arXiv:1205.2481v1 [gr-qc] 11 May 2012

From Clock Synchronization to Dark Matter as a Relativistic Inertial Effect

Luca Lusanna

Contents

1. Introduction.................................................. .................................. 3

2. Relativistic Metrology...................................................................11

3. Clock Synchronization and Global Non-Inertial Frames in Minkowski Space-Time...........................................................................14

3.1 3+1 Splittings of Minkowski Spacetime and Radar 4-Coordinates......... ................................................................................. 14 3.2 Global Non-Inertial Frames in Minkowski Spacetime.............16 3.3 Congruences of Timelike Observers Associated with a 3+1 Splitting......................................................................................................19 3.4 Parametrized Minkowski Theories... ..........................................19 3.5 The Instant Form of Dynamics in the Inertial Rest Frames and the Problem of the Relativistic Center of Mass ........................22 3.6 The Description of Isolated Systems in the Rest Frame and their Poincaré Generators......................................................................24

4. Implications for Relativistic Mechanics and Classical Field Theory in Special Relativity and the Multi-Temporal Quantization

Sezione INFN di Firenze, Polo Scientifico, Via Sansone 1, 50019 Sesto Fiorentino (FI), Italy lusanna@fi.infn.it Lecture at the Black Objects in Supergravity School BOSS2011, Frascati, 9-13 May 2011

1

2 Luca Lusanna

Approach....................................................................................................28

4.1 Relativistic Atomic Physics............... ..........................................28 4.2 Relativistic Kinetic Theory and Relativistic Micro-Canonical Ensemble....................................................................................................30 4.3 Relativistic Quantum Mechanics and Relativistic Entanglement....................................... ......................................................................31 4.4 Multitemporal Quantization in Non-Inertial Frames................32 4.5 Open Problem..................................................................................33

5. Non-Inertial Frames in Asymptotically Minkowskian Einstein Spacetimes and ADM Tetrad Gravity.....................................................34 5.1 The Parametrization of Tetrads for ADM Tetrad Gravity...................................................................................................................36 5.2 The ADM Phase Space and the ADM Hamilton Equations...............................................................................................................39

6. The York Canonical Basis and the Inertial and Tidal Degrees of Freedom of the Gravitational Field...........................................................43

6.1 The York Canonical Basis..... ..........................................................43 6.2 3-Orthogonal Schwinger Time Gauges and Hamilton Equations...........................................................................................................47 6.3 The congruence of Eulerian Observers and the Non-Hamiltonian First-Order ADM Equations of Cosmological Spacetimes....................51

7. Post-Minkowskian Linearization in Non-Harmonic 3-Orthogonal Gauges and Post-Minkowskian Gravitational Waves.............................54

8. Post-Minkowskian Hamilton Equations for Particles, their Post-Newtonian Limit and Dark Matter as a Relativistic Inertial Effect...................................................................................................................63

8.1 The Center-of-Mass Problem in General Relativity and in the HPM Linearization.......................................................................................65 8.2 The Post-Newtonian Expansion at all orders in the Slow Motion Limit........................................................................................................67 8.3 The HPM Binaries at the 1PN Order..............................................68 8.4 From the Three Signatures for Dark Matter Reinterpreted as Relativistic Inertial Effects Induced by the York Time to the Need of a PM ICRS..................................................................................................69

9. Dark Energy and Other Open Problems...........................................75

References.......................................................................... .......................79

From Clock Synchronization 3

1 Introduction

One of the main open problems in astrophysics is the dominance of dark entities, the dark matter and the dark energy, in the existing description of the universe given by the standard ΛCDM cosmological model [1] based on the cosmological principle (homogeneity and isotropy of the space-time), which selects the class of Friedmann-Robertson-Walker (FWR) space-times. After the transition from quantum cosmology to classical astrophysics, with the Heisenberg cut roughly located at a suitable cosmic time (≈ 10^5 years after the big bang) and at the recombination surface identified by the cosmic microwave background (CMB), one has a description of the universe in which the known forms of baryonic matter and radiation contribute only with a few percents of the global budget. One has a great variety of models trying to explain the composition of the universe in accelerated expansion (based on data on high red-shift supernovae, galaxy clusters and CMB): WIMPS (mainly super-symmetric particles), f(R) modifications of Einstein gravity (with a modified Newton potential), MOND (with a modification of Newton law),... for dark matter; cosmological constant, string theory, back-reaction (spatial averages, non-linearity of Einstein equations), inhomogeneous space-times (Lemaitre-Tolman-Bondi, Szekeres), scalar fields (quintessence, k-essence, phantom), fluids (Chaplygin fluid), .... for dark energy.

Most of these developments rest on a description based on a family of FRW space-times with nearly flat 3-spaces (as required by CMB data) as the reference space-times where to interpret the astronomical data (luminosity, light spectrum, angles) on the 2-dimensional sky vault. Therefore, the starting point is the extension of the standards of relativistic metrology near the Earth and in the Solar System to astronomy: to reconstruct a 4-dimensional spacetime one needs new standards of time and length like the cosmic time and the luminosity distance (or any other astrometric definition, see Ref.[2]) allowing to define an International Celestial Reference System (ICRS) [3], namely a 4-coordinate system describing a 3-universe evolving in time, where the astronomical data have to be dynamically interpreted according to Einstein gravity or some of its extensions.

The aim of this Lecture is to suggest a new viewpoint on the origin of dark matter, and maybe also of dark energy, starting from a re-reading of the general covariance of Einstein general relativity (GR), which could be also applied to every generally covariant extension of this theory if needed. It is an extended version of the review paper [4]. In this Introduction one will delineate the framework of our approach and then in the subsequent Sections one will give more details of the various topics.

The gauge group of the Lagrangian formulation of Einstein GR, the diffeomorphism group, implies that the 4-coordinates of the space-time are gauge

4 Luca Lusanna

variables. As a consequence, the search of GR observables is restricted to 4- scalars and at the theoretical level one tries to describe gravitational dynamical properties in term of them. However, inside the Solar System the experimental localization of macroscopic classical objects is unavoidably done by choosing some convention for the local 4-coordinates of space-time. Atomic physicists, NASA engineers and astronomers have chosen a series of reference frames and standards of time and length suitable for the existing technology [5]. These conventions determine certain Post-Minkowskian (PM) 4- coordinate systems of an asymptotically Minkowskian space-time, in which the instantaneous 3-spaces are not strictly Euclidean. Then these reference frames are seen as a local approximation of a reference frame in ICRS, where however the space-time has become a cosmological FWR one, which is only conformally asymptotically Minkowskian at spatial infinity. A search of a consistent patching of the 4-coordinates from inside the Solar System to the rest of the universe will start when the data from the future GAIA mission [6] for the cartography of the Milky Way will be available. This will allow a PM definition of a Galactic Reference System containing at leat our galaxy. Let us remark that notwithstanding the FRW instantaneous 3-spaces are not strictly Euclidean, all the books on galaxy dynamics describe the galaxies by means of Kepler theory in Galilei space-time.

This state of affairs requires to revisit Einstein GR to see whether it is possible to identify which components of the 4-metric tensor are connected with the gauge freedom in the choice of the 4-coordinates and which ones describe the dynamical degrees of freedom of the gravitational field. Since this cannot be done at the Lagrangian level, one must restrict himself to the class of globally hyperbolic, asymptotically flat space-times allowing a Hamiltonian description starting from the description of Einstein GR in terms of the ADM action [7] instead than in terms of the Einstein-Hilbert one. In canonical ADM gravity one can use Dirac theory of constraints [8] to describe the Hamiltonian gauge group, whose generators are the first-class constraints of the model. The basic tool of this approach is the possibility to find socalled Shanmugadhasan canonical transformations [9], which identify special canonical bases adapted to the first-class constraints (and also to the secondclass ones when present). In these special canonical bases the vanishing of certain momenta (or of certain configurational coordinates) corresponds to the vanishing of well defined Abelianized combinations of the first-class constraints (Abelianized because the new constraints have exactly zero Poisson brackets even if the original constraints were not in strong involution). As a consequence, the variables conjugate to these Abelianized constraints are inertial Hamiltonian gauge variables describing the Hamiltonian gauge freedom. The remaining 2+2 conjugate variables describe the dynamical tidal degrees of freedom of the gravitational field (the two polarizations of gravitational waves in the linearized theory). If one would be able to include all the constraints in the Shanmugadhasan canonical basis, these 2+2 variables

From Clock Synchronization 5

would be the Dirac observables of the gravitational field, invariant under the Hamiltonian gauge transformations. However such Dirac observables are not known: one only has statements bout their existence [10]. Moreover, in general they are not 4-scalar observables. The problem of the connection between the 4-diffeomorphism group and the Hamiltonian gauge group was studied in Ref.[11] by means of the inverse Legendre transformation and of the notion of dynamical symmetry. The conclusion is that on the space of solutions of Einstein equations there is an overlap of the two types of observables: there should exists special Shanmugadhasan canonical bases in which the 2+2 Dirac observables become 4-scalars when restricted to the space of solutions of the Einstein equations. In any case the identification of the inertial gauge components of the 4-metric is what is needed to make a fixation of 4-coordinates as required by relativistic metrology.

Another problem is that asymptotically flat space-times have the SPI group of asymptotic symmetries (direction-dependent asymptotic Killing symmetries) [12] and this is an obstruction to the existence of asymptotic Lorentz generators for the gravitational field [13]. However if one restricts the class of space-times to those not containing super-translations [14], then the SPI group reduces to the asymptotic ADM Poincaré group [15]: these spacetimes are asymptotically Minkowskian, they contain an asymptotic Minkowski 4-metric (to be used as an asymptotic background at spatial infinity in the linearization of the theory) and they have asymptotic inertial observers at spatial infinity whose spatial axes may be identified by means of the fixed stars of star catalogues^1. Moreover, in the limit of vanishing Newton constant (G = 0) the asymptotic ADM Poincaré generators become the generators of the special relativistic Poincaré group describing the matter present in the space-time. This is an important condition for the inclusion into GR of the classical version of the standard model of particle physics, whose properties are all connected with the representations of this group in the inertial frames of Minkowski space-time. In absence of matter a sub-class of these spacetimes is the (singularity-free) family of Chrstodoulou-Klainermann solutions of Einstein equations [16] (they are near to Minkowski space-time in a norm sense and contain gravitational waves).

Moreover, in this restricted class of space-times the canonical Hamiltonian is the ADM energy [17], so that there is no frozen picture like in the ”spatially compact space-times without boundaries” used in loop quantum gravity^2.

1 The fixed stars can be considered as an empirical definition of spatial infinity of the observable universe.

2 In these space-times the canonical Hamiltonian vanishes and the Dirac Hamiltonian is a combination of first-class constraints, so that it only generates Hamiltonian gauge transformations. In the reduced phase space, quotient with respect the Hamilonian gauge group, the reduced Hamiltonian is zero and one has a frozen picture of dynamics. This class of space-times fits well with Machian ideas (no boundary conditions) and with interpretations

6 Luca Lusanna

To take into account the fermion fields present in the standard particle model one must extend ADM gravity to ADM tetrad gravity . Since our class of space-times admits orthonormal tetrads and a spinor structure [19], the extension can be done by simply replacing the 4-metric in the ADM action with its expression in terms of tetrad fields, considered as the basic 16 configurational variables substituting the 10 metric fields.

To study ADM tetrad gravity the preliminary problem is to choose a coordinatization of the space-time compatible with relativistic metrology. This requires a definition of global non-inertial frames, because the equivalence principle forbids the existence of global inertial frames in GR. Due to the Lorentz signature of the space-time this is a non-trivial task already in special relativity (SR): there is no notion of instantaneous 3-space, because the only intrinsic structure is the conformal one, i.e. the light-cone as the locus of incoming and outgoing radiation. The existing coordinatizations, like either Fermi or Riemann-normal coordinates, hold only locally They are based on the 1+3 point of view, in which only the world-line of a time-like observer is given. In each point of the world-line the observer 4-velocity determines an orthogonal 3-dimensional space-like tangent hyper-plane, which is identified with an instantaneous 3-space. However, these tangent planes intersect at a certain distance from the world-line (the so-called acceleration length depending upon the 4-acceleration of the observer [20]), where 4-coordinates of the Fermi type develop a coordinate singularity. Another type of coordinate singularity is developed in rigidly rotating coordinate systems at a distance r from the rotation axis where ω r = c (ω is the angular velocity and c the two-way velocity of light). This is the so-called ”horizon problem of the rotating disk”: a time-like 4-velocity becomes a null vector at ω r = c, like it happens on the horizon of a black-hole. See Ref.[21] for a classification of the possible pathologies of non-inertial frames and on how to avoid them.

In this Lecture one will review the way out from these problems based on the 3+1 point of view in which, besides the world-line of a time-like observer, one gives a global nice foliation of the space-time with instantaneous 3-spaces. Then a metrology-oriented notion of 4-coordinates, the so-called radar 4- coordinates first introduced by Bondi [22], is introduced in these global noninertial frames. One will give the conditions for a foliation to be nice, i.e. for the absence of pathologies like the ones of the rotating disk and of the Fermi coordinates.

Let us remark that the theory of global non-inertial frames is also needed to speak of predictability in a (either classical or quantum) theory in which the basic equations of motion are partial differential equations (PDE). To be able to use the existence and unicity theorem for the solutions of PDE’s, one

in which there is no physical time like the one in Ref.[18]. However, it is not clear how to include in this framework the standard model of particle physics.

From Clock Synchronization 7

needs a well-posed Cauchy problem, whose prerequisite is a sound definition of an instantaneous 3-space (i.e. of a clock synchronization convention) where the Cauchy data are given. To give the data on a space-like surface is not factual, but with the data on the backward light-cone of an observer it is not yet possible to demonstrate the theorem. However, also the 1+3 point of view is non factual, because it requires the knowledge of a world-line from the whole past to all the future.

A Section of this Lecture will be devoted to the developments in relativistic particle mechanics made possible by the 3+1 point of view in SR [23], [21], [24]. By means of parametrized Minkowski theories [23], [21], one can get the description of arbitrary isolated systems (particles, strings, fluids, fields) admitting a Lagrangian formulation in arbitrary non-inertial frames with the transition among non-inertial frames described as a ”gauge transformation” (general covariance under the frame-preserving diffeomorphisms of Ref.[25]). Moreover this framework allows us to define the inertial and non-inertial rest frames of the isolated systems, where to develop the rest-frame instant form of the dynamics and to build the explicit form of the Lorentz boosts for interacting systems. This makes possible to study the problem of the relativistic center of mass [26], relativistic bound states [27, 28, 29], relativistic kinetic theory and relativistic micro-canonical ensemble [30] and various other systems [31, 32]. Moreover a Wigner-covariant relativistic quantum mechanics [33], with a solution of all the known problems introduced by SR, has been developed after some preliminary work done in Ref.[34]. This will allow us to study relativistic entanglement.

After this digression in SR one defines global non-inertial frames with radar 4-coordinates in the asymptotically Minkowskian space-times of GR^3 and one gives the parametrization of the tetrads and of the 4-metric in them. The absence of super-translations implies that these non-inertial frames are non-inertial rest frames of the 3-universe. Starting from the ADM action for tetrad gravity one defines the Hamiltonian formalism in a phase space containing 16 configurational field variables and 16 conjugate moments. One identifies the 14 first-class constraints of the system and one finds that the canonical Hamiltonian is the weak ADM energy (it is given as a volume integral over 3-space). The existence of these 14 first-class constraints implies that 14 components of the tetrads (or of the conjugate momenta) are Hamiltonian gauge variables describing the inertial aspects of the gravitational field (6 of these inertial variables describe the extra gauge freedom in the choice of the tetrads and in their transport along world-lines). Therefore there are only 2+2 degrees of freedom for the description of the tidal dynamical aspects of the gravitational field. The asymptotic ADM Poincaré generators

3 While in SR Minkowski space-time is an absolute notion, unifying the absolute notions of time and 3-space of the non-relativistic Galilei space-time, in GR there is no absolute notion: space-time becomes dynamical [35] with its metric structure satisfying Einstein equations.

8 Luca Lusanna

can be evaluated explicitly. Till now the type of matter studied in this framework consists of the electro-magnetic field and of N charged scalar particles, whose signs of the energy and electric charges are Grassmann-valued to regularize both the gravitational and electro-magnetic self-energies (it is both a ultraviolet and an infrared regularization),

Then it will be shown that there is a Shanmugadhasan canonical transformation [36] (implementing the so-called York map [37] and diagonalizing the York-Lichnerowics approach [38]) to a so-called York canonical basis adapted to 10 of the 14 first-class constraints. Only the super-Hamiltonian and supermomentum constraints, whose general solution is not known, are not included in the basis, but it is clarified which variables are to be determined by their solution. Among the inertial gauge variables there is the York time [39]^3K, i.e. the trace of the extrinsic curvature of the 3-spaces as 3-manifolds embedded into the space-time. It is the only gauge variable which is a momentum in the York canonical basis^4: this is due to the Lorentz signature of space-time, because the York time and three other inertial gauge variables can be used as 4-coordinates of the space-time (see Ref.[35] for this topic and for its relevance in the solution of the hole argument). Therefore an identification of the inertial gauge variables to be fixed to get a 4-coordinate system in relativistic metrology was found. In the first paper of Ref.[40] there is the expression of the Hamilton equations for all the variables of the York canonical basis.

An important remark is that in the framework of the York canonical basis the natural family of gauges is not the harmonic one, but the family of 3- orthogonal Schwinger time gauges in which the 3-metric in the 3-spaces is diagonal.

Both in SR and GR an admissible 3+1 splitting of space-time has two associated congruences of time-like observers [21], geometrically defined and not to be confused with the congruence of the world-lines of fluid elements, when relativistic fluids are added as matter in GR [41, 42, 43]. One of the two congruences, with zero vorticity, is the congruence of the Eulerian observers, whose 4-velocity field is the field of unit normals to the 3-spaces. This congruence allows us to re-express the non-vanishing momenta of the York canonical basis in terms of the expansion (θ = −^3K) and of the shear of the Eulerian observers. This allows us to compare the Hamilton equations of ADM canonical gravity with the usual first-order non-Hamiltonian ADM equations deducible from Einstein equations given a 3+1 splitting of space-time but without using the Hamiltonian formalism. As a consequence, one can extend our Hamiltonian identification of the inertial and tidal variables of the gravitational field to the Lagrangian framework and use it in the cosmological (conformally asymptotically flat) space-times: in them it is not possible to formulate the Hamiltonian formalism but the standard ADM

4 Instead in Yang-Mills theory all the gauge variables are configurational.

From Clock Synchronization 9

equations are well defined. The time inertial gauge variable needed for relativistic metrology is now the expansion of the Eulerian observers of the given 3+1 splitting of the globally hyperbolic cosmological space-time.

The next step (see the second paper of Ref.[40]) is the definition of a PM linearization of ADM tetrad gravity in the family of 3-orthogonal Schwinger time gauges in which one chooses 3-coordinates diagonalizing the 3-metric in the 3-spaces and an arbitrarily given numerical function for the York time^3K. The cosmic time τ_{cosm} has to be chosen so that the 3-spaces τ_{cosm} = const. have an extrinsic curvature with the given value of^3K. This PM linearization uses the asymptotic Minkowski 4-metric as an asymptotic background, so that one never splits the 4-metric with respect to a fixed Minkowski metric in the bulk like in the standard approach to gravitational waves. A ultraviolet cutoff on the matter is needed.

This leads to a PM formulation of gravitational waves in non-harmonic 3-orthogonal gauges. All the constraints can be solved, an explicit expression of the PM 4-metric can be given and the explicit form of the Hamilton equations for the tidal degrees of freedom of the gravitational field and the matter can be obtained. It is non-trivial to show that all the standard results about gravitational waves in harmonic gauges [44] can be reproduced in the 3-orthogonal gauges with the help of the formalism of Ref.[45]. As shown in the third paper of Ref.[40] (where the matter is restricted only to scalar particles), all the 4- and 3- curvature tensors of the space-time can be explicitly evaluated and the time-like and null geodesics can be studied. It is also possible to evaluate the red-shift of light rays and the luminosity distance finding their dependence on the York time and verify the old Hubble red-shift-distance law (see ref.[46]), which becomes the usual Hubble law (a velocity-distance relation) when one uses the standard cosmological model. In the Solar System the results in the 3-orthogonal gauges are compatible with the ones in the harmonic gauges used in relativistic metrology [5].

The main important result or this lecture are the PM Hamilton equations and the implied PM second-order equations of motion for the particles. Their PN limit identifies the Newton forces acting on the particles at the lowest order augmented with 1PN forces compatible with the known results on binaries in harmonic gauges [47]. However, there are extra 0.5PN forces, depending linearly on the non-local York time^3K =^1_△^3K (△ is the asymptotic Laplacian of the 3-space), representing either a friction or an anti-friction force according to the sign of^3K. These 0.5PN forces are our main result, because their effect can be re-interpreted as an extra effective (time-, position- and velocity-dependent) contribution to the inertial mass of the particles in the equations used in the three main signatures for the existence of dark matter: the rotation curves of spiral galaxies [48] and the masses of clusters of galaxies from the virial theorem [49] and from weak gravitational lensing [50], [49].

10 Luca Lusanna

While gravitational and inertial masses are equal in Einstein GR, the PM limit, followed by the PN one, shows that the non-Euclidean nature of the 3-spaces implies a breaking of the Newtonian equality of the two types of masses, which holds only in the absolute Euclidean 3-space of Galilei spacetime.

As a consequence the data on dark matter can be re-read as a partial fixation of the non-local York time^3K. However to fix the York time^3K = △^3K one needs a global information on^3K on the whole 3-space, in particular in the voids among galaxy clusters.

Therefore one has an indication that (at least part of) dark matter could be re-absorbed in a PM extension of the conventions in the existing ICRS, such that the 3-spaces τ_{ICRS} = const. determined by a suitable ICRS time have a York time^3K such that the derived non-local York time reproduces the data for the signatures of dark matter.

In the Conclusions it will be suggested that also the open problem of dark energy could be rephrased as the determination of a suitable York time in inhomogeneous cosmological space-times. Therefore there is the possibility of an understanding of the ”dark” aspects of the universe in terms of relativistic metrology.

From Clock Synchronization 11

2 Relativistic Metrology

As shown in Ref. [51] modern relativistic metrology is not only deeply rooted in Maxwell theory and its quantization but is also beginning to take into account GR.

The basic metrological conventions on the Earth surface are:

a) An atomic clock as a standard of time. The fundamental conceptual time scale is the SI atomic second: it is the duration of 9 192 631 770 periods of the radiation corresponding to the transition between the two hyperfine levels of the ground state of the cesium 133 atom. This definition refers to a cesium atom at rest at a temperature of 0^o. However the practical time standard is the International Atomic Time (TAI), which is defined as a suitable weighted average of the SI time kept by over 200 atomic clocks in about 70 national laboratories worldwide. Time scales connected with TAI are the GPS Station Time and the Universal Time (UC) based on Earth’s rotation^5. All the other existing time scales inside the Solar System are connected to this standard by fixed conventions.

b) The 2-way velocity of light (only one clock is involved in its definition), fixed to the value c = 299 792 458m s^{−1}, in place of the standard of length 6. To measure the 3-distance between two objects in an inertial frame one sends a ray of light from the first object, to which is associated an atomic clock, to the second one, where it is reflected and then reabsorbed by the first object. The measure of the flight time and the 2-way velocity of light determine the 3-distance between the objects. This convention is compatible with the Euclidean 3-space of inertial frames in Minkowski space-time. When the technology will allow one to measure the deviations from Euclidean 3- space implied by PN gravity one will need a modified convention taking into account a general relativistic notion of length.

Given these standards one can think to the Global Positioning System (GPS) as a local standard of space-time. To define GPS one needs a conventional reference frame centered on a given time-like observer. Inside the Solar System one has well defined conventions for the following reference frames:

A) The description of satellites around the Earth is done by means of NASA coordinates either in the International Terrestrial Reference System (ITRS; it is a frame fixed on the Earth surface) or in the Geocentric Celestial Reference System (GCRS) centered on the world-line of the Earth center (see

5 It is based on Very Long Baseline Interferometry (VLBI) observations of distant quasars, on Lunar Laser Ranging (LLR) and on determination of GPS satellite orbits. 6 The meter is the length of the path traveled by light in vacuum during a time interval of 1/c of a second.

12 Luca Lusanna

Ref.[5]). Both of them use a geocentric coordinate time t_G connected to TAI.

B) The description of planets and other objects in the Solar System uses the Barycentric Celestial Reference System (BCRS), centered in the barycenter of the Solar System (see Ref.[5]). It uses a barycentric coordinate time t_B connected to t_G and TAI.

While ITRS is essentially realized as a non-relativistic non-inertial frame in Galilei space-time, BCRS is defined as a quasi-inertial frame, non-rotating with respect to some selected fixed stars, in Minkowski space-time with nearly-Euclidean 3-spaces (one ignores the perturbations induced from the Milky Way). It can also be considered as a PM space-time with 3-spaces having a very small extrinsic curvature of order c^{−2}. GCRS is obtained from BCRS by taking into account Earth’s rotation around the Sun with a suitable Lorentz boost with corrections from PN gravity^7. By taking into account the extension of the geoid and Earth revolution around its axis one goes from the quasi-Minkowskian GCRS to the quasi-Galilean ITRS.

New problems emerge by going outside the Solar System. In astronomy the positions of stars and galaxies are determined from the data (luminosity, light spectrum, angles) on the sky, i.e. on a 2-dimensional spherical surface around the Earth with the relations between it and the observatory on the Earth done with GPS. To get a description of stars and galaxies as living in a 4-dimensional space-time one introduces the International Celestial Reference System ICRS (see Refs. [3]). Its time scale is a ”second” connected to GPS, TAI and SI and therefore to t_G and t_B . ICRS has the origin in the solar system barycenter, which is considered as quasi-inertial observer carrying a quasi-inertial (essentially non-relativistic) reference frame with rectangular 3-coordinates in a nearly Galilei space-time whose 3-spaces are nearly Euclidean. The directions of the spatial axes are effectively defined by the adopted coordinates of 212 extragalactic radio sources observed by VLBI . These radio sources (quasars and AGN, active galactic nuclei) are assumed to have no observable intrinsic angular momentum. Thus, the ICRS is a space-fixed system, more precisely a kinematically non-rotating system, which provides the orientation of BCRS.

In astronomy the unit of length is the astronomical unit AU, approximately equal to the mean Earth-Sun distance. Measurements of the relative positions of planets in the Solar System are done by radar: one measures the time taken for light to be reflected from an object using the conventional value of the velocity of light c. Both for objects inside the Solar System and for the nearest stars one measure the distance with the trigonometric parallax by using the propagation of light and its velocity c in inertial frames. One measures the difference (the inclination angle) in the apparent position of an object viewed

7 See Ref.[52] for possible gravitational anomalies inside the Solar System.

From Clock Synchronization 13

along two different lines of sight at two different times and then uses Euclidean geometry to evaluate the distance. The used unit in astronomy is the parsec, which is 3.26 light-years or 3.26 10^{16} meters.

This convention cannot be used for more distant either galactic or extragalactic objects. New notions like standard candles, dynamical parallax, spectroscopic parallax, luminosity distance,..... are needed [2]. These notions involve both aspects of light propagation in curved space-times and cosmological assumptions like the Hubble law (velocity-red-shift linear relation).

However if one takes into account the description of the universe given by cosmology, the actual cosmological space-time cannot be a nearly Galilei space-time but it must be a cosmological space-time with some theoretical cosmic time. In the standard cosmological model [1] it is a homogeneous and isotropic FRW space-time whose instantaneous 3-spaces have nearly vanishing internal 3-curvature, so that they may locally be replaced with Euclidean 3-spaces as it is done in galactic dynamics. However they have a time-dependent conformal factor (it is one in Galilei space-time) responsible for the Hubble constant regulating the expansion of the universe. As a consequence the transition from the astronomical ICRS to an astrophysical description taking into account cosmology is far from being understood.

What is still lacking is a PM extension of the celestial frame such that the PM BCRS frame is its restriction to the solar system inside our galaxy. In particular one needs the definition of a coordinate time t_{ICRS} connected to t_B such that the 3-spaces t_{ICRS} = const. have a very small internal 3-curvature and a suitable extrinsic curvature as sub-manifolds of the space-time connected with the Hubble constant. In this way this astronomical PM ICRS would be consistent with the FRW cosmological space-times used in astrophysics except for the conformal factor determining the accelerated expansion of the universe and creating problems in the metrological use of fixed stars.

Hopefully at least an PM extension of ICRS including our galaxy (with the definition of a galactic coordinate system) will be achieved with the ESA GAIA mission devoted to the cartography of the Milky Way [6].

14 Luca Lusanna

3 Clock Synchronization and Global Non-Inertial Frames in Minkowski Space-Time

Since in the Minkowski space-time of SR time is not absolute, there is no intrinsic notion of 3-space and of synchronization of clocks: both of them have to be defined with some convention. As a consequence the 1-way velocity of light from one observer A to an observer B has a meaning only after a choice of a convention for synchronizing the clock in A with the one in B. Therefore the crucial quantity in special relativity is the 2-way (or round trip) velocity of light c involving only one clock. It is this velocity (a kind of mean velocity) which is isotropic and constant in SR and replaces the standard of length in relativistic metrology.

Einstein convention for the synchronization of clocks in Minkowski spacetime uses the 2-way velocity of light to identify the Euclidean 3-spaces of the inertial frames centered on an inertial observer A by means of only its clock. The inertial observer A sends a ray of light at x^o_i towards the (in general accelerated) observer B; the ray is reflected towards A at a point P of B world-line and then reabsorbed by A at x^o_f ; by convention P is synchronous with the mid-point between emission and absorption on A’s world-line, i.e. x^o_P = x^o_i +^1_2 (x^o_f − x^o_i ) =^1_2 (x^o_i + x^o_f ). This convention selects the Euclidean instantaneous 3-spaces x^o = ct = const. of the inertial frames centered on A. Only in this case the one-way velocity of light between A and B coincides with the two-way one, c. However, as said in the Introduction, if the observer A is accelerated, the convention can breaks down due the possible appearance of coordinate singularities.

As a consequence, a theory of global non-inertial frames in Minkowski space-time has to be developed in a metrology-oriented way to overcame the pathologies of the 1+3 point of view. This has been done in the papers of Ref.[21] based on the 3+1 point of view and on the use of observer-dependent Lorentz scalar radar 4-coordinates. This theory and its implications for the description of isolated systems in SR will be reviewed in this Section.

