arXiv:1205.3131v1 [hep-th] 14 May 2012

FIAN-TD-2012-08

BRST-BV approach to cubic interaction vertices

for massive and massless higher-spin fields

R.R. Metsaev^∗

Department of Theoretical Physics, P.N. Lebedev Physical Institute, Leninsky prospect 53, Moscow 119991, Russia

Abstract

Using BRST-BV formulation of relativistic dynamics, we study arbitrary spin massive and massless fields propagating in flat space. Generating functions of gauge invariant off-shell cubic interaction vertices for mixed-symmetry and totally symmetric fields are obtained. For the case of totally symmetric fields, we derive restrictions on the allowed values of spins and the number of derivatives, which provide a classification of cubic interaction vertices for such fields. As by product, we present simple expressions for the Yang-Mills and gravitational interactions of massive totally symmetric arbitrary spin fields.

∗ E-mail: metsaev@lpi.ru

1 Introduction

In view of the aesthetic features of higher-spin field theories [1] these theories have attracted considerable interest in recent time (for review, see, e.g., Refs.[2, 3]). Further progress in higher-spin field theories requires, among other things, better understanding of interacting mixed-symmetry field theories. Although many interesting approaches to the interacting mixed-symmetry fields are known in the literature analysis of concrete dynamical aspects of such fields is still a challenging procedure. One of ways to simplify analysis of mixed-symmetry field dynamics is based on the use of light-cone gauge approach. In Refs.[4, 5], using light-cone gauge approach, we found generating functions of parity invariant cubic interaction vertices for massive and massless fields of arbitrary symmetry. Also, we derived restrictions on the allowed values of spins and the number of derivatives, which provide the complete classification of cubic interaction vertices for totally symmetric massless and massive fields. We note however that light-cone gauge approach, while being powerful to study classical interacting field theories, becomes cumbersome when considering the quantization and renormalization of relativistic theories. Therefore, from the perspective of quantum higher-spin field theories it is desirable to obtain gauge invariant and manifestly Lorentz invariant off-shell counterparts of light-cone gauge cubic vertices in Refs.[4, 5]. This is what we do in this paper.

In order to obtain gauge invariant vertices of massive and massless fields we use the BRST-BV formulation of field dynamics. The BRST-BV approach turned out to be successful for the studying manifestly Lorentz invariant formulation of string theory [6]. In this paper, we demonstrate that it is the BRST-BV method that provides a possibility for the straightforward Lorentz-covariantization of light-cone gauge cubic vertices obtained in Ref.[4].

2 Review of BRST-BV approach to massive and massless field

We begin with review the BRST-BV description of free fields propagating in flat space. In ddimensional Minkowski space, an arbitrary spin field of the Poincaré algebra is labeled by mass parameter m and by spin labels s_1, . . . , s_ν . For massless fields, m = 0, ν = [^{d−2}_2 ], while for massive fields, m ≠ 0, ν = [^{d−1}_2 ]. In order to discuss mixed-symmetry fields it is sufficient to set ν > 1, while, for the discussion of totally symmetric, fields we can set ν = 1. In what follows, a particular value of ν does not matter.

Massless and massive mixed-symmetry fields. To streamline the BRST-BV description of mixed-symmetry bosonic fields we use a finite set of bosonic oscillators α^A_n and fermionic ghost oscillators b_n, c_n, n = 1, . . . , ν, for the discussion of massless fields and a finite set of bosonic oscillators α^A_n , ζ_n, and fermionic ghost oscillators b_n, c_n, n = 1, . . . , ν, for the discussion of massive fields (for notation, see Appendix). Using such oscillators and Grassmann coordinate θ, we introduce the following ket-vectors to discuss the mixed-symmetry massless and massive fields:

|Φ⟩ ≡ Φ(x, θ, α, b, c)|0⟩ massless field, (2.1) |Φ⟩ ≡ Φ(x, θ, α, ζ, b, c)|0⟩ massive field. (2.2) Ket-vectors (2.1), (2.2) are assumed to be Grassmann even. Infinite number of ordinary gauge fields depending of space-time coordinates x^A are obtained by expanding ket-vectors (2.1), (2.2) into the Grassmann coordinate θ and the oscillators α^A_n , ζ_n, b_n, c_n. In the BRST-BV approach, gauge invariant action for free massless and massive fields (2.1), (2.2) and corresponding gauge transformations take the form [6]

S_2 = 1 2 ∫ d^dxdθ⟨Φ|Q_B |Φ⟩ , ⟨Φ| ≡ (|Φ⟩)^† , (2.3) δ|Φ⟩ = Q_B|Λ⟩ , (2.4)

where the BRST operator Q_B is defined by the relations

Q_B = θ(□ − m^2) + S^Ap^A + mS + Mp_θ , p_A ≡ ∂/∂x^A , p_θ ≡ ∂/∂θ , (2.5) S^A ≡ ν∑ n=1 (c_nᾱ^A_n − α^A_n c̄_n) , S ≡ ν∑ n=1 (c_nζ̄_n + ζ_nc̄_n) , M ≡ ν∑ n=1 c_nc̄_n , (2.6)

□ ≡ p^Ap^A. The |Λ⟩ (2.4) is considered to be Grassmann odd. For massless fields, the |Λ⟩ depends on x^A, θ, α^A_n , b_n, c_n, while, for massive fields, the |Λ⟩ depends on x^A, θ, α^A_n , ζ_n, b_n, c_n.

For the ket-vectors (2.1), (2.2) to describe irreducible fields, some constraints must be imposed on these ket-vectors.^1 But to avoid unnecessary complications, we do not impose any constraints on the ket-vectors. This implies that our ket-vectors actually describe reducible sets of massless and massive fields.

