the fiberwise reduction of F . This reduction procedure is related to the reduction of Courant algebroids in [3] (in particular to Lemma 3.7).

We now turn to the problem of finding a general classification for families of exact Courant algebroids. In fact, the classification follows almost immediately from the classification of AV -Courant algebroids. AV -Courant algebroids, defined in [1], are a kind of generalization of exact Courant algebroids involving a Lie algebroid A and an A-module V^′, where we use a prime to avoid a clash in notation. If we take A to be the Lie algebroid of the vertical tangent bundle A = V = Ker(π_∗) and V^′ = R the trivial line bundle then an AV^′-Courant algebroid is precisely what we call a family of exact Courant algebroids over B. It follows from [1] that isomorphism classes of families of exact Courant algebroids are classified by H^3(V, R), degree 3 Lie algebroid cohomology for V with values in R.

Let d^V : Γ(∧^kV^∗) → Γ(∧^{k+1}V^∗) be the Lie algebroid differential for V (with values in the trivial module R). This defines a differential graded complex (Γ(∧^kV^∗), d^V ) and by definition the Lie algebroid cohomology H^k(V, R) is the degree k cohomology of this complex. Let h ∈ H^3(V, R). An explicit representative for the corresponding family of exact Courant algebroids is obtained as follows. First choose a representative H ∈ Γ(∧^3V^∗) for h, so in particular H is d^V -closed. Now let E = V ⊕ V^∗ and define a Dorfman bracket [ , ]_H by

[X + ξ, Y + η]_H = [X, Y ] + L_X η − i_Y d^V ξ + i_Y i_X H.

In the above equation L_X denotes the Lie derivative in the sense of Lie algebroids, thus L_X η = i_X d^V η + d^V i_X η. Observe that E has a natural non-degenerate bilinear form given by pairing V and V^∗ and a natural anchor map E → V which is just the projection to V . It is straightforward to see that this structure makes E into a family of exact Courant algebroids. From [1] we know that every family of exact Courant algebroids is isomorphic to one of this form for some unique class h ∈ H^3(V, R). In analogy with the case of exact Courant algebroids we call the class h ∈ H^3(V, R) the Ševera class of E.

Recall that an exact Courant algebroid F on M gives rise to a family E = A/A^⊥ of exact Courant algebroids over B. Suppose that F has Ševera class h ∈ H^3(M, R). The inclusion V → T M is a morphism of Lie algebroids and so defines a natural restriction map H^3(M, R) → H^3(V, R). It is almost immediate that the Ševera class of the family E is just the image of h in H^3(V, R).

In general the map H^3(M, R) → H^3(V, R) is neither injective nor surjective so we would like to clarify the relation between these two groups. For simplicity we will assume the fibers of M are compact. Choose a splitting for the short exact sequence 0 → V → T M → π^∗(T B) → 0. We then have an isomorphism T M = π^∗(T B) ⊕ V . There is an induced bi-grading on differential forms where the bundle of degree (p, q)-forms, denoted ∧^{p,q} T^∗M is defined to be ∧^pπ^∗(T^∗B) ⊗ ∧^q V^∗. Similarly let Ω^{p,q} (M) denote the sections of ∧^{p,q} T^∗M. Next introduce a filtration F^k ∧^n T^∗M = ⊕_{p≥k} ∧^{p,n−p} T^∗M and F^kΩ^n(M) = ⊕_{p≥k}Ω^{p,n−p}(M). We note that dF^kΩ^n(M) ⊆ F^kΩ^{n+1}(M), so there is a corresponding spectral sequence converging to the cohomology of M. The E_1 term of this spectral sequence is obtained by taking cohomology in the vertical direction. More precisely observe that ∧^pπ^∗(T B) is naturally a module for the Lie algebroid V . Indeed we let a vertical vector field W act on ω ∈ Ω^{p,0}(X) by defining W (ω) = i_W dω. Note that since i_W ω = 0 this coincides with the Lie derivative of ω along W , so if W_1, W_2 are vertical vector fields then

W_1(W_2(ω)) − W_2(W_1(ω)) = L_{W2} L_{W1} (ω) − L_{W1} L_{W2} (ω) = L_{[W1 ,W2]}ω = [W_1, W_2]ω

as required. The graded differential complex for V with values in Ω^{p,0}(M) is just the complex Ω^{p,0 dV}−→ Ω^{p,1 dV}−→ Ω^{p,2 dV}−→ · · · where d^V is the vertical projection of the exterior derivative. It follows that the E_1-stage of the spectral sequence is given by E^{p,q}_1 = H^q(V, ∧^{p,0}T^∗M). The natural map H^q (M, R) → H^q (V, R) is the composition H^q (M, R) → E^{0,q}_∞ → E^{0,q}_1 = H^q (V, R). We remark that the E_2-stage of this spectral sequence is just the Serre spectral sequence for the fibration π : M → B [11], namely E^{p,q}_2 = H^p(B, R^qπ_∗R). To explain the relation between the E_1 and E_2 stages we need to observe that H^q(V, ∧^{p,0}T^∗M) is isomorphic to Ω^p(B, R^qπ_∗R), that is the space of p-forms on the base with values in the flat vector bundle R^qπ_∗R. The main step is to show that if ω is an (0, q)-form on M which is d^V -closed and its restriction to each fiber is exact, then there is an (0, q − 1)-form α such that ω = d^V α. This can be achieved by first using a partition of unity on the base to localize the problem and then using standard Hodge theory techniques.

Applying this in particular to degree 3 cohomology we have that H^3(V, R) is isomorphic to the smooth sections of the flat bundle R^3π_∗R. On the other hand the restriction of a class in H^3(M, R) to H^3(V, R) maps into the space of constant sections of R^3π_∗R. In general not every constant section of R^3π_∗R comes from a class in H^3(M, R), since there are higher order differentials in the spectral sequence. However, if we suppose the base B is contractible then H^3(M, R) is precisely the space of constant sections of R^3π_∗R. Note further in this case that R^3π_∗R is the trivial bundle with fiber isomorphic to H^3(M_0, R), where M_0 is a fiber of M. To summarize, when B is contractible we have an isomorphism H^3(V, R) ≃ C^∞(B) ⊗ H^3(M_0, R) and H^3(M, R) ≃ H^3(M_0, R), the constant functions in C^∞(B) ⊗ H^3(M_0, R). In particular we have shown the following.

Proposition 2.4. Let π : M → B be a fiber bundle with compact fibers over a contractible base and let E → M be a family of exact Courant algebroids over B. Taking Ševera classes of the fibers of M defines a map S : B → H^3(M_0, R), where M_0 is a fiber of M. Then E is the fiberwise reduction of an exact Courant algebroid on M if and only if S is constant.

2.3. The twisted Gauss-Manin connection. On a smooth manifold M consider the bundle S = ∧^∗T^∗M of forms on M of mixed degree. Sections of S will simply be called forms. There is a natural Z_2-grading on S, namely S^0 = ∧^{ev} T^∗M is the bundle of forms of even degree, S^1 = ∧^{odd}T^∗M the odd degree forms and we refer to sections of S^0/S^1 as even/odd forms. If α is a form of degree k we often write (−1)^α in place of (−1)^k. Since this only depends on the mod 2 degree we can similarly introduce sign factors (−1)^α for any even or odd form.

Let H be a closed 3-form on M. Associated to H is a twisted differential d_H : Γ(S^i) → Γ(S^{i+1}) which is defined by d_H (α) = dα +H ∧α. Observe that (d_H )^2 = 0, so we have a Z_2-graded complex (Γ(S^∗), d_H ). The cohomology of this complex is denoted H^∗(M, H) and called the twisted cohomology of (M, H). For any 2-form B, let e^B : S^i → S^i be given by

e^B α = α + B ∧ α + 1 2 B ∧ B ∧ α + . . . One sees that d_H ∘ e^B = e^B ∘ d_{H+dB} , so that e^B descends to an isomorphism e^B : H^∗(M, H + dB) → H^∗(M, H) of twisted cohomology groups. In particular we see that if H_1, H_2 are closed 3-forms representing the same class in de Rham cohomology, then the twisted cohomology groups H^∗(M, H_1),H^∗(M, H_2) are isomorphic. Note however that the isomorphism e^B : H^∗(M, H_1) → H^∗(M, H_2) depends on the choice of 2-form such that H_1 = H_2 + dB.

Let π : M → B be a fiber bundle and E → M a smooth family of exact Courant algebroids over B. The Ševera classes of the fibers determines an element S ∈ Γ(B, R^3π_∗R), that is a smooth section of the bundle of degree 3 fiber cohomology. For b ∈ B let M_b denote the fiber of M over b. In general the dimension of the twisted cohomology groups H^∗(M_b, S(b)) will vary with b, so that it is not even a vector bundle on B. To get smoothly varying twisted cohomology groups we will generally assume that the Ševera class S is locally constant. Note that when S(b) is the Dixmier-Douady class of a gerbe on M_b we have that S(b) is integral. In this case S is necessarily locally constant.

Assuming now that the Ševera class is constant we know that for sufficiently small open subsets in the base U ⊆ B we have an exact Courant algebroid F → π^{−1}(U) such that E|_U is the fiberwise reduction of F . Moreover the Ševera class H ∈ H^3(π^{−1}(U), R) coincides with S. Although it is not strictly necessary, it will simplify matters to assume that E is the fiberwise reduction of a globally defined exact Courant algebroid F → M. Let H ∈ H^3(M, R) be the Ševera class of F . We have a Z_2-graded presheaf on B which assigns to an open subset U ⊆ B the group H^∗(π^{−1}(U), H|_π−1_{(U)}). Let H^∗ denote the sheaf associated to this presheaf.

Proposition 2.5. Let B be connected. The sheaf H^∗ is a local system with coefficient group isomorphic to H^∗(M_0, H|_{M0} ), the twisted cohomology of a fiber M_0 of M. Proof. Consider a contractible subset U ⊆ B. The restriction M|_U = π^{−1}(U) of M over U admits a trivialization M|_U = U × M_0, where M_0 is a fiber of M. We have that H^3(M|_U , R) = H^3(M_0, R), so there exists a class H_0 ∈ H^3(M_0, R) such that H|_{M|U} = H_0. We claim that the restriction H^∗(M|_U , H_0) → H^∗(M_0, H_0) is an isomorphism. Given this the proposition follows since B is locally contractible. To see that the restriction H^∗(M|_U , H_0) → H^∗(M_0, H_0) is an isomorphism recall first that for any pair (M, H) consisting of a manifold M and closed 3-form H on M, there is a spectral sequence for twisted cohomology which arises from the filtration F^pΩ(M) = ⊕_{k≥p}Ω^k(M) on differential forms. We have that E^∗_2 = H^∗(M, R) (where the grading is the Z_2-grading by form degree). If f : X → Y is a smooth map between manifolds X, Y and there are closed 3-forms H_X , H_Y such that H_X = f^∗(H_Y ) then we get an induced morphism between the spectral sequences for (Y, H_Y ) and (X, H_X ). At the E_2-stage the morphism is just the pullback f^∗ : H^∗(Y, R) → H^∗(X, R). In the case at hand we set X = M_0, Y = U × M_0, H_X = H_0 and H_Y = H|_{M|U} . Since we get an isomorphism at the E_2-stage the twisted cohomology groups are isomorphic. □

Definition 2.6. The vector bundle with flat connection corresponding to H^∗ will be denoted (H^∗, ∇) and the flat connection ∇ called the twisted Gauss-Manin connection.

We give here a simple local description of the twisted Gauss-Manin connection. Let π : M → B be a locally trivial fiber bundle with compact oriented fibers and suppose we are given a section h of R^3π_∗R, the Ševera class of the fibers. For any b ∈ B we may choose an open subset U ⊆ B containing b such that there is a local trivialization π^{−1}(U) = U × M_0 and a closed 3-form H ∈ Ω^3(U × M_0) such that the restriction of H to the fiber M_u = {u} × M_0 is a representative for h(u). Suppose s̃ is a differential form on U × M_0 such that:

• s̃ contracted with a vector field on U is trivial, • the restriction s̃|_{Mu} of s̃ to M_u is d_H -closed.

Then s̃ determines a local section s of H^∗ by setting s(u) = [s̃|_{Mu} ]. Note also that any section of H^∗ over U × M_0 can be represented in this manner. Let X be a vector field on U and view X as a vector field on the product U × M_0. We claim that the twisted Gauss-Manin connection can be expressed as follows: (2.3) (∇_X s)(u) = [(i_X d_Hs̃)|_{Mu} ].

One first shows that (2.3) is a well-defined connection for sections of H^∗ over U ×M_0. Next let a be a fixed class in H^∗(M_0, H|_{M0} ). By taking U to be contractible we may assume that the restriction map H^∗(U × M_0, H) → H^∗(M_0, H|_{M0} ) is an isomorphism. Therefore we may choose a d_H -closed form ã on U × M_0 representing a. Under the twisted Gauss-Manin connection u → [ã|_{Mu} ] corresponds to the closed section which takes the value a at u = 0. On the other hand this agrees with (2.3) since d_Hã = 0. Therefore (2.3) coincides with the twisted Gauss-Manin connection, since they have the same constant sections.

We introduce a natural pairing on twisted cohomology which is preserved by the twisted Gauss-Manin connection. First we define an involution σ : ∧^∗T^∗M → ∧^∗T^∗M on the bundle of forms on M by setting σ(α) = (−1)^{k(k−1)/2}α, where α has degree k. One sees that for all α and all closed 3-forms H

σ(d_H (σ(α))) = (−1)^αd_{−H} α.

In particular σ descends to an isomorphism σ : H^∗(M, H) → H^∗(M, −H) of twisted cohomology groups.