3.1 3+1 Splittings of Minkowski Spacetime and Radar 4-Coordinates

Assume that the world-line x^μ(τ) of an arbitrary time-like observer carrying a standard atomic clock is given: τ is an arbitrary monotonically increasing function of the proper time of this clock. Then one gives an admissible 3+1 splitting of Minkowski space-time, namely a nice foliation with space-like instantaneous 3-spaces Σ_τ . It is the mathematical idealization of a protocol for clock synchronization: all the clocks in the points of Σ_τ sign the same

From Clock Synchronization 15

time of the atomic clock of the observer^8. On each 3-space Σ_τ one chooses curvilinear 3-coordinates σ^r having the observer as origin. These are the Lorentz-scalar and observer-dependent radar 4-coordinates σ^A = (τ; σ^r ).

If x^μ → σ^A(x) is the coordinate transformation from the Cartesian 4- coordinates x^μ of a reference inertial observer to radar coordinates, its inverse σ^A → x^μ = z^μ(τ, σ^r ) defines the embedding functions z^μ(τ, σ^r) describing the 3-spaces Σ_τ as embedded 3-manifold into Minkowski space-time. The induced 4-metric on Σ_τ is the following functional of the embedding^4g_{AB} (τ, σ^r) = [z^μ_A η_{μν} z^ν_B ](τ, σ^r ), where z^μ_A = ∂ z^μ/∂ σ^A and^4η_{μν} = ϵ (+ − −−) is the flat metric^9. While the 4-vectors z^μ_r (τ, σ^u) are tangent to Σ_τ , so that the unit normal l^μ(τ, σ^u) is proportional to ϵ^μ_{αβγ} [z^α_1 z^β_2 z^γ_3 ](τ, σ^u), one has z^μ_τ (τ, σ^r) = [N l^μ +N^r z^μ_r ](τ, σ^r) with N(τ, σ^r) = ϵ [z^μ_τ l_μ](τ, σ^r ) = 1+n(τ, σ^r) and N_r(τ, σ^r) = −ϵ g_{τ r}(τ, σ^r ) being the lapse and shift functions.

As a consequence, the components of the 4-metric^4g_{AB}(τ, σ^r ) have the following expression

ϵ^4g_{τ τ} = N^2 − N_r N^r, −ϵ^4g_{τ r} = N_r =^3g_{rs} N^s,

3g_{rs} = −ϵ^4g_{rs} = 3∑ a=1 3e_{(a)r}^3e_{(a)s} =

= ϕ̃^{2/3} 3∑ a=1 e^{2 ∑2b̄=1 γb̄a Rb̄} V_{ra}(θ^i) V_{sa}(θ^i), (1)

where^3e_{(a)r}(τ, σ^u) are cotriads on Σ_τ , ϕ̃^2(τ, σ^r) = det^3g_{rs}(τ, σ^r) is the 3- volume element on Σ_τ , λ_a(τ, σ^r ) = [ϕ̃^{1/3} e^{∑2¯}b=1^{γb̄a Rb̄} ](τ, σ^r ) are the positive eigenvalues of the 3-metric (γ_{āa} are suitable numerical constants) and V (θ^i(τ, σ^r )) are diagonalizing rotation matrices depending on three Euler angles.

Therefore starting from the four independent embedding functions z^μ(τ, σ^r ) one obtains the ten components^4g_{AB} of the 4-metric (or the quantities N, N_r, ϕ̃, R_ā, θ^i), which play the role of the inertial potentials generating the relativistic apparent forces in the non-inertial frame. It can be shown [21] that the usual non-relativistic Newtonian inertial potentials are hidden in the functions N, N_r and θ^i. The extrinsic curvature tensor^3K_{rs}(τ, σ^u) = [^1_{2 N} (N_{r|s} + N_{s|r} − ∂_τ^3g_{rs})](τ, σ^u), describing the shape of the instantaneous 3-spaces of the non-inertial frame as embedded 3-sub-manifolds of Minkowski

8 It is the non-factual idealization required by the Cauchy problem generalizing the existing protocols for building coordinate system inside the future light-cone of a time-like observer. 9 ϵ = ±1 according to either the particle physics ϵ = 1 or the general relativity ϵ = −1 convention.

16 Luca Lusanna

space-time, is a secondary inertial potential, functional of the ten inertial potentials^4g_{AB}.

The foliation is nice and admissible if it satisfies the conditions:

1) N(τ, σ^r) > 0 in every point of Σ_τ so that the 3-spaces never intersect, avoiding the coordinate singularity of Fermi coordinates;

2) ϵ^4g_{τ τ} (τ, σ^r) > 0, so to avoid the coordinate singularity of the rotating disk, and with the positive-definite 3-metric^3g_{rs}(τ, σ^u) = −ϵ^4g_{rs}(τ, σ^u) having three positive eigenvalues (these are the Møller conditions [53]);

3) all the 3-spaces Σ_τ must tend to the same space-like hyper-plane at spatial infinity with a unit normal ϵ^μ_τ , which is the time-like 4-vector of a set of asymptotic ortho-normal tetrads ϵ^μ_A. These tetrads are carried by asymptotic inertial observers and the spatial axes ϵ^μ_r are identified by the fixed stars of star catalogues. At spatial infinity the lapse function tends to 1 and the shift functions vanish.

3.2 Global Non-Inertial Frames in Minkowski Spacetime

By using the asymptotic tetrads ϵ^μ_A one can give the following parametrization of the embedding functions

z^μ(τ, σ^r) = x^μ(τ) + ϵ^μ_A F^A(τ, σ^r ), F^A(τ, 0) = 0,

x^μ(τ) = x^μ_o + ϵ^μ_A f^A(τ), (2)

where x^μ(τ) is the world-line of the observer. The functions f^A(τ) determine the 4-velocity u^μ(τ) = ẋ^μ(τ)/ √ ϵ ẋ^2(τ) (ẋ^μ(τ) =^{dxμ(τ )}_{dτ} ) and the 4- acceleration a^μ(τ) =^{duμ(τ )}_{dτ} of the observer.

The Møller conditions are non-linear differential conditions on the functions f^A(τ) and F^A(τ, σ^r ), so that it is very difficult to construct explicit examples of admissible 3+1 splittings. When these conditions are satisfied Eqs.(2) describe a global non-inertial frame in Minkowski space-time.

Till now the solution of Møller conditions is known in the following two cases in which the instantaneous 3-spaces are parallel Euclidean space-like hyper-planes not equally spaced due to a linear acceleration.

A) Rigid non-inertial reference frames with translational acceleration. An example are the following embeddings

From Clock Synchronization 17

z^μ(τ, σ^u) = x^μ_o + ϵ^μ_τ f(τ) + ϵ^μ_r σ^r,

g_{τ τ} (τ, σ^u) = ϵ (df(τ) dτ )_2 , g_{τ r}(τ, σ^u) = 0, g_{rs}(τ, σ^u) = −ϵ δ_{rs}. (3) This is a foliation with parallel hyper-planes with normal l^μ = ϵ^μ_τ = const.

and with the time-like observer x^μ(τ) = x^μ_o + ϵ^μ_τ f(τ) as origin of the 3-coordinates. The hyper-planes have translational acceleration ẍ^μ(τ) = ϵ^μ_τ f̈(τ), so that they are not uniformly distributed like in the inertial case f(τ) = τ. B) Differentially rotating non-inertial frames without the coordinate singularity of the rotating disk. The embedding defining this frames is

z^μ(τ, σ^u) = x^μ(τ) + ϵ^μ_r R^r_s(τ, σ) σ^s →_{σ→∞} x^μ(τ) + ϵ^μ_r σ^r,

R^r_s(τ, σ) = R^r_s(α_i(τ, σ)) = R^r_s(F (σ) α̃_i(τ)),

0 < F (σ) < 1 A σ , d F (σ) dσ ≠ 0 (Moller conditions),

z^μ_τ (τ, σ^u) = ẋ^μ(τ) − ϵ^μ_r R^r_s(τ, σ) δ^{sw} ϵ_{wuv} σ^u Ω^v (τ, σ) c , z^μ_r (τ, σ^u) = ϵ^μ_k R^k_v(τ, σ) ( δ^v_r + Ω^v_{(r)u}(τ, σ) σ^u ) , (4)

where σ = |σ| and R^r_s(α_i(τ, σ)) is a rotation matrix satisfying the asymptotic conditions R^r_s(τ, σ) →_{σ→∞}δ^r_s , ∂_A R^r_s(τ, σ) →_{σ→∞} 0, whose Euler angles have the expression α_i(τ, σ) = F (σ) α̃_i(τ), i = 1, 2, 3. The unit normal is l^μ = ϵ^μ_τ = const. and the lapse function is 1 + n(τ, σ^u) = ϵ ( z^μ_τ l_μ ) (τ, σ^u) = ϵ ϵ^μ_τ ẋ_μ(τ) > 0. In Eq.(4) one uses the notations Ω_{(r)}(τ, σ) = R^{−1}(τ, σ) ∂_r R(τ, σ) and ( R^{−1}(τ, σ) ∂_τ R(τ, σ) )_u v = δ^{um} ϵ_{mvr}^{Ωr (τ,σ)}_c , with Ω^r(τ, σ) = F (σ) Ω̃(τ, σ) n̂^r(τ, σ)^{10} being the angular velocity. The angular velocity vanishes at spatial infinity and has an upper bound proportional to the minimum of the linear velocity v_l(τ) = ẋ_μ l^μ orthogonal to the space-like hyper-planes. When

10 n̂^r (τ, σ) defines the instantaneous rotation axis and 0 < Ω̃(τ, σ) < 2 max ( ˙α̃(τ ), ˙β̃(τ ), ˙γ̃(τ ) ) .

18 Luca Lusanna

the rotation axis is fixed and Ω̃(τ, σ) = ω = const., a simple choice for the function F (σ) is F (σ) =^1_{1+ ω2 σ2c2}^{11}.

To evaluate the non-relativistic limit for c → ∞, where τ = c t with t the absolute Newtonian time, one chooses the gauge function F (σ) = 1 1+^{ω2 σ2}_{c2} →c→∞ 1 − ω^2 σ^2 c^2 + O(c

−4). This implies that the corrections to

rigidly-rotating non-inertial frames coming from Møller conditions are of order O(c^{−2}) and become important at the distance from the rotation axis where the horizon problem for rigid rotations appears.

As shown in the first paper in Refs.[21], global rigid rotations are forbidden in relativistic theories, because, if one uses the embedding z^μ(τ, σ^u) = x^μ(τ) + ϵ^μ_r R^r_s(τ) σ^s describing a global rigid rotation with angular velocity Ω^r = Ω^r(τ), then the resulting g_{τ τ} (τ, σ^u) violates Møller conditions, be-

cause it vanishes at σ = σ_R =^1_{Ω(τ )} [√ ẋ^2(τ) + [ẋ_μ(τ) ϵ^μ_r R^r_s(τ) (σ̂ × Ω̂(τ))^r ]^2

−ẋ_μ(τ) ϵ^μ_r R^r_s(τ) (σ̂ × Ω̂(τ))^r ] ( σ^u = σ σ̂^u, Ω^r = Ω Ω̂^r, σ̂^2 = Ω̂^2 = 1). At this distance from the rotation axis the tangential rotational velocity becomes equal to the velocity of light. This is the horizon problem of the rotating disk (the horizon is often named the light cylinder). Let us remark that even if in the existing theory of rotating relativistic stars [54] one uses differential rotations, notwithstanding that in the study of the magnetosphere of pulsars often the notion of light cylinder is still used.

The search of admissible 3+1 splittings with non-Euclidean 3-spaces is much more difficult. The simplest case is the following parametrization of the embeddings (1) in terms of Lorentz matrices Λ^A_B (τ, σ) →_{σ→∞} δ^A_B^{12} with Λ^A_B (τ, 0) finite. The Lorentz matrix is written in the form Λ = B R as the product of a boost B(τ, σ) and a rotation R(τ, σ) like the one in Eq.(4) (R^τ_τ = 1, R^τ_r = 0, R^r_s = R^r_s). The components of the boost

are B^τ_τ (τ, σ) = γ(τ, σ) = 1/ √ 1 − β^2(τ, σ), B^τ_r(τ, σ) = γ(τ, σ) β_r(τ, σ), R^r_s(τ, σ) = δ^r_s +^{γ βr βs}_{1+γ} (τ, σ), with β^r(τ, σ) = G(σ) β^r (τ), where β^r(τ) is

defined by the 4-velocity of the observer u^μ(τ) = ϵ^μ_A β^A(τ)/ √ 1 − β^2(τ), β^A(τ) = (1; β^r(τ)). The Møller conditions are restrictions on G(σ) →_{σ→∞} 0 with G(0) finite, whose explicit form is still under investigation.

See the second paper of Ref.[21] for the description of the electro-magnetic field and of phenomena like the Sagnac effect and the Faraday rotation in this

11 Nearly rigid rotating systems, like a rotating disk of radius σ_o, can be described by using a function F (σ) approximating the step function θ(σ − σ_o).

12 It corresponds to the locality hypothesis of Ref.[20], according to which at each instant of time the detectors of an accelerated observer give the same indications as the detectors of the instantaneously comoving inertial observer.

From Clock Synchronization 19

framework for non-inertial frames. Moreover the embedding (4) has been used in the first paper of Ref.[34] on quantum mechanics in non-inertial frames.

3.3 Congruences of Timelike Observers Associated with a 3+1 Splitting

Each admissible 3+1 splitting of space-time allows one to define two associated congruences of time-like observers.

i) The congruence of the Eulerian observers with the unit normal l^μ(τ, σ^r ) = z^μ_A(τ, σ^r) l^A(τ, σ^r) to the 3-spaces embedded in Minkowski space-time as unit 4-velocity. The world-lines of these observers are the integral curves of the unit normal and in general are not geodesics. In adapted radar 4-coordinates the contro-variant orthonormal tetrads carried by the Eulerian observers are

l^A(τ, σ^r),^4 ∘ Ē^A_{(a)}(τ, σr) = (0; 3eu_{(a)}(τ, σr)), where 3eU_{(a)}(τ, σr) (a = 1, 2, 3) are triads on the 3-space.

If^4∇ is the covariant derivative associated with the 4-metric^4g_{AB} (τ, σ^r ) induced by a 3+1 splitting, the equation

4∇_A ϵ l_B = ϵ l_A^3a_B +σ_{AB} + 1 3 θ^3h_{AB} −ω_{AB}, (^3h_{AB} =^4g_{AB} −ϵ l_A l_B ), (5)

defines the acceleration^3a^A (^3a^A l_A = 0), the expansion θ, the shear σ_{AB} = σ_{BA} (σ_{AB} l^B = 0) and the vorticity or twist ω_{AB} = −ω_{BA} (ω_{AB} l^B = 0) of the Eulerian observers with ω_{AB} = 0 since they are surface-forming by construction. They will be useful in GR as shown in Section 7.

ii) The skew congruence with unit 4-velocity v^μ(τ, σ^r) = z^μ_A(τ, σ^r) v^A(τ, σ^r) (in general it is not surface-forming, i.e. it has a non-vanishing vorticity, like the one of a rotating disk). The observers of the skew congruence have the world-lines (integral curves of the 4-velocity) defined by σ^r = const. for every τ, because the unit 4-velocity tangent to the flux lines x^μ_{σo} (τ) = z^μ(τ, σ^r_o ) is v^μ_{σo} (τ) = z^μ_τ (τ, σ^r_o )/ √ ϵ^4g_{τ τ} (τ, σ^r_o ) (there is no horizon problem because it is everywhere time-like in admissible 3+1 splittings). They carry contro-variant orthonormal tetrads, given in Ref.[41], not adapted to the foliation, connected in each point by a Lorentz transformation to the ones of the Eulerian observer present in this point.

20 Luca Lusanna

3.4 Parametrized Minkowski Theories

In the global non-inertial frames of Minkowski space-time it is possible to describe isolated systems (particles, strings, fields, fluids) admitting a Lagrangian formulation by means of parametrized Minkowski theories [23, 24], [21].

The existence of a Lagrangian, which can be coupled to an external gravitational field, makes possible the determination of the matter energymomentum tensor and of the ten conserved Poincaré generators P^μ and J^{μν} (assumed finite) of every configuration of the isolated system.

First of all one must replace the matter variables of the isolated system with new ones knowing the clock synchronization convention defining the 3-spaces Σ_τ . For instance a Klein-Gordon field ϕ̃(x) will be replaced with ϕ(τ, σ^r ) = ϕ̃(z(τ, σ^r)); the same for every other field. Instead for a relativistic particle with world-line x^μ(τ) one must make a choice of its energy sign: then the positive- (or negative-) energy particle will be described by 3-coordinates η^r(τ) defined by the intersection of its world-line with Σ_τ : x^μ(τ) = z^μ(τ, η^r(τ)). Differently from all the previous approaches to relativistic mechanics, the dynamical configuration variables are the 3-coordinates η^r(τ) and not the world-lines x^μ(τ) (to rebuild them in an arbitrary frame one needs the embedding defining that frame). This fact eliminates the possibility to have time-like excitations in the spectrum of relativistic bound states: inside each 3-space only space-like correlations among the particles are possible.

Then one replaces the external gravitational 4-metric in the coupled Lagrangian with the 4-metric^4g_{AB} (τ, σ^r), which is a functional of the embedding defining an admissible 3+1 splitting of Minkowski space-time, and the matter fields with the new ones knowing the instantaneous 3-spaces Σ_τ .

Parametrized Minkowski theories are defined by the resulting Lagrangian depending on the given matter and on the embedding z^μ(τ, σ^r). The resulting action is invariant under tto take into account of fermion fieldshe frame-preserving diffeomorphisms τ → τ^′ (τ, σ^u), σ^r → σ^{′ r}(σ^u) firstly introduced in Ref.[25]. As a consequence, there are four first-class constraints with exactly vanishing Poisson brackets (an Abelianized analogue of the super- Hamiltonian and super-momentum constraints of canonical gravity) determining the momenta conjugated to the embeddings in terms of the matter energy-momentum tensor. This implies that the embeddings z^μ(τ, σ^r) are gauge variables, so that all the admissible non-inertial or inertial frames are gauge equivalent, namely physics does not depend on the clock synchronization convention and on the choice of the 3-coordinates σ^r: only the appear-

From Clock Synchronization 21

ances of phenomena change by changing the notion of instantaneous 3-space 13. Even if the gauge group is formed by the frame-preserving diffeomorphisms, the matter energy-momentum tensor allows the determination of the ten conserved Poincaré generators P^μ and J^{μν} (assumed finite) of every configuration of the system (in non-inertial frames they are asymptotic generators at spatial infinity like the ADM ones in GR).

As an example one may consider N free scalar particles with masses m_i and sign of the energy η_i = ±, whose world-lines are identified by the configurational variables η^r_i (τ): x^μ_i (τ) = z^μ(τ, η^r_i (τ)), i = 1, .., N. In parametrized Minkowski theories they are described by the following action depending on the configurational variables η^r_i (τ) and z^μ(τ, σ^r)

S = ∫ dτ d^3σ L(τ, σ^u) = ∫ dτ L(τ),

L(τ, σ^u) = − N∑ i=1 δ^3(σ^u − η^u_i (τ)) m_ic η_i √ ϵ [^4g_{τ τ} (τ, σ^u) + 2^4g_{τ r}(τ, σ^u) η̇^r_i (τ) +^4g_{rs}(τ, σ^u) η̇^r_i (τ) η̇^s_i (τ)]. (6) The resulting canonical momenta κ_{ir}(τ) =^{∂ L(τ )}_{∂ η}r_i , ρ_μ(τ, σ^u) = −ϵ^{∂ L(τ,σu)}_{∂ z}μ_{τ (τ,σu))} satisfy the Poisson brackets {η^r_i (τ), κ_{js} (τ)} = −δ^r_s δ_{ij} , {z^μ(τ, σ^u), ρ_ν (τ, σ^{′ u})} = −δ^μ_ν δ^3(σ^u − σ^{′ u}). The Poincaré generators and the energy-momentum tensor of this system are (h^{rs} = −ϵ γ^{rs} with γ^{ru 4}g_{us} = δ^r_s ; γ = −ϵ det^4g_{rs})

P^μ = ∫ d^3σρ^μ(τ, σ^u), J^{μν} = ∫ d^3σ(z^μρ^ν − z^ν ρ^μ)(τ, σ^u),

T^{AB}(τ, σ^u) = − 2 √ −det^4g_{CD}(τ, σ^u) δ S δ^4g_{AB} (τ, σ^u) , T^{μν} = z^μ_A z^ν_B T^{AB},

T_{⊥⊥}(τ, σ^u) = ( l_μ l_ν T^{μν} ) (τ, σ^u) = N∑ i=1 δ^3(σ^u − η^u_i (τ)) √ γ(τ, σ^u) η_i √ m^2_i c^2 + h^{rs}(τ, σ^u) κ_{ir}(τ) κ_{is}(τ),

13 In the first paper of Ref.[34] there is the definition of parametrized Galilei theories, non relativistic limit of the parametrized Minkowski theories. Also the inertial and non-inertial frames in Galilei space-time are gauge equivalent in this formulation.

22 Luca Lusanna T_{⊥r}(τ, σ^u) = ( l_μ z_{rν} T^{μν} ) (τ, σ^u) = N∑ i=1 δ^3(σ^u − η^u_i (τ)) √ γ(τ, σ^u) κ_{ir}(τ),

T_{rs}(τ, σ^u) = ( z_{rμ} z_{sν} T^{μν} ) (τ, σ^u) = N∑ i=1 δ^3(σ^u − η^u_i (τ)) √ γ(τ, σ^u) η_i κ_{ir}(τ) κ_{is}(τ) √ m^2_i c^2 + h^{vw}(τ, σ^u) κ_{iv} (τ) κ_{iw} (τ)

. (7)

The four first-class constraints implying the gauge nature of the embedding and the gauge equivalence of the description in different non-inertial frames are ρ_μ(τ, σ^u) − √ γ(τ, σ^u) [ l_μ T_{⊥⊥} − z_{rμ} h^{rs} T_{⊥s} ] (τ, σ^u) ≈ 0. (8)

The same description can be given for the Klein-Gordon [55] and Dirac [56] fields and for the electro-magnetic field [21].

To describe the physics in a given admissible non-inertial frame described by an embedding z^μ_F (τ, σ^u) one must add the gauge-fixings z^μ(τ, σ^u) − z^μ_F (τ, σ^u) ≈ 0.

3.5 The Instant Form of Dynamics in the Inertial Rest Frames and the Problem of the Relativistic Center of Mass

If one restricts himself to inertial frames, one can define the inertial rest-frame instant form of dynamics for isolated systems by choosing the 3+1 splitting corresponding to the intrinsic inertial rest frame of the isolated system centered on an inertial observer: the instantaneous 3-spaces, named Wigner 3-spaces due to the fact that the 3-vectors inside them are Wigner spin-1 3- vectors [23, 24], are orthogonal to the conserved 4-momentum P^μ (assumed time-like, ϵ P^2 > 0) of the configuration.

In this framework one can give the final solution to the old problem of the relativistic extension of the Newtonian center of mass of an isolated system. In its rest frame there are only three notions of collective variables, which can be built by using only the Poincaré generators :

the canonical non-covariant Newton-Wigner center of mass (or center of spin) x̃^μ(τ),

the non-canonical covariant Fokker-Pryce center of inertia Y^μ(τ) the non-canonical non-covariant Møller center of energy R^μ(τ). While Y^μ(τ) is a 4-vector, x̃^μ(τ) and R^μ(τ) are not 4-vectors. All of them tend to the Newtonian center of mass in the non-relativistic limit. Since the

From Clock Synchronization 23

Poincaré generators know the whole Σ_τ , they and therefore also these three collective variables are non-local quantities: as a consequence they are non measurable with local means [21, 26, 28, 33].

If one centers the inertial rest frame on the world-line of the Fokker-Planck center of inertia thought as an inertial observer, then the corresponding embedding has the expression [23, 24, 28]

z^μ_W (τ, σ) = Y^μ(τ) + ϵ^μ_r (h) σ^r, (9)

where Y^μ(τ) is the Fokker-Pryce center-of-inertia 4-vector, h = P / √ ϵ P^2

and ϵ^μ_{A=ν} (h) = L^μ_{A=ν} (P,^∘P ) are the columns of the standard Wigner boost

for time-like orbits sending P^μ = √ ϵ P^2 ( √ 1 + h^2; h) to^∘P μ = √ ϵ P^2 (1; 0).

Their expression is ϵ^μ_τ (h) = h^μ = ( √ 1 + h^2; h) and ϵ^μ_r (h) = ( h_r; δ^i_r + h^i h_r 1+ √_{1+h2} ) as shown in Appendix B of Ref.[57].

As shown in Ref.[26, 28, 29, 33], the three collective variables can be expressed as known functions of the Lorentz-scalar rest time τ = c T_s = h · x̃ = h · Y = h · R, of canonically conjugate Jacobi data (frozen Cauchy data) z = Mc x_{NW} (0) and h = P /Mc^{14}, of the invariant mass Mc = √ ϵ P^2 of the system and of its rest spin S̄.

While the world-line of the non-canonical covariant external Fokker-Pryce 4-center of inertia is

Y^μ(τ) = z^μ_W (τ, 0) = ( x̃^o(τ); Y (τ) ) = = (√ 1 + h^2 (τ + h · z Mc ); z Mc + (τ + h · z Mc ) h + S × h Mc (1 + √ 1 + h^2) ) , (10)

the pseudo-world-line of the canonical non-covariant external 4-center of mass is (σ̃ =^{−S×h} Mc (1+ √_{1+h2 )} from Ref.[26])

x̃^μ(τ) = ( x̃^o(τ); x̃(τ) ) = z^μ_W (τ, σ̃) = Y^μ(τ) + ( 0; −S × h Mc (1 + √ 1 + h^2) ) =

14 Their Poisson brackets are{z^i, h^j } = δ^{ij} . x_{NW} (τ ) is the standard Newton-Wigner noncovariant 3-position, classical counterpart of the corresponding position operator; the use of z avoids to take into account the mass spectrum of the isolated system in the description of the center of mass. The non-covariance of z under Poincaré transformations (a, Λ) has the

following form [33, 57] z^i → z^{′ i} = ( Λ^i_j −^{Λiμ hμ} Λoν hν λ o j ) z^j + ( Λ^i_μ −^{Λiν hν} Λoρ hρ Λ o μ ) (Λ^{−1} a)^μ.

24 Luca Lusanna = (√ 1 + h^2 (τ + h · z Mc ); z Mc + (τ + h · z Mc ) h ) . (11)

The world-lines of the positive-energy particles are parametrized by the Wigner 3-vectors η_i(τ), i = 1, 2, .., N, and are given by

x^μ_i (τ) = z^μ_W (τ, η_i(τ)) = Y^μ(τ) + ϵ^μ_r (τ) η^r_i (τ). (12)

The world-lines x^μ_i (τ) of the particles are derived (interaction-dependent) quantities. Also the standard particle 4-momenta are derived quantities, whose expression is p^μ_i (τ) = ϵ^μ_A(h) κ^A_i (τ) = h^μ √ m^2_i c^2 + κ^2_i (τ) − ϵ^μ_r (h) κ_{ir} (τ) with ϵ p^2_i = m^2_i c^2 in the free case.

In the case of interacting particles the reconstruction of the world-lines requires a complex interaction-dependent procedure delineated in Ref.[29], where there is also a comparison of the present approach with the other formulations of relativistic mechanics developed for the study of the problem of relativistic bound states. See Ref.[21] for the extension to non-inertial frames.

In general the world-lines x^μ_i (τ) do not satisfy vanishing Poisson brackets (they are relativistic predictive coordinates, see Ref.[29]): already at the classical level a non-commutative structure emerges due to the Lorentz signature of the space-time [33].

In each Lorentz frame one has different pseudo-world-lines describing R^μ and x̃^μ: the canonical 4-center of mass x̃^μ lies in between Y^μ and R^μ in every (non rest)-frame. As discussed in Subsection IIF of Ref.[28], this leads to the existence of the Møller non-covariance world-tube, around the worldline Y^μ of the covariant non-canonical Fokker-Pryce 4-center of inertia Y^μ. The invariant radius of the tube is ρ = √ −ϵ W^2/p^2 = |S|/ √ ϵ P^2 where (W^2 = −P^2 S^2 is the Pauli-Lubanski invariant when ϵ P^2 > 0). This classical intrinsic radius is a non-local effect of Lorentz signature absent in Euclidean spaces and delimits the non-covariance effects (the pseudo-world-lines) of the canonical 4-center of mass x̃^{μ 15}. They are not detectable because the Møller radius is of the order of the Compton wave-length: an attempt to test its interior would mean to enter in the quantum regime of pair production. The Møller radius ρ is also a remnant of the energy conditions of general relativity in flat Minkowski space-time [23].

Finally Eqs.(7) can be used to extend the multipolar expansions of Ref.[58] to this framework for relativistic isolated systems as it is shown in the third paper of Refs.[26].

15 In the rest-frame the world-tube is a cylinder: in each instantaneous 3-space there is a disk of possible positions of the canonical 3-center of mass orthogonal to the spin. In the non-relativistic limit the radius ρ of the disk tends to zero and one recovers the nonrelativistic center of mass.

From Clock Synchronization 25

3.6 The Description of Isolated Systems in the Rest Frame and their Poincaré Generators

In the inertial rest frame of an isolated system Eqs.(7) are the starting point to get the explicit form of its Poincaré generators, in particular of the Lorentz boosts, which, differently from the Galilei ones, are interaction dependent.

As shown in Ref.[28], every isolated system (i.e. a closed universe) can be visualized as a decoupled non-covariant collective (non-local) pseudo-particle (the external center of mass), described by the frozen Jacobi data z, h, carrying a pole-dipole structure, namely the invariant mass M c (the monopole) and the rest spin S̄ (the dipole) of the system, and with an associated external realization of the Poincaré group^{16}:

P^μ = M c h^μ = M c (√ 1 + h^2; h ) ,

J^{ij} = z^i h^j − z^j h^i + ϵ^{ijk} S^k, K^i = J^{oi} = − √ 1 + h^2 z^i + (S × h)^i 1 + √ 1 + h^2 . (13)

The universal breaking of Lorentz covariance is connected to this decoupled non-local collective variable and is irrelevant because all the dynamics of the isolated system leaves inside the Wigner 3-spaces and is Wignercovariant. The invariant mass and the rest spin are built in terms of the Wigner-covariant variables of the given isolated system (η_i(τ) and κ_i(τ)) inside the Wigner 3-spaces [21, 26, 28, 33].

In each Wigner 3-space Σ_τ there is a unfaithful internal realization of the Poincaré algebra, whose generators are built by using the energy-momentum tensor (7) of the isolated system. While the internal energy and angular momentum are Mc and S̄ respectively, the internal 3-momentum vanishes: it is the rest frame condition. Also the internal (interaction dependent) Lorentz boost vanishes: this condition identifies the covariant non-canonical Fokker-Pryce center of inertia as the natural inertial observer origin of the 3-coordinates σ^r in each Wigner 3-space.