We now proceed to review the BRST-BV approach to cubic interaction vertices. To this end we consider the action S = S_2 + S_3 , (2.7) where S_2 is given in (2.3), while cubic interaction S_3 can be presented as

S_3 = 1 3 ∫ d1d2d3⟨Φ_1|⟨Φ_2|⟨Φ_3||V_{123}⟩ , dr = d^dx_rdθ_r , (2.8)

|V_{123}⟩ ≡ V_{123} ∫ d^dxδ^{(d)}(x − x_1)δ^{(d)}(x − x_2)δ^{(d)}(x − x_3)|0⟩_1|0⟩_2|0⟩_3 . (2.9)

One can make sure that, under gauge transformation given by δ|Φ⟩ = Q_B|Λ⟩ − |Φ ⋆ Λ⟩ − |Λ ⋆ Φ⟩ , |(Φ ⋆ Ψ)_3⟩ ≡ ∫ d1d2⟨Φ_1|⟨Ψ_2||V_{123}⟩ , (2.10)

action (2.7) is invariant (to cubic order in fields) provided the vertex |V_{123}⟩ satisfies the equations

Q^{tot}_B |V_{123}⟩ = 0 , Q^{tot}_B ≡ ∑ r=1,2,3 Q^{(r)}_B . (2.11)

Eqs.(2.11) tell us that the vertex |V_{123}⟩ should be BRST closed. These equations by themselves do not determine the vertex |V_{123}⟩ uniquely. Vertices obtained via field redefinitions take the form Q^{tot}_B |C_{123}⟩ and such vertices, which we refer to as BRST exact vertices, also satisfy Eqs.(2.11). Thus all that is required is to find solutions to Eqs.(2.11) which are not BRST exact. It is such solutions that we discuss in our paper. Solutions for V_{123} (2.9) we find can be presented as

V_{123} = V θ_1θ_2θ_3 , (2.12)

where the quantity V depends on i) derivative with respect to space coordinates p^A_r ; ii) derivatives with respect to Grassmann coordinates p_{θr} ; iii) oscillators α^{(r)A}_n , ζ^{(r)}_n , b^{(r)}_n , c^{(r)}_n . It is the quantity V that we refer to as cubic interaction vertex. We now discuss our solution for the vertex V .

1 Discussion of the constraints and detailed study of mixed-symmetry massless fields via ket-vector (2.1) may be found in Ref.[7] (see also Ref.[8]). Discussion of other approaches to mixed-symmetry fields may be found in Ref.[9].

3 Cubic vertices for massive and massless fields

Up to this point our treatment has been applied to vertices for massive as well as massless fields. Depending on the values of mass parameters entering cubic vertices, the cubic vertices can be separated into the following five groups:

m_1 = 0 , m_2 = 0, m_3 = 0 ; (3.1) m_1 = m_2 = 0, m_3 ≠ 0 ; (3.2) m_1 = m_2 ≡ m ≠ 0, m_3 = 0 ; (3.3) m_1 ≠ 0, m_2 ≠ 0, m_1 ≠ m_2, m_3 = 0 ; (3.4) m_1 ≠ 0, m_2 ≠ 0, m_3 ≠ 0 . (3.5)

We study cubic vertices having mass parameters as in (3.1)-(3.5) in turn. In what follows we use the following notation for the operators constructed out of the oscillators and derivatives:

p̌^A_r ≡ p^A_{r+1} − p^A_{r+2} , p̌_{θr} ≡ p_{θr+1} − p_{θr+2} , [r ≃ r + 3] , (3.6) a^{(r)A}_n ≡ α^{(r)A}_n − p^A_r m_r ζ^{(r)}_n , α^{(rs)}_{mn} ≡ α^{(r)A}_m α^{(s)A}_n , r, s = 1, 2, 3 , m, n, q = 1, . . . , ν . 3.1 Cubic vertices for three massless fields

We begin with discussing the parity invariant cubic interaction vertex for three massless mixedsymmetry fields (3.1). General solution of Eqs.(2.11) takes the form

V = V (L^{(1)}_n , L^{(2)}_n , L^{(3)}_n , Z_{mnq}|Q^{(11)}_{mn} , Q^{(22)}_{mn} , Q^{(33)}_{mn} ) , (3.7) L^{(r)}_n = p̌^A_r α^{(r)A}_n + p̌_{θr} c^{(r)}_n , (3.8) Z_{mnq} = Q^{(12)}_{mn} L^{(3)}_q + Q^{(23)}_{nq} L^{(1)}_m + Q^{(31)}_{qm} L^{(2)}_n , (3.9) Q^{(rr)}_{mn} = α^{(rr)}_{mn} + b^{(r)}_m c^{(r)}_n + b^{(r)}_n c^{(r)}_m , (3.10) Q^{(rr+1)}_{mn} ≡ α^{(rr+1)}_{mn} − 1 2 b^{(r)}_m c^{(r+1)}_n − 1 2 b^{(r+1)}_n c^{(r)}_m , (3.11)

where V in (3.7) is arbitrary polynomial of quantities defined in (3.8)-(3.10). The quantities p̌^A_r , p̌_{θr} , α^{(rs)}_{mn} are defined in (3.6). Quantities L^{(r)}_n , Q^{(rs)}_{mn}, and Z_{mnq} are the respective degree 1, 2, and 3 homogeneous polynomials in the oscillators. Henceforth, degree 1, 2, and 3 homogeneous polynomials in the oscillators are referred to as linear, quadratic, and cubic forms respectively. All forms appearing in (3.7) are BRST closed but not BRST exact. This implies that solution (3.7) cannot be simplified anymore by using field redefinitions. We note that cubic vertices depending on the linear forms were discussed in Ref.[10]. Comparing solution (3.7)-(3.11) with the one obtained in light-cone gauge (see expressions (5.2),(5.3) in Ref.[4]), we note that the BRST-BV vertex provides straightforward Lorentz-covariantization of the light-cone gauge vertex.

Vertices for totally symmetric fields. Because vertex (3.7) has the same structure as the lightcone gauge vertex in Ref.[4] we can use result in Ref.[4] to classify vertices of totally symmetric fields in a rather straightforward way. To consider the totally symmetric fields it is sufficient to use one sort of oscillators. Therefore we set ν = 1 in (2.6) and ignore contribution of the oscillators with n > 1. Also we adopt the simplified notation for linear forms L^{(r)} ≡ L^{(r)}_1 and cubic form Z ≡ Z_{111}.^2 Now repeating analysis in Section 5.1 in Ref.[4], we find a vertex that describes interaction of massless spin s^{(1)}, s^{(2)}, s^{(3)} fields,^3

V (s^{(1)}, s^{(2)}, s^{(3)}; k) = Z^{12 (s−k)} ∏ r=1,2,3 (L^{(r)})^{s(r)+ 12 (k−s)} , s ≡ ∑ r=1,2,3 s^{(r)} , (3.12)

s − 2s_{min} ≤ k ≤ s , s − k even integer . (3.13)

From (3.12), we see that there is 1-parameter family of vertices labeled by non-negative integer k which is the number of powers of the momenta p^A_r , p_{θr} entering the vertices. Detailed discussion of restrictions (3.13) may be found in Section 5.1 in Ref.[4].

