arXiv:1205.3091v2 [hep-th] 14 Aug 2012

FIAN-TD-2012-09

N =2 superconformal blocks and instanton partition functions

V. Belavin^1 and Niclas Wyllard^2 1 Theoretical Department, Lebedev Physical Institute, RAS, Moscow, Russia 2 n.wyllard@gmail.com Abstract We consider the problem of computing (irregular) conformal blocks in 2d CFTs whose chiral symmetry algebra is the N =2 superconformal algebra.

Our construction uses two ingredients: (i) the relation between the representation theories of the N = 2 superconformal algebra and the affine ^sl(2) algebra, extended to the level of the conformal blocks, and (ii) the relation between ^sl(2) conformal blocks and instanton partition functions in the 4d N = 2 SU(2) gauge theory with a surface defect. By combining these two facts we derive combinatorial expressions for the N =2 superconformal blocks in the Gaiotto limit.

Table of contents

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 2 The N =2 superconformal algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 3 The affine ^sl(2) algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 4 N = 2 Gaiotto states as a limit of chain vectors . . . . . . . . . . . . . . . . . . . . 8 5 Relating blocks for N =2, relaxed ^sl(2) and ordinary ^sl(2) . . . . . . . . . . . . . 11 6 Surface defects and instanton partition functions . . . . . . . . . . . . . . . . . . . 17 7 Combinatorial expressions for N =2 superconformal blocks . . . . . . . . . . . . 22 8 Concluding remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 A Derivation of alternative combinatorial expression . . . . . . . . . . . . . . . . . . 29 B Examples for low instanton numbers . . . . . . . . . . . . . . . . . . . . . . . . . 31

1 Introduction

Conformal field theories in two dimensions with N =(2, 2) supersymmetry have been intensely studied over the years. The chiral symmetry algebra of such theories is the N = 2 superconformal algebra [1]. The full superconformal field theory contains two commuting copies (holomorphic and antiholomorphic) of the N =2 superconformal algebra. The main reason why N =(2, 2) supersymmetry is interesting derives from its applications in superstring theory and in topological field theories. However, there are still important aspects of N =(2, 2) superconformal theories that have not been investigated. In particular, the explicit construction of conformal blocks is missing.

Recently, following [2], several relations between different types of 2d conformal field theories and instanton partition functions and their associated moduli spaces in 4d N = 2 supersymmetric gauge theories have been proposed. This type of correspondence (AGT) has turned out to be an efficient tool for constructing conformal blocks. A natural question to ask is: what is the gauge theory and the instanton moduli space corresponding to the N = 2 superconformal algebra? Even though there has been a lot of progress in understanding AGT-type relations, the general framework which would allow one to directly answer this question remains rather obscure.

Last year, it was conjectured [3] that there should be a relation between N =2 SU(N) gauge theories on R^4 /Z_p and the coset conformal field theories

^u(1)× ^sl(p)_N ×

^sl(N)_κ × ^sl(N)_p ^sl(N)_{κ+p} , (1.1)

where the parameter κ is related to the equivariant deformation parameters [4, 5] in the gauge theory. A deeper understanding of the proposal in [3] as well as various generalisations have been achieved in [6–13]. Among the theories of type (1.1) one finds various extensions of the Virasoro algebra. For example, in the SU(2) case p = 2 corresponds to the N = 1 superconformal algebra (the Neveu-Schwarz-Ramond algebra) and p = 4 corresponds to the abelianly braided spin 4/3 parafermionic algebra [14]. On the other hand, the N =2 superconformal algebra does not fit into this general scheme.

The aim of the present paper is to study the N = 2 superconformal algebra from the point of view of the relations between 2d conformal field theories and instanton moduli spaces. Our starting point is the realisation [15] of the N = 2 superconformal algebra in terms of the coset ^sl(2)_k × ^u(1) ^u(1)

, (1.2)

where the parameter k is the level of the affine ^sl(2) algebra. The coset construction (1.2) implies that there is a close relation between the representation theory of the N =2 superconformal algebra and the representation theory of the affine ^sl(2) algebra [16]. A priori this is quite surprising since the two algebras as well as their highest weight representations look completely different. However, the relation does not involve a map between the standard highest weight representations of the two algebras. Instead “standard” representations in one algebra are related to “non-standard” representations in the other algebra. In particular, the standard (massive) highest weight module of the N =2 algebra is related to a non-standard module — the so called relaxed module — of the affine ^sl(2) algebra.

In this paper we extend the relation in [16] to the level of the conformal blocks. This allows us to express N = 2 superconformal blocks in terms of ^sl(2) conformal blocks for primary fields associated with the relaxed ^sl(2) representations. In turn we observe that the relaxed ^sl(2) conformal blocks can be obtained from the ordinary (unrelaxed) ^sl(2) conformal blocks via a certain well defined analytic continuation that we explictly describe. Unrelaxed ^sl(2) conformal blocks have been shown to be equal to instanton partition functions in 4d N = 2 SU(2) gauge theories with a surface defect (operator) [17, 18]. By implementing the analytic continuation in the instanton partition function we obtain an explicit combinatorial expression for N = 2 superconformal blocks. In the present paper we restrict our attention to the case of irregular superconformal blocks, i.e. the four-point block on the sphere in the Gaiotto (Whittaker) limit.

This paper is organised as follows. In the next section we review the N = 2 superconformal algebra and its highest weight representations and introduce a Whittaker state. In section 3 we review the ^sl(2) algebra and its representations, focusing on the relaxed modules. We also introduce a Whittaker state in the relaxed module. Then in section 4 we describe how the N =2 Whittaker state arises from a limit of the four-point conformal blocks on the sphere. The interrelations between the N = 2, relaxed ^sl(2), and ordinary ^sl(2) modules is discussed in section 5, where we also extend the relations to the level of the conformal blocks. In section 6 we discuss the instanton partition functions in SU(N) gauge theories with a surface defect and in particular write the instanton partition function as a sum over coloured Young diagrams. Our main result is contained in section 7 where we put all the pieces together and derive a combinatorial expression for the norm of the N = 2 Whittaker state. Finally in section 8 we present our conclusions and discuss some possible extensions of our work. The appendices contain more technical aspects of our derivations.

2 The N =2 superconformal algebra

In this section we recall some details about the N = 2 superconformal algebra and its representations. We also define a Whittaker state and compute its norm for some low levels.

2.1 The N =2 algebra and its modules The N = 2 superconformal algebra (which we sometimes denote SVir_2) is generated by the stress-energy tensor T (z), two dimension 3/2 Grassmann-odd currents G^+(z), G^−(z), and the dimension one current H(z). In terms of modes the N =2 superconformal algebra satisfies the following comutation relations [L_m, L_n] = (m − n)L_{n+m} + c 4 (m^3 − m)δ_{m+n,0} , [L_m, H_n] = −nH_{m+n} , [ L_m, G^±_r ] = ( m 2 − r)G^±_{m+r} , [H_m, H_n] = c m δ_{m+n,0} , [H_m, G^±_r ] = ±G^±_{m+r} , (2.1) {G^+_r , G^−_s } = 2L_{r+s} + (r − s)H_{r+s} + c(r^2 −^1_4 )δ_{r+s,0} .

Here c is the central charge. In what follows we consider only the NS sector. The NS sector is closed under the operator product expansion and is defined by m, n ∈ Z and r, s ∈ Z +^1_2 . (2.2) The hermitean conjugates of the modes are L^†_n = L_{−n}, H^†_n = H_{−n}, and (G^−_r )^† = G^+_{−r}.

We denote the highest weight state corresponding to the primary field V^ω_Δ (z) of the N = 2 algebra by |Δ, ω⟩ (Δ, ω ∈ C ). It satisfies L_0|Δ, ω⟩ = Δ|Δ, ω⟩ , H_0|Δ, ω⟩ = ω|Δ, ω⟩ , (2.3) and is such that the subalgebra SVir^+_2 acts trivially: L_{n>0}|Δ, ω⟩ = 0 , H_{n>0}|Δ, ω⟩ = 0 , G^±_{r>0}|Δ, ω⟩ = 0 . (2.4) The Verma module M_{Δ,ω} is spanned by the descendants obtained by acting on the highest weight state with negative (creation) modes; in other words, it is given by the action of the enveloping algebra of SVir^−_2 acting on the highest weight state: M_{Δ,ω} = U(SVir^−_2 )|Δ, ω⟩. (2.5) The Verma module has the L_0-level and H_0-charge decomposition: M_{Δ,ω} = ⨁ n∈Z ⨁ N∈n^2/2+Z_+ M^{N,n}_{Δ,ω} , (2.6)

where M^{N,n}_{Δ,ω} = {|v⟩ ∈ M_{Δ,ω} | L_0|v⟩ = (Δ + N)|v⟩ , H_0|v⟩ = (ω + n)|v⟩}. (2.7) The matrix of inner products of descendants (the Shapovalov matrix, S) is block-diagonal in this decomposition.

2.2 A Whittaker state of the N =2 superconformal algebra

A Whittaker state (vector) is a special state in a Verma module that has certain eigenvalue properties and is not annihilated by all the positive modes. A priori there are several possible Whittaker states that one can define. A natural defintion of a Whittaker state arises in a limiting case of a four-point conformal block [19], leading to a so called irregular conformal block which is equal to the norm of the Whittaker state. As we will show in section 4, in this limit the four-point N = 2 block splits into two completely decoupled sectors (“BPS” and “anti-BPS”), where each sector has an associated Whittaker state. Since the two decoupled sectors and their Whittaker states are essentially equivalent we may without loss of generality focus on only one sector.

We define the N =2 Whittaker state by the following equations^1 G^−_{1/2}|W ⟩ = √ z |W ⟩^−, G^+_{1/2}|W ⟩^− = 2 √ z |W ⟩ ⇒ L_1|W ⟩ = z|W ⟩ , (2.8) where H_1 and all other positive modes annihilate |W ⟩ and |W ⟩^− (note that G^±_{1/2} and H_1 generate SVir^+_2 ). The Whittaker state can be decomposed as |W ⟩ = ∞∑ N=0 z^N |N⟩ , |W ⟩^− = ∑ N∈Z^+−^1_2

z^N |N⟩^− , (2.9)

and we call the states |N⟩, |N⟩^− Gaiotto states.

Just like for the Virasoro case [19, 20], it is easy to see that the norm of the Whittaker state at a given level is equal to a particular diagonal element of the inverse of the Shapovalov matrix (here^−⟨N| denotes the hermitean conjugate of N⟩^−):

⟨N|N⟩ = S^{−1}(L^N_{−1}; L^N_{−1}) , for N integer, (2.10)

−⟨N|N⟩^− = 2^2 S^{−1}(L^{N− 12}_{−1} G^−_{12} ; L^{N− 12}_{−1} G^−_{12} ) , for N half-integer. (2.11)

The Gaiotto states satisfy the recursion relations (see section 4 for details)

G^−_{12} |N⟩ = |N−^1_2 ⟩^−,

G^+_{12} |N+^1_2 ⟩^− = 2|N⟩ . (2.12)

Note that when combined with (2.9) the recursion relations (2.12) imply (2.8). The norm of the Whittaker state at a given level can be obtained from (2.10).

We close this section with some examples. At levels 1 and 3/2 the standard basis vectors are {L_{−1}, G^+_{−1/2}G^−_{1/2}, H_{−1}} and {L_{−1}G^−_{1/2}, G^−_{3/2}, H_{−1}G^−_{1/2}}, respectively. The

1The definition of the Whittaker state in the other sector is obtained by interchanging + ↔ −.

norms obtained from (2.10) are ⟨1|1⟩ = 2c − 2Δ + 2cΔ − ω − c ω (2Δ − ω)(c − 2Δ + 2cΔ − ω^2)

, (2.13)

−⟨^3_2 |^3_2 ⟩^− =

2^2 (2c^2 − 2Δ + 2c Δ − ω + 3c ω) (2Δ+ω)(−2+2c+2Δ+3ω)(c−2Δ+2cΔ−ω^2)

. (2.14)

3 The affine ^sl(2) algebra

In this section we briefly review the ^sl(2) algebra and its representations, with particular emphasis on the so called relaxed modules. We also define a Whittaker state in the relaxed module and compute its norm for the lowest levels.