For N free particles the internal Poincaré generators have the following expression

16 The last term in the Lorentz boosts induces the Wigner rotation of the 3-vectors inside the Wigner 3-spaces.

26 Luca Lusanna M c = 1 c E_{(int)} = N∑ i=1 √ m^2_i c^2 + κ^2_i ,

P_{(int)} = N∑ i=1 κ_i ≈ 0,

S = J_{(int)} = N∑ i=1 η_i × κ_i,

K_{(int)} = − N∑ i=1 η_i √ m^2_i c^2 + κ^2_i ≈ 0. (14)

Since one is in an instant form of the dynamics, in the interacting case only Mc and K_{(int)} become interaction dependent.

The three pairs of second-class (interaction dependent) constraints P_{(int)} ≈ 0, K_{(int)} ≈ 0, eliminate the internal 3-center of mass and its conjugate momentum inside the Wigner 3-spaces^{17}: this avoids a double counting of the collective variables (external and internal center of mass). As a consequence the dynamics inside the Wigner 3-spaces is described in terms of internal Wigner-covariant relative variables. In the case of N relativistic particles one defines the following canonical transformation [33] (see Ref.[26] for other variants) (m = ∑_N i=1 m_i)

η_+ = N∑ i=1 m_i m η_i, κ_+ = P_{(int)} = N∑ i=1 κ_i,

ρ_a = √ N N∑ i=1 γ_{ai} η_i, π_a = 1 √ N N∑ i=1 Γ_{ai} κ_i, a = 1, .., N − 1,

η_i = η_+ + 1 √ N N−1∑ a−1 Γ_{ai} ρ_a, κ_i = m_i m κ_+ + √ N N−1∑ a=1 γ_{ai} π_a, (15)

with the following canonicity conditions^{18}

17 One can show [26, 28] that one has K_{(int)} = −M R_+, where R_+ is the internal Møller 3-center of energy inside the Wigner 3-spaces. The rest frame condition P_{(int)} ≈ 0 implies R_+ ≈ q_+ ≈ y_+, where q_+ is the internal 3-center of mass and y_+ the internal Fokker- Pryce 3-center of inertia.

18 Eqs.(15) describe a family of canonical transformations, because the γ_{ai}’s depend on 1 2 (N − 1)(N − 2) free independent parameters.

From Clock Synchronization 27 N∑ i=1 γ_{ai} = 0, N∑ i=1 γ_{ai} γ_{bi} = δ_{ab}, N−1∑ a=1 γ_{ai} γ_{aj} = δ_{ij} − 1 N ,

Γ_{ai} = γ_{ai} − N∑ k=1 m_k m γ_{ak}, γ_{ai} = Γ_{ai} − 1 N N∑ k=1 Γ_{ak}, N∑ i=1 m_i m Γ_{ai} = 0, N∑ i=1 γ_{ai} Γ_{bi} = δ_{ab}, N−1∑ a=1 γ_{ai} Γ_{aj} = δ_{ij} − m_i m . (16)

Since Eqs.(14) imply κ_+(τ) = P_{(int)} ≈ 0 and η_+(τ) ≈ f_+(ρ_a(τ), π_a(τ)) due to K_{(int)} ≈ 0, the invariant mass Mc and the rest spin S̄ become functions only of the N-1 pairs of relative canonical variables.

As a consequence, Eqs.(10), (12) and (15) imply that the world-lines x^μ_i (τ) can be expressed in terms of the Jacobi data z, h, and of the relative variables ρ_a(τ), π_a(τ), a = 1, .., N − 1. See Ref.[55] for the collective and relative variables of the Klein-Gordon field and the second paper in Ref.[28] for such variables for the electro-magnetic field in the radiation gauge. For these systems one can give for the first time the explicit closed form of the interaction-dependent Lorentz boosts.

One finds that disregarding the unobservable external center of mass all the dynamics is described only by relative variables: this is a form of weak relationism without the heavy foundational problem of approaches like the one in Ref.[59].

The non-relativistic limit of this description [33] is Newton mechanics with the Newton center of mass decoupled from the relative variables and moreover after a canonical transformation to the frozen Hamilton-Jacobi description of the center of mass.

An important remark is that the internal space of relative variables is independent from the reference inertial frame used for the description of the isolated system. As shown in Ref.[33], the formalism is built in such a way that the Wigner rotation induced on the relative variables by a Lorentz transformation connecting two reference inertial frames is the identity, i.e. the space of the relative variables in an abstract internal space insensitive to Lorentz transformations carried by the external center of mass (or in a more covariant description carried by the Fokker-Pryce center-of-inertia 4-vector origin of the embedding (9)).

Finally in Ref.[21] there is the extension of the formalism to admissible non-inertial rest frames, where P^μ is orthogonal to the asymptotic space-like hyper-planes to which the instantaneous 3-spaces tend at spatial infinity. In

28 Luca Lusanna

these non-inertial rest frames the internal Poincaré generators are asymptotic (constant of the motion) symmetry generators like the asymptotic ADM ones in the asymptotically Minkowskian space-times.

From Clock Synchronization 29

4 Implications for Relativistic Mechanics and Classical Field Theory in Special Relativity and the Multi-Temporal Quantization Approach

In the rest-frame instant form of the dynamics it has been possible to find the explicit form of the internal Poincaré generators (in particular of the interaction-dependent invariant mass and Lorentz boosts) not only for the Klein-Gordon [55] and Dirac [31, 56] fields, but also for the electro-magnetic field in the radiation gauge (the only one suitable for the Shanmugadhasan canonical transformations of constraint theory [60]) [21, 28], for relativistic fluids [41, 42], spinning particles [27, 31] and for massless particles, the Nambu string and the two-level atom [32].

In this Section some other developments in SR will be reviewed.

4.1 Relativistic Atomic Physics

Standard atomic physics [61] is a semi-relativistic treatment of quantum electro-dynamics (QED) in which the matter fields are approximated by scalar (or spinning) particles, the relevant energies are below the threshold of pair production and the electro-magnetic field is described in the Coulomb gauge at the order 1/c.

In Refs.[27, 28] a fully relativistic formulation of classical atomic physics in the rest-frame instant form of dynamics was given with the electro-magnetic field in the radiation gauge and with the electric charges Q_i of the positiveenergy particles being Grassmann-valued (Q^2_i = 0, Q_i Q_j = Q_j Q_i for i ≠ j) to regularize the electro-magnetic self-energies on the world-lines of particles. In the language of QED this is both a ultraviolet regularization (no loop contributions) and an infrared one (no brehmstrahlung), so that only the onephoton exchange diagram contributes and its static and non-static effects are replaced by potentials in a formulation based on the Cauchy problem. Therefore the starting point is a parametrized Minkowski theory with N charged positive-energy particles mutually interacting with a Coulomb potential and coupled to a dynamical transverse electro-magnetic field described by the canonical variables A_⊥(τ, σ^r) and π_⊥(τ, σ^r) = E_⊥(τ, σ^r).

In the first paper of Ref.[27] (the second paper is devoted to spinning particles) it is shown that the use of the Lienard-Wiechert solution (see the third paper in Ref.[27]) with ”no incoming radiation field” allows one to arrive at a description of N charged particles dressed with a Coulomb cloud and mutually interacting through the Coulomb potential augmented with the full relativistic Darwin potential. This happens independently from the choice of the Green function (retarded, advanced, symmetric,..) due to the Grassmann regularization. The quantization allows one to recover the standard instan-

30 Luca Lusanna

taneous approximation for relativistic bound states, which till now had only been obtained starting from QED (either in the instantaneous approximations of the Bethe-Salpeter equation or in the quasi-potential approach). In the case of spinning particle the relativistic Salpeter potential was identified.

Moreover in Ref.[28] it is shown that by using the previous results one can find a canonical transformation from the canonical basis η_i(τ), κ_i(τ), A_⊥(τ, σ^r ), π_⊥(τ, σ^r ), in which the internal Poincaré generators have the expression in the case N=2 (B = ∂ × A_⊥, c(σ) = −1/4π |σ|)

E_{(int)} = M c^2 = c N∑ i=1 √ m^2_i c^2 + ( κ_i(τ) − Q_i c A_⊥(τ, η_i(τ)) )_2 + + ∑ i≠j Q_i Q_j 4π | η_i(τ) − η_j (τ) | + 1 2 ∫ d^3σ [π^2_⊥ + B^2](τ, σ),

P_{(int)} = N∑ i=1 κ_i(τ) + 1 c ∫ d^3σ [π_⊥ × B](τ, σ) ≈ 0,

S̄^r =^N ∑ i=1 ( η_i(τ) × κ_i(τ) )_r + 1 c ∫ d^3σ(σ × ( [π_⊥ ×B] )_r (τ, σ),

K^r_{(int)} = − N∑ i=1 η^r_i (τ) √ m^2_i c^2 + ( κ_i(τ) − Q_i c A_⊥(τ, η_i(τ)) )_2 +

+ 1 c N∑ i=1 [^{1..N}∑ j≠i Q_i Q_j [ 1 △_{ηj} ∂ ∂η^r_j c(η_i(τ) − η_j (τ)) − − η^r_j (τ) c( η_i(τ) − η_j (τ))] + + Q_i ∫ d^3σ π^r_⊥(τ, σ) c(σ − η_i(τ)) ] − 1 2c ∫ d^3σ σ^r (π^2_⊥ + B^2)(τ, σ),(17)

to a new canonical basis η̂_i(τ), κ̂_i(τ), A_{⊥rad}(τ, σ^r), π_{⊥rad}(τ, σ^r) so that in the rest frame there is a decoupled free radiation transverse field and a system of charged particles mutually interacting with Coulomb plus Darwin potential. See the first paper in Ref.[27] for the explicit form of the relativistic Darwin potential. The new internal Poincaré generators in the N=2 case are

E_{(int)} = M c^2 = c 2∑ i=1 √ m^2_i c^2 + κ̂^2_i (τ) +

Q_1 Q_2 4π | η̂_1(τ) − η̂_2(τ)| + + V_{DARW IN} (κ̂_1(τ), κ̂_2(τ), η̂_1(τ) − η̂_2(τ)) +

From Clock Synchronization 31 + 1 2 ∫ d^3σ ( π^2_{⊥rad} + B^2_{rad} ) (τ, σ) = E_{matter} + E_{rad},

P_{(int)} = 2∑ i=1 κ̂_i(τ) + 1 c ∫ d^3σ ( π_{⊥rad} × B_{rad} ) (τ, σ) = P_{matter} + P_{rad} ≈ 0, S̄ = ∑ i η̂_i × κ̂_i + 1 c ∫ d^3σ σ × ( π_{⊥rad} × B_{rad} ) (τ, σ) = S̄_{matter} + S̄_{rad},

K_{(int)} = − 2∑ i=1 η̂_i √ m^2_i c^2 + κ̂^2_i −

− 1 2 Q_1 Q_2 c [ η̂_1 κ̂_1 ·

(_1 2 ∂ K̂_{12}(κ̂_1,κ̂_2 ,ρ̂_{12}) ∂ ρ̂_{12} − 2 A⊥S2(κ̂2, ρ̂12) ) √ m^2_1 c^2 + κ̂^2_1 +

+ η̂_2 κ̂_2 ·

(_1 2 ∂ K̂_{12}(κ̂_1 ,κ̂_2 ,ρ̂_{12} ) ∂ ρ̂_{12} − 2 A⊥S1(κ̂1, ρ̂12) ) √ m^2 c^2 + κ̂^2 ] −

− 1 2 Q_1 Q_2 c (√ m^2_1 c^2 + κ̂^2_1 ∂ ∂ κ̂_1 + √ m^2 c^2 + κ̂^2 ∂ ∂ κ̂_2 ) K̂_{12}(κ̂_1, κ̂_2, ρ̂_{12}) − − Q_1 Q_2 4π c ∫ d^3σ

( π̂_{⊥S1}(σ − η̂_1, κ̂_1) |σ − η̂_2| + π̂_{⊥S2}(σ − η̂_2, κ̂_2) |σ − η̂_1| ) − − Q_1 Q_2 c ∫ d^3σ σ ( π̂_{⊥S1}(σ − η̂_1, κ̂_1) · π̂_{⊥S2}(σ − η̂_2, κ̂_2) +

+ B̂_{S1}(σ − η̂_1, κ̂_1) · B̂_{S2}(σ − η̂_2, κ̂_2) ) −

− 1 2 c ∫ d^3σ σ ( π^2_{⊥rad} + B^2_{rad} ) (τ, σ) = K_{matter} + K_{rad} ≈ 0. (18) The only restriction on the two decoupled systems is the elimination of their overall internal 3-center of mass inside the Wigner 3-spaces. Therefore, at the classical level there is a way out from the Haag theorem forbidding the existence of the interaction picture in QED, so that there is no unitary evolution based on interpolating fields from the ”in” states to the ”out” ones in scattering processes. While the extension of these results to the non-inertial rest frame is done in Ref.[21], the quantization of this framework is under investigation.

In the first paper of Ref.[32] there is the formulation in the rest-frame instant form of the relativistic quark model in the radiation gauge for the SU(3) Yang-Mills fields with scalar quarks having Grassmann-valued color charges. While in Eq.(101) of that paper there is the rest-frame condition,

32 Luca Lusanna

in Eqs.(97) there is the invariant mass Mc^2 for a quark-antiquark system. In it the electro-magnetic Coulomb potential of Eq.(17) is replaced with a potential, given in Eq.(95), depending on the color transverse vector potential through the Green function of the SU(3) covariant divergence. The non-linearity of the problem does not allow to evaluate a Lienard-Wiechert solution and to find the analogue of Eqs.(18) .

4.2 Relativistic Kinetic Theory and Relativistic Micro-Canonical Ensemble

In the rest-frame instant form of dynamics it is also possible to give a finally consistent treatment of relativistic kinetic theory and relativistic statistical mechanics [30]. In particular one can give a definition of the relativistic microcanonical ensemble for an isolated system of N interacting particles with fixed internal energy E and rest spin S only in terms of the internal Poincaré generators in the Wigner 3-spaces by means of the partition function (V is the volume defined by the function χ(V ) vanishing outside it)

Z̃(E, S, V, N) = 1 N! ∫ 1..N∏ i d^3η_i χ(V ) ∫ 1..N∏ j d^3κ_j δ(M c^2 − E)

δ^3(S̄ − S) δ^3(P_{(int)}) δ^3( K_{(int)} Mc ). (19)

Also it extension to non-inertial rest frames can be given by using the results of Ref.[21] with the result that notwithstanding the presence of longrange inertial forces one has still an equilibrium distribution.

4.3 Relativistic Quantum Mechanics and Relativistic Entanglement

A new formulation of relativistic quantum mechanics in the Wigner 3-spaces of the inertial rest frame is developed in Ref.[33] in absence of the electromagnetic field. It englobes all the known results about relativistic bound states (absence of relative times) and avoids the causality problems of the Hegerfeldt theorem [62] (the instantaneous spreading of wave packets).

In it one quantizes the frozen Jacobi data z and h of the canonical noncovariant decoupled external center of mass and the relative variables in the Wigner 3-spaces. Since the center of mass is decoupled, its non-covariance is irrelevant: like for the wave function of the universe, who will observe it?

From Clock Synchronization 33

The resulting Hilbert space has the following tensor product structure: H = H_{com,HJ} ⊗ H_{rel}, where H_{com,HJ} is the Hilbert space of the external center of mass (in the Hamilton-Jacobi formulation due to the use of frozen Jacobi data) while H_{rel} is the Hilbert space of the relative variables in the abstract internal space living in the Wigner 3-spaces. While at the nonrelativistic level this presentation of the Hilbert space is unitarily equivalent to the tensor product of the Hilbert spaces H_i of the individual particles H = H_1 ⊗ H_2 ⊗ ..., this is not true at the relativistic level.

If one considers two scalar quantum particles with Klein-Gordon wave functions belonging to Hilbert spaces H_xo_i , in the tensor-product Hilbert space (H_1)_xo_1 ⊗ (H_2)_xo_2 ⊗ ... there is no correlation among the times of the particles (their clocks are not synchronized) so that in most of the states there are some particles in the absolute future of the others. As a consequence the two types of Hilbert spaces lead to unitarily inequivalent descriptions and have different scalar products (compare Refs. [33] and [57]).

As a consequence, at the relativistic level the zeroth postulate of nonrelativistic quantum mechanics does not hold: the Hilbert space of composite systems is not the tensor product of the Hilbert spaces of the sub-systems. Contrary to Einstein’s notion of separability (separate objects have their independent real states) [63] one gets a kinematical spatial non-separability induced by the need of clock synchronization for eliminating the relative times and to be able to formulate a well-posed relativistic Cauchy problem.

Moreover one has the non-locality of the non-covariant external center of mass which implies its non-measurability with local instruments^{19}. While its conjugate momentum operator must be well defined and self-adjoint, because its eigenvalues describe the possible values for the total momentum of the isolated system (the momentum basis is therefore a preferred basis in the Hilbert space), it is not clear whether it is meaningful to define center-of-mass wave packets.

These non-locality and kinematical spatial non-separability are due to the Lorentz signature of Minkowski space-time and this fact reduce the relevance of quantum non-locality in the study of the foundational problems of quantum mechanics [63] which have to be rephrased in terms of relative variables.

The quantization defined in Ref.[33] leads to a first formulation of a theory for relativistic entanglement, which is deeply different from the nonrelativistic entanglement due to these kinematical non-locality and spatial non-separability. To have control on the Poincaré group one needs an isolated systems containing all the relevant entities (for instance both Alice and Bob) of the experiment under investigation and also the environment when needed. One has to learn to reason in terms of relative variables adapted to

19 In Ref. [64] it was shown that the quantum Newton-Wigner position should not be a self-adjoint operator, but only a symmetric one, with an implication of bad localization.

34 Luca Lusanna

the experiment like molecular physicists do when they look to the best system of Jacobi coordinates adapted to the main chemical bonds in the given molecule. This theory has still to be developed together with its extension to non-inertial rest frames.

4.4 Multitemporal Quantization in Non-Inertial Frames

This quantization of relativistic mechanics can be extended to the class of global non-inertial frames with space-like hyper-planes as 3-spaces and differentially rotating 3-coordinates defined in Ref.[21] by using the multi-temporal quantization approach developed in Ref.[65].

As shown in Ref.[34], in this type of quantization one quantizes only the 3- coordinates η^r_i (τ) of the particles and not the inertial effects (like the Coriolis and centrifugal ones): they remain c-numbers describing the appearances of phenomena. The known results in atomic and nuclear physics are reproduced.

4.5 Open Problem

The main open problem in SR is the quantization of fields in non-inertial frames due to the no-go theorem of Ref.[66] showing the existence of obstructions to the unitary evolution of a massive quantum Klein-Gordon field between two space-like surfaces of Minkowski space-time. It turns out that the Bogoljubov transformation connecting the creation and destruction operators on the two surfaces is not of the Hilbert-Schmidt type, i.e. that the Tomonaga-Schwinger approach in general is not unitary. One must reformulate the problem using the nice foliations of the admissible 3+1 splittings of Minkowski space-time and to try to identify all the 3+1 splittings allowing unitary evolution. This will be a prerequisite to any attempt to quantize canonical gravity taking into account the equivalence principle (global inertial frames do not exist) with the further problem that in general the Fourier transform does not exist in Einstein space-times.

From Clock Synchronization 35

5 Non-Inertial Frames in Asymptotically Minkowskian Einstein Space-Times and ADM Tetrad Gravity

After this description of SR induced by the metrology-oriented problem of clock synchronization, one has to face the same problems in the globally hyperbolic, topologically trivial, asymptotically Minkowskian space-times without super-translations^{20} of GR. As shown in the first paper of Ref.[17], in the chosen class of space-times the ten strong asymptotic ADM Poincaré generators P^A_{ADM} , J^{AB}_{ADM} (they are fluxes through a 2-surface at spatial infinity) are well defined functionals of the 4-metric fixed by the boundary conditions at spatial infinity.

While in SR Minkowski space-time is an absolute notion, in Einstein GR also the space-time is a dynamical object [35] and the gravitational field is described by the metric structure of the space-time, namely by the ten dynamical fields^4g_{μν} (x) (x^μ are world 4-coordinates). The 4-metric^4g_{μν} (x) tends in a suitable way to the flat Minkowski 4-metric^4η_{μν} at spatial infinity [17]: having an asymptotic Minkowskian background the usual splitting of the 4-metric in the bulk in a background plus perturbations in the weak field limit can be avoided as shown in Section VII.

The ten dynamical fields^4g_{μν} (x) are not only a (pre)potential for the gravitational field (like the electro-magnetic and Yang-Mills fields are the potentials for electro-magnetic and non-Abelian forces) but also determines the chrono-geometrical structure of space-time through the line element ds^2 = 4g_{μν} dx^μ dx^ν . Therefore the 4-metric teaches relativistic causality to the other fields: it says to massless particles like photons and gluons which are the allowed world-lines in each point of space-time. This basic property is lost in every quantum field theory approach to gravity with a fixed background 4-metric^{21}.

In these space-times one can define global non-inertial frames by using the same admissible 3+1 splittings, centered on a time-like observer, and the observer-dependent radar 4-coordinates σ^A = (τ; σ^r ) employed in SR. This will allow to separate the inertial (gauge) degrees of freedom of the gravitational field (playing the role of inertial potentials) from the dynamical tidal ones at the Hamiltonian level.

20 These space-times must also be without Killing symmetries, because, otherwise, at the Hamiltonian level one should introduce complicated sets of extra Dirac constraints for each existing Killing vector.

21 The ACES mission of ESA [67] will give the first precision measurement of the gravitational red-shift of the geoid, namely of the 1/c^2 deformation of Minkowski light-cone caused by the geo-potential. In every quantum field theory approach to gravity, where the definition of the Fock space requires the use of the Fourier transform on a fixed background space-time with a fixed light-cone, this is a non-perturbative effect requiring the re-summation of the perturbative expansion.

36 Luca Lusanna

In GR the dynamical fields are the components^4g_{μν} (x) of the 4-metric and not the embeddings x^μ = z^μ(τ, σ^r) defining the admissible 3+1 splittings of space-time like in the parametrized Minkowski theories of SR. Now the gradients z^μ_A(τ, σ^r ) of the embeddings give the transition coefficients from radar to world 4-coordinates, so that the components^4g_{AB} (τ, σ^r) = z^μ_A(τ, σ^r) z^ν_B (τ, σ^r)^4g_{μν} (z(τ, σ^r)) of the 4-metric will be the dynamical fields in the ADM action. Like in SR the 4-vectors z^μ_A(τ, σ^r), tangent to the 3-spaces Σ_τ , are used to define the unit normal l^μ(τ, σ^r) = z^μ_A(τ, σ^r ) l^A(τ, σ^r ) to Σ_τ , while the 4-vector z^μ_τ (τ, σ^r) has the lapse function as component along the unit normal and the shift functions as components along the tangent vectors.

Since the world-line of the time-like observer can be chosen as the origin of a set of the spatial world coordinates, i.e. x^μ(τ) = (x^o(τ); 0), it turns out that with this choice the space-like surfaces of constant coordinate time x^o(τ) = const. coincide with the dynamical instantaneous 3-spaces Σ_τ with τ = const.. By using asymptotic flat tetrads ϵ^μ_A = δ^μ_o δ^τ_A + δ^μ_i δ^i_A (with ϵ^A_μ denoting the inverse flat cotetrads) and by choosing a coordinate world time x^o(τ) = x^o + ϵ^o_τ τ = x^o + τ, one gets the following preferred embedding corresponding to these given world 4-coordinates

x^μ = z^μ(τ, σ^r) = x^μ(τ) + ϵ^μ_r σ^r = δ^μ_o x^o + ϵ^μ_A σ^A. (20)

This choice implies z^μ_A(τ, σ^r ) = ϵ^μ_A and^4g_{μν} (x = z(τ, σ^r)) = ϵ^A_μ ϵ^B_ν^4g_{AB}(τ, σ^r ).

As shown in Ref.[35], the dynamical nature of space-time implies that each solution (i.e. an Einstein 4-geometry) of Einstein’s equations (or of the associated ADM Hamilton equations) dynamically selects a preferred 3+1 splitting of the space-time, namely in GR the instantaneous 3-spaces are dynamically determined in the chosen world coordinate system. Eq.(20) can be used to describe this 3+1 splitting and then by means of 4-diffeomorphisms the solution can be written in an arbitrary world 4-coordinate system in general not adapted to the dynamical 3+1 splitting. This gives rise to the 4-geometry corresponding to the given solution.

To define the canonical formalism the Einstein-Hilbert action for metric gravity (depending on the second derivative of the metric) must be replaced with the ADM action (the two actions differ for a surface tern at spatial infinity). As shown in the first paper of Refs.[17], the Legendre transform and the definition of a consistent canonical Hamiltonian require the introduction of the DeWitt surface term at spatial infinity: the final canonical Hamiltonian turns out to be the strong ADM energy (a flux through a 2-surface at spatial infinity), which is equal to the weak ADM energy (expressed as a volume integral over the 3-space) plus constraints. Therefore there is not a frozen picture but an evolution generated by a Dirac Hamiltonian equal to the weak ADM energy plus a linear combination of the first class constraints. Also the other strong ADM Poincaré generators are replaced by their weakly equivalent weak form P̂^A_{ADM} , Ĵ^{AB}_{ADM} .

From Clock Synchronization 37

In the first paper of Ref.[17] it is also shown that the boundary conditions on the 4-metric required by the absence of super-translations imply that the only admissible 3+1 splittings of space-time (i.e. the allowed global noninertial frames) are the non-inertial rest frames: their 3-spaces are asymptotically orthogonal to the weak ADM 4-momentum. Therefore one gets P̂ r_{ADM} ≈ 0 as the rest-frame condition of the 3-universe with a mass and a rest spin fixed by the boundary conditions. Like in SR the 3-universe can be visualized as a decoupled non-covariant (non-measurable) external relativistic center of mass plus an internal non-inertial rest-frame 3-space containing only relative variables (see the first paper in Ref.[40]).

5.1 The Parametrization of Tetrads for ADM Tetrad Gravity

To take into account the coupling of fermions to the gravitational field metric gravity has to be replaced with tetrad gravity. This can be achieved by decomposing the 4-metric on cotetrad fields (by convention a sum on repeated indices is assumed)

4g_{AB}(τ, σ^r ) = E^{(α)}_A (τ, σ^r )^4η_{(α)(β)} E^{(β)}_B (τ, σ^r), (21)

by putting this expression into the ADM action and by considering the resulting action, a functional of the 16 fields E^{(α)}_A (τ, σ^r ), as the action for ADM tetrad gravity. In Eq.(21) (α) are flat indices and the cotetrad fields E^{(α)}_A are the inverse of the tetrad fields E^A_{(α)}, which are connected to the world tetrad fields by E^μ_{(α)}(x) = z^μ_A(τ, σ^r) E^A_{(α)}(z(τ, σ^r)) by the embedding of Eq.(20).

This leads to an interpretation of gravity based on a congruence of timelike observers endowed with orthonormal tetrads: in each point of space-time the time-like axis is the unit 4-velocity of the observer, while the spatial axes are a (gauge) convention for observer’s gyroscopes. This framework was developed in the second and third paper of Refs.[17].

Even if the action of ADM tetrad gravity depends upon 16 fields, the counting of the physical degrees of freedom of the gravitational field does not change, because this action is invariant not only under the group of 4-difeomorphisms but also under the O(3,1) gauge group of the Newman- Penrose approach [68] (the extra gauge freedom acting on the tetrads in the tangent space of each point of space-time).

The cotetrads E^{(α)}_A (τ, σ^r) are the new configuration variables. They are

connected to cotetrads^{4 ∘}E (α) A (τ, σ^r) adapted to the 3+1 splitting of space-

time, namely such that the inverse adapted time-like tetrad^{4 ∘}E A (o)(τ, σ^r ) is

38 Luca Lusanna

the unit normal to the 3-space Σ_τ , by a standard Wigner boosts for time-like Poincaré orbits with parameters φ_{(a)}(τ, σ^r), a = 1, 2, 3

E^{α)}_A = L^{(α)}_{(β)}(φ_{(a)})^oE (β) A ,^4g_{AB} =^{4 ∘}E (α) A 4η_{(α)(β)}^{4 ∘}E (β) B ,

L^{(α)}_{(β)}(φ_{(a)})^{def}= L^{(α)}_{(β)}(V (z(σ));^∘V ) = δ^{(α)}_{(β)} + 2ϵ V^{(α)}(z(σ))^∘V_{(β)} −

− ϵ (V^{(α)}(z(σ)) +^∘V (α) ) (V_{(β)}(z(σ)) +^∘V_{(β)}) 1 + V^{(o)}(z(σ))

. (22)

In each tangent plane to a point of Σ_τ this point-dependent standard Wigner

boost sends the unit future-pointing time-like vector^oV (α) = (1; 0) into the unit time-like vector V^{(α)} =^4E^{(α)}_A l^A = (√ 1 + ∑ a φ^2_{(a)}; φ^{(a)} = −ϵ φ_{(a)} ) . As a consequence, the flat indices (a) of the adapted tetrads and cotetrads and of the triads and cotriads on Σ_τ transform as Wigner spin-1 indices under point-dependent SO(3) Wigner rotations R_{(a)(b)}(V (z(σ)); Λ(z(σ)) ) associated with Lorentz transformations Λ^{(α)}_{(β)}(z) in the tangent plane to the space-time in the given point of Σ_τ . Instead the index (o) of the adapted tetrads and cotetrads is a local Lorentz scalar index.

The adapted tetrads and cotetrads have the expression

4 ∘ E A (o) = 1 1 + n

(1; − ∑ a n_{(a)}^3e^r_{(a)}) = l^A,^{4 ∘}E A (a) = (0;^3e^r_{(a)}),

4 ∘ E (o) A = (1 + n) (1; 0) = ϵ l_A,^{4 ∘}E (a) A = (n_{(a)};^3e_{(a)r}), (23)

where^3e^r_{(a)} and^3e_{(a)r} are triads and cotriads on Σ_τ and n_{(a)} = n_r^3e^r_{(a)} = n^{r 3}e_{(a)r}^{22} are adapted shift functions. In Eqs.(23) N(τ, σ) = 1+n(τ, σ) > 0, with n(τ, σ) vanishing at spatial infinity (absence of super-translations), so that N(τ, σ) dτ is positive from Σ_τ to Σ_{τ +dτ} , is the lapse function; N^r(τ, σ) = n^r(τ, σ), vanishing at spatial infinity (absence of super-translations), are the shift functions.

