arXiv:1205.3187v5 [math-ph] 26 Oct 2012

Mass gap in quantum energy spectrum of Yang-Mills fields

Alexander Dynin

Department of Mathematics, Ohio State University Columbus, OH 43210, USA, dynin@math.ohio-state.edu

Abstract The Yang-Mills energy functional of Cauchy data is the time component of Yang-Mills energy-momentum relativistic vector. It is shown that the anti-normal quantization of Yang-Mills energy functional is an elliptic infinite-dimensional pseudovariational operator in the sesquiholomorphic Gelfand nuclear triple over a nuclear triple of classical Yang-Mills fields.

A selfadjoint pseudovariational operator is called elliptic if it dominates a non-negative power of the number operator. It is shown that the spectrum of an elliptic pseudovariational operator is a an infinite sequence of non-negative eigenvalues, so that there is a positive mass gap at the bottom of the spectrum.

Key words: Second quantization; Gelfand nuclear triples; operators with variational derivatives; infinite dimensional pseudodifferential calculus; Yukawa quantum mass principle; Yang-Mills Millennium problem.

2010 AMS Subject Clasification: 46E50, 81T13, 47G30,35P15,

1 Introduction

This paper provides a solution for the 7th problem of Clay Mathematics Institute ”Millennium Prize Problems”:

Prove that for any compact simple global gauge group, a nontrivial quantum Yang-Mills theory exists on Minkowski time-space and has a positive mass gap (cp. JAFFE-WITTEN [1]).

(This formulation is from WITTEN[34, p. 23].)^1

The energy spectrum is of main interest for a relativistic quantum field theory. In particular, the gap at the bottom of the energy spectrum is considered as the mass of the field. Actually, a positive mass gap is an experimental fact for weak and strong subnuclear forces, in accordance with Yukawa principle: A limited force range suggests a massive carrier (cp. Yukawa 1949 Nobel prize lecture). This is a quantum effect because, with natural units of the light velocity c and the action quantum (Planck constant h̄), the energy component of the relativistic energy-momentum vector has the natural physical dimension of the reciprocal length.

The well known theorem that elliptic (pseudo)differenial operators on compact manifolds have infinite discrete spectra (see, e. g., SHUBIN[29]) provides a mathematical hint. However,

Mathematically, quantum field theory involves integration, and elliptic operators, on infinite-dimensional spaces. Naive attempts to formulate such notions in infinite dimensions lead to all sorts of trouble. To get somewhere, one needs the very delicate constructions considered in physics, constructions that at first sight look rather specialized to many mathematicians. For this reason, together with inherent analytical difficulties that the subject presents, rigorous understanding has tended to lag behind development of physics. (WITTEN[33, p.346])

This in spite of the fact that quantum field theory was born immediately after the birth of quantum mechanics (1926-1927) that matured to a rigorous mathematical theory already in J. von Neumann’s monograph ”Mathematische Grundlagen der Quantenmechanik” (1932).

As a quantization of classical field theory, quantum field theory may be considered as a classical theory of quantum fields, or a quantum theory of classical fields.

Classical theory of quantum fields, famously initiated by P. Dirac in 1927, deals with operator-valued solutions of non-linear hyperbolic equations with partial derivatives. Unfortunately, the non-bounded and non-commuting linear operator values seriously aggravate the mathematical meaning of nonlnear terms of the equations.

1Since a quantum Yang-Mills theory is a bosonic one, the paper is based on bosonic commutation relations. A method of bosonization (see DYNIN [12]) leads to a supersymmetric generalization and, in particular, to a quantum mass gap in a supersymmetric Yang-Mills theory.