3.2 Cubic vertices for two massless fields and one massive field

We now discuss the parity invariant cubic vertices for two massless and one massive mixedsymmetry fields with mass parameters as in (3.2). General solution of Eqs.(2.11) takes the form

V = V (L^{(3)}_n , Q^{(12)}_{mn} , Q^{(23)}_{mn} , Q^{(31)}_{mn} |Q^{(11)}_{mn} , Q^{(22)}_{mn} , Q^{(33)}_{mn} ) , (3.14)

where we introduce two representations for linear and quadratic forms entering cubic vertex (3.14). These representations are referred to as massive field strength scheme and minimal derivative scheme. This is to say that, in the massive field strength scheme and the minimal derivative scheme, linear and quadratic forms appearing in (3.14) take the following form: Massive field strength scheme:

L^{(r)}_n = p̌^A_r α^{(r)A}_n + p̌_{θr} c^{(r)}_n , r = 1, 2 , L^{(3)}_n = p̌^A_3 a^{(3)A}_n , (3.15)

Q^{(12)}_{mn} ≡ α^{(12)}_{mn} + 1 2m^2_3

L^{(1)}_m L^{(2)}_n − 1 2 b^{(1)}_m c^{(2)}_n − 1 2 b^{(2)}_n c^{(1)}_m , (3.16)

Q^{(23)}_{mn} = α^{(2)A}_m a^{(3)A}_n + 1 m^2_3

L^{(2)}_m p^A_2 a^{(3)A}_n , (3.17)

Q^{(31)}_{mn} = a^{(3)A}_m α^{(1)A}_n − 1 m^2_3 p^A_1 a^{(3)A}_m L^{(1)}_n , (3.18)

Q^{(rr)}_{mn} = α^{(rr)}_{mn} + b^{(r)}_m c^{(r)}_n + b^{(r)}_n c^{(r)}_m , r = 1, 2 , (3.19) Q^{(33)}_{mn} = α^{(33)}_{mn} − ζ^{(3)}_m ζ^{(3)}_n + b^{(3)}_m c^{(3)}_n + b^{(3)}_n c^{(3)}_m . (3.20)

Minimal derivative scheme:

L^{(r)}_n = p̌^A_r α^{(r)A}_n + p̌_{θr} c^{(r)}_n , r = 1, 2, 3 , (3.21)

2 For totally symmetric massless fields, BRST invariant linear, quadratic, and cubic forms were discussed in Refs.[11, 12] (see also Ref.[13]). Interesting novelty of our representation for the vertex is that the cubic forms Z_{mnq} (3.9) can entirely be presented in terms of linear forms L^{(r)}_n (3.8) and quadratic forms Q^{(rr+1)}_{mn} (3.11).

3 For arbitrary d, cubic vertices of massless arbitrary symmetry fields in flat space were found for the first time in the light-cone gauge in Refs.[4, 14, 15] (for d = 4, see Ref.[16]). Manifestly Lorentz invariant description of cubic vertices for totally symmetric fields was obtained in Ref.[17], while the BRST description was given in Ref.[12] (see also Ref.[11]). Manifestly Lorentz invariant on-shell vertices were discussed in Ref.[18]. In the framework of BV approach, the discussion of some particular cubic vertices may be found in Ref.[19]. Interesting use of the BRST technique for the studying interaction vertices may be found in Ref.[20].

Q^{(12)}_{mn} ≡ α^{(12)}_{mn} + 1 2m^2_3

L^{(1)}_m L^{(2)}_n − 1 2 b^{(1)}_m c^{(2)}_n − 1 2 b^{(2)}_n c^{(1)}_m , (3.22)

Q^{(23)}_{mn} = α^{(23)}_{mn} − ζ^{(3)}_n 2m_3

L^{(2)}_m − 1 2m^2_3

L^{(2)}_m L^{(3)}_n − 1 2 b^{(2)}_m c^{(3)}_n − 1 2 b^{(3)}_n c^{(2)}_m , (3.23)

Q^{(31)}_{mn} = α^{(31)}_{mn} + ζ^{(3)}_m 2m_3

L^{(1)}_n − 1 2m^2_3

L^{(3)}_m L^{(1)}_n − 1 2 b^{(3)}_m c^{(1)}_n − 1 2 b^{(1)}_n c^{(3)}_m , (3.24)

Q^{(rr)}_{mn} = α^{(rr)}_{mn} + b^{(r)}_m c^{(r)}_n + b^{(r)}_n c^{(r)}_m , r = 1, 2 , (3.25)

Q^{(33)}_{mn} = α^{(33)}_{mn} − ζ^{(3)}_m ζ^{(3)}_n + b^{(3)}_m c^{(3)}_n + b^{(3)}_n c^{(3)}_m . (3.26)

Vertex V (3.14) is arbitrary polynomial of linear and quadratic forms appearing in (3.14). The quantities p̌^A_r , p̌_{θr} , a^{(3)A}_n , α^{(rs)}_{mn} are defined in (3.6). We make the following comments. i) Linear and quadratic forms appearing in (3.14) are BRST closed but not BRST exact. This implies that solution (3.14) cannot be simplified anymore by using field redefinitions. ii) In massive field strength scheme, the forms L^{(3)}, Q^{(23)} , Q^{(31)} are constructed by using the vector oscillators a^{(3)A} which are BRST closed but not BRST exact. Such oscillators streamline the procedure for finding the vertex but increase number of derivatives entering the vertex. iii) In the minimal derivative scheme, the linear and quadratic forms involve minimal number of derivatives. It is not possible to decrease the number of derivatives by adding BRST closed or BRST exact expressions to the linear and quadratic forms entering the minimal derivative scheme. iv) Linear and quadratic forms in the minimal derivative scheme differ from the ones in massive field strength scheme by BRST exact quantities. This implies that vertex in the minimal derivative scheme is obtained from the one in massive field strength scheme by using field redefinitions. v) Comparing minimal derivative solution (3.21)-(3.26) with the one obtained in light-cone gauge (see expressions (6.5)-(6.9) in Ref.[4]), we note that the BRST-BV vertex provides straightforward Lorentz-covariantization of the light-cone gauge vertex.