The adapted tetrads^{4 ∘}E A (a) are defined modulo SO(3) rotations^{4 ∘}E A (a) = ∑ b R_{(a)(b)}(α_{(e)})^4 ∘ Ē^A_{(b)}, 3er_{(a)} = ∑_b R_{(a)(b)}(α_{(e)}) 3ēr_{(b)}, where α_{(a)}(τ, σ) are

22 Since one uses the positive-definite 3-metric δ_{(a)(b)}, one will use only lower flat spatial

indices. Therefore for the cotriads one uses the notation^3e^{(a)}_r^{def}=^3e_{(a)r} with δ_{(a)(b)} = 3e^r_{(a)}^3e_{(b)r} .

From Clock Synchronization 39

three point-dependent Euler angles. After having chosen an arbitrary pointdependent origin α_{(a)}(τ, σ) = 0, one arrives at the following adapted tetrads and cotetrads [n̄_{(a)} = ∑ b n_{(b)} R_{(b)(a)}(α_{(e)}) , ∑ a n_{(a)}^3e^r_{(a)} = ∑ a n̄_{(a)}^3ē^r_{(a)}]

4 ∘ Ē^A_{(o)} =^{4 ∘}E^A_{(o)} = 1 1 + n

(1; − ∑ a n̄_{(a)}^3ē^r_{(a)}) = l^A,^4 ∘ Ē^A_{(a)} = (0;^3ē^r_{(a)}),

4 ∘ Ē^{(o)}_A =^{4 ∘}E^{(o)}_A = (1 + n) (1; 0) = ϵ l_A,^{4 ∘}Ē^{(a)}_A = (n̄_{(a)};^3ē_{(a)r}), (24)

which one will use as a reference standard.

The expression for the general tetrad

4E^A_{(α)} =^{4 ∘}E A (β) L^{(β)}_{(α)}(φ_{(a)}) =^4 ∘ Ē^A_{(o)} L^{(o)}_{(α)}(φ_{(c)}) + + ∑ ab 4 ∘ Ē^A_{(b)} R^T_{(b)(a)}(α_{(c)}) L^{(a)}_{(α)}(φ_{(c)}), (25)

shows that every point-dependent Lorentz transformation Λ in the tangent planes may be parametrized with the (Wigner) boost parameters φ_{(a)} and the Euler angles α_{(a)}, being the product Λ = R L of a rotation and a boost.

The future-oriented unit normal to Σ_τ and the projector on Σ_τ are l_A = ϵ (1 + n) ( 1; 0 ) ,^4g^{AB} l_A l_B = ϵ, l^A = ϵ (1 + n)^4g^{Aτ} =^1_{1+n} ( 1; −n^r ) = 1 1+n ( 1; − ∑ a n̄_{(a)}^3ē^r_{(a)} ) ,^3h^B_A = δ^B_A − ϵ l_A l^B .

The 4-metric has the following expression

4g_{τ τ} = ϵ [(1 + n)^2 −^3g^{rs} n_r n_s] = ϵ [(1 + n)^2 − ∑ a n̄^2_{(a)}], 4g_{τ r} = −ϵ n_r = −ϵ ∑ a n̄_{(a)}^3ē_{(a)r},

4g_{rs} = −ϵ^3g_{rs} = −ϵ ∑ a 3e_{(a)r}^3e_{(a)s} = −ϵ ∑ a 3ē_{(a)r}^3ē_{(a)s},

4g^{τ τ} = ϵ (1 + n)^2

,^4g^{τ r} = −ϵ n^r (1 + n)^2 = −ϵ ∑ a 3ē^r_{(a)} n̄_{(a)} (1 + n)^2 , 4g^{rs} = −ϵ (^3g^{rs} − n^r n^s (1 + n)^2 ) = −ϵ ∑ ab 3ē^r_{(a)}^3ē^s_{(b)} (δ_{(a)(b)} − n̄_{(a)} n̄_{(b)} (1 + n)^2 ),

40 Luca Lusanna √ −g = √ |^4g| =

√_3 g √ ϵ^4g^{τ τ} = √ γ (1 + n) =^3e (1 + n),

3g = γ = (^3e)^2,^3e = det^3e_{(a)r}. (26)

The 3-metric^3g_{rs} has signature (+ + +), so that one may put all the flat 3-indices down. One has^3g^{ru 3}g_{us} = δ^r_s .

5.2 The ADM Phase Space and the ADM Hamilton Equations

The given parametrization of the cotetrad fields leads to rewrite the action of ADM tetrad gravity in terms of the following 16 fields as configuration variables: three boost parameters φ_{(a)}(τ, σ^u); the lapse N(τ, σ^u) = 1 + n(τ, σ^u) and shift n_{(a)}(τ, σ^u) functions; the nine components of cotriad fields^3e_{(a)r}(τ, σ^u) on the 3-spaces Σ_τ . As shown in the second and third paper of Ref.[17], in Ref.[36] and in the first paper of Ref.[40], the ADM action for the gravitational field has the expression

S_{grav} = c^3 16π G ∫ dτd^3σ [ (1 + n)^3e ϵ_{(a)(b)(c)}^3e^r_{(a)}^3e^s_{(b)}^3Ω_{rs(c)} + + 3e 2(1 + n)

(^3G^{−1}_o )_{(a)(b)(c)(d)}^3e^r_{(b)}(n_{(a)|r} − ∂_τ^3e_{(a)r})

3e^s_{(d)}(n_{(c)|s} − ∂_τ^3e_{(c) s}) ] (τ, σ^u). (27)

In it^3Ω_{rs(a)} = ∂_r^3ω_{s(a)} −∂_s^3ω_{r(a)} −ϵ_{(a)(b)(c)}^3ω_{r(b)}^3ω_{s(c)} is the field strength associated with the 3-spin connection^3ω_{r(a)} =^1_2 ϵ_{(a)(b)(c)}

[_3 e^u_{(b)} (∂_r^3e_{(c)u} −

∂_u^3e_{(c)r}) +^1_2^3e^u_{(b)}^3e^v_{(c)}^3e_{(d)r} (∂_v^3e_{(d)u} − ∂_u^3e_{(d)v}) ] and (^3G^{−1}_o )_{(a)(b)(c)(d)} = δ_{(a)(c)}δ_{(b)(d)} + δ_{(a)(d)}δ_{(b)(c)} − 2δ_{(a)(b)}δ_{(c)(d)} is the flat (with lower indices) inverse of the flat Wheeler-DeWitt super-metric^3G_{o(a)(b)(c)(d)} = δ_{(a)(c)} δ_{(b)(d)} + δ_{(a)(d)} δ_{(b)(c)} − δ_{(a)(b)} δ_{(c)(d)},^3G_{o(a)(b)(e)(f )}^3G^{−1}_{o(e)(f )(c)(d)} = 2 (δ_{(a)(c)} δ_{(b)(d)} + δ_{(a)(d)} δ_{(b)(c)}).

The canonical momenta π_{φ(a)} (τ, σ^u), π_n(τ, σ^u), π_{n(a)} (τ, σ^u),^3π^r_{(a)}(τ, σ^u), conjugate to the configuration variables satisfy 14 first-class constraints: the ten primary constraints (the last three constraints generate rotations on quantities with flat indices (a) like the cotriads)

π_{φ(a)} (τ, σ^u) ≈ 0, π_n(τ, σ^u) ≈ 0, π_{n(a)} (τ, σ^u) ≈ 0,

From Clock Synchronization 41

3M_{(a)}(τ, σ^u) = ϵ_{(a)(b)(c)}^3e_{(b)r}(τ, σ^u)^3π^r_{(c)}(τ, σ^u) ≈ 0, (28)

and the secondary super-Hamiltonian and super-momentum constraints

H(τ, σ^u) = [ c3 16π G 3e ϵ_{(a)(b)(c)}^3e^r_{(a)}^3e^s_{(b)}^3Ω_{rs(c)} − − 2π G c^{3 3}e

3G_{o(a)(b)(c)(d)}^3e_{(a)r}^3π^r_{(b)}^3e_{(c)s}^3π^s_{(d)} ] (τ, σ^u) + M(τ, σ^u) ≈ 0, H_{(a)}(τ, σ^u) = [ ∂_r^3π^r_{(a)} − ϵ_{(a)(b)(c)}^3ω_{r(b)}^3π^r_{(c)} +^3e^r_{(a)}M_r ] (τ, σ^u) ≈ 0. (29)

The functions M(τ, σ^u) and M_r(τ, σ^u) describe the matter present in the space-time: M(τ, σ^u) is the (matter- and metric-dependent) internal mass density, while M_r(τ, σ^u) is the universal (metric-independent) internal momentum density. If the action of matter is added to Eq.(27), one can evaluate the energy-momentum tensor T^{AB}(τ, σ^u) = −

[_2 √_{−4g}^{δSmatter} δ^4g_{AB} ] (τ, σ) of the

matter^{23} and determine these functions from the following parametrization

T^{τ τ} (τ, σ^u) = M(τ, σ^u) [^3e (1 + n)^2](τ, σ^u) ,

T^{τ r}(τ, σ^u) =

3e^r_{(a)} [ (1 + n)^3e^s_{(a)} M_s − n_{(a)} M ] 3e (1 + n)^2

(τ, σ^u). (30)

The extrinsic curvature tensor of the 3-spaces Σ_τ as 3-manifolds embedded into the space-time has the following expression in terms of the barred cotriads of Eq.(24) and their conjugate barred momenta

3K_{rs} = − 4π G c^{3 3}ē ∑ abu [(_3 ē_{(a)r}^3ē_{(b)s} +^3ē_{(a)s}^3ē_{(b)r}

)_3 ē_{(a)u} π̄^u_{(b)} −

−^3ē_{(a)r}^3ē_{(a)s}^3ē_{(b)u} π̄^u_{(b)} ] . (31)

Therefore the basis of canonical variables for this formulation of tetrad gravity, naturally adapted to 7 of the 14 first-class constraints, is

φ_{(a)} n n_{(a)}^3e_{(a)r} π_{φ(a)} ≈ 0 π_n ≈ 0 π_{n(a)} ≈ 0^3π^r_{(a)} (32)

23 The Hamilton equations imply^4∇_A T^{AB} ≡ 0 in accord with Einstein’s equations and the Bianchi identity.

42 Luca Lusanna

The behavior of these fields at spatial infinity (compatible with the absence of super-translations) is given in Eqs.(5.5) of the third paper in Refs.[17]; in particular for the cotriads one has^3e_{(a)r}(τ, σ^r ) →_{r → ∞} ( 1 +^{const.}_{2r} ) δ_{ar} + O(r^{−3/2}) (r = √∑ r (σ^r)^2).

From the action (29), after having added the matter action, one can obtain the standard non-Hamiltonian ADM equations (|r denotes the 3-covariant derivative in the 3-space Σ_τ with 3-metric^3g_{rs};^3R_{rs} is the 3-Ricci tensor of Σ_τ )

∂_τ^3g_{rs}^∘= n_{r|s} + n_{s|r} − 2 (1 + n)^3K_{rs},

∂_τ^3K_{rs}^∘= (1 + n)

(_3

R_{rs} +^3K^3K_{rs} − 2^3K_{ru}^3K^u_s ) − − n_{|s|r} + n^u_{|s}^3K_{ur} + n^u_{|r}^3K_{us} + n^{u 3}K_{rs|u}, (33)

with the quantities appearing in these equations re-expressed in terms of the configurational variables of Eq.(32).

Instead at the Hamiltonian level one can get the Hamilton equations for all the variables of the canonical basis (32), as shown in the first paper of Ref.[40], by using the Dirac Hamiltonian. As shown in Refs.[17], the Dirac Hamiltonian has the form (if the matter contains the electro-magnetic field there are extra terms with the electro-magnetic first-class constraints)

H_D = 1 c Ê_{ADM} + ∫ d^3σ [ n H − n_{(a)} H_{(a)} ] (τ, σ^u) + + ∫ d^3σ [ λ_n π_n + λ_{n(a)} π_{n(a)} + λ_{φ(a)} π_{φ(a)} + μ_{(a)}^3M_{(a)} ] (τ, σ^u), (34)

where Ê_{ADM} is the weak ADM energy and the λ’s are arbitrary Dirac multipliers.

See Eqs. (2.22), (3.43)and (3.47) of the first paper of Ref.[40] for the expression of the ten weak asymptotic ADM Poincaré generators Ê_{ADM} , P̂^r_{ADM} , Ĵ r_{adm}, K̂r_{ADM} . Since one is in a non-inertial rest frame (due to the absence of super-translations), one has the rest-frame conditions P̂^r_{ADM} ≈ 0 like in SR. Then one has to add the conditions K̂^r_{ADM} ≈ 0 to eliminate the internal 3-center of mass of the 3-universe like in SR [21]. Therefore the 3-universe can be seen as a decoupled external canonical non-covariant center of mass carrying a pole-dipole structure: the invariant mass Mc =^1_c Ê_{ADM} and the rest spin Ĵ^{rs}_{ADM} . This view is in accord with an old suggestions of Dirac [8].

From Clock Synchronization 43

In Ref.[40] the study of ADM canonical tetrad gravity was done with the following type of matter: N charged scalar particles (described by the canonical variables η^r_i (τ), κ_{ir}(τ)) and the electro-magnetic field in the noncovariant radiation gauge (described by the canonical variables A^r_⊥(τ, σ^u), π^r_⊥(τ, σ^u) as shown in Ref.[21]). The particles (described by an action like the one in Eq.(6)) have not only Grassmann-valued electric charges Q_i (Q^2_i = 0, Q_i Q_j = Q_j Q_i for i ≠ j) to regularize the electro-magnetic self-energies, but also Grassmann-valued signs of the energy (η^2_i = 0, η_i η_j = η_j η_i for i ≠ j) to regularize the gravitational self-energies^{24}.

Instead in Ref.[41] the matter is a perfect fluid described by the action of Ref.[43] re-expressed in the 3+1 point of view in Refs.[42].

In the case of N particles the functions M and M_r have the expression (see Ref.[40] for their form in presence of the electro-magnetic field)

M(τ, σ^u) = N∑ i=1 δ^3(σ^u, η^u_i (τ)) η_i √ m^2_i c^2 +^3e^r_{(a)}(τ, σ^u) κ_{ir}(τ)^3e^s_{(a)}(τ, σ^u) κ_{is}(τ),

M_r(τ, σ^u) = N∑ i=1 η_i κ_{ir}(τ), (35)

while in the case of dust [41], described by canonical coordinates α^i(τ, σ^u), Π_i(τ, σ^u), i = 1, 2, 3, they have the expression

M(τ, σ^u) = √ μ^2 [det (∂_s α^j )]^2 + ϕ̃^{−2/3} ∑ arsij Q^{−2}_a V_{ra} V_{sa} ∂_r α^i ∂_s α^j Π_i Π_j (τ, σ^u),

M_r(τ, σ^u) = ∑ i ∂_r α^i(τ, σ^u) Π_i(τ, σ^u). (36)

24 Both quantities are two-valued. The elementary electric charges are Q = ±e, with e the electron charge. Analogously the sign of the energy of a particle is a topological twovalued number (the two branches of the mass-shell hyperboloid). The formal quantization of these Grassmann variables gives two-level fermionic oscillators. At the classical level the self-energies make the classical equations of motion ill-defined on the world-lines of the particles. The ultraviolet and infrared Grassmann regularization allows to cure this problem and to get consistent solution of regularized equations of motion. See Refs.[28] for the electro-magnetic case.

44 Luca Lusanna

6 The York Canonical Basis and the Inertial and Tidal Degrees of Freedom of the Gravitational Field

The presence of 14 first-class constraints in the phase space having the 32 fields of Eq.(32) as a canonical basis implies that there are 14 gauge variables describing inertial effects and 2 canonical pairs of physical degrees of freedom describing the tidal effects of the gravitational field (namely gravitational waves in the weak field limit). To disentangle the inertial effects from the tidal ones one needs a canonical transformation to a new canonical basis adapted to all the ten primary constraints (28) and containing the barred variables defined in Eq.(24). This is the topic of this Section.

6.1 The York Canonical Basis

A canonical transformation adapted to the ten primary constraints (28) was found in Ref.[36]. It implements the York map of Ref.[37] in the cases in which the 3-metric^3g_{rs} has three distinct eigenvalues and diagonalizes the York-Lichnerowicz approach (see Ref.[38] for a review).

As said before Eq.(24), one can decompose the cotriads on Σ_τ in the product of a rotation matrix, belonging to the subgroup SO(3) of the tetrad gauge group and depending on three Euler angles α_{(a)}(τ, σ^r ), and of barred cotriads depending only on six independent fields. The canonical transformation Abelianizes the constraints^3M_{(a)}(τ, σ^u) ≈ 0 of Eqs.(28), satisfying {^3M_{(a)}(τ, σ^u),^3M_{(b)}(τ, σ^{′ u})} = ϵ_{(a)(b)(c)}^3M_{(c)}(τ, σ^u)δ^3(σ^u, σ^{′ u}), and replaces them with the vanishing of the three momenta π^{(α)}_{(a)} (τ, σ^r ) ≈ 0 conjugate to the Euler angles.

The new canonical basis, named York canonical basis, is (a = 1, 2, 3; ā = 1, 2)

φ_{(a)} α_{(a)} n n̄_{(a)} θ^r ϕ̃ R_ā π_{φ(a)} ≈ 0 π^{(α)}_{(a)} ≈ 0 π_n ≈ 0 π_{n̄(a)} ≈ 0 π^{(θ)}r π_{ϕ̃} =^{c3}_{12πG}^3K Π_ā . (37)

In it the cotriads and the components of the 4-metric have the following expression

3e_{(a)r} = ∑ b R_{(a)(b)}(α_{(c)})^3ē_{(b)r} = ∑ b R_{(a)(b)}(α_{(c)}) V_{rb}(θ^i) ϕ̃^{1/3} e^{∑1,2ā γāa Rā} ,

From Clock Synchronization 45

4g_{τ τ} = ϵ [(1 + n)^2 − ∑ a n̄^2_{(a)}], 4g_{τ r} = −ϵ ∑ a n_{(a)}^3e_{(a)r} = −ϵ ∑ a n̄_{(a)}^3ē_{(a)r}, ϕ̃ = ϕ^6 = √ det^3g_{rs}, 4g_{rs} = −ϵ^3g_{rs} = −ϵ ϕ̃^{2/3} ∑ a V_{ra}(θ^i) V_{sa}(θ^i) Q^2_a, Q_a = e^{∑1,2ā γāa Rā} ,(38)

The set of numerical parameters γ_{āa} appearing in Q_a satisfies [17] ∑ u γ_{āu} = 0, ∑ u γ_{āu} γ¯_{bu} = δ_ā¯_b, ∑ ā γ_{āu} γ_{āv} = δ_{uv} −^1_3 . Each solution of these equations defines a different York canonical basis.

This canonical basis has been found due to the fact that the 3-metric 3g_{rs} is a real symmetric 3 × 3 matrix, which may be diagonalized with an orthogonal matrix V (θ^r ), V^{−1} = V^T ( ∑ u V_{ua} V_{ub} = δ_{ab}, ∑ a V_{ua} V_{va} = δ_{uv} , ∑ uv ϵ_{wuv} V_{ua} V_{vb} = ∑ c ϵ_{abc} V_{cw}), det V = 1, depending on three parameters θ^i (i = 1, 2, 3)^{25}, whose conjugate momenta Π^{(θ)}_i are to be determined as solutions of the super-momentum constraints. If one chooses these three gauge parameters to be Euler angles θ̂^i(τ, σ), one gets a description of the 3-coordinate systems on Σ_τ from a local point of view, because they give the orientation of the tangents to the three 3-coordinate lines through each point. However, for the calculations (see Refs.[40]) it is more convenient to choose the three gauge parameters as first kind coordinates θ^i(τ, σ) (−∞ < θ^i < +∞) on the O(3) group manifold, so that by definition one has V_{ru}(θ^i) = ( e^{− ∑i T̂i θi} ) ru , where (T̂_i)_{ru} = ϵ_{rui} are the generators of the o(3) Lie algebra

in the adjoint representation, and the Euler angles may be expressed as θ̂^i = f^i(θ^n). The Cartan matrix has the form A(θ^n) =^{1−e−} ∑ i T̂i θi ∑ i T̂_i θi and satisfies

A_{ri}(θ^n) θ^i = δ_{ri} θ^i; B(θ^i) = A^{−1}(θ^i).

From now on for the sake of notational simplicity the symbol V will mean V (θ^i).

The extrinsic curvature tensor of the 3-space Σ_τ has the expression

3K_{rs}(τ, σ^u) = − 4π G c^3 [ ϕ̃^{−1/3} ( ∑ a Q^2_a V_{ra} V_{sa} [2 ∑ b̄ γ¯_{ba} Π¯_b − ϕ̃ π_{ϕ̃}] +

+ ∑ ab Q_a Q_b (V_{ra} V_{sb} + V_{rb} V_{sa}) ∑ twi ϵ_{abt} V_{wt} B_{iw} π^{(θ)}_i Q_b Q^{−1}a − Q_a Q^{−1}_b )] (τ, σ^u). (39)

25 Due to the positive signature of the 3-metric, one defines the matrix V with the following indices: V_{ru}. Since the choice of Shanmugadhasan canonical bases breaks manifest covariance, one will use the notation V_{ua} = ∑ v V_{uv} δ_{v(a)} instead of V_{u(a)}.

46 Luca Lusanna

This canonical transformation realizes a York map because the gauge variable π_{ϕ̃} (describing the freedom in the choice of the trace of the extrinsic curvature of the instantaneous 3-spaces Σ_τ ) is proportional to York internal extrinsic time^3K. It is the only gauge variable among the momenta: this is a reflex of the Lorentz signature of space-time, because π_{ϕ̃} and θ^n can be used as a set of 4-coordinates for the space-time [35]. The York time describes the effect of gauge transformations producing a deformation of the shape of the 3-space along the 4-normal to the 3-space as a 3-sub-manifold of space-time.

Its conjugate variable, to be determined by the super-Hamiltonian constraint (interpreted as the Lichnerowicz equation), is ϕ̃ = ϕ^6 =^3ē = √ det^3g_{rs}, which is proportional to Misner’s internal intrinsic time; moreover ϕ̃ is the 3-volume density on Σ_τ : V_R = ∫ R d^3σ ϕ̃, R ⊂ Σ_τ . Since one has 3g_{rs} = ϕ̃^{2/3 3}ĝ_{rs} with det^3ĝ_{rs} = 1, ϕ̃ is also called the conformal factor of the 3-metric.

The two pairs of canonical variables R_ā, Π_ā, ā = 1, 2, describe the generalized tidal effects, namely the independent physical degrees of freedom of the gravitational field. They are 3-scalars on Σ_τ and the configuration tidal variables R_ā parametrize the two eigenvalues of the 3-metric^3ĝ_{rs} with unit determinant. They are Dirac observables only with respect to the gauge transformations generated by 10 of the 14 first class constraints. Let us remark that, if one fixes completely the gauge and one goes to Dirac brackets, then the only surviving dynamical variables R_ā and Π_ā become two pairs of non canonical Dirac observables for that gauge: the two pairs of canonical Dirac observables have to be found as a Darboux basis of the copy of the reduced phase space identified by the gauge and they will be (in general non-local) functionals of the R_ā, Π_ā variables.

Therefore, the 14 arbitrary gauge variables are φ_{(a)}(τ, σ^u), α_{(a)}(τ, σ^u), n(τ, σ^u), n̄_{(a)}(τ, σ^u), θ^i(τ, σ^u), π_{ϕ̃}(τ, σ^u): they describe the following generalized inertial effects [36]:

a) α_{(a)}(τ, σ^u) and φ_{(a)}(τ, σ^u) are the 6 configuration variables parametrizing the O(3,1) gauge freedom in the choice of the tetrads in the tangent plane to each point of Σ_τ and describe the arbitrariness in the choice of a tetrad to be associated to a time-like observer, whose world-line goes through the point (τ, σ). They fix the unit 4-velocity of the observer and the conventions for the orientation of three gyroscopes and their transport along the world-line of the observer. The Schwinger time gauges are defined by the gauge fixings α_{(a)}(τ, σ^u) ≈ 0, φ_{(a)}(τ, σ^u) ≈ 0.

b) θ^i(τ, σ^u) (depending only on the 3-metric) describe the arbitrariness in the choice of the 3-coordinates in the instantaneous 3-spaces Σ_τ of the chosen non-inertial frame centered on an arbitrary time-like observer. Their choice will induce a pattern of relativistic inertial forces for the gravitational field,

From Clock Synchronization 47

whose potentials are the functions V_{ra}(θ^i) present in the weak ADM energy Ê_{ADM} . c) n̄_{(a)}(τ, σ^u), the shift functions, describe which points on different instantaneous 3-spaces have the same numerical value of the 3-coordinates. They are the inertial potentials describing the effects of the non-vanishing off-diagonal components^4g_{τ r}(τ, σ^u) of the 4-metric, namely they are the gravito-magnetic potentials^{26} responsible of effects like the dragging of inertial frames (Lens- Thirring effect) in the post-Newtonian approximation. The shift functions are determined by the τ-preservation of the gauge fixings determining the gauge variables θ^i(τ, σ^u).

d) π_{ϕ̃}(τ, σ^u), i.e. the York time^3K(τ, σ^u), describes the non-dynamical arbitrariness in the choice of the convention for the synchronization of distant clocks which remains in the transition from SR to GR. Since the York time is present in the Dirac Hamiltonian, it is a new inertial potential connected to the problem of the relativistic freedom in the choice of the shape of the instantaneous 3-space, which has no Newtonian analogue (in Galilei spacetime time is absolute and there is an absolute notion of Euclidean 3-space). Its effects are completely unexplored. Instead the other components of the extrinsic curvature of Σ_τ are dynamically determined once a 3-coordinate system has been chosen in the 3-space.

e) 1 + n(τ, σ^u), the lapse function appearing in the Dirac Hamiltonian, describes the arbitrariness in the choice of the unit of proper time in each point of the simultaneity surfaces Σ_τ , namely how these surfaces are packed in the 3+1 splitting. The lapse function is determined by the τ-preservation of the gauge fixing for the gauge variable^3K(τ, σ^u).

As shown in Ref.[35], the dynamical nature of space-time implies that each solution (i.e. an Einstein 4-geometry) of Einstein’s equations (or of the associated ADM Hamilton equations) dynamically selects a preferred 3+1 splitting of the space-time, namely in GR the instantaneous 3-spaces are dynamically determined modulo only one inertial gauge function (the gauge freedom in clock synchronization in GR). In the York canonical basis this function is the York time, namely the trace of the extrinsic curvature of the 3-space. Instead in SR the gauge freedom in clock synchronization depends on four basic gauge functions, the embeddings z^μ(τ, σ^r), and both the 4-metric and the whole extrinsic curvature tensor were derived inertial potentials. Instead in GR the extrinsic curvature tensor of the 3-spaces is a mixture

26 In the post-Newtonian approximation in harmonic gauges they are the counterpart of the electro-magnetic vector potentials describing magnetic fields [38]: A) N = 1 + n,

n^{def}= −^{4 ϵ}_{c2} Φ_G with Φ_G the gravito-electric potential; B) n_r^{def}=^{2 ϵ}_{c2} A_{G r} with A_{G r} the gravito-magnetic potential; C) E_{G r} = ∂_r Φ_G − ∂_τ (^1_2 A_{G r} ) (the gravito-electric field) and B_{G r} = ϵ_{ruv} ∂_u A_{G v} = c Ω_{G r} (the gravito-magnetic field). Let us remark that in arbitrary gauges the analogy with electro-magnetism breaks down.

48 Luca Lusanna

of dynamical (tidal) pieces and inertial gauge variables playing the role of inertial potentials.

6.2 3-Orthogonal Schwinger Time Gauges and Hamilton Equations

As shown in the first paper in Refs.[40], in the York canonical basis the Dirac Hamiltonian (34) becomes (the λ’s are arbitrary Dirac multipliers; the Dirac multiplier λ_r(τ) implements the rest frame condition P̂^r_{ADM} ≈ 0)

H_D = 1 c Ê_{ADM} + ∫ d^3σ [ n H − n_{(a)} H_{(a)} ] (τ, σ^u) + λ_r(τ) P̂^r_{ADM} + + ∫ d^3σ [ λ_n π_n + λ_{n̄(a)} π_{n̄(a)} + λ_{φ(a)} π_{φ(a)} + λ_{α( a)} π^{(α)}_{(a)} ] (τ, σ^u), (40)

with the following expression for the weak ADM energy

Ê_{ADM} = c ∫ d^3σ [ M̌ − c^3 16π G S + 2π G c^3 ϕ̃^{−1} ( − 3 (ϕ̃ π_{ϕ̃})^2 + 2 ∑ b̄ Π^2_{b̄} +

+ 2 ∑ abtwiuvj ϵ_{abt} ϵ_{abu} V_{wt} B_{iw} V_{vu} B_{jv} π^{(θ)}_i π^{(θ)}_j [ Q_a Q^{−1}_b − Q_b Q^{−1}_a

]_2 ) ] (τ, σ^u). (41)

In it S(τ, σ^u) is a function of ϕ̃, θ^i and R_ā (given in Eq.(B8) of the first paper in Ref.[40]), which play the role of an inertial potential depending on the choice of the 3-coordinates in the 3-space (it is the Γ − Γ term in the scalar 3-curvature of the 3-space).

Eq.(41) shows that the kinetic term, quadratic in the momenta, is not positive definite. While the kinetic energy of the tidal variables and the last term^{27} are positive definite, there is the negative kinetic terms (vanishing only in the gauges^3K(τ, σ^u) = 0) −^{c4}_{24πG} ∫ D^3σ ϕ̃(τ, σ^u)^3K^2(τ, σ^u). It is an inertial potential associated with the inertial gauge variable York time, which is a momentum due to the Lorentz signature of space-time. It was known that this quadratic form is not definite positive, but only in the York canonical basis this can be made explicit.

In the York canonical basis it is possible to follow the procedure for the fixation of a gauge natural from the point of view of constraint theory when there are chains of first-class constraints [9]. This procedure implies that

27 It describes gravito-magnetic effects.

From Clock Synchronization 49

one has to add six gauge fixings to the primary constraints without without secondaries (π_{φ(a)} (τ, σ^u) ≈ 0, π_{α(a)} (τ, σ^u) ≈ 0) and four gauge fixings to the secondary super-Hamiltonian and super-momentum constraints. These ten gauge fixings must be preserved in time, namely their Poisson brackets with the Dirac Hamiltonian must vanish. The τ-preservation of the six gauge fixings determining the gauge variables α_{(a)}(τ, σ^u) and φ_{(a)}(τ, σ^u) produces the equations determining the six Dirac multipliers λ_{φ(a)} (τ, σ^u), λ_{α(a)} (τ, σ^u). The τ-preservation of the other four gauge fixings, determining the gauge variables θ^i(τ, σ^u) and the York time^3K(τ, σ^u), produces four secondary gauge fixing constraints for the determination of the lapse and shift functions. Then the τ-preservation of these secondary gauge fixings determines the four Dirac multipliers λ_n(τ, σ^u), λ_{n̄(a)} (τ, σ^u). Instead in numerical gravity one gives independent gauge fixings for both the primary and secondary gauge variables in such a way to minimize the computer time.

