arXiv:1205.0389v2 [hep-th] 10 Jul 2012

Superembedding methods for 4d N -extended SCFTs

M. Maio Instituto de Física Fundamental, IFF-CSIC, Serrano 123, 28006, Madrid, Spain July 11, 2012

Abstract We consider the embedding method of the superconformal group in four dimensions in the case of extended supersymmetry, hence generalizing the recent work of Goldberger, Skiba and Son which was restricted at N = 1. Moreover, we work out explicitly the case of N = 2 chiral superfields in four dimensions, putting the component fields in correspondence with Pascal’s pyramid at layer N . This correspondence is a generic property of the N -extended chiral sector.

IFF/FM-2012/05

Contents

1 Introduction 2

2 Conformal and superconformal group 4 2.1 Superconformal algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.2 Representations and invariants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

3 Superspace 7 3.1 4D superspace . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

4 The chiral sector 10 4.1 N = 2 chiral superfields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

5 Conclusion 16

A Explicit SU(2,2) transformations of X_{αβ} 16 A.1 Translations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 A.2 Lorentz transformations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 A.3 Special conformal transformations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 A.4 Dilatations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

B Notation and identities 19

C Barred 4D superspace 20

D Pascal Pyramid and N = 4 chiral superfield 21 D.1 Pascal Pyramid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 D.2 N = 4 chiral superfield . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

1 Introduction

Four-dimensional conformal field theories have attracted much attention in the last decade, mainly because of their relevance in the context of the AdS/CFT correspondence and its developments as well as its applications in completely different fields of which condensed matter is an example. The conformal symmetry imposes stringent constraints on the theory [1]. In the case of two dimensions, for example, where scale invariance implies conformal invariance, the symmetry is enough to solve the theory [2, 3]. In four and higher dimensions, this is in general not true [4], since examples are known of theories with scale but not conformal symmetry [5, 6], but meaningful statements can be made as well (e.g. [7, 8] for the four-dimensional case). Moreover, in the presence of supersymmetry, superconformal invariance puts restrictions on the operator scaling dimensions, independently of the space-time dimensionality [9, 10].

For these theories, a great deal of information can be obtained from the conformal group, that in four dimensions is SO(4, 2) and that acts non-linearly on the coordinates, due to the presence of operations such as the inversion and the special conformal transformations. However, it has been long known that it is possible to formulate the theory in such a way that the conformal group will act linearly on the coordinates, in the same fashion as the angular momentum does. In addition, correlation functions automatically exhibit manifest conformal symmetry and any results written in terms of the embedding coordinates are valid not just in Minkowski space but in any conformally flat space-time. This approach goes back to [11] and had applications to M/string theory branes [12] as well as to more complicated conformal field theories in [13, 14] (in particular [14] generalizes the construction from scalars to more generic tensor fields). Moreover, embeddings of chiral conformal superspaces were considered in [15], in terms of off-shell twistors [16], while [17] and [18] review the general (chiral and non-chiral) case. In particular, using the twistor notation, [18] gives the two-point correlators between chiral and anti-chiral superfields for arbitrary N . In some cases, n-point correlators have been calculated for various values of n (see for example [19] where N = 4 and the primaries are not chiral superfields). The supertwistor approach was also used in [20] to study the superconformal structure of 4d N = 2 compactified harmonic/projective superspace. The results presented here (as well as in [21]) are equivalent to those obtained with twistor calculations^1.

In the embedding method, one introduces two additional coordinates and embeds the four-dimensional space-time into a larger six-dimensional space with signature (−, −, +, +, +, +). In this space the conformal group generators act as angular momenta. The four-dimensional space is recovered by constraining the six-dimensional coordinates on the projective light-cone. The group SO(4, 2) is isomorphic to SU(2, 2). As a consequence, one can re-express everything in spinor indices and introduce gamma matrices for the basis change from SO(4, 2) to SU(2, 2).

In [21], the authors generalize the embedding methods to N = 1 superconformal field theories. The superconformal group is SU(2, 2|1) and the six-dimensional complex superspace is constructed out of the coordinates (X_{AB} , X̄^{AB} ), which contain the standard space-time X_{αβ} , one fermionic direction θ_α and an additional bosonic coordinate φ. X_{AB} transforms linearly under a superconformal transformation. Upon projecting on the projective light-cone, the four-dimensional superspace (x^μ, θ, θ̄) is recovered. Moreover, scalar and holomorphic fields are considered and it is shown that they correspond to four-dimensional N = 1 chiral superfields whose θ = θ̄ = 0 component is an N = 1 chiral primary operator [21, 22].

In this paper we generalize the embedding method to extended supersymmetry where the superconformal group is SU(2, 2|N ). Most of the arguments are similar to the ones in [21] and analogue results are obtained by considering more fermionic coordinates θ_{Iα}, with I = 1, . . . , N . Automatically, more bosonic variables φ_{IJ} also appear in the six-dimensional superspace, which will then be removed once the light-cone constraint is imposed. We define such a set-up in Section 2, where the generators as well as the necessary representations are introduced. In Section 3 we construct the N -extended four-dimensional superspace. This is done as a coset construction, achieved by applying translations and supersymmetry transformations to a reference origin. The resulting space is invariant under the superconformal and Lorentz groups. In Section 4 we consider representations of the superconformal algebra in terms of superfields. In particular, we generalize the arguments of [21] to N -extended chiral superfields, find their transformation rules under the U(N )_R symmetry subgroup of the superconformal algebra as well as under generic superconformal transformations. We also study in detail the case of chiral superfields in N = 2 extended supersymmetry.

As an aside result of our calculations, we have discovered an interesting connection between the number of component fields of a given kind in an N -extended supermultiplet and the so-called Pascal’s pyramid at layer N . This aspect of number theory seems not to be mentioned explicitly in the literature. One can use it as a check that superfield expansions are correct.

Throughout this paper we use the conventions of [21] and [23]. In particular, the various definitions for the spinor indices and the gamma matrices are the same as in [21]. In the appendix we give some details of the calculations as well as our notation. In particular, in Appendix A we compute explicitly the SU(2, 2) transformations of the coordinates X_{αβ} . In Appendix B we give our notation for the spinorial indices and show some identities that will be useful in our computations. In Appendix C we provide the necessary for computing the coordinates of the 4d barred superspace. In Appendix D we define the Pascal pyramid, with some of its properties and symmetries, construct the N = 4 chiral multiplet and relate it to the pyramid at layer 4.

1We thank Warren Siegel for this remark.

2 Conformal and superconformal group

The superconformal group in four dimensions has fifteen generators that satisfy the SO(4, 2) algebra. It includes the Poincaré generators (P^μ for translations and M^{μν} for Lorentz transformations) as a subalgebra. In addition there are the generators K^μ for special conformal transformations as well as the dilatation generator D. Special conformal transformations can be thought of as an inversion, followed by a translation and then by another inversion and act non-linearly on the coordinates x^μ. Schematically:

P^μ x^μ → x^μ + a^μ δx^μ = a^μ (2.1a) M^{μν} x^μ → Λ^μ_ν x^ν (Λ ∈ SO(3, 1)) δx^μ = ω^μ_ν x^ν (ω_{μν} = −ω_{νμ}) (2.1b) K^μ x^μ →^{xμ+x2bμ} 1+2b·x+b^2x^2 δx

μ = x^2b^μ − 2(b · x)x^μ (2.1c) D x^μ → λx^μ δx^μ = ϵx^μ (2.1d)

with real parameters a^μ, b^μ, Λ^μ_ν = δ^μ_ν + ω^μ_ν and λ = 1 + ϵ. Here indices are raised and lowered by the four-dimensional metric η_{μν} = diag(−1, +1, +1, +1).

The conformal group SO(4, 2) is identical to the Lorentz group in a space with six dimensions and signature (−, −, +, +, +, +). One can use this observation to make the conformal transformations act linearly on the coordinates. Define new variables X^m, with m = +, μ, −. Under SO(4, 2), X^m transforms linearly:

X^m → Λ^m_nX^n , with Λ^T ηΛ = η and η_{mn} =

0 0 1/2 0 η_{μν} 0 1/2 0 0

(2.2)

Infinitesimally, Λ^m_n = δ^m_n + ω^m_n, the conformal transformation δX^m = ω^{mn}X_n =^i_2 ω^{pq} L_{pq}X^m is generated by the SO(4, 2) differential operators L^{mn} = iX^m ∂ ∂X_n − iX^n ∂ ∂X_m . (2.3)

In order to recover the four-dimensional space, one has to demand that the coordinates X^m are constrained on the projective light-cone:

X^2 ≡ X^mη_{mn}X^n = 0 , X^m ∼ λX^m (λ ∈ R) . (2.4)

Since the conformal group SO(4, 2) is equivalent to SU(2, 2), we can transform everything into spinor notation. SU(2, 2) is the group of four by four special matrices that are unitary with respect to a fixed invariant matrix of signature diag(+, +, −, −). The connection is realized by using gamma matrices to transform the vector index m into an anti-symmetric pair of spinor indices (α , β). A spinor V_α of SU(2, 2) transforms as V_α → U^β_α V_β , U ∈ SU(2, 2) . (2.5)

The SU(2, 2) index α = 1, . . . , 4 has an undotted component transforming in the fundamental representation of SL(2, C ) and a dotted component transforming in the complex conjugate representation, α = (a, ȧ), with a = 1, 2 and ȧ = 1, 2 (e.g. [23, 24]). The vector X^m becomes an anti-symmetric tensor X_{αβ} = −X_{βα}, with each index transforming as in (2.5):

X^m = 1 2 X_{αβ} Γ^{mαβ} , X_{αβ} = 1 2 X_mΓ̃^m_{αβ} , (2.6)

with Γ̃^m_{αβ} = 1 2 ϵ_{αβγδ}(Γ^m)^{γδ} . (2.7)

The light-cone constraint is written as X_{αβ}X^{αβ} = 0 (2.8) with X^{αβ} =^1_2 ϵ^{αβγδ}X_{γδ}. Similarly, one can express the SO(4, 2) generators L^{mn} in spinor notation. The result is L^β_α = −^1_2 (Σ^{mn})^β_α L_{mn}, L^{mn} = −(Σ^{mn})^β_α L^α_β , with (Σ^{mn})^β_α = −^i_4 ( Γ̃^mΓ^n − Γ̃^nΓ^n )_β α being the SU(2, 2) generators.

