arXiv:1205.1335v2 [hep-th] 26 Jul 2012

Stability of S-brane singular solutions and expansion of the universe

Riuji Mochizuki and Kenji Ikegami

Laboratory of Physics, Tokyo Dental College, Chiba 261-8502, Japan

July 27, 2012

Abstract

We investigate stability of single S-brane singular solutions obtained in our previous papers. A stable perturbative solution exists for each of them, while an unstable one exists only if the dilaton field does not depend on time. We apply these perturbative solutions to inflation and late-time acceleration of expansion of the universe.

PACS numbers: 95.36.+x, 11.25.-w, 11.25.Yb keywords: spacelike brane, dilaton expectation value, inflation, latetime acceleration

1 Introduction

We know that our universe had experienced an exponential expansion during the early time [1]. Moreover, the present universe is also expanding exponentially [2][3]. It is desirable that these expansions are explained by use of fundamental theories of elementary particle physics. Candidates for such theories are ten-dimensional superstring theories and eleven-dimensional M-theory. There is, however, a nogo theorem which states that a four-dimensional de Sitter universe can not be realized by the ordinary compactification methods which are applicable to M-theory/superstring theory [4][5]. One way to overcome this problem would be to put S-branes, which are timedependent spacelike branes, into the model [6][7][8]. Ohta et al. discussed models with S-branes and found that exponential expansions of the universe appeared in some of them. Fine-tuned initial conditions were, however, required in order to obtain the enough e-foldings of inflation [9][10].

In our previous papers, we obtained S-brane solutions with a static internal space and an exponentially expanding external space where the brane exists[11][12]. These solutions are singular solutions, because they can not be obtained by any choice of integral constants in S-brane general solutions [13].

In this paper, we examine the simplest solutions with a static internal space among solutions obtained in our previous papers, namely, SM_2, SM_5 and SD_3-brane solutions, and search for perturbative solutions around them in order to investigate stability of the solutions. We obtain both stable and unstable perturbative solutions. Both exist if a dilaton field has constant expectation value, while only stable ones exist if the dilaton field has time-dependent expectation value. We apply these solutions to inflation of the early universe. According to our scenario, we obtain enough e-folding of the universe for successful inflation without fine-tuning of the initial condition. Moreover, we apply these solutions to late-time acceleration of expansion of the universe and show that the late-time acceleration lasts for about 4 × 10^{12} years in our models.

This paper is organized as follows. In section two, we look for perturbative solutions around the solution obtained in our previous papers. In section three, we apply these perturbative solutions to inflation and late-time acceleration of expansion of the universe.

2 Stability of singular S-brane solutions

Firstly, we present a single singular S_p-brane solution with zero dilaton coupling (SM_p and SD_{p=3}-brane solutions) according to our previous papers [11][12]. We consider D dimensional Einstein gravity coupled to a dilaton field ϕ and an n-form field strength, F_n, as a low-energy effective theory of M-theory/superstring theory, whose action I is I = c^3 16πG ∫ d^Dx √ −g [ R − 1 2 g^{μν} ∂_μϕ∂_ν ϕ − 1 2 · n! F^2_n ] , (1) where G is the D-dimensional gravitational constant. We assume the following metric form:

ds^2 = −c^2dt^2 + {a(t)}^2 p+1∑ i=1 dx^idx^i + {c b(t)}^2 D−1∑ a,b=p+2 j_{ab}dθ^adθ^b, (2)

where x^i (i = 1, · · · , p + 1) is a coordinate of the external space where a brane exists, j_{ab} (a, b = p + 2, · · · , D − 1) is a normalized metric on the compact hyperbolic manifold (CHM) [14][15][16], which we employ as the internal space, and θ^a is a coordinate on the CHM. The field strength for an electrically charged S_p-brane is given by (F_n)_{i1···in−1t}(t) = ϵ_{i1···in−1}Ė(t), (3) where the dot means the time derivative and

n = p + 2. (4)

The magnetically charged case is given by (F_n)^{a1···an} = 1 √ −g ϵ^{a1···ant}Ė(t), (5) where n = D − p − 2. (6) Equations of motion are ä a + p ( ȧ a )_2