On the other hand, quantum theory of classical fields deals with scalar solutions of linear equations with variational derivatives on solution spaces of those hyperbolic equations. In the beginning, there was a vivid discussion among W. Heisenberg, P. Jordan, and W. Pauli of the corresponding ”Volterra mathematics”. E.g, P. Jordan and W. Pauli considered a one dimensional variational Schrödinger equation for eigenfunctionals Ψ(ϕ(x)) of massless scalar fields ϕ(x),x ∈ R (Zur Quantumelectrodynamik ladungsfreier Felder, Zeitung für Physik, 47 (1928)) − ( h̄ 4π )_2 ∫ dx [ δ^2 δ ϕ(x)^2

+ c^2 ( dϕ(x) dx )_2] Ψ(ϕ(x)) = λ Ψ(ϕ(x)). (1.1)

In 1954 I. Gelfand and R. Minlos [15] proposed to solve infinite-dimensional quantum fields equations with variational derivatives via approximations by solutions of partial differential equations with large but finite number of independent variables (cp. BEREZIN[4, Preface]). However the convergence of such approximations has been never established.

The paper advances are (i) infinite-dimensional symbolic calculus of pseudovariational operators; (ii) convergence of PDE approximations; (iii) elliptic pseudovariational operators and their spectra; (iv) anti-normal Yang-Mills energy operator; (v) computation of its Weyl symbol; (vi) a description of the quantum Yang-Mills energy spectrum; (vii) a proof of its spectral mass gap.

2 Elliptic pseudovariational operators

2.1 Review of Kree-Gelfand triples

Consider a Gelfand triple of densely imbedded complex topological spaces with the complex conjugation ∗ (see, e.g., GELFAND-VILENKIN[16])

H^∞ ⊂ H^0 ⊂ H^{−∞}, (2.1)

where

• H^0 is a Hilbert space with a Hermitian sesquilinear form z^∗w:^2

• H^∞ of elements z^∗ is a nuclear countably Hilbert space;

2The notation does not use brackets as, e.g., in BEREZIN[4].

• H^{−∞} of elements w is the anti-dual of H^∞ with respect to the Hermitian form z^∗w.

Kree-Gelfand nuclear triple K (KREE [20] and [21]) is a sesqui-holomorphic quantization of the Gelfand triple H , with the induced conjugation,

K^∞ ⊂ K^0 ⊂ K^{−∞} (2.2)

where (cp., e.g., [11])

• K^{−∞} is the countably Hilbert space of all entire holomorphic functionals Ψ(z^∗) on H^∞ with the topology of compact convergence.^3

• K^0 is the Bargmann-Hilbert space of square integrable entire holomorphic functionals on H^{−∞} with respect to the Gaussian probability measure (see, e.g., GELFAND-VILENKIN[15] ). Bargmann Hermitian form ⟨ Ψ | Φ ⟩ ≡ ∫ dz^∗dze^{−z∗z} Ψ^∗(z)Φ(z^∗), (2.3)

where the ∗-dual Ψ^∗(z) is the complex conjugate of Ψ(z^∗).

• K^∞ is the anti-dual of K^{−∞}.

• Borel-Fourier transform (see, e.g., COLOMBEAU[9, Chapter 7, Abstract]) Ψ̃(ζ ) ≡ ⟨ Ψ | e^ζ ⟩, Ψ ∈ K^{−∞}, Ψ̃(z^∗) ≡ ⟨ Ψ | e^{z∗} ⟩, Ψ ∈ K^∞, (2.4) (where e^ζ (z^∗) = e^{z∗ζ} = e^{z∗} ) is a topological isomorphism between K^{−∞} and the nuclear space of entire functionals Ψ(ζ ) of exponential type on H^{−∞}.^4

• The Borel-Fourier transform intertwines directional differentiation and multiplication

(∂_w∗ Ψ)~ = (w^∗ζ )Ψ̃, (∂_wΨ^∗)~ = (ζ^∗w)Ψ̃^∗. (2.5)

3A functional is entire on a locally convex complex vector space if it is continuous and entire on every complex line in that space.

4An entire functional is of exponential type if it has an exponential growth with respect to any continuous seminorm on H^{−∞}.