Vertices for totally symmetric fields. To consider totally symmetric fields we set ν = 1 in (2.6) and ignore contribution of the oscillators with n > 1. Also we adopt the simplified notation for linear form L^{(3)} ≡ L^{(3)}_1 and quadratic forms Q^{(rr+1)} ≡ Q^{(rr+1)}_{11} . Using solution (3.21)-(3.26) and repeating analysis in Section 6.1 in Ref.[4], we find vertex that describes interaction of spin s^{(1)}, s^{(2)}, s^{(3)} fields with mass parameters as in (3.2),

V (s^{(1)}, s^{(2)}, s^{(3)}; τ) = (L^{(3)})^τ ∏ r=1,2,3 (Q^{(rr+1)})^{σ(r+2)} , s ≡ ∑ r=1,2,3 s^{(r)} , (3.27)

σ^{(r)} =^1_2 (s − τ) − s^{(r)} , r = 1, 2 , σ^{(3)} =^1_2 (s + τ) − s^{(3)} , (3.28)

max(0, s^{(3)} − s^{(1)} − s^{(2)}) ≤ τ ≤ s^{(3)} − |s^{(1)} − s^{(2)}| , (3.29)

s − τ even integer . (3.30)

From (3.27), we see that there is 1-parameter family of vertices labeled by non-negative integer τ.

3.3 Cubic vertices for one massless and two massive fields with the same mass values

General solution of Eqs.(2.11) corresponding to the parity invariant cubic vertices for one massless and two massive mixed-symmetry fields with the same mass values (3.3) is given by

V = V (L^{(1)}_n , L^{(2)}_n , L^{(3)}_n , Q^{(12)}_{mn} , Z_{mnq}|Q^{(11)}_{mn} , Q^{(22)}_{mn} , Q^{(33)}_{mn} ) , (3.31) where linear, quadratic, and cubic forms appearing in (3.31) take the following form in the massive field strength scheme and the minimal derivative scheme. Massive field strength scheme:

L^{(r)}_n = p^A_3 a^{(r)A}_n , r = 1, 2 , L^{(3)}_n = p̌^A_3 α^{(3)A}_n + p̌_{θ3} c^{(3)}_n , (3.32) Q^{(12)}_{mn} = a^{(1)A}_m a^{(2)A}_n , (3.33) Z_{mnq} = L^{(1)}_m a^{(2)A}_n α^{(3)A}_q − L^{(2)}_n a^{(1)A}_m α^{(3)A}_q , (3.34) Q^{(rr)}_{mn} = α^{(rr)}_{mn} − ζ^{(r)}_m ζ^{(r)}_n + b^{(r)}_m c^{(r)}_n + b^{(r)}_n c^{(r)}_m , r = 1, 2 , (3.35) Q^{(33)}_{mn} = α^{(33)}_{mn} + b^{(3)}_m c^{(3)}_n + b^{(3)}_n c^{(3)}_m . (3.36)

Minimal derivative scheme:

L^{(1)}_n = p̌^A_1 α^{(1)A}_n + mζ^{(1)}_n + p̌_{θ1} c^{(1)}_n , (3.37) L^{(2)}_n = p̌^A_2 α^{(2)A}_n − mζ^{(2)}_n + p̌_{θ2} c^{(2)}_n , (3.38) L^{(3)}_n = p̌^A_3 α^{(3)A}_n + p̌_{θ3} c^{(3)}_n , (3.39)

Q^{(12)}_{mn} = α^{(12)}_{mn} + ζ^{(1)}_m 2m L^{(2)}_n − ζ^{(2)}_n 2m L^{(1)}_m + ζ^{(1)}_m ζ^{(2)}_n − 1 2 b^{(1)}_m c^{(2)}_n − 1 2 b^{(2)}_n c^{(1)}_m , (3.40)

Z_{mnq} = L^{(1)}_m ~Q^{(23)}_{nq} + L^{(2)}_n ~Q^{(31)}_{qm} + L^{(3)}_q ~Q^{(12)}_{mn} , (3.41)

~Q^{(12)}_{mn} = α^{(12)}_{mn} + ζ^{(1)}_m ζ^{(2)}_n − 1 2 b^{(1)}_m c^{(2)}_n − 1 2 b^{(2)}_n c^{(1)}_m , (3.42)

~Q^{(rr+1)}_{mn} = α^{(rr+1)}_{mn} − 1 2 b^{(r)}_m c^{(r+1)}_n − 1 2 b^{(r+1)}_n c^{(r)}_m , r = 2, 3; (3.43)

Q^{(rr)}_{mn} = α^{(rr)}_{mn} − ζ^{(r)}_m ζ^{(r)}_n + b^{(r)}_m c^{(r)}_n + b^{(r)}_n c^{(r)}_m , r = 1, 2 , (3.44) Q^{(33)}_{mn} = α^{(33)}_{mn} + b^{(3)}_m c^{(3)}_n + b^{(3)}_n c^{(3)}_m . (3.45)

Vertex V (3.31) is arbitrary polynomial of linear, quadratic, and cubic forms appearing in (3.31). The quantities p̌^A_r , p̌_{θr} , a^{(r)A}_n , α^{(rs)}_{mn} are defined in (3.6). We make the following comments. i) Linear, quadratic, and cubic forms appearing in (3.31) are BRST closed but not BRST exact. ii) In massive field strength scheme, the forms L^{(1)}, L^{(2)}, Q^{(12)}, Z are constructed by using the vector oscillators a^{(1)A}, a^{(2)A}. These oscillators are BRST closed but not BRST exact. iii) Linear, quadratic, and cubic forms in the minimal derivative scheme differ from the ones in massive field strength scheme by BRST closed and BRST exact quantities. This implies that vertex in the minimal derivative scheme is obtained from the one in massive field strength scheme by using field redefinitions and change of vertices basis.

iv) Cubic form Z_{mnq} (3.34) can be rewritten in terms of field strength for massless field,

Z_{mnq} = F^{(3)AB}_q a^{(1)A}_m a^{(2)B}_n , F^{(3)AB}_q ≡ p^A_3 α^{(3)B}_q − p^B_3 α^{(3)A}_q . (3.46)

v) Comparing minimal derivative solution (3.37)-(3.45) with the one obtained in light-cone gauge (see expressions (6.23)-(6.28) in Ref.[4]), we note that the BRST-BV vertex provides straightforward Lorentz-covariantization of the light-cone gauge vertex.