In Section V of the first paper in Refs.[40] there is a review of the gauges usually used in canonical gravity. It is shown that the commonly used family of the harmonic gauges is not natural according to the above procedure. The harmonic gauge fixings imply hyperbolic PDE for the lapse and shift functions, to be added to the hyperbolic PDE for the tidal variables. Therefore in harmonic gauges both the tidal variables and the lapse and shift functions depend (in a retarded way) from the no-incoming radiation condition on the Cauchy surface in the past (so that the knowledge of^3K from the initial time till today is needed).

Instead the natural gauge fixings in the York canonical basis of ADM tetrad gravity are the family of Schwinger time gauges, where the O(3,1) gauge freedom of the tetrads is eliminated with the gauge fixings (implying λ_{φ(a)} (τ, σ^u) = λ_{α(a)} (τ, σ^u) = 0)

α_{(a)}(τ, σ^u) ≈ 0, φ_{(a)}(τ, σ^u) ≈ 0, (42)

and the subfamily of the 3-orthogonal gauges

θ^i(τ, σ^u) ≈ 0,^3K(τ, σ^u) ≈ F (τ, σ^u) = numerical function, (43) in which the 3-coordinates are chosen in such a way the the 3-metric in the 3-spaces Σ_τ is diagonal. The τ-preservation of Eqs.(43) gives four coupled elliptic PDE for the lapse and shift functions. Therefore in these gauges only the tidal variables (the gravitational waves after linearization), and therefore only the eigenvalues of the 3-metric with unit determinant inside Σ_τ , depend (in a retarded way) on the no-incoming radiation condition. The solutions ϕ̃ and π^{(θ)}_i of the constraints and the lapse 1+n and shift n̄_{(a)} functions depend only on the 3-space Σ_τ with fixed τ. If the matter consists of positive energy particles (with a Grassmann regularization of the gravitational self-energies)

50 Luca Lusanna

[40] these solutions will contain action-at-a-distance gravitational potentials (replacing the Newton ones) and gravito-magnetic potentials.

In the family of 3-orthogonal gauges the weak ADM energy and the super- Hamiltonian and super-momentum constraints (they are coupled elliptic PDE for their unknowns) have the expression (see Eq.(3.47) of the first paper in Ref.[40] for the other weak ADM Poincaré generators)

Ê_{ADM} |_{θi=0} = c ∫ d^3σ [ M|_θi_{=0} − c^3 16π G S|_θi_{=0} + + 2π G c^3 ϕ̃^{−1} ( − 3 (ϕ̃ π_{ϕ̃})^2 + 2 ∑ b̄ Π^2_{b̄} +

+ 2 ∑ abij ϵ_{abi} ϵ_{abj} π^{(θ)}_i π^{(θ)}_j [ Q_a Q^{−1}_b − Q_b Q^{−1}_a

]_2 ) ] (τ, σ^u),

H(τ, σ^u)|_θi_{=0} = c^3 16π G ϕ̃^{1/6}(τ, σ^u) [8 ^△ ϕ̃^{1/6} −^3R̂|_{θi=0} ϕ̃^{1/6}](τ, σ^u) + M|_{θi=0}(τ, σ^u) +

+ 2π G c^3 ϕ̃^{−1} [ − 3 (ϕ̃ π_{ϕ̃})^2 + 2 ∑ b̄ Π^2_{b̄} +

+ 2 ∑ abij ϵ_{abi} ϵ_{abj} π^{(θ)}_i π^{(θ)}_j [ Q_a Q^{−1}_b − Q_b Q^{−1}_a

]_2 ] (τ, σ^u),

~H̄_{(a)}|_{θi=0}(τ, σu) = ϕ−2(τ, σ) [ ∑ b≠a ∑ i ϵ_{abi} Q^{−1}_b Q_b Q^{−1}_a − Q_a Q^{−1}_b

∂_b π^{(θ)}_i +

+ 2 ∑ b≠a ∑ i ϵ_{abi} Q^{−1}_a ( Q_b Q^{−1}_a − Q_a Q^{−1}_b

)_2 ∑ c̄ (γ_{c̄a} − γ_{c̄b}) ∂_b R_{c̄} π^{(θ)}_i +

+ Q^{−1}_a ( ϕ^6 ∂_a π_{ϕ̃} + ∑ b̄ (γ¯_{ba} ∂_a Π¯_b − ∂_a R¯_b Π¯_b) + M_a )] (τ, σ^u),

^△ = ∑ r Q^{−2}_r [ ∂^2_r + 2 ∑ ā γ_{ār} ∂_r R_ā(τ, σ^u) ∂_r ] , S_θi_{=0}(τ, σ^u) = ( ϕ̃^{1/3} ∑ a Q^{−2}_a [ 2 9 (ϕ̃^{−1} ∂_a ϕ̃)^2 + + ∑ b̄ ( ∑ c̄ (2 γ¯_{ba} γ_{c̄a} − δ¯_{bc̄}) ∂_a R_{c̄} − 2 3 γ¯_{ba} ϕ̃^{−1} ∂_a ϕ̃ ) ∂_a R¯_b ]) (τ, σ^u).

From Clock Synchronization 51

(44)

In the first paper in Refs.[40] there is the explicit form of the Hamilton equations for all the canonical variables of the gravitational field and of the matter replacing the standard 12 ADM equations and the matter equations 4∇_A T^{AB} = 0 in the Schwinger time gauges and their restriction to the 3-orthogonal gauges. They could also be obtained from the effective Dirac Hamiltonian of the 3-orthogonal gauges, which is evaluated by means of a τdependent canonical transformation sending the gauge momentum π_{ϕ̃}(τ, σ^u)

in the gauge-fixing conditions π^′_{ϕ̃}(τ, σ^u) =^{c3}_{12π G}

(_3 K(τ, σ^u) − F (τ, σ^u) ) ≈ 0 and which is given in Eq.(4.39) of the second paper of Ref.[40].

These equations are divided in five groups:

A) The contracted Bianchi identities, namely the evolution equations for the solutions ϕ̃(τ, σ^u) and π^{(θ)}_i (τ, σ^u) of the super-Hamiltonian and supermomentum constraints: they are identities saying that, given a solution of the constraints on a Cauchy surface, it remains a solution also at later times.

B) The evolution equation for the four basic gauge variables θ^i(τ, σ^u) and 3K(τ, σ^u) (the equation for the York time is the Raychaudhuri equation^{28}): these equations determine the lapse and the shift functions once four gaugefixings for the basic gauge variables are given.

C) The equations ∂_τ n(τ, σ^u) = λ_n(τ, σ^u) and ∂_τ n̄_{(a)}(τ, σ^u) = λ_{n̄(a)} (τ, σ^u). Once the lapse and shift functions of the chosen gauge have been found, they determine the associated Dirac multipliers.

D) The hyperbolic evolution PDE for the tidal variables R_ā(τ, σ^u), Π_ā(τ, σ^u). When the equations for ∂_τ R_ā(τ, σ^u) is inverted to get Π_ā(τ, σ^u) in terms of R_ā(τ, σ^u) and its derivatives, then the Hamilton equations for Π_ā(τ, σ^u) become hyperbolic PDE for the evolution of the physical tidal variable R_ā(τ, σ^u).

E) The Hamilton equations for matter, when present.

Given a solution of the super-momentum and super-Hamiltonian constraints and the Cauchy data for the tidal variables on an initial 3-space, one can find a solution of Einstein’s equations in radar 4-coordinates adapted to a time-like observer in the chosen gauge.

28 This equation is relevant for studying the developments of caustics in a congruence of time-like geodesics for converging values of the expansion θ and of singularities in Einstein space-times [69]. However the boundary conditions of asymptotically Minkowskian spacetimes without super-translations should avoid the singularity theorems as it happens with their subfamily without matter of Ref.[16].

52 Luca Lusanna

6.3 The Congruence of Eulerian Observers and the non-Hamiltonian First-Order ADM Equations of Cosmological Spacetimes

Like in SR one can consider the congruence of the Eulerian observers with zero vorticity associated with the 3+1 splitting of space-time, whose properties are described by Eq.(5). In the first paper of Ref.[40] it is shown that in ADM tetrad gravity the congruence has the following properties in each point (τ; σ^r )^{29}:

a) The acceleration^3a^A = l^{B 4}∇_B l^A =^4g^{AB 3}a_B has the components 3a^τ = 0,^3a^r = ϵ ϕ̃^{−2/3} Q^{−2}_a V_{ra} V_{sa} ∂_s ln(1 + n),^3a_τ = −ϕ̃^{−1/3} Q^{−1}_a V_{ra} n̄_{(a)} ∂_r ln(1 + n),^3a_r = −∂_r ln (1 + n).

b) The expansion^{30} coincides with the York time:

θ =^4∇_A l^A = −ϵ^3K = −ϵ 12π G c^3 π_{ϕ̃}. (45)

In cosmology the expansion is proportional to the Hubble constant and the dimensionless cosmological deceleration parameter is q = 3 l^{A 4}∇_A^1_θ − 1 = −3 θ^{−2} l^A ∂_A θ − 1.

c) By using Eqs.(24) it can be shown that the shear^{31} σ_{AB} = σ_{BA} =

−^ϵ_2 (^3a_A l_B +^3a_B l_A) +^ϵ_2 (^4∇_A l_B +^4∇_B l_A) −^1_3 θ^3h_{AB} = σ_{(α)(β)}^4 ∘ Ē^{(α)}_A 4^∘Ē^{(β)}_B has the following components σ_{(o)(o)} = σ_{(o)(r)} = 0, σ_{(a)(b)} = σ_{(b)(a)} = (^3K_{rs} −^1_3^3g_{rs}^3K)^3ē^r_{(a)}^3ē^s_{(b)}, ∑ a σ_{(a)(a)} = 0. σ_{(a)(b)} depends upon the canonical variables θ^r, ϕ̃, R_ā, π^{(θ)}_i and Π_ā.

By using Eqs.(39) for the extrinsic curvature tensor one finds that the diagonal elements σ_{(a)(a)} of the shear are also connected with the tidal momenta Π_ā, while the non-diagonal elements σ_{(a)(b)}|_{a≠b} are connected with the momenta π^{(θ)}_i (the unknowns in the super-momentum constraints)

Π_ā = − c^3 8π G ϕ̃ ∑ a γ_{āa} σ_{(a)(a)}, 29 See the ”1+3 point of view” of Ref.[70] for a discussion of gravity in terms of the second non-surface- forming congruence of time-like observers associated with a 3+1 splitting of space-time.

30 It measures the average expansion of the infinitesimally nearby world-lines surrounding a given world-line in the congruence.

31 It measures how an initial sphere in the tangent space to the given world-line, which is Lie-transported along the world-line tangent l^μ (i.e. it has zero Lie derivative with respect to l^μ ∂_μ), is distorted towards an ellipsoid with principal axes given by the eigenvectors of σ^μ_ν , with rate given by the eigenvalues of σ^μ_ν .

From Clock Synchronization 53

π^{(θ)}_i = c^3 8π G ϕ̃ ∑ wtab A_{wi} V_{wt} Q_a Q^{−1}_b ϵ_{tab} σ_{(a)(b)}|_{a≠b},

3K_{rs} = ϕ̃^{2/3} ∑ ab ( − ϵ 3 θ δ_{ab} + σ_{(a)(b)} ) Q_a Q_b V_{ra} V_{sb} → →_θi_{→0} ϕ̃^{2/3} Q_r Q_s ( − ϵ 3 θ + σ_{(a)(b)} ) . (46)

Therefore the Eulerian observers associated to the 3+1 splitting of spacetime induce a geometrical interpretation of some of the momenta of the York canonical basis:

1) their expansion θ is the gauge variable York time^3K =^{12πG}_{c3} π_{ϕ̃} determining the non-dynamical gauge part of the shape of the instantaneous 3-spaces Σ_τ as a sub-manifold of space-time;

2) the diagonal elements of their shear describe the tidal momenta Π_ā, while the non-diagonal elements are connected to the variables π^{(θ)}_i , determined by the super-momentum constraints.

In Eq.(44), valid in the 3-orthogonal gauges, the term quadratic in the momenta π^{(θ)}_i in the weak ADM energy and in the super-Hamiltonian constraint can be written as^{c3}_{16πG} ϕ̃ ∑ ab,a≠b σ 2 (a)(b), while the super-momentum

constraints can be written in the form of PDE for the non-diagonal elements of the shear

H̄_{(a)}|_{θi=0}(τ, σ^u) = − c^3 8π G ϕ̃^{2/3}(τ, σ^u) ( ∑ b≠a Q^{−1}_b [ ∂_b σ_{(a)(b)} + + ( ϕ̃^{−1} ∂_b ϕ̃ + ∑ b̄ (γ¯_{ba} − γ¯_{bb}) ∂_b R¯_b ) σ_{(a)(b)} ] − − 8π G c^3 ϕ̃^{−1} Q^{−1}_a [ ϕ̃ ∂_a π_{ϕ̃} + ∑ b̄ (γ¯_{ba} ∂_a Π¯_b − ∂_a R¯_b Π¯_b) + + M_a ]) (τ, σ^u) ≈ 0. (47)

As a consequence, by using^3g_{rs} of Eq.(38) and^3K_{rs} of Eq.(46), the firstorder non-Hamiltonian ADM equations (33) can be re-expressed in terms of the configurational variables n, n̄_{(a)}, ϕ̃, θ^i, R_ā, and of the expansion θ and shear σ_{(a)(b)} of the Eulerian observers. Then the 12 equations can be put in the form of equations determining ∂_τ ϕ̃, ∂_τ R_ā, ∂_τ θ^i, ∂τ θ and ∂_τ σ_{(a)(b)}. In

54 Luca Lusanna

Eqs.(2.17) of the first paper in Ref.[40] this manipulation is explicitly done for the first six equations (33).

These results are important for extending the identification of the inertial and tidal variables of the gravitational field, achieved with the York canonical basis, to cosmological space-times. Since these space-times are only conformally asymptotically flat, the Hamiltonian formalism is not defined. However, they are globally hyperbolic and admit 3+1 splittings with the associated congruence of Eulerian observers. As a consequence, in them Einstein’s equations are usually replaced with the non-Hamiltonian first-order ADM equations plus the super-Hamiltonian and super-momentum constraints. Our analysis implies that, since the 4-metric can always be put in the form of Eqs.(38), the inertial gauge variables of the cosmological space-times are n, n̄_{(a)}, θ^i and the expansion θ = −ϵ^3K, while the physical tidal variables are R_ā and the diagonal components of the shear σ_{(a)(a)} ( ∑ a σ_{(a)(a)} = 0). The unknown in the super-Hamiltonian constraint is the conformal factor ϕ̃ of the 3-metric in Σ_τ , while the unknowns in the super-Hamiltonian constraints are the nondiagonal components of the shear σ_{(a)(b)}|_{a≠b}.

From Clock Synchronization 55

7 Post-Minkowskian Linearization in Non-Harmonic 3-Orthogonal Gauges and Post-Minkowskian Gravitational Waves

In the second paper of Ref.[40] it was shown that in the family of nonharmonic 3-orthogonal Schwinger gauges it is possible to define a consistent linearization of ADM canonical tetrad gravity plus matter (N charged scalar particles of masses m_i, Grassmann-valued signs of energy η_i, Grassmannvalued electric charges Q_i, plus the electro-magnetic field in the radiation gauge) in the weak field approximation, to obtain a formulation of Hamiltonian Post-Minkowskian (HPM) gravity with non-flat Riemannian 3-spaces and asymptotic Minkowski background.

In the standard linearization one introduces a fixed Minkowski background space-time, introduces the decomposition^4g_{μν} (x) =^4η_{μν} +^4h_{μν} (x) in an inertial frame and studies the linearized equations of motion for the small Minkowskian fields^4h_{μν} (x). The approximation is assumed valid over a big enough characteristic length L interpretable as the reduced wavelength λ/2π of the resulting gravitational waves (GW) (only for distances higher of L the linearization breaks down and curved space-time effects become relevant). For the Solar System there is a PN approximation in harmonic gauges, which is adopted in the BCRS [5] and whose 3-spaces t_B = const. have deviations of order c^{−2} from Euclidean 3-spaces.

See Refs.[44, 71] and Appendix A of the second paper in Refs.[40] for a review of all the results of the standard approach and of the existing points of view on the subject [72, 73, 74, 75, 76].

In the class of asymptotically Minkowskian space-times without supertranslations the 4-metric tends to an asymptotic Minkowski metric at spatial infinity,^4g_{AB} →^4η_{AB} , which can be used as an asymptotic background. The decomposition^4g_{AB} =^4η_{AB} +^4h_{(1)AB} , with a first order perturbation 4h_{(1)AB} vanishing at spatial infinity, is defined in a global non-inertial rest frame of an asymptotically Minkowskian space-time deviating for first order effects from a global inertial rest frame of an abstract Minkowski space-time M_{(∞)}. The non-Euclidean 3-spaces Σ_τ will deviate by first order effects from the Euclidean 3-spaces Σ_{τ (∞)} of the inertial rest frame of M_{(∞)} coinciding with the limit of Σ_τ at spatial infinity. When needed differential operators like the Laplacian in Σ_τ will be approximated with the flat Laplacian in Σ_{τ (∞)}.

If ζ << 1 is a small a-dimensional parameter, a consistent Hamiltonian linearization implies the following restrictions on the variables of the York canonical basis in the family of 3-orthogonal gauges with^3K(τ, σ) = F (τ, σ) = numerical function (in this Section one uses the notation σ for the curvilinear 3-coordinates σ^r)

56 Luca Lusanna

R_ā(τ, σ) = R_{(1)ā}(τ, σ) = O(ζ) << 1, Π_ā(τ, σ) = Π_{(1)ā}(τ, σ) = 1 L G O(ζ), ϕ̃(τ, σ) = √ det^3g_{rs}(τ, σ) = 1 + 6 ϕ_{(1)}(τ, σ) + O(ζ^2),

N(τ, σ) = 1 + n(τ, σ) = 1 + n_{(1)}(τ, σ) + O(ζ^2), ϵ^4g_{τ τ} (τ, σ) = 1 + ϵ^4h_{(1)τ τ} (τ, σ) = 1 + 2 n_{(1)}(τ, σ) + O(ζ^2), n̄_{(a)}(τ, σ) = −ϵ^4g_{τ a}(τ, σ) = −ϵ^4h_{(1)τ r}(τ, σ) = n̄_{(1)(a)}(τ, σ) + O(ζ^2),

3K(τ, σ) = 12π G c^3 π_{ϕ̃}(τ, σ) =^3K_{(1)}(τ, σ) = 12π G c^3 π_{(1)ϕ̃}(τ, σ) = 1 L O(ζ), σ_{(a)(b)}|_{a≠b}(τ, σ) = σ_{(1)(a)(b)}|_{a≠b}(τ, σ) = 1 L O(ζ), 3g_{rs}(τ, σ) = −ϵ^4g_{rs}(τ, σ) = δ_{rs} − ϵ^4h_{(1)rs}(τ, σ) =

= [1 + 2 (Γ^{(1)}_r (τ, σ) + 2 ϕ_{(1)}(τ, σ))] δ_{rs} + O(ζ^2),

Γ^{(1)}_a (τ, σ) = 2∑ ār=1 γ_{āa} R_ā(τ, σ), R_ā(τ, σ) = 3∑ a=1 γ_{āa} Γ^{(1)}_a (τ, σ). (48)

The tidal variables R_ā(τ, σ) are slowly varying over the length L and times L/c; one has (^L_{4 R} )^2 = O(ζ), where^4R is the mean radius of curvature of space-time.

The consistency of the Hamiltonian linearization requires the introduction of a ultra-violet cutoff M for matter. For the particles, described by the canonical variables η_i(τ) and κ_i(τ), this implies the conditions^{mi}_M ,^{κi}_M = O(ζ). With similar restrictions on the electro-magnetic field one gets that the energy-momentum tensor of matter is T^{AB}(τ, σ) = T^{AB}_{(1)} (τ, σ)+O(ζ^2 ). Therefore also the mass and momentum densities have the behavior M(τ, σ) = M_{(1)}(τ, σ) + O(ζ^2), M_r(τ, σ) = M_{(1)r}(τ, σ) + O(ζ^2). This approximation is not reliable at distances from the point particles less than the gravitational radius R_M =^{M G}_{c2} ≈ 10^{−29} M determined by the cutoff mass. The weak ADM Poincaré generators become equal to the Poincaré generators of this matter in the inertial rest frame of the Minkowski space-time M_{(∞)} plus terms of order O(ζ^2) containing GW and matter. Finally the GW described by this linearization must have wavelengths satisfying λ/2π ≈ L >> R_M . If all the particles are contained in a compact set of radius l_c (the source), one must have l_c >> R_M for particles with relativistic velocities and l_c ≥ R_M for slow particles (like in binaries). See Ref.[44] for more details.

From Clock Synchronization 57

With this Hamiltonian linearization one can avoid to make PN expansions: one gets fully relativistic expressions, i.e. a HPM formulation of gravity.

The effective Hamiltonian adapted to the 3-orthogonal gauges and replacing the weak ADM energy is^1_c ( Ê_{ADM(1)}+Ê_{ADM(2)} ) +^{c3}_{12πG} ∫ d^3ϵ ( ∂_τ^3K_{(1)} [ 1+ 6 △ (_1 4 ∑ a ∂^2_a Γ^{(1)}_a −^{2πG}_{c3} M_{(1)} )]) (τ, σ^u) + O(ζ^3) in the PM linearized theory.

In the second paper of Refs.[40] one has found the solutions of the supermomentum and super-Hamiltonian constraints and of the equations for the lapse and shift functions with the Bianchi identities satisfied. Therefore one knows the first order quantities π^{(θ)}_{(1)i}(τ, σ), ϕ̃(τ, σ) = 1 + 6 ϕ_{(1)}(τ, σ), 1+n_{(1)}(τ, σ), n̄_{(1)(a)}(τ, σ) (the quantities containing the action-at-a-distance part of the gravitational interaction in the 3-orthogonal gauges) with an explicit expression for the PM Newton and gravito-magnetic potentials. In absence of the electro-magnetic field they are (the terms in Γ^{(1)}_a (τ, σ) describe the contribution of GW)^{32}

ϕ̃(τ, σ) = 1 + 6 ϕ_{(1)}(τ, σ) =

= 1 + 3 G c^3 ∑ i η_i √ m^2_i c^2 + κ^2_i (τ) |σ − η_i(τ)| −

− 3 8π ∫ d^3σ_1 ∑ a ∂^2_{1a} Γ^{(1)}_a (τ, σ_1) |σ − σ_1| , ϵ^4g_{τ τ} (τ, σ) = 1 + 2 n_{(1)}(τ, σ) = 1 − 2 ∂_τ^3K_{(1)}(τ, σ) − − 2 G c^3 ∑ i η_i √ m^2_i c^2 + κ^2_i (τ) |σ − η_i(τ)| ( 1 + κ^2_i m^2_i c^2 + κ^2_i ) ,

−ϵ^4g_{τ a}(τ, σ) = n̄_{(1)(a)}(τ, σ) = ∂_a^3K_{(1)}(τ, σ) − − G c^3 ∑ i η_i |σ − η_i(τ)| (7 2 κ_{ia}(τ) − − 1 2 (σ^a − η^a_i (τ)) κ_i(τ) · (σ − η_i(τ)) |σ − η_i(τ)|^2 ) − − ∫ d^3σ_1 4π |σ − σ_1| ∂_{1a} ∂_τ [ 2 Γ^{(1)}_a (τ, σ_1) −

32 Quantities like |η_i(τ ) − η_j (τ )| are the Euclidean 3-distance between the two particles in the asymptotic 3-space Σ_{τ (∞)}, which differs by quantities of order O(ζ) from the real non-Euclidean 3-distance in Σ_τ as shown in Eq.(3.3) of the third paper in Ref.[40].

58 Luca Lusanna − ∫ d^3σ_2 ∑ c ∂^2_{2c} Γ^{(1)}_c (τ, σ_2) 8π |σ_1 − σ_2| ] ,

σ_{(1)(a)(b)}|_{a≠b}(τ, σ) = 1 2 ( ∂_a n̄_{(1)(b)} + ∂_b n̄_{(1)(a)} ) |_{a≠b}(τ, σ). (49) Instead the linearization of the Hamilton equations for the tidal variables R_ā(τ, σ) implies that they satisfy the following wave equation^{33} (△ and □ are the flat Laplacian and the flat D’Alambertian on Σ_{τ (∞)})

∂^2_τ R_ā(τ, σ) = △ R_ā(τ, σ) + ∑ a γ_{āa} [ ∂_τ ∂_a n̄_{(1)(a)} +

+ ∂^2_a n_{(1)} + 2 ∂^2_a ϕ_{(1)} − 2 ∂^2_a Γ^{(1)}_a + 8π G c^3

T^{aa}_{(1)} ] (τ, σ). (50) By using Eqs.(49) this wave equation becomes

□ ∑ b̄ M_ā¯_b R¯_b(τ, σ) = E_ā(τ, σ),

M_ā¯_b = δ_ā¯_b − ∑ a γ_{āa} ∂^2_a △ ( 2 γ¯_{ba} − 1 2 ∑ b γ¯_{bb} ∂^2_b △ ) , E_ā(τ, σ) = 4π G c^3 ∑ a γ_{āa} [ ∂_τ ∂_a △ ( 4 M_{(1)a} − ∂_a △ ∑ c ∂_c M_{(1)c} ) + +2 T^{aa}_{(1)} +

∂^2_a △ ∑ b T^{bb}_{(1)} ] (τ, σ),

⇓ □ ∑ b M̃_{ab} Γ^{(1)}_b (τ, σ) = ∑ ā γ_{āa} E_ā(τ, σ),

M̃_{ab} = ∑ āb̄ γ_{āa} γ¯_{bb} M_ā¯_b = δ_{ab} ( 1 − 2

∂^2_a △ ) + 1 2 ( 1 + ∂^2_a △ ) ∂2_b △ , ∑ a M̃_{ab} = 0, M_{āb̄} = ∑ ab γ_{āa} γ¯_{bb} M̃_{ab}. (51)

33 For the tidal momenta one gets^{8π G}_{c3} Π_ā(τ, σ) = [∂_τ R_ā − ∑ a γ_{āa} ∂_a n̄_{(1)(a)}](τ, σ) + O(ζ^2), so that the diagonal elements of the shear are σ_{(1)(a)(a)}(τ, σ) = [− ∑ ā γ_{āa} ∂_τ R_ā + n̄_{(1)(a)} −^1_3 ∑ b n̄_{(1)(b)}](τ, σ) + O(ζ^2).

From Clock Synchronization 59

To understand the meaning of the spatial operators M_ā¯_b and M̃_{ab}, one must consider the perturbation^4h_{(1)rs}(τ, σ) = −2 ϵ δ_{rs} (Γ^{(1)}_r + 2 ϕ_{(1)})(τ, σ) of Eq.(48) and apply to it the following decomposition, given in Ref[45],

4h_{(1)rs}(τ, σ) =

(_4

h^{T T}_{(1)rs} + 1 3 δ_{rs} H_{(1)} + 1 2 (∂_r ϵ_{(1)s} + ∂_s ϵ_{(1)r}) +

+ (∂_r ∂_s − 1 3 δ_{rs} △) λ_{(1)} ) (τ, σ), (52) with ∑ r ∂_r ϵ_{(1)r} = 0 and^4h^{T T}_{(1)rs} traceless and transverse (TT), i.e. ∑ r 4h^{T T}_{(1)rr} = 0, ∑ r ∂_r^4h^{T T}_{(1)rs} = 0. Since one finds H_{(1)}(τ, σ) = −12 ϵ ϕ_{(1)}(τ, σ), λ_{(1)}(τ, σ) = −3 ϵ ∑ u ∂^2_u △^2 Γ (1) u (τ, σ) and ϵ_{(1)r}(τ, σ) = −4 ϵ^{∂r}_△ ( Γ^{(1)}_r − ∑ u ∂^2_u

△ Γ^{(1)}_u ) (τ, σ), it turns out that the TT part of the spatial metric is independent from ϕ_{(1)} and has the expression

4h^{T T}_{(1)rs}(τ, σ) = −ϵ [( 2 Γ^{(1)}_r + ∑ u ∂^2_u △ Γ^{(1)}_u ) δ_{rs} − − 2 ∂_r ∂_s △ (Γ^{(1)}_r + Γ^{(1)}_s ) + ∂_r ∂_s △ ∑ u ∂^2_u △ Γ^{(1)}_u ] (τ, σ), ⇒^4h^{T T}_{(1)aa}(τ, σ) = −2 ϵ ∑ b M̃_{ab} Γ^{(1)}_b (τ, σ). (53)

Therefore the spatial operator M̃_{ab} connects the tidal variables R_ā(τ, σ) of the York canonical basis to the TT components of the 3-metric. By applying the decomposition (52) to the spatial part T^{rs}_{(1)}(τ, σ) of the energy-momentum one verifies that like in the harmonic gauges [44] the TT part of the 3-metric satisfies the wave equation □^4h^{T T}_{rs} (τ, σ) = −ϵ^{16πG}_{c3} T^{(T T )}_{(1)rs} (τ, σ).

The retarded solution of the wave equation with a no-incoming radiation condition gives the following expression for the tidal variables (the HPM-GW)

R_ā(τ, σ) = − ∑ a γ_{āa} Γ^{(1)}_a (τ, σ)^∘= ∑ ab γ_{āa} M̃^{−1}_{ab} (τ, σ) 2 G c^3 ∫ d^3σ_1 T^{(T T )bb} (1) (τ − |σ − σ_1|; σ_1) |σ − σ_1| , 8π G c^3 Π_ā(τ, σ) = ( ∑ b̄ M_ā¯_b ∂_τ R¯_b − ∑ a γ_{āa} [ 4π G c^3 1 △ (4 ∂_a M_{(1)a} −

− ∂^2_a △ ∑ c ∂_c M_{(1)c}) + ∂^2_a^3K_{(1)} ]) (τ, σ). (54)

60 Luca Lusanna

The explicit form of the inverse operator is given in the second paper of Ref.[40]. By using the multipolar expansion of the energy-momentum T^{AB}_{(1)} of Ref.[58] in the HPM version adapted to the rest-frame instant form of dynamics of Ref.[26], one gets

R_ā(τ, σ) = − G c^3 ∑ ab γ_{āa} M̃^{−1}_{ab} ∂^2_τ q^{(T T )aa|τ τ} (τ − |σ|) |σ| + (higher multipoles), (55)

where q^{(T T )aa|τ τ} (τ) is the TT mass quadrupole with respect to the center of energy (put in the origin of the radar 4-coordinates). An analogous result holds for^4h^{T T}_{rs} (τ, σ) and this implies a HPM relativistic version of the standard mass quadrupole emission formula.