By Grothendieck kernel theory, the nuclearity of the Kree-Gelfand triples implies that the locally convex vector spaces Q ( ... → ... ) of continuous linear operators are topologically isomorphic to the complete sesqui-linear tensor products (both spaces are endowed with the topology of compact uniform convergence). Q ( K^∞ → K^{−∞} ) ≃ K^{∗−∞} ^⊗ K^{−∞}, (2.6) Q ( K^∞ → K^∞ ) ≃ K^{∗−∞} ^⊗ K^∞, (2.7) Q ( K^{−∞} → K^∞ ) ≃ K^{∗∞} ^⊗ K^∞, (2.8)

where the operators are tame in the case of (2.7).

An operator is polynomial if its kernel is a continuous polynomial on K^{∗∞} × K^∞, so that polynomial operators are tame.

The formulas present the one-to-one correspondence between operators and the sesqui-holomorphic kernels of their matrix elements.

The nuclear Gelfand triple of the sesqui-Hermitian direct products

H^{∗∞} × H^∞ ⊂ H^{∗0} × H^0 ⊂ H^{∗−∞} × H^{−∞} (2.9)

carries the Hermitian conjugation

(z^∗,w)^∗ ≡ (w^∗,z) (2.10)

The associated Kree-Gelfand triples of sesqui-holomorphic kernels consists of K^{∗∞} ^⊗K^∞ ⊂ K^{∗0} ^⊗K^0 ⊂ K^{∗−∞} ^⊗K^{−∞} (2.11) around the space K^{∗0} ^⊗ K^0 of kernels of Hilbert-Shmidt operators in K^0.

The corresponding exponential functionals are e^{(ζ ∗,η)} ( (z^∗,w)^∗ ) = e^{w∗η+ζ ∗z}. (2.12)

2.2 Pseudovariational operators

Kree-Gelfand triple (2.2) carries the bosonic canonical linear representation of the triple Z by continuous linear transformations of ζ ∈ K^{−∞} and ζ^∗ ∈ K^∞ into the adjoint operators of creation and annihilation continuous operators of multiplication and directional differentiation ζ̂ : K ∞ → K ∞, ζ̂ Ψ(z∗) ≡ (z∗ζ )Ψ(z∗), (2.13) ^ζ ∗ : K −∞ → K −∞, ^ζ ∗Ψ(z) ≡ (ζ ∗z)Ψ(z), (2.14) ^ζ ∗^† : K ∞ → K ∞, ^ζ ∗^†Ψ(ζ ∗) ≡ ∂_{ζ ∗} Ψ(z∗), (2.15) ζ̂ † : K −∞ → K −∞, ζ̂ †Ψ(z) ≡ ∂_ζ Ψ(z), (2.16) such that

1. Bosonic commutation relation [^ζ^{∗†},η̂] = ζ^∗η, [ζ̂^†, ^η^∗] = η^∗ζ . (2.17) 2. The exponentials e^{η∗} , η^∗ ∈ H^{−∞}, and e^η , η ∈ H^∞, are the eigenstates of the annihilation operators ^ζ ∗^†eη = (ζ ∗η)ev, ζ̂ †eη^∗ = (η∗ζ )eη^∗ . (2.18)

Creators and annihilators generate strongly continuous abelian operator groups of quantum exponentials in K^{−∞} and K^{−∞} parametrized by ζ and ζ^∗:

e^{ζ̂} : K^∞ → K^∞, e^{ζ̂} Ψ(z^∗) = e^{z∗ζ} Ψ(z^∗); (2.19) e^{ζ̂ †} : K^∞ → K^∞, e^{ζ̂ †} Ψ(z) = Ψ(z + ζ ); (2.20) e^{^ζ ∗} : K^∞ → K^∞, e^{^ζ ∗} Ψ(z) = e^{ζ ∗z} Ψ(z); (2.21) e^{^ζ ∗†} : K^∞ → K^∞, e^{^ζ ∗†} Ψ(z^∗) = Ψ(z^∗ + ζ^∗). (2.22) The Fourier transform of co-kernels M(θ^∗,η)