3.1 The ^sl(2) algebra and its modules

The affine ^sl(2) algebra is spanned by the modes, J^A_n , of three dimension-1 currents J^A(z) with A ∈ {0, +, −}. The commutation relations that define the untwisted ^sl(2) algebra (with a central extension) are given by

[J^0_n, J^0_m] = k 2 n δ_{n+m,0} , [J^0_n, J^±_m] = ±J^±_{n+m} , [J^+_n , J^−_m] = 2J^0_{n+m} + k n δ_{n+m,0} , (3.1)

where n, m ∈ Z and k is the level (central charge) of ^sl(2).

There exist different types of representations of the ^sl(2) algebra. The standard highestweight representation is defined by imposing the following requirements on the highestweight state |j⟩: J^0_0 |j⟩ = j|j⟩ , J^0_{n>0}|j⟩ = J^−_{n>0}|j⟩ = J^+_{n≥0}|j⟩ = 0 , (3.2) and is freely generated by the action of the remaining modes J^A_n .

A perhaps less known example is the so-called relaxed representation that is obtained by modifying (relaxing) the conditions (3.2). The relaxed Verma module will play a central role in the forthcoming discussion, since it is closely related [16] to the (massive) highest weight representation of the N = 2 superconformal algebra. The primary field Φ^λ_j (z) in the relaxed module is parametrized by two complex numbers j and λ. The corresponding analogue of the highest weight state is defined by the requirements J^0_0 |j, λ⟩ = λ|j, λ⟩ , J^2|j, λ⟩ = j(j + 1)|j, λ⟩ , (3.3) and by the following relaxed annihilation conditions: J^−_{n>0}|j, λ⟩ = 0 , J^0_{n>0}|j, λ⟩ = 0 , J^+_{n>0}|j, λ⟩ = 0 . (3.4)

The operator J^2 in (3.3) is the ordinary sl(2) quadratic Casimir J^2 = [(J^0_0 )^2 +^1_2 (J^+_0 J^−_0 + J^−_0 J^+_0 )] . (3.5) We note that equation (3.3) implies J^−_0 J^+_0 |j, λ⟩ = [j(j + 1) − λ(λ + 1)]|j, λ⟩ , (3.6) so that when j = λ the relaxed module reduces to the unrelaxed highest weight module. The relaxed Verma module M_{j,λ} associated with |j, λ⟩ is freely generated by the action of the remaining modes of J^A M_{j,λ} = U(^sl^−_2 ) ⊗ ( U(J^−_0 ) ⊕ U(J^+_0 ) ) |j, λ⟩. (3.7) The level (minus the sum of the mode numbers) defines a natural grading in the module. Together with the J^0_0 -charge it gives the following decomposition of the relaxed module M_{j,λ} = ⨁ n∈Z ⨁ N≥0 M^{N,n}_{j,λ} , (3.8) where M^{N,n}_{j,λ} = {|v⟩ ∈ M_{j,λ} | L^{Sug}_0 |v⟩ = (Δ^{Sug} + N)|v⟩ , J^0_0 |v⟩ = (λ + n)|v⟩} , (3.9) and L^{Sug}_0 is the zero mode of the standard Sugawara stress-energy tensor. The hermitian conjugates of the modes are (J^0_n)^† = J^0_{−n} and (J^−_n )^† = J^+_{−n}. Similar to the N = 2 case the matrix of inner products of descendants (the Shapovalov matrix, S) has a block-diagonal structure with respect to (3.8).

3.2 A Whittaker state in the relaxed ^sl(2) module As for the N = 2 superconformal algebra, one can define a Whittaker state in the relaxed ^sl(2) module. We define the relaxed ^sl(2) Whittaker state by the following equations2 J^−_1 |W ⟩ = z |W ⟩^−, J^+_0 |W ⟩^− = 2 |W ⟩ , (3.10) where all other modes that annihilate |j, λ⟩ also annihilate |W ⟩ and |W ⟩^−. Note that the conditions (3.10) imply L^{Sug}_1 |W ⟩ = 2z k + 2

|W ⟩ . (3.11) The Whittaker state can be decomposed as |W ⟩ = ∞∑ N=0 z^N |N, 0⟩ , |W ⟩^− = ∞∑ N=0 z^{N+1}|N, −⟩ , (3.12) 2Just as for the N =2 case, an essentially equivalent definition is obtained by interchanging + ↔ −.

and we call the states |N, 0⟩, |N, −⟩ Gaiotto states.

Just like for the Virasoro case [19, 20], it is easy to see that the norm of the Whittaker state at a given level is equal to a particular diagonal element of the inverse of the Shapovalov matrix (here ⟨N, −| denotes the hermitean conjugate of N, −⟩):

⟨N, 0|N, 0⟩ = 2^{2N} S^{−1}((J^+_{−1})^N (J^−_0 )^N ; (J^+_{−1})^N (J^−_0 )^N ) , ⟨N, −|N, −⟩ = 2^{2N+2} S^{−1}((J^+_{−1})^N (J^−_0 )^{N+1}; (J^+_{−1})^N (J^−_0 )^{N+1}) . (3.13)

The Whittaker states satisfy the recursion relations J^−_1 |N, 0⟩ = |N−1, −⟩ , J^+_0 |N, −⟩ = 2|N, 0⟩ . (3.14)

Note that when combined with (3.12) the recursion relations (3.14) imply (3.10).

We close this section with some examples. At level 1 the basis vectors in the sectors with J^0_0 charge 0 and -1 are {J^+_{−1}J^−_0 , J^0_{−1}, J^−_{−1}J^+_0 } and {J^+_{−1}J^−_0 J^−_0 , J^0_{−1}J^−_0 , J^−_{−1}}, respectively. The norms are obtained from (3.13): ⟨1, 0|1, 0⟩ = 2^2 (2j + 2j^2 − 2k − k^2 − 2λ − 2kλ − 2λ^2) (2j−k)(2+k)(2+2j+k)(1+j−λ)(j+λ) , (3.15) ⟨1, −|1, −⟩ = 2^4 (−2j − 2j^2 + k^2 − 2λ + 2kλ + 2λ^2) (2+k)(2j−k)(2+2j+k)(2+j−λ)(1+j−λ)(1 − j−λ)(j+λ) . 4 N = 2 Gaiotto states as a limit of chain vectors

Let us recall how the Virasoro Whittaker state arises [19] from a limit of the Liouville four-point conformal block on the sphere, that we schematically write as

⟨V_1|V_2(1)V_3(z)|V_4⟩ . (4.1)

The V_3(z)V_4(0) OPE implies the decomposition

[V_3(z) |V_4⟩]_Δ = z^{Δ−Δ3−Δ4} ∞∑ N=0 z^N |N⟩_{34} , (4.2)

where we refer to the |N⟩_{34} states in the expansion as chain vectors. The chain vectors satisfy certain recursion relations that specify them completely. After the redefinition |N⟩_{34} → (−Δ_4)^N |N⟩_{34}, the Gaiotto states |N⟩_G are defined as the limit of |N⟩_{34}, as Δ_4 approaches ∞. Defining the Whittaker state via |W ⟩ = ∞∑ N=0 z^N |N⟩_G , (4.3) the four-point block reduces to ⟨W |W ⟩.

In the ordinary CFT [21] which has the Virasoro algebra as its chiral symmetry algebra, the conformal symmetry completely determines the contribution of the descendants in the OPE. More precisely, conformal symmetry leads to recursion relations for the OPE coefficients, which uniquely specify some linear combinations of the descendants at the Nth level in the Verma module contributing in the OPE between any given pair of primary fields. In the N = 1 supersymmetric case the situation becomes more involved (see e.g. [22] and references therein). Instead of scalar primary fields, there appears superdoublets of primary fields. At the level of the OPE this extension requires one to independently consider the descendants of the two components of the primary super-doublet.

In the N = 2 supersymmetric case the super-multiplet of primary fields consists of four fields

V^ω_Δ , V^+_{Δ,ω} = G^+_{−1/2}V^ω_Δ , V^−_{Δ,ω} = G^−_{1/2}V^ω_Δ , (4.4)

~V_{Δ,ω} = 1 2 ( G^+_{−1/2}G^−_{1/2} − G^−_{1/2}G^+_{−1/2} ) V^ω_Δ ,

and conformal invariance imply four independent channels in the OPE.

The OPE V^{ω3}_{Δ3} (z) V^{ω4}_{Δ4} (0) involves descendants of the intermediate state V^ω_Δ , where we denote the Nth-level contribution by |N⟩_{34}. The conservation of H_0 charge gives the following restriction ω = ω_3 + ω_4 + n , (4.5)

where n is some integer. When this relation is satisfied, the contribution to the OPE comes only from the sub-module with H_0 charge ω + n:

[V_3(z)|V_4⟩]^{(n)}_Δ = z^{Δ−Δ3−Δ4} ∞∑ N=0 z^N |N⟩_{34} , (4.6)

where |N⟩_{34} ∈ M^{N,n}_{Δ,ω} . We recall that |N⟩_{34} = 0 if N < n^2/2. The states |N⟩_{34} and the analogous states |N⟩^+_{34}, |N⟩^−_{34}, and ~|N⟩_{34} appearing in the OPEs involving the other components of the primary super-multiplet (4.4)

[V^+_3 (z)|V_4⟩]^{(n+1)}_Δ = z^{Δ−Δ3−Δ4− 12} ∞∑ N=0 z^N |N⟩^+_{34} ,

[V^−_3 (z)|V_4⟩]^{(n−1)}_Δ = z^{Δ−Δ3−Δ4− 12} ∞∑ N=0 z^N |N⟩^−_{34} , (4.7)

[ ~V_3(z)|V_4⟩]^{(n)}_Δ = z^{Δ−Δ3−Δ4−1} ∞∑ N=0 z^N ~|N⟩_{34} , satisfy the following set of recursion relations [23]

H_m |N+m⟩_{34} = ω_3|N⟩_{34} , H_m ~ |N+m⟩_{34} = 2m Δ_3|N⟩_{34} + ω_3 ~|N⟩_{34} , H_m |N+m⟩^±_{34} = (ω_3 ± 1)|N⟩^±_{34} , G^±_m|N+m⟩_{34} = |N⟩^±_{34} , (4.8) G^±_m ~ |N+m⟩_{34} = ∓[Δ + 2m(Δ_3 + 1 2 ) − Δ_4 ± (m + 1 2 )ω_3 + N]|N⟩^±_{34} , G^±_m|N+m⟩^∓_{34} = [Δ + 2mΔ_3 − Δ_4 ± (m + 1 2 )ω_3 + N]|N⟩_{34} ± ~|N⟩_{34} , G^±_m|N+m⟩^±_{34} = 0 , where m>0. For convenience we also write the action of the generators L_m, even though the result follows directly from (4.8)

L_m |N+m⟩_{34} = [Δ + mΔ_3 − Δ_4 + N]|N⟩_{34} , L_m ~ |N+m⟩_{34} = m(m + 1)ω_3 2 |N⟩_{34} + [Δ + m(Δ_3 + 1) − Δ_4 + N]~|N⟩_{34} , (4.9) L_m |N+m⟩^±_{34} = [Δ + m(Δ_3 + 1 2 ) − Δ_4 + N]|N⟩^±_{34} .

The set of recursion relations (4.8) do not determine the chain vectors completely. In particular, the ratio of |N⟩_{34} and ~|N⟩_{34} is not determined.