2.1 Superconformal algebra

The N -extended superconformal group in four dimensions is SU(2, 2|N ) consisting of matrices of the form U^B_A = ( U^β_α φ^J_α κ^β_I z^J_I ) . (2.9)

This is a block matrix, with the indices running in the range α, β = 1, . . . , 4 and I, J = 1, . . . , N . The diagonal blocks are commuting, while the off-diagonal ones are anti-commuting. An SU(2, 2|N ) vector in the fundamental representation is written as

V_A = ( V_α ψ_I ) , (2.10)

where the V_α component is fermionic and the N ψ_I fields are bosonic. Indices are raised and lowered with the invariant matrix A^{ȦB} = ( A^{α̇β} 0 0 δ^J_I ) , (2.11)

where A^{α̇β} is the SU(2, 2) invariant metric. In order to be an element of SU(2, 2|N ), the matrix U^B_A must have unit superdeterminant:

(S det U)^{−1} = (det z)^{−1} · det(U − φ · z^{−1} · κ) = 1 . (2.12)

It must also satisfy U^Ȧ_Ḃ A^{ḂB} U^A_B = A^{ȦA} , (2.13)

where U^Ȧ_Ḃ = (U^B_A )^†.

One can introduce the SU(2, 2|N ) generators T^B_A as

U^B_A = δ^B_A + iT^B_A . (2.14)

Hence: T^B_A = ( T^β_α ϕ^J_α ψ^β_I ϕ^J_I ) , (2.15)

with U^β_α = δ^β_α + iT^β_α , z^J_I = δ^J_I + iϕ^J_I , ϕ^J_α = −iφ^J_α and ψ^β_I = −iκ^β_I . From the superdeterminant, it follows that T^B_A have vanishing supertrace:

StrT = T^α_α − ϕ = 0 , (2.16)

where ϕ is the trace of ϕ^J_I , ϕ ≡ ∑ I ϕ^I_I . From (2.13), it follows that

A^{ȦB} T^A_B − T^Ȧ_Ḃ A^{ḂA} = 0 . (2.17)

Hence, explicitly

• for (A, B) = (α, β): A^{α̇β}T^α_β − T^{α̇}_{β̇} A^{β̇α} = 0, which implies that T^β_α is a U(2, 2) generator

• for mixed indices: ψ^α_I = A^{β̇α}ϕ^I_{β̇} ≡ ϕ̄^α_I (equivalently ψ_I = ϕ̄_I )

• for (A, B) = (I, J): ϕ^J_I = (ϕ^†)^J_I (equivalently ϕ = ϕ^†), which states that ϕ^J_I is hermitian and hence z^J_I = (e^{iϕ})^J_I is unitary, z^J_I ∈ U(N ), as it should be since ϕ^J_I is the R-symmetry generator.

In order to make T^β_α an SU(2, 2) generator (and hence U^β_α ∈ SU(2, 2)), one can subtract its trace and replace T^B_A by

T^B_A = ( T^β_α +^1_4 δ^β_α ϕ ϕ^J_α ϕ̄^β_I ϕ J_I ) (2.18)

in the fundamental representation.

By defining supercharges according to

− iδV_A = [ϕ̄^β_J Q^J_β + ϕ^J_αQ̄^β_J ]V_A , (2.19)

one has (Q^L_σ )^B_A = ( 0 0 δ^β_σ δ^L_I 0 ) and (Q̄^σ_L)^B_A = ( 0 δ^σ_α δ^J_L 0 0 ) . (2.20)

Similarly, the R-symmetry generator is a non-abelian matrix

R^B_A =

(_1

4 δ^β_α ϕ 0

0 ϕ^J_I ) , (2.21)

which contains the U(N ) block of the extended supersymmetry.

2.2 Representations and invariants

Many concepts here are similar to those presented in [21]. If V_A transforms in the fundamental representation, V_A = ( V_α ψ_I ) , V_A → U^B_A V_B (2.22)

and W̄^A ≡ (W^†)_Ḃ A^{ḂA} in the anti-fundamental,

W̄^A = (¯ W^α ψ̄I ) , W̄^A → W̄^B (U^{−1})^A_B , (2.23)

then the product Z^B_A = V_AW̄^B transforms as a tensor

Z^B_A → U^C_A Z^D_C (U^{−1})^B_D . (2.24)

The singlet representation is given by its supertrace,

StrZ^B_A = −Z^B_A λ^A_B , (2.25)

where λ^B_A = ( −δ^β_α 0

0 δ^J_I ) , (2.26)

which, due to the property of the supertrace Str(U_1U_2) = Str(U_2U_1), is invariant under SU(2, 2|N ) transformations. The adjoint representation is given by the part of Z^B_A with vanishing supertrace,

Z^B_A + 1 4 − N (Z^D_C λ^C_D )δ^B_A . (2.27)

Tensors X_{AB} and X̄^{AB} transform^2 as the products X_{AB} ∼ V_AV_B and X̄^{AB} ∼ V̄^AV̄^B :

X_{AB} → U^C_A X_{CD}Û^D_B , Û^D_B = ( U^β_α U^J_α −U^β_I U^J_I ) (2.28)

X̄^{AB} → (Û^{−1})^A_C X̄^{CD}(U^{−1})^B_D , (Û^{−1})^B_D = ( (U^{−1})^β_α (U^{−1})^J_α −(U^{−1})^β_I (U^{−1})^J_I ) . This implies that the product X_{AC} λ^C_D X̄^{DB} transforms as Z^B_A and hence the scalar product X · Ȳ ≡ Str(XλȲ ) = T r(−λXλȲ ) (2.29) is SU(2, 2|N ) invariant.

3 Superspace

The tensor X_{AB} contains the superspace components of six-dimensional conformal group. Explicitly: X_{AB} = ( X_{αβ} θ_{Jα} θ_{Iβ} φ_{IJ} ) , (3.1)

where X_{αβ} is anti-symmetric, θ_{Iα} ≡ X_{Iα} = X_{αI} are fermionic variables and φ_{IJ} ≡ X_{IJ} is a symmetric matrix of bosonic coordinates. In order to use the invariant scalar product (2.29), we need the conjugate of X, X̄^{AB} , with components X̄^{AB} = (¯ X^{αβ} θ̄^{Jα} θ̄Iβ φ̄IJ ) . (3.2)

Defining X_{α̇β̇} = (X_{αβ} )^† and θ^I_{α̇} = (θ_{Iα})^†, and using the invariant matrix (2.11), the components are X̄ αβ = Aα̇αA^˙ββ X_{α̇β̇} , θ̄Iα = Aα̇αθI_{α̇}, φ̄IJ = (φ_{IJ} )†. The full superspace is then described by the supercoordinates (X_{AB} , X̄^{AB} ), endowed with the scalar product (2.29). In components:

X_1 · X̄_2 = X_{1αβ}X̄^{αβ}_2 + 2θ_{1Iα}θ̄^{Iα}_2 − φ_{1JI} φ̄^{IJ}_2 . (3.3)

The superconformal transformations of the coordinates can be computed by using (2.28). For X_{AB} , they are −iδX_{AB} = X_{AC}T̂^C_B + T^C_A X_{CB} , or in components:

− iδX_{αβ} = T^γ_α X_{γβ} + T^γ_β X_{αγ} + ϕ^I_αθ_{Iβ} − ϕ^I_β θ_{Iα} + 1 2 ϕX_{αβ} (3.4a)

−iδθ_{Iα} = T^γ_α θ_{Iγ} + ϕ̄^β_I X_{βα} + ϕ^J_αφ_{JI} + ϕ^J_I θ_{Jα} + 1 4 ϕθ_{Iα} (3.4b)

−iδφ_{IJ} = ϕ̄^γ_J θ_{Iγ} + ϕ̄^γ_I θ_{Jγ} + ϕ^K_J φ_{IK} + ϕ^K_I φ_{KJ} (3.4c)

For X̄^{AB}, they are iδX̄^{AB} = X̄^{AC} T^B_C + T̂^A_C X̄^{CB}, or in components:

iδX̄^{αβ} = T^α_γ X̄^{γβ} + T^β_γ X̄^{αγ} + ϕ̄^α_I θ̄^{Iβ} − ϕ̄^β_I θ̄^{Iα} + 1 2 ϕX̄^{αβ} (3.5a)

iδθ̄^{Iα} = T^α_γ θ̄^{Iγ} − ϕ^I_γX̄^{γα} + ϕ̄^α_J φ̄^{IJ} + ϕ^I_J θ̄^{Jα} + 1 4 ϕθ̄^{Iα} (3.5b)

iδφ̄^{IJ} = −ϕ^I_γθ̄^{Jγ} − ϕ^J_γ θ̄^{Iγ} + ϕ^I_K φ̄^{KJ} + ϕ^J_K φ̄^{IK} (3.5c)

2To check these transformations, use the inversion formula for block matrices. One convenient expression is:

(U^{−1})^B_A = ( ( U^{−1} + U^{−1}ϕ(z − ψU^{−1}ϕ)^{−1}ψU^{−1} )_β α − ( U^{−1}ϕ(z − ψU^{−1}ϕ)^{−1} )_J α − ( (z − ψU^{−1}ϕ)^{−1}ψU^{−1} )_β I ( (z − ψU^{−1}ϕ)^{−1} )_J I ) .

3.1 4D superspace

In this section we construct the four-dimensional superspace, described by the projective coordinates (X_{AB} , X̄^{AB}) ∼ (λX_{AB} , λ̄X̄^{AB}), λ ∈ C , on the six-dimensional light-cone

X · X̄ = 0 . (3.6)

We start from the origin defined as

X̂_{αβ} = 1 2 ( iϵ_{ab}X^+ 0 0 0 ) , θ̂_{Iα} = 0 , φ̂_{IJ} = 0 . (3.7)

One can check that the origin satisfies the light-cone constraint^3. An arbitrary point in superspace is reached by applying all possible superconformal transformations (3.4) and (3.5). Under superconformal transformations, the origin transforms as − iδX̂_{αβ} = 1 2 iX^+ ( δ^b_β T^c_α ϵ_{cb} + δ^a_αT^c_β ϵ_{ac} + δ^a_αδ^b_β 1 2 ϵ_{ab}ϕ ) (3.9a) −iδθ̂_{Iα} = −δ^a_α 1 2 iϵ_{ab}ϕ̄^b_I X^+ (3.9b)

−iδφ̂_{IJ} = 0 . (3.9c)

Explicitly, from table 1 in Appendix A, the origin is invariant under special conformal and Lorentz transformations, and projectively invariant under dilatations. It is also invariant under supersymmetry transformations generated by a spinor of the form ϕ^I_α ∼ ( η^I_a 0 ) , (3.10)

because in this case ϕ̄^β_I in (3.9) has only the down (dotted) component. Hence a generic point in superspace is reached from the origin by applying translations with parameter ω^{μ−} = 2δx^μ = 2x^μ, and supersymmetry transformations with spinorial parameter

ϕ^I_α = ( 0 2θ̄^{Iȧ} ) . (3.11)