M̃(z^∗,w) = ⟨ M(θ^∗,η) |e^{z∗η+θ ∗w} ⟩ = ⟨ M(θ^∗,η) | | ⟨e^{z∗} |e^w⟩ ⟩ (2.23) is quantized as normal, Weyl, anti-normal pseudovariational operators ^M ^M : K^{−∞} → K^{−∞}, M ∈ K^{∗∞} ^⊗K^∞) (2.24) defined by their exponential matrix elements

⟨ e^{z∗} | ^M_ν | e^w ⟩ ≡ ⟨ M_ν (θ^∗,η) | | ⟨e^{z∗} | e^{θ̂} e^{^η∗†} |e^w ⟩ ⟩, (2.25) ⟨ e^{z∗} | ^M_ω | e^w ⟩ ≡ ⟨ M_ω (θ^∗,η) | | ⟨e^{z∗} |e^{θ̂+^η∗†} |e^w ⟩ ⟩, (2.26) ⟨ e^{z∗} | ^M_α | e^w ⟩ ≡ ⟨ M_α (θ^∗,η) | | ⟨e^{z∗} |e^{^η∗†} e^{θ̂} |e^w ⟩ ⟩. (2.27) Proposition 2.1 Any continuous linear operator Q from K^{−∞} to K^{−∞} has a unique normal co-kernel M^Q_ν (ζ^∗,η).

PROOF Since

⟨ e^{z∗} |e^{η̂} e^{^θ ∗†} |e^w ⟩ = ⟨ e^{η̂†} e^{z∗} | ^θ^{∗†}e^w ⟩ (2.28) = ⟨ e^{z∗η} e^{z∗} | e^{θ ∗z}e^w ⟩ = e^{z∗η+θ ∗z}e^{z∗w}, (2.29)

one has

⟨ e^{z∗} | ^M_ν | e^w ⟩ = ⟨ M_ν (θ^∗,η) | e^{z∗η+θ ∗z}⟩e^{z∗w} = M̃_ν (z^∗,w)e^{z∗w} (2.30)

where M̃_ν (z^∗,w) is the sesqui-linear Fourier transform of M_ν (θ^∗,η) (see (2.12)). Thus M̃_ν (z^∗,w)e^{z∗w} is the kernel of ^M_ν .

By (2.11), any Grothendieck kernel has a unique such representation.QED By the Taylor expansion centered at the origin, the sesqui-entire functionals are uniquely defined by their restrictions to the real diagonal (z^∗,w = z) ∈ ℜ ( H^{∗∞} × H^∞ ) , so that the normal symbol of the operator Q

σ^Q_ν (z^∗,z) ≡ M̃_ν = ⟨ e^{z∗} | ^M_ν e^z ⟩^Q(z^∗,z) (2.31)

exists and defines Q uniquely.

By Baker-Campbell-Hausdorff commutator formula and the canonical commutation relations (2.17),

e^{η̂} e^{^θ ∗†} = e^{η̂+^θ ∗†} e^{θ ∗η/2}, e^{^θ ∗†} e^{η̂} = e^{η̂+^θ ∗†} e^{−θ ∗η/2}. (2.32)

Thus any operator Q has Weyl and anti-normal co-kernels M^Q_ω and M^Q_α . Their restrictions to the real diagonal are Weyl and anti-normal symbols σ^Q_ω and σ^Q_α of Q.