By rescaling, |N⟩_{34} → (−Δ_4)^N |N⟩_{34} , |N⟩^±_{34} → (−Δ_4)^{N+ 12} |N⟩^±_{34} , ~|N⟩_{34} → (−Δ_4)^{N+1} ~|N⟩_{34} (4.10) we find that in the Gaiotto limit where Δ_4 approaches ∞, the recursion relations (4.8) reduce to G^±_{12} |N+^1_2 ⟩ = |N⟩^± , G^±_{12} |N+^1_2 ⟩^∓ = |N⟩ ± ~|N⟩ , G^±_{12} ~

|N+^1_2 ⟩ = ∓|N⟩^± . (4.11) It turns out that this system can be diagonalised (which is apparently not the case in the general massive case). To see this, we introduce the “symmetric” and “antisymmetric” combinations |N⟩_s = |N⟩ + ~|N⟩ , |N⟩_a = |N⟩ − ~|N⟩ . (4.12)

When these relations are inserted into (4.11) we find that the recursion relations can be separated in two completely decoupled parts

G^+_{12} |N+^1_2 ⟩_a = −2|N⟩^+ , G^−_{12} |N+^1_2 ⟩^+ = |N⟩_a , G^−_{12} |N+^1_2 ⟩_a = 0 , (4.13) and G^−_{12} |N+^1_2 ⟩_s = 2|N⟩^− , G^+_{12} |N+^1_2 ⟩^− = |N⟩_s. G^+_{12} |N+^1_2 ⟩_s = 0 . (4.14)

Since the two sectors are completely decoupled and essentially equivalent we can without loss of generality restrict ourselves to one of the two sectors. In the remainder of the paper we focus on (4.14). For simplicity we drop the subscript s on |N⟩ in other sections.

5 Relating blocks for N =2, relaxed ^sl(2) and ordinary ^sl(2)

The goal of this section is to derive relations between the irregular conformal blocks in N = 2, relaxed ^sl(2) and ordinary ^sl(2). We first discuss the relation between the N = 2 and relaxed ^sl(2) modules. Then in 5.2 we generalise this relation to the conformal blocks and in particular show the equivalence between the N = 2 and relaxed ^sl(2) irregular blocks. Finally in 5.3 we show that the irregular relaxed ^sl(2) blocks can be obtained from the irregular ordinary ^sl(2) blocks by means of a certain well-defined analytic continuation procedure that we explicitly describe.

5.1 Relating N =2 and relaxed ^sl(2) modules via coset construction

The N = 2 superconformal algebra can be realised in terms of ^sl(2) and a complex fermion ψ(z) (ψ̄(z)) by using the coset construction of Di Vecchia et al. [15]. This construction is a particular case of the so-called Kazama–Suzuki construction [24]. More precisely, the N =2 superconformal algebra is the symmetry algebra of the coset

^sl(2)_k × ^u(1)

^u(1)

, (5.1)

where k is the level of the affine ^sl(2) algebra. To describe the details of this relation it is convenient to use the OPE language. The complex fermion and the ^sl(2) current algebra satisfy the OPEs ψ(z)ψ̄(w) ∼ 1 (z − w) , J^0(z)J^0(w) ∼ k 2 δ_{ab} (z − w)^2 , J^0(z)J^±(w) ∼ ±

J^±(w) (z − w) , J^+(z)J^−(w) ∼ k (z − w)^2 + 2J^0(w) (z − w) , (5.2) and the non-singular OPEs of the N =2 algebra are T (z)T (w) = 3c/2 (z − w)^4 + 2 (z − w)^2

T (w) + 1 (z − w) ∂T (w) , T (z)H(w) = 1 (z − w)^2 H(w) + 1 z − w ∂H(w) , T (z)G^±(w) = 3/2 (z − w)^2

G^±(w) + 1 z − w ∂G^±(w) , (5.3) H(z)H(w) = c (z − w)^2 , H(z)G^±(w) = ± 1 (z − w) G^±(w) , G^±(z)G^∓(w) = 2c (z − w)^3 ± 2 (z − w)^2 H(w) + 1 z − w (2T (w) ± ∂H(w)) . The ^u(1) algebra in the numerator of the coset (5.1) corresponds to the conserved current ψψ̄(z) while the ^u(1) in the denominator is the diagonal sub-algebra generated by

K(z) = J^0(z) − ψψ̄(z) . (5.4)

It is straightforward to verify that the odd generators G^± constructed as

G^+(z) = √ 2 k+2 ψ(z)J^+(z) , G^−(z) = √ 2 k+2 ψ̄(z)J^−(z) , (5.5)

have dimension 3/2 and have vanishing OPEs with K(z). Furthermore, the dimension 1 current H(z) and the stress-energy tensor T (z) of the N = 2 algebra are uniquely fixed from the G^+(z)G^−(w) operator product expansion: H(z) = 1 2(k + 2)

J^0(z) + k k + 2 ψψ̄(z) , (5.6)

T (z) = 1 2(k + 2) ( J^+J^−(z) + J^−J^+(z) ) + k k + 2 ψψ̄(z) + 2 k + 2 J^0ψψ̄(z) . The G^+(z)G^−(w) OPE also fixes the normalisation of G^±(z). The central charge of the N =2 algebra is expressed in terms of the ^sl(2) level as c = k k + 2

. (5.7)

To construct the highest weight representation we need to specify the primary fields of the N =2 algebra. They can be constructed from the relaxed ^sl(2) primary fields dressed by the exponents e^{βϕ} for a suitably chosen β

V^ω_Δ (z) = Φ^λ_j (z)e^{βϕ}(z) , (5.8)

where the bosonic field ϕ is related to the current K(z) as

K(z) = ∂ϕ(z) . (5.9)

The parameter β is fixed by the requirement of having vanishing OPEs with K(z). This requirement also fixes the relations between the parameters of the primary fields (which also follow from (5.6)) Δ = j(j+1) − λ^2 k + 2 , ω = 2λ k + 2

. (5.10)

The basic tool to compare the structure of the representations is the evaluation of the characters. The character of the irreducible relaxed ^sl(2) representation M_{j,λ}, defined modulo the contribution of the zero modes J^±_0 , is given by

χ^{>0}_{j,λ}(z, q) = Tr_{Mj,λ} (q^{LSug0} z^{J 00} ) = z^λ q^{Δj} ∏_∞ i=1(1 − zq^i) ∏_∞ i=1(1 − z^{−1}q^i) ∏_∞ i=1(1 − q^i) , (5.11) where Δ_j is the Sugawara dimension and the grading related to the z variable defines a sector with a given value of the J^0_0 charge. The additional action of the J^±_0 generators in the relaxed module allows one to change this charge without changing the level. Effectively this means that one should sum over all sectors. Hence, we find the character of the relaxed module at some fixed charge J^0_0 = λ + n

χ^{sl2}_{j,λ}(z, q) = χ^{>0}_{j,λ}(1, q) ∼ χ_{boson}(q)^3 = 1 + 3q + 9q^2 + 22q^3 + 51q^4 + . . . (5.12)

We note that the number of states in the relaxed module does not depend on n. In (5.12) χ_{boson} is the free boson character

χ_{boson}(q) = 1 ∏_∞ i=1(1 − q^i)

. (5.13)

The irreducible character of the highest weight N =2 module is

χ^{N =2}_{Δ,ω} (z, q) = Tr_{MΔ,ω} (q^{L0} z^{H0} ) = z^ω q^Δ ∏ k>0(1 + zq^{k− 1}2 ) ∏_∞ k>0(1 + z^{−1}q^{k− 1}2 ) ∏ k>0(1 − q^k) ∏ k>0(1 − q^k) . (5.14) Applying the Jacobi triple-product identity this expression can be written in the following form

χ^{N =2}_{Δ,ω} (z, q) = z^ω q^Δ ∑ n∈Z z^nq^{n2}2 ∏ k>0(1 − q^k)^3 ∼ ∑ n∈Z z^nq^{n22} χ_{boson}(q)^3 , (5.15)

Thus, up to a shift of the lowest level, the number of states in the N = 2 highest weight module with a fixed value of the H_0 charge coincides with the number of states in the relaxed ^sl(2) module with an arbitrary fixed value of the J^0_0 charge.

5.2 Equivalence between N =2 and relaxed ^sl(2) irregular blocks

In this subsection we show that the irregular N = 2 and relaxed ^sl(2) conformal blocks are equal, i.e. the norms of the Whittaker states (2.9) and (3.12) are equal ⟨W |W ⟩_{N =2} = ⟨W |W ⟩_{^sl(2)} ,^−⟨W |W ⟩^−_{N =2} =^−⟨W |W ⟩^−_{^sl(2)} , (5.16) provided we also redefine the variable z used in the two theories as

z_{^sl(2)} = k + 2 2 z_{N =2} . (5.17) The reason for this rescaling is a result of our normalisations and can be traced to (3.11). In terms of the Gaiotto states the above statement reads (here N is an integer) ⟨N|N⟩_{N =2} = ⟨N, 0|N, 0⟩_{^sl(2)} ,^−⟨N+^1_2 |N+^1_2 ⟩^−_{N =2} = ⟨N, −|N, −⟩_{^sl(2)} . (5.18) It is straightforward to check these relations for N = 1 by comparing (2.13), (2.14) with (3.15), (3.16) using (5.10). However, we will in fact show the equalities (5.18) for any N by showing that the Gaiotto states in the two theories are mapped into each other under the coset map discussed in section 5.1.

As discussed in section 4, the chain vector in the N = 2 Verma module is a state which appears in the OPE V_3(z)V_4(0) of two N = 2 primary fields. Using the coset map discussed in section 5.1 it can be written as

|N⟩_{34} = N∑ m=0 |N−m, 0⟩_{34}|m⟩_Ψ . (5.19)

Here, in each term in the sum, the first factor is a chain vector associated with the OPE of two relaxed ^sl(2) primary fields Φ_3(z)Φ_4(0), whereas the second factor is a free fermion chain vector which appears in the OPE of the bosonic dressing exponents e^{β3ϕ(z)}e^{β4ϕ(0)}. Since the two sectors do not interact we have the form (5.19). As discussed in section 4 the Gaiotto states arise as a limit of the chain vectors.

The N = 2 Gaiotto states |N⟩, |N+^1_2 ⟩^− are uniquely fixed by the recursion relations we wrote down in section 2 G^−_{12} |N⟩ = |N−^1_2 ⟩^−, G^+_{12} |N+^1_2 ⟩^− = 2|N⟩ . (5.20) Here the action of all other positive modes annihilate the states. Note from the algebra (2.1) that G^±_{1/2} and H_1 generate all positive modes.

The relaxed ^sl(2) Gaiotto states |N, 0⟩, |N−1, −⟩ are uniquely fixed by the recursion relations we wrote down in section 3 J^−_1 |N, 0⟩ = |N−1, −⟩ , J^+_0 |N, −⟩ = 2|N, 0⟩ . (5.21)

Here the action of all other non-negative modes annihilate the states. Note from the algebra (3.1) that J^±_0 and J^0_1 generate all non-negative modes.

Hence, the equivalence (5.18) is proven if the recursion relations for the N =2 Gaiotto states follow from the relations for the ^sl(2) Gaiotto states and the relations for the free fermion chain vectors.

In the free fermion sector, the Gaiotto limit of the chain vector is the vacuum state |0⟩_Ψ, since Ψ^±_r |N⟩_Ψ = 0 for r =^1_2 ,^3_2 , . . .. Thus, only the first term in the sum (5.19) contributes and we find that the N =2 Gaiotto state has the factorised form |N⟩ = |N, 0⟩|0⟩_Ψ . (5.22) With this result we are in a position to check whether the recursion relations (5.21) lead to (5.20). We only need the first few terms in the explicit form of the map (5.5)

G^+_{1/2} = J^+_1 Ψ^+_{−1/2} + J^+_0 Ψ^+_{1/2} + ... G^−_{1/2} = J^−_1 Ψ^−_{1/2} + J^−_0 Ψ^−_{1/2} + ...