+ (D − p − 2) ȧ a ḃ b = − (D − p − 3) 2(D − 2) a^{−2(p+1)}Ė^2, b̈ b + (D − p − 3){ ( ḃ b )_2 + K b^2

} + (p + 1) ȧ a ḃ b = p + 1 2(D − 2) a^{−2(p+1)}Ė^2,

(p + 1) ä a + (D − p − 2) b̈ b = − D − p − 3 2(D − 2) a^{−2(p+1)}Ė^2 − 1 2 ϕ̇^2, d dt ( a^{−(p+1)}b^{(D−p−2)}Ė ) = 0, d dt (a^{(p+1)}b^{(D−p−2)}ϕ̇) = 0, (7)

where K = −1, which means the internal space is hyperbolic. In the case where a condition (D − p − 3)(p + 1) 2(D − 2)

= 1 (8)

is satisfied, the scale factor of the internal space is a constant [11][12]. The simplest models satisfying this condition contain a single SM_2,

SM_5 or SD_3-brane. Hereafter we consider them. An exact solution satisfying the equations (7) and condition (8) is

a(t) = a_0e^{Λt}, b(t) = b_0, Ė = (D − p − 3)i b_0

(a(t))^{p+1}, ϕ(t) = 0, (9) where Λ and a_0 are arbitrary constants and

b_0 = D − p − 3 (p + 1)|Λ|

. (10)

We note that the scale a(t) of the exernal space exponentially grows with time if Λ > 0.

To study stability of the exact solution (9), we consider a small perturbation around the exact solution. We introduce the following perturbative forms:

a(t) = a_0e^{Λt}(1 + βe^{−αt}), b(t) = b_0(1 + γ 5 e^{−αt})^{1/2}, Ė(t) = (D − p − 3)i b_0(1 + γ^′e^{−αt})^{1/2}

(a(t))^{p+1}, (11)

where β, γ and γ^′ are O(1) parameters and α is a constant. Here we assume e^{−αt} < 1. Substituting (11) to the equations (7) and expanding the equations up to the first order of e^{−αt}, we get

γ = γ^′, ϕ̇(t) = −(p + 1)Λϕ_0e^{−(p+1)Λt}, (12)

where ϕ_0 is an arbitrary constant, and

(α − 2(p + 1)Λ)(αβ − Λγ 2 ) = 0, (α − 2(p + 1)Λ)(α + (p + 1)Λ) = 0, {(p + 1)(α^2β − 2αβΛ + γΛ^2) + γ 2 α^2}e^{−αt} +(p + 1)^2Λ^2ϕ_0^2e^{−2(p+1)Λt} = 0. (13)

If we set α = 2(p + 1)Λ to solve the first and second equations in (13), the third equation gives γ = − (p + 1) 2p + 3

[8pβ + ϕ^2_0], (14)

which shows that ϕ_0 is an O(1) parameter.

On the other hand, if we set α = −(p + 1)Λ to solve the second equation in (13), we get β =^{Λγ}_{2α} = −^γ_{2(p+1)} from the first equation and ϕ_0 = 0 from the third equation.

We have now obtained two perturbative solutions. The first one, which is applicable when Λt > 0 (e^{−2(p+1)Λt} < 1), is

a(t) = a_0e^{Λt}(1 + βe^{−2(p+1)Λt}), b(t) = b_0(1 + γ D − p − 2 e^{−2(p+1)Λt})^{1/2}, Ė(t) = (D − p − 3)i b_0(1 + γe^{−2(p+1)Λt})^{1/2}

(a(t))^{p+1},

ϕ̇(t) = −(p + 1)Λϕ_0e^{−(p+1)Λt}, (15)

where β, γ and ϕ_0 are the parameters satisfying γ = − p + 1 2p + 3)

[8pβ + ϕ^2_0]. (16)

The solution (15) approaches the exact solution (9) with Λt → ∞. The second one, which is applicable when Λt^′ < 0 (e^{(p+1)Λt′} < 1), is

a(t^′) = a^′_0e^{Λt′} (1 − γ^′ 2(p + 1) e^{(p+1)Λt′} ),

b(t^′) = b_0(1 + γ^′ D − p − 2 e^{(p+1)Λt′} )^{1/2},

Ė(t^′) = (D − p − 3)i

b_0(1 + γ^′e^{(p+1)Λt′} )^{1/2}

(a(t^′))^{p+1},

ϕ̇(t^′) = 0, (17)

where γ^′ and a^′_0 are arbitrary constants. The solution (17) approaches the exact solution (9) with Λt^′ → −∞.