By (2.32) the symbols of the same operator Q are related via Weierstrass transform (cp. AGARWAL-WOLF[2, formulas (5.29), (5.30), (5.31), page 2173] in a finite dimensional case; DYNIN [11]) in white noise calculus):

σ^Q_ω (z^∗,z) = e^{−(1/2)∂z∗ ∂z} σ^Q_ν (z^∗,z), (2.33) σ^Q_α (z^∗,z) = e^{−∂z∗ ∂z} σ^Q_ν (z^∗,z), (2.34) σ^Q_ω (z^∗,z) = e^{(1/2)∂z∗ ∂z} σ^Q_α (z^∗,z), (2.35)

where the operator e^{±(1/2)∂z∗ ∂z} is the sesqui-linear Fourier equivalent of the multiplication by e^{±(1/2)z∗z}, i. e,

∂_z∗ ∂_z ≡ Trace(∂_z∗ ∂_w). (2.36)

(Note that the multiplication by e^{z∗w} is a continuous operator in K^{−∞∗} ^⊗K^{−∞}, so that the restrictions of e^{∂ ∗ζ ∂ζ} σ(ζ^∗,ζ ) to the real diagonal ℜ ( H^{∗∞} × H^∞ ) are well defined.)

The following Proposition shows that anti-normal operators are infinitedimensional Berezin-Toeplitz integral operators from K^∞ to K^{−∞∗} (cp. BEREZIN[5, Equation (2.5)]).

Proposition 2.2 The kernel of an anti-normal operator Q = ^M_α

⟨ e^{z∗} | Q | e^w ⟩ = e^{z∗w}σ^Q_α (w^∗,w), (2.37)

i.e., Q acts on Ψ(w^∗) as the multiplication σ^Q_α (w^∗,w)Ψ(w^∗) ∈ Ent ( H^∞)^∗ × H^∞ ) followed by the orthogonal projection with the kernel (e^{z∗w})^∗ = e^{w∗z} onto Ent ( H^∞).

PROOF Since

⟨ e^{z∗} |e^{^θ ∗†} e^{η̂} |e^w ⟩ = ⟨ e^{^θ ∗} e^{z∗} | e^{η̂} e^w ⟩ (2.38) = ⟨ e^{θ ∗z}e^{z∗} | e^{z∗η} e^w ⟩ = e^{z∗w}e^{θ ∗w+w∗η} , (2.39)

the kernel (2.27)

⟨ M_α (θ^∗,η) | e^{z∗w}e^{θ ∗w+w∗η} ⟩ = e^{z∗w}σ_α (w,w^∗). (2.40) QED Corollary 2.1 The diagonal matrix elements of an anti-normal operator Q on K^∞ ⟨ e^{z∗} | Q | e^z ⟩ ≥ inf σ^Q_α (z^∗,z), (z^∗,z) ∈ H^∞. (2.41)

This Corollary extends BEREZIN[5, Theorem 7.1].

2.3 Quantized Galerkin approximations

A Galerkin sequence p_n, j = 1,2,..., is an increasing sequence of tame orthogonal projections of rank n strongly convergent to the identity operator in X^∞. The projectors p_n are uniquely extended to the Galerkin families in X^0 and X^{−∞} and then to the complex triple Z. The notation p_n is kept for all these extensions.

The finite dimensional projectors induce the quantized Galerkin sequence

P_nΨ(z^∗) ≡ Ψ(p_nz^∗), P_nΨ(z) ≡ Ψ(p_nz) (2.42) of infinite dimensional projectors in the triple K onto cylindrical triples isomorphic to the pulled back sesqui-entire triples over the tautological finite dimensional triple C^n ⊂ C^n ⊂ C^n .

By Proposition 2.1, the compressions of operators Q_n ≡ P_nQP_n of Q are cylindrical pseudodifferential operators with the exponential kernels,

⟨ e^{z∗} | Q_n | e^w ⟩ = ⟨ e^{pnz∗} | Q | e^{pnw} ⟩, (2.43)

i.e., pullbacks from C^j of finite dimensional pseudodifferential operators of

AGARWAL-WOLF[2].

Theorem 2.1 Operator Q is the strong limit of the cylindrical pseudodifferential operators Q_n on K^∞.