H_1 = J^0_1 + Ψ^+_{1/2}Ψ^−_{1/2} + ... (5.23)

and also for the the current K(z) defined in (5.4)

K_1 = J^0_1 − Ψ^+_{1/2}Ψ^−_{1/2} + ... (5.24)

We note that by construction the N = 2 sector commutes with K(z), so all the N = 2 Gaiotto states should be annihilated by K_1. It is easily verified using the properties of the ^sl(2) Gaiotto state |N, 0⟩ that the N = 2 Gaiotto state (5.22) is annihilated by K_1 as well as by H_1 and G^+_{1/2}.

Using the second equation in (5.23), we find from the first equations in (5.20) and (5.21) that

|N+^1_2 ⟩^− = |N, −⟩Ψ^−_{1/2}|0⟩_Ψ . (5.25)

The state |N⟩^− is annihilated by K(z) since it is obtained by the action of G^−_{1/2} on |N⟩ and K(z) commutes with the N = 2 algebra. It is also annihilated by H_1 and G^−_{1/2}. This follows the properties of the ^sl(2) Gaiotto state |N, −⟩, together with the obvious requirement Ψ^2_{−1/2} = 0.

Finally, by acting with G^+_{1/2} and using the second equation in (5.21) we find

G^+_{1/2}|N+^1_2 ⟩ = J^+_0 |N, 0⟩Ψ^+_{1/2}Ψ^−_{1/2}|0⟩_Ψ = 2|N, 0⟩|0⟩_Ψ = 2|N⟩ , (5.26)

which is the second equation in (5.20). Thus, we have shown that |N⟩, |N+^1_2 ⟩ satisfy the N = 2 recursion relations (5.20) provided |N, 0⟩, |N, −⟩ satisfy the ^sl(2) recursion relations (5.21), which proves (5.18).

5.3 Relating ordinary and relaxed ^sl(2) blocks via analytic continuation

In this subsection we show that the ordinary (unrelaxed) ^sl(2) irregular conformal blocks are related to the irregular conformal blocks associated with the relaxed ^sl(2) module via a certain analytic continuation.

This relation follows from the following arguments. Consider the basis of descendants with level m and (J^0_0 ) charge s in the relaxed module. Denote the basis elements by B^{(s)}_i |j, λ⟩, where B^{(s)}_i denotes a string of J^A_n ’s and i labels the different possible choices. The basis elements can be constructed as follows. First construct all possible descendants with level m and any charge out of only non-zero-modes generators (i.e. J^A_n ’s with n > 0). Each of these descendants can be used to construct a descendant at level m with the right charge s by including either an additional number of J^−_0 ’s or a number of J^+_0 ’s. Note that using both J^−_0 and J^+_0 at the same time does not lead to independent basis elements, since a J^−_0 J^+_0 pair can be removed by the eigenvalue properties of the relaxed module (3.6).

Next consider the unrelaxed case at same level but with charge s − n where n is much larger than |s|. We first construct descendants with the right level out of non-zero modes as above. Since n ≫ |s| each of these descendants can be used to construct a descendant with charge s − n by including a suitable number of additional J^−_0 ’s. However, we can alternatively also use descendants of the form B^{(s)}_i (J^−_0 )^n|j⟩ as our basis elements, where B^{(s)}_i is exactly the same string of J^A_n ’s as in the relaxed module. This is simply a linear change of basis compared to the basis involving only J^−_0 ’s. This follows from the fact that all J^+_0 ’s present in B^{(s)}_i can be moved to the right and annihilated against the highest weight state |j⟩, leaving a linear combination of terms involving only non-zero modes and J^−_0 ’s.

To conclude, we can choose the basis elements of descendants in the two cases to be B^{(s)}_i |j, λ⟩ (relaxed) and B^{(s)}_i (J^−_0 )^n|j⟩ (unrelaxed) with the same B^{(s)}_i in both cases.

For both the relaxed and unrelaxed ^sl(2) modules, the matrix of inner products of descendants (the Shapovalov matrix) has a block-diagonal structure, where each block contains only descendants with a given level m and with the same value of the charge s. Using the above choices of basis elements, it is easy to see that after eliminating the non-zero modes using the algebra and the properties of the modules, each entry in the Shapovalov matrix reduces to a sum of terms of the form (the coefficients depend on the level and are the same in both cases since the algebra is the same, and r and q are some integers):

⟨j, λ|(J^+_0 )^q(J^0_0 )^r(J^−_0 )^q|j, λ⟩ = (λ − q)^r q−1∏ ℓ=0 (j − λ + ℓ + 1)(j + λ − ℓ), (5.27) for the relaxed module and

⟨j|(J^+_0 )^{q+n}(J^0_0 )^r(J^−_0 )^{q+n}|j⟩ = M(n) (j − n − q)^r q−1∏ ℓ=0 (n + ℓ + 1)(2j − n − ℓ), (5.28)

for the unrelaxed module, where (cf. [25])

M(n) ≡ ⟨j|(J^+_0 )^n(J^−_0 )^n|j⟩ = (−2j)_nn!(−1)^n. (5.29)

If one now replaces n by j − λ in the unrelaxed case with charge s−n and normalises the result by dividing by M(n) one obtains the relaxed result with charge s at the same level. Since the norm of the Whittaker vector is given in terms of a fixed component of the inverse of the Shapovalov matrix, cf. (3.13), we conclude from the above analysis that the coefficient at order z^m of the norm of the Whittaker vector in the relaxed case can be obtained from the coefficient at order x^nz^m (with n large) of the norm of the Whittaker vector in the unrelaxed case by multiplying by M(n) and replacing n by j−λ.

6 Surface defects and instanton partition functions

The dual gauge theory description of ^sl(N) conformal blocks involves N = 2 SU(N) gauge theories with a certain surface defect [17, 18, 25]. The relevant instanton moduli space is known as an affine Laumon space [26]. It can equivalently be viewed as an orbifold of the standard ADHM instanton moduli space, and in this language is referred to as a chain-saw quiver [27]. The instanton partition function was computed using the affine Laumon space language in [26], and using the orbifold language in [28].

The surface defect associated with the ^sl(N) algebra belongs to a more general class of surface defects in SU(N) gauge theories that are classified by partitions of N [29]. The N = 2 SU(N) gauge theories with a surface defect belonging to this class have been conjectured [30, 31] to be associated with the chiral symmetry algebras that are obtained by quantum Drinfeld-Sokolov reduction from ^sl(N). Such algebras are also classified by partitions of N. The instanton partiton functions for the case corresponding to a general partition of N were conjectured in [32] and confirmed in [28]. The instanton moduli spaces corresponding to a general partition of N can also be formulated in two ways. The analysis in [28] uses the orbifold chain-saw quiver language that we also use in this paper.

Using complex coordinates, the chain-saw quiver orbifold acts in the spacetime of the gauge theory as C ×(C /Z_p), where (z_1, z_2) → (z_1, ωz_2) with ω = exp(^{2πi}_p ). Here p is the length of the partition of N specifying the surface defect. The surface defect is located at z_2 = 0. Although our main interest is in the case N = p = 2 we first discuss the general case before specialising to the case of main interest to us.

In this paper we formulate the result for the instanton partition functions in a slightly different (but equivalent) way compared to the approach in [28]. Our approach follows closely the one used in [33] for another Z_p orbifold of C^2 , corresponding to the A_{p−1} ALE space. For that case the orbifold acts as (z_1, z_2) → (ωz_1, ω^{−1}z_2) with ω = exp(^{2πi}_p ).

We first recall the main points of the ADHM construction of the instanton moduli space, then describe how the orbifold modifies this space, and finally express the instanton partition function for the N = 2 SU(N) gauge theory in the presence of a surface defect in terms of coloured Young diagrams.

The general k-instanton solution in the four-dimensional euclidean SU(N) theory is given by means of the ADHM construction in terms of the matrices B_1, B_2, I, J with the corresponding dimensions k×k, k×k, k×N and N×k. Introducing two vector spaces V and W with dim_C V = k and dim_C W = N, we have I ∈ Hom(V, W ), J ∈ Hom(W, V ) and B_{1,2} ∈ End(V ). These matrices satisfy

[B_1, B_2] + IJ = 0 . (6.1)

The instanton moduli space M_N (k) is the space of GL(k, C ) gauge orbits in the space of solutions to (6.1). The GL(k, C ) gauge transformation acts as B_{1,2} → GB_{1,2}G^{−1}, I → GI, J → JG^{−1}, (6.2) where G ∈ GL(k, C ).

The additional restrictions on the ADHM data imposed by the Z_p orbifold are encoded in the equations

B_1 = γB_1γ^{−1} , ωB_2 = γB_2γ^{−1} , (6.3) I = γ I Υ , ωJ = Υ^† J γ^{−1} ,

where ω = exp(^{2πi}_p ), γ ∈ GL(k) and Υ ∈ U(N). We note that this system is consistent with the ADHM constraint (6.1). From (6.3) it follows that γ^p = 1l_k and Υ^p = 1l_N , which implies that γ and Υ can be chosen to be diagonal matrices with the structure

γ = ω 1l_{k1} 0 0 0 ... 0 0 0 ω^p 1l_{kp} , Υ = ω 1l_{N1} 0 0 0 ... 0 0 0 ω^p 1l_{Np}

, (6.4)

where_p ∑ L=1 k_L = k, p∑ L=1 N_L = N. (6.5)

The second equation defines a partition^3 of N that is the partition that specifies the type of surface defect. It will prove useful to introduce the notation q_α, α ∈ 1, ..., N for the

3More precisely it defines a composition of N. Different compositions related to the same partition correspond to the same surface defect but lead to different expressions for the instanton partition functions, see [28] for a discussion.

eigenvalues of Υ so that Υ_{α,α}′ = ω^{qα} δ_{α,α}′ . Each pair ({k_L}, {q_α}) is related to some connected component of the moduli space. We denote the corresponding connected component M_{N,p}({k_L}, {q_α}). Note that if some N_L is zero the corresponding {q_α} component does not have an immediate surface defect interpretation (we will return to this point later). The equations (6.3) imply a block structure for the matrices B_1, B_2. For example, from [B_1, γ] = 0, it follows that B_1 is block diagonal with blocks of the same sizes as in the matrix γ. If we label the blocks by pairs (L_1, L_2) we get B^{(L1L2)} 1 ∼ δ_{L1,L2} , B^{(L1L2)}_2 ∼ δ_{L1+1,L2 mod p}. (6.6)

When p = 2, B_{1,2} are 2×2 block matrices, with B_1 block diagonal and B_2 block offdiagonal.

Next we describe the fixed points of the vector field induced by the torus action T on the manifold M_{N,p}({k_L}, {q_α})

T : B_1 → t_1B_1; B_2 → t_2B_2; I_{iα} → I_{iα}t_α; J_{αi} → t_1t_2t^{−1}_α J_{αi}, (6.7)

where t_1 = e^{ϵ1} , t_2 = e^{ϵ2} , t_α = e^{aα} and ∏_r α=1 t_α = 1. A statement that is important for our considerations is that equation (6.3), defining the orbifold, is in fact the requirement of symmetry with respect to a particular torus element, namely: t_1 =1, t_2 =ω and t_α =Υ_{α α}. This means that we can alternatively think of the orbifolding as acting in the following way a_α → a_α + q_α 2πi p ϵ_2 → ϵ_2 + 2πi p ϵ_1 → ϵ_1 . (6.8)

All fixed points of the torus action automatically belong to the Z_p symmetric subspace (6.3). The fixed points of the torus action (6.7) are well known [5, 34], and are labelled by N-tuples of Young diagrams ⃗Y = (Y_1, . . . , Y_N ).