Suppose that M is n-dimensional. The Mukai pairing is a bilinear pairing ⟨ , ⟩ on the bundle of forms on M with values in the determinant bundle ∧^nT^∗M. It is given by the following expression: ⟨α, β⟩ = [α ∧ σ(β)]^n, where [ω]^n denotes the degree n part of ω. Suppose now M is compact, oriented and that H is a closed 3-form. For d_H -closed forms α, β we define (α, β) ∈ R as follows: (α, β) = ∫ M ⟨α, β⟩. We claim that (α, β) depends only on the twisted cohomology classes of α, β. Indeed this follows since for any forms ω, γ we have (d_H ω, γ) = (−1)^n(ω, d_H γ). Alternatively a more cohomological interpretation of ( , ) is as follows. For any two closed 3-forms H_1, H_2 the wedge product naturally induces maps ∧ : H^i(M, H_1) ⊗ H^j (M, H_2) → H^{i+j} (M, H_1 + H_2). Let [M] denote the fundamental class of M. Then if α, β are d_H -closed and [α], [β] the corresponding twisted cohomology classes we see that (α, β) = ([α] ∧ σ[β])[M], where we have used the fact that [α] ∧ σ[β] is a class in ordinary cohomology, so it can be evaluated on [M].

Suppose that π : M → B is a fiber bundle with compact oriented fibers and H a closed 3-form on M. We have the flat bundle H^∗ with fiber over b ∈ B given by the twisted cohomology group H^∗(M_b, H_b), where M_b = π^{−1}(b) and H_b = H|_{Mb} . We have just seen that we can define a pairing ( , ) : H^∗(M_b, H_b) ⊗ H^∗(M_b, H_b) → R on twisted cohomology. This gives the bundle H^∗ a natural bilinear form Q : H^∗ ⊗ H^∗ → R. It is not hard to see that Q depends smoothly on b ∈ B, in fact we can show something much stronger.

Proposition 2.7. Let a, b be constant locally defined sections of H^∗. Then Q(a, b) is constant. Therefore Q defines a covariantly constant bilinear form on H^∗.

Proof. We may restrict to a contractible open set U ⊆ B in the base. Recall that the inclusion of a fiber i : M_b → π^{−1}(U) for b ∈ U induces an isomorphism in twisted cohomology. The idea now is to define a pairing on H^∗(π^{−1}(U), H) that coincides with the pairing on H^∗(M_b, H_b) under i. The difficulty is that π^{−1}(U) will not be compact, so we can not define a pairing on H^∗(π^{−1}(U), H) by integrating over π^{−1}(U). One remedy would be to introduce twisted cohomology with compact support, but there is an even simpler alternative. Define a bilinear pairing λ : H^∗(π^{−1}(U), H) ⊗ H^∗(π^{−1}(U), H) → R on H^∗(π^{−1}(U), H) as follows: for a, b ∈ H^∗(π^{−1}(U), H) we set λ(a, b) = (a ∧ σ(b))[M_b], where [M_b] is the fundamental class of the fiber M_b in H_∗(π^{−1}(U), R). We observe that under the pullback isomorphism i^∗ : H^∗(π^{−1}(U), H) → H^∗(M_b, H_b), λ is identified with the pairing ( , ) = Q_b. Finally note that that for all b ∈ U the fiber M_b above b defines the same homology class [M_b] in H_∗(π^{−1}(U), R). Therefore the pairing λ restricts to Q_b for all b ∈ B. This shows that Q is given by a locally constant pairing. □

3. Families of generalized complex structures

3.1. Generalized complex geometry. Let E → M be a Courant algebroid on M (exact or not). A generalized almost complex structure on E is an endomorphism J : E → E such that J^2 = −1 and ⟨Ja, Jb⟩ = ⟨a, b⟩ for all a, b. We may decompose E into the ±i-eigenspaces of J: E ⊗ C = L ⊕ L, where L is the +i-eigenspace and L is the complex conjugate of L, which is then the −i-eigenspace. We say that J is integrable if L is closed under the Dorfman bracket. An integrable generalized almost complex structure is then called a generalized complex structure. Note that L, L are isotropic subspaces and it follows that the restriction of the Dorfman bracket gives L, L the structure of complex Lie algebroids.

Suppose that E → M is the exact Courant algebroid on E with Ševera class h ∈ H^3(M, R). Given a closed 3-form H representing h we can take E to be T M ⊕T^∗M with the H-twisted Dorfman bracket. Let S be the bundle of differential forms. There is a Clifford action of E on S as follows: for X+ξ ∈ Γ(E) and ω ∈ Γ(S) the Clifford action is given by (X + ξ)ω = i_X ω + ξ ∧ ω. A non-vanishing section ρ of S_C = S ⊗ C is called a pure spinor for J if L is the annihilator of ρ, where the annihilator of a form ρ is the set of a ∈ E such that aρ = 0. Every generalized almost complex structure has a pure spinor locally, but not necessarily globally. However such a local pure spinor is unique up to scale, so there exists a complex line bundle K ⊂ S such that the non-vanishing sections of K are precisely the pure spinors for J. We call K the canonical bundle of J. Pure spinors have definite parity, so there exists a τ ∈ Z_2 which we call the parity of J such that K ⊂ S^τ .

Since the i eigenspace L is isotropic we have that the exterior algebra ∧^∗L^∗ is naturally a subalgebra of the Clifford algebra of E. Applying the Clifford action of L^∗ to K, we get an isomorphism S_C ≃ ∧^∗L^∗ ⊗ K. This correspondence induces a Z-grading on S of the form: S_C = U_{−n} ⊕ U_{−n+1} ⊕ · · · ⊕ U_{n−1} ⊕ U_n, where M is 2n-dimensional and U_k is the image of the Clifford action of ∧^{k+n}L^∗ on K. Additionally we have U_k = U_{−k} and the Mukai pairing ⟨ , ⟩ restricted to U_j ⊗ U_k is zero unless j + k = 0, in which case it is non-degenerate.

We need also an alternative characterization of the induced grading on S. Since J^2 = −1 and J preserves ⟨ , ⟩, we find that ⟨Ja, b⟩ + ⟨a, Jb⟩ = 0. Therefore the bilinear form ⟨J , ⟩ defines a section of ∧^2E^∗ ≃ ∧^2E using ⟨ , ⟩ to identify E and E^∗. There is a natural map from ∧^2E to the Clifford algebra of E which sends a∧b with a, b ∈ E to [a, b]/2 = (ab − ba)/2 in the Clifford algebra. Thus J has a natural Clifford action on S. One can show that U_k is the −ik-eigenspace of J under this action.

We define operators ∂ : Γ(U_k) → Γ(U_{k−1}), ∂ : Γ(U_k) → Γ(U_{k+1}) as follows. If ω is a section of U_k then we may decompose d_H ω into components of each degree. By definition ∂ω is the projection of d_H ω to U_{k−1} and ∂ω is the projection of d_H ω to U_{k+1}. As the notation suggests, ∂ and ∂ are conjugate operators. For an arbitrary generalized almost complex structure d_H will generally have components of degrees other than ±1. In fact the identity d_H = ∂ + ∂ is equivalent to integrability of J [12]. Now if we assume J is integrable then since d^2_H = 0 we immediately obtain the identities ∂^2 = ∂^2 = 0, ∂∂ + ∂∂ = 0.

3.2. Smooth and holomorphic families. We would like to have a notion of a family of generalized complex structures which is compatible with our notion of a family of exact Courant algebroids. It turns out that there are two natural ways to do this which correspond roughly to smoothly varying and holomorphically varying families.

Definition 3.1. A smooth family of generalized complex structures is a fiber bundle π : M → B, a family E → M of exact Courant algebroids over B and a generalized complex structure J on E.

We have seen that given a family of exact Courant algebroids E → M, the restriction E|_{Mb} of E to a fiber M_b = π^{−1}(b) naturally inherits an exact Courant algebroid structure. It is straightforward to see that if J is a generalized complex structure on E then J determines by restriction a generalized complex structure on each fiber.

Let M_0, B be smooth manifolds and H ∈ H^3(M_0, R). Let M = M_0 × B, π : M → B the projection to B and V the vertical bundle, which can be identified with the tangent bundle of M_0 pulled back to X. There is a natural pullback map H^3(M_0, R) → H^3(V, R) and so we get a corresponding family of exact Courant algebroids E → M which has Ševera class H on each fiber. As a bundle we can just take E to be the pullback of T M_0 ⊕ T^∗M_0 to M. It is not hard to see that a generalized complex structure on E is precisely a bundle endomorphism J : E → E such that the restriction of J to each fiber is a generalized complex structure. In other words J is a family of generalized complex structures on M_0, smoothly parametrized by

B. Definition 3.1 is more general than this since a class in H^3(V, R) corresponds to a smooth H^3(M_0, R)-valued function H : B → H^3(M_0, R) on B. This would correspond to simultaneously deforming the complex structure and Ševera class. Locally (with respect to the base) every smooth family of generalized complex structures has this form.

Next we introduce a more rigid notion of a family of generalized complex structure. Before getting to the definition let us explain the general idea. Let π : M → B be a fiber bundle. This time we want to consider a family of exact Courant algebroids on M that comes from the fiberwise reduction of an exact Courant algebroid F → M on M. Let V be the vertical tangent bundle of π : M → B and define A, A^⊥ as in Section 2.2. The corresponding family of exact Courant algebroids is E = A/A^⊥. One way to get a complex structure on A/A^⊥ is to start with a complex structure on F such that A and A^⊥ are complex subbundles. If the complex structure on F respects the pairing ⟨ , ⟩ on F and A is a complex subbundle then A^⊥ is automatically a complex subbundle as well. Notice that we also get an induced complex structure on F/A ≃ π^∗(T B). It is natural to demand that this complex structure comes from a complex structure on B (so that π : M → B is in some sense holomorphic). Based on these considerations we make the following definition:

Definition 3.2. A holomorphic family of generalized complex structures is a fiber bundle π : M → B, an exact Courant algebroid F → M, a generalized complex structure J on F and a complex structure J_B on B such that:

• the subbundle A = Ker(π_∗ ∘ ρ : F → π^∗(T B)) is J-invariant, • the induced complex structure on the bundle F/A ≃ π^∗(T B) coincides with −π^∗(J_B ).

Note the appearance in the above definition of the complex structure −π^∗(J_B ) rather than π_∗(J_B ). This is purely a matter of convention and our choice is motivated by existing conventions in generalized complex geometry.

Let π : M → B, F → M, J, J_B be a holomorphic family of generalized complex structures. As we have already remarked, since J respects the pairing ⟨ , ⟩ on F (by definition of a generalized complex structure), we have automatically that A^⊥ is also J-invariant, so we get an induced generalized almost complex structure J^′ on E = A/A^⊥. In fact since J is integrable it is easy to see that J^′ is integrable as well. Immediately this implies that (E, J^′) is a smooth family of generalized complex structures and therefore induces on each fiber a generalized complex structure.

Let M_0 be a smooth manifold and (B, J_B ) a complex manifold. Set M = M_0 ×B and π = π_B : M → B the projection to B and similarly let π_{M0} be the projection to M_0. Let H ∈ H^3(M_0, R) and lift H to a class on M. Then we get a corresponding exact Courant algebroid F → M on M, namely F = T M ⊕T^∗M with the H-twisted Dorfman bracket. Since M is the product M = M_0 × B we get an identification T M = π^∗_B (T B) ⊕ π^∗_{M0} (T M_0) and similarly T^∗M = π^∗_{M0} (T^∗M_0) ⊕ π^∗_B (T^∗B). Let E_{M0} be the bundle over M_0 given by E_{M0} = T M_0 ⊕ T^∗M_0. We can give E_{M0} the structure of an exact Courant algebroid on M_0 with H-twisted Dorfman bracket. Now write F = π^∗_B (T B)⊕π^∗_{M0} (E_{M0} )⊕π^∗_B (T^∗B). Let J_{M0} : π^∗_{M0} (E_{M0} ) → π^∗_{M0} (E_{M0} ) be a bundle endomorphism of π^∗_{M0} (E_{M0} ) such that J^2_{M0} = −1 and J_{M0} preserves the natural pairing on π^∗_{M0} (E_{M0} ). We may then define a generalized almost complex structure J on F by

(3.1) J =

−π^∗(J_B ) 0 0 0 J_{M0} 0 0 0 π^∗(J^t_B ) ,

where J^t_B : T^∗B → T^∗B is the transpose of J_B . Now by a straightforward verification we deduce the following:

Proposition 3.3. The generalized almost complex structure J in Equation (3.1) is integrable if and only if the following conditions hold:

• the restriction of J_{M0} to each fiber of π is integrable as a generalized almost complex structure on E_{M0} , • J_{M0} depends holomorphically on B.

Proposition 3.3 shows that our definition (3.2) is able to capture the simple notion of a family of generalized complex structures on M_0 which vary holomorphically.

3.3. Generalized Kodaira-Spencer classes. We recall that infinitesimal deformations of generalized complex structure are classified by a class in Lie algebroid cohomology which generalizes the Kodaira-Spencer class for families of complex manifolds. We will then show an alternative interpretation for this generalized Kodaira-Spencer class that emerges naturally from the point of view of smooth or holomorphic families.

Let (M, H, J) be a generalized complex manifold. As usual, let L be the +ieigenbundle of the complexified generalized tangent bundle E_C = (T M ⊕T^∗M)⊗C , so E_C = L ⊕ L. Suppose J^′ is another generalized almost complex structure and let L^′ be the +i-eigenbundle of J^′. For any such J^′ sufficiently close to J pointwise, we have that L^′ can be written as a graph of a map ϵ : L → L: (3.2) L^′ = {X + ϵX | X ∈ L}. Recall that L, L are isotropic subspaces of E and that the pairing on E identifies L with L^∗. We can therefore think of ϵ as a section of L^∗ ⊗ L^∗. We find that L^′ is isotropic if and only if ϵ ∈ Γ(M, ∧^2L^∗). Conversely all sufficiently small such ϵ determine a generalized almost complex structure by (3.2). The generalized almost complex structure J^′ corresponding to ϵ is integrable if and only if ϵ satisfies a Maurer-Cartan equation [12]

(3.3) d_Lϵ + 1 2 [ϵ, ϵ] = 0, where d_L is the Lie algebroid differential and [ , ] is the Schouten bracket [ , ] : Γ(M, ∧^j L^∗) ⊗ Γ(M, ∧^k L^∗) → Γ(M, ∧^{j+k−1}L^∗) induced by the Lie algebroid structure on L^∗. Now if we vary J in a smooth family {J(b)}_{b∈B} with J(0) = J, we get (for sufficiently small deformations) a corresponding smooth family ϵ(b) of solutions to the Maurer-Cartan equation, with ϵ(0) = 0. Given a tangent vector T ∈ T_0B, let ϵ_T = T (ϵ) be the derivative of ϵ at 0 in the direction T . We find that equation (3.3) linearizes to d_L(ϵ_T ) = 0, so ϵ_T defines a class [ϵ_T ] ∈ H^2(L) in Lie algebroid cohomology. This gives a map ρ : T_0B → H^2(L), which we call the generalized

Kodaira-Spencer class. When M is compact it is possible to show that automorphisms of the H-twisted Courant bracket on T M ⊕ T^∗M generated by the adjoint action of vector fields and 1-forms give rise to deformations of J with trivial generalized Kodaira-Spencer class. The generalized Kodaira-Spencer class is therefore a measure of non-trivial deformations.