PROOF The matrix element ⟨Ψ∗|Q|Φ⟩ is a separately continuous sesquilin-

ear form on the Frechet space K^∞. By a Banach theorem (see, e.g., [26, v.1,Theorem V.7]), the sesquilinear form is actually continuous on K^{∗∞}. In particular, operator Q is the weak limit of Q_n in K^{∗∞}. Since K^{∗∞} is a nuclear space, the weak convergence implies the strong one in the topology of K^{∗∞}. QED As n → ∞, the exponential matrix elements

⟨ e^{z∗} | Q_n | e^w ⟩ = ⟨ e^{pnz∗} | Q | e^{pnw} ⟩ −→ ⟨ e^{z∗} | Q | e^w ⟩, (2.44)

so that symbols of the cylindrical Q_ν converge to the corresponding symbols of Q.

Thus if operators Q_1 and Q_2 are tame then (cp. AGARWAL-WOLF[2, Theorem III.5]

Corollary 2.2 The symbols of the tame Q_3 = Q_2Q_1 are convergent series (polynomials when Q_1 or Q_2 is a polynomial operator)

σ^{Q3}_ν (z^∗,z) = ∞ ∑_{m=0}^{(m!)−1∂ m}z^{σ Q2}ν^{(z∗,z)∂ m}z^{∗ σ Q1}ν^{(z∗,z), (2.45)}

σ^{Q3}_α (z^∗,z) = ∞ ∑_{m=0}^{(m!)−1∂ m}z^{∗ σ Q2}α^{(z∗,z)∂ m}z^{σ Q1}α^{(z∗,z), (2.46)}

σ^{Q3}_ω (z^∗,z) = ∞ ∑_{m=0}^{(m!)−1Ωm(σ Q2}ω^{(z∗}2^{,z}2^{)σ Q1}ω^{(z∗}1^{,z}1^{)), (2.47)}

where Ω ≡ (1/2) ( ∂_z∗_2 ∂_{z1} − ∂_z∗_1 ∂_{z2} ) , z^∗_2 = z^∗_1 = z^∗.

Another consequence from Theorem 2.1 for essentially selfadjoint

Corollary 2.3 Let Q be the Friedrichs extension of a non-negative tame operator in K^{∗∞}. Then the spectrum of Q consists of limits of some spectral values of Q_n as n converges to infinity.

PROOF By Theorem [26, v.1, Theorem VIII.25] and Theorem 2.1, the resol-

vent operators of Q_n strongly converge to the resolvent operator of Q.

Then [26, v.1,Theorem VIII.24] implies the lower semicontinuity of the spectra convergence. QED

2.4 Ellliptic operators

The tame quadratic number operator N is defined by its quadratic symbols

σ^N_ν = z^∗z + 1, σ^N_α = z^∗z, σ^N_ω = z^∗z + 1/2. (2.48)

The notation N is transferred to the Friedrichs extension of the number operator. The eigenspaces N_n, n = 1,2,..., of N with the eigenvalues n are the spaces spanned by continuous homogeneous polynomials of degree n. The number operator is positive and self-adjoint in the Nilbert space K^0.

Thus N has the simple eigenvalue λ_1 = 1, and all other eigenvalues λ_n = n form its essential spectrum.

A non-negative symmetric tame operator Q is elliptic^5 if there exist positive constants r and c such that ⟨Ψ | Q | Ψ ⟩ ≥ c⟨ Ψ^∗ | N^r | Ψ ⟩, Ψ ∈ K^∞. (2.49) The notation Q is transferred to the Friedrichs extension of the operator Q.

Theorem 2.2 The spectrum of a positive elliptic operator Q is a sequence λ_n(Q) → +∞. In particular, Q has a mass gap at the bottom of its spectrum.

PROOF Quantized Galerkin cutoffs PjQPj of elliptic non-negative operators

Q in K^∞ are pullbacks of the finite dimensional elilptic pseudodifferential operators Q_j on p_jX. The latter are non-negative and elliptic, so that they have discrete spectra of discrete eigenvalues λ_n(Q_j) ≥ 0 converging to infinity (see, e. g., SHUBIN[29, Theorem 26.3]). Then the operators P_jQP_j have the infinitely degenerate spectra of Q_J.