Then the four-dimensional superspace is a coset space where points are labelled by (x^μ, {θ_{Ia}}, {θ̄^{Jȧ}}) and the symmetries above have been modded out. We denote the whole set of theta coordinates by curly brackets: {θ_{Ia}} = {θ_{1a}, θ_{2a}, . . . , θ_{N a}} and {θ̄^{Iȧ}} = {θ̄^{1ȧ}, θ̄^{2ȧ}, . . . , θ̄^{N ȧ}} . (3.12) The explicit transformation that brings the origin to the point (x^μ, {θ_{Ia}}, {θ̄^{Jȧ}}) in superspace is a product of two commuting transformations, one in ordinary space-time and the other one in the theta directions: U(x^μ, {θ_{Ia}}, {θ̄^{Jȧ}})^B_A = U(x^μ, 0, 0)^C_A U(0, {θ_{Ia}}, {θ̄^{Jȧ}})^B_C . (3.13) The space-time part is as in [21]:

U(x^μ, 0, 0)^B_A = ( ( e^{−ixμΣμ+} )_β α 0 0 δ^J_I ) = δ^b_a 0 0 ix^μ(σ̄_μ)^{ȧb} δ^ȧ_ḃ 0 0 0 δ^J_I

, (3.14)

3Since: ^̄Xαβ = 1 2 ( 0 0 0 iϵ_{ȧḃ}X̄^+ ) . (3.8)

where δ^J_I is the N × N identity matrix. The theta part is a generalization of the expression used in [21] (see Appendix B):

U(0, {θ_{Ia}}, {θ̄^{Jȧ}})^B_A = ( δ^β_α −^1_2 ∑ I ϕ^I_αϕ̄^β_I iϕ^J_α iϕ̄^β_I δ^J_I ) = δ^b_a 0 0 − ∑ I θ_I σ^μθ̄^I (σ̄_μ)^{ȧb} δ^ȧ_ḃ 2iθ̄^{Jȧ} 2iθ^b_I 0 δ^J_I

. (3.15)

This matrix is also equal to the product of analogous matrices, but with only one theta coordinate different from zero: U(0, {θ_{Ia}}, {θ̄^{Jȧ}}) = N∏ I=1 U(0, θ_{Ia}, θ̄^{Iȧ}) = U(0, θ_{1a}, θ̄^{1ȧ})U(0, θ_{2a}, θ̄^{2ȧ}) · · · U(0, θ_{N a}, θ̄^{N ȧ}) , (3.16)

where in the I-th factor θ_{Ja} = θ̄^{Jȧ} = 0 if J ≠ I^4. One can explicitly check that each of the single factors commutes with each other as well as with the space-time transformation (3.14) and that, consequently, the full theta matrix (3.15) commutes with (3.14) too. The complete transformation from the origin to any point in the superspace is explicitly

U(x^μ, θ_{Ia}, θ̄^{Jȧ})^B_A = δ^b_a 0 0 iy^μ(σ̄_μ)^{ȧb} δ^ȧ_ḃ 2iθ̄^{Jȧ} 2iθ^b_I 0 δ^J_I

, (3.17)

where y^μ = x^μ + i ∑ I θ_I σ^μθ̄^I (3.18)

is the coordinate of the N -extended chiral superspace^5.

We use eq. (3.17) to deduce the coordinates of the 4d superspace. Starting from the origin (3.7) and using (2.28), or equivalently (3.4)-(3.5), one has^6:

X_{αβ} (y, θ) = U^γ_α X̂_{γδ}U^δ_β = i 2 X^+ ( ϵ_{ab} ϵ_{ad}iy^μ(σ̄_μ)^{ḃd} iy^μ(σ̄_μ)^{ȧc}ϵ_{cb} −y^μy^ν (σ̄_μ)^{ȧc}(σ̄_ν )^{ḃd}ϵ_{cd} ) ≡ 1 2 Y_mΓ̃^m_{αβ} (3.19a)

θ_{Iα}(y, θ) = −U^γ_α X̂_{γδ}U^δ_I = X^+ ( θ_{Ia} iy^μ(σ̄_μ)^{ȧb}θ_{Ib} ) (3.19b)

φ_{IJ} (y, θ) = −U^γ_I X̂_{γδ}U^δ_J = 2iX^+θ_I · θ_J . (3.19c)

where Y^m = (Y^+ = X^+, Y^μ = X^+y^μ, Y^− = −X^+y^2) (3.20)

and we use the epsilon tensor to lower spinorial indices, θ_{Ia} = ϵ_{ab}θ^b_I , so that θ_I · θ_J = θ^c_I ϵ_{cd}θ^d_J = θ_J · θ_I .

4 E.g. for N = 2 one has:

δ^b_a 0 0 0 − ∑ I θ_I σ^μθ̄^I (σ̄_μ)^{ȧb} δ^ȧ_ḃ 2iθ̄^{1ȧ} 2iθ̄^{2ȧ}

2iθ^b_1 0 1 0 2iθ^b_2 0 0 1 =

= δ^b_a 0 0 0 −θ_1σ^μθ̄^1(σ̄_μ)^{ȧb} δ^ȧ_ḃ 2iθ̄^{1ȧ} 0 2iθ^b_1 0 1 0 0 0 0 1 · δ^b_a 0 0 0 −θ_2σ^μθ̄^2(σ̄_μ)^{ȧb} δ^ȧ_ḃ 0 2iθ̄^{2ȧ} 0 0 1 0 2iθ^b_2 0 0 1 .

5See Section 3 (formula (3.3.28) in particular) of [24] for any N , or e.g. [25] explicitly for N = 2. 6See Appendix B.

Similarly, for the barred coordinates one finds (more details in Appendix C):

X̄^{αβ} = (U^{−1})^α_ċ ^̄X^{ċḋ}(U^{−1})^β_ḋ = 1 2 Ȳ_mΓ^{mαβ} (3.21a)

θ̄^{Iα} = (U^{−1})^I_ċ ^̄X^{ċḋ}(U^{−1})^α_ḋ = X̄^+ ( −iȳ^μ(σ̄_μ)^{ḃa}θ̄^I_ḃ θ̄I_ȧ ) (3.21b)

φ̄^{IJ} = (U^{−1})^I_ċ ^̄X^{ċḋ}(U^{−1})^α_ḋ = −2iX̄^+θ̄^I · θ̄^J , (3.21c)

where Ȳ^m = (Ȳ^+ = X̄^+, Ȳ^μ = X̄^+ȳ^μ, Y^− = −X̄^+ȳ^2) = (Y^m)^† , (3.22)

ȳ^μ = x^μ − i ∑ I θ_I σ^μθ̄^I and we have lowered the theta index, θ̄^I_ȧ = ϵ_{ȧḃ}θ̄^{Iḃ}.

Under superconformal transformations, (y^μ, θ_a) transform as the coordinates of the N -extended chiral superspace. In fact, using (3.4) with

ϕ^I_α = ( −2η^I_a 2ϵ̄^{Iȧ} ) ⇐⇒ ϕ̄^α_I = (2ϵ^a_I , −2η̄_{Iȧ}) (3.23)

as the only non-vanishing parameter, we get the following transformations: δy^μ = ∑ I (2iθ_I σ^μϵ̄^I − 2y_ν θ_I σ^μσ̄^ν η^I ) , (3.24a)

δθ^a_I = ϵ^a_I − iy^μ(σ̄_μ)^{ḃa}η̄^I_ḃ + 4 ∑ J θ_I · θ_J η^{Ja} . (3.24b)

Including also the barred half superspace given by X̄^{AB}, one gets the full superspace spanned by the coordinates (x = (y + ȳ)/2, θ_I , θ̄_I ).

4 The chiral sector

N = 1 conformal chiral superfields, Φ(y^μ, θ_a), were considered in [21]. Defining a chiral superfield on the light-cone Φ(y^μ, θ_a) ≡ (X^+)^ΔΦ(X_{AB} ) , (4.1) and expanding in powers of theta

Φ(y^μ, θ_a) = A(y) + √ 2θψ(y) + θ^2F (y) , (4.2)

with y^μ = x^μ + iθσ^μθ̄, it was checked that the component fields transform as a chiral multiplet under the N = 1 super Poincaré group and have non-trivial rules under the special conformal transformations. In particular, the highest component A(0) is a chiral primary operator, in the sense that it is annihilated by the special superconformal generators S_a and S̄^ȧ, which are related to the supercharges by

Q_α = i 2 ( −Q_a S̄^ȧ ) and Q̄^α = − i 2 ( S^a −Q̄_ȧ ) . (4.3)

Moreover, under the U(1)_R ⊂ SU(2, 2|1) R-symmetry, one recovers the fact that the R-charge is proportional to the scaling dimension Δ at a superconformal fixed point [21], according to

Φ^′(y, e^{3iϕ/4}θ) = e^{i ϕ2 Δ}Φ(y, θ) . (4.4)

Actually, this result continues to hold in the case of extended supersymmetry. Under U(N )_R the indices I, J, . . . transform with a unitary matrix: − iδX_{αβ} = 1 2 ϕX_{αβ} → X^′_{αβ} = e^{i ϕ2} X_{αβ} (4.5a) −iδθ_{Iα} = ϕ^J_I θ_{Jα} + 1 4 ϕθ_{Iα} → θ^′_{Iα} = e^{i ϕ4} ( e^{iϕ} )_J I θ_{Jα} (4.5b) −iδφ_{IJ} = ϕ^K_J φ_{IK} + ϕ^K_I φ_{KJ} → φ^′_{IJ} = ( e^{iϕ} )_K I ( e^{iϕ} )_L J φ_{KL} . (4.5c)

On the light-cone we define Φ(y, θ_{Ia}) ≡ (X^+)^ΔΦ(X_{αβ} , θ_{Iα}, φ_{IJ} ) , (4.6) where the components are functions of (y, θ_{Ia}). Hence, as Φ is a scalar, i.e.

Φ^′(X^′_{αβ} , θ^′_{Iα}, φ^′_{IJ} ) = Φ(X_{αβ} , θ_{Iα}, φ_{IJ} ) , (4.7)

we find Φ^′(y^′, θ^′_{Ia}) = ( e^{i ϕ2} X^+

)_Δ

Φ^′(X^′_{αβ} , θ^′_{Iα}, φ^′_{IJ} ) = e^{i ϕ2 Δ}Φ(y, θ_{Ia}) , (4.8)

under U(N )_R ⊂ SU(2, 2|N ). This result is the same as in the N = 1 case, as we wanted to show. In the above equation we have used that X^{′+} = e^{i ϕ2} X^+ and hence y^′ = y, θ^′_{Ia} = e^{i 34 ϕ} ( e^{iϕ} )_J I θ_{Ja}, as well as the projective property Φ(λX_{AB} ) = λ^{−Δ}Φ(X_{AB} ) with λ = (X^+)^{−1}.