We now consider an interpretation of generalized Kodaira-Spencer classes from the point of view of smooth families of generalized complex families. Let π : M → B be a fiber bundle with fiber M_0 and E → M a smooth family of exact Courant algebroids on M. We will also assume that E is the fiberwise reduction of an exact Courant algebroid F → M on M. The idea is that vector fields on M can in some sense be used to generate non-trivial derivations of the Courant algebroid E. First, let us define what we mean by a derivation.

Definition 3.4. Let (E, [ , ], ⟨ , ⟩, ρ) be a Courant algebroid on a manifold M. A derivation of E is a linear map D : Γ(E) → Γ(E) on the sections of E such that there exists a vector field V on M so that the pair (D, V ) satisfies the following identities: (D1) D(fx) = V (f)x + fDx, (D2) D[x, y] = [Dx, y] + [x, Dy], (D3) V ⟨x, y⟩ = ⟨Dx, y⟩ + ⟨x, Dy⟩, for all x, y ∈ Γ(E) and functions f.

Remark 3.5. The vector field V is uniquely determined by the derivation D. Axiom (D1) states that D is a covariant differential operator [19]. Also from the definition it follows that for all x ∈ Γ(E) we have ρ(Dx) = [V, ρ(x)].

We observe that for any Courant algebroid E and any section x of E we get an induced derivation ad_x : Γ(E) → Γ(E) defined by ad_x(y) = [x, y]. Such a derivation may be called an inner derivation. More interesting are derivations which are not inner. We now show how a Courant algebroid which is a fiberwise reduction admits many derivations that are not inner. Let π : M → B be a locally trivial fiber bundle, F an exact Courant algebroid on M and E the fiberwise reduction of F . For definiteness let F = T M ⊕ T^∗M with the H-twisted Dorfman bracket, for a closed 3-form H ∈ Ω^3(M). Let Z be a vector field on B. Choose a vector field Z̃ on M such that for all x ∈ M we have π_∗(Z̃(x)) = Z(π(x)). We claim that the inner derivation ad_{Z̃} of F induces a derivation on E which is not inner, except when Z = 0.

Let A be the subbundle of F which is the kernel of π_∗ ∘ ρ : F → π^∗(T B). It is clear that ad_{Z̃} sends Γ(A) to Γ(A) since for any vertical vector field V we have that [Z̃, V ] is also vertical. Let A^⊥ be as usual the annihilator of A in F . We find that ad_{Z̃} sends Γ(A^⊥) to Γ(A^⊥). In fact this follows from the fact that ad_{Z̃} preserves Γ(A) and property (D3) for derivations. Thus ad_{Z̃} induces a map D : Γ(A/A^⊥) → Γ(A/A^⊥). Now recall that E = A/A^⊥ is Courant algebroid, the fiberwise reduction of F . It is straightforward to see that D is a derivation of E. Moreover D can not be inner unless Z = 0. We note that D depends of both the choice of lift Z̃ of Z and the choice of isotropic splitting for T^∗M → F → T M. However for a given vector field Z on the base B, one sees that the different choices give rise to derivations of E which differ by an inner derivation. Any derivation D associated to a vector field Z on B in this manner will be called a lift of Z to a derivation of E.

Let J be a generalized complex structure on E. Let L be the +i-eigenspace of J on E_C = E ⊗ C so that E_C = L ⊕ L. Let Z be a vector field on B and D a lift of Z to a derivation of E as previously described. Consider now the following map ϵ : Γ(L) × Γ(L) → C^∞(M) given as follows: (3.4) ϵ(a, b) = ⟨Da, b⟩, where a, b are sections of L. Since L is isotropic it follows that ϵ is C^∞(M)-linear in a, b. Moreover ϵ is skew-symmetric by (D3), so we may view ϵ as a section of ∧^2L^∗.

Proposition 3.6. The class ϵ ∈ ∧^2L^∗ is closed under the Lie algebroid differential. Moreover the cohomology class [ϵ] ∈ H^2(L) depends only on the vector field Z, not the choice of derivation D lifting Z. Proof. Let a, b, c ∈ Γ(L). Then (d_Lϵ)(a, b, c) =ρ(a)⟨Db, c⟩ − ρ(b)⟨Da, c⟩ + ρ(c)⟨Da, b⟩ − ⟨D[a, b], c⟩ + ⟨D[a, c], b⟩ − ⟨D[b, c], a⟩ =ρ(a)⟨Db, c⟩ + ρ(b)⟨Dc, a⟩ + ρ(c)⟨Da, b⟩ + ⟨Dc, [a, b]⟩ + ⟨Db, [c, a]⟩ + ⟨Da, [b, c]⟩ =⟨[a, Db], c⟩ + ⟨[b, Dc], a⟩ + ρ(c)⟨Da, b⟩ + ⟨Da, [b, c]⟩. Now since [a, Db] + [Db, a] = 2⟨a, Db⟩, we find that ⟨[a, Db], c⟩ + ρ(c)⟨a, Db⟩ = −⟨[Db, a], c⟩. Substituting we obtain (d_Lϵ)(a, b, c) = −⟨[Db, a], c⟩ + ⟨[b, Dc], a⟩ + ⟨Da, [b, c]⟩ = ⟨a, [Db, c]⟩ + ⟨a, [b, Dc]⟩ + ⟨Da, [b, c]⟩ = ⟨a, D[b, c]⟩ + ⟨Da, [b, c]⟩ = 0, so d_Lϵ = 0 as claimed.

To show that the cohomology class of ϵ depends only on Z recall that any two derivations of E associated to Z differ by an inner derivation. Thus it suffices to show that for any section x of E the element δ ∈ Γ(∧^2L^∗) given by δ(a, b) = ⟨[x, a], b⟩ is exact. Write x = c + c where c ∈ Γ(L). We can think of c as a section of L^∗ ≃ L. We then find (d_Lc)(a, b) = ρ(a)⟨c, b⟩ − ρ(b)⟨c, a⟩ − ⟨c, [a, b]⟩ = ⟨[a, c], b⟩ + ⟨c, [a, b]⟩ − ⟨b, [a, c] + [c, a]⟩ − ⟨c, [a, b]⟩ = −⟨b, [c, a]⟩ = −⟨[c + c, a], b⟩ = −δ(a, b), which shows that δ is exact. □ We have shown that there exists a natural map κ : Γ(T B) → H^2(L) which sends a vector field Z on B to the corresponding Lie algebroid cohomology class. We would like to interpret κ as describing the infinitesimal deformations of a family of generalized complex structures. Note that if U ⊂ B is an open subset of B then we can restrict the Courant algebroid E and generalized complex structure on E to the open set π^{−1}(U) of M. In this way H^2(L) becomes a presheaf on B and the map κ is a presheaf map. In Section 2.2 we explained how it is possible to restrict the Courant algebroid E to any fiber of M. The same reasoning applies to L and also applies at the level of Lie algebroid cohomology as we now explain. Let b ∈ B and let M_b = π^{−1}(b) be the fiber over b. We let L_b denote the Lie algebroid obtained by restricting L to M_b. Thus L_b = L|_{Mb} as a vector bundle and the Lie algebroid bracket is defined by [a, b]_{Lb} = ([ã, b̃]_L)|_{Mb} , where ã, b̃ are smooth extensions of a, b to sections of L. In a similar manner one sees that the Lie agebroid differential for L, L_b are related as follows:

(d_{Lb} ω)(a_0, . . . , a_{k+1}) = (d_Lω̃)(ã_0, . . . , ã_{k+1})|_{Mb} ,

where ω ∈ Γ(∧^kL^∗_b ), a_0, . . . , a_{k+1} ∈ Γ(L_b) and ω̃, ã_0, . . . , ã_{k+1} are smooth extensions. It follows that for any b ∈ B there is a natural restriction map H^2(L) → H^2(L_b).

Proposition 3.7. Let Z be a vector field on B. For any b ∈ B let κ_b(Z) denote the image of κ(Z) in H^2(L_b). Then κ_b(Z) only depends on the value of Z at b. Moreover, if we choose a local trivialization π^{−1}(U) = U × M_b for a neighborhood U of b so that the generalized complex structure on E can be viewed as a generalized complex structure on M_b that varies smoothly with U, then κ_b(Z) is the generalized Kodaira-Spencer class for the deformation of generalized complex structure on M_b in the direction Z_b ∈ T_bU.

Proof. Choose a local trivialization π^{−1}(U) = U × M_b as in the statement of the proposition. By restriction we may assume U is contractible so that H^3(U × M_b, R) = H^3(M_b, R). It follows that there exists a closed 3-form H on M_b so that the restriction of F to U × M_b is isomorphic to T U ⊕ T M_b ⊕ T^∗M_b ⊕ T^∗U with H-twisted Courant bracket. The Courant algebroid E is obtained from F by first restricting to sections of T M_b ⊕ T^∗M_b ⊕ T^∗U and then factoring out by sections of T^∗U. In particular E is isomorphic to the bundle T M_b ⊕ T^∗M_b pulled back to U × M_b. Let Z be a vector field on M which is a vector field on U by restriction. Then a derivation D : Γ(E) → Γ(E) of E associated to Z is given by D(X + ξ) = L_Z (X + ξ), where X + ξ is a section of E thought of as a vector field and 1-form on U × M_b. Let a, b be sections of L_b. Choose smooth extensions ã, b̃ of a, b to sections of L over U × M_b. Then we find that κ_b(Z) is represented by ϵ(a, b) where ϵ(a, b) = ⟨L_Z (ã), b̃⟩|_{Mb} . For each u ∈ U we can think of L_u as a subbundle of T M_b ⊕ T^∗M_b. By suitably restricting U we can then write each L_u as a graph over L_b for some λ_u ∈ Γ(∧^2L^∗_b ), that is L_u = {X + λ_uX | X ∈ L_b}. In particular this allows us to choose the extensions ã, b̃ as follows ã(u, m) = a(m) + λ_ua(m), b̃(u, m) = b(m) + λ_ub(m), where u ∈ U and m ∈ M_b. Noting that λ_b = 0 we arrive at ϵ(a, b)(m) = ⟨L_Z (λ_u)|_{u=b} a(m), b(m)⟩. Note that the cohomology class of L_Z λ|_{u=b} in H^2(L_b) is precisely the generalized Kodaira-Spencer class for the deformation of generalized complex structure in the direction Z_b which clearly only depends on the value of Z at b. □

So far we have assumed that E is the fiberwise reduction of an exact Courant algebroid F on X. Now we will assume that (E, J) is a holomorphic family of generalized complex structures. Thus there is a generalized complex structure J^′ on F which induces J on E, as in Definition 3.2.

Proposition 3.8. For a holomorphic family of generalized complex structures the Kodaira-Spencer map κ : T B → H^2(L) is complex linear in the sense that (3.5) κ(IX) = iκ(X), where I is the complex structure on B and X is a vector field on B.

Proof. We may assume F = T M ⊕ T^∗M with H-twisted Courant bracket for some closed 3-form H on X. Let L^′ ⊂ F be the +i-eigenspace of J^′. Let X be a vector field on B, X̃ a horizontal lift to X. Then under the given choice of splitting for F we can think of X̃ as a section of F and thus we get a derivation of E given by De = [X̃, e]. We then have that κ(X) is represented by the element of Γ(∧^2L^∗) given by a, b → ⟨Da, b⟩. Now observe that since we have a holomorphic family it follows that −J^′X̃ is a section of F which lifts IX. Thus κ(IX) is represented by ⟨−[J^′X̃, a], b⟩. Let X̃ = X̃^{1,0} + X̃^{0,1}, where X̃^{1,0} is a section of L^′ and X̃^{0,1} is a section of L^′. Then −J^′X̃ = −iX̃^{1,0} + iX̃^{0,1} and it follows that ⟨−[J^′X̃, a], b⟩ = i⟨[X̃, a], b⟩ since ⟨[X̃^{1,0}, a], b⟩ = 0 using integrability of J^′. The identity (3.5) immediately follows. □

4. Variation of Hodge structure

4.1. Hodge structures on generalized complex manifolds. Let E → M be an exact Courant algebroid on M, where M is 2n-dimensional and J a generalized complex structure on E. Suppose E has Ševera class represented by a closed 3-form H, so we can identify E with T M ⊕ T^∗M equipped with the H-twisted Dorfman bracket. The generalized complex structure J induces a decomposition of forms S = U_{−n} ⊕ U_{−n+1} ⊕ · · · ⊕ U_{n−1} ⊕ U_n such that the twisted differential decomposes as d_H = ∂ + ∂, where ∂ has degree −1 and ∂ has degree +1. Since ∂^2 = 0, we have corresponding cohomology groups, denoted H^k_∂ (M).

Since S only has a single grading rather than a bi-grading it may seem at first there is no spectral sequence relating cohomology of ∂ and d_H . There is a simple way to get around this fact however. We set W^{p,q} = Γ(U_{p−q}). Let δ : W^{p,q} → W^{p+1,q} be given by ∂ and let δ^′ : W^{p,q} → W^{p,q+1} be given by ∂. Then it is clear that (W^{∗,∗}, δ, δ^′) defines a bi-graded complex. Consider the associated singly graded complex (W^∗, D), where W^k = ⊕_{p+q=k}W^{∗,∗} and D = δ + δ^′. One finds that W^k = ⊕_{r=k (mod 2)}U_r = S^{k+n+τ} and D = d_H . The cohomology H^k(W^∗) is therefore the twisted cohomology group H^{k+n+τ} (M, H) ⊗ C . The shift in degrees is due to the fact that U_{−n} = K has parity τ. If we filter W^{p,q} by p-degree we get a spectral sequence E^{p,q}_r converging to the twisted cohomology of (M, H) and such that E^{p,q}_1 = H^{p−q}_∂ (M). We call this the generalized Frölicher spectral sequence. Alternatively we may filter by q-degree to get a second spectral sequence E^{′p,q}_r such that (after swapping p and q indices) E^{′p,q}_1 = H^{q−p}_∂ (M). Note however that this spectral sequence (and corresponding filtration on twisted cohomology) is just the complex conjugate of the first.