5The definitions of ellipticity in [3], [23], and [11] are not sufficient for Yang-Mills energy operator.

Similarly, for k ≥ j, the operators p_jQ_k p_j on p_kX are pullbacks of Q_j, so that Q_j have trivial extensions Q̆_j of Q_j (with Q̆_j = 0 on the orthogonal complement (p_jX)^⊥ in p_kX. Again, both Q̆_j and Q_j have the same spectra (though with different but finite multiplicities).

Since Q_k ≥ Q̆_j, a variational principle (see, e. g. BEREZIN-SHUBIN[6, Appendix 1, Corollary 2 of Proposition 3.1])^6 implies that the eigenvalues λ_n(Q_j) monotonically increase with j. Then, by Corollary 2.3, the spectrum of the elliptic operator Q consists of some of the limits of these monotonic sequences.

The cutoffs P_jNP_j of the number operator are pullbacks of the finite dimensional pseudodifferential number operators N_j = p_jN p_j on p_jX. All they have the same spectra Z_+, so that p_jcN^r p_j with positive c and r have discrete spectra cn^r. Now the same variational principle and ellipticity condition (2.49) imply that the eigenvalues λ_n(Q_j) ≥ cn^r. Therefore, for any given integer n there may be only finitely many limits of monotonic λ_n(Q_j) as j increases to infinity. QED

3 Review of Lagrangian Yang-Mills theory

3.1 Preliminaries

The global gauge group G of a Yang-Mills theory is a connected semi-simple compact Lie group with the Lie algebra Ad(G ).

The notation Ad(G ) indicates that the Lie algebra carries the adjoint representation Ad(g)X = gXg^{−1},g ∈ G ,a ∈ Ad(G ), of the group G and the corresponding self-representation ad(X)Y = [X,Y ], X,Y ∈ Ad(G ). Then Ad(G ) is identified with a Lie algebra of skew-symmetric matrices and the matrix commutator as Lie bracket with the positive definite Ad-invariant scalar prod- uct X ·Y ≡ Trace(X^TY ), (3.1)

where X^T = −X denotes the matrix transposition.

Let the Minkowski space M be oriented and time oriented with the Minkowski metric signature (+,−,−,−). In a Minkowski coordinate systems x^μ , μ = 0,1,2,3, the metric tensor is diagonal. In the natural unit system, the time coordinate x^0 = t. Thus (x^μ ) = (t,x^i), i = 1, 2, 3.

6 If non-negative operators A^′ ≤ A” are essentially selfadjoint on a common domain D with non-decreasing sequential discrete spectra λ^′_n and λ^{′′}_n , then λ^′_n ≤ λ^{′′}_n .

The local gauge group G is the group of infinitely differentiable G -valued functions g(x) on M with the pointwise group multiplication. The local gauge Lie algebra Ad(G ) consists of infinitely differentiable Ad(G )-valued functions on M with the pointwise Lie bracket.

G acts via the pointwise adjoint action on Ad(G ) and correspondingly by the affine gauge transformations on A , the real vector space of gauge fields A_μ (x) ∈ Ad(G ):

A_μ → A^g_μ ≡ Ad(g)A_μ − (∂_μ g)g^{−1}, (3.2)

so that A^{g1} A^{g2} = A^{g1g2} .

Differentiation of of the gauge transformations entails the covariant partial derivatives of X ∈ Ad(G )

∂_{Aμ} X ≡ ∂_μ X − ad(A_μ )X, ∂_{Aμ} Ad(g) = Ad(g)∂_{Aμ} . (3.3)

3.2 Yang-Mills fields

Yang-Mills curvature tensor F(A) is the antisymmetric tensor^7

F(A)_{μν} ≡ ∂_μ A_ν − ∂_ν A_μ − [A_μ ,A_ν ]. (3.4)

The curvature is gauge invariant:

Ad(g)F(A) = F(A^g), (3.5)

as well as Yang-Mills Lagrangian

L = −(1/4)F(A)^{μν} · F(A)_{μν} .^8 (3.6)

The corresponding gauge invariant Euler-Lagrange equation is a 2nd order non-linear partial differential equation ∂_{Aμ} F(A)^{μν} = 0, called the Yang-Mills equation ∂_μ F^{μν} − [A_μ ,F^{μν} ] = 0. (3.7)

Yang-Mills fields are solutions of Yang-Mills equation.