Moreover, notwithstanding there is no gravitational self-energy due to the Grassmann regularization, the energy, 3-momentum and angular momentum balance equations in HPM-GW emission are verified by using the conservation of the asymptotic ADM Poincaré generators (the same happens with the asymptotic Larmor formula of the electro-magnetic case with Grassmann regularization as shown in the last paper of Ref.[27]). See Refs.[44, 76, 77] for the use of the self-energy in the standard derivation of this result by means of PN expansions.

Eqs.(49) and (54) show that the HPM linearization with no-incoming radiation condition and Grassmann regularization is a theory with only dynamical matter interacting through suitable action-at-a-distance and retarded effective potentials. Instead in relativistic atomic physics in SR the no-incoming radiation condition and the Grassmann regularization kill also the retardation leaving only the action-at-a-distance inter-particle Coulomb plus Darwin potentials. See Eq.(7.22) of the second paper of Ref.[40] for the expression of the weak ADM energy till order O(ζ^3).

Moreover it can be shown that the coordinate transformation τ̄ = τ, σ̄^r = σ^r +^1_2^{∂r}_△ ( 4 Γ^{(1)}_r − ∑ c ∂^2_c

△ Γ^{(1)}_c ) (τ, σ), introducing new τ-dependent radar 3-coordinates on the 3-space Σ_τ , allows one to make a transition from the 3- orthogonal gauge with the 4-metric given by Eqs.(48) and (49) to a generalized non-3-orthogonal TT gauge containing the TT 3-metric (53)

4g_{(1)AB} =^4η_{AB} +

+ϵ −2^{∂τ}_Δ^3K_{(1)} + α(matter) −^{∂r}_Δ^3K_{(1)} + A_r(Γ^{(1)}_a ) + β_r(matter)

−^{∂s}_Δ^3K_{(1)} + A_s(Γ^{(1)}_a ) + β_s(matter) [ B_r(Γ^{(1)}_a ) + γ(matter) ] δ_{rs} +

From Clock Synchronization 61

+ O(ζ^2), ⇓

4ḡ_{AB} =^4η_{AB} + ϵ

−2^{∂τ}_Δ^3K_{(1)} + α(matter) −^{∂r}_Δ^3K_{(1)} + β_r(matter) −^{∂s}_Δ^3K_{(1)} + β_s(matter) ϵ^4h^{T T}_{(1)rs} + δ_{rs} γ(matter) + + O(ζ^2). (56)

The functions appearing in Eqs.(56) are: A_r(Γ^{(1)}_a ) = −^1_2 ∂_τ^{∂r}_△ ( 4 Γ^{(1)}_r − ∑ c ∂^2_c

△ Γ^{(1)}_c ) , B_r(Γ^{(1)}_a ) = −2 ( Γ^{(1)}_r +^1_2 ∑ c ∂^2_c

△ Γ^{(1)}_c ) , α(matter) =^{8π G}_{c3} 1 △ ( M_{(1)} + ∑ c T^{cc}_{(1)} ) , β_r(matter) = −^{4π G}_{c3}^1_△ ( 4 M_{(1)r} −^{∂r}_△ ∑ c ∂_c M_{(1)c} ) , γ(matter) =^{8π G}_{c3}^1_△ M_{(1)}.

Also in absence of matter this TT gauge differs from the usual harmonic ones for the non-spatial terms depending upon the inertial gauge variable non-local York time

3K_{(1)}(τ, σ) = 1 △ 3K_{(1)}(τ, σ), (57)

describing the HPM form of the gauge freedom in clock synchronization.

If one uses the coordinate system of the generalized TT gauge, one can introduce the standard polarization pattern of GW for^4h^{T T}_{rs} (see Refs.[44, 45, 78]) and then the inverse transformation gives the polarization pattern of HPM-GW in the family of 3-orthogonal gauges.

If the matter sources have a compact support and if the matter terms 1 △ M_{(1)}(τ, σ) and^1_△ M_{(1)r}(τ, σ) are negligible in the radiation zone far away from the sources, then Eq.(56) gives a spatial TT-gauge with still the explicit dependence on the inertial gauge variable^3K_{(1)}(τ, σ) (non existing in Newtonian gravity), which determines the non-Euclidean nature of the instantaneous 3-spaces. Then one can study the far field of compact matter sources: the restriction to the Solar System of the resulting HPM 4-metric^{34} is compatible with the harmonic PN 4-metric of BCRS [5] if the non-local York time is of order c^{−2}. The resulting shift function should be used for the HPM description of gravito-magnetism (see Refs.[38, 79, 80] for the Lense-Thirring and other associated effects).

34 See Eq.(7.20) of the second paper in Ref.[40], where^4g_{τ τ} (τ, σ) and^4g_{τ r}(τ, σ) are explicitly depending on the non-local York time.

62 Luca Lusanna

The TT gauge allows one to reproduce the various descriptions of the GW detectors and of the reference frames used in GW detection in terms of HPM-GW: this is done in Subsection VIID of the second paper of Ref.[40], where the effect of a HPM-GW on a test mass is given in terms of the proper distance between two nearby geodesics.

The HPM-GW propagate in non-Euclidean instantaneous 3-spaces Σ_τ differing from the inertial asymptotic Euclidean 3-spaces Σ_{τ (∞)} at the first order. In the family of 3-orthogonal gauges with York time^3K_{(1)}(τ, σ) ≈ F_{(1)}(τ, σ) = numerical function, the dynamically determined 3-spaces Σ_τ have an intrinsic 3-curvature^3R̂|_θi_{=0} = 2 ∑ a ∂^2_a Γ^{(1)}_a determined only by the HPM-GW (and therefore by the matter energy-momentum tensor in the past as shown by Eq.(54)). Their extrinsic curvature tensor as sub-manifolds of space-time is

3K_{(1)rs} ≈ σ_{(1)(r)(s)}|_{r≠s} + δ_{rs} ( 1 3 F_{(1)} − ∂_τ Γ^{(1)}_r + ∂_r n̄_{(1)(r)} − ∑ a ∂_a n̄_{(1)(a)} ) , (58)

with n̄_{(1)(r)}, σ_{(1)(r)(s)}|_{r≠s} and Γ^{(1)}_r given in Eqs. (49) and (54). The York time appears only in Eq.(58): all the other PM quantities depend on the non-local York time^3K_{(1)}(τ, σ) ≈^1_△ F_{(1)}(τ, σ)

In the third paper of Refs.[40], where the matter is restricted only to the particles^{35}, one evaluates all the properties of these HPM space-times:

a) the 3-volume element, the 3-distance and the intrinsic and extrinsic 3-curvature tensors of the 3-spaces Σ_τ ;

b) the proper time of a time-like observer;

c) the time-like and null 4-geodesics (they are relevant for the definition of the radial velocity of stars as shown in the IAU conventions of Ref.[81] and in study of time delays [82], [80]);

d) the red-shift and luminosity distance. In particular one finds that the recessional velocity of a star is proportional to its luminosity distance from the Earth at least for small distances. This is in accord with the Hubble old red-shift-distance relation which is formalized in the Hubble law (velocitydistance relation) when the standard cosmological model is used (see for instance Ref.[46] on these topics). These results have a dependence on the non-local York time, which could play a role in giving a different interpretation of the data from super-novae, which are used as a support for dark energy [1].

35 The properties of HPM transverse electro-magnetic fields have still to be explored.

From Clock Synchronization 63

Finally, in Subsection IIIB of the second paper in Refs.[40] it is shown that this HPM linearization can be interpreted as the first term of a HPM expansion in powers of the Newton constant G in the family of 3-orthogonal gauges. This expansion has still to be studied. In particular it will be useful to check whether in the HPM formulation there are phenomena (appearing at high orders in the standard PN expansions) like the hereditary tails starting from 1.5PN [O((^v_c )^3)] and the non-linear (Christodoulou) memory starting from 3PN (see Ref.[83] for a review)^{36}. This would allow one to make a comparison with all the results of the PN expansions, in which today there is control on the GW solution and on the matter equations of motion till order 3.5PN [O((^v_c )^7)] (for binaries see the review in chapter 4 of Ref.[44]) and well established connections with numerical relativity (see the review in Ref.[84]) especially for the binary black hole problem (see the review in Ref.[85]).

36 They imply that GW propagate not only on the flat light-cone but also inside it (i.e. with all possible speeds 0 ≤ v ≤ c): there is an instantaneous wavefront followed by a tail traveling at lower speed (it arrives later and then fades away) and a persistent zerofrequency non-linear memory.

64 Luca Lusanna

8 Post-Minkowskian Hamilton Equations for Particles, their Post-Newtonian Limit and Dark Matter as a Relativistic Inertial Effect

The PM Hamilton equations and their PN limit in 3-orthogonal gauges for a system of N scalar particles of mass m_i and Grassmann-valued signs of energy η_i is discussed in this Section by using the results of the third paper in Ref.[40]. See Refs.[71, 78, 86, 87] for classical texts on the motion of particles in gravitational fields and Refs.[74, 88, 89] for more recent developments^{37}.

The treatment in the 3-orthogonal gauges of the PM Hamilton equations for the electro-magnetic field in the radiation gauge is given in the second paper of Ref.[40], while the PM Hamilton equations for perfect fluids are given in Ref.[41].

With only particles the PM approximation with the ultraviolet cutoff M implies κ_i(τ) =^{mic η̇i(τ )}

√_{1−η̇2i (τ )} + Mc O(ζ), M_{(1)}(τ, σ) = ∑ i δ^3(σ, η_i(τ)) η_i m_ic √_{1−η̇2i (τ )} +O(ζ^2), M_{(1)r}(τ, σ) = ∑ i δ^3(σ, η_i(τ)) η_i^{mic η̇ir (τ )} √_{1−η̇2i (τ )} +O(ζ^2). More-

over one has η̈_i(τ) = O(ζ). The notation ȧ(τ) =^{da(τ )}_{dτ} is used.

One can make a equal time development of the retarded kernel in Eq.(54) like in Ref.[27] for the extraction of the Darwin potential from the Lienard- Wiechert solution (see Eqs. (5.1)-(5.21) of Ref.[27] with ∑ s P^{rs}_⊥ (σ) η̇^s_i (τ) → ∑ uv P_{bbuv} (σ)^{η̇ui (τ ) η̇vi (τ )} √_{1−η̇2i (τ )} ). In this way one gets the following expression of

the HPM GW from point masses

Γ^{(1)}_a (τ, σ)^∘= − 2 G c^2 ∑ b M̃^{−1}_{ab} (σ) ∑ i η_i m_i ∑ uv P_{bbuv} (σ) η̇^u_i (τ) η̇^v_i (τ) √ 1 − η̇^2_i (τ) [ |σ − η_i(τ)|^{−1} + ∞∑ m=1 1 (2m)! ( η̇_i(τ) · ∂ ∂ σ )_{2m} |σ − η_i(τ)|^{2m−1} ] + + O(ζ^2), P_{rsuv} = 1 2 (δ_{ru} δ_{sv} + δ_{rv} δ_{su}) − − 1 2 ( δ_{rs} − ∂_r ∂_s △ ) δ_{uv} + 1 2 ( δ_{rs} + ∂_r ∂_s △ ) ∂_u ∂_v △ − 37 In this approach point particles are considered as independent matter degrees of freedom with a Grassmann regularization of the self-energies to get well defined world-lines (see also Ref.[89]): they are not considered as point-like singularities of solutions of Einstein’s equations (the point of view of Ref.[86]). Solutions of this type have to be described with distributions and, as shown in Ref.[90], the most general class of such solutions under mathematical control includes singularities simulating matter shells, but not either strings or particles. See also Ref.[91].

From Clock Synchronization 65 − 1 2 [ ∂_u △ (δ_{rv} ∂_s + δ_{sv} ∂_r) + ∂_v △ (δ_{ru} ∂_s + δ_{su} ∂_r) ] , (59)

with the retardation effects pushed to order O(ζ^2).

If the lapse and shift functions are rewritten in the form n_{(1)} = ň_{(1)} − ∂_τ^3K_{(1)}, n̄_{(1)(r)} = ˇ̄n_{(1)(r)} + ∂_r^3K_{(1)}, to display their dependence on the inertial gauge variable non-local York time, it can be shown that the PM Hamilton equations for the particles imply the following form of the PM Grassmann regularized second-order equations of motion showing explicitly the equality of the inertial and gravitational masses of the particles

m_i η_i η̈^r_i (τ)^∘= η_i √ 1 − η̇^2_i (τ) ( F^r_i − η̇^r_i (τ) η̇_i(τ) · F_i ) (τ|η_i(τ)|η_{k≠i}(τ)) = def = η_i F^r_i (τ|η_i(τ)|η_{k≠i}(τ)),

η_i F^r_i (τ|η_i(τ)|η_{k≠i}(τ)) = m_i η_i √ 1 − η̇^2_i (τ) ( − ∂ ň_{(1)}(τ, η_i(τ)) ∂ η^r_i +

+ η̇^r_i (τ) 1 − η̇^2_i (τ) ∑ u [ η̇^u_i (τ)

∂ ň_{(1)} ∂ η^u_i + ∑ j≠i η̇^u_j (τ)

∂ ň_{(1)} ∂ η^u_j ] (τ, η_i(τ)) +

+ ( ∑ u η̇^u_i (τ)

[ ∂ ˇ̄n_{(1)(u)} ∂ η^r_i − ∂ ˇ̄n_{(1)(r)} ∂ η^u_i ] − ∑ j≠i ∑ u η̇^u_j (τ)

∂ ˇ̄n_{(1)(r)} ∂ η^u_j −

− η̇^r_i (τ) 1 − η̇^2_i (τ) ∑ u η̇^u_i (τ) ∑ s [ η̇^s_i (τ)

∂ ˇ̄n_{(1)(u)} ∂ η^s_i +

+ ∑ j≠i η̇^s_j (τ)

∂ ˇ̄n_{(1)(u)} ∂ η^s_j ]) (τ, η_i(τ)) + ( ∑ u (η̇^u_i (τ))^2

∂ (Γ^{(1)}_u + 2 ϕ_{(1)}) ∂ η^r_i −

−η̇^r_i (τ) ∑ u [ η̇^u_i (τ) ( 2 ∂ (Γ^{(1)}_r + 2 ϕ_{(1)}) ∂ η^u_i + ∑ c (η̇^c_i (τ))^2 1 − η̇^2_i (τ)

∂ (Γ^{(1)}_c + 2 ϕ_{(1)}) ∂ η^u_i ) +

+ ∑ j≠i η̇^u_j (τ) ( 2 ∂ (Γ^{(1)}_r + 2 ϕ_{(1)}) ∂ η^u_j +

+ ∑ c (η̇^c_i (τ))^2 1 − η̇^2_i (τ)

∂ (Γ^{(1)}_c + 2 ϕ_{(1)}) ∂ η^u_j )]) (τ, η_i(τ)) −

− η̇^r_i (τ) 1 − η̇^2_i (τ) [ ∂^2_τ |_{ηi}^3K_{(1)} + 2 ∑ s η̇^s_i (τ)

∂ ∂_τ |_{ηi}^3K_{(1)} ∂ η^s_i +

66 Luca Lusanna + ∑ su η̇^s_i (τ) η̇^u_i (τ)

∂^{2 3}K_{(1)} ∂ η^u_i ∂ η^s_i ] (τ, η_i(τ)) ) + O(ζ^2). (60)

The effective action-at-a-distance force F_i(τ) contains

a) the contribution of the lapse function ň_{(1)}, which generalizes the Newton force;

b) the contribution of the shift functions ˇ̄n_{(1)(r)}, which gives the gravitomagnetic effects;

c) the retarded contribution of HPM GW, described by the functions Γ^{(1)}_r of Eq.(59);

d) the contribution of the volume element ϕ_{(1)} (ϕ̃ = 1 + 6 ϕ_{(1)} + O(ζ^2)), always summed to the HPM GW, giving forces of Newton type;

e) the contribution of the inertial gauge variable (the non-local York time) 3K_{(1)} =^1_△^3K_{(1)}.

In the electro-magnetic case in SR [28] the regularized coupled secondorder equations of motion of the particles obtained by using the Lienard- Wiechert solutions for the electro-magnetic field are independent by the type of Green function (retarded or advanced or symmetric) used. The electromagnetic retardation effects, killed by the Grassmann regularization, are connected with QED radiative corrections to the one-photon exchange diagram. This is not strictly true in the gravitational case. The effect of retardation is not killed by the Grasmann regularization but only pushed to O(ζ^2): at this order it should give extra contributions to the second-order equations of motion. This shows that our semi-classical approximation, obtained with our Grassmann regularization, of a unspecified ”quantum gravity” theory does not take into account only a ”one-graviton exchange diagram”: in the spin 2 case there is an extra retardation effect showing up only at higher HPM orders^{38}.

8.1 The Center-of-Mass Problem in General Relativity and in the HPM Linearization.

As said in Section 5, the 3-universe is described in a non inertial rest frame with non-Euclidean 3-spaces Σ_τ tending to Euclidean inertial ones Σ_{τ (∞)}

38 In the electro-magnetic case the Grassmann regularization implies Q_i η̇^r_i (τ − |σ|) = Q_i η̇_i(τ ) and equations of motion of the type η̈^r_i (τ ) = Q_i ... with Q^2_i = 0. In the gravitational case the equations of motion are of the type η_i η̈^r_i (τ ) = η_i ... with η^2_i = 0, but the Grassmann regularized retardation in Eq.(54) gives Eq.(59) only at the lowest order in ζ and has contributions of every order O(ζ^k).

From Clock Synchronization 67

at spatial infinity. Both matter and gravitational degrees of freedom live inside Σ_τ and their internal 3-center of mass is eliminated by the rest-frame condition P̂^r_{ADM} ≈ 0 (implied by the absence of super-translations) if also the condition K̂^r_{ADM} = Ĵ^{τ r}_{ADM} ≈ 0 is added like in SR. The 3-universe may be described as an external decoupled center of mass carrying a pole-dipole structure: Ê_{ADM} is the invariant mass and Ĵ^{rs}_{ADM} the rest spin. As in SR the condition K̂^r_{ADM} ≈ 0 selects the Fokker=Pryce center of inertia as the natural time-like observer origin of the radar coordinates: it follows a nongeodetic straight world-line like the asymptotic inertial observers existing in these space-times.

This is a way out from the the problem of the center of mass in general relativity and of its world-line, a still open problem in generic space-times as can be seen from Refs. [58, 92] (and Ref.[74] for the PN approach). Usually, by means of some supplementary condition, the center of mass is associated to the monopole of a multipolar expansion of the energy-momentum of a small body (see Ref.[26] for the special relativistic case).

In SR the elimination of the internal 3-center of mass leads to describe the dynamics inside Σ_τ only in terms of relative variables (see Eqs.(15) in the case of particles). However relative variables do not exist in the non-Euclidean 3-spaces of curved space-times, where flat objects like r_{ij} (τ) = η_i(τ) − η_j (τ) have to be replaced with a quantity proportional to the tangent vector to the space-like 3-geodesics joining the two particles in the non-Euclidean 3- space Σ_τ (see Ref. [93] for an implementation of this idea). Quantities like r^2_{ij} (τ) have to be replaced with the Synge world function [82, 87, 89]^{39}. This problem is another reason why extended objects tend to be replaced with point-like multipoles, which, however, do not span a canonical basis of phase space (see Refs.[26] for SR).

However, at the level of the HPM approximation one can introduce relative variables for the particles, like the SR ones of Eq.(15), defined as 3-vectors in the asymptotic inertial rest frame Σ_{τ (∞)} by putting η_i(τ) = η_{(o)i}(τ)+η_{(1)i}(τ) and κ_i(τ) = κ_{(o)i}(τ) + κ_{(1)i}(τ) with η_{(o)i}(τ), κ_{(o)i}(τ) = O(ζ). This allows one to define HPM collective and relative canonical variables for the particles, with the collective variables eliminated by the conditions P̂^r_{ADM} ≈ 0 and K̂r_{ADM} ≈ 0 (at the lowest order they become the SR conditions).

In the case of two particles (with total and reduced masses M = m_1 + m_2 and μ =^{m1 m2}_M ) one puts η_1(τ) = η_{12}(τ) +^{m2}_M ρ_{12}(τ), η_2(τ) = η_{12}(τ) −

m_1

M ρ_{12}(τ), κ_1(τ) =^{m1}_M κ_{12}(τ)+π_{12}(τ), κ_2(τ) =^{m2}_M κ_{12}(τ)−π_{12}(τ) and goes to the new canonical basis η_{12}(τ) =^{m1 η1 (τ )+m2 η2}_M , ρ_{12}(τ) = η_1(τ) − η_2(τ), κ_{12}(τ) = κ_1(τ) + κ_2(τ), π_{12}(τ) =^{m2 κ1(τ )−m1 κ2(τ )}_M .

39 It is a bi-tensor, i.e. a scalar in both the points η_i(τ ) and η_j (τ ), defined in terms of the space-like geodesic connecting them in Σ_τ . See Eq.(3.13) of the third paper in Ref.[40].

68 Luca Lusanna

It can be shown that the conditions P̂^r_{ADM} ≈ 0 and K̂^r_{ADM} ≈ 0 imply

η_1(τ) ≈ (m_2 M − A_{(o)}(τ) ) ρ_{(o)12}(τ) + m_2 M ρ_{(1)12}(τ) + f_{(1)}(τ)[rel.var., GW ], η_2(τ) ≈ − (m_1 M + A_{(o)}(τ) ) ρ_{(o)12}(τ) − m_1 M ρ_{(1)12}(τ) + f_{(1)}(τ)[rel.var., GW ],

A_{(o)}(τ) =

m_2 M √ m^2_1 c^2 + π^2_{(1)12}(τ) −^{m1}_M √ m^2 c^2 + π^2_{(1)12}(τ) √ m^2_1 c^2 + π^2_{(1)12}(τ) + √ m^2 c^2 + π^2_{(1)12}(τ) , (61)

for some function f_{(1)}[rel.var., GW ](τ) ≈ η_{(1)12}(τ) depending on the relative variables and the HPM GW of Eq.(59) in absence of incoming radiation. Then the equations of motion (60) imply

μ ρ̈^r_{(o)12}(τ)^∘= m_2 M F^r_1 (τ|η_{(o)1}(τ)|η_{(o)2}(τ)) − m_1 M F^r_2 (τ|η_{(o)2}(τ)|η_{(o)1}(τ)),

(62)

for the relative configurational variable. The collective configurational variable has η_{(o)12}(τ) ≈ −A_{(o)}(τ) ρ_{(o)12}(τ) at the lowest order, while at the first order there is an equation of motion equivalent to η̈^r_{(1)12}(τ) ≈^{d2}_{dτ 2} f_{(1)}[rel.var., GW ] (τ).

8.2 The Post-Newtonian Expansion at all Orders in the Slow Motion Limit.

If all the particles are contained in a compact set of radius l_c, one can add a slow motion condition in the form √ ϵ =^v_c ≈ √_{Rmi} l_c , i = 1, ..N (Rm^i = 2 G m_i c^2

is the gravitational radius of particle i) with l_c ≥ R_M and λ >> l_c (see the Introduction). In this case one can do the PN expansion of Eqs.(60).

After having put τ = c t, one makes the following change of notation

η_i(τ) = η̃_i(t), v_i(t) = dη̃_i(t) dt , a_i(t) = d^2η̃_i(t) dt^2 , η̇_i(τ) = v_i(t) c , η̈_i(τ) = a_i(t) c^2

. (63)

From Clock Synchronization 69

For the non-local York time one uses the notation^3K̃_{(1)}(t, σ) =^3K_{(1)}(τ, σ).

Then one studies the PN expansion of the equations of motion (60) with the result (kPN means of order O(c^{−2k}))

m_i d^2 η̃^r_i (t) dt^2 = m_i [ − G ∂ ∂ η̃^r_i ∑ j≠i m_j |η̃_i(t) − η̃_j (t)| − 1 c dη̃^r_i (t) dt ( ∂^2_t |_{η̃i}^3K̃_{(1)} +

+ 2 ∑ u v^u_i (t)

∂ ∂_t|_{η̃i}^3K̃_{(1)} ∂ η̃^u_i + ∑ uv v^u_i (t) v^v_i (t)

∂^{2 3}K̃_{(1)} ∂ η̃^u_i ∂ η̃^v_i ) (t, η̃_i(t)) ] + + F^r_{i(1P N)}(t) + (higher P N orders). (64) At the lowest order one finds the standard Newton gravitational force F_{i(Newton)}(t) = −m_i G^∂_{∂ η̃}r_i ∑ j≠i m_j |η̃_i(t)−η̃_j (t)| . The unexpected result is a 0.5PN force term containing all the dependence upon the non-local York time. The (arbitrary in these gauges) double rate of change in time of the trace of the extrinsic curvature creates a 0.5 PN damping (or anti-damping since the sign of the inertial gauge variable^3K_{(1)} of Eq.(57) is not fixed) effect on the motion of particles. This is a inertial effect (hidden in the lapse function) not existing in Newton theory where the Euclidean 3-space is absolute.

Then there are all the other kPN terms with k = 1, 1.5, 2,... Since these results have been obtained without introducing ad hoc Lagrangians for the particles, are not in the harmonic gauge and do not contain terms of order O(ζ^2) and higher, it is not possible to make a comparison with the standard PN expansion (whose terms are known till the order 3.5PN [44]). Therefore only the 1PN and 0.5PN terms will be considered in the next two Subsections.

8.3 The HPM Binaries at the 1PN Order

Since in the next Subsection the 0.5PN term depending on the non-local York time will be connected with dark matter at the level of galaxies and clusters of galaxies and since there is no convincing evidence of dark matter in the Solar System and near the galactic plane of the Milky Way [96], it is reasonable to assume^3K_{(1)}(τ, σ) =^1_△ F_{(1)}(τ, σ) ≈ 0 near a star with planets and near a binary.

In the description of Subsection 8.1 of the 1PN two-body problem, which is relevant for the treatment of binary systems^{40} as shown in Chapter VI

40 For binaries one assumes^v_c ≈ √_{Rm} lc << 1, where l_c ≈ |r̃| with r̃(t) being the relative separation after the decoupling of the center of mass. Often one considers the case m_1 ≈

70 Luca Lusanna

of Refs.[44] based on Ref.[47, 94, 95], it can be shown that the relative momentum in the rest frame has the 1PN expression π_{12}(τ) = π_{(1)12}(τ) ≈ μ v_{(rel)(o)12}(t) [ 1 +^{m31 +m32}_{2 M 3} (^{v(rel)(o)12 (t)}_c )^2 ] , where v_{(rel)(o)12}(t) =^{d ρ(o)12 (t)}_{dt} is the velocity of the lowest order ρ_{(o)12}(τ) of the relative variable.

If one ignores the York time and considers only positive energy particles (η_1, η_2 → +1), the 1PN equations of motion for the relative variable of the binary implied by Eqs.(62) and 1PN expression of the weak ADM energy Ê_{ADM} and of the rest spin Ĵ rs_{ADM} (being determined by the boundary conditions they are constants of the motion implying planar motion in the plane orthogonal to the rest spin ) can be shown to be

d v_{(rel)(o)12}(t) dt = −G M ρ_{(o)12}(t) |ρ_{(o)12}(t)|^3 [ 1 + ( 1 + 3 μ M )v^2_{(rel)(o)12}(t)

c^2 − − 3μ 2M ( v_{(rel)(o)12}(t) · ρ_{(o)12}(t)) |ρ_{(o)12}(t)| )_2] + − G M |ρ_{(o)12}(t)|^3 ( 4 − 2μ M ) v_{(rel)(o)12}(t) v_{(rel)(o)12}(t) · ρ_{(o)12}(t) ) |ρ_{(o)12}(t)| . Ê_{ADM(1P N)} = ∑ i m_i c^2 + μ (1 2 v^2_{(rel)(o)12}(t) [ 1 + m^3_1 + m^3_2 M^3 ( v_{(rel)(o)12}(t) c )^2 ] −

− G M |ρ_{(o)12}(t)| [ 1 + 1 2 ( (3 + μ M ) v^2_{(rel)(o)12}(t) c^2 + + μ M ( v_{(rel)(o)12}(t) c · ρ_{(o)12}(t) |ρ_{(o)12}(t)| )^2 )]) , Ĵ^{rs}_{ADM(1P N)} = ( ρ^r_{(o)12}(t) v^s_{(rel)(o)12}(t) − ρ^s_{(o)12}(t) v^r_{(rel)(o)12}(t) ) [ 1 + m^3_1 + m^3_2

2 M^3 ( v_{(rel)(o)12}(t) c )^2 ] . (65)

Our 1PN equations (65) in the 3-orthogonal gauges coincide with Eqs. (2.5), (2.13) and (2.14) of the first paper in Ref.[47] (without G^2 terms since they are O(ζ^2)), which are obtained in the family of harmonic gauges starting from an ad hoc 1PN Lagrangian for the relative motion of two test particles (first derived by Infeld and Plebanski [86])^{41}. These equations are the starting point for studying the post-Keplerian parameters of the binaries, which,

m_2. See chapter 4 of Ref. [44] for a review of the emission of GW’s from circular and elliptic Keplerian orbits and of the induced inspiral phase.

41 This is also the starting point of the effective one body description of the two-body problem of Refs. [88].

From Clock Synchronization 71

together with the Roemer, Einstein and Shapiro time delays (both near Earth and near the binary) in light propagation, allow one to fit the experimental data from the binaries (see the second paper in Ref.[47] and Chapter VI of Ref.[44]). Therefore these results are reproduced also in our 3-orthogonal gauge with^3K_{(1)}(τ, σ) = 0.

8.4 From the Three Signatures for Dark Matter Reinterpreted as Relativistic Inertial Effects Induced by the York Time to the Need of a PM ICRS

To study the effects induced by the 0.5PN velocity-dependent (friction or antifriction) force term in Eqs.(64), depending on the inertial gauge variable nonlocal York time^3K̃_{(1)}(t, σ) =^1_△^3K̃_{(1)}(τ, σ) ≈^1_△ F_{(1)}(τ, σ) with F_{(1)}(τ, σ) arbitrary numerical function, it is convenient to rewrite such equations in the form d dt [ m_i ( 1 + 1 c d dt 3K̃_{(1)}(t, η̃_i(t)) ) d η̃r_i (t) dt ]_∘ = −G ∂ ∂ η̃^r_i ∑ j≠i η_j m_i m_j |η̃_i(t) − η̃_j (t)| +

+ O(ζ^2), (66)

because the damping or anti-damping factors in Eq.(64) are γ_i(t, η̃_i(t)) =

d^2 dt^2 3K̃_{(1)}(t, η̃_i(t)) and ¨η̃_i(t) = O(ζ).