Vertices for totally symmetric fields. To consider totally symmetric fields we set ν = 1 in (2.6) and ignore contribution of the oscillators with n > 1. Also we adopt the simplified notation for linear forms L^{(r)} ≡ L^{(r)}_1 , quadratic form Q^{(12)} ≡ Q^{(12)}_{11} , and cubic form Z ≡ Z_{111}. Using solution (3.37)-(3.45) and repeating analysis in Section 6.2 in Ref.[4], we find vertex that describes interaction of spin s^{(1)}, s^{(2)}, s^{(3)} fields with mass parameters as in (3.3),

V (s^{(1)}, s^{(2)}, s^{(3)} ; k_{min}, k_{max}) = (Q^{(12)})^σZ^λ ∏ r=1,2,3 (L^{(r)})^{τ (r)} , (3.47)

τ^{(1)} = k_{max} − k_{min} − s^{(2)} , τ^{(2)} = k_{max} − k_{min} − s^{(1)} , τ^{(3)} = k_{min} , (3.48)

σ = s − 2s^{(3)} − k_{max} + 2k_{min} , λ = s^{(3)} − k_{min} , s ≡ ∑ r=1,2,3 s^{(r)} , (3.49)

k_{min} + max(s^{(1)}, s^{(2)}) ≤ k_{max} ≤ s − 2s^{(3)} + 2k_{min} , 0 ≤ k_{min} ≤ s^{(3)} . (3.50)

From (3.47), we see that there is 2-parameter family of vertices labeled by non-negative integers k_{min} and k_{max} which are the respective the minimal and maximal numbers of powers of momenta p^A_r , p_{θr} . Vertex V (0, 0, 1; 1, 1) = L^{(3)} describes Yang-Mills interaction of massive spin- 0 field, while vertex V (s, s, 1; 0, s) = (Q^{(12)})^{s−1}Z is a candidate for Yang-Mills interaction of massive spin-1, s ≥ 1, field. Vertices V (0, 0, 2; 2, 2) = (L^{(3)})^2 and V (1, 1, 2; 1, 2) = L^{(3)}Z describe gravitational interaction of the respective spin-0 and spin-1 massive fields, while vertex V (s, s, 2; 0, s) = (Q^{(12)})^{s−2}Z^2 is a candidate for gravitational interaction of massive spin-s, s ≥ 2, field. Recent discussion of electro-magnetic interaction of totally symmetric massive field may be found in Ref.[21]. Discussion of some particular cases of cubic vertices may be found in Ref.[22].

3.4 Cubic vertices for one massless and two massive fields with different mass values

General solution of Eqs.(2.11) corresponding to the parity invariant cubic vertices for one massless and two massive mixed-symmetry fields with different mass values (3.4) is given by

V = V (L^{(1)}_n , L^{(2)}_n , Q^{(12)}_{mn} , Q^{(23)}_{mn} , Q^{(31)}_{mn} |Q^{(11)}_{mn} , Q^{(22)}_{mn} , Q^{(33)}_{mn}) , (3.51)

where linear and quadratic forms appearing in (3.51) take the following form in the massive field strength scheme and the minimal derivative scheme. Massive field strength scheme:

L^{(r)}_n = p^A_3 a^{(r)A}_n , r = 1, 2 , L^{(3)}_n = p̌^A_3 α^{(3)A}_n + p̌_{θ3} c^{(3)}_n , (3.52) Q^{(12)}_{mn} = a^{(1)A}_m a^{(2)A}_n , (3.53)

Q^{(23)}_{mn} = a^{(2)A}_m α^{(3)A}_n + 1 m^2_1 − m^2

L^{(2)}_m L^{(3)}_n , (3.54)

Q^{(31)}_{mn} = α^{(3)A}_m a^{(1)A}_n + 1 m^2_1 − m^2

L^{(3)}_m L^{(1)}_n , (3.55)

Q^{(rr)}_{mn} = α^{(rr)}_{mn} − ζ^{(r)}_m ζ^{(r)}_n + b^{(r)}_m c^{(r)}_n + b^{(r)}_n c^{(r)}_m , r = 1, 2 , (3.56) Q^{(33)}_{mn} = α^{(33)}_{mn} + b^{(3)}_m c^{(3)}_n + b^{(3)}_n c^{(3)}_m . (3.57)

Minimal derivative scheme:

L^{(1)}_n = p̌^A_1 α^{(1)A}_n + m^2 m_1 ζ^{(1)}_n + p̌_{θ1} c^{(1)}_n , (3.58)

L^{(2)}_n = p̌^A_2 α^{(2)A}_n − m^2_1 m_2 ζ^{(2)}_n + p̌_{θ2} c^{(2)}_n , (3.59)

L^{(3)}_n = p̌^A_3 α^{(3)A}_n + p̌_{θ3} c^{(3)}_n , (3.60)

Q^{(12)}_{mn} = α^{(12)}_{mn} + ζ^{(1)}_m 2m_1

L^{(2)}_n − ζ^{(2)}_n 2m_2

L^{(1)}_m + m^2_1 + m^2 2m_1m_2 ζ^{(1)}_m ζ^{(2)}_n − 1 2 b^{(1)}_m c^{(2)}_n − 1 2 b^{(2)}_n c^{(1)}_m , (3.61)