Under a generic superconformal transformation generated by the spinor (3.23), using the scaling property of the superfield Φ(y, θ_I ) as well as its scalar nature, we have

δΦ(y, θ_I ) = Δ δX^+ X^+ Φ(y, θ_I ) − δy^μ ∂Φ ∂y^μ (y, θ_I ) − δθ^a_I ∂Φ ∂θ^a_I (y, θ_I ) (4.9)

where δX^+ = −4X^+θ_I · η^I and the variations δy^μ and δθ^a_I are given by (3.24). The transformations for the component fields can be read off directly from this one by equating same powers of theta on both sides. Special superconformal transformations are obtained by setting ϵ^a_I = 0 in these equations.

N -extended superfields can be represented in terms of N = 1 superfields by expanding all the theta coordinates but one. In the case of N -extended chiral superfields, the component fields are N = 1 chiral superfields and one can repeat the above argument. The four-dimensional expansion strongly depends on the value of N , since the number of components grows exponentially with N . In the following Subsection we will consider N = 2.

4.1 N = 2 chiral superfields

As an example, consider an N = 2 chiral superfield, that we denote by Ψ(x, θ_1, θ̄^1, θ_2, θ̄^2). The solution to the the chiral constraints D̄_{1ȧ}Ψ = 0 and D̄_{2ȧ}Ψ = 0 implies that Ψ does not depend explicitly on θ̄^1 and θ̄^2, but implicitly through the combination y^μ = x^μ + iθ_1σ^μθ̄^1 + iθ_2σ^μθ̄^2 (cf. (3.18 and [25])):

Ψ ≡ Ψ(y, θ_1, θ_2) . (4.10)

Expanding in powers of, say, θ_2, one finds (e.g. [25])

Ψ(y, θ_1, θ_2) = A(y, θ_1) + √ 2θ_2W (y, θ_1) + (θ_2)^2G(y, θ_1) , (4.11)

where A(y, θ_1) and G(y, θ_1) are N = 1 scalar superfields and W^a(y, θ_1) is an N = 1 spinor superfield. However, for our purposes, we will consider the full expansion in θ_1 and θ_2:

Ψ(X_{αβ} , θ_{1α}, θ_{2α}, φ_{11}, φ_{12}, φ_{22}) = A + √ 2θ_{1α}λ^α + √ 2θ_{2α}χ^α + θ_{1α}θ_{2β} Z^{αβ} + θ_{1α}θ_{1β}V^{αβ} + θ_{2α}θ_{2β} Y^{αβ} + θ_{1α}θ_{1β} θ_{2γ} E^{αβγ} + θ_{2α}θ_{2β}θ_{1γ} F^{αβγ} + θ_{1α}θ_{1β} θ_{2γ} θ_{2δ}D^{αβγδ} + . . . . (4.12)

Here all the components are functions of (X, φ) ≡ (X_{αβ} , φ_{11}, φ_{12}, φ_{22}) and the dots represent higher-order terms (cubic and quartic in θ_{1α} and θ_{2α} as well as products thereof) that will vanish on the light-cone. The fields V , Y , E, F and D are anti-symmetric in αβ (as well as in γδ for D). All the components transform as follows under a scaling transformation of the coordinates: A(λX, λφ) = λ^{−Δ}A(X, φ), λ^α(λX, λφ) = λ^{−Δ−1}λ^α(X, φ) (same for χ^α), Z^{αβ}(λX, λφ) = λ^{−Δ−2}Z^{αβ} (X, φ) (same for V^{αβ} and Y^{αβ} ), etc. The four-dimensional N = 2 chiral superfield is defined on the light-cone as

Ψ(y, θ_{1a}, θ_{2a}) ≡ (X^+)^ΔΨ(X_{αβ} , θ_{1α}, θ_{2α}, φ_{11}, φ_{12}, φ_{22}) = A(y) + √ 2θ_{1a}λ^a(y) + √ 2θ_{2a}χ^a(y) + θ_{1a}θ_{2b}Z^{ab}(y) + (θ_1)^2B(y) + (θ_2)^2C(y) + (θ_1)^2θ_{2a}E^a(y) + (θ_2)^2θ_{1a}F^a(y) + (θ_1)^2(θ_2)^2D(y) . (4.13)

In the following, we will be using such a notation for the components of this N = 2 off-shell multiplet. There are a total of 9 = 3^2 fields, of which:

• 1 spin-0 scalar field A

• 2 spin-^1_2 fields λ and χ

• 1 spin-1 tensor field Z

• 2 spin-1 fields B and C

• 2 spin-^3_2 fields E and F

• 1 spin-2 field D.

This list agrees with the ones in e.g. [26, 27]. These numbers make up the Pascal pyramid^7 at layer 2:

1 2 1 2 2 1 ⇐⇒ A λ, χ Z B, C E, F D (4.14)

In Appendix D we consider the N = 4 case: there, the triangle analogue to (4.14) is larger, contains 15 entries and corresponds to the pyramid at layer 4. More generically, the component fields of various kind in an N -extended supermultiplets are equal in number to the elements of the Pascal pyramid at layer N . The connection with the trinomial with power N , which is at the origin of the pyramid, arises from the fact that in the product θ^{x1}_{1α1} θ^{x2}_{2α2} . . . θ^{xN}_{N αN} (4.15)

the powers x_i can only have three values, x_i = 0, 1, 2, with i = 1, . . . , N .

7In Appendix D we give all the necessary material about the Pascal pyramid. For the interested reader, more technical information can be found in [28, 29].

Using standard techniques, we can now identify the component fields. We find:

A(y) = (X^+)^ΔA(X_{αβ} , 0) (4.16a) λ^a(y) = (X^+)^{Δ+1} [ λ^a(X_{αβ} , 0) − iy^μ(σ̄_μ)^{ȧa}λ_ȧ(X_{αβ} , 0) ] (4.16b) χ^a(y) = (X^+)^{Δ+1} [ χ^a(X_{αβ} , 0) − iy^μ(σ̄_μ)^{ȧa}χ_ȧ(X_{αβ} , 0) ] (4.16c)

Z^{ab}(y) = i(X^+)^{Δ+1}ϵ^{ab} [ −4 ∂A ∂φ_{12} (X_{αβ} , 0) + X_{αβ}Z^{αβ}_{aver}(X_{αβ} , 0) ] (4.16d)

B(y) = i(X^+)^{Δ+1} [ 2 ∂A ∂φ_{11} (X_{αβ} , 0) − X_{αβ} V^{αβ} (X_{αβ} , 0) ] (4.16e)

C(y) = i(X^+)^{Δ+1} [ 2 ∂A ∂φ_{22} (X_{αβ} , 0) − X_{αβ} Y^{αβ} (X_{αβ} , 0) ] (4.16f)

E^a(y) = i(X^+)^{Δ+2} [ 2 √ 2 ∂λ^a ∂φ_{12} (X_{αβ} , 0) + 2 √ 2 ∂χ^a ∂φ_{11} (X_{αβ} , 0) − 2 √ 2iy^μ(σ̄_μ)^{ȧa} ∂λ_ȧ ∂φ_{12} (X_{αβ} , 0) − 2 √ 2iy^μ(σ̄_μ)^{ȧa} ∂χ_ȧ ∂φ_{11} (X_{αβ} , 0) −X_{αβ} E^{αβa}(X_{αβ} , 0) − X_{αβ}iy^μ(σ̄_μ)^{ȧa}E^{αβ}_ȧ(X_{αβ} , 0) ] (4.16g)

F^a(y) = i(X^+)^{Δ+2} [ 2 √ 2 ∂χ^a ∂φ_{12} (X_{αβ} , 0) + 2 √ 2 ∂λ^a ∂φ_{22} (X_{αβ} , 0) − 2 √ 2iy^μ(σ̄_μ)^{ȧa} ∂χ_ȧ ∂φ_{12} (X_{αβ} , 0) − 2 √ 2iy^μ(σ̄_μ)^{ȧa} ∂λ_ȧ ∂φ_{11} (X_{αβ} , 0) −X_{αβ} F^{αβa}(X_{αβ} , 0) − X_{αβ}iy^μ(σ̄_μ)^{ȧa}F^{αβ}_ȧ(X_{αβ} , 0) ] (4.16h)

D(y) = (X^+)^{Δ+2} [ 2 ∂^2A ∂φ^2_{12} (X_{αβ} , 0) − 2X_{αβ} ∂Z^{αβ}_{aver} ∂φ_{12} (X_{αβ} , 0) − X_{αβ} X_{γδ}D^{αβγδ}(X_{αβ} , 0) +2X_{αβ} ∂V^{αβ} ∂φ_{22} (X_{αβ} , 0) + 2X_{αβ} ∂Y^{αβ} ∂φ_{11} (X_{αβ} , 0) ] . (4.16i)

In order to derive the components above, we have made use of the identity

θ_{Iα}θ_{Iβ} = −iX^+(θ_I )^2X_{αβ} (4.17)

which is valid on the light-cone for each I. Note that a similar identity does not hold for θ_{Iα}θ_{Jβ} if I ≠ J. For this reason, and in order to simplify the formulas above, we have introduced an auxiliary, or average, variable Z^{αβ}_{aver}, defined as:

θ_{1α}θ_{2β} Z^{αβ} (X, φ) ≡ −iX^+(θ_1 · θ_2)X_{αβ} Z^{αβ}_{aver}(X, φ) . (4.18)

The quantity Z^{αβ}_{aver} makes the scaling properties of the component explicit. It appears in (4.16d) and (4.16i) and should be viewed as a shortcut of more lengthy expressions corresponding to the expansion:

θ_{1α}θ_{2β} Z^{αβ}(X, φ) = (X^+)^2θ_{1a}θ_{2b} [ Z^{ab}(X, φ) + iy^μ(σ̄_μ)^{ḃb}Z^a_ḃ(X, φ) +iy^μ(σ̄_μ)^{ȧa}Z^b_ȧ (X, φ) − y^μy^ν (σ̄_μ)^{ȧa}(σ̄_ν )^{ḃb}Z_{ȧḃ}(X, φ) ] = = (X^+)^2θ_{1a}θ_{2b} [ Z^{ab}(X, φ) + iy^μ(σ̄_μ)^{ḃb}Z^a_ḃ(X, φ) + iy^μ(σ̄_μ)^{ȧa}Z^b_ȧ (X, φ) + 1 2 ( y^2ϵ^{ȧḃ}ϵ^{ab} − 4y_μy_ν (ϵσ^{λμ})^{ab}(σ̄^{λν} ϵ)^{ȧḃ} ) Z_{ȧḃ}(X, φ) ] . (4.19)

In going from the first equality to the second we have exploited the fact that the product y^μy^ν is symmetric in μν and hence we can use the symmetric version of the product of two (barred) sigma matrices (see Appendix B). The r.h.s. of (4.18) is in components:

− iX^+θ_1 · θ_2 [ X_{ab}Z^{ab}_{aver}(X, φ) + X^ḃ_a Z^a_{aver ḃ}(X, φ) + X^ȧ_bZ^b_{aver ȧ} (X, φ) + X^{ȧḃ}Z_{aver ȧḃ}(X, φ) ] (4.20)

and hence one can derive the components of Z_{aver}, using (3.19) for the field X_{αβ} . Expanding now both sides in φ_{IJ} , we are left with ordinary fields depending on X_{αβ} only. We obtain:

θ_{1α}θ_{2β} Z^{αβ}(X, 0) = (X^+)^2θ_{1a}θ_{2b} [ Z^{ab}(X, 0) +iy^μ(σ̄_μ)^{ḃb}Z^a_ḃ(X, 0) + iy^μ(σ̄_μ)^{ȧa}Z^b_ȧ (X, 0) + 1 2 ( y^2ϵ^{ȧḃ}ϵ^{ab} − 4y_μy_ν (ϵσ^{λμ})^{ab}(σ̄^{λν} ϵ)^{ȧḃ} ) Z_{ȧḃ}(X, 0) ] (4.21)

θ_{1α}θ_{2β}4iX^+θ_1 · θ_2 ∂Z^{αβ} ∂φ_{12} (X, 0) = (X^+)^2θ_{1a}θ_{2b} [ 4iX^+θ_1 · θ_2 ( ∂Z^{ab} ∂φ_{12} (X, 0) +iy^μ(σ̄_μ)^{ḃb} ∂Z^a_ḃ ∂φ_{12} (X, 0) + iy^μ(σ̄_μ)^{ȧa} Z^b_ȧ ∂φ_{12} (X, 0) + 1 2 ( y^2ϵ^{ȧḃ}ϵ^{ab} − 4y_μy_ν (ϵσ^{λμ})^{ab}(σ̄^{λν} ϵ)^{ȧḃ} ) ∂Z_{ȧḃ} ∂φ_{12} (X, 0) ) ] . (4.22)

This modifies (4.16d) and (4.16i), which explicitly read:

Z^{ab}(y) = (X^+)^{Δ+1} [ −4iϵ^{ab} ∂A ∂φ_{12} (X, 0) + X^+ [ Z^{ab}(X, 0) + iy^μ(σ̄_μ)^{ḃb}Z^a_ḃ(X, 0) + iy^μ(σ̄_μ)^{ȧa}Z^b_ȧ (X, 0) + 1 2 ( y^2ϵ^{ȧḃ}ϵ^{ab} − 4y_μy_ν (ϵσ^{λμ})^{ab}(σ̄^{λν} ϵ)^{ȧḃ} ) Z_{ȧḃ}(X, 0) ]] (4.23)

D(y) = (X^+)^{Δ+2} [ 2 ∂^2A ∂φ^2_{12} (X, 0) − X_{αβ} X_{γδ}D^{αβγδ}(X, 0) + 2X_{αβ} ∂V^{αβ} ∂φ_{22} (X, 0) + 2X_{αβ} ∂Y^{αβ} ∂φ_{11} (X, 0) −iϵ_{ab}X^+ [ ∂Zab ∂φ_{12} (X, 0) + iy^μ(σ̄_μ)^{ḃb} ∂Z^a_ḃ ∂φ_{12} (X, 0) + iy^μ(σ̄_μ)^{ȧa} Z^b_ȧ ∂φ_{12} (X, 0) + 1 2 ( y^2ϵ^{ȧḃ}ϵ^{ab} − 4y_μy_ν (ϵσ^{λμ})^{ab}(σ̄^{λν} ϵ)^{ȧḃ} ) ∂Z_{ȧḃ} ∂φ_{12} (X, 0) ]] . (4.24)

Using (4.9) we can determine the superconformal transformations for the components of the N = 2 superfield. We obtain: δA = √ 2 ( ϵ_1 − iy_μη̄^1σ̄^μ ) · λ + √ 2 ( ϵ_2 − iy_μη̄^2σ̄^μ ) · χ (4.25a)

δλ^a = 2 √ 2Δη^{1a}A + √ 2ϵ^{ab} ( i(σ^μ)_{bȧ}ϵ̄^{1ȧ} − y_ν (σ^μ)_{bȧ}(σ̄^ν )^{ȧc}η^1_c ) ∂_μA + √ 2 ( ϵ^a_1 − iy_μ(σ̄^μ)^{ȧa}η̄^1_ȧ ) B + √ 2 2 ( ϵ^c_2 − iy_μ(σ̄^μ)^{ȧc}η̄^2_ȧ ) ϵ_{cb}Z^{ab} (4.25b)

δχ^a = 2 √ 2Δη^{2a}A + √ 2ϵ^{ab} ( i(σ^μ)_{bȧ}ϵ̄^{2ȧ} − y_ν (σ^μ)_{bȧ}(σ̄^ν )^{ȧc}η^2_c ) ∂_μA + √ 2 ( ϵ^a_2 − iy_μ(σ̄^μ)^{ȧa}η̄^2_ȧ ) C − √ 2 2 ( ϵ^c_1 − iy_μ(σ̄^μ)^{ȧc}η̄^1_ȧ ) ϵ_{cb}Z^{ba} (4.25c) δZ^{ab} = −4 √ 2Δη^{1a}χ^b − 4 √ 2Δλ^aη^{2b} + √ 2ϵ^{ac} ( 2i(σ^μ)_{cȧ}ϵ̄^{1ȧ} − 2y_ν (σ^μ)_{cȧ}(σ̄^ν )^{ȧd}η^1_d ) ∂_μχ^b − √ 2ϵ^{bc} ( 2i(σ^μ)_{cȧ}ϵ̄^{2ȧ} − 2y_ν (σ^μ)_{cȧ}(σ̄^ν )^{ȧd}η^2_d ) ∂_μλ^a − 2 ( ϵ^a_1 − iy_μ(σ̄^μ)^{ȧa}η̄^1_ȧ ) E^b +2 ( ϵ^a_2 − iy_μ(σ̄^μ)^{ȧa}η̄^2_ȧ ) F^b − 4 √ 2ϵ^{ab}η^2 · λ − 4 √ 2ϵ^{ab}η^1 · χ (4.25d) δB = 2 √ 2Δη^1 · λ + √ 2 ( i(σ^μ)_{bȧ}ϵ̄^{1ȧ} − y_ν (σ^μ)_{bȧ}(σ̄^ν )^{ȧc}η^1_c ) ∂_μλ^b + ( ϵ^a_2 − iy_μ(σ̄^μ)^{ȧa}η̄^2_ȧ ) E_a (4.25e) δC = 2 √ 2Δη^2 · χ + √ 2 ( i(σ^μ)_{bȧ}ϵ̄^{2ȧ} − y_ν (σ^μ)_{bȧ}(σ̄^ν )^{ȧc}η^2_c ) ∂_μχ^b + ( ϵ^a_1 − iy_μ(σ̄^μ)^{ȧa}η̄^1_ȧ ) F_a (4.25f)

δE^a = (4 − 2Δ)η^1_b Z^{ba} − 2Z^{ab}η^1_b + (4Δ + 4)η^{2a}B − ( i(σ^μ)_{bȧ}ϵ̄^{1ȧ} − y_ν (σ^μ)_{bȧ}(σ̄^ν )^{ȧc}η^1_c ) ∂_μZ^{ba} +ϵ^{ab} ( 2i(σ^μ)_{bȧ}ϵ̄^{2ȧ} − 2y_ν (σ^μ)_{bȧ}(σ̄^ν )^{ȧc}η^2_c ) ∂_μB + 2 ( ϵ^a_2 − iy_μ(σ̄^μ)^{ȧa}η̄^2_ȧ ) D (4.25g)

δF^a = 2η^2_b Z^{ba} − (4 − 2Δ)Z^{ab}η^2_b + (4Δ + 4)η^{1a}C + ( i(σ^μ)_{bȧ}ϵ̄^{2ȧ} − y_ν (σ^μ)_{bȧ}(σ̄^ν )^{ȧc}η^2_c ) ∂_μZ^{ba} +ϵ^{ab} ( 2i(σ^μ)_{bȧ}ϵ̄^{1ȧ} − 2y_ν (σ^μ)_{bȧ}(σ̄^ν )^{ȧc}η^1_c ) ∂_μC + 2 ( ϵ^a_1 − iy_μ(σ̄^μ)^{ȧa}η̄^1_ȧ ) D (4.25h)

δD = (2 − 2Δ)η^1 · F + (2 − 2Δ)η^2 · E − ( i(σ^μ)_{bȧ}ϵ̄^{1ȧ} − y_ν (σ^μ)_{bȧ}(σ̄^ν )^{ȧc}η^1_c ) ∂_μF^b − ( i(σ^μ)_{bȧ}ϵ̄^{2ȧ} − y_ν (σ^μ)_{bȧ}(σ̄^ν )^{ȧc}η^2_c ) ∂_μE^b . (4.25i)

Special conformal transformations correspond to ϵ^a_I = 0, as it was written in [21]. By setting ϵ^a_I = 0, we see that at the origin the θ_I = θ̄_I = 0 component is invariant, namely δA(0) = 0, and hence A(0) is annihilated by the special superconformal generators S^I_a , S̄^ȧ_I , defined by

Q^I_α = i 2 ( −Q^I_a S̄ȧ_I ) and Q̄^α_I = i 2 ( −S^a_I Q̄I_ȧ ) . (4.26)

This can be checked by using the appropriate generalizations of those operators from the N = 1 case of [21], which tells us that Φ(y, θ_I ) is a chiral field generated by a chiral primary operator A. This is a generic property of the chiral sector. In fact, using the transformation rules (3.24), for special conformal transformations, δA ≡ δΦ| = −δθ^a_I^{∂Φ}_{∂θ}a_I | (the vertical bar denoting the θ_I = 0 component of the r.h.s., which corresponds to taking the spinorial θ-component of Φ) will always be proportional to y^μ and hence will vanish at the origin.

5 Conclusion

In this paper we generalized the construction of superembedding methods for 4d N = 1 in [21] to embeddings of N -extended superconformal field theories. In this way, the superconformal group acts linearly on the coordinates of the ambient space, the conformal symmetry is manifest and moreover the method is valid for any conformally flat space, not just Minkowski. We have considered explicitly the case of N = 2 chiral superfields in four dimensions and concluded that any conformal chiral superfield of the N -extended supersymmetry is generated by a chiral primary operator sitting in its highest component. We have also noted a correspondence between the number of component fields of a certain type in any chiral multiplet of the N -extended supersymmetry and the entries of the Pascal pyramid at layer N . This correspondence has been explicitly showed in the cases of N = 2 and N = 4 supersymmetry.

We have not considered correlation functions, that for N = 1 were presented in [21], neither nonholomorphic operators and higher-rank tensors, which among other things are relevant in AdS/CFT and its applications. These points are left as open questions.