As a consequence the velocity-dependent force can be reinterpreted as the introduction of an effective (time-, velocity- and position-dependent) inertial mass term for the kinetic energy of each particle:

m_i → m_i ( 1 + 1 c d dt 3K̃_{(1)}(t, η̃_i(t)) ) = m_i + (Δ m)_i(t, η̃_i(t)),

(67)

in each instantaneous 3-space. Instead in the Newton potential there are the gravitational masses of the particles, equal to the inertial ones in the 4- dimensional space-time due to the equivalence principle. Therefore the effect is due to a modification of the effective inertial mass in each non-Euclidean 3- space depending on its shape as a 3-sub-manifold of space-time: it is the equality of the inertial and gravitational masses of Newtonian gravity to be violated! In Galilei space-time the Euclidean 3-space is an absolute time-independent notion like Newtonian time: the non-relativistic non-inertial frames live in

72 Luca Lusanna

this absolute 3-space differently from what happens in SR and GR, where they are (in general non-Euclidean) 3-sub-manifolds of the space-time.

Eqs. (64), (66) and (67) can be applied to the three main signatures of the existence of dark matter in the observed masses of galaxies and clusters of galaxies, where the 1PN forces are not important, namely the virial theorem [49], the weak gravitational lensing [50], [49] and the rotation curves of spiral galaxies (see Ref.[48] for a review), to give a reinterpretation of dark matter as a relativistic inertial effect.

A) Masses of clusters of galaxies from the virial theorem. For a bound system of N particles of mass m (N equal mass galaxies) at equilibrium, the virial theorem relates the average kinetic energy < E_{kin} > in the system to the average potential energy < U_{pot} > in the system: < E_{kin} >= −^1_2 < U_{pot} > assuming Newton gravity. For the average kinetic energy of a galaxy in the cluster one takes < E_{kin} >≈^1_2 m < v^2 >, where < v^2 > is the average of the square of the radial velocity of single galaxies with respect to the center of the cluster (measured with Doppler shift methods; the velocity distribution is assumed isotropic). The average potential energy of the galaxy is assumed of the form < U_{pot} >≈ −G^{m M}_R , where M = Nm is the total mass of the cluster and R = α R is a ”effective radius” depending on the cluster size R (the angular diameter of the cluster and its distance from Earth are needed to find R) and on the mass distribution on the cluster (usually α ≈ 1/2). Then the virial theorem implies M ≈^R_G < v^2 >. It turns out that this mass M of the cluster is usually at least an order of magnitude bigger that the baryonic matter of the cluster M_{bar} = N m (spectroscopically determined). By applying Eqs.(64) to the equilibrium condition for a self-gravitating system, i.e.^{d2}_{dt2} ∑ i m_i | η̃_i(t) |^2= 0 with m_i = m, one gets ∑ i m_i v^2_i (t) − G ∑ i>j m_i m_j |η̃_i(t)−η̃_j (t)| − 1 c ∑ i m_i ( η̃_i(t)·v_i(t) ) γ_i(t, η̃_i(t)) = 0 with m_i = m_j =

m. Therefore one can write ⟨U_{pot}⟩ = −^1_N ∑ i>j G m^2 |η̃_i(t)−η̃_j (t)| ≈ G m M_{bar} R (with

R = R/2) and^1_2 m ⟨v^2⟩ = −^1_2 ⟨U_{pot}⟩ +^m_{2c} ⟨ ( η̃ · v ) γ(t, η̃)⟩ with the notation ⟨ ( η̃ · v ) γ(t, η̃)⟩ =^1_N ∑ i ( η̃_i(t) · v_i(t) ) γ_i(t, η̃_i(t)) (it contains the non-local York time). Therefore for the measured mass M (the effective inertial mass in 3-space) one has

M = R G < v^2 >= M_{bar} + R G c ⟨ ( η̃ · v ) γ(t, η̃)⟩^{def}= M_{bar} + M_{DM} , (68)

and one sees that the non-local York time can give rise to a dark matter contribution M_{DM} = M − M_{bar}.

B) Masses of galaxies or clusters of galaxies from weak gravitational lensing. Usually one considers a galaxy (or a cluster of galaxies) of big mass M

From Clock Synchronization 73

behind which a distant, bright object (often a galaxy) is located. The light from the distant object is bent by the massive one (the lens) and arrives on the Earth deflected from the original propagation direction. As shown in Ref.[50] one has to evaluate Einstein deflection of light, emitted by a source S at distance d_S from the observer O on the Earth, generated by the big mass at a distance d_D from the observer O. The mass M, at distance d_{DS} from the source S, is considered as a point-like mass generating a 4-metric of the Schwarzschild type (Schwarzschild lens). The ray of light is assumed to propagate in Minkowski space-time till near M, to be deflected by an angle α by the local gravitational field of M and then to propagate in Minkowski space-time till the observer O. The distances d_S , d_D , d_{DS} , are evaluated by the observer O at some reference time in some nearlyinertial Minkowski frame with nearly Euclidean 3-spaces (in the Euclidean case d_{DS} = d_S − d_D). If ξ = θ d_D is the impact parameter of the ray of light at M and if ξ >> R_s =^{2 G M}_{c2} (the gravitational radius), Einstein’s deflection angle is α =^{2 Rs}_ξ =^{4 G M}_{c2 ξ} and the so-called Einstein radius (or characteristic

angle) is α_o = √ 2 R_s^{dDS}_{dD dS} = √_{4 G M} c^2 d_{DS} d_D d_S . A measurement of the deflection

angle and of the three distances allows to get a value for the mass M of the lens, which usually turns out to be much larger of its mass inferred from the luminosity of the lens. For the calculation of the deflection angle one considers the propagation of ray of light in a stationary 4-metric of the BCRS type and uses a version of the Fermat principle containing an effective index of refraction n. One has n =^4g_{τ τ} = ϵ [1 −^{2w}_{c2} − 2 ∂_τ^3K] in the PM approximation.

Since one has^{2 w}_{c2} = −^{G Mbar}_{c2 |σ|} , the definition 2 ∂_τ^3K_{(1)}^{def}= −^{G MDM}_{c2 |σ|} leads to an Einstein deflection angle α = 4 G M c^2 ξ with M^{def}= M_{bar} + M_{DM} . (69) Therefore also in this case the measured mass M is the sum of a baryonic mass M_{bar} and of a dark matter mass M_{DM} induced by the non-local York time at the location of the lens.

C) Masses of spiral galaxy masses from their rotation curves. In this case one considers a two-body problem (a point-like galaxy and a body circulating around it) described in terms of an internal center of mass η̃_{12}(t) ≈ η̃_{(1)12}(t) (η̃_{(o)12}(t) = 0 is the origin of the 3-coordinates) and a relative variable ρ̃_{12}(t). Then the sum and difference of Eqs.(64) imply the equations of motion for η̃_{(1)12}(t) and ρ̃_{12}(t). While the first equation implies a small motion of the overall system, the second one has the form

d^2 ρ̃^r_{(1)12}(t) dt^2 ∘= −G M ρ̃^r_{12}(t) |ρ̃_{12}(t)|^3 − 1 c dρ̃^r_{12}(t) dt γ_+(t, ρ̃_{12}(t), v(t)),

74 Luca Lusanna

γ_+(t, ρ̃_{12}(t), v(t)) = m_1 M γ_1(t, m_2 M ρ̃_{12}(t), v(t)) + m_2 M γ_2(t, − m_1 M ρ̃_{12}(t), v(t)),

(70)

where γ_i are the damping or anti-damping factors defined after Eq.(66). Eq.(70) gives the two-body Kepler problem with an extra perturbative force. Without it a Keplerian solution with circular trajectory such that | ρ̃_{12}(t) |= R = const. implies that the Keplerian velocity v_o(t) = v_o n̂(t) has the modulus vanishing at large distances, v_o = √_{G M} R →_{R→∞} 0. Instead the rotation curves of spiral galaxies imply that the relative 3-velocity goes to constant for large R, i.e. v = √_{G (Mbar +Δ M(r))} r →_{R→∞} const. (M_{bar} is the spectroscopically determined baryon mass), so that the extra required term Δ M(r) is interpreted as the mass M_{DM} of a dark matter halo.

The presence of the extra force term implies that the velocity must be written as v(t) = v_o(t)+v_1(t) with v_1(t) a first order perturbative correction satisfying^{dvr1 (t)}_{dt} = −^{vro}_c n̂(t) γ_+(t, ρ̃_{12}(t), v^r_o(t)). Therefore at the first order in the perturbation one gets v^2(t) = v^2_o ( 1 −^2_c n̂(t) · ∫_t o dt_1 n̂(t_1) γ_+(t_1, ρ̃_{12}(t_1),

v_o(t_1)) ) . Therefore, after having taken a mean value over a period T (the time dependence of the mass of a galaxy is not known) the effective mass of the two-body system is

M_{ef f} = ⟨v^2⟩ R G = M ( 1 − ⟨ 2 c n̂(t) · ∫_t dt_1 n̂(t_1) γ_+(t_1, ρ̃_{12}(t_1), v_o(t_1)) ⟩) ) = = M_{bar} + M_{DM} . (71)

with a Δ M(r) = M_{DM} function only of the mean value of the total time derivative of the non-local^3K_{(1)} to be fitted to the experimental data.

Therefore, the existence of the inertial gauge variable York time, a property of the non-Euclidean 3-spaces as 3-sub-manifolds of Einstein space-times (connected only to the general relativistic remnant of the gauge freedom in clock synchronization, independently from cosmological assumptions) implies the possibility of describing part (or maybe all) dark matter as a relativistic inertial effect in Einstein gravity without alternative explanations using:

1) the non-relativistic MOND approach [97] (where one modifies Newton equations);

2) modified gravity theories like the f(R) ones (see for instance Refs.[98]; here one gets a modification of the Newton potential);

3) the assumption of the existence of WIMP particles [99].

From Clock Synchronization 75

Let us also remark that the 0.5PN effect has origin in the lapse function and not in the shift one, as in the gravito-magnetic elimination of dark matter proposed in Ref.[100].

The open problem with this explanation of dark matter is the determination of the non-local York time from the data on dark matter. From what is known about dark matter in the Solar System and inside the Milky Way near the galactic plane, it seems that^3K_{(1)}(τ, σ) is negligible near the stars inside a galaxy. Instead the non-local York time (or better a mean value in time of its total time derivative) should be relevant around the galaxies and the clusters of galaxies, where there are big concentrations of mass and well defined signatures of dark matter. Instead there is no indication on its value in the voids existing among the clusters of galaxies.

Therefore the known data on dark matter do not allow one to get an experimental determination of the York time^3K_{(1)}(τ, σ) = △^3K_{(1)}(τ, σ), because to do it one needs to know the non-local York time on all the 3- universe at a given τ.

Since, as said in the Introduction, at the experimental level the description of matter is intrinsically coordinate-dependent, namely is connected with the conventions used by physicists, engineers and astronomers for the modeling of space-time, one has to choose a gauge (i.e. a 4-coordinate system) in non-modified Einstein gravity which is in agreement with the observational conventions in astronomy. This way out from the gauge problem in GR requires a choice of 3-coordinates on the instantaneous 3-spaces identified by a choice of time and by a clock synchronization convention, i.e. a fixation of the York time^3K_{(1)}(τ, σ). The convention resulting by one set of such choices would give a PM extension of ICRS, with BCRS being its quasi- Minkowskian approximation for the Solar System. Since the existing ICRS [3, 5] has diagonal 3-metric, 3-orthogonal gauges are a convenient choice.

The real problem is the extraction of an indication of which kind of function of time and 3-coordinates to use for the York time^3K_{(1)}(τ, σ) from astrophysical data different from the ones giving information about dark matter. Once one would have a phenomenological parametrization of the York time, then the data on dark matter would put restrictions on the induced phenomenological parametrization of the non-local York time 3K_{(1)}(τ, σ) =^1_△^3K_{(1)}(τ, σ). As it will be delineated in the final Section, to implement this program one has to look at the astrophysical data on dark energy after having succeeded to interpret also it as a relativistic inertial effect in suitable cosmological space-times in which one can induce the distinction between inertial and tidal degrees of freedom of the gravitational field from the previously discussed Hamiltonian framework.

76 Luca Lusanna

9 Dark Energy and Other Open Problems

This Lecture contains a full review of an approach to SR and to asymptotically Minkowskian classical canonical Einstein GR based on a description of global non-inertial frames centered on a time-like observer which is suggested by relativistic metrology. The gauge freedom in clock synchronization, which does not exist in Galilei space-time (Newton time and Euclidean 3-spaces are absolute) and is not restricted in Minkowski space-time (it spans the class of the admissible 3+1 splittings of this absolute space-time), is restricted in GR to the gauge freedom connected with the inertial gauge variable^3K, the York time, which determines the shape of the instantaneous non-Euclidean 3-spaces as 3-sub-manifolds of the space-time.

The study of canonical ADM tetrad gravity in asymptotically Minkowskian space-times without super-translations (so that they admit an asymptotic ADM Poincaré algebra at spatial infinity) in the York canonical basis allowed one to disentangle the tidal degrees of freedom of the gravitational field from the inertial gauge ones (they include the York time), to find the family of non-harmonic 3-orthogonal Schwinger time gauges and to define a HPM linearization in them. The main properties of these non-harmonic gauges are that only the HPM-GW (but not the lapse and shift functions) are retarded quantities with a no-incoming radiation condition and that one can naturally find which quantities depend upon the York time.

Relativistic particle mechanics, coupled to the electro-magnetic field in the radiation gauge, has been studied both in SR and GR with a suitable Grassmann regularization of the self-energies so to get well defined equations of motion.

In SR, after a clarification of the problem of the relativistic center of mass and the definition of inertial and non-inertial rest frames of isolated systems, it was possible to develop a formulation, the parametrized Minkowski theories, in which the transitions among global non-inertial frames are gauge transformations. Then isolated systems were described in the rest-frame instant form of dynamics and the structure of their Poincaré generators and of their relative variables in the instantaneous Wigner 3-spaces was clarified. With this approach it was possible to give a new formulation of the microcanonical ensemble in relativistic kinetic theory and to develop a formulation of relativistic quantum mechanics and relativistic entanglement taking into account the known results about relativistic bound states and the spatial nonseparability and non-locality induced by the Lorentz signature of Minkowski space-time.

In GR it was possible to derive regularized equations of motion of the particles in the non-inertial rest frame and to study their PM limit in the HPM linearization in the 3-orthogonal gauges and the emission of HPM GW (with the energy balance under control even in absence of self-forces). Then

From Clock Synchronization 77

the PN limit of these PM equations allows one to recover the known 1PN results of harmonic gauges. The more surprising result is that in the PN expansion of the PM equations of motion there is a 0.5PN term in the forces depending upon the York time. This opens the possibility to describe dark matter as a relativistic inertial effect implying that the effective inertial mass of particles in the 3-spaces is bigger of the gravitational mass because it depends on the York time (i.e. on the shape of the 3-space as a 3-sub-manifold of the space-time: this is impossible in Newton gravity in Galilei space-time and leads to a violation of the Newtonian equivalence principle).

The proposed solution to the gauge problem in GR based on the conventions of relativistic metrology for ICRS and the results of the last Section on the re-interpretation of dark matter as a relativistic inertial effect arising as a consequence of a convention on the York time in an extended PM ICRS push toward the necessity of similar re-interpretation also of dark energy in cosmology [1, 101, 102, 103]. As it has been shown, the identification of the tidal and inertial degrees of freedom of the gravitational field can be reformulated in the framework of the non-Hamiltonian first-order ADM equations by means of the replacement of the Hamiltonian momenta with the expansion and the shear of the Eulerian observers associated with the 3+1 splitting of the space-time. Therefore this identification can also be applied to the cosmological space-times which do not admit a Hamiltonian formulation: also in them the identification of the instantaneous 3-spaces Σ_τ , now labeled by a cosmic time, requires a conventional choice of clock synchronization, i.e. a convention on the York time^3K defining the shape of the 3-spaces as 3-submanifolds of the space-time, and of 3-coordinates (the 3-orthogonal ones are acceptable also in cosmology).

In the standard ΛCDM cosmological model the class of cosmological solutions of Einstein equations is restricted to Friedmann-Robertson-Walker (FRW) space-times with nearly Euclidean 3-spaces (i.e. with a small internal 3-curvature). In them the Killing symmetries connected with homogeneity and isotropy imply (τ is the cosmic time, a(τ) the scale factor) that the York time is no more a gauge variable but coincides with the Hubble constant: 3K(τ) = −^{ȧ(τ )}_{a(τ )} = −H(τ). However at the first order in cosmological perturbations (see Ref.[104] for a review) one has^3K = −H +^3K_{(1)} with^3K_{(1)} being again an inertial gauge variable to be fixed with a metrological convention. Therefore the York time has a central role also in cosmology and one needs to know the dependence on it of the main quantities, like the red-shift and the luminosity distance from supernovae, which require the introduction of the notion of dark energy to explain the 3-universe and its accelerated expansion in the framework of the standard ΛCDM cosmological model.

Instead in inhomogeneous space-times without Killing symmetries like the Szekeres ones [105, 106] the York time remains an arbitrary inertial gauge variable. Therefore the main open problem of the present approach is to see whether it is possible to find a 3-orthogonal gauge in a inhomogeneous

78 Luca Lusanna

Einstein space-time (at least in a PM approximation) in which the convention on the inertial gauge variable York time allows one to accomplish the following two tasks simultaneously: a) to eliminate both dark matter and dark energy through the choice of a 4-coordinate system (suggested by astrophysical data) to be used in a consistent PM reformulation of ICRS and b) to save the main good properties of the standard ΛCDM cosmological model due to the inertial and dynamical properties of the space-time. As matter one will take the dust, whose description in the York canonical basis is given in Ref.[41].

Also in the back-reaction approach [107, 108] to cosmology, according to which dark energy is a byproduct of the non-linearities of GR when one considers spatial averages of 3-scalar quantities in the 3-spaces on large scales to get a cosmological description of the universe taking into account its observed inhomogeneity, one gets that the spatial average of the product of the lapse function and of the York time (a 3-scalar gauge variable) gives the effective Hubble constant. Since this approach starts from the Hamiltonian description of an asymptotically flat space-time and since all the canonical variables in the York canonical basis, except the angles θ^i, are 3-scalars, the formalism presented in this Lecture will allow to study the spatial average of nearly all the Hamilton equations and not only of the super-Hamiltonian constraint and of the Hamilton equation for the York time as in the existing formulation of the approach. This will be done by using the perfect fluids of Ref.[41] as matter.

Also the recent point of view of Ref.[109], taking into account the relevance of the voids among the clusters of galaxies, has to be reformulated in terms of the York time.

Finally one should find the dependence upon he York time of the Landau- Lifschitz energy-momentum pseudo-tensor and re-express it as the effective energy-momentum tensor of a viscous pseudo-fluid. One will have to check whether for certain choices of the York time the resulting effective equation of state of the fluid has negative pressure, realizing also in this way a simulation of dark energy.

Other open problems in GR under investigation are:

A) Find the second order of the HPM expansion to see whether in PM space-times there is the emergence of hereditary terms [44, 83] like the ones present in harmonic gauges.

B) Study the PM equations of motion of the transverse electro-magnetic field trying to find Lienard-Wiechert-type solutions in GR. Study astrophysical problems where the electro-magnetic field is relevant.

C) Find the expression in the York canonical basis of the Weyl scalars of the Newman-Penrose approach [68] and then of the four Weyl eigenvalues, which are tetrad-independent 4-scalar invariants of the gravitational field.

From Clock Synchronization 79

Is it possible to find a canonical transformation replacing the 3-scalar tidal variables with four 4-scalar functions of the Weyl eigenvalues? Are Weyl eigenvalues Dirac observables?

D) Try to make a multi-temporal quantization (see Refs,[34, 65]) of the linearized HPM theory over the asymptotic Minkowski space-time, in which, after a Shanmugadhasan canonical transformation to a new York canonical basis adapted to all the constraints, only the tidal variables are quantized but not the inertial gauge ones. After this type of quantization, in which the lapse and shift functions remain c-numbers, the space-time would still be a classical 4-manifold: only the two eigenvalues of the 3-metric describing GW are quantized and therefore only 3-metric properties like 3-distances, 3-areas, 3-volumes become quantum properties. After having re-expressed the Ashtekar variables [110] for asymptotically Minkowskian space-times (see Appendix B of Ref.[4]) in this final York canonical basis it will be possible to compare the outcomes of this new type of quantization with loop quantum gravity.

80 Luca Lusanna

References

1. Bartelmann M., The Dark Universe, Rev.Mod.Phys. 82, 331 (2010) (arXiv 0906.5036).

Bean R., TASI 2009. Lectures on Cosmic Acceleration (arXiv 1003.4468). 2. UCLA 2007, The ABC’s of Distances, (http : //www.astro.ucla.edu/ wright/distance.htm). Carroll B.W. and Ostlie D.A., An Introduction to Modern Astrophysics 2nd Ed. (Pearson Eduction Inc., NewJersey, 2007).

3. Kovalevski J., Mueller I.I. and Kolaczek B., Reference Frames in Astronomy and Geophysics (Kluwer, Dordrecht, 1989).

Sovers O.J. and Fanselow J.L., Astrometry and Geodesy with Radio Interferometry: Experiments, Models, Results, Rev.Mod.Phs. 70, 1393 (1998).

Ma C., Arias E.F., Eubanks T.M., Fey A.L., Gontier A.M., Jacobs C.S., Sovers O.J., Archinal B.A. and Charlot P., The International Celestial Reference Frame as Realized by Very Long Baseline Interferometry, AJ 116, 516 (1998). Johnstone K.J. and de Vegt Chr., Reference Frames in Astronomy, Annu. Rev. Astron. Astrophys. 37, 97 (1999).

Fey A., Gordon G. and Jacobs C. (eds.), The Second Realization of the International Celestial Reference Frame by Very Long Baseline Interferometry, 2009 IERS Technical Notes 35.

4. Lusanna L., Canonical Gravity and Relativistic Metrology: from Clock Synchronization to Dark Matter as a Relativistic Inertial Effect (arXiv 1108.3224).

5. Soffel M., Klioner S.A., Petit G., Wolf P., Kopeikin S.M., Bretagnon P., Brumberg V.A., Capitaine N., Damour T., Fukushima T., Guinot B., Huang T., Lindegren L., Ma C., Nordtvedt K., Ries J., Seidelmann P.K., Vokroulicky’ D., Will C. and Xu Ch., The IAU 2000 Resolutions for Astrometry, Celestial Mechanics and Metrology in the Relativistic Framework: Explanatory Supplement Astron.J., 126, pp.2687-2706, (2003) (arXiv astro-ph/0303376).

IERS Conventions (2003), eds. McCarthy D.D. and Petit G., IERS TN 32 (2004), Verlag des BKG. Kaplan G.H., The IAU Resolutions on Astronomical Reference Systems, Time Scales and Earth Rotation Models, U.S.Naval Observatory circular No. 179 (2005) (arXiv astro-ph/0602086).

Moyer T.D., Formulation for Observed and Computed Values of Deep Space Network Data Types for Navigation (John Wiley, New York, 2003).

6. Jordan S., The GAIA Project: Technique, Performance and Status, Astron.Nachr.

329, 875 (2008) (DOI 10.1002/asna.200811065).

7. Arnowitt R., Deser S. and Misner C.W., The Dynamics of General Relativity, ch.7 of Gravitation: an Introduction to Current Research, ed. Witten L. (Wiley, New York, 1962)(arXiv gr-qc/0405109).

8. Dirac P.A.M., Lectures on Quantum Mechanics, Belfer Graduate School of Science, Monographs Series (Yeshiva University, New York, N.Y., 1964). Henneaux M. and Teitelboim C., Quantization of Gauge Systems (Princeton University Press, Princeton, 1992).

9. Shanmugadhasan S., Canonical Formalism for Degenerate Lagrangians, J.Math.Phys.

14, 677 (1973).

Lusanna L., The Shanmugadhasan Canonical Transformation, Function Groups and the Second Noether Theorem, Int.J.Mod.Phys. A8, 4193 (1993); The Relevance of Canonical Transformations in Gauge Theories and General Relativity, Lecture Notes of ”Seminario Interdisciplinare di Matematica” (Basilicata Univ.) 5, 125 (2006). . Chaichian M., Louis Martinez D. and Lusanna L., Dirac’s Constrained Systems: the Classification of Second-Class Constraints, Ann.Phys. (N.Y.) 232, 40 (1994).

10. Dittrich B., Partial and Complete Observables for Hamiltonian Constrained Systems, Gen.Rel.Grav. 39, 1891 (2007) (arXiv gr-qc/0411013) and Partial and Complete Ob-

From Clock Synchronization 81

servables for Canonical General Relativity, 23, 6155 (2006) (arXiv gr-qc/0507106). Thiemann T., Reduced Phase Space Quantization and Dirac Observables, Class.Quantum Grav. 23, 1163 (2006) (arXiv gr-qc/0411031).

J.M.Pons, D.C.Salisbury and K.A.Sundermeyer, Revisiting Observables in Generally Covariant Theories in the Light of Gauge Fixing Methods, Phys.Rev. D80, 084015 (2009) (0905.4564); Observables in Classical Canonical Gravity: Folklore Demystified. (arXiv 1001.2726).

11. Moncrief V., Space-Time Symmetries and Linearization Stability of the Einstein Equations. I, J.Math.Phys. 16, 493 (1975); Decompositions of Gravitational Perturbations, J.Math.Phys. 16, 1556 (1975); Space-Time Symmetries and Linearization Stability of the Einstein Equations. II, J.Math.Phys. 17, 1893 (1976); Invariant States and Quantized Gravitational Perturbations, Phys.Rev. D18, 983 (1978). Choquet-Bruhat Y., Fischer A.E. and Marsden J.E., Maximal Hypersurfaces and Positivity of Mass, LXVII E.Fermi Summer School of Physics Isolated Gravitating Systems in General Relativity, ed. Ehlers J. (North-Holland Amsterdam, 1979). Fisher A.E. and Marsden J.E., The Initial Value Problem and the Dynamical Formulation of General Relativity, in General Relativity. An Einstein Centenary Survey, eds. Hawking S.W. and Israel W. (Cambridge University Press, Cambridge, 1979).

12. Ashtekar A., Asymptotic Structure of the Gravitational Field at Spatial Infinity, in General Relativity and Gravitation, Vol.2, ed.Held A. (Plenum, New York, 1980).

13. McCarthy P.J., Asymptotically Flat Space-Times and Elementary Particles, Phys.Rev.Lett. 29, 817 (1972); Structure of the Bondi-Metzner-Sachs Group , J.Math.Phys. 13, 1837 (1972).

14. Beig R. and Ó Murchadha, The Poincaré Group as the Symmetry Group of Canonical General Relativity, Ann.Phys.(N.Y.) 174, 463 (1987).

15. Fatibene L., Ferraris M., Francaviglia M. and Lusanna L., ADM Pseudotensors, Conserved Quantities and Covariant Conservation Laws in General Relativity, to appear in Annals of Physics (arXiv 1007.4071).

Jaramillo J.L. and Gourgoulhon E., Mass and Angular Momentum in General Relativity, in Mass and Motion in General Relativity, eds. Blanchet L., Spallicci A. and Whiting B., Fundamental Theories in Physics Vol. 162, p.87 (Springer, Berlin, 2011) (arXiv 1001.5429).

Szabados L.B., On the Roots of Poincaré Structure of Asymptotically Flat Spacetimes, Class.Quant.Grav. 20, 2627 (2003) (arXiv gr-qc/0302033).

16. Christodoulou D. and Klainerman S., The Global Nonlinear Stability of the Minkowski Space. (Princeton University Press, Princeton, 1993).

17. Lusanna L., The Rest-Frame Instant Form of Metric Gravity, Gen.Rel.Grav. 33, 1579 (2001)(arXiv gr-qc/0101048).

Lusanna L. and Russo S., A New Parametrization for Tetrad Gravity, Gen.Rel.Grav. 34, 189 (2002)(arXiv gr-qc/0102074).

DePietri R., Lusanna L., Martucci L. and Russo S., Dirac’s Observables for the Rest- Frame Instant Form of Tetrad Gravity in a Completely Fixed 3-Orthogonal Gauge, Gen.Rel.Grav. 34, 877 (2002) (arXiv gr-qc/0105084).

Agresti J., De Pietri R., Lusanna L. and Martucci L., Hamiltonian Linearization of the Rest-Frame Instant Form of Tetrad Gravity in a Completely Fixed 3-Orthogonal Gauge: a Radiation Gauge for Background-Independent Gravitational Waves in a Post-Minkowskian Einstein Spacetime, Gen.Rel.Grav. 36, 1055 (2004) (arXiv grqc/0302084).

18. Rovelli C., Quantum Gravity (Cambridge University Press, Cambridge, 2004). 19. Geroch R., Spinor Structure of Space-Times in General Relativity I, J.Math.Phys. 9, 1739 (1968).

20. Mashhoon B., The Hypothesis of Locality and its Limitatins, in Relativity in Rotating Frames, eds. Rizzi G. and Ruggiero M.L. (Kluwer, Dordrecht, 2003) (arXiv gr-qc/0303029).

82 Luca Lusanna

Mashhoon B. and Muench U., Length Measurements in Accelerated Systems, Ann.Phys. (Leipzig) 11, 532 (2002).

21. Alba D. and Lusanna L., Charged Particles and the Electro-Magnetic Field in Non- Inertial Frames: I. Admissible 3+1 Splittings of Minkowski Spacetime and the Non- Inertial Rest Frames, Int.J.Geom.Methods in Physics 7, 33 (2010) (arXiv 0908.0213) and II. Applications: Rotating Frames, Sagnac Effect, Faraday Rotation, Wrap-up Effect, Int.J.Geom.Methods in Physics, 7, 185 (2010) (arXiv 0908.0215); Generalized Radar 4-Coordinates and Equal-Time Cauchy Surfaces for Arbitrary Accelerated Observers (2005), Int.J.Mod.Phys. D16, 1149 (2007) (arXiv gr-qc/0501090). Bini D., Lusanna L. and Mashhoon B., Limitations of Radar Coordinates, Int.J.Mod.Phys. D14, 1 (2005) (arXiv gr-qc/0409052).

22. Bondi H., Assumption and Myth in Physical Theory (Cambridge University Press, Cambridge, 1967).

D’Inverno R., Introducing Einstein Relativity (Oxford University Press, Oxford, 1992). 23. Lusanna L., The N- and 1-Time Classical Descriptions of N-Body Relativistic Kinematics and the Electromagnetic Interaction, Int.J.Mod.Phys. A12, 645 (1997).