In the next section, we apply the above perturbative solutions (15) and (17) to inflation and late-time acceleration of expansion of the universe, so we assume Λ > 0 hereafter. Thus, the solution (15) approaches the exact solution (9) with t → ∞, so that it expresses stable expansion of the universe. On the other hand, the solution (17) approaches the exact solution (9) with t → −∞, so that it expresses unstable expansion of the universe. It moves away from the exact solution (9) with time, and becomes no use around t^′ = 0.

3 Application to our universe

In this section, we apply the perturbative solutions (15) and (17) to inflation and late-time acceleration of our universe. Because the SM_2 brane extends in 3-dimensional space, which can be regarded to be our universe, we consider the SM_2-brane solution only from now on. As discussed in the previous section, the scalar field (dilaton) is essential in our solutions, but the dilaton field is not contained in the low-energy effective theory of M-theory. It is, however, consistent with the action (1) containing the dilaton field that the exact solution (9) is the one of the low-energy effective theory of M-theory, as ϕ = 0 in the exact solution. On the other hand, the time dependent scalar field ϕ in the stable perturbative solution (15) shows that it is not a solution of the effective theory of pure M-theory, i.e., the solution with an SM_2 brane only, but with both an SM_2-brane and scalar field. We use the stable solution (15) in order to obtain enough e-folding for successful inflation, so we choose the initial condition of ϕ as follows. To obtain enough e-folding, we need a model in which expansion of the universe lasts a long time during the early time of the universe. Even if we set an initial condition ϕ̇ = 0, expansion of the universe might occur according to the stable solution (15). We, however, suppose that the expansion does not last a long time and shift from the stable solution to the unstable one occurs instantly. Consequently, we adopt ϕ̇ ≠ 0 as the initial condition for the scalar field. In this case, expansion of the universe occurs according to the stable solution (15) and lasts a long time, as shown below.

We adopt the following scenario: We choose ϕ̇ ≠ 0 as the initial condition for ϕ, so that the scale a in the metric (2) is increasing exponentially and ϕ is decreasing, as shown in the stable solution (15). The unstable perturbative solution (17) is not applicable to this initial condition. Consequently, the expectation value of ϕ must become smaller to be comparable with the quantum fluctuation, i.e., the product of the scalar field ϕ and its conjugate momentum becomes comparable with Planck’s constant. At this moment, the scalar field ϕ can be regarded to be classically equal to zero, and shift from the stable solution (15) to the unstable solution (17) occurs due to the quantum effect. After that, the scale a continues increasing almost exponentially until the perturbative solution loses its reasonableness. In the following, we ignore the expansion of the scale during the shift from the stable solution to the unstable solution, because we expect this period to be much shorter than the time during which the stable or unstable solution continues.

To find out the maximum value of the e-folding, we estimate the rate of the expansion of universe within the above-mentioned period. We regard the stable perturbative solution (15) to be applicable to the period satisfying e^{−Λt} < 1 and the unstable perturbative solution (17) satisfying e^{Λt′} < 1. So we take the initial time as t ∼ 0 and the final time as t^′ ∼ 0. If the scalar field is equal to the quantum fluctuation at the time t = t_1, ϕ(t_1, x) and its canonical momentum π(t_1, x) should satisfy the relation √ −g(t)π(t_1, x)ϕ(t_1, x^′) ∼ h̄δ^{D−1}(x − x^′), (18) which is the so-called Heisenberg-Robertson relation. Here h̄ ≡^h_{2π} , h is Planck’s constant and π(t, x) ≡ 1 √ −g(t) δI δϕ̇ = c^2 16πG ϕ̇(t, x). (19) We integrate (18) over the space coordinates x^′ to obtain