Acknowledgements

We would like to acknowledge Beatriz Gato Rivera for carefully reading the manuscript, the Instituto de Fisica Teorica in Madrid, IFT-CSIC/UAM, for hospitality during the completion of this work, Warren Siegel, Andreas Stergiou and Dimitri Sorokin for correspondence, and the NPB referee for useful comments. This research has been supported by funding of the Project CONSOLIDER-INGENIO 2010, Program CPAN (CSD2007-00042).

Appendix

A Explicit SU(2,2) transformations of X_{αβ}

For the six-dimensional vector X^m = (X^+, X^μ, X^−) the transformations under the conformal group SO(4, 2) are δX^m = ω^{mn}X_n, with ω^{mn} anti-symmetric. The four-dimensional coordinates x^μ are related to the six-dimensional ones by solving the light-cone constraint:

X^+ = constant , x^μ = X^μ X^+

, X^− = −X^+x^2 . (A.1)

Using the conventions of [21], since^8 X_{αβ} =^1_2 X_mΓ̃^m_{αβ} in SU(2, 2) notation, these transformations are: δX_{αβ} = 1 2 δX_mΓ̃^m_{αβ} = 1 2 δX_+Γ̃^+_{αβ} + 1 2 δX_μΓ̃^μ_{αβ} + 1 2 δX_−Γ̃^−_{αβ} = = 1 4 δX^−Γ̃^+_{αβ} + 1 2 δX^ν η_{μν}Γ̃^μ_{αβ} + 1 4 δX^+Γ̃^−_{αβ} = = ( i^1_2 δX^+ϵ_{ab}^1_2 η_{μν} δX^ν (σ^μ)_{aḋ}ϵ^{ḋḃ} −^1_2 η_{μν} δX^ν (σ̄^μ)^{ȧd}ϵ_{db} i^1_2 δX^−ϵ^{ȧḃ} ) . (A.3)

8The index structure of the tensors X_{αβ} and X̄^{αβ} is X_{αβ} = ( X_{ab} X^ḃ_a X^ȧ_b X^{ȧḃ} ) and X̄^{αβ} = (¯ X^{ab} X̄^a_ḃ X̄ b_ȧ X̄_{ȧḃ} ) . (A.2)

In the next subsections, we consider the single conformal transformations explicitly. We will also apply these transformations to the origin (3.7) and will find the summarizing table 1, that is given here for convenience.

Table 1: Summary of SU(2, 2) transformations of the origin

Translations δX̂_{αβ} =^1_4 η_{μν} ω^{ν−}X^+ · ( 0 (σ^μ)_{aḋ}ϵ^{ḋḃ} −(σ̄^μ)^{ȧd}ϵ_{db} 0 )

Lorentz δX̂_{αβ} = 0

Special Conformal δX̂_{αβ} = 0

Dilatations δX̂_{αβ} =^1_4 ω^{+−} · ( iϵ_{ab}X^+ 0 0 0 )

A.1 Translations

The only non-zero parameter is ω^{μ−}. Hence

δX^+ = ω^{+n}X_n = 0 (A.4a)

δX^μ = ω^{μn}X_n = ω^{μ−}X_− = 1 2 ω^{μ−}X^+ (A.4b)

δX^− = ω^{−n}X_n = −ω^{μ−}X_μ = −η_{μν} ω^{μ−}X^ν . (A.4c)

The second line gives the four-dimensional translation δx^μ = 1 2 ω^{μ−} (A.5)

and consistently the third line gives δx^2 = η_{μν} ω^{μ−}x^ν . Using (A.3) one has: δX_{αβ} = 1 2 η_{μν} ω^{ν−} · ( 0^1_2 X^+(σ^μ)_{aḋ}ϵ^{ḋḃ} −^1_2 X^+(σ̄^μ)^{ȧd}ϵ_{db} −iX^μ ) . (A.6)

When evaluated at the origin, this becomes δX̂_{αβ} = 1 4 η_{μν} ω^{ν−}X^+ · ( 0 (σ^μ)_{aḋ}ϵ^{ḋḃ} −(σ̄^μ)^{ȧd}ϵ_{db} 0 ) . (A.7)

A.2 Lorentz transformations

The only non-zero parameter is ω^{μν} . This implies:

δX^+ = ω^{+n}X_n = 0 (A.8a) δX^μ = ω^{μν} X_ν = ω^{μν} η_{νρ}X^ρ (A.8b) δX^− = ω^{−n}X_n = 0 . (A.8c)

The second line implies the four-dimensional Lorentz transformation

δx^μ = ω^{μν} x_ν (A.9)

and consistently the third line gives δx^2 = 0. In SU(2, 2) notation, one has δX_{αβ} = 1 2 η_{μν} ω^{νρ}X_ρ · ( 0 (σ^μ)_{aḋ}ϵ^{ḋḃ} −(σ̄^μ)^{ȧd}ϵ_{db} 0 ) , (A.10)

which vanishes at the origin, δX̂_{αβ} = 0 . (A.11)

A.3 Special conformal transformations

Here ω^{μ+} is non-zero and

δX^+ = ω^{+n}X_n = ω^{+μ}X_μ = −ω^{μ+}X_μ (A.12a)

δX^μ = ω^{μn}X_n = ω^{μ+}X_+ = 1 2 ω^{μ+}X^− (A.12b)

δX^− = ω^{−n}X_n = 0 . (A.12c)

The first two lines combined give the four-dimensional special conformal transformation

δx^μ = x^2b^μ − 2x^μ(b · x) , (A.13)

with b^μ = −^1_2 ω^{μ+}. In SU(2, 2) notation, one has δX_{αβ} = 1 2 η_{μν} ω^{ν+} · ( −iX_μ^1_2 X^−(σ^μ)_{aḋ}ϵ^{ḋḃ} −^1_2 X^−(σ̄^μ)^{ȧd}ϵ_{db} 0 ) , (A.14)

which vanishes at the origin, δX̂_{αβ} = 0 . (A.15)

A.4 Dilatations

The non-vanishing parameter is ω^{+−} and

δX^+ = ω^{+n}X_n = ω^{+−}X_− = 1 2 ω^{+−}X^+ (A.16a) δX^μ = ω^{μn}X_n = 0 (A.16b)

δX^− = ω^{−n}X_n = ω^{−+}X_+ = − 1 2 ω^{+−}X^− . (A.16c)

The first two lines combined give the four-dimensional scale transformation δx^μ = − 1 2 ω^{+−}x^μ , (A.17)

while the third line gives consistently δx^2 = −ω^{+−}x^2. In spinor notation, δX_{αβ} = 1 4 ω^{+−} · ( iX^+ϵ_{ab} 0 0 iX^−ϵ^{ȧḃ} ) . (A.18)

At the origin this becomes δX̂_{αβ} = 1 4 ω^{+−} · ( iX^+ϵ_{ab} 0 0 0 ) . (A.19)

B Notation and identities

In this appendix we write down some spinor identities that are used in the calculations of the main text. Our conventions for the spinors are the same as in [21], in particular:

V_α = ( ψ_a χ̄^ȧ ) ⇐⇒ V̄^α = V̄_{α̇}A^{α̇α} = (χ^a, ψ̄_ȧ) , (B.1)

where A^{α̇β} = ( 0 δ^ȧ_ḃ δ^b_a 0 ) . (B.2)

The gamma matrices are given by:

Γ^{+αβ} = ( 2iϵ^{ab} 0 0 0 ) , Γ^{−αβ} = ( 0 0 0 2iϵ_{ȧḃ} ) , Γ^{μαβ} = ( 0 σ̄^{μḋa}ϵ_{ḋḃ} −σ^μ_{dȧ}ϵ^{db} 0 ) (B.3) and Γ̃^+_{αβ} = ( 0 0 0 2iϵ^{ȧḃ} ) , Γ̃^−_{αβ} = ( 2iϵ_{ab} 0 0 0 ) , Γ̃^μ_{αβ} = ( 0 σ^μ_{aḋ}ϵ^{ḋḃ} −σ̄^{μȧd}ϵ_{db} 0 ) (B.4)

The SO(4, 2) coordinate X^m and the anti-symmetric SU(2, 2) tensor X_{αβ} are related by

X^m = 1 2 X_{αβ} Γ^{mαβ} = 1 2 X^{αβ}Γ̃^m_{αβ} (B.5) and X_{αβ} = 1 2 X_mΓ̃^m_{αβ} , X^{αβ} = 1 2 X_mΓ^{mαβ} . (B.6)

As it is standard in supersymmetry, for each I, the product θ̄^{Iȧ}θ^b_I must be proportional to (σ̄^μ)^{ȧb}, i.e. 2θ̄^{Iȧ}θ^b_I = A^μ(σ̄_μ)^{ȧb}, where the proportionality constant A^μ is fixed by multiplying both sides by (σ^ν )_{bȧ} and summing over b and ȧ (which gives Tr(σ̄^μσ^ν ) = −2η^{μν} ). After anti-commuting the theta’s, one finds A^μ = θ_I σ^μθ̄^I and hence, for each I:

θ̄^{Iȧ}θ^b_I = 1 2 θ_I σ^μθ̄^I (σ̄_μ)^{ȧb} . (B.7)

This expression was used in (3.15). One can make similar manipulations in extended supersymmetry and write (repeated indices are not summed): θ_{Ia}θ_{Ib} = 1 2 (θ_I )^2ϵ_{ab} (B.8)

θ_I · θ_J = −ϵ^{ab}θ_{Ia}θ_{Jb} (B.9)

θ_{Ia}(θ_I · θ_J ) = 1 2 (θ_I )^2θ_{Ja} (B.10)

(θ_I · θ_J )^2 = − 1 2 (θ_I )^2(θ_J )^2 (B.11) θ_{Ia}θ_{Jb}(θ_I · θ_J ) = − 1 4 (θ_I )^2(θ_J )^2ϵ_{ab} , (B.12)

which were used, for example, in (4.16) with I, J = 1, 2.

Our conventions for the sigma matrices are as in [21] and [23]. In particular, σ^μ = {−1, σ^i} and σ̄^μ = {−1, −σ^i}. These are related by

(σ̄^μ)^{ȧa} = ϵ^{ȧḃ}ϵ^{ab}(σ^μ)_{bḃ} . (B.13)

This implies that (σ^μ)_{aḋ}ϵ^{ḋḃ} = (σ̄^μ)^{ḃd}ϵ_{da} and (σ^μ)_{aȧ} = ϵ_{ad}ϵ_{ȧḋ}(σ̄^μ)^{ḋd} . (B.14) The former equation was used in (3.19). There, we also used the following relation:

y^μy^ν (σ̄_μ)^{ȧc}(σ̄_ν )^{ḃd}ϵ_{cd} = y^μy^ν η_{μν} ϵ^{ȧḃ} . (B.15)

This comes from the more generic relation regarding the product of two sigma matrices, which can be expressed in terms of the generators (σ^{mn})^b_a and (σ̄^{mn})^ȧ_ḃ of the Lorentz group in the spinor representation, which are anti-symmetric in the indices m and n (see below). However, the symmetric part in the space-time indices and the anti-symmetric part in the spinorial indices is fully specified by the metric tensor and the epsilon tensor as: σ̄^{ȧ[c}_{(μ} σ̄^{|ḃ|d]}_{ν)} = − 1 2 η_{μν} ϵ^{ȧḃ}ϵ^{cd} . (B.16)

A similar formula holds for the anti-symmetric combination of the dotted indices as well as for the product of two (unbarred) sigma matrices.