24. Lusanna L., The Chrono-Geometrical Structure of Special and General Relativity:

A Re-Visitation of Canonical Geometrodynamics, lectures at 42nd Karpacz Winter School of Theoretical Physics: Current Mathematical Topics in Gravitation and Cosmology, Ladek, Poland, 6-11 Feb 2006, Int.J.Geom.Methods in Mod.Phys. 4, 79 (2007). (arXiv gr-qc/0604120).

Lusanna L., The Chronogeometrical Structure of Special and General Relativity: towards a Background-Independent Description of the Gravitational Field and Elementary Particles (2004), in General Relativity Research Trends, ed. Reiner A., Horizon in World Physics vol. 249 (Nova Science, New York, 2005) (arXiv gr-qc/0404122).

25. Schmutzer E. and Plebanski J., Quantum Mechanics in Noninertial Frames of Reference, Fortschr.Phys. 25, 37 (1978).

26. Alba D., Lusanna L. and Pauri M., New Directions in Non-Relativistic and Relativistic Rotational and Multipole Kinematics for N-Body and Continuous Systems (2005), in Atomic and Molecular Clusters: New Research, ed.Y.L.Ping (Nova Science, New York, 2006) (arXiv hep-th/0505005).

Alba D., Lusanna L. and Pauri M., Centers of Mass and Rotational Kinematics for the Relativistic N-Body Problem in the Rest-Frame Instant Form, J.Math.Phys. 43, 1677-1727 (2002) (arXiv hep-th/0102087).

Alba D., Lusanna L. and Pauri M., Multipolar Expansions for Closed and Open Systems of Relativistic Particles , J. Math.Phys. 46, 062505, 1-36 (2004) (arXiv hepth/0402181).

27. Crater H.W. and Lusanna L., The Rest-Frame Darwin Potential from the Lienard- Wiechert Solution in the Radiation Gauge, Ann.Phys. (N.Y.) 289, 87 (2001). Alba D., Crater H.W. and Lusanna L., The Semiclassical Relativistic Darwin Potential for Spinning Particles in the Rest Frame Instant Form: Two-Body Bound States with Spin 1/2 Constituents, Int.J.Mod.Phys. A16, 3365-3478 (2001) (arXiv hep-th/0103109).

Alba D. and Lusanna L., The Lienard-Wiechert Potential of Charged Scalar Particles and their Relation to Scalar Electrodynamics in the Rest-Frame Instant Form, Int.J.Mod.Phys. A13, 2791 (1998) (arXiv hep-th/0708156).

28. Alba D., Crater H.W. and Lusanna L., Towards Relativistic Atom Physics. I. The Rest-Frame Instant Form of Dynamics and a Canonical Transformation for a system of Charged Particles plus the Electro-Magnetic Field, Canad.J.Phys. 88, 379 (2010) (arXiv 0806.2383) and II. Collective and Relative Relativistic Variables for a System of Charged Particles plus the Electro-Magnetic Field, Canad.J.Phys. 88, 425 (2010) (arXiv 0811.0715).

29. Alba D., Crater H.W. and Lusanna L., Hamiltonian Relativistic Two-Body Problem: Center of Mass and Orbit Reconstruction, J.Phys. A40, 9585 (2007) (arXiv gr-qc/0610200).

From Clock Synchronization 83

30. Alba D., Crater H.W. and Lusanna L., On the Relativistic Micro-Canonical Ensemble and Relativistic Kinetic Theory for N Relativistic Particles in Inertial and Non- Inertial Rest Frames (arXiv 1202.4667).

31. Bini D. and Lusanna L., Spin-Rotation Couplings: Spinning Test Particles and Dirac Fields, Gen.Rel.Grav. 40, 1145 (2008) (arXiv 0710.0791).

Bigazzi F. and Lusanna L., Spinning Particles on Spacelike Hypersurfaces and their Rest-Frame Description, Int.J.Mod.Phys. A14, 1429 (1999) (arXiv hep-th/9807052); Dirac Fields on Spacelike Hypersurfaces, their Rest-Frame Description and Dirac Observables, Int.J.Mod.Phys. A14, 1877 (1999) (arXiv hep-th/9807054).

32. Alba D. and Lusanna L., The Classical Relativistic Quark Model in the Rest-Frame Wigner-Covariant Coulomb Gauge, Int.J.Mod.Phys. A13, 3275 (1998) (arXiv hepth/9705156).

Alba D., Crater H.W. and Lusanna L., Massless Particles plus Matter in the Rest- Frame Instant Form of Dynamics, J.Phys. A 43 405203 (arXiv 1005.5521). Alba D., Crater H.W. and Lusanna L., The Rest-Frame Instant Form and Dirac Observables for the Open Nambu String, Eur.Phys.J.Plus 126, 26 (2011)(arXiv 1005.3659).

Alba D., Crater H.W. and Lusanna L., A Relativistic Version of the Two-Level Atom in the Rest-Frame Instant Form of Dynamics (arXiv 1107.1669).

33. Alba D., Crater H.W. and Lusanna L., Relativistic Quantum Mechanics and Relativistic Entanglement in the Rest-Frame Instant Form of Dynamics, J.Math.Phys. 52, 062301 (2011) (arXiv 0907.1816).

34. Alba D. and Lusanna L., Quantum Mechanics in Noninertial Frames with a Multitemporal Quantization Scheme: I. Relativistic Particles, Int.J.Mod.Phys. A21, 2781 (2006) (arXiv hep-th/0502194).

Alba D., Quantum Mechanics in Noninertial Frames with a Multitemporal Quantization Scheme: II. Nonrelativistic Particles, Int.J.Mod.Phys. A21, 3917 (arXiv hepth/0504060).

35. Lusanna L. and Pauri M., Explaining Leibniz equivalence as difference of noninertial Appearances: Dis-solution of the Hole Argument and physical individuation of point-events, History and Philosophy of Modern Physics 37, 692 (2006) (arXiv gr-qc/0604087); The Physical Role of Gravitational and Gauge Degrees of Freedom in General Relativity. I: Dynamical Synchronization and Generalized Inertial Effects; II: Dirac versus Bergmann Observables and the Objectivity of Space-Time, Gen.Rel.Grav. 38, 187 and 229 (2006) (arXiv gr-qc/0403081 and 0407007); Dynamical Emergence of Instantaneous 3-Spaces in a Class of Models of General Relativity, to appear in the book Relativity and the Dimensionality of the World, ed. van der Merwe A¿ (Springer Series Fundamental Theories of Physics) (arXiv gr-qc/0611045).

36. Alba D. and Lusanna L., The York Map as a Shanmugadhasan Canonical Transformationn in Tetrad Gravity and the Role of Non-Inertial Frames in the Geometrical View of the Gravitational Field, Gen.Rel.Grav. 39, 2149 (2007) (arXiv gr-qc/0604086, v2).

37. Isenberg J. and Marsden J.E., The York Map is a Canonical Transformation, J.Geom.Phys. 1, 85 (1984).

38. Ciufolini I. and Wheeler J.A., Gravitation and Inertia (Princeton Univ.Press, Princeton, 1995).

39. York J.W. jr., Kinematics and Dynamics of General Relativity, in Sources of Gravitational Radiation, ed. Smarr L.L., Battelle-Seattle Workshop 1978 (Cambridge Univ.Press, Cambridge, 1979).

Quadir A. and Wheeler J.A., York’s Cosmic Time versus Proper Time, in From SU(3) to Gravity, Y.Ne’eman;s festschrift, eds. Gotsma E. and Tauber G. (Cambridge Univ.Press, Cambridge, 1985).

Beig R., The Classical Theory of Canonical General Relativity, in Canonical Gravity: from Classical to Quantum, Bad Honnef 1993, eds. Ehlers J. and Friedrich H., Lecture Note in Phys. 434 (Springer, Berlin, 1994).

84 Luca Lusanna

40. Alba D. and Lusanna L., The Einstein-Maxwell-Particle System in the York Canonical Basis of ADM Tetrad Gravity: I) The Equations of Motion in Arbitrary Schwinger Time Gauges., 2009 (arXiv 0907.4087); II) The Weak Field Approximation in the 3- Orthogonal Gauges and Hamiltonian Post-Minkowskian Gravity: the N-Body Problem and Gravitational Waves with Asymptotic Background., (arXiv 1003.5143); III) The Post-Minkowskian N-Body Problem, its Post-Newtonian Limit in Non-Harmonic 3- Orthogonal Gauges and Dark Matter as an Inertial Effect. (arXiv 1009.1794). To be published in Canad.J.Phys.

41. Alba D. and Lusanna L., Dust in the York Canonical Basis of ADM Tetrad Gravity:

the Problem of Vorticity (arXiv 1106.0403).

42. Lusanna L. and Nowak-Szczepaniak D., The Rest-Frame Instant Form of Relativistic Perfect Fluids with Equation of State ρ = ρ(η, s) and of Nondissipative Elastic Materials., Int. J. Mod. Phys. A15, 4943 (2000).

Alba D. and Lusanna L., Generalized Eulerian Coordinates for Relativistic Fluids: Hamiltonian Rest-Frame Instant Form, Relative Variables, Rotational Kinematics Int.J.Mod.Phys. A19, 3025 (2004) (arXiv hep-th/020903).

43. Brown J.D., Action Functionals for Relativistic Perfect Fluids, Class.Quantum Grav.

10, 1579 (1993).

44. Maggiore M., Gravitational Waves (Oxford Univ. Press, Oxford, 2008). 45. Flanagan E.E. and Hughes S.A., The Basics of Gravitational Wave Theory, New J.Phys. 7, 204 (2005) (arXiv gr-qc/0501041).

46. Harrison E., The Redshift-Distance and Velocity-Distance Laws, Astrophys.J. 403, 28 (1993).

47. Damour T. and Deruelle N., General Relativistic Celestial Mechanics of Binary Systems. I. The Post-Newtonian Motion, Ann.Inst.H.Poincare’ 43, 107 (1985); II. The Post-Newtonian Timing Formula, Ann.Inst.H.Poincare’ 44, 263 (1986).

48. Battaner E. and Florido E., The Rotation Curve of Spiral Galaxies and its Cosmological Implications, Fund.Cosmic Phys. 21, 1 (2000) (arXiv astro-ph/0010475). Banhatti D.G., Disk Galaxy Rotation Curves and Dark Matter Distribution, Current Science 94, 986 (2008) (arXiv astro-ph/0703430).

de Blok W.J.G. and Bosma A., High Resolution Rotation Curves of Low Surface Brightness Galaxies, Astron.Astrophys. 385, 816 (2002) (arXiv astro-ph/0201276).

49. Longair M.S., Galaxy Formation (Springer, Berlin, 2008).

Ross M, Dark Matter: the Evidence from Astronomy, Astrophysics and Cosmology (arXiv 1001.0316).

Garret K. and Duda G., Dark Matter: A Primer, Adv.Astron. 2011, 968283 (2011) (arXiv 1006.2483).

50. Schneider P., Ehlers J. and Falco E.E., Gravitational Lenses (Springer, Berlin, 1992).

M.Bartelmann and P.Schneider, Weak Gravitational Lensing (arXiv astroph/9912508).

51. Guinot B., Application of General Relativity to Metrology, Metrologia 34, 261 (1997). 52. Turyshev S.G. and Toth V.T., The Pioneer Anomaly, Living Rev. Relativity 13, 4 (2010) (arXiv 1001.3686).

53. Møller C.M., The Theory of Relativity (Oxford Univ.Press, Oxford, 1957).

Møller C.M., Sur la dinamique des syste’mes ayant un moment angulaire interne, Ann.Inst.H.Poincare’ 11, 251 (1949).

54. Stergioulas N., Rotating Stars in Relativity, Living Reviews in Relativity 6, 3 (2003). 55. Lusanna L. and Materassi M., A Canonical Decomposition in Collective and Relative Variables of a Klein-Gordon Field in the Rest-Frame Wigner-Covariant Instant Form, Int.J.Mod.Phys. A15, 2821 (2000) (arXiv hep-th/9904202).

56. Bigazzi F. and Lusanna L., Dirac Fields on Spacelike Hypersurfaces, their Rest-Frame Description and Dirac Observables, Int.J.Mod.Phys. A14, 1877 (1999) (arXiv hepth/9807054).

From Clock Synchronization 85

57. Longhi G. and Lusanna L., Bound-State Solutions, Invariant Scalar Products and Conserved Currents for a Class of Two-Body Relativistic Systems, Phys.Rev. D34, 3707 (1986).

58. Dixon W.G., Extended Objects in General Relativity: their Description and Motion, in Isolated Gravitating Systems in General Relativity, Proc.Int.School of Phys. Enrico Fermi LXVII, ed. J.Ehlers (North-Holland, Amsterdam, 1979), p. 156; Mathisson’s New Mechanics: its Aims and Realisation, Acta Physica Polonica B Proc.Suppl. 1, 27 (2008); Description of Extended Bodies by Multipole Moments in Special Relativity, J.Math.Phys. 8, 1591 (1967).

59. Rovelli C., Relational Quantum Mechanics, Int.J.Theor.Phys. 35, 1637 (1996) (quantph/9609002).

Rovelli C. and Smerlak M., Relational EPR Found.Phys. 37, 427 (2007) (quantph/0604064).

60. Dirac P.M.A., Gauge Invariant Formulation of Quantum Electrodynamics, Can.J.Phys. 33, 650 (1955).

61. Cohen-Tannoudji C., Dupont-Roc J. and Grynberg G., Atom-Photon Interactions.

Basic Processes and Applications (Wiley, New York, 1992); Photons and Atoms. Introduction to Quantum Electrodynamics (Wiley, New York, 1989).

62. Hegerfeldt G.C., Remark on Causality and Particle Localization, Phys.Rev. D10, 3320 (1974); Violation of Causality in Relativistic Quantum Theory?, Phys.Rev.Lett. 54, 2395 (1985).

63. Einstein A., Podolski B. and Rosen N., Can Quantum-Mechanical Description of Physical Reality be Considered Complete?, Phys.Rev. 47, 777 (1935). Brown H.R., Physical Relativity. Space-Time Structure from a Dynamical Perspective (Oxford Univ.Press, Oxford, 2005).

64. Butterfield J. and Fleming G., Strange Positions, in From Physics to Philosophy, eds.

Butterfield J. and Pagonis C., pp.108-165 (Cambridge Univ.Press, Cambridge, 1999). 65. Lusanna L., Classical Observables of Gauge Theories from the Multitemporal Approach, Contemp.Math. 132, 531 (1992); From Relativistic Mechanics towards Green’s Functions: Multitemporal Dynamics, Proc. VII Seminar on Problems of High Energy Physics and Quantum Field Theory, Protvino 1984 (Protvino University Press, Protvino, 1984).

66. Torre C.G. and Varadarajan M., Functional Evolution of Free Quantum Fields, Class.

Quantum Grav. 16, 2651 (1999); Quantum Fields at Any Time, Phys.Rev. D58, 064007 (1998).

67. Cacciapuoti L. and Salomon C., ACES: Mission Concept and Scientific Objective, 28/03/2007, ESA document, Estec (ACES Science v1 printout.doc). Blanchet L., Salomon C., Teyssandier P. and Wolf P., Relativistic Theory for Time and Frequency Transfer to Order 1/c^3, Astron.Astrophys. 370, 320 (2000). Lusanna L., Dynamical Emergence of 3-Space in General Relativity: Implications for the ACES Mission, in Proc. of the 42th Rencontres de Moriond Gravitational Waves and Experimental Gravity, La Thuile (Italy), 11-18 March 2007.

68. Stewart J, Advanced General Relativity (Cambridge Univ. Press, Cambridge, 1993). 69. Wald R.M., General Relativity (Chicago Univ. Press, Chicago, 1984).

Senovilla J.M.M., A Singularity Theorem based on Spatial Averages( arXiv grqc/0610127); Singularity Theorems and Their Consequences, Gen.Rel.Grav. 30, 701 (1998).

70. van Elst H. and Uggla C., General Relativistic 1+3 Orthonormal Frame Approach , Class.Quantum Grav. 14, 2673 (1997).

71. Stephani H., General Relativity (Cambridge Univ. Press, Cambridge, second edition 1996).

72. Arnowitt R., Deser S. and Misner C.W., Wave Zone in General Relativity, Phys.Rev.

121, 1556 (1961).

73. Thorne K., Gravitational Radiation, in Three Hundred Years of Gravitation, ed.

Hawking S. and Israel W. (Cambridge Univ.Pres, Cambridge, 1987), pp. 330-458;

86 Luca Lusanna

The Theory of Gravitational Radiation: An Introductory Review, in Gravitational Radiation, ed. Deruelle N. and Piran T. (North-Holland, Amsterdam, 1983), pp.1; Multipole Expansions of Gravitational Radiation, Rev.Mod.Phys. 52, 299 (1980).

74. Blanchet L., Gravitational radiation from post-Newtonian sources and inspiralling compact binaries, Living Rev. Rel. 9, 4 (2006); Post-Newtonian Theory and the Two- Body Problem, (arXiv 0907.3596).

Damour T., Gravitational Radiation and the Motion of Compact Bodies, in Gravitational Radiation, ed. Deruelle N. and Piran T. (North-Holland, Amsterdam, 1983), pp.59-144; The Problem of Motion in Newtonian and Einsteinian Gravity , in Three Hundred Years of Gravitation, ed. Hawking S. and Israel W. (Cambridge Univ.Pres, Cambridge, 1987), pp.128-198.

75. Pati M.E. and Will C.M., Post-Newtonian Gravitational Radiation and Equations of Motion via Direct Integration of the Relaxed Einstein Equations: Foundations, Phys.Rev. D62, 124015; II. Two-Body Equations of Motion to Second Post- Newtonian Order and Radiation Reaction to 3.5 Post-Newtonian Order, Phys.Rev. D65, 104008 (2002).

Will C., III. Radiaction Reaction for Binary Systems with Spinning Bodies, Phys.Rev. D71, 084027 (2005).

Wang H. and Will C., IV. Radiation Reaction for Binary Systems with Spin-Spin Coupling, Phys.Rev. D75, 064017 (2007).

Mitchell T. and Will C., V. Evidence for the Strong Equivalence Principle in Second Post-Newtonian Order, Phys.Rev. D75, 124025 (2007).

76. Schaefer G., The Gravitational Quadrupole Radiation-Reaction Force and the Canonical Formalism of ADM, Ann.Phys. (N.Y.) 161, 81 (1985); The ADM Hamiltonian and the Postlinear Approximation, Gen.Rel.Grav. 18, 255 (1985). Ledvinka T., Schaefer G. and Bicak J., Relativistic Closed-Form Hamiltonian for Many-Body Gravitating Systems in the Post-Minkowskian Approximation, Phys.Rev.Lett. 100, 251101 (2008) (arXiv 0807.0214).

77. Mino Y., Sasaki M. and Tanaka T., Gravitational Radiation Reaction to a Particle Motion, Phys.Rev. D55, 3457 (1997) (arXiv gr-qc/9606018).

Quinn T.C. and Wald R.M., , Phys.Rev.D56, 3381 (1997) (arXiv gr-qc/9610053). Detweiler S. and Whiting B.F., Self-Force via a Green’s Function Decomposition, Phys.Rev. D67, 024025 (2003) (arXiv gr-qc/0202086).

Wald R.M., Introduction to Gravitational Self-Force (arXiv 0907.0412) and Gralla S.E. and Wald R.M., Derivation of Gravitational Self-Force (arXiv 0907.0414), in Mass and its Motion, proceedings of the 2008 CNRS School in Orléans/France, eds. Blanchet L., Spallicci A., and Whiting B. (Springer, Berlin, 2011). Pound A., A New Derivation of the Gravitational Self-Force, (2009) (arXiv 0907.5197).

78. Schutz B.F., A First Course in General Relativity (Cambridge Univ.Press, Cambridge, 1985).

79. Ciufolini I. and Pavlis E.C., A Confirmation of the General Relativistic Prediction of the Lense-Thirring Effect, Nature 431, 958 (2004).

Everitt C.W.F.and Parkinson B.W., Gravity Probe B Science Results - NASA Final Report,(http : //einstein.stanford.edu/content/final_r eport/GP B_F inal_N ASA_Report − 020509 − web.pdf). 80. Kopeikin S.M. and Fomalont E.B., Gravitomagnetism, Causality and Aberration of gravity in the Gravitational Light-Ray Deflection Experiments, Gen.Rel.Grav. 39, 1583 (2007) (arXiv gr-qc/0510077); Aberration and the Fundamental Speed of Gravity in the Jovian Deflection Experiment, Found.Physics 36, 1244 (2006) (arXiv astroph/0311063).

Kopeikin S.M.and Makarov V.V., Gravitational Bending of Light by Planetary Multipoles and its Measurement with Microarcsecond Astronomical Interferometers,

From Clock Synchronization 87

Phys.Rev. D75, 062002 (2007) (arXiv astro-ph/0611358).

Carlip S., Model-Dependence of Shapiro Time Delay and the ”Speed of Gravity/Speed of Light” Controversy, Class.Quantum Grav. 21, 3803 (2004) (arXiv gr-qc/0403060). Will C., Propagation Speed of Gravity and the Relativistic Time Delay, Astrophys.J. 590, 683 (2003) (arXiv astro-ph/0301145).

81. Lindegren L. and Dravins D., The Fundamental Definition of ’Radial Velocity’, Astron.Astrophys. 401, 1185 (2003) (arXiv astro-ph/0302522).

82. Teyssandier P., Le Poncin-Lafitte C. and Linet B., A Universal Tool for Determining the Time Delay and the Frequency Shift of Light: Synge’s World Function, Astrophys.Space Sci.Libr. 349, 153 (2007) (arXiv 0711.0034).

Teyssandier P. and Le Poncin-Lafitte C., General Post-Minkowskian Expansion of Time Transfer Functions, Class.Quantum Grav. 25, 145020 (2008) (arXiv 0803.0277). Bruegmann M.H., Light Deflection in the Postlinear Gravitational filed of Bounded Pointlike Masses, Phys.Rev. D72, 024012 (2005) (arXiv gr-qc/0501095).

83. Favata M., Post-Newtonian Corrections to the Gravitational-Wave Memory for Quasi-Circular, Inspiralling Compact Binaries, (2009) (arXiv 0812.0069).

84. Jaramillo J.L., Kroon J.A.V. and Gourgoulhon E., From Geometry to Numerics:

Interdisciplinary Aspects in Mathematical and Numerical Relativity, Class. Quantum Grav. 25, 093001 (2008).

85. Hinder I., The Current Status of Binary Black Hole Simulations in Numerical Relativity, (2010) (arXiv 1001.5161).

86. Infeld L. and Plebanski J., Motion and Relativity (Pergamon, Oxford, 1960). 87. Synge J.L., Relativity: The General Theory (North Holland, Amsterdam, 1964). 88. Damour T. and Nagar A., The Effective One Body Description of the Two-Body Problem (arXiv 0906.1769).

Damour T., Introductory Lectures on the Effective One Body Formalism (arXiv 0802.4047).

89. Poisson E., The Motion of Point Particles in Curved Space-Time, Living Rev.Rel. 7, 6(2004) (arXiv gr-qc/0306052); Constructing the Self-Force, in Mass and its Motion, proceedings of the 2008 CNRS School in Orléans/France, eds. Blanchet L., Spallicci A., and Whiting B. (Springer, Berlin, 2011).

90. Geroch R. and Traschen J., Strings and Other Distributional Sources in General Relativity, Phys.Rev. D36, 1017 (1987).

91. Steinbauer R. and Vickers J.A., The Use of Generalized Functions and Distributions in General Relativity, Class.Quantum Grav. 23, R91 (2006) (arXiv gr-qc/0603078).

92. Ehlers J. and Rundolph E., Dynamics of Extended Bodies in General Relativity:

Center-of-Mass Description and Quasi-Rigidity, Gen.Rel.Grav. 8, 197 (1977). Beiglboeck W., The Center of Mass in Einstein’s Theory of Gravitation, Commun.Math.Phys. 5, 106 (1967).

Schattner R., The Center of Mass in General Relativity, Gen.Rel.Grav. 10, 377 (1978); The Uniqueness of the Center of Mass in General Relativity, Gen.Rel.Grav. 10, 395 (1979).

Ehlers J. and Geroch R., Equation of Motion of Small Bodies in Relativity, Ann.Phys. 309, 232 (2004).

Kopeikin S. and Vlasov I., Parametrized Post-Newtonian Theory of Reference Frames, Multipolar Expansions and Equations of Motion in the N-body Problem, Phys.Rep. 400, 209 (2004) (arXiv gr-qc/0403068).

Steinhoff J. and Puetzfeld D., Multipolar Equations of Motion for Extended Test Bodies in General Relativity (arXiv 0909.3756).

93. Barducci A., Casalbuoni R. and Lusanna L., Energy-Momentum Tensor of Extended Relativistic Systems, Nuovo Cim. 54A, 340 (1979).

94. Schaefer G., Post-Newtonian Methods: Analytic Results on the Binary Problem, (2009), in Mass and Motion in General Relativity, proceedings of the 2008 CNRS School in Orleans/France, eds. Blanchet L., Spallicci A., and Whiting B. (Springer,

88 Luca Lusanna

Berlin, 2011) (arXiv 0910.2857);The Gravitational Quadrupole Radiation-Reaction Force and the Canonical Formalism of ADM, Ann.Phys. (N.Y.) 161, 81 (1985); The ADM Hamiltonian and the Postlinear Approximation, Gen.Rel.Grav. 18, 255 (1985). Ledvinka T., Schaefer G. and Bicak J., Relativistic Closed-Form Hamiltonian for Many-Body Gravitating Systems in the Post-Minkowskian Approximation, Phys.Rev.Lett. 100, 251101 (2008) (arXiv 0807.0214).

95. Will C.M., On the Unreasonable Effectiveness of the Post-Newtonian Approximation in Gravitational Physics (arXiv 1102.5192).

96. Moni Bidin C., Carraro G., Me’ndez G.A. and van Altena W.F., No Evidence for a Dark Matter Diskwithin 4 kpcfrom the Galactic Plane (arXiv 1011.1289).

97. Milgrom M., New Physics at Low Accelerations (MOND): An Alternative to Dark Matter, (arXiv 0912.2678).

98. Capozziello S., Cardone V.F. and Troisi A., Low Surface Brightness Galaxies Rotation Curves in the Low Energy Limit of R^n Gravity : No Need for Dark Matter?, Mon.Not.R.Astron.Soc. 375, 1423 (2007) (arXiv astro-ph/0603522).

99. Feng J.L., Dark Matter Candidates from Particle Physics and Methods of Detection , (arXiv 1003.0904).

100. Cooperstock F.I. and Tieu S., General Relativistic Velocity: The Alternative to Dark Matter, Mod.Phys.Lett. A23, 1745 (2008) (arXiv 0712.0019).

101. Ellis G.F.R. and van Elst H., Cosmological Models, Cargese Lectures 1998, NATO Adv.Stud.Inst.Ser.C.Math.Phys.Sci. 541, 1 (1999) (arXiv gr-qc/9812046). Ellis G.F.R., Inhomogeneity Effects in Cosmology (arXiv 1103.2335). Clarkson C., Ellis G., Faltenbacher A., Maartens R., Umeh O. and Uzan J.P., (Mis- )Interpreting Supernovae Observations in a Lumpy Universe (arXiv 1109.2484). Buchert T. and Ellis G.F.R., The Universe Seen at Different Scales Phys.Lett. A347, 38 (2005) (arXiv gr-qc?0506106).

102. Maartens R., Is the Universe Homogeneous? (arXiv 1104.1300).

Tsagas C.G., Challinor A. and Maartens R., Relativistic Cosmology and Large-Scale Structure, Phys.Rep. 465, 61 (2008) (arXiv 0705.4397).

Clarkson C. and Maartens R., Inhomogeneity and the Foundations of Concordance Cosmology, Class.Quantum Grav. 27, 124008 (arXiv 1005.2165).

103. Durrer R., What do we really Know about Dark Energy? (arXiv 1103.5331).

Bonvin C. and Durrer R., What Galaxy Surveys Really Measure (arXiv 1105.5280). 104. K.Nakamura, Second-Order Gauge-Invariant Cosmological Perturbation Theory:

Current Status, Advances in Astronomy Volume 2010, 576273 (2010) (arXiv 1001.2621).

105. Bonnor W.B., Sulaiman A.H. and Tanimura N., Szekeres’s Space-Times have no Killing Vectors, Gen.Rel.Grav. 8, 549 (1977).

Berger B.K., Eardley D.M. and Olson D.W., Notes on the Spacetimes of Szekeres, Phys.Rev. D16, 3086 (1977).

A.Nwankwo A., Ishak M. and Thomson J., Luminosity Distance and Redshift in the Szekeres Inhomogeneous Cosmological Models (arXiv 1005.2989).

106. Pleban’ski J. and Krasin’ski A., An Introduction to General Relativity and Cosmology (Cambridge Univ.Press, Cambridge, 2006).

Celerier M.N., Effects of Inhomogeneities on the Expansion of the Universe: a Challenge to Dark Energy? (arXiv 1203.2814).

107. Buchert T., Dark Energy from Structure: a Status Report, Gen.Rel.Grav. 40, 467 (2008) (arXiv 0707.2153).

Wiegand A. and Buchert T., Multiscale Cosmology and Structure-Emerging Dark Energy: a Plausibility Analysis, Phys.Rev. D82, 023523 (2010) (arXiv 1002.3912). Larena J., Spatially Averaged Cosmology in an Arbitrary Coordinate System, Phys.Rev. D79, 084006 (2009) (arXiv 0902.3159).

108. van den Hoogen R.J., Averaging Spacetime: Where do we go from here ?, (arXiv 1003.4020).

From Clock Synchronization 89

Räsänen S., Backreaction: Directions of Progress, Class.Quantum Grav. 28, 164008 (2011) (arXiv 1102.0408).

Buchert T. and Räsänen S., Backreaction in Late-Time Cosmology, invited review for Annual Review of Nuclear and Particle Science (arXiv 1112.5335).

109. Wiltshire D.L., What is Dust? Physical Foundations of the Averaging Problem in Cosmology (arXiv 1106.1693).

110. Ashtekar A., New Perspectives in Canonical Gravity (Bibliopolis, Napoli, 1988).

Henneaux M., Nelson J.E. and Schomblond C., Derivation of Ashtekar Variables from Tetrad Gravity, Phys.Rev. D39, 434 (1989).

Thiemann T., Modern Canonical Quantum General Relativity (Cambridge, Cambridge Univ. Press, 2007).

Dona’ P. and Speziale S., Introductory Lectures to Loop Quantum Gravity (arXiv 1007.0402).