V_{D−1}(t_1)π(t_1, x)ϕ(t_1, x) ∼ h̄, (20)

where

V_{D−1}(t_1) = ∫ d^{p+1}xd^{D−p−2}θ √ −g(t_1) = ∫ d^{p+1}xd^{D−p−2}θ (a(t_1))^{p+1}(cb(t_1))^{D−p−2} (21)

is volume of the (D − 1) dimensional space at t = t_1. ∫ d^{p+1}x is the SM_2 brane world-volume within a radius of particle horizon, so that ∫ d^{p+1}x ∼ (∫_{t1} 0 c dt^′/a(t^′) )_{p+1} . (22)

In order to calculate the left side of (20) up to the lowest order of e^{−2(p+1)Λt}, we integrate ϕ̇ in (15) and obtain

ϕ = ϕ_0e^{−(p+1)Λt}. (23)

Here we require that the fourth equality of (17) coincides with the fourth equality of the exact solution (9) in the zeroth order of e^{−2(p+1)Λt}. Moreover, we calculate V_{D−1} up to the lowest order of e^{−2(p+1)Λt}

V_{D−1}(t_1) ∼ (∫_{t1} 0 c dt^′ a(t^′) )_{p+1} (a_0e^{Λt1} )^{p+1}V_{CHM} , ∼ ( c a_0Λ

)_{p+1} ( a_0e^{Λt1} )_{p+1} V_{CHM} , (24) where V_{CHM} is volume of the CHM. Substituting these results in (20), we obtain the e-folding until t = t_1

e^{Λt1} ∼ ( (p + 1)c^{p+3}ϕ^2_0 16πG_{p+2}Λ^ph̄

)_{1/(p+1)}

, (25)

where G_{p+2} ∼ G/V_{CHM} is the (p + 2)-dimensional gravitational constant in the external space. According to our scenario, the shift to the unstable solution which satisfies ϕ̇ = 0 occurs at t = t_1. Because the time during which the shift continues is expected to be so short, we can ignore it, as mentioned above. Considering the condition of the connection between the two perturbative solutions (15) and (17), we require

a_0e^{Λt1} = a^′_0e^{Λt′1} ,

βe^{−2(p+1)Λt1} = − γ^′ 2(p + 1) e^{(p+1)Λt′1} ,

γ = γ^′, (26)

where t^′_1 is the same time as t_1. These equations lead to

γ^′ = −2(p + 1)β, t^′_1 = −2t_1, c_1 = −3t_1, a^′_0 = e^{3Λt1} a_0 . (27)

Even after the shift, the scale a continues increasing exponentially until the unstable solution loses its reasonableness at the time t^′ ∼ 0 when e^{(p+1)Λt′} ∼ 1. After all, we get the total expansion rate of the scale a a^′(t^′ ∼ 0) a(t ∼ 0) ∼ e^{3Λt1} ∼ ( (p + 1)c^{p+3}ϕ^2_0 16πG_{p+2}Λ^ph̄

)_{3/(p+1)}

, (28)

where we use (25).

Firstly, we apply the above result (28) to inflation. Subsitituting D = 11, p = 2 into (28) and assuming it to be about e^{60}, which is the e-folding of expansion of successful inflation, yield the scale of the internal space

cb_0 = 2c Λ ∼ ( 16πG_4h̄ 3c^3ϕ^2_0 e^{60} )_{1/2} ∼ 1 × 10^{−21}m, (29)

where we use ϕ_0 ∼ O(1). That is to say, we can obtain the enough e-folding for inflation if the scale of the internal space cb_0 is about 1 × 10^{−21}m. Moreover, the duration of the inflation is about 3t_1 ∼ 1 Λ ln e^{60} ∼ 10^{−28}s in this case. This is within the range in the literature, for example [17].

Secondly, we apply the result (28) to the late-time acceleration. If dark energy of our universe results from a cosmological constant in 4-dimensional space-time, the dark energy density ρ_{DE} and the cosmological constant λ have the following relation:

I_λ = c^3 16πG_4 ∫ d^4x{R+ √ −g(2−D)λ} = − ∫ d^4x{L_G +ρ_{DE}c^2}. (30)

This leads λ =^{ρDE 8πG}_{c2} . Moreover, the equation of motion obtained from this action leads to the scale factor a(t) ∼ a_0 exp( √_{ρDE 8πG4} 3c^2 ct).