Q^{(23)}_{mn} = α^{(23)}_{mn} + ζ^{(2)}_m 2m_2

L^{(3)}_n + 1 2(m^2_1 − m^2)

L^{(2)}_m L^{(3)}_n − 1 2 b^{(2)}_m c^{(3)}_n − 1 2 b^{(3)}_n c^{(2)}_m , (3.62)

Q^{(31)}_{mn} = α^{(31)}_{mn} − ζ^{(1)}_n 2m_1

L^{(3)}_m − 1 2(m^2_1 − m^2)

L^{(3)}_m L^{(1)}_n − 1 2 b^{(3)}_m c^{(1)}_n − 1 2 b^{(1)}_n c^{(3)}_m , (3.63)

Q^{(rr)}_{mn} = α^{(rr)}_{mn} − ζ^{(r)}_m ζ^{(r)}_n + b^{(r)}_m c^{(r)}_n + b^{(r)}_n c^{(r)}_m , r = 1, 2 , (3.64) Q^{(33)}_{mn} = α^{(33)}_{mn} + b^{(3)}_m c^{(3)}_n + b^{(3)}_n c^{(3)}_m . (3.65)

Vertex V (3.51) is arbitrary polynomial of linear and quadratic forms appearing in (3.51). The quantities p̌^A_r , p̌_{θr} , a^{(r)A}_n , α^{(rs)}_{mn} are defined in (3.6). We make the following comments. i) Linear and quadratic forms appearing in (3.51) are BRST closed but not BRST exact. ii) In massive field strength scheme, the forms L^{(1)}, L^{(2)}, Q^{(12)}, Q^{(23)}, Q^{(31)} , are constructed by using the vector oscillators a^{(1)A}, a^{(2)A}. These oscillators are BRST closed but not BRST exact. iii) Linear and quadratic forms in the minimal derivative scheme differ from the ones in massive field strength scheme by BRST exact quantities.

iv) Comparing minimal derivative solution (3.58)-(3.65) with the one obtained in light-cone gauge (see expressions (6.57)-(6.63) in Ref.[4]), we note that the BRST-BV vertex provides straightforward Lorentz-covariantization of the light-cone gauge vertex.

Vertices for totally symmetric fields. To consider totally symmetric fields we set ν = 1 in (2.6) and ignore contribution of the oscillators with n > 1. Also we adopt the simplified notation for linear forms L^{(1)} ≡ L^{(1)}_1 , L^{(2)} ≡ L^{(2)}_1 and quadratic forms Q^{(rr+1)} ≡ Q^{(rr+1)}_{11} . Using solution (3.58)-(3.65) and repeating analysis in Section 6.3 in Ref.[4], we find a vertex that describes interaction of spin s^{(1)}, s^{(2)}, s^{(3)} fields with mass parameters as in (3.4),

V (s^{(1)}, s^{(2)}, s^{(3)} ; τ^{(1)}, τ^{(2)}) = (L^{(1)})^{τ (1)} (L^{(2)})^{τ (2)} ∏ r=1,2,3 (Q^{(rr+1)})^{σ(r+2)} , (3.66)

σ^{(1)} =^1_2 (s^{(2)} + s^{(3)} − s^{(1)} + τ^{(1)} − τ^{(2)}) , (3.67) σ^{(2)} =^1_2 (s^{(1)} + s^{(3)} − s^{(2)} − τ^{(1)} + τ^{(2)}) , (3.68) σ^{(3)} =^1_2 (s^{(1)} + s^{(2)} − s^{(3)} − τ^{(1)} − τ^{(2)}) , (3.69) |s^{(1)} − s^{(2)} − τ^{(1)} + τ^{(2)}| ≤ s^{(3)} ≤ s^{(1)} + s^{(2)} − τ^{(1)} − τ^{(2)} , (3.70) s − τ^{(1)} − τ^{(2)} even integer , s ≡ s^{(1)} + s^{(3)} + s^{(3)} . (3.71)

Thus, there is 2-parameter family of vertices (3.66) labeled by non-negative integers τ^{(1)}, τ^{(2)}.

3.5 Cubic vertices for three massive fields

General solution of Eqs.(2.11) corresponding to the parity invariant cubic vertices for three massive mixed-symmetry fields (3.5) is given by

V = V (L^{(1)}_n , L^{(2)}_n , L^{(3)}_n , Q^{(12)}_{mn} , Q^{(23)}_{mn} , Q^{(31)}_{mn} |Q^{(11)}_{mn} , Q^{(22)}_{mn} , Q^{(33)}_{mn} ) , (3.72) where linear and quadratic forms appearing in (3.72) take the following form in the massive field strength scheme and the minimal derivative scheme. Massive field strength scheme:

L^{(r)}_n = p̌^A_r a^{(r)A}_n , Q^{(rr+1)}_{mn} = a^{(r)A}_m a^{(r+1)A}_n , (3.73)

Q^{(rr)}_{mn} = α^{(rr)}_{mn} − ζ^{(r)}_m ζ^{(r)}_n + b^{(r)}_m c^{(r)}_n + b^{(r)}_n c^{(r)}_m . (3.74)

Minimal derivative scheme:

L^{(r)}_n = p̌^A_r α^{(r)A}_n + p̌_{θr} c^{(r)}_n + m^2_{r+1} − m^2_{r+2} m_r ζ^{(r)}_n , (3.75)

Q^{(rr+1)}_{mn} = α^{(rr+1)}_{mn} + ζ^{(r)}_m 2m_r

L^{(r+1)}_n − ζ^{(r+1)}_n 2m_{r+1}

L^{(r)}_m + ζ^{(r)}_m ζ^{(r+1)}_n 2m_rm_{r+1}

(m^2_r + m^2_{r+1} − m^2_{r+2}) − 1 2 b^{(r)}_m c^{(r+1)}_n − 1 2 b^{(r+1)}_n c^{(r)}_n , (3.76)

Q^{(rr)}_{mn} = α^{(rr)}_{mn} − ζ^{(r)}_m ζ^{(r)}_n + b^{(r)}_m c^{(r)}_n + b^{(r)}_n c^{(r)}_m . (3.77)

Vertex V (3.72) is arbitrary polynomial of linear and quadratic forms appearing in (3.72). The quantities p̌^A_r , p̌_{θr} , a^{(r)A}_n , α^{(rs)}_{mn} are defined in (3.6). We make the following comments. i) Linear and quadratic forms appearing in (3.72) are BRST closed but not BRST exact. ii) In massive field strength scheme, the forms L^{(r)}, Q^{(rr+1)} are constructed by using the vector oscillators a^{(r)A}. These oscillators are BRST closed but not BRST exact.

iii) Linear and quadratic forms in the minimal derivative scheme differ from the ones in massive field strength scheme by BRST exact quantities.

iv) Comparing minimal derivative solution (3.75)-(3.77) with the one in light-cone gauge (see expressions (7.2)-(7.4) in Ref.[4]), we note that the BRST-BV vertex provides straightforward Lorentz-covariantization of the light-cone gauge vertex.