The character χ of the tangent space at a fixed point (χ = ∑ i Λ_i, where Λ_i are the eigenvalues of T ) before orbifolding is given by

χ(t_1, t_2, e_α) = −V^∗ V (t_1 − 1)(t_2 − 1) + W^∗ V + V^∗ W t_1t_2 , (6.9)

where V = N∑ α=1 ℓ_α∑

j_α=1 ν_{jα}∑

i_α=1 e^{aα} e^{−ϵ1(iα−1)}e^{−ϵ2(jα−1)} , W = N∑ α=1 e^{aα} , (6.10)

and the superscript^∗ means change sign of all terms in the exponents. The indices i_α and j_α label the rows and columns of Y_α, ν_{jα} denotes the number of boxes in column j_α, and ℓ_α denotes the number of columns. The character (6.9) can also be rewritten N∑ α,β=1 ∑ s_α∈Y_α [ e^{aα−aβ} e^{−ϵ1Lα(sα)}e^{ϵ2(Aβ (sα)+1)} + e^{aβ −aα} e^{ϵ1(Lα(sα)+1)}e^{−ϵ2Aβ (sα)} ] , (6.11) where L_{Yβ} (s_α), A_{Yβ} (s_α) are the leg-length and arm-length factors of the box s_α ∈ Y_α with respect to the Young diagram Y_β.

For an arbitrary element v = (ϵ_1, ϵ_2, a_α) the determinant of v on the tangent space p⃗_Y obtained from (6.11) reads

det v_r | | |_{p⃗Y} = N∏ α,β=1 ∏ s_α∈Y_α E_{Yα,Yβ} (a_β − a_α|s_α) ( ϵ − E_{Yα,Yβ} (a_β − a_α|s_α) ) , (6.12)

where ϵ = ϵ_1 + ϵ_2 and

E_{Yα,Yβ} (x|s_α) = x + ϵ_1(L_{Yα} (s_α) + 1) − ϵ_2 A_{Yβ} (s_α). (6.13)

Let us now describe the effect of the orbifolding. Even though all fixed points are the same as in the unorbifolded case, the tangent space, which defines the determinants of the vector field, is reduced by the additional constraints (6.3). From (6.8) we see that the (i, j) = (1, 1) box of Y_α transforms in the q_α representation of Z_p; we call q_α ∈ 0, ..., p−1 the colour of the box. The colour of the boxes in each column of the diagram is the same and differs by 1 between one column and the next, as in the following example for SU(2) and p = 2 with q_1 = 0, q_2 = 1:

Y_1 = 0 0 1 0 1 0

0 1 0 1 Y_2 = 1 0 1 0 1 0 1 (6.14)

In comparison to the ALE case [33], we thus obtain striped Young diagrams instead of checkered ones. This is natural since the rows and columns correspond to ϵ_{1,2} which correspond to z_{1,2} and since the chain-saw quiver orbifolding only acts on z_2 we expect colouring in only one direction. While the total number of boxes in the set ⃗Y is equal to the topological charge (instanton number) k, the quantities of cells of different colors determine which connected component of the space M_{N,p}({k_L}, {q_α}) a given fixed point belongs to. More precisely, k_L is equal to the total numbers of boxes with colour L − 1 (the box with the coordinates (i, j) in the Young diagram Y_α has colour (q_α + j mod p)). In the above example (Y_1, Y_2) ∈ M_{2,2}({9, 8}, {0, 1}).

After orbifolding, one should keep only the eigenvalues corresponding to the parts of the character that are invariant under (6.8). This implies that det v_{N,p}({q_α}) | |_{p⃗Y}= N∏ α,β=1 ∏ s_α∈Y^{(0)}_{α,β} E_{Yα,Yβ} (a_β−a_α|s_α) ∏ s_α∈Y^{(1)}_{α,β} ( ϵ−E_{Yα,Yβ} (a_β −a_α|s_α) ) , (6.15)

where (g = 0, 1)

Y^{(g)}_{α,β} = {s_α ∈ Y_α | q_β − q_α − A_{Yβ} (s_α) = g mod p} . (6.16)

Now, we are in a position to formulate the answer for the instanton partition function of the pure N = 2 SU(N) gauge theory with a surface defect corresponding to a certain partition specified by a fixed set of q_α’s. It is given by the following sum over Young diagrams

Z_{N,p}({q_α})= ∑ ⃗Y

p∏ L=1 y^{kL}_L N∏ α,β=1 ∏ s_α∈Y^{(0)}_{α,β} E_{Yα,Yβ} (a_β −a_α|s_α) ∏ s_α∈Y^{(1)}_{α,β} ( ϵ−E_{Yα,Yβ} (a_β−a_α|s_α) ) , (6.17)

where Y^{(g)}_{α,β} is defined in (6.16).

As an example, we apply this result to the SU(2) case with the surface defect specified by 2 = 1+1. The instanton numbers k_1, k_2 are given by ∑ j=1 [(Y_1)_{2j−1} + (Y_2)_{2j} ] = k_1 , ∑ j=1 [(Y_1)_{2j} + (Y_2)_{2j−1}] = k_2 , (6.18)

where Y_j denotes the height of column j in Y . The instanton partition function for q_1 = 0 (white) and q_2 = 1 (black) is given by

Z_{2,2}({0, 1}) = ∑ Y_1,Y_2

Z(Y_1, Y_2)y^{k1}_1 y^{k2}_2 , (6.19)

where k_1, k_2 are the numbers of white and black cells and

Z^{−1}(Y_1, Y_2) = (6.20) ∏ s_1∈Y_1 A(s_1)−odd

E_{Y1,Y2} (−2a|s_1)(ϵ − E_{Y1,Y1} (0|s_1)) ∏ s_1∈Y_1 A(s_1)−even

E_{Y1,Y1} (0|s_1) ( ϵ − E_{Y1,Y2} (−2a|s_1) )

× ∏ s_α∈Y_2 A(s_2)−odd

E_{Y2,Y1} (2a|s_2)(ϵ − E_{Y2,Y2} (0|s_2)) ∏ s_2∈Y_2 A(s_2)−even

E Y_2,Y_2(0|s_2) ( ϵ − E_{Y2,Y1} (2a|s_2) ) .

Here, according to the definition (6.13), the arm-length factors are always calculated with respect to the second diagram in the subscript of the function E.

The result (6.17) can be related to the expressions in [26, 32, 28] by redefining the variables. For instance, for SU(2) with the 1 + 1 surface defect one should make the following replacements

ϵ_2 → ε_2/2 , ϵ_1 → ε_1 , a → a + ε_2/4 . (6.21)

Note that choosing for instance N = p = 2 and q_1 = 1, q_2 = 1 in (6.17), (6.16) leads to a well defined expression, but one that is not directly related to the instanton partition functions in [26, 32, 28]. It will play a role in the next section.

7 Combinatorial expressions for N =2 superconformal blocks

In section 5 we found that the (irregular) N = 2 superconformal blocks are related to analytically continued (irregular) ^sl(2) conformal blocks. More precisely, the expression at order z^N in the N =2 block is related, up to a factor M(n), to an analytic continuation in n of the expression at order x^{n+N} (z/x)^N (with n very large) in the ^sl(2) block. The latter expression has a dual gauge theory description [17,18], arising from the expression at order y^{n+N}_1 y^N_2 in the instanton partition function of the N =2 SU(2) gauge theory with a surface defect. This means that the irregular conformal block of the N =2 superconformal algebra at order z^N can be obtained from the SU(2) instanton partition function with a surface defect at order y^{n+N}_1 y^N_2 via a change of variables, multiplication by M(n), plus analytic continuation in n. Similarly, the contribution at order z^{N+ 1}2 in the N = 2 block can be obtained from the SU(2) instanton partition function with a surface defect at order y^{n+N+1} 1 y^N_2 via a change of variables, multiplication by M(n), plus analytic continuation in n.

Below we present the combinatorial expressions for the irregular N = 2 superconformal blocks that one obtains by implementing the analytic continuation in the SU(2) instanton partition function with a surface defect. We present two different (but equivalent) versions of the result. Details of the second derivation are presented in appendix A. Some terms in the expansions for low levels are collected in appendix B.

As we saw in section 6, the instanton partition function of the N = 2 SU(2) gauge theory with a surface defect at order y^{n+s+N}_1 y^N_2 is obtained by summing over fixed points, where the fixed points are labelled by a pair of Young diagrams (Y_1, Y_2) with k_1 = n+s+N and k_2 = N where k_{1,2} were given in (6.18). The contribution from each fixed point can be determined from the character given in (6.9), (6.10) subject to the restriction that only terms invariant under (6.8) survive.

Now take n very large. Given the form of k_{1,2} (6.18), it is easy to see that the first column in the Young diagram Y_1 has to have height n+s+r where |r| is much smaller than n. All other columns in Y_1 and Y_2 have to have heights smaller than N+1 (otherwise k_2 would become too large). Now Y_1 without the first column is also a Young diagram, which we denote ~Y_1. We also use the notation ~Y_2 = Y_2, as well as

~a_1 = a_1 − ϵ_2 , ~a_2 = a_2 . (7.1)

It follows that ~Y_1 and ~Y_2 satisfy the constraints ∑ ȷ≥1 [(~Y_1)_{2ȷ−1} + (~Y_2)_{2ȷ−1}] = N , ∑ ȷ≥1 [(~Y_1)_{2ȷ} + (~Y_2)_{2ȷ}] = N−r , 0 ≤ r ≤ N , (7.2)

where (~Y )_ȷ denotes the height of column ȷ in ~Y . The restrictions on r follow from the properties of Young diagrams (such as (~Y )_ȷ ≥ (~Y )_{ȷ+1}).

Now consider the character (6.9). We split V and V^∗ into a piece (a geometric sum) which involves the first column in Y_1, plus a piece involving the remaining terms: V = e^{a1} t_1 t_1 − 1 (1 − e^{−ϵ1(n+s+r)}) + ~V , V^∗ = −e^{−a1} 1 t_1 − 1

(1 − e^{ϵ1(n+s+r)}) + ~V^∗ . (7.3)

It is easy to see that ~V takes exactly the same form as V (6.10) but with Y_α and a_α replaced by ~Y_α and ~a_α. Inserting the decompositions (7.3) into (6.9) we find

χ(a, Y_1, Y_1) = χ_{~M(n)} + ~χ(~a, ~Y_1, ~Y_2, r) , (7.4)

where χ_{~M(n)} = (1 + e^{~a2−~a1} ) n∑ i=1 e^{i ϵ1} , (7.5) and ~χ(~a, ~Y_1, ~Y_2, r) = − ~V ~V^∗(t_1 − 1)(t_2 − 1) + ~W^∗ ~V + ~V^∗ ~W t_1t_2 + ~U^∗ ~V (1 − t_2) + ~V^∗ ~U(t_1t_2 − t_1) + ~Z , (7.6)

with

~Z = (1 + e^{~a}2^{−~a}1 )e^ϵ1^{n r+s} ∑ i=1 e^{i ϵ1} , ~U = e^{~a1+ϵ2−ϵ1(n+s+r)} , ~W = 2∑ α=1 e^{~aα} . (7.7)

To obtain the result (7.6) we dropped some terms independent of ~V and ~V^∗ that are not invariant under the orbifold projection (6.8) and thus do not contribute.

Recall that to get the result for the N =2 superconformal block at level N+^s_2 (s = 0, 1) we should multiply the coefficient at order x^{n+s+N} (z/x)^N in the ^sl(2) block by M(n) (5.29) and analytically continue in n. The factor in the instanton partition function at order y^{n+s+N}

1 y^N_2 arising from χ_{~M(n)} simply cancels the M(n) multiplication, provided one uses the map given in [18, 25] (remembering (6.21) and (7.1))

~a_1 = −~a_2 = j +^1_2 , 2 ϵ_2 ϵ_1

= −k − 2 , y_1 = −x , y_2 = − z x . (7.8)

In particular, the (−1)^n in M(n) cancels using the relation between y_1 and x. Thus we are left with the contribution arising from the character (7.6). Since in this expression only ~U and ~Z depend on n and the dependence is simple, the analytic continuation is trivial, one simply replaces n by j − λ.