Associated to the spectral sequence E^{p,q}_r is a decreasing filtration F̂^pH^k(M, H) on twisted cohomology such that F̂^pH^k(M, H)/F̂^{p+1}H^k(M, H) ≃ E^{p,q}_∞ . Note that by construction of the spectral sequence F̂^{a+1}H^{b+2}(M, H) = F̂^aH^b(M, H). We will define a modified filtration F^pH(M) by setting F^{k−2p}H(M) = F̂^pH^k(M, H). The change of indices and conjugation are for later convenience. Note also that we only need a single index, since from the above definition we know F^pH(M) ⊆ H^{p+n+τ} (M, H)_C . One should think of F^pH(M) as elements of twisted cohomology of parity p + n + τ mod 2 and represented as a sum of terms in U_j for j ≤ p. The filtrations are now increasing and take the form: F^{−n}H(M) ⊆ F^{−n+2}H(M) ⊆ · · · ⊆ F^nH(M) = H^τ (M, H)_C , F^{−n+1}H(M) ⊆ F^{−n+3}H(M) ⊆ · · · ⊆ F^{n−1}H(M) = H^{τ +1}(M, H)_C . We are interested in the case that the twisted cohomology can be decomposed into the ∂-cohomology. For this to happen it is necessary first of all for the spectral sequence to degenerate at E_1, thus F̂^pH(M)/F̂^{p−2}H(M) = H^p_∂ (M). However this is still not sufficient. We also need that the filtration F^pH(M) induces a Hodge structure on H^{p+n+τ} (M, H), namely the natural maps F^pH(M) ⊕ F^{−p−2}H(M) → H^{p+n+τ} (M, H)_C need to be isomorphisms. If both of these conditions hold then we get induced decompositions H^{k+n+τ} (M, H) ⊗ C = ⨁ p=k (mod 2) H^p_∂ (M). Thus H^τ (M, H) will have a Hodge structure of weight n and H^{τ +1}(M, H) a Hodge structure of weight (n − 1).

Let M, J be a generalized complex manifold. We recall the definition of the ∂∂-lemma, also known as the dd^J -lemma:

Definition 4.1. We say that M, J satisfies the ∂∂-lemma if Im(∂) ∩ Ker(∂) = Im(∂) ∩ Ker(∂) = Im(∂∂). Following the argument used in [7], one finds that the ∂∂-lemma is equivalent to the following two conditions:

(1) the generalized Frölicher spectral sequence degenerates at E_1, and (2) the induced filtration on twisted cohomology is a Hodge filtration.

Actually in [7] they work with bounded complexes. The corresponding complex here W^{r,s} is not bounded, but it is the case W^{r,s} = 0 if |r − s| > n, which is sufficient for the argument of [7] to carry through.

The ∂∂-lemma implies the existence of a Hodge decomposition

H^{k+n+τ} (M, H)_C = ⨁ p=k (mod 2)

H^p_∂ (M)

in twisted cohomology. In order to consider variations of this Hodge structure we need to know that under suitable conditions the existence of the Hodge decomposition is stable under sufficiently small deformations. In fact, the usual elliptic semi-continuity argument used in the complex setting can be applied to obtain:

Proposition 4.2. Let π : M → B be a locally trivial fiber bundle with compact fibers. Let E → M be a family of exact Courant algebroids on M obtained by reduction of an exact Courant algebroid F on M and J a generalized complex structure on E. Suppose that for some b ∈ B the generalized complex structure on the fiber M_b = π^{−1}(b) satisfies the ∂∂-lemma. Then there exists an open neighborhood U ⊆ B of b in B such that for every u ∈ U the generalized complex structure on the fiber M_u also satisfies the ∂∂-lemma.

Proof. Since E arises from reduction of an exact Courant algebroid on M, we know by Section 2.3 that the twisted cohomology groups H^∗(M_u, H|_{Mu} ) of the fibers have constant dimension and in fact define a flat vector bundle over B. Now since M_u satisfies the ∂∂-lemma we have that the sums of the dimensions of the ∂-cohomology groups H^∗_∂ (M_b) agrees with the dimension of H^∗(M_b, H_{Mb} ). Now the ∂-operator forms an elliptic complex and the H^∗_∂ (M_u) groups are then in bijection with the kernels of the corresponding Laplacians. By elliptic semi-continuity [17, Theorem 7.3] there is a neighborhood U of b such that dim(H^k_∂ (M_u)) ≤ dim(H^k_∂ (M_b)) for all u ∈ U. On the other hand by considering the generalized Frölicher spectral sequence we find that dim ( H^0(M_u, H|_{Mu} ) ⊕ H^1(M_u, H|_{Mu} ) ) ≤ dim ( ⨁ k H^k_∂ (M_u) )

≤ dim ( ⨁ k H^k_∂ (M_b) )

= dim ( H^0(M_b, H|_{Mu} ) ⊕ H^1(M_b, H|_{Mu} ) ) = dim ( H^0(M_u, H|_{Mu} ) ⊕ H^1(M_u, H|_{Mu} ) ) . This requires equalities throughout so for all u ∈ U we see that the generalized Frölicher spectral sequence degenerates at E_1 and dim(H^k_∂ (M_u)) = dim(H^k_∂ (M_b)). In addition, since F^pH(M_b) ∩ F^{−p−2}H(M_b) = 0, the same is true for all u sufficiently close to b, since we can view twisted cohomology as defining a smooth vector bundle over U and the F^pH(M_u) are smoothly varying subbundles. From this it immediately follows that for all u sufficiently close to b the conditions equivalent to the ∂∂-lemma hold. □

Before we proceed to consider variations of Hodge structure, let us consider what maps between generalized complex manifolds preserve Hodge structures. We obtain a result analogous to the complex case [9, Theorem 2.4]. First we need to explain the notion of Poincaré dual classes in twisted cohomology.

Let M be a compact oriented manifold and H a closed 3-form on M. Suppose we have a pair (N, B) consisting of a submanifold N and 2-form B on N such that H|_N = dB. In this case we get a linear map λ_{N,B} : H^∗(M, H) → R as follows. Let ω be a d_H -closed form on M. Then we define λ_{N,B} (ω) = ∫ N e^B ω, where the integration denotes an integration over the top degree part of e^B (ω|_N ). One checks that this map evaluates to zero on d_H -exact classes and so passes to a linear map on twisted cohomology. The Mukai pairing ⟨ , ⟩ defines a non-degenerate pairing on twisted cohomology Q : H^∗(M, H) ⊗ H^∗(M, H) → R and so there exists a class ϕ_{N,B} ∈ H^∗(M, H) which is dual to λ_{N,B} . Explicitly this means that for any class ω ∈ H^∗(M, H) we have λ_{N,B} (ω) = Q(ω, ϕ_{N,B}) = ∫ M ⟨ω, ϕ_{N,B}⟩. One may think of λ_{N,B} as a sort of twisted fundamental class and ϕ_{N,B} as the Poincaré dual.

Let (M, J, H), (M^′, J^′.H^′) be generalized complex manifolds satisfying the ∂∂- lemma. Let f : M → M^′ be a diffeomorphism and B a 2-form on M such that H = f^∗(H^′)+dB. Such a pair (f, B) gives rise to a pullback map (f, B)^∗ : H^∗(M^′, H^′) → H^∗(M, H) which sends a d_H′ -closed form ω to e^{−B}f^∗(ω). We give a characterization of pairs (f, B) which preserve Hodge structures. Let p, p^′ denote the projections from M ×M^′ to M, M^′. We then have an isomorphism H^∗(M, H)⊗H^∗(M^′, −H^′) → H^∗(M ×M^′, p^∗(H)−p^{′∗}(H^′)) which sends ω ⊗ω^′ to p^∗(ω)∧p^{′∗}(ω^′). To see that this is an isomorphism one only needs to observe that there is a similar tensor product decomposition at the level of differential forms from which the decomposition in cohomology follows. Let σ : H^∗(M^′, H^′) → H^∗(M^′, −H^′) be the isomorphism in Section 2.3. We then get a Z-graded decomposition H^∗(M ×M^′, p^∗(H)−p^{′∗}(H^′)) = ⨁ k H^k by setting

(4.1) H^k = ⨁ i+j=k H^i_∂ (M) ⊗ σ(H^j_∂ (M)).

Let σ^′ denote the involution of T M^′ ⊕ T^∗M^′ which acts as the identity on T M and as −1 on T^∗M^′. Then J^′_σ′ = σ^′J^′σ^′ is a generalized complex structure on M^′ and one can show that the decomposition H^∗(M × M^′, p^∗(H) − p^{′∗}(H^′)) = ⨁ k H^k with H^k defined in (4.1) is the decomposition corresponding to the generalized complex structure p^∗(J) ⊕ p^{′∗}(J^′_σ′ ) on M × M^′. Now let N = {(m, m^′) ∈ M × M^′ | m^′ = f(m)} be the graph of f. Let H_0 = p^∗(H) − p^{′∗}(H^′) and B_0 = p^∗(B)|_N . Then it follows that H_0|_N = dB_0, so the pair (N, B_0) defines a Poincaré dual class ϕ_{N,B0} ∈ H^∗(M × M^′, H_0).

Proposition 4.3. The map (f, B)^∗ : H^∗(M^′, H^′) → H^∗(M, H) preserves Hodge decompositions (in the sense that (f, B)^∗ sends H^k_∂ (M^′) to H^k_∂ (M)) if and only if ϕ_{N,B0} ∈ H^0 where H^0 is defined in (4.1).

Proof. Consider a class in H^∗(M × M^′, H_0) of the form p^∗(α) ∧ σ(p^{′∗}β) where α ∈ H^∗(M, H), β ∈ H^∗(M^′, H^′). We know that such classes span H^∗(M ×M^′, H_0). By definition of ϕ_{N,B0} we have Q(p^∗(α) ∧ σ(p^{′∗}β), ϕ_{N,B} ) = ∫ N e^{B0} p^∗(α) ∧ σ(p^{′∗}(β)) = ∫ M α ∧ σ(e^{−B} f^∗(β)) = ∫ M ⟨α, (f, B)^∗β⟩. Now ϕ_{N,B0} has degree 0 if and only if Q(p^∗(α) ∧ σ(p^{′∗}β), ϕ_{N,B} ) = 0 for all α and β whose degrees do not sum to zero. One the other hand ∫ M ⟨α, (f, B)^∗β⟩ = 0 for all α and β whose degrees do not sum to zero if and only if (f, B)^∗β has the same degree as β, which is exactly the condition for (f, B)^∗ to preserve Hodge structures. □

4.2. Variation of Hodge structure. Let π : M → B be a locally trivial fiber bundle with compact fibers. Let E → M be a family of exact Courant algebroids obtained by fiberwise reduction of an exact Courant algebroid F → M on M. Let J be a generalized complex structure on E. Assume in addition that the fibers of π satisfy the ∂∂-lemma with respect to their induced generalized complex structure. We will refer to such a family (M, B, π, E, J) as a good family. Note that if M_0 is a compact generalized complex manifold satisfying the ∂∂-lemma then by Proposition 4.2 we know that all sufficiently small families of deformations of M_0 are good families.

We have that E is the fiberwise reduction of an exact Courant algebroid F on M. For definiteness we take F = T M ⊕ T^∗M with H-twisted Courant bracket for some closed 3-form H ∈ Ω^3(M). The twisted cohomology groups of the fibers of a good family form a local system H^∗, which defines a corresponding flat vector bundle (H^∗, ∇), so H^∗ is the sheaf of constant sections of H^∗. As in Section 2.3, we call ∇ the twisted Gauss-Manin connection. Since the fibers of π satisfy the ∂∂-lemma we know that on each fiber there is a Hodge structure

H^{k+n+τ} (M_b)_C = ⨁ p=k (mod 2)

H^p_∂ (M_b),

where M_b = π^{−1}(b), 2n is the dimension of the fibers and τ is the parity of the generalized complex structure on the fibers. As in the proof of Proposition 4.2 we know that the dimensions of the H^k_∂ (M_b) groups are locally constant on b. For simplicity we will assume B is connected, so the dimension of each group H^k_∂ (M_b) is constant. By standard elliptic theory [17, Theorem 7.4] we know that the assignment b → H^k_∂ (M_b) is a smoothly varying subbundle of H^∗ which we denote by H^k_∂ . The Hodge decomposition can be written as H^{k+n+τ} C = ⨁ p=k (mod 2) H^p_∂ .

We note that H^k_∂ = H^{−k}_∂ . We also note that the Mukai pairing Q : H^∗ ⊗ H^∗ → R upon complexification induces a duality pairing between H^k_∂ and H^{−k}_∂ . We have a Hodge filtration on each fiber and this defines a corresponding filtration on H^∗. Namely for p = k (mod 2) we set

F^pH = ⨁ k≤p, k=p (mod 2) H^k_∂ . On any given fiber M_b this is just the previously defined Hodge filtration F^pH(M_b) for H^∗(M_b, H_b). We now show that the analogue of Griffiths transversality [10] holds:

Proposition 4.4. If s is a section of F^pH and ∇ is the twisted Gauss-Manin connection then ∇s is a section of T^∗B ⊗ F^{p+2}H. We therefore get an induced bundle map τ : F^pH/F^{p−2}H → T^∗B⊗F^{p+2}H/F^pH, that is a bundle map τ : T B⊗ H^p_∂ → H^{p+2}_∂ . Let κ : Γ(T B) → H^2(L) be the generalized Kodaira-Spencer map. For each Z ∈ T_bB we have a generalized Kodaira-Spencer class κ_b(Z) ∈ H^2(L_b), where L_b is the +i-eigenbundle of the generalized complex structure on the fiber M_b. Then τ(Z) : H^p_∂ (M_b) → H^{p+2}_∂ (M_b) is the cup product with κ_b(Z).