Vertices for totally symmetric fields. To consider totally symmetric fields we set ν = 1 in (2.6) and ignore contribution of the oscillators with n > 1. Also we adopt the simplified notation for linear forms L^{(r)} ≡ L^{(r)}_1 and quadratic forms Q^{(rr+1)} ≡ Q^{(rr+1)}_{11} . Using solution (3.75)-(3.77) and repeating analysis in Section 7.1 in Ref.[4], we find a vertex that describes interaction of massive spin s^{(1)}, s^{(2)}, s^{(3)} fields,

V (s^{(1)}, s^{(2)}, s^{(3)}; τ^{(1)}, τ^{(2)}, τ^{(3)}) = ∏ r=1,2,3 (L^{(r)})^{τ (r)} (Q^{(rr+1)})^{σ(r+2)} , (3.78)

σ^{(r)} =^1_2 (s + τ^{(r)} − τ^{(r+1)} − τ^{(r+2)}) − s^{(r)} , (3.79)

s^{(3)} − s^{(1)} − s^{(2)} + τ^{(1)} + τ^{(2)} ≤ τ^{(3)} ≤ s^{(3)} − |s^{(1)} − s^{(2)} − τ^{(1)} + τ^{(2)} | , (3.80) s + ∑ r=1,2,3 τ^{(r)} even integer; s ≡ ∑ r=1,2,3 s^{(r)} . (3.81)

Thus, there is 3-parameter family of vertices (3.78) labeled by non-negative integers τ^{(1)}, τ^{(2)}, τ^{(3)}.

To summarize, using the BRST-BV approach, we obtained Lorentz-covariant off-shell description of vertices for massive and massless fields which were obtained in light-cone gauge in Ref.[4]. We think that the BRST-BV approach we discussed in this paper might be useful for the studying interaction vertices of AdS fields. Recent discussion of interaction vertices of AdS fields may be found in Ref.[23]. Interesting use of BRST technique in AdS space may be found in Ref.[24].

Acknowledgments. This work was supported by the RFBR Grant No.11-02-00814.

Appendix A Notation

Our conventions are as follows. x^A denotes coordinates in d-dimensional flat space-time, while p_A denotes derivatives with respect to x^A, p_A ≡ ∂/∂x^A. Vector indices of the Lorentz algebra so(d − 1, 1) take the values A, B, C = 0, 1, . . . , d − 1. To simplify our expressions we drop mostly positive flat metric tensor η_{AB} in scalar products: X^AY^A ≡ η_{AB}X^AY^B . We use the Grassmann coordinate θ, θ^2 = 0, and the corresponding derivative p_θ = ∂/∂θ, {p_θ, θ} = 1. Integration in θ is defined as ∫ dθθ = 1. We use a set of the creation bosonic operators α^A_n , ζ_n and fermionic ghost operators b_n, c_n and the respective set of annihilation bosonic operators ᾱ^A_n , ζ̄_n and fermionic ghost operators c̄_n, b̄_n. These operators are referred to as oscillators in this paper.^4 (Anti)commutation relations, the vacuum, and hermitian conjugation rules are defined as

[ᾱ^A_m, α^B_n ] = η^{AB} δ_{mn} , [ζ̄_m, ζ_n] = δ_{mn} , {b̄_m, c_n} = δ_{mn} , {c̄_m, b_n} = δ_{mn} , (A.1)

ᾱ^A_n |0⟩ = 0 , ζ̄_n|0⟩ = 0 , b̄_n|0⟩ = 0 , c̄_n|0⟩ = 0 , (A.2)

α^{A†}_n = ᾱ^A_n , ζ^†_n = ζ̄_n , b^†_n = b̄_n , c^†_n = c̄_n . (A.3)

For momenta and coordinates, we use the hermitian conjugation rules p^{A†} = −p^A, p^†_θ = p_θ, x^{A†} = x^A, θ^† = θ. Hermitian conjugation rule for the product of two arbitrary ghost parity operators A, B is defined as (AB)^† = B^†A^†. The ghost number operator is defined as

N_{FP} ≡ θp_θ + N_c − N_b , N_b ≡ ν∑ n=1 b_nc̄_n , N_c ≡ ν∑ n=1 c_nb̄_n . (A.4)

References

[1] M. A. Vasiliev, Phys. Lett. B 243, 378 (1990); Phys. Lett. B 567, 139 (2003) [arXiv:hep-th/0304049]. [2] A. Sagnotti, arXiv:1112.4285 [hep-th].

[3] X. Bekaert, N. Boulanger and P. Sundell, arXiv:1007.0435 [hep-th]. [4] R. R. Metsaev, Nucl. Phys. B 759, 147 (2006) [arXiv:hep-th/0512342]. [5] R. R. Metsaev, Nucl. Phys. B 859, 13 (2012) [arXiv:0712.3526 [hep-th]]. [6] W. Siegel, Phys. Lett. B 149, 157 (1984) [Phys. Lett. B 151, 391 (1985)].

W. Siegel, Phys. Lett. B 149, 162 (1984) [Phys. Lett. 151B, 396 (1985)]. W. Siegel, “Introduction to string field theory,” hep-th/0107094.