The result (7.6) can be further simplified. Note that the first line in (7.6) is simply the character (6.9) written in the ~a variables and can thus be rewritten in the form (6.11). Thus we get a contribution of the same form as in the expression (6.17) with (6.16). However, there is an important difference: Since the original Young diagrams Y_1 and Y_2 had q_1 = 0 and q_2 = 1, the ~Y_α will have q_1 = 1 and q_2 = 1. Apart from this difference, the first line in (7.6) gives the same contribution as for the SU(2) theory with a surface defect and k_1 = N, k_2 = N−r. The contribution from the terms on the second line of (7.6) are easily determined.

We will use the notation ⟨W |W ⟩^{(s)} where s = 0, 1 for the norm of the Whittaker state (i.e. the irregular block). In the notation of sections 2 and 3 we have ⟨W |W ⟩^{(0)} ≡ ⟨W |W ⟩ and ⟨W |W ⟩^{(1)} ≡^−⟨W |W ⟩^−. The combinatorial result for ⟨W |W ⟩^{(s)} follows by putting everything together ⟨W |W ⟩^{(s)} = ∞∑ N=0 ∑ ~Y_1, ~Y_2,r z^{(| ~Y1 |+| ~Y2|+s+r)/2} 1 ϵ^{2(r+s)} 1 (−1)^{r+s}(n+1)_{r+s}(−^{2~a}_{ϵ1} +n+1)_{r+s} × 2∏ α=1 ∏ s_α∈ ~Y^{(0)}_α F (~a_α−~a_1−ϵ_2+ϵ_1(n+r+s−1)|s_α) F (~a_α−~a_1−ϵ_2+ϵ_1(n+r+s)|s_α) ∏ s_α∈ ~Y^{(1)}_α F (~a_α−~a_1+ϵ_1(n+r+s)|s_α) F (~a_α−~a_1−2ϵ_2+ϵ_1(n+r+s−1)|s_α) × [_2∏ α,β=1 ∏ s_α∈^~Y^{(0)}_{α,β} E ~_{Yα,} ~_{Yβ} (~a_β − ~a_α|s_α) ∏ s_α∈^~Y^{(1)}_{α,β} ( ϵ_1 + ϵ_2−E ~_{Yα,} ~_{Yβ} (~a_β − ~a_α|s_α) ) ]_{−1} , (7.9)

where the sum over (r, ~Y_1, ~Y_2) is constrained by the relations (7.2),

F (x|s_α) = x − ϵ_1(i_α − 1) − ϵ_2(j_α − 1) , E ~_{Yα,} ~_{Yβ} (x|s_α) = x + ϵ_1(L ~_{Yα} (s_α) + 1) − ϵ_2 A ~_{Yβ} (s_α) , (7.10) and ~Y^{(g)}_α = {s_α = (i_α, j_α) ∈ ~Y_α | j_α = g mod 2} , ~Y^{(g)}_{α,β} = {s_α ∈ ~Y_α | A_{~Yβ} (s_α) = −g mod 2} . (7.11)

After using the relations

n = j − λ , ~a_1 = −~a_2 = j +^1_2 , 2 ϵ_2 ϵ_1

= −k − 2 , (7.12)

our result (7.9) gives the irregular N = 2 superconformal blocks written in terms of relaxed ^sl(2) variables. To translate to N =2 variables one uses (5.10), (5.7) and (5.17).

Note that for the relaxed ^sl(2) case the above expression (7.9) also makes sense for any non-negative integer s, so that we have in fact computed the generating function

Z_{^sl(2)rel}(x, z) = ∞∑ s=0 ⟨W |W ⟩^{(s)}x^s . (7.13)

7.1 Alternative combinatorial expression for N =2 superconformal blocks

Below we present an alternative combinatorial expression for the irregular N = 2 superconformal blocks at level N+^s_2 where s = 0, 1 (corresponding to level N, charge s in the relaxed ^sl(2) block). This expression involves a sum over pairs of Young diagrams (Y_1, Y_2) satisfying the constraints k_1 = 2k_2 = 2N with k_{1,2} as in (6.18). The number of such fixed points can be shown to be equal to the number of states predicted by the coset (1.2), cf. (5.14) and (A.9) (recall that the coset also contains a decoupled free boson).

We will use the notation ⟨N|N⟩^{(s)} for the norm of the Gaiotto states. In the notation of sections 2 and 3 we have ⟨N|N⟩^{(0)} ≡ ⟨N|N⟩ = ⟨N, 0|N, 0⟩ and ⟨N|N⟩^{(1)} ≡ −⟨N|N⟩^− = ⟨N, −|N, −⟩. The details of the derivation of the alternative combinatorial result for ⟨N|N⟩^{(s)} are collected in appendix A. ⟨N|N⟩^{(s)} = Ω ∑ Y_1,Y_2 #□=2N, #■=N K(Y_1, Y_2)^{−1} , (7.14)

where Ω = ∏_{N−s} m=1[ϵ_1(n−m+1)][−2~a+ϵ_1(n−m+1)] (−1)^s ∏_{s−N} m=1[ϵ_1(n+m)][−2~a+ϵ_1(n+m)]

, (7.15) and K(Y_1, Y_2) = (7.16) ∏ s_1∈Y_1 A(s_1)−odd ^E_{Y1,Y2} (−2~a−ϵ_2|s_1)(ϵ − ^E_{Y1,Y1} (0|s_1)) ∏ s_1∈Y_1 A(s_1)−even ^E_{Y1,Y1} (0|s_1)(ϵ − ^E_{Y1,Y2} (−2~a−ϵ_2|s_1))

× ∏ s_2∈Y_2 A(s_2)−odd

E_{Y2,Y1} (2~a+ϵ_2|s_2)(ϵ − E_{Y2,Y2} (0|s_2)) ∏ s_2∈Y_2 A(s_2)−even

E Y_2,Y_2(0|s_2) ( ϵ − E_{Y2,Y1} (2~a+ϵ_2|s_2) ) ,

where E_{Yα,Yβ} (x|s_α) is as previously defined (6.13) and ^E_{Yα,Yβ} (x|s_α) = { x + ϵ_1(L_{Yα} (s_α)+n+s−N+1) − ϵ_2A_{Yβ} (s_α), s_1 ∈ first column x + ϵ_1(L_{Yα} (s_α) + 1) − ϵ_2A_{Yβ} (s_α), otherwise (7.17) Using (7.12), the result (7.14) gives the norm of the N =2 Gaiotto states written in terms of relaxed ^sl(2) variables. To translate to N = 2 variables one uses (5.10), (5.7) and (5.17). The seemingly different looking results (7.9) and (7.14) are equivalent as is clear from how they were derived.

We close this section by stressing that since the relation between the instanton partition function in the N =2 SU(2) theory with a surface defect and the unrelaxed irregular ^sl_2 blocks was proved in [17] and since we have shown the relation between the irregular N = 2 and the relaxed ^sl_2 blocks and related them to the unrelaxed irregular ^sl_2 blocks, we have a complete derivation of the combinatorial expressions presented above.

7.2 String theory interpretation of the analytic continuation

The analytic continuation argument presented above led to a completely explicit combinatorial expression for the N = 2 superconformal blocks in the Gaiotto limit. However, the gauge theory and instanton moduli space interpretation of the result is not very clear.

In this subsection we give an outline of a string theory interpretation of the analytic continuation in the hope that this argument will lead to a deeper understanding and facilitate future generalisations. Our discussion is not intended to be rigorous and several aspects have not been worked out in detail.

It is known [35] that the ADHM construction in the SU(N) gauge theory can be realised in type II string theory by considering the world-volume theory on k D(-1)-branes on top of N (coincident) D3-branes. Here k is the instanton number and the world volume theory contains in particular the B_{1,2} matrices which geometrically are associated with the two complex coordinates z_{1,2} of the D3-brane world-volume.

The Z_2 orbifold splits the k D(-1)-branes into two sets containing k_1 and k_2 D(-1)- branes each, and projects out some of the modes in the world-volume theory on the D(- 1)-branes. As we saw above, the two off-diagonal blocks in B_1 are projected out leaving the two diagonal blocks, whereas the two diagonal blocks in B_2 are projected out leaving the two off-diagonal blocks.

A peculiar feature of the non-abelian nature of D-branes occurs when one takes the large n limit of a stack of n D(p)-branes in a particular string theory background with non-zero (constant) RR fluxes. It is known that in the large n limit the stack of D(p)- branes can equivalently be viewed as a single D(p+2)-brane. This is known as the Myers (dielectric) effect [36] (see e.g. [37] for a review).

In our case we have k_1 = n + N where we take n to be large so the arguments in [36] potentially apply in our example. The fact that we have non-zero ϵ_{1,2} parameters means that the gauge theory is in the so called Ω-background, which can alternatively be interpreted as a background with non-trivial RR fluxes [38]. These RR fluxes have precisely the right form for the arguments in [36] to apply. Finally, since it is only B_1 that has a k_1×k_1 matrix component, the polarisation into a higher-dimensional D-brane can only involve the z_1 direction. Thus we conclude that in the large n limit, n D(-1)-branes expand into an (spherical) euclidean D(1)-brane intersecting the surface defect (which is located at z_2 = 0). The parameter n is related to the flux of the U(1) gauge field on the D(1)-brane.

There should be different sectors in which r of the remaining N D(-1)-branes in the first stack are bound to the D1-brane. The remaining 2N − r D(-1)-branes then have k_1 = N−r and k_2 = N. These should give a contribution to the instanton partitin function, which is the Z_2 orbifold contribution, except that the q_α (which have an interpretation in terms of holonomies, see e.g. [33, 11]) have changed due to the presence of the D(1)- brane. In addition, there are also degrees of freedom coming from the strings connecting the 2m−r D(-1)-branes to the D1-brane, as well as a contribution from the r D(-1) branes bound to the D(1)-brane. This gives a qualitative explanation for the form of the instanton character (7.6). It should be possible to make this argument more precise, perhaps using arguments as in [39]. From the point of view of the gauge theory, it seems that the end result can be viewed as a surface defect with additional structure. For a discussion of similar objects in a related context see e.g. [40] and references therein.

8 Concluding remarks

In this paper we studied 2d N = 2 superconformal field theories in the context of the correspondence between 2d CFTs and 4d N =2 gauge theories.

One of the basic conceptual questions is how to find the CFT symmetry algebra associated with a given instanton moduli space and vice versa. Once the answer for a specific example is known, one may deduce many useful consequences. One outcome is the relation [2] between conformal blocks and the instanton partition functions (which are computable by summing over fixed points). Another important by-product is the integrable structure of the CFT which becomes explicit in a special basis [41].

Even though there are many examples where dual pairs have been found, there is no canonical or “direct” way to pinpoint the CFT which is relevant for a particular instanton moduli space. One suggestive observation is that many symmetry algebras in 2d CFTs arise as a special limit of so called toroidal algebras. Toroidal algebras also appear in the gauge theory context since they have a natural action on the equivariant homologies of instanton moduli spaces. Remarkably, the symmetry algebras one obtains from toroidal algebras via this limit usually involve various cosets, suggesting that there is a way to obtain CFT symmetry algebras realised as a cosets from instanton moduli spaces.

In this paper we have in a sense solved the inverse problem since we started from the coset realisation of the N = 2 superconformal algebra in terms of the ^sl(2) algebra. We studied the relation between the highest weight representations of the N = 2 algebra and the rather unusual relaxed representations of ^sl(2). For the regular ^sl(2) case the gauge theory dual involves the instanton moduli space, M_{2,2}, corresponding to the N =2 SU(2) gauge theory with a surface defect. We studied the consequences of the relaxation procedure from the point of view of this dual moduli space description. We found that the relaxation procedure leads to a another moduli space, M^⋆_{2,2}, which is closely related to M_{2,2}. The fixed points of the vector field associated with M^⋆_{2,2} satisfy an interesting stabilisation condition that we described in appendix A. We found that the number of fixed points in M^⋆_{2,2} coincides with the dimensions of the representation space of the coset realisation of the N =2 algebra.