Proof. Since the statements to prove are local with respect to the base we may by restriction assume B is contractible, choose a trivialization M = B × M_0 and choose a closed 3-form H ∈ Ω^3(M_0) representing the Ševera class along the fibers.

Let a be a section of H^p_∂ . Then we can find a differential form ã on B × M such that ã contracted with vector fields on B is zero and such that the restriction of ã to the fiber M_b is a d_H -closed section of U_p, hence ∂- and ∂-closed as well.

Choose local coordinates b^1, . . . , b^s on B and consider the behavior of the generalized complex structure J = J(b) around b = 0. As a vector bundle the Courant algebroid E is T M_0 ⊕T^∗M_0 (pulled back to B ×M_0) and we can think of J as a generalized complex structure on T M_0 ⊕ T^∗M_0 that varies with b ∈ B. We can expand J(b) in the form J(b) = J(0)+b^jJ_j +. . . , where the additional terms are higher order in b. Similarly the +i-eigenspace L_b of J(b) varies with b and, as usual restricting the base if necessary, we can write L_b as a graph L_b = {X + ϵ(b)X | X ∈ L_0} where for each b, ϵ is a section of ∧^2L^∗_0 on M_0. If we similarly expand ϵ like ϵ(b) = b^j ϵ_j +. . . then ϵ_j is a representative for the generalized Kodaira-Spencer class κ_0(∂/∂b^j ). By straightforward algebra one sees that

(4.2) J_j = 2iϵ_j − 2iϵ_j .

Recall that J can be viewed as a section of ∧^2E and therefore has a Clifford action on differential forms. Under this action U_p is the −ip-eigenspace of J Now the fact that ã is a section of U_p for all b ∈ B gives us J(b)ã_b = −ipã_b, where we write ã_b for the restriction of ã to the fiber over b. Let us now expand ã_b as ã_b = ã_0 +b^jã_j +. . . . Let us note that according to Equation (2.3) we have (∇_{∂/∂b}j a)(0) = [ã_j ], where ∇ is the twisted Gauss-Manin connection. Collecting b^j -coefficients we get

(4.3) J_jã_0 + J(0)ã_j = −ipã_j .

We note that ϵ_j sends U_p to U_{p+2} and ϵ_j sends U_p to U_{p−2}. By (4.2) we have that J_jã_0 consists of a term in U_{p+2} and a term in U_{p−2}. Feeding this in to (4.3) together with the fact that J(0) acts like −ik on U_k, we see that ã_j has only components of degrees p−2, p and p+2. From this we immediately see that ∇ sends F^pH to T^∗B ⊗ F^{p+2}H. Next, to work out the induced map τ : F^pH/F^{p−2}H → T^∗B ⊗F^{p+2}H/F^pH we need only determine the degree p+2 part of ã_j . From (4.2) and (4.3) we find that it is given by ϵ_jã_0. Now since [ã_0] = a(0) and ϵ_j represents κ_0(∂/∂b^j) we get that this equals κ_0(∂/∂b^j )a(0) as claimed. □

Remark 4.5. From the above proof we also see that for any vector field X, ∇_X sends H^p_∂ to H^{p−2}_∂ ⊕ H^p_∂ ⊕ H^{p+2}_∂ . The parts of ∇ that raise or lower degree can be expressed using the generalized Kodaira-Spencer class and its conjugate.

Let (M, B, π, E, J) be a good family. We now consider period mappings for such families. Fix a basepoint 0 ∈ B and let M_0 = π^{−1}(0). Fix an integer p and consider the subbundle F^pH ⊆ H^{p+n+τ}_C . Let f^p = dim_C (F^pH). Using the twisted Gauss-Manin connection ∇ we can parallel translate the fibers of F^pH back to the fiber of H^{p+n+τ}_C at 0. If B̃ is the universal cover of B then this process of parallel translation determines a period mapping (c.f. [10]):

P^p : B̃ → Grass(f^p, H^{p+n+τ} (M_0, H_0)_C ),

where Grass(r, V ) denotes the Grassmannian of r-dimensional complex subspaces of a complex vector space V .

Remark 4.6. That the period map P^p is defined on the universal cover B̃ in general rather than on B itself reflects possible non-trivial monodromy of the twisted Gauss- Manin connection. Let ρ : π_1(B) → GL(H^∗(M_0, H_0)) be the monodromy of the twisted Gauss-Manin connection. Then on viewing B̃ as a principal π_1(B)-bundle over B we have that the period map satisfies P^p(xγ) = ρ(γ)^{−1}P^p(x) for all x ∈ B̃ and γ ∈ π_1(B).

We have considered here period maps obtained by considering single term F^pH of the filtration on twisted cohomology. By considering multiple terms we get period maps into more general flag varieties. However these maps are determined by the P^p, so we restrict attention to these.

Let V be a complex vector space and W be a complex r-dimensional subspace, so W ∈ Grass(r, V ). Choose a complimentary subspace W^′ so that V = W ⊕W^′. Then an open neighborhood of W in Grass(r, V ) is given by those subspaces which can be written as a graph {X + AX | X ∈ W }, where A ∈ Hom(W, W^′) ≃ Hom(W, V/W ). It follows that we can identify the tangent space T_W Grass(r, V ) with Hom(W, V/W ) and this identification is in fact independent of the choice of complement W^′. Based on this identification we can describe the differential dP^p of the period map. Indeed the differential can be thought of as a map ϕ : T B → Hom(F^pH, H^{p+n+τ}_C /F^pH). To get the actual differential dP^p we use parallel translation to transport the various subspaces back to the basepoint. It is clear that ϕ can be described directly using the twisted Gauss-Manin connection as follows: if s is a section of F^pH and X a vector field on B then ϕ(X)s = ∇_X s (mod F^pH). Now as in Proposition 4.4 we know for each vector field X, ϕ(X) is actually valued in Hom(F^pH, F^{p+2}H/F^pH) and is induced from an element in Hom(F^pH/F^{p−2}H, F^{p+2}H/F^pH) = Hom(H^p_∂ , H^{p+2}_∂ ), namely the product with the generalized Kodaira-Spencer class. We have thus found an expression for the differential of the period maps.

Proposition 4.7. If the family of generalized complex structures (E, J) is a holomorphic family then the period maps P^p are holomorphic.

Proof. We have seen how the differential of P^p is essentially given by the action T B ⊗ H^p_∂ → H^{p+2}_∂ of the generalized Kodaira-Spencer class. In Proposition 3.8 we showed that for holomorphic families of generalized complex structures the generalized Kodaira-Spencer class is complex linear. It follows immediately that P^p is holomorphic. □

5. Special cases

5.1. Symplectic type. Let E be an exact Courant algebroid on M and J a generalized complex structure on E. Associated to J is a bivector field β ∈ Γ(M, ∧^2T M) given by letting βξ = ρ(Jξ) for any 1-form ξ. As a consequence of the integrability of J it turns out that β is a Poisson structure [14, Proposition 3.21]. We consider the two extreme cases. When β has maximal rank β : T^∗M → T M is an isomorphism and the inverse ω : T M → T^∗M is a symplectic structure, we say that J is of symplectic type. When β has minimal rank, that is β = 0 then T^∗M is invariant under J and induces an integrable complex structure on M. We say that J is of complex type in this case. In this section we consider the Hodge decomposition for symplectic type generalized complex structures. In Section 5.2 we will consider complex type.

Let J be a symplectic type generalized complex structure. Thus β is a nondegenerate Poisson structure and can be inverted to a symplectic structure ω. Choose an identification E = T M ⊕ T^∗M with H-twisted Dorfman bracket for some closed 3-form H. One can then show that J has the form J = e^B [ 0 −ω^{−1} ω 0 ] e^{−B} = [ ω^{−1}B −ω^{−1} ω + Bω^{−1}B −Bω^{−1} ] , where we write ω^{−1} for β and B is a 2-form on M. To see this note that an isotropic lift of T M is given by J(T^∗M). With respect to this lift J has the form above with B = 0. Any other splitting is related by a 2-form B and J takes the form above. The corresponding pure spinor for J is ρ = e^{−B+iω} . Integrability of J actually forces ρ to be d_H -closed which is equivalent to dω = 0 and dB = H. Note in particular that H represents the trivial cohomology class. It is sufficient to assume that H = 0, so that B is a closed form.

To describe the decomposition of forms into the eigenspaces U_k of J, let β = ω^{−1} act on forms by contraction β : ∧^kT^∗M_C → ∧^{k−2}T^∗M_C . Then we have [5] U_{k−n} = {e^{−B+iω}e^{β/2i}α | α ∈ ∧^kT^∗M_C }. If we define ϕ : ∧^∗T^∗M → ∧^∗T M by ϕ(α) = e^{−B+iω}e^{β/2i}α then ϕ restricted to ∧^kT^∗M_C is an isomorphism ϕ : ∧^kT^∗M → U_{k−n}. As in [2] define an operator δ : Γ(∧^kT^∗M_C ) → Γ(∧^{k−1}T^∗M_C ) by setting δ = [β, d]. We make use of the identity [β, δ] = 0 from [5] to see that [d, β^k] = −kβ^{k−1}δ. From this it is shown in [5] that dϕ(α) = ϕ(dα − 1 2i δα) and it immediately follows that ∂ϕ(α) = ϕ(dα), ∂ϕ(α) = − 1 2i ϕ(δα). We see in particular that ϕ induces an isomorphism H^k(M, C ) ≃ H^{k−n}_∂ (M) between de Rham cohomology with complex coefficients and the ∂-cohomology. As a consequence the Frölicher spectral sequence always converges at the E_1-stage in the symplectic case. However, this is not sufficient for the ∂∂-lemma to hold. Using the bundle isomorphism ϕ the operators ∂, ∂ correspond to d and −δ/2i. It follows that the ∂∂-lemma is equivalent to a corresponding property of the operators d, δ. As explained in [5], for a compact manifold M it follows from [21] together with [26, 20] that the ∂∂-lemma is equivalent to the strong Lefschetz property: the map ω^{n−k} : H^k(M, R) → H^{2n−k}(M, R) is an isomorphism for 0 ≤ k ≤ n, where M has dimension 2n.

Let L ⊂ E_C be as usual the i eigenspace of J. If we set σ = ω + iB then we can write L as a graph L = {X − iσX | X ∈ T M_C }. There is an isomorphism ψ : T M_C → L given by ψ(X) = X − iσX. Observe that T M_C is a complex Lie algebroid with Lie bracket the usual Lie bracket of vector fields. One can easily see that ψ is an isomorphism of Lie algebroids, indeed ψ is just the inverse of the anchor ρ : L → T M_C . It follow that there is an induced pullback map ψ^∗ : ∧^∗L^∗ → ∧^∗T^∗M_C which induces an isomorphism of Lie algebroid cohomology groups ψ^∗ : H^k(L) → H^k(M, C ). Let ξ be a 1-form. By the definition of ψ it follows that ψ^{−1}(ξ) = Y + iσY , where iωY = ξ. With some further algebra one deduces that the Clifford action L^∗ ⊗ U_k → U_{k+1} corresponds under ϕ and ψ to the wedge product T^∗M_C ⊗ ∧^kT^∗M_C → ∧^{k+1}T^∗M_C , namely ψ^{−1}(ξ)ϕ(α) = 2ϕ(ξ ∧ α). It follows that up to factors of 2 the action H^j (L) ⊗ H^k_∂ (M) → H^{j+k}_∂ (M) of the Lie algebroid cohomology of L on the cohomology of ∂ is just the wedge product in de Rham cohomology.

Let us assume now that M is compact and the strong Lefschetz property holds. Thus we get a Hodge structure on the Z_2-graded cohomology of M. The stability of the ∂∂-lemma under small deformations is particularly easy to see here, small deformations of symplectic structure will continue to satisfy the strong Lefschetz property. It is worth remarking here that all sufficiently small deformations of M as a generalized complex manifold of symplectic type are also of symplectic type. The space of first order deformations is given by H^2(L) ≃ H^2(M, C ) and corresponds to deformations of σ = ω + iB. In fact if μ is a closed complex 2-form we consider the family of generalized complex structures corresponding to the family of spinors ρ_t = e^{i(σ+tμ)}, which is a pure spinor for all small enough t. Differentiating at t = 0 we get iμ ∧ e^{iσ} which immediately implies that under the identification H^2(L) ≃ H^2(M, C ), the generalized Kodaira-Spencer class is iμ/2.

Proposition 5.1. The subspace F^pH(M) of the twisted cohomology group H^{p+n}(M, 0)_C is given by e^{iσ} (H^{p+n}(M, C ) ⊕ H^{p+n−2}(M, C ) ⊕ . . . ).

Proof. Let x be a class in F^pH(M). This means that x has a representative of the form e^{iσ} e^{β/2i}α, where α is a sum of forms of degree ≤ p + n. Then e^{−iσ} x is represented by e^{β/2i}α. Note that since β only lowers degree we have that e^{β/2i}α is a sum of closed forms of degree ≤ p+n. Thus e^{−iσ} x ∈ H^{p+n}(M, C )⊕H^{p+n−2} (M, C )⊕ . . . . Conversely if μ is a sum of closed forms of degree ≤ p + n then we can write μ = e^{β/2i}α for some form α which also has degree ≤ p + n. It then follows that e^{iσ}μ = e^{iσ} e^{β/2i}α is a class in F^pH(M). □

We see from this result that in the symplectic case the filtration F^pH(M) is completely determined from the cohomology ring H^∗(M, C ) and the class σ. To determine how the groups H^p_∂ (M) sit inside H^∗(M, C ) we can use the relation H^p_∂ (M) = F^pH(M) ∩ F^{−p}H(M), so the entire Hodge decomposition follows from the structure of the cohomology ring and the class σ.

Suppose now we have a holomorphic family π : M → B of generalized complex structures of symplectic type satisfying the ∂∂-lemma. For each b ∈ B we have a pure spinor e^{iσ(b)} for M_b, where σ = ω + iB determines a section [σ] = [ω + iB] of the flat vector bundle H^2_C associated to the local system R^2π_∗C . Since the family is holomorphic we have by Proposition 4.7 that the period maps are holomorphic, but from Proposition 5.1 we see that the period maps are holomorphic if and only σ is holomorphic as a section of H^2_C .