H. Hata, K. Itoh, T. Kugo, H. Kunitomo and K. Ogawa, Phys. Rev. D 34, 2360 (1986). A. Neveu and P. C. West, Phys. Lett. B 168, 192 (1986); Nucl. Phys. B 278, 601 (1986).

[7] K. B. Alkalaev, M. Grigoriev and I. Tipunin, Nucl.Phys.B 823, 509 (2009) [arXiv:0811.3999 [hep-th]]. [8] A. Sagnotti and M. Tsulaia, Nucl. Phys. B 682, 83 (2004) [hep-th/0311257]. [9] C. S. Aulakh, I. G. Koh and S. Ouvry, Phys. Lett. B 173, 284 (1986).

K. B. Alkalaev, O. V. Shaynkman and M. A. Vasiliev, Nucl. Phys. B 692, 363 (2004) [arXiv:hep-th/0311164]; arXiv:hep-th/0601225.

A. Campoleoni, D. Francia, J. Mourad and A. Sagnotti, Nucl. Phys. B 815, 289 (2009) [arXiv:0810.4350 [hep-th]]; Nucl. Phys. B 828, 405 (2010) [arXiv:0904.4447 [hep-th]]. Yu. M. Zinoviev, Nucl. Phys. B 812, 46 (2009) [arXiv:0809.3287 [hep-th]].

E. D. Skvortsov, JHEP 0807, 004 (2008) [arXiv:0801.2268 [hep-th]]. Nucl. Phys. B 808, 569 (2009) [arXiv:0807.0903 [hep-th]]. JHEP 1001, 106 (2010) [arXiv:0910.3334 [hep-th]]. I. L. Buchbinder and A. Reshetnyak, arXiv:1110.5044 [hep-th].

C. Burdik and A. Reshetnyak, J. Phys. Conf. Ser. 343, 012102 (2012) [arXiv:1111.5516 [hep-th]].

4 Interesting study and applications of the oscillator formalism may be fond in Ref.[25].

[10] I. G. Koh and S. Ouvry, Phys. Lett. B 179, 115 (1986) [Erratum-ibid. 183B, 434 (1987)]. [11] A. K. H. Bengtsson, Class. Quant. Grav. 5, 437 (1988). [12] P. Dempster and M. Tsulaia, arXiv:1203.5597 [hep-th].

[13] I. Buchbinder, A. Fotopoulos, A. Petkou, M. Tsulaia, Phys.Rev.D74, 105018 (2006) [hep-th/0609082]. [14] E. S. Fradkin and R. R. Metsaev, Class. Quant. Grav. 8, L89 (1991). [15] R. R. Metsaev, Mod. Phys. Lett. A 8, 2413 (1993).

[16] A. K. H. Bengtsson, I. Bengtsson and L. Brink, Nucl. Phys. B 227, 31 (1983).

A. K. H. Bengtsson, I. Bengtsson and N. Linden, Class. Quant. Grav. 4, 1333 (1987). [17] R. Manvelyan, K. Mkrtchyan and W. Ruhl, Nucl. Phys. B 836, 204 (2010) [arXiv:1003.2877 [hep-th]].

Phys. Lett. B 696, 410 (2011) [arXiv:1009.1054 [hep-th]].

[18] A. Sagnotti and M. Taronna, Nucl. Phys. B 842, 299 (2011) [arXiv:1006.5242 [hep-th]].

M. S. Costa, J. Penedones, D. Poland and S. Rychkov, JHEP 1111, 071 (2011) [1107.3554 [hep-th]]. [19] X. Bekaert, N. Boulanger and S. Cnockaert, JHEP 0601, 052 (2006) [arXiv:hep-th/0508048].

N. Boulanger, S. Leclercq and S. Cnockaert, Phys. Rev. D 73, 065019 (2006) [arXiv:hep-th/0509118]. N. Boulanger, S. Leclercq and P. Sundell, JHEP 0808, 056 (2008) [arXiv:0805.2764 [hep-th]].

[20] D. Polyakov, Int. J. Mod. Phys. A 25, 4623 (2010) [arXiv:1005.5512 [hep-th]].

D. Polyakov, Phys. Rev. D 82, 066005 (2010) [arXiv:0910.5338 [hep-th]]. [21] I. L. Buchbinder, T. V. Snegirev and Y. M. Zinoviev, arXiv:1204.2341 [hep-th]. [22] R. R. Metsaev, Phys. Rev. D 77, 025032 (2008) [hep-th/0612279].

Y. .M. Zinoviev, JHEP 1103, 082 (2011) [1012.2706 [hep-th]]; 1008, 084 (2010) [1007.0158 [hep-th]]. M. Porrati and R. Rahman, Nucl. Phys. B 814, 370 (2009) [arXiv:0812.4254 [hep-th]].

[23] K. Alkalaev, JHEP 1103, 031 (2011) [arXiv:1011.6109 [hep-th]].

N. Boulanger, E. D. Skvortsov, JHEP 1109, 063 (2011). [arXiv:1107.5028 [hep-th]]. N. Boulanger, E.D. Skvortsov, Y.M. Zinoviev, J.Phys. A A44, 415403 (2011). [1107.1872 [hep-th]]. M. Vasilev, arXiv:1108.5921 [hep-th].

E. Joung and M. Taronna, Nucl. Phys. B 861, 145 (2012) [arXiv:1110.5918 [hep-th]]. E. Joung, L. Lopez and M. Taronna, arXiv:1203.6578 [hep-th].

[24] I. L. Buchbinder, V. A. Krykhtin and P. M. Lavrov, Nucl. Phys. B 762, 344 (2007) [hep-th/0608005].

K. Alkalaev and M. Grigoriev, Nucl. Phys. B 853, 663 (2011) [arXiv:1105.6111 [hep-th]]. M. Grigoriev and A. Waldron, Nucl. Phys. B 853, 291 (2011) [arXiv:1104.4994 [hep-th]].

[25] X. Bekaert and N. Boulanger, Commun. Math. Phys. 271, 723 (2007) [arXiv:hep-th/0606198].

N. Boulanger, C. Iazeolla and P. Sundell, JHEP 0907, 013 (2009) [arXiv:0812.3615 [hep-th]]. JHEP 0907, 014 (2009) [arXiv:0812.4438 [hep-th]].