Fitting this to (15) and (17), we obtain Λ ∼ √ ρ_{DE} 8πG_4 3c^2

. (31)

Substituting this and the observed density of the dark energy ρ_{DE} ∼ 1 × 10^{−26}kg/m^3 [18] to (28), we obtain

3t_1 ∼ 1 Λ ln ( 3c^5ϕ^2_0 16πG_4h̄Λ^2 ) ∼ 4 × 10^{12}yrs. (32)

Because the age of our universe is about 1.4 × 10^{10} years, this is consistent with the fact that we observe the late-time acceleration at the present time. Moreover, we find that the e-folding of the late-time acceleration of our universe up to the present time is about 2. This, however, leads to the scale of internal space cb_0 ∼^{2c}_Λ ∼ 10^{26}m. This value is not consistent with observation.

References

[1] For recent WMAP data, see http://map.gsfc.nasa.gov/.

[2] A. G. Riess et al., Observation Evidence form Supernovae for an Accelerating Universe and a Cosmological Constant, Astron. J. 116 (1998) 1009, [astro-ph/9805201]

[3] S. Perlmutter et al., Measurements of Omega and Lambda from 42 Higf-Redshift Supernovae, Astrophys. J. 517 (1999) 565, [astro-ph/9812133]

[4] G. W. Gibbons, Aspects of Supergravity Theories, Proceedings of the GIFT Seminar 1984, World Scientific, ed. F. Del Aguila, et al. (1984) 123-146.

[5] J. M. Maldacena and C. Nunez, Supergravity description of field theories on curved manifolds and a no go theorem , Int. Jour. Mod. Phys. , 16 (2001) 822, [hep-th/0007018]

[6] P. K. Townsend and M. N. R. Wohlfarth, Accelerating cosmologies from compactification, Phys. Rev. Lett. 91 (2003) 061302, [hep-th/0303097]

[7] N. Ohta, Accelerating cosmologies from S-brane, Phys. Rev. Lett.

91 (2003) 061303, [hep-th/0303238]

[8] for a review, N. Ohta, Accelerating cosmologies and inflation from M/superstring theories, Int. J. Mod. Phys. A20 (2005) 1, [hep-th/0411230]

[9] K. Maeda, N. Ohta, Inflation from M-theory with forth-order corrections and large extra dimensions, Phys. Lett. B597 (2004) 400, [hep-th/0405205]

[10] K.Akune, K. Maeda and N.Ohta, Inflation from superstring/Mtheory compactification with higher order corrections II -case of quartic Weyl terms-, Phys. Rev.D73(2006)103506

[11] R. Mochizuki, Eternally accelerating spacelike braneworld cosmologies, Mod. Phys. Lett. A21 (2006) 2989, [hep-th/0606009]

[12] R. Mochizuki, Eternally inflating cosmologies from intersecting spacelike branes, Mod. Phys. Lett. A23 (2008) 487, [hepth/0710.3619]

[13] N. Ohta, Intersection rules for S-branes, Phys. Lett. B558 (2003) 213, [hep-th/0301095]

[14] N. Kaloper, J. March-Russel, G. D. Starkman, M. Trodden, Compact hyperbolic extra dimensions: branes, Kaluza-Klein modes and cosmology, Phys. Rev. Lett. 85 (2000) 928, [hep-ph/0002001]

[15] G. D. Starkman, D. Stojkovic and M. Trodden, Large extra dimensions and cosmological problems, Phys. Rev. D63 (2001) 103511, [hep-ph/0012226]

[16] G. D. Starkman, D. Stojkovic and M. Trodden, Homogeneity, Flatness and “large” extra dimensions, Phys. Rev. Lett. 87 (2001) 231303, [hep-ph/0106143]

[17] A. R. Liddle, D. H. Lyth Cosmological Inflation and Larg-Scale Structure, Cambridge University Press (2000)

[18] M. Tegmark, et al., Cosmological Constraints from the SDSS Luminous Red Galaxies, Phys. Rev. D74 (2006) 123507, [astro-ph/0608632]