5.2. Complex type. On a generalized complex manifold (M, E, J) the decomposition of forms determined by J gives rise to a grading on twisted cohomology and a corresponding filtration F^j H(M). However there is another filtration W^j H(M) on twisted cohomology which does not involve J. Namely it is the filtration induced by a corresponding filtration {W^j } of the bundle of even or odd differential forms, where W^j = ⨁ p≥j ∧^pT^∗M_C . This is a filtration on the total space S_C = ∧^∗T^∗M_C of differential forms. Since the twisted differential d_H = d+H only increases degree it preserves this filtration. We let W^j H(M) be the image of the d_H -cohomology of W^j in the total twisted cohomology group H^∗(M, H)_C = H^0(M, H)_C ⊕H^1(M, H)_C induced by the inclusion W^j → S_C .

On a generalized complex manifold we thus have two filtrations on twisted cohomology. However it would appear that in general these two filtrations do not interact well, or at least it is not clear why they should. The problem is that while the twisted differential d_H respects the filtration {W^j }, the same need not be true for the operators ∂, ∂. Since ∂, ∂ are obtained from d_H through the inclusion T^∗M → E followed by projection to the ±i eigenspaces L, L it follows that ∂, ∂ will preserve the filtration {W^j } if and only if we have

T^∗M_C = (T^∗M_C ∩ L) ⊕ (T^∗M_C ∩ L).

Equivalently, this says that T^∗M as a subbundle of E is preserved by J. In this case J induces an integrable complex structure on M and we say J is of complex type. Let I denote the induced complex structure on M. One can show that there exists an isotropic splitting E = T M ⊕ T^∗M for E such that J has the form

(5.1) J = [ −I 0 0 I^∗ ] . Note however that when considering families it is better to think of an arbitrary generalized complex structure of complex type to look like a B-shift of (5.1), since we can always deform such a J by a family of B-shifts. Let H denote the closed 3-form corresponding to the choice of splitting for E. Then integrability of J is equivalent to integrability of I together with the restriction that H be of type (2, 1) + (1, 2). The i eigenspace L is given by L = T^{0,1}M ⊕ T^{∗1,0}M. We then have decompositions

∧^kL^∗ = ⨁ p+q=k ∧^pT^{1,0}M ⊗ ∧^{0,q} T^∗M, U_k = ⨁ q−p=k ∧^{p,q} T^∗M.

Let us write H = h + h, where h is a (1, 2)-form. Then the differential ∂ is easily seen to have the form ∂ = ∂_0 + h, where ∂_0 denotes the usual (untwisted) ∂-operator on a complex manifold. Thus H^k_∂ (M) is a kind of twisted Dolbeault cohomology. For any holomorphic vector bundle A we can combine the twisted ∂ operator ∂ : Γ(U_k) → Γ(U_{k+1}) with the ∂ operator for A to get an operator ∂_A : Γ(A_k) → Γ(A_{k+1}) where A_k = A ⊗ U_k. We let H^k_∂ (A) denote the cohomology groups. In particular we have that the Lie algebroid cohomology has this form: H^k(L) ≃ H^k_∂ (K^∗), where K = ∧^{n,0}T^∗M is the canonical bundle for the complex structure on M.

In what follows we would like to compare the filtration F^kH(M) associated to the generalized Frölicher spectral sequence with the with the filtration W^j H(M) defined as above. It will be convenient to temporarily forget the Z_2-grading on twisted cohomology, thus instead of the usual filtrations {F^kH(M)} on even and odd twisted cohomology, let us instead consider the wrapped up filtration {F̃^kH(M)} on the total space of twisted cohomology defined by F̃^kH(M) = F^kH(M) ⊕ F^{k−1}H(M). Clearly we have F̃^{−n}H(M) ⊆ F̃^{−n+1}H(M) ⊆ · · · ⊆ F̃^nH(M) = H^∗(M, H)_C . Set F̃^k = ⨁ j≥k U_k. It follows that F̃^kH(M) is the subspace of twisted cohomology which have representatives in F̃^k. As above let W^j = ⨁ i≥j ∧^iT^∗M_C and observe the following properties:

• W^j = W^j • W^j = ⨁ k(U_k ∩ W^j ) • ∂(Γ(W^j )) ⊆ Γ(W^j ).

In fact ∂ sends W^j to W^{j+1}, but in what follows we need only the weaker statement above.

Proposition 5.2. Let W^j H(M) be the filtration on twisted cohomology induced by the filtration {W^j } and F̃^j H(M) the filtration on twisted cohomology as above. If (M, E, J) satisfies the ∂∂-lemma then the filtrations {W^j H(M)}, {F̃^j H(M)} form a mixed Hodge structure on the twisted cohomology groups in the following sense. Let F̃^{i,j} H(M) be the image of F̃^iH(M) ∩ W^j H(M) under the projection W^j H(M) → W^j H(M)/W^{j+1}H(M). Then the F̃^{i,j} H(M) define a Hodge structure on W^j H(M)/W^{j+1}H(M).

Proof. The result will follow by considering a certain class of complex. Let V be a complex vector space with differential d and grading in the range −n, . . . , n, so V = V_{−n} ⊕ · · · ⊕ V_n. Assume also that V_k = V_{−k}, that d = ∂ + ∂ with ∂ having degree 1 and suppose also that the ∂∂-lemma holds. Next let W^j be a decreasing filtration on V with the following properties: (W1) W^j = W^j (W2) W^j = ⨁ k(V_k ∩ W^j ) (W3) ∂W^j ⊆ W^j . Let F^k = ⨁ j≤k V_k and F^kH, W^j H the filtrations on the cohomology of V induced by {F^k}, {W^j }. We will show that F^kH, W^j H defines a mixed Hodge structure on H, the cohomology of V . The first step is to prove the following: F^kH ∩ W^j H = {[x] | x ∈ F^k ∩ W^j , ∂x = 0}, where [x] denotes the ∂ cohomology class of x and we are making use of the ∂∂- lemma to deduce that the d and ∂ cohomology of V are isomorphic. To prove this suppose that x ∈ F^k and y ∈ W^j are ∂-closed and [x] = [y]. Then y = x + ∂z for some z ∈ V . Write z = ∑ i z_i where z_i ∈ V_i. Set z^′ = ∑ i≥k−1 zi so that z^′ ∈ F^{k−1} and let x^′ = x + ∂z^′. Then [x^′] = [x] and x^′ ∈ F^k. Also write y = y^′ + y^{′′} where y^′ ∈ F^k and y^{′′} ∈ F^{−k−2}. Then by (W2) we have that y^′, y^{′′} ∈ W^j and it is straightforward to see that x^′ = y^′. So x^′ ∈ F^k ∩ W^j and represents the same class as x and y as required.

Let F̃^{j,k}H be the image of F^j H∩W^kH under the projection W^kH → W^kH/W^{k+1}H. It follows that F̃^{j,k} = (F^j H ∩ W^kH)/(F^j H ∩ W^{k+1}H) and thus F̃^{j,k}H = {[x] | x ∈ F^j ∩ W^k, ∂x = 0} {[x] | x ∈ F^j ∩ W^{k+1}, ∂x = 0} . Now using this we will show that F̃^{j,k}H ⊕ F̃^{−j−2,k} = H, which is the condition for the F̃^{j,k} to define a Hodge structure. First we show that F̃^{j,k}H ⊕ F̃^{−j−2,k} → H is injective. Indeed this follows since (F^j H ∩ W^kH) ∩ (F^{−j−2}H ∩ W^kH) ⊆ F^j H ∩ F^{−j−2}H = 0, since the F^j H define a Hodge structure on H. To show surjectivity let x ∈ W^k be ∂-closed. Then we may write x = x^′ + x^{′′} where x^′ ∈ F^j and x^{′′} ∈ F^{−j−2}. By (W2) we also have x^′, x^{′′} ∈ W^k and it is clear that ∂x^′ = ∂x^{′′} = 0. We thus have [x] = [x^′] + [x^{′′}] where [x^′] ∈ F̃^{j,k} and [x^{′′}] ∈ F̃^{−j−2,k}. □

We would like to consider variations of Hodge structure in generalized complex families of complex type. Consider the Lie algebroid cohomology H^2(L). There is a natural projection map H^2(L) → H^0(M, ∧^2T^{1,0}M) obtained by projection to the ∧^2T^{1,0}M component of ∧^2L^∗. If we restrict to deformations of generalized complex structure that preserve the property of being of complex type, we see that this component must vanish. Let H^2_0 (L) denote the kernel of the map H^2(L) → H^0(M, ∧^2T^{1,0}M). Associated to the short exact sequence ∧^{1,0}T^∗M → L → T^{0,1}M is a spectral sequence for the Lie algebroid cohomology H^∗(L). We find that H^2_0 (L) fits into an exact sequence

H^0(M, T^{1,0}M)^h→ H^2(M, O) → H^2_0 (L)^ρ→ H^1(M, T^{1,0}M)^h→ H^3(M, O).

The map ρ : H^2_0 (L) → H^1(M, T^{1,0}M) sends the deformation of generalized complex structure of complex type to the Kodaira-Spencer class representing the deformation of underlying complex structure. The map H^2(M, O) represents a shift by a 2-form B + B, where B is a ∂-closed (0, 2)-form.

Let us explain how the variation of the Hodge structures induced by the mixed Hodge structure only see the H^1(M, T^{1,0}M) part of the generalized Kodaira-Spencer class. In other words, if we take the Hodge structures F̃^{i,j} H(M) induced by the weight filtration, their infinitesimal variation only depends on the image of the generalized Kodaira-Spencer class under the map ρ : H^2_0 (L) → H^1(M, T^{1,0}M). To see this, one need only observe that there is a natural filtration on the bundles ∧^kL^∗ given by setting F^p ∧^k L^∗ = ⨁ i≥p ∧^{0,i}T^∗M ⊗ ∧^{k−i}T^{1,0}M. Then one can show that the Clifford action of F^p ∧^k L^∗ sends U_i ∩ W^j to U_{i+k} ∩ W^{j+2p−k} . In particular we see that F^1 ∧^2 L^∗ sends U_i ∩ W^j to U_{i+2} ∩ W^j , while F^p ∧^2 L^∗ sends U_i ∩ W^j to U_{i+2} ∩ W^{j+2}. As a consequence we get an induced action T^{1,0}M ⊗∧^{0,1}T^∗M = F^1 ∧^2 L^∗/F^2 ∧^2 L^∗ sending U_i ⊗W^j /W^{j+1} to U_{i+2} ⊗W^j /W^{j+1}. Therefore on passing to the W^j /W^{j+1} quotients the ∧^{0,2}T^∗M part of the generalized Kodaira-Spencer class gets projected out.

5.3. Generalized Calabi-Yau manifolds. Let E = T M ⊕ T^∗M with H-twisted Dorfman bracket. A generalized complex manifold (M, J, H) is called a generalized Calabi-Yau manifold [15] if there exists a globally defined d_H -closed pure spinor ρ for J.

Proposition 5.3. There is an isomorphism H^k(L) ≃ H^{k−n}_∂ (M) given by sending a class a ∈ H^k(L) to aρ. Under this isomorphism the Clifford action H^j (L) ⊗ H^k_∂ (M) → H^{j+k}_∂ (M) corresponds to the wedge product H^j (L) ⊗ H^{k+n}(L) → H^{j+k+n}(L). Proof. The map f : ∧^kL^∗ → U_{k−n} defined by f(a) = aρ is easily seen to be an isomorphism and moreover f(d_La) = ∂f(a), since ρ is closed. The second part of the proposition easily follows since af(b) = f(a ∧ b), for a, b sections of ∧^∗L^∗. □

For compact generalized Calabi-Yau manifolds which satisfy the ∂∂-lemma there is a Tian-Todorov theorem [8] which states that all infinitesimal deformations of the generalized complex structure are unobstructed and there is a smooth local moduli space of generalized Calabi-Yau strutcures on M. Note however that there could potentially be deformations of M for which the ∂∂-lemma does not hold, so there is not necessarily a smooth global moduli space of generalized Calabi-Yau structures on M. Instead we let M denote the space of generalized Calabi-Yau structures on M for which the ∂∂-lemma holds. Then we know that M has the structure of a smooth manifold.

At the point of M corresponding to a pure spinor ρ of parity τ we have that the tangent space T_ρM canonically identifies with the Lie algebroid cohomology H^2(L), where L is the i eigenspace of the generalized complex structure associated to ρ. Assume M is connected, or restrict to the connected component containing ρ. Let M̃ be the universal covering of M. On fixing the basepoint ρ ∈ M we get a period mapping P^{−n} : M̃ → P(H^τ (M, H)_C ) which for a generalized Calabi-Yau corresponding to a pure spinor ρ^′ assigns the complex line in H^τ (M, H)_C spanned by ρ^′.

Proposition 5.4. The period map P^{−n} : M̃ → P(H^τ (M, H)_C ) is an immersion.

Proof. By Proposition 4.4, the differential of P^{−n} at a point corresponding to a generalized Calabi-Yau structure ρ is given by the map H^2(L) → H^{2−n}_∂ (M) which sends a class a ∈ H^2(L) to aρ ∈ H^{2−n}_∂ (M), followed by the inclusion of H^{2−n}_∂ (M) in H^τ (M, H)_C /H^{−n}_∂ (M) = H^{2−n}_∂ (M) ⊕ H^{4−n}_∂ (M) ⊕ · · · ⊕ H^n_∂ (M) which is clearly injective. □

6. Variation of Hodge structure for generalized Kähler manifolds

6.1. Generalized Kähler geometry. Let E be a Courant algebroid. A generalized metric on E is an endomorphism G : E → E such that G preserves the pairing ⟨ , ⟩ in the sense that ⟨Ga, Gb⟩ = ⟨a, b⟩ and the induced bilinear form ⟨Ga, b⟩ is symmetric and positive definite. Note that by these identities we have that G^2 = 1. We can then decompose E into the 1 and −1 eigenspaces V^± of G. It follows that V^+ is a maximal positive definite subspace of E with respect to ⟨ , ⟩ and V^− is a maximal negative definite subspace, the orthogonal complement of V^+. Suppose that J is a generalized complex structure on E. We say that J and G are compatible if they commute as endomorphisms of E; JG = GJ. In this case the metric associated to G is hermitian with respect to J, that is ⟨GJa, Jb⟩ = ⟨Ga, b⟩.