This lead us to propose that the moduli space M^⋆_{2,2} is related to the N = 2 superconformal field theory. We checked this idea for the simplest example, viz. the four-point conformal block function in the Gaiotto limit. We showed that this (irregular) conformal block is equal to the instanton partition function associated with M^⋆_{2,2}. This instanton partition function is related to an analytically continued version of the instanton partition function for the pure N = 2 SU(2) gauge theory with a surface defect, but the gauge theory interpretation of the final result is not completely clear. In particular, one would like to understand in more detail the transition the moduli space undergoes when one implements the analytic continuation. The string theory interpretation presented in section 7.2 should prove to be useful.

Our main result for the irregular conformal blocks was presented in two versions and is contained in (7.9) and (7.14). These combinatorial expressions involve sums over pairs of two-coloured striped Young diagrams (subject to certain restrictions). This should be compared to the N = 0 blocks which involve a sum over a pair of uncoloured Young diagrams [2], and the N = 1 blocks which involve a sum over a pair of two-coloured checkered Young diagrams [3].

The instanton partition function for the N = 2 SU(2) gauge theory with a surface defect also has a dual description in terms of a degenerate state insertion in the Liouville theory [42], which in turn can be viewed as an SU(2)×SU(2) theory with a certain restriction on the parameters of the theory. This alternative description is closely related to topological strings and toric branes (see e.g. [43] for more details). It would be interesting to investigate if it is possible to implement and interpret the analytic continuation in this language.

There are several other possible extensions of our results. A natural extension is to consider proper conformal blocks. It should also be possible to consider intermediate cases along the lines of [44]. Another interesting problem is to consider the full CFT correlation functions and try to find a gauge theory interpretation as was done for (N =0) Liouville in [2] and for N = (1, 1) super-Liouville in [9]. The natural candidate for the full CFT in the N = 2 case is the N = (2, 2) super-Liouville theory (see e.g. [45] and references therein). There is a whole class of coset theories with N = 2 supersymmetry, the so called Kazama-Suzuki models [24]. Is is possible to compute conformal blocks also for such models? It would also be interesting to see if one can understand our combinatorial formulæ directly within the CFT via a suitable choice of basis, as was done for N = 0 (Virasoro) in [41, 46] and for N = 1 (RNS) in [13]. We hope to return to some of these questions in the near future.

Acknowledgements

The initial discussions which ultimately led to this paper took place during the workshop “Geometric Correspondences of Gauge Theories” held at SISSA in September 2011. We are grateful to Giulio Bonelli, Kazunobu Maruyoshi and Alessandro Tanzini for the invitations.

V.B. thanks Alexander Belavin, Samuel Belliard and Boris Feigin for many useful discussions. He also thanks the organizers of the Nordita program on Exact Results in Gauge-String Dualities for the hospitality and stimulating scientific atmosphere. He is grateful to the members of the L2C laboratory at the University II of Montpellier and especially to Andre Neveu for the hospitality while this work was in progress. His work was supported by RFBR No.12-01-00836-a.

N.W. would like to thank ICTP-SAIFR in São Paulo for generous hospitality while part of this work was in progress. Part of the work was also done while he was attending the workshops “New perspectives in supersymmetric gauge theories” at the ASC in Munich, and “Workshop on the AGT conjecture” at the BCTP in Bonn. He would like to thank the organisers for invitations to these inspiring meetings. Finally he would like to thank Anatoly Konechny and Richard Szabo for discussions and hospitality at Heriot- Watt University during the final stages of this project.

Appendix

A Derivation of alternative combinatorial expression

Here we discuss an alternative way to implement the analytic continuation defined in section 5.3 in the instanton partition function for the SU(2) theory with a surface defect.

As discussed in section 5.3 the relaxed and unrelaxed ^sl(2) conformal blocks are related in the following way

⟨N|N⟩^{(s)}_{sl2rel} = [ M(n)⟨N|N⟩^{(s+n)}_{sl2} ]| n→j−λ . (A.1) For ⟨N|N⟩_{sl2} we will use the representation in terms of the instanton partition function (6.19), (6.20) with q_1 = 0, q_2 = 1

⟨N|N⟩^{(s+n)}_{sl2} = (−1)^{n+s} ∑ Y_1,Y_2

[Z_{Y1,Y2} ]^{−1}. (A.2)

From the results in section 6, it follows that the sum goes over Young diagrams with N+s+n white boxes and N black boxes. Since we are interested in the analytic continuation, we may assume that n is big enough to make N+s+n > 2N. The factor

(−1)^{n+s} arises from the relation x = −y_1 between the expansion parameters in the two descriptions.

In order for the analytic continuation to make sense it is crucial that the number of pairs of Young diagrams in (A.2) does not depend on n. To show this we compute the character of the relevant pairs of Young diagrams.

We consider first the case of one diagram. The generating function is χ^{(1)}(q_1, q_2) ≡ ∑ k_1,k_2

N^{(1)}(k_1, k_2)q^{k1}_1 q^{k2}_2 , (A.3)

where N(k_1, k_2) is the number of diagrams with k_1 white boxes and k_2 black boxes. It has been shown in [47] that for k_1 ≥ 2k_2, the number of diagrams N^{(1)}(k_1, k_2) only depends on k_2 and is related to the boson character (5.13) as follows: N^{(1)}(k_1, k_2) = N^{(2)}_b (k_2) , for k_1 ≥ 2k_2 (A.4) where N^{(2)}_b (k) is defined as [χ_{boson}(q)]^2 = ∑ k N^{(2)}_b (k)q^k. (A.5)

Similarly, for the generating function of pairs of Young diagrams with k_1 white and k_2 black cells, χ^{(2)}(q_1, q_2) ≡ ∑ k_1,k_2

N^{(2)}(k_1, k_2)q^{k1}_1 q^{k2}_2 , (A.6)

provided that k_1 ≥ 2k_2, we find N^{(2)}(k_1, k_2) = N^{(4)}_b (k_1) , for k_1 ≥ 2k_2 , (A.7) and [χ_{boson}(q)]^4 = ∑ k N^{(4)}_b (k)q^k . (A.8)

Thus, the number of fixed points, relevant in the correspondence between instanton counting and the N = 2 superconformal theory, is given by [χ_{boson}(q)]^4 = 1 + 4q + 14q^2 + 40q^3 + 105q^4 + ... (A.9)

From the fact that the number of pairs of Young diagrams is independent of n and is the same as for the number of white boxes equal to 2N it follows that

⟨N|N⟩^{(s+n)}_{sl2} = (−1)^{n+s} ∑ Y^′_1 ,Y_2 #□=N+s+n,#■=N [Z_Y ′_{1 ,Y2} ]^{−1} = ∑ Y_1,Y_2 #□=2N,#■=N [ ^Z_{Y1,Y2} ]^{−1}, (A.10)

where the only difference between the Young diagrams Y^′_1 and Y_1 is that Y^′_1 contains n+N+s−2N = n+s−N additional boxes in the first column. We used the notation ^Z to stress that the expression arises from Z in the first sum and is not the standard expression. Thus, the problem is reduced to the evaluation of the ratio (−1)^{n+s}M(n) Z_Y ′_{1 ,Y2} = (−1)^sZ_1n_{,∅} Z_Y ′_{1 ,Y2} | |_{s1=(m,1)} [ Z_{Y1,Y2} ]_{−1} s_1≠(m,1) , (A.11)

where we have separated out the contribution from boxes in the first column of Y^′_1 , and used that M(n) = (−1)^nZ_{∅,1}n . The contribution from the boxes outside the first column of Y^′_1 does not depend on n and is the same as the contribution with Y^′_1 replaced by Y_1.

Let us compute the contribution from the first column. For the boxes in the first column of Y^′_1 that also belong to Y_1 the contribution is the standard one except that the leg length L_{Y1} (s_1) is replaced by L_{Y1} (s_1) + n+s−N. In other words, when s_1 belongs to the first column of Y_1 we get the standard contribution but with E_{Y1,Yβ} replaced by ^E_{Y1,Yβ} defined in (7.17).

The boxes in the first column of Y^′_1 that do not belong to Y_1 by construction do not have any boxes to the right of them, i.e. have zero arm-length with respect to Y^′_1 and armlength −1 with respect to Y_2. Furthermore, the leg length of box r is n+s−N−r. Thus they give rise to the contribution n+s−N∏

r=1 [−2a + ϵ_1(n + s−N−r + 1) + ϵ_2][ϵ_1(n + s−N−r + 1)] . (A.12)

On the other hand, we have

Z_1n_{,∅} = n∏ r=1 [−2a + ϵ_1(n − r + 1) + ϵ_2][ϵ_1(n − r + 1)] . (A.13)

If s=N the ratio of (A.13) and (A.12) is 1. If s > N we get a residual contribution in the numerator, whereas if s < N get a residual contribution in the denominator. These two contributions (plus the (−1)^s factor) give the contribution (7.15).

Combining all the pieces, we finally arrive at the result (7.14). We stress that this expression uses q_1 = 0 and q_2 = 1. Also 2~a = 2a − ϵ_2.

B Examples for low instanton numbers

In this appendix we list the explicit expressions the first few terms in the combinatorial expressions for the irregular N = 2 blocks given in (7.9) or equivalently in (7.14). These two alternative expressions use different ways to label the fixed points. In version I the fixed points are labelled by two Young diagrams and an integer r subject to the restrictions (7.2). In version II the fixed points are labelled by a pair of Young diagrams with 2N white boxes and N black boxes. It is easy to show that the number of fixed points is the same in the two cases and to find the one-to-one map. Consider version II. Since k_2 = N the number of boxes in the first column of Y_1 has to be at least N (the sum of the remaining columns that contribute to k_1 are bounded above by k_2 by the properties of Young diagrams). This means that one finds different classes where in a given class the first column of Y_1 contains N+r boxes with 0 ≤ r ≤ N. Removing the first column of Y_1 the remaining pieces form two Young diagrams of precisely the same type as in version I, which shows that the number of fixed points is the same.

At level 1, using the version I language, the fixed points are labelled by

(r, ~Y_1, ~Y_2) = (0, , ∅) , (0, ∅, ) , (1, , ∅) , and (1, ∅, ) . (B.1)

whereas using the version II language the fixed points are labelled by

(Y_1, Y_2) = ( , ) , ( , ∅) , ( , ) , and ( , ∅) . (B.2)

At level 0 there is a contribution for s = 1 given by − 1 ϵ_1(1+n)(−2~a+ϵ_1+ϵ_1n)

. (B.3)

At level 1, the s = 0 contribution is − n 4 ~a ϵ_2(−2~a+ϵ_1+2ϵ_2)(2ϵ_2−ϵ_1n) − 1 2 ~a ϵ_1(−2~a+ϵ_1+ϵ_1n)(−2ϵ_2+ϵ_1n)

(B.4) + 1 2 ~a ϵ^2_1(1 + n)(−2~a − 2ϵ_2 + ϵ_1n) − −2~a + ϵ_1n 4 ~a ϵ_1 ϵ_2(2~a + ϵ_1 + 2ϵ_2)(−2~a − 2ϵ_2 + ϵ_1n) , whereas for s = 1 one finds instead − 1 4 ~a ϵ_1 ϵ_2(−2~a+ϵ_1+2ϵ_2)(−2~a+ϵ_1+ϵ_1n)(ϵ_1 − 2ϵ_2+ϵ_1n) + 1 2 ~a ϵ^2_1(1+n)(−2~a+ϵ_1+ϵ_1n)(−2~a+2ϵ_1+ϵ_1n)(ϵ_1−2ϵ_2+ϵ_1n) + 1 4 ~a ϵ^2_1 ϵ_2(2~a + ϵ_1+2ϵ_2)(1+n)(−2~a+ϵ_1−2ϵ_2 + ϵ_1n)

(B.5) − 1 2 ~a ϵ^3_1(1+n)(2+n)(−2~a+ϵ_1+ϵ_1n)(−2~a+ϵ_1−2ϵ_2+ϵ_1n) . References

[1] M. Ademollo et al., “Supersymmetric strings and color confinement,” Phys. Lett. B62 (1976) 105.