Using the relations above, it is straightforward to check that:

ϵ̄σ̄^μθ = −θσ^μϵ̄ and ησ^νσ̄^μθ = θσ^μσ̄^ν η . (B.17)

These identities were used in (3.24). If we only look at the symmetric part in the space-time indices, instead, we have to consider the more general expression

σ̄^{ȧa}_{(μ} σ̄^{ḃb}_{ν)} = 1 2 [−η_{μν} ϵ^{ȧḃ}ϵ^{ab} + 4(ϵσ^{λμ})^{ab}(σ̄^{λν} ϵ)^{ȧḃ}] , (B.18)

as it appears in [23], which was used in (4.16).

C Barred 4D superspace

In the translations given in (2.28) we need to know the inverse of (3.17). Because of (3.13), the inverse is a product of the two commuting transformations

U^{−1}(x^μ, {θ_{Ia}}, {θ̄^{Jȧ}})^B_A = U^{−1}(x^μ, 0, 0)^C_A U^{−1}(0, {θ_{Ia}}, {θ̄^{Jȧ}})^B_C . (C.1)

The space-time part is simply obtained by replacing x^μ → −x^μ in (3.14):

U^{−1}(x^μ, 0, 0)^B_A = ( ( e^{+ixμ Σμ+} )_β α 0 0 δ^J_I ) = δ^b_a 0 0 −ix^μ(σ̄_μ)^{ȧb} δ^ȧ_ḃ 0 0 0 δ^J_I

. (C.2)

To compute the theta part, it is convenient to use the following expression for the inversion formula of block matrices: ( A B C D )_{−1} = ( (A − BD^{−1}C)^{−1} −(A − BD^{−1}C)^{−1}BD^{−1} −D^{−1}C(A − BD^{−1}C)^{−1} D^{−1} + D^{−1}C(A − BD^{−1}C)^{−1}BD^{−1} ) , (C.3)

with

• (A − BD^{−1}C) = ( δ^b_a 0 2 ∑ I θ̄Iȧθb_I δȧ_ḃ )

• (A − BD^{−1}C)^{−1} = ( δ^b_a 0 −2 ∑ I θ̄Iȧθb_I δȧ_ḃ )

• −(A − BD^{−1}C)^{−1}BD^{−1} = − ( 0 2iθ̄^{Jȧ} )

• −D^{−1}C(A − BD^{−1}C)^{−1} = −(2iθ^b_I , 0) • D^{−1} + D^{−1}C(A − BD^{−1}C)^{−1}BD^{−1} = 1_{N ×N}

Hence: U^{−1}(0, {θ_{Ia}}, {θ̄^{Jȧ}})^B_A = δ^b_a 0 0 −2 ∑ I θ̄Iȧθb_I δȧ_ḃ −2iθ̄Jȧ −2iθ^b_I 0 δ^J_I . (C.4)

The complete inverse transformation is then the product of (C.2) and (C.4):

U^{−1}(x^μ, θ_{Ia}, θ̄^{Jȧ})^B_A = δ^b_a 0 0 −iȳ^μ(σ̄_μ)^{ȧb} δ^ȧ_ḃ −2iθ̄^{Jȧ} −2iθ^b_I 0 δ^J_I , (C.5)

where ȳ^μ = x^μ − i ∑ I θ_I σ^μθ̄^I = (y^μ)^† and we have again replaced, for each I, θ̄^{Iȧ}θ^b_I =^1_2 θ_I σ^μθ̄^I (σ̄_μ)^{ȧb}.

This is enough to derive the set of equations (3.21).

D Pascal Pyramid and N = 4 chiral superfield

D.1 Pascal Pyramid

In number theory, in analogy to the binomial expansion, whose coefficients can be organized into a triangle, one can consider the trinomial:

(a + b + c)^n = n∑ m=0 m∑ k=0 ( n m ) ( m k ) a^{n−m}b^{m−k}c^k ≡ ∑ i,j,k i+j+k=n

( n i, j, k ) a^ib^j c^k , (D.1)

where the integer numbers appearing in the Pascal pyramid (tetrahedron) are just the coefficients ( n i, j, k ) =^{n!}_{i!j!k!} of the expansion (see figure 1) of the trinomial. The power n indicates the layer

of the pyramid.

The pyramid has a huge number of symmetries and interesting properties. For instance, by looking at specific examples or by using some combinatorics, one can check that there are (n + 1)(n + 2)/2 elements at each layer. Also, the sum of the entries of each layer is 3^n, as can be seen by taking a = b = c = 1 in (D.1). Moreover, by superimposing two consecutive layers, it is possible to prove that each entry at layer n is given by the sum of all the entries at layer n − 1 that surround it. This is simply a property of the trinomial coefficients.

In number theory, one generalizes binomials and trinomials to multinomials and, in a similar way, we speak of an m-simplex, which generalizes triangles and tetrahedrons. A multinomial is by definition

(a_1 + · · · + a_m)^n = ∑ k_1 ,...,k_m k_1 +···+k_m=n

( n k_1, . . . , k_m ) a^{k1}_1 · · · a^{km}_m , (D.2)

Figure 1: A few layers in the positive Pascal pyramid. The pyramid contains in principle also negative extensions, but they have been cut here. This picture has been taken from [30].

where the coefficients are given by ( n k_1, . . . , k_n ) = n! k_1! . . . k_n!

. (D.3)

D.2 N = 4 chiral superfield

In (4.14) we have written down the Pascal pyramid at layer two and show that its elements are related to the number of certain kind of fields arising as components of an N = 2 chiral supermultiplet. Here we will do the same for N = 4 chiral supermultiplets and will find the pyramid at layer four.

As we have done in Section 4, a six-dimensional N = 4 chiral superfield can be expanded in the theta variables as Φ(X_{αβ} , θ_{Iα}, φ_{IJ} ) = A + ∑ I θ_{Iα}λ^{I,α} + ∑ I<J θ_{Iα}θ_{Jβ} E^{IJ,αβ} + ∑ I θ_{Iα}θ_{Iβ} E^{I,αβ} + 1 6 ∑ I,J,K,L ϵ_{IJKL}θ_{Jα}θ_{Kβ} θ_{Lγ} χ^{I,αβγ} + ∑ I≠J θ_{Jα}θ_{Jβ} θ_{Iγ} χ^{IJ,αβγ} +θ_{1α}θ_{2β} θ_{3γ} θ_{4δ}B^{αβγδ} + 1 2 ∑ I,J,K,L ϵ_{IJKL}θ_{Iα}θ_{Jβ} θ_{Kγ} θ_{Lδ}B̃^{IL,αβγδ} + ∑ I<J θ_{Iα}θ_{Iβ} θ_{Jγ} θ_{Jδ} B^{IJ,αβγδ} + 1 6 ∑ I,J,K,L ϵ_{IJKL}θ_{Iα}θ_{Iβ}θ_{Jγ} θ_{Kδ}θ_{Lη}ξ^{I,αβγδη} + 1 2 ∑ I≠J≠K θ_{Jα}θ_{Jβ} θ_{Kγ} θ_{Kδ}θ_{Iη} ξ^{IJK,αβγδη} + 1 2 ∑ I<J I≠J≠K≠L θ_{Iα}θ_{Jβ} θ_{Kγ} θ_{Kδ}θ_{Lη}θ_{Lε}C^{IJKL,αβγδηε}

+ 1 6 ∑ I≠J≠K θ_{Iα}θ_{Iβ} θ_{Jγ} θ_{Jδ}θ_{Kη} θ_{Kε}C^{IJK,αβγδηε} + 1 6 ∑ I≠J≠K≠L θ_{Jα}θ_{Jβ} θ_{Kγ} θ_{Kδ} θ_{Lη}θ_{Lε}θ_{Iσ}ω^{I,αβγδηεσ} +θ_{1α}θ_{1β} θ_{2γ} θ_{2δ}θ_{3η} θ_{3ε}θ_{4σ} θ_{4ρ}D^{αβγδηεσρ} + . . . . (D.4)

Here, I, J, . . . , etc. = 1, . . . , 4 can be raised/lowered with the flat (identity) metric, all the component fields are functions of (X_{αβ} , φ_{IJ} ) and the dots in the end represent quantities that will vanish on the light-cone. The four-dimensional superfield as well as its components are defined on the light-cone and will be functions of y^μ = x^μ + ∑ I θ_I σ^μθ̄^I only. Moreover, the φ_{IJ} -dependence is removed by replacing φ_{IJ} = 2iX^+θ_I · θ_J and expanding everything in θ_{Ia}. The result is:

Φ(y^μ, θ^{Ia}) ≡ (X^+)^ΔΦ(X_{αβ} , θ_{Iα}, φ_{IJ} ) = A(y) + ∑ I θ_{Ia}Λ^{I,a}(y) + ∑ I<J θ_{Ia}θ_{Jb}F^{IJ,ab}(y) + ∑ I θ^2_I F^I (y) + 1 6 ∑ I,J,K,L ϵ_{IJKL}θ_{Ja}θ_{Kb}θ_{Lc}Υ^{I,abc}(y) + ∑ I≠J θ_{Ia}θ^2_J Υ^{IJ,a}(y) + θ_{1a}θ_{2b}θ_{3c}θ_{4d}B^{abcd} + 1 2 ∑ J<K J≠K≠L θ_{Ja}θ_{Kb}θ^2_LB^{JKL,ab}(y) + ∑ I<J θ^2_I θ^2_J B^{(IJ)}(y)

+ 1 6 ∑ I,J,K,L ϵ_{IJKL}θ^2_I θ_{Ja}θ_{Kb}θ_{Lc}Ξ^{I,abc}(y) + 1 2 ∑ I≠J≠K θ_{Ia}θ^2_J θ^2_K Ξ^{I(JK),a}(y) + 1 2 ∑ I<J I≠J≠K≠L θ_{Ia}θ_{Jb}θ^2_K θ^2_LC^{IJ(KL),ab}(y) + 1 6 ∑ I≠J≠K θ^2_I θ^2_J θ^2_K C^{(IJK)}(y)