Let J_1, G be a generalized complex structure and compatible generalized metric. Since J_1 and G commute we find that J_2 = GJ_1 is a generalized almost complex structure. In general J_2 will not be integrable. We say that the pair J_1, G defines a generalized Kähler structure [12] if J_2 is integrable. Equivalently a generalized Kähler structure is a pair of commuting generalized complex structures J_1, J_2 such that G = −J_1J_2 is a generalized metric.

Let E be an exact Courant algebroid over a manifold M of dimension 2n. Choose a closed 3-form H on M so that we can identify E with T M ⊕ T^∗M with Htwisted bracket. Suppose that J_1, J_2, G defines a generalized Kähler structure on E. We note that the bundle of differential forms S on M has two decompositions corresponding to the eigenspaces of the Clifford actions of J_1, J_2 on S. Since J_1, J_2 commute there exists a simultaneous eigenspace decomposition. We let U_{r,s} denote the subspace of S which is the −ir eigenspace of J_1 and −is eigenspace of J_2. To better understand this decomposition let us first note that there is a related decomposition of E_C , namely

E_C = L^+_1 ⊕ L^−_1 ⊕ L^+_1 ⊕ L^−_1 .

For i = 1, 2 let L_i denote the i eigenspace of J_i. Then L^+_1 is by definition L_1 ∩ L_2 and L^−_1 is L_1 ∩ L_2. It follows that L_1 = L^+_1 ⊕ L^−_1 and L_2 = L^+_1 ⊕ L^−_1 . Additionally it is clear that V^+_C = V^+ ⊗ C = L^+_1 ⊕ L^+_1 , where V^+ is the 1 eigenspace of G, similarly V^−_C = L^−_1 ⊕ L^−_1 . The fact that J_1 and J_2 are both integrable implies that the subbundles L^+_1 , L^−_1 are integrable in the sense that their spaces of sections are closed under the Courant bracket.

The Clifford action of L^+_1 sends U_{r,s} to U_{r−1,s−1} and the Clifford action of L^−_1 sends U_{r,s} to U_{r−1,s+1}. It follows that we may identify U_{r,s} with ∧^p(L^+_1 )^∗ ⊗ ∧^q (L^−_1 )^∗ ⊗ U_{−n,0} where r = p + q − n, s = p − q. Note in particular that U_{r,s} is zero unless r + s = n (mod 2). It also follows that the twisted differential d_H can be decomposed into four components:

d_H = δ_+ + δ_− + δ_+ + δ_−,

where the bi-degrees of δ_+, δ_−, δ_+, δ_− are (−1, −1), (−1, 1), (1, 1), (1, −1) respectively. For i = 1, 2, let ∂_i, ∂_i be the ∂ and ∂ operators for J_i. Then we clearly have ∂_1 = δ_+ + δ_− and ∂_2 = δ_+ + δ_−.

The generalized metric G induces a hermitian metric on the bundle S_C of complex forms and taking M to be compact, we get a corresponding L^2 metric on the space of sections of S_C . We may then define formal adjoints δ^∗_+, δ^∗_− for δ_+, δ_−. From [13] we have the following relations, known as the generalized Kähler identites:

δ^∗_+ = − δ_+

δ^∗_− = δ_−.

To the operators δ_−, δ_+, ∂_1, ∂_2, d_H we may define associated Laplacians Δ_{δ−} , Δ_{δ+} , Δ_{∂1} , Δ_{∂2} , Δ_{dH} . As a consequence of the generalized Kähler identites we get that the Laplacians coincide up to constant factors:

Δ_{δ−} = Δ_{δ+} = 2Δ_{∂1} = 2Δ_{∂2} = 4Δ_{dH} .

This has a number of implications for the twisted cohomology of a compact generalized Kähler manifold. First of all it implies that the ∂∂-lemma holds for both J_1 and J_2. Second it implies that there is a bigraded decomposition of twisted cohomology. Let H^{r,s}_{δ+} (M) denote the degree (r, s) δ_+ cohomology. It follows that

H^∗(M, H)_C = ⨁ r+s=n (mod 2) H^{r,s}_{δ+} (M) H^k_{∂1} (M) = ⨁ k+s=n (mod 2) H^{k,s}_{δ+} (M) H^k_{∂2} (M) = ⨁ r+k=n (mod 2) H^{r,k}_{δ+} (M). 6.2. Lie algebroid decompositions. If (M, E, J_1, J_2) is a generalized Kähler manifold then we have seen that the Lie algebroids L_1, L_2 corresponding to J_1, J_2 admit decompositions L_1 = L^+_1 ⊕ L^−_1 , L_2 = L^+_1 ⊕ L^−_1 . Additionally L^+_1 , L^−_1 and their conjugates are themselves Lie algebroids with bracket and anchor inherited from their inclusion in the complexification E_C of the Courant algebroid E. Let ρ^+_1 : L^+_1 → T M_C denote the anchor for L^+_1 , which by definition is just the restriction of ρ, the anchor of E_C to L^+_1 . Similarly let ρ^−_1 , ρ^+_1 , ρ^−_1 denote the anchors on L^−_1 , L^+_1 , L^−_1 . The direct sum decomposition L_1 = L^+_1 ⊕ L^−_1 has the properties that it is a decomposition into subalgebras and the anchors are related by ρ_1(a ⊕ b) = ρ^+_1 (a) + ρ^−_1 (b), where ρ_1 is the anchor for L_1. The corresponding properties also apply to the decomposition L_2 = L^+_1 ⊕L^−_1 . We would like to consider such decompositions of Lie algebroids more abstractly and examine the consequences for the Lie algebroid cohomology.

Let (A, ρ) be a Lie algebroid and suppose that there are Lie algebroids (A_1, ρ_1), (A_2, ρ_2) with the properties that as vector bundles A = A_1 ⊕ A_2, the spaces Γ(A_1), Γ(A_2) are subalgebras of Γ(A) and the anchors are related by ρ = ρ_1 + ρ_2. We say that A = A_1 ⊕ A_2 is a Lie algebroid decomposition. The graded differential complex (∧^∗A^∗, d_A) admits a bigrading by setting ∧^{p,q} A^∗ = ∧^pA^∗_1 ⊗ ∧^q A^∗_2. Let a_1 be a section of A_1 and a_2 a section of A_2. We then define a_1 ·a_2 to be the projection of [a_1, a_2] to A_2. Similarly define a_2 · a_1 to be the projection of [a_2, a_1] to A_1. The Lie algebroid identities for A immediately imply the following identities:

(fa_1) · (a_2) = f(a_1 · a_2) (a_1) · (fa_2) = f(a_1 · a_2) + ρ_1(a_1)(f)a_2 [a_1, b_1] · a_2 = a_1 · (b_1 · a_2) − b_1 · (a_1 · a_2),

where a_1, b_1 are sections of A_1, a_2 is a section of A_2 and f a function. These identities say that A_2 has the structure of a Lie algebroid module for A_1. Similarly we get that A_1 is a Lie algebroid module for A_2. Since A_2 is a Lie algebroid module for A_1 we get an induced Lie algebroid module structure on ∧^q A^∗_2. In fact the module structure is as follows:

(X · α)(Y_1, . . . , Y_q) = ρ_1(X)α(Y_1, . . . , Y_q ) + q∑ j=1 (−1)^j α(X · Y_j , X_1, . . . , X̂_j , . . . , X_q ), where X ∈ Γ(A_1), Y_1, . . . , Y_q ∈ Γ(A_2) and α ∈ Γ(∧^q A^∗_2). If W is any Lie algebroid

module for A_1 we get a corresponding differential graded complex Γ(W )^{dA1}→ Γ(W ⊗

A^∗_1)^{dA1}→ Γ(W ⊗ ∧^2A^∗_1) → . . . , in particular this applies to W = ∧^q A^∗_2 so we get an operator d_{A1} : Γ(∧^pA^∗_1 ⊗ ∧^q A^∗_2) → Γ(∧^{p+1}A^∗_1 ⊗ ∧^q A^∗_2). Similarly by swapping A_1 and A_2 we get an operator d_{A2} : Γ(∧^pA^∗_1 ⊗ ∧^q A^∗_2) → Γ(∧^pA^∗_1 ⊗ ∧^{q+1}A^∗_2).

Proposition 6.1. For any Lie algebroid decomposition A = A_1 ⊕ A_2 we have d_A = d_{A1} + d_{A2} . Moreover d_{A1} d_{A2} + d_{A2} d_{A1} = 0.

Proof. Let ξ be a section of A^∗_1. It is a simple calculation to see that d_A(ξ) = d_{A1} ξ + d_{A2} ξ. Similarly one can check this identity when ξ is a section of A^∗_2. Suppose again that ξ is a section of A_1. Then for any α ∈ Γ(∧^{p,q} A^∗) we have

d_{A1} (ξ ∧ α) = d_{A1} (ξ) ∧ α − ξ ∧ d_{A1} α d_{A2} (ξ ∧ α) = d_{A2} (ξ) ∧ α − ξ ∧ d_{A2} α. The second of these identities is essentially the fact that the wedge product A^∗_1 ⊗ ∧^kA^∗_1 → ∧^{k+2}A^∗_1 is a morphism of Lie algebroid modules for A_2. Adding these we get (6.1) (d_{A1} + d_{A2} )(ξ ∧ α) = d_A(ξ) ∧ α − ξ ∧ (d_{A1} + d_{A2} )α.

The same argument can be applied when ξ is a section of A^∗_2. Next we observe that the identity d_A = d_{A1} + d_{A2} is clearly true for sections of ∧^{0,0}A^∗ since ρ = ρ_1 + ρ_2. From here we proceed by induction using (6.1) to see that d_A = d_{A1} + d_{A2} in all degrees. The identity d_{A1} d_{A2} +d_{A2} d_{A1} easily follows since d^2_A = d^2_{A1} = d^2_{A2} = 0. □

6.3. Generalized Kähler deformations. We would now like to consider families of generalized Kähler structures and the related deformation theory. For generalized Kähler structures there is a deformation complex describing infinitesimal deformations, but it is not elliptic except when the manifold is two dimensional. Therefore even on a compact manifold we do not expect a finite dimensional space of infinitesimal deformations. This phenomenon also occurs for ordinary Kähler manifolds. For example if (M, I, ω) is a Kähler manifold then for all functions ϕ sufficiently small in an appropriate sense, we get a new Kähler structure by replacing the Kähler form ω with ω + i∂∂ϕ. From this one sees that Kähler structures admit many non-trivial deformations and we expect similar behavior from generalized Kähler structures. Nevertheless we now define smooth families of generalized Kähler manifolds.

Definition 6.2. Let X → B be a fiber bundle, E → B a family of exact Courant algebroids over B obtained by reduction of an exact Courant algebroid F on X. A generalized Kähler structure J_1, J_2 on E will be called a smooth family of generalized Kähler manifolds.

One can also consider families of generalized Kähler manifolds where one of the complex structures varies in a holomorphic family.

As usual, by locally trivializing the family we can view such a family as a fixed manifold M and closed 3-form H, but with J_1, J_2 varying. Small deformations of J_1, J_2 can be expressed as in Section 3.3 by taking the i eigenspaces to be graphs over L_1, L_2 as in (3.2). Thus there exists sections ϵ_1 ∈ Γ(∧^2L^∗_1), ϵ_2 ∈ Γ(∧^2L^∗_2) such that the corresponding i eigenspaces are

L^′_1 = {X + ϵ_1X | X ∈ L_1} L^′_2 = {X + ϵ_2X | X ∈ L_2}.

Let J^′_1, J^′_2 denote the corresponding generalized almost complex structures. If J^′_1, J^′_2 commute then provided ϵ_1, ϵ_2 are sufficiently small we will have that G^′ = −J^′_1J^′_2 is a generalized metric. The requirement that J^′_1, J^′_2 commute imposes a non-linear compatibility condition on ϵ_1, ϵ_2. Instead of working out this full condition we will consider only infinitesimal deformations and the compatibility condition will be linearized. Thus we suppose ϵ_i = ϵ_i(t) depends smoothly on a parameter t such that ϵ_i(0) = 0 and we differentiate at t = 0. We have J^′_i (t) = J_i + t(2iϵ^′_i(0) − 2iϵ^′_i(0)) + O(t^2).

Now since ∧^2L^∗_1 = ∧^2(L^+_1 )^∗ ⊕ ( (L^+_1 )^∗ ⊗ (L^−_1 )^∗ ) ⊕ ∧^2(L^−_1 )^∗ we may write ϵ^′_1(0) = (ϵ^{(1)}_1 , ϵ^{(2)}_1 , ϵ^{(3)}_1 ) where ϵ^{(1)}_1 ∈ Γ(∧^2(L^+_1 )), ϵ^{(2)}_1 ∈ Γ((L^+_1 )^∗ ⊗(L^−_1 )^∗), ϵ^{(3)}_1 ∈ Γ(∧^2(L^−_1 )^∗). Similarly replacing L^−_1 by L^−_1 we may write ϵ^′_2(0) = (ϵ^{(1)}_2 , ϵ^{(2)}_2 , ϵ^{(3)}_2 ). To first order the condition [J^′_1(t), J^′_2(t)] = 0 becomes the following compatibility conditions:

ϵ^{(1)}_2 = ϵ^{(1)}_1

(6.2)

ϵ^{(3)}_2 = ϵ^{(3)}_1 .

(6.3) We see that at the infinitesimal level a deformation of generalized Kähler structure has four components ϵ^{(1)}_1 , ϵ^{(2)}_1 , ϵ^{(3)}_1 , ϵ^{(2)}_2 . Although the components so far are independent the integrability condition imposes relations between the derivatives of these components. The integrability condition is that J^′_1, J^′_2 are integrable, which at the infinitesimal level translates to the conditions d_{L1} (ϵ^{(1)}_1 , ϵ^{(2)}_1 , ϵ^{(3)}_1 ) = 0, d_{L2} (ϵ^{(1)}_1 , ϵ^{(2)}_2 , ϵ^{(3)}_1 ) = 0.