[2] L. F. Alday, D. Gaiotto, and Y. Tachikawa, “Liouville correlation functions from four-dimensional gauge theories,” Lett. Math. Phys. 91 (2010) 167–197,

arXiv:0906.3219[hep-th].

[3] V. Belavin and B. Feigin, “Super Liouville conformal blocks from N = 2 SU(2) quiver gauge theories,” JHEP 07 (2011) 079, arXiv:1105.5800[hep-th].

[4] G. W. Moore, N. Nekrasov, and S. Shatashvili, “Integrating over Higgs branches,” Commun. Math. Phys. 209 (2000) 97–121, arXiv:hep-th/9712241; A. Losev, N. Nekrasov, and S. L. Shatashvili, “Testing Seiberg-Witten solution,”

arXiv:hep-th/9801061.

[5] N. A. Nekrasov, “Seiberg-Witten prepotential from instanton counting,” Adv.

Theor. Math. Phys. 7 (2004) 831–864, arXiv:hep-th/0206161.

[6] T. Nishioka and Y. Tachikawa, “Central charges of para-Liouville and Toda theories from M5-branes,” Phys.Rev. D84 (2011) 046009,

arXiv:1106.1172[hep-th].

[7] G. Bonelli, K. Maruyoshi, and A. Tanzini, “Instantons on ALE spaces and super Liouville conformal field theories,” JHEP 1108 (2011) 056,

arXiv:1106.2505[hep-th].

[8] A. Belavin, V. Belavin, and M. Bershtein, “Instantons and 2d superconformal field theory,” JHEP 1109 (2011) 117, arXiv:1106.4001[hep-th].

[9] G. Bonelli, K. Maruyoshi, and A. Tanzini, “Gauge Theories on ALE Space and Super Liouville Correlation Functions,” arXiv:1107.4609[hep-th].

[10] N. Wyllard, “Coset conformal blocks and N = 2 gauge theories,”

arXiv:1109.4264[hep-th].

[11] Y. Ito, “Ramond sector of super Liouville theory from instantons on an ALE space,” Nucl.Phys. B861 (2012) 387–402, arXiv:1110.2176[hep-th].

[12] M. Alfimov and G. Tarnopolsky, “Parafermionic Liouville field theory and instantons on ALE spaces,” JHEP 1202 (2012) 036,

arXiv:1110.5628[hep-th].

[13] A. Belavin, M. Bershtein, B. Feigin, A. Litvinov, and G. Tarnopolsky, “Instanton moduli spaces and bases in coset conformal field theory,”

arXiv:1111.2803[hep-th].

[14] V. Fateev and A. Zamolodchikov, “Parafermionic currents in the two-dimensional conformal quantum field theory and selfdual critical points in Z_n invariant statistical systems,” Sov. Phys. JETP 62 (1985) 215.

[15] P. Di Vecchia, J. Petersen, M. Yu, and H. Zheng, “Explicit Construction of Unitary Representations of the N = 2 Superconformal Algebra,” Phys.Lett. B174 (1986) 280.

[16] B. Feigin, A. Semikhatov, and I. Y. Tipunin, “Equivalence between chain categories of representations of affine ^sl(2) and N = 2 superconformal algebras,” J.Math.Phys. 39 (1998) 3865–3905, arXiv:hep-th/9701043; A. Semikhatov, “On the equivalence of affine ^sl(2) and N = 2 superconformal representation theories,” Nucl.Phys.Proc.Suppl. 56B (1997) 215–228,

arXiv:hep-th/9702074.

[17] A. Braverman, “Instanton counting via affine Lie algebras I: Equivariant J-functions of (affine) flag manifolds and Whittaker vectors,”

arXiv:math/0401409.

[18] L. F. Alday and Y. Tachikawa, “Affine SL(2) conformal blocks from 4d gauge theories,” Lett. Math. Phys. 94 (2010) 87–114, arXiv:1005.4469[hep-th].

[19] D. Gaiotto, “Asymptotically free N = 2 theories and irregular conformal blocks,”

arXiv:0908.0307[hep-th].

[20] A. Marshakov, A. Mironov, and A. Morozov, “On non-conformal limit of the AGT relations,” Phys. Lett. B682 (2009) 125–129, arXiv:0909.2052[hep-th].

[21] A. A. Belavin, A. M. Polyakov, and A. B. Zamolodchikov, “Infinite conformal symmetry in two-dimensional quantum field theory,” Nucl. Phys. B241 (1984) 333–380.

[22] A. Belavin, V. Belavin, A. Neveu, and A. Zamolodchikov, “Bootstrap in Supersymmetric Liouville Field Theory. I. NS Sector,” Nucl.Phys. B784 (2007) 202–233, arXiv:hep-th/0703084; L. Hadasz, Z. Jaskolski and P. Suchanek, “Recursion representation of the Neveu-Schwarz superconformal block,” JHEP 0703 (2007) 032,

arXiv:hep-th/0611266;

V. A. Belavin, “N = 1 supersymmetric conformal block recursion relations,” Theor. Math. Phys. 152 (2007) 1275, arXiv:hep-th/0611295.

[23] M. Dörrzapf, “Singular vectors of the N = 2 superconformal algebra,” Int.J.Mod.Phys. A10 (1995) 2143–2180,

arXiv:hep-th/9403124[hep-th].

[24] Y. Kazama and H. Suzuki, “New N = 2 Superconformal Field Theories and Superstring Compactification,” Nucl.Phys. B321 (1989) 232.

[25] C. Kozçaz, S. Pasquetti, F. Passerini, and N. Wyllard, “Affine sl(N) conformal blocks from N = 2 SU(N) gauge theories,” JHEP 1101 (2011) 045,

arXiv:1008.1412[hep-th].

[26] B. Feigin, M. Finkelberg, A. Negut, and L. Rybnikov, “Yangians and cohomology rings of Laumon spaces,” Sel. Math. 17 (2011) 573,

arXiv:0812.4656[math.AG].

[27] M. Finkelberg and L. Rybnikov, “Quantization of Drinfeld Zastava,”

arXiv:1009.0676[math.AG].

[28] H. Kanno and Y. Tachikawa, “Instanton counting with a surface operator and the chain-saw quiver,” JHEP 1106 (2011) 119, arXiv:1105.0357[hep-th].

[29] S. Gukov and E. Witten, “Gauge theory, ramification, and the geometric Langlands program,” arXiv:hep-th/0612073.

[30] A. Braverman, B. Feigin, M. Finkelberg, and L. Rybnikov, “A finite analog of the AGT relation I: Finite W-algebras and Quasimaps’ spaces,” Commun. Math. Phys. 308 (Dec., 2011) 457–478,

arXiv:1008.3655[math.AG].

[31] N. Wyllard, “W-algebras and surface operators in N = 2 gauge theories,” J. Phys. A44 (2011) 155401, arXiv:1011.0289[hep-th].

[32] N. Wyllard, “Instanton partition functions in N = 2 SU(N) gauge theories with a general surface operator, and their W-algebra duals,” JHEP 1102 (2011) 114,

arXiv:1012.1355[hep-th].

[33] F. Fucito, J. F. Morales, and R. Poghossian, “Multi instanton calculus on ALE spaces,” Nucl. Phys. B703 (2004) 518–536, arXiv:hep-th/0406243.

[34] R. Flume and R. Poghossian, “An algorithm for the microscopic evaluation of the coefficients of the Seiberg-Witten prepotential,” Int. J. Mod. Phys. A18 (2003) 2541, arXiv:hep-th/0208176; U. Bruzzo, F. Fucito, J. F. Morales, and A. Tanzini, “Multi-instanton calculus and equivariant cohomology,” JHEP 05 (2003) 054, arXiv:hep-th/0211108; H. Nakajima and K. Yoshioka, “Instanton counting on blowup. I,” Invent. Math. 162 (2005) 313, arXiv:math/0306198.

[35] E. Witten, “Small instantons in string theory,” Nucl.Phys. B460 (1996) 541–559,

arXiv:hep-th/9511030;

M. R. Douglas, “Branes within branes,” arXiv:hep-th/9512077; M. R. Douglas, “Gauge fields and D-branes,” J.Geom.Phys. 28 (1998) 255–262,

arXiv:hep-th/9604198.

[36] R. C. Myers, “Dielectric branes,” JHEP 9912 (1999) 022,

arXiv:hep-th/9910053.

[37] R. C. Myers, “NonAbelian phenomena on D branes,” Class.Quant.Grav. 20 (2003) S347–S372, arXiv:hep-th/0303072.

[38] M. Billo, M. Frau, F. Fucito, and A. Lerda, “Instanton calculus in R-R background and the topological string,” JHEP 0611 (2006) 012, arXiv:hep-th/0606013; K. Ito, H. Nakajima, T. Saka, and S. Sasaki, “N = 2 Instanton Effective Action in Ω-background and D3/D(-1)-brane System in R-R Background,” JHEP 1011 (2010) 093, arXiv:1009.1212[hep-th].

[39] S. Matsuura, “Instanton counting and dielectric branes,” JHEP 0809 (2008) 083,

arXiv:0808.3493[hep-th].

[40] D. Gaiotto, G. W. Moore and A. Neitzke, “Wall-Crossing in Coupled 2d − 4d Systems,” arXiv:1103.2598[hep-th].

[41] V. A. Alba, V. A. Fateev, A. V. Litvinov, and G. M. Tarnopolskiy, “On combinatorial expansion of the conformal blocks arising from AGT conjecture,” Lett.Math.Phys. 98 (2011) 33–64, arXiv:1012.1312[hep-th].

[42] L. F. Alday, D. Gaiotto, S. Gukov, Y. Tachikawa, and H. Verlinde, “Loop and surface operators in N = 2 gauge theory and Liouville modular geometry,” JHEP 01 (2010) 113, arXiv:0909.0945[hep-th].

[43] C. Kozçaz, S. Pasquetti, and N. Wyllard, “A&B model approaches to surface operators and Toda theories,” JHEP 1008 (2010) 042,

arXiv:1004.2025[hep-th];

T. Dimofte, S. Gukov, and L. Hollands, “Vortex Counting and Lagrangian 3-manifolds,” Lett.Math.Phys. 98 (2011) 225–287,

arXiv:1006.0977[hep-th];

M. Taki, “Surface operator, bubbling Calabi-Yau and AGT relation,” JHEP 1107 (2011) 047, arXiv:1007.2524[hep-th];

H. Awata, H. Fuji, H. Kanno, M. Manabe, and Y. Yamada, “Localization with a surface operator, irregular conformal blocks and open topological string,”

arXiv:1008.0574[hep-th];

U. Bruzzo, W. -y. Chuang, D. -E. Diaconescu, M. Jardim, G. Pan and Y. Zhang, “D-branes, surface operators, and ADHM quiver representations,”

arXiv:1012.1826[hep-th].

[44] H. Kanno and M. Taki, “Generalized Whittaker states for instanton counting with fundamental hypermultiplets,” arXiv:1203.1427[hep-th].

[45] K. Hosomichi, “N = 2 Liouville theory with boundary,” JHEP 0612 (2006) 061,

arXiv:hep-th/0408172;

C. Ahn, M. Stanishkov and M. Yamamoto, “One point functions of N = 2 superLiouville theory with boundary,” Nucl. Phys. B683 (2004) 177,

arXiv:hep-th/0311169;

T. Eguchi and Y. Sugawara, “SL(2, R)/U(1) supercoset and elliptic genera of noncompact Calabi-Yau manifolds,” JHEP 0405 (2004) 014,

arXiv:hep-th/0403193.

[46] A. Belavin and V. Belavin, “AGT conjecture and Integrable structure of Conformal field theory for c = 1,” Nucl.Phys. B850 (2011) 199–213,

arXiv:1102.0343[hep-th].

[47] E. R. Canfield, C. D. Savage, and H. S. Wilf, “Regularly spaced subsums of integer partitions,” Acta Arithmetica 115 (2004) 205–216, arXiv:math/0308061.