+ 1 6 ∑ I≠J≠K≠L θ_{Ia}θ^2_J θ^2_K θ^2_LΩ^{I,a}(y) + θ^2_1 θ^2θ^2_3 θ^2_4D(y) . (D.5)

The fractional coefficients are such that each field appears only once in the sum. The four-dimensional components are expressed in terms of the six-dimensional ones appearing in (D.4). For example, for the first few components we have:

A(y) = (X^+)^ΔA(X, 0) Λ^{Ia}(y) = (X^+)^{Δ+1} [ λ^{Ia}(X, 0) − iy_μ(σ̄^μ)^{ȧa}λ^I_ȧ(X, 0) ]

F^{IJ,ab}(y) = (X^+)^{Δ+1} [ iX_{αβ} ϵ^{ab}E^{IJ,αβ}_{aver.} (X, 0) − 4iϵ^{ab} ∂A_{aver.} ∂φ_{IJ} (X, 0) ]

F^I (y) = (X^+)^{Δ+1} [ − iX_{αβ}E^{I,αβ} (X, 0) + 2i ∂A ∂φ_{II} (X, 0) ]

Υ^{I,abc}(y) = (X^+)^{Δ+2} [ ϵ^{ab}iX_{αβ} χ^{I,αβc}_{aver.} (X, 0) + ϵ^{ab}X^{αβ}y_μ(σ̄^μ)^{ȧc}ϵ_{ȧċ}χ^{I,αβċ}_{aver.} (X, 0) − 24iϵ^{bc}ϵ_{IJKL} ∂λ^{Ja} ∂φ_{KL} (X, 0) − 24ϵ_{IJKL}ϵ^{bc}y_μ(σ̄^μ)^{ȧa} ∂λ^J_ȧ ∂φ_{KL} (X, 0) ]

Υ^{I,a}(y) = (X^+)^{Δ+2} [ − iX_{αβ}χ^{IJ,αβa}(X, 0) − X_{αβ}y_μ(σ̄^μ)^{ċa}ϵ_{ċḋ}χ^{IJ,ḋ}(X, 0) + 2i ∂λ^{Ia} ∂φ_{IJ} (X, 0) + y_μ(σ̄^μ)^{ȧa} ∂λ^I_ȧ ∂φ_{JJ} (X, 0) − i ∂λ^{Ja} ∂φ_{IJ} (X, 0) − y_μ(σ̄^μ)^{ȧa} ∂λ^J_ȧ ∂φ_{IJ} (X, 0) ] . . . . . . . . . . . . . . . (D.6) etc. Here the averaged quantities are defined whenever I ≠ J as done in the main text, e.g. θ_{Iα}θ_{Jβ}E^{IJ,αβ} (X, φ) = −iX_{αβ}θ_I · θ_J E^{IJ,αβ}_{aver.} (X, φ) , (D.7) and should be regarded as shorter labels of longer expressions.

Let us now count the number of component fields contained in the multiplet (D.5). There are: • one scalar field A(y) • four spinors Λ^I (y) in the representation (1/2,0) • 3 × 4/2 = 6 rank-2 tensors F^{IJ} (y), I < J in the representation (1,0) • four scalars F^I (y) • four spinors Υ^I (y) in the representation (3/2,0) • 4 × 3 = 12 spinors Υ^{IJ} (y), I ≠ J, in the representation (1/2,0) • one rank-4 tensor B(y) in the representation (2,0) • 4 × 3 = 12 rank-2 tensors B^{JKL}(y), J < K and J ≠ K ≠ L, in the representation (1,0) • 4 × 3/2 = 6 scalars B^{(IJ)}(y), I < J and symmetric in I, J • four spinors Ξ^I (y) in the representation (3/2,0) • 4 × (3 × 2/2) = 12 spinors Ξ^{I(JK)}, J ≠ K ≠ L and symmetric in K, L, in the representation (1/2,0) • six rank-2 tensors C^{IJ(KL)}(y), I < J and symmetric in K, L, in the representation (1,0) • 4 × 3 × 2/3! = 4 scalars C^{(IJK)}(y), symmetric in I, J, K • four spinors Ω^I (y), in the representation (1/2,0) • one scalar D(y).

This field content can be summarized by using the Pascal pyramid at layer N = 4:

1 4 6 4 1

4 12 12 4

6 12 6 4 4 1 ⇐⇒ A Λ^I F^{IJ} F^I B Υ^I Υ^{IJ} B^{JKL} Ξ^I B^{(IJ)} Ξ^{I(JK)} C^{IJ(KL)} C^{(IJK)} Ω^I D (D.8) The total number of fields is given by the sum of the elements of the pyramid and amounts, as it should be, to 3^4 = 81.

References

[1] A. M. Polyakov, “Non-Hamiltonian Approach To Conformal Quantum Field Theory”, Soviet Physics JETP 39 (1974) 10 [Pisma Zh. Eksp. Teor. Fiz. 66 (1974) 23].

[2] A. B. Zamolodchikov, “Irreversibility of the Flux of the Renormalization Group in a 2D Field Theory”, JETP Lett. 43 (1986) 730 [Pisma Zh. Eksp. Teor. Fiz. 43 (1986) 565].

[3] A. A. Belavin, A. M. Polyakov and A. B. Zamolodchikov, “Infinite conformal symmetry in twodimensional quantum field theory,” Nucl. Phys. B 241 (1984) 333.

[4] J. Polchinski, “Scale And Conformal Invariance In Quantum Field Theory”, Nucl. Phys. B 303 (1988) 226.

[5] S. El-Showk, Y. Nakayama and S. Rychkov, “What Maxwell Theory in D≠4 teaches us about scale and conformal invariance,” Nucl. Phys. B 848 (2011) 578 [arXiv:1101.5385 [hep-th]].

[6] J. -F. Fortin, B. Grinstein and A. Stergiou, “Scale without Conformal Invariance: An Example”, Phys. Lett. B 704 (2011) 74 [arXiv:1106.2540 [hep-th]];

J. -F. Fortin, B. Grinstein and A. Stergiou, “Scale without Conformal Invariance: Theoretical Foundations”, arXiv:1107.3840 [hep-th];

J. -F. Fortin, B. Grinstein and A. Stergiou, “Scale without Conformal Invariance at Three Loops”, arXiv:1202.4757 [hep-th];

J. -F. Fortin, B. Grinstein and A. Stergiou, “Scale without Conformal Invariance in Four Dimensions”, arXiv:1206.2921 [hep-th].

[7] Z. Komargodski and A. Schwimmer, “On Renormalization Group Flows in Four Dimensions”, JHEP 1112 (2011) 099 [arXiv:1107.3987 [hep-th]].

[8] M. A. Luty, J. Polchinski and R. Rattazzi, “The a-theorem and the Asymptotics of 4D Quantum Field Theory”, arXiv:1204.5221 [hep-th].

[9] M. Flato and C. Fronsdal, “Representations Of Conformal Supersymmetry”, Lett. Math. Phys. 8 (1984) 159.

[10] S. Minwalla, “Restrictions imposed by superconformal invariance on quantum field theories”, Adv.

Theor. Math. Phys. 2 (1998) 781 [arXiv:hep-th/9712074].

[11] P. A. M. Dirac, “Wave equations in conformal space”, Annals Math. 37, 429 (1936).

[12] D. P. Sorokin, “Superbranes and superembeddings,” Phys. Rept. 329 (2000) 1 [hep-th/9906142].

[13] G. Mack, A. Salam, “Finite-component field representations of the conformal group”, Annals Phys.

53, 174 (1969).

[14] S. Weinberg, “Six-dimensional Methods for Four-dimensional Conformal Field Theories”, Phys. Rev.

D 82 (2010) 045031 [arXiv:1006.3480 [hep-th]].

[15] W. Siegel, “Green-Schwarz formulation of selfdual superstring”, Phys. Rev. D 47 (1993) 2512 [hepth/9210008];

W. Siegel, “Supermulti-instantons in conformal chiral superspace”, Phys. Rev. D 52 (1995) 1042 [hep-th/9412011].

[16] M. F. Atiyah, N. J. Hitchin, V. G. Drinfeld and Y. I. Manin, “Construction of Instantons”, Phys.

Lett. A 65 (1978) 185.

[17] W. Siegel, “AdS/CFT in superspace”, arXiv:1005.2317 [hep-th].

[18] W. Siegel, “Embedding vs. 6D twistors”, arXiv:1204.5679 [hep-th].

[19] P. S. Howe and P. C. West, “Nonperturbative Green’s functions in theories with extended superconformal symmetry”, Int. J. Mod. Phys. A 14 (1999) 2659 [hep-th/9509140]; P. S. Howe and P. C. West, “Superconformal invariants and extended supersymmetry”, Phys. Lett. B 400 (1997) 307 [hep-th/9611075];

B. Eden, P. S. Howe and P. C. West, “Nilpotent invariants in N=4 SYM”, Phys. Lett. B 463 (1999) 19 [hep-th/9905085].

[20] S. M. Kuzenko, “On compactified harmonic/projective superspace, 5-D superconformal theories, and all that”, Nucl. Phys. B 745 (2006) 176 [hep-th/0601177];

S. M. Kuzenko, “Conformally compactified Minkowski superspaces revisited”, arXiv:1206.3940 [hepth].

[21] W. D. Goldberger, W. Skiba and M. Son, “Superembedding methods for 4d N=1 SCFTs”, arXiv:1112.0325 [hep-th].

[22] S. Ferrara, “Supergauge Transformations On The Six-Dimensional Hypercone”, Nucl. Phys. B 77, 73 (1974).

[23] J. Wess, J. Bagger, “Supersymmetry and Supergravity”, Princeton University Press (1992).

[24] S. J. Gates, M. T. Grisaru, M. Rocek and W. Siegel, “Superspace Or One Thousand and One Lessons in Supersymmetry”, Front. Phys. 58 (1983) 1 [hep-th/0108200].

[25] J. D. Lykken, “Introduction to supersymmetry”, hep-th/9612114.

[26] S. V. Ketov, “N=2 Supersymmetry and the irreducible SU(2) extended superfields”, Fortsch. Phys.

36 (1988) 361.

[27] S. V. Ketov, B. B. Lokhvitsky, “N=4 irreducible scalar superfields”, J. Math. Phys. 29 (1988) 1244.

[28] R. L. Graham, M. Grötschel, L. Lovász, “Handbook of Combinatorics”, Elsevier Science B.V., Amsterdam; MIT Press, Cambridge, MA, 1995. ISBN 0-444-88002-X.

[29] M. E. Horn, “Pascal Pyramids, Pascal Hyper-Pyramids and a Bilateral Multinomial Theorem”, arXiv:0311035 [Math.GM].

[30] M. E. Horn, “Pauli Pascal Pyramids, Pauli Fibonacci Numbers, and Pauli Jacobsthal Numbers”, arXiv:0711.4030 [Math.GM].