Using the decomposition L_1 = L^+_1 ⊕ L^−_1 we get projection maps ∧^kL^∗_1 → ∧^k(L^±_1 )^∗ which induce maps π^±_1 : H^k(L_1) → H^k(L^±_1 ). Similarly we have maps π^+_2 : H^k(L_2) → H^k(L^+_1 ) and π^−_2 : H^k(L_2) → H^k(L^−_1 ). Also observe that there is a natural antilinear isomorphism H^k(L^−_1 ) → H^k(L^−_1 ). Let π^−_2 : H^k(L_2) → H^k(L^−_1 ) denote the composition of π^−_2 and this isomorphism.

Proposition 6.3. Let ρ_i ∈ H^2(L_i) for i = 1, 2 be the generalized Kodaira-Spencer classes corresponding to an infinitesimal deformation of generalized Kähler structure. Then π^+_1 (ρ_1) = π^+_2 (ρ_2)

(6.4) π^−_1 (ρ_1) = π^−_2 (ρ_2).

(6.5) Moreover any pair ρ_i ∈ H^2(L_i) satisfying (6.4),(6.5) can be realized as an infinitesimal deformation of generalized Kähler structure in the sense that there exists sections ϵ^{(1)}_1 , ϵ^{(2)}_1 , ϵ^{(3)}_1 , ϵ^{(2)}_2 of ∧^2(L^+_1 )^∗, (L^+_1 )^∗ ⊗ (L^−_1 )^∗, ∧^2(L^−_1 )^∗, (L^+_1 )^∗ ⊗ (L^−_1 )^∗ such that d_{L1} (ϵ^{(1)}_1 , ϵ^{(2)}_1 , ϵ^{(3)}_1 ) = 0, d_{L2} (ϵ^{(1)}_1 , ϵ^{(2)}_2 , ϵ^{(3)}_1 ) = 0 and ρ_1 = [(ϵ^{(1)}_1 , ϵ^{(2)}_1 , ϵ^{(3)}_1 )], ρ_2 = [(ϵ^{(1)}_1 , ϵ^{(2)}_2 , ϵ^{(3)}_1 )].

Proof. Equations (6.4),(6.5) follow immediately from the corresponding pointwise conditions (6.2),(6.3). Now suppose ρ_1, ρ_2 satisfy (6.4),(6.5). Then we may write ρ_i = [(ϵ^{(1)}_i , ϵ^{(2)}_i , ϵ^{(3)}_i ]. The conditions on ρ_1, ρ_2 immediately implies that there exists r ∈ Γ((L^+_1 )^∗) and s ∈ Γ((L^−_1 )^∗) such that ϵ^{(1)}_2 = ϵ^{(1)}_1 + d_L+_1 r, ϵ^{(3)}_2 = ϵ^{(3)}_1 + d_{L−1} (s). The result follows by replacing (ϵ^{(1)}_2 , ϵ^{(2)}_2 , ϵ^{(3)}_2 ) by (ϵ^{(1)}_2 , ϵ^{(2)}_2 , ϵ^{(3)}_2 ) + d_{L2} (r + s). □

Remark 6.4. Proposition 6.3 describes gives the conditions on the generalized Kodaira-Spencer classes associated to a deformation of generalized Kähler structure. It is possible however to have distinct deformations of generalized Kähler structure which have the same Kodaira-Spencer classes. For instance this happens with ordinary Kähler manifolds (M, I, ω) where we deform ω to ω + i∂∂f, for some function f.

Note also that we have not determined the conditions for an infinitesimal deformation of generalized Kähler structure to be realized by an actual family of generalized Kähler structures.

6.4. Variation of Hodge structure. We note that a smooth family (π : M → B, E, J_1, J_2) of generalized Kähler structures with compact fibers is a good family for J_1 and J_2 in the sense of Section 4.2, so we get smoothly varying Hodge decompositions corresponding to J_1 and J_2 as well as the associated period mappings. We have also seen that for a generalized Kähler manifold the Hodge decompositions for J_1, J_2 are compatible in that we get a bigraded decomposition in twisted cohomology:

(6.6) H^∗_C = ⨁ r,s H^{r,s}_{δ+} which we can think of as a sort of bigraded Hodge structure. Here H^∗ is the flat vector bundle associated to the twisted Gauss-Manin connection and H^{r,s}_{δ+} the subbundle represented by degree (r, s) forms. Note that is actually is a smooth subbundle, since by elliptic semicontinuity the dimension of H^{r,s}_{δ+} is upper semicontinuous, but by (6.6) the sum of the dimensions of the H^{r,s}_{δ+} is constant.

If e is any vector field on the base and ∇ the twisted Gauss-Manin connection we have by Proposition 4.4 that the covariant derivative ∇_e sends H^{r,s}_{δ+} to H^{r−2}_{∂1} ⊕H^r_{∂1} ⊕

H^{r+2}_{∂1} and also to H^{s−2}_{∂2} ⊕ H^s_{∂2} ⊕ H^{s+2}_{∂2} . While ∇_e is a differential operator, if we project out the (r, s) component we get C^∞(B)-linear maps. Thus we have bundle maps T B ⊗ H^{r,s}_{δ+} → H^{r′,s′}_{δ+} , where (r^′, s^′) ≠ (r, s). We illustrate this pictorially as the sum of the following terms: H^{r−2,s+2} δ_+ H r,s+2 δ_+ H r+2,s+2 δ_+

H^{r−2,s} δ_+ H r,s δ_+ // oo

OO

fflffl

::vv vvv vvv v ddHHH HHH HHH

$$HH HHH HHH HH zzvvv vvv vvv v H^{r+2,s} δ_+

H^{r−2,s−2} δ_+ H r,s−2 δ_+ H r+2,s−2 δ_+

By Proposition 4.4 we know that these maps are essentially given by the Clifford action of the generalized Kodaira-Spencer classes on twisted cohomology. To explain this further we first note that there is a natural action H^k(L^+_1 ) ⊗ H^{r,s}_{δ+} → H^{r+k,s+k}_{δ+}

induced by the Clifford action. This is due to the identity δ_+(aβ) = (d_L+_1 a)β + (−1)^aaδ_+β, where a ∈ Γ(∧^k(L^+_1 )^∗), β ∈ Γ(U_{r,s}). Similarly there is an action

H^k(L^−_1 ) ⊗ H^{r,s}_{δ−} → H^{r+2,s−2}_{δ−} . Combining this with the isomorphism H^{r,s}_{δ−} ≃ H^{r,s}_{δ+} defines an action of H^k(L^−_1 ) on H^{∗,∗}_{δ+} . Along similar lines H^k((L^+_1 )^∗) and H^k((L^−_1 )^∗) can also be made to act on H^{∗,∗}_{δ+} .

Let ρ_i : T B → H^2(L_i) represent the generalized Kodaira-Spencer classes, ρ^+_1 the projection of ρ_1 to H^2(L^+_1 ) and ρ^−_1 the projection to H^2(L^−_1 ). Then for instance the map T B ⊗ H^{r,s}_{δ+} → H^{r+2,s+2}_{δ+} is the Clifford action of ρ^+_1 and the map T B ⊗ H^{r,s}_{δ+} → H^{r+2,s−2} δ_+ is the Clifford action of ρ − 1 . Combining this with complex conjugation we account for four of the variations: H^{r−2,s+2} δ_+ H r+2,s+2 δ_+

H^{r,s}_{δ+} ρ^+_1 ;;wwww www ww ρ^−_1

ccGGG GGG GGG

ρ^−_1

##GG GGG GGG G ρ^+_1

––www www www H^{r−2,s−2} δ_+ H r+2,s−2 δ_+

The other four maps however are not so easy to describe cohomologically, but we can still describe them using representatives. As in Proposition 6.3, let ρ_1 = [(ϵ^{(1)}_1 , ϵ^{(2)}_1 , ϵ^{(3)}_1 )], ρ_2 = [(ϵ^{(1)}_1 , ϵ^{(2)}_2 , ϵ^{(3)}_1 )]. Then if β is a d_H -closed degree (r, s)-form representing a class [β] ∈ H^{r,s}_{δ+} then ∇[β] (mod H^{r,s}_{δ+} ) is a sum of terms which can be arranged pictorially as follows:

ϵ^{(3)}_1 β ϵ^{(2)}_2 β ϵ^{(1)}_1 β

ϵ^{(2)}_1 β ∗ ϵ^{(2)}_1 β

ϵ^{(1)}_1 β ϵ^{(2)}_2 β ϵ^{(3)}_1 β

Note that the sum of the above eight terms is d_H -closed modulo terms of degree (r+1, s+1), (r+1, s−1), (r−1, s+1), (r−1, s−1). The degree (r+2, s) component of ∇β for instance is given by ϵ^{(2)}_1 β.

There is a special case in which all of these terms have a simple cohomological description. If the class ρ_1 ∈ H^2(L_1) can be represented by a triple ρ_1 = [(ϵ̃^{(1)}_1 , ϵ̃^{(2)}_1 , ϵ̃^{(3)}_1 )], where ϵ̃^{(j)}_1 is d_{L1} -closed for j = 1, 2, 3 then we obtain a decomposition ρ_1 = ρ^{(1)}_1 + ρ^{(2)}_1 + ρ^{(3)}_1 , where ρ^{(j)}_1 = [ϵ̃^{(j)}_1 ] ∈ H^2(L_1). If this is possible it is straightforward to see that we must have that ρ^{(1)}_1 = ρ^+_1 , ρ^{(3)}_1 = ρ^−_1 are the projections from H^2(L_1) to H^2(L^+_1 ), H^2(L^−_1 ) respectively. Also the class ρ^{(2)}_1 has the property that its Clifford action sends H^{r,s}_{δ+} to H^{r+2,s}_{δ+} and then the component T B⊗H^{r,s}_{δ+} → H^{r+2,s}_{δ+} of the variation of Hodge structure is just the Clifford action by the class ρ^{(2)}_1 . However we suspect that such a decomposition ρ_1 = [(ϵ̃^{(1)}_1 , ϵ̃^{(2)}_1 , ϵ̃^{(3)}_1 )] need not be true in general.

References

1. D. Li-Bland, AV-Courant algebroids and generalized CR structures, Canad. J. Math. 63(4) (2011), 938-960.

2. J.-L. Brylinski, A differential complex for Poisson manifolds. J. Differential Geom. 28 (1988), no. 1, 93-114.

3. H. Bursztyn, G. Cavalcanti, M. Gualtieri, Reduction of Courant algebroids and generalized complex structures. Adv. Math. 211 (2007), no. 2, 726-765.

4. A. Căldăraru, The Mukai pairing. II. The Hochschild-Kostant-Rosenberg isomorphism. Adv.

Math. 194 (2005), no. 1, 34-66.

5. G. Cavalcanti, New aspects of the dd^c-lemma. D.Phil. thesis, Oxford University, (2004).

math.DG/0501406.

6. T. J. Courant, Dirac manifolds. Trans. Amer. Math. Soc. 319 (1990), no. 2, 631-661. 7. P. Deligne, P. Griffiths, J. Morgan, D. Sullivan, Real homotopy theory of Kähler manifolds.

Invent. Math. 29 (1975), no. 3, 245274.

8. R. Goto, On deformations of generalized Calabi-Yau, hyperKähler, G_2 and Spin(7) structures I, arXiv:math/0512211v1 (2005).

9. P. Griffiths, Periods of integrals on algebraic manifolds. I. Construction and properties of the modular varieties. Amer. J. Math. 90 (1968), 568626.

10. P. Griffiths, Periods of integrals on algebraic manifolds. II. Local study of the period mapping.

Amer. J. Math. 90 (1968), 805865.

11. P. Griffiths, J. Harris, Principles of algebraic geometry. Pure and Applied Mathematics. Wiley- Interscience, New York, (1978), 813 pp.

12. M. Gualtieri. Generalized complex geometry. D.Phil. thesis, Oxford University, (2003).

math.DG/0401221.

13. M. Gualtieri, Generalized geometry and the Hodge decomposition, arXiv:math/0409093v1 (2004).

14. M. Gualtieri, Generalized complex geometry. Ann. of Math. (2) 174 (2011), no. 1, 75-123. 15. N. Hitchin, Generalized Calabi-Yau manifolds. Q. J. Math. 54(3), (2003), 281-308. 16. A. Kapustin, Y. Li, Topological sigma-models with H-flux and twisted generalized complex manifolds. Adv. Theor. Math. Phys. 11 (2007), no. 2, 261290.

17. K. Kodaira, Complex manifolds and deformation of complex structures. Grundlehren der Mathematischen Wissenschaften, 283. Springer-Verlag, New York, (1986), 465 pp.

18. Z.-J. Liu, A. Weinstein, P. Xu, Manin triples for Lie bialgebroids. J. Differential Geom. 45 (1997), no. 3, 547-574.

19. K. Mackenzie, Lie groupoids and Lie algebroids in differential geometry. London Mathematical Society Lecture Note Series, 124. Cambridge University Press, Cambridge, (1987) 327 pp.

20. O. Mathieu, Harmonic cohomology classes of symplectic manifolds. Comment. Math. Helv.

70 (1995), no. 1, 1-9.

21. S. A. Merkulov, Formality of canonical symplectic complexes and Frobenius manifolds. Internat. Math. Res. Notices (1998), no. 14, 727733.

22. D. Morrison, Mathematical aspects of mirror symmetry. Complex algebraic geometry, 265327, IAS/Park City Math. Ser., 3, Amer. Math. Soc., Providence, RI, (1997).

23. D. Roytenberg, Courant algebroids, derived brackets and even symplectic supermanifolds.

PhD thesis, Berkeley (1993). arXiv:math/9910078v1.

24. P. Ševera, letters to Alan Weinstein, http://sophia.dtp.fmph.uniba.sk/∼severa/letters/. 25. P. Ševera, A. Weinstein, Poisson geometry with a 3-form background. Noncommutative geometry and string theory, Progr. Theoret. Phys. Suppl. No. 144 (2001), 145-154.

26. D. Yan, Hodge structure on symplectic manifolds. Adv. Math. 120 (1996), no. 1, 143-154.

Mathematical sciences institute, The Australian National University, Canberra ACT 0200, Australia

E-mail address: david.baraglia@anu.edu.au