Let AdG denote the local Lie algebra of such gauge fields and G denote the corresponding infinite dimensional local Lie group. In a Lorentz coordinate system we have the following matrix-valued time-dependent fields on R^3 :

7Summation over repeated tensor indices. 8 The physical coupling constant is set to 1.

Gauged electric vector field E(A) ≡ (F_{01},F_{02},F_{02}),

Gauged magnetic pseudo vector field B(A) ≡ (F_{23},F_{31},F_{12}).

In the temporal gauge A_0(t,x^k) = 0^9 the 2nd order Yang-Mills equation (3.7) is equivalent the 1st order systems of the evolution equations for the time-dependent A_j(t,x^k), E_j(t,x^k) on R^3 (see, e.g., GOGANOV-KAPITANSKII [19, Equation (1.3)])

∂_t A_k = E_k, ∂_t E_k = ∂_jF^j_k − [A_j,F^j_k ], F^j_k = ∂^jA_k − ∂_kA^j − [A^j,A_k]. (3.8) and the constraint equations

[A^k,E_k] = ∂^kE_k, i.e. ∂_{k,A}E_k = 0 (3.9)

By GOGANOV-KAPITANSKII [19], the evolution system is a semilinear first order partial differential system with finite speed propagation of the initial data, and the Cauchy problem for it with initial data at t = 0

a(x_k) ≡ A(0,x_k), e(x_k) ≡ E(0,x_k) (3.10)

is globally and uniquely solvable on the whole Minkowski space M .

This fundamental theorem has been derived via remarkable LADYZHEN-

SKAYA[22] and LAX[24] method:

1. For starters, prove that a solution for the Cauchy problem at a Minkowski point P = (t,x) ∈ M is uniquely defined inside of an open cone {(t,y) ∈ M : 0 ≤ t < R, |x − y| < R − t} by the non-constrained initial data on its base t = 0. In particular, this implies a finite propagation velocity of the initial data

2. Multiply an initial data u(0,x) with an infinitely smooth cut-off function ζ (x),0 ≤ ζ (x) ≤ 1 supported by a cube Q and equal to 1 inside of a smaller cube Q^′. Then extend periodically ζ u from Q to all R^3 . By the step 1, the solutions with the initial data u and ζ u are equal inside of the open cone over Q^′.

9I. Segal theory ([28]) of infinite-dimensional Sobolev Lie groups implies that for any infinitely differentiable gauge field on M with periodical Cauchy data there is a unique infinitely differentiable gauge transformation to the temporal gauge.

3. Any strip {(t,x) ∈ M : 0 ≤ t ≤ T } can be covered by such cones because the sizes of the the smaller cubes and their positions can be chosen arbitrarily.

4. Thus the uniqueness and solvability of the non-linear partial differential equation suffices to check for periodic initial data, i. e., only on tori T^3.

If the constraint equations are satisfied at t = 0, then, in view of the evolution system, they are satisfied for all t automatically. Thus the 1st order evolution system along with the constraint equations for Cauchy data is equivalent to the 2nd order Yang-Mills system. Moreover the constraint equations are invariant under time independent gauge transformations.

We have

Proposition 3.1 In the temporal gauge Yang-Mills fields A(t,x_k) are in oneone correspondence with their periodical Cauchy data (a(x_k),e(x_k)) satisfying the equation ∂_ae = 0.

Thus, by H. Weyl’s inner relativity principle (see, e.g., FADDEEV-SLAVNOV[13, Section I.1]), the Yang-Mills physical configuration space is the space of orbits of static gauge transformations of constrained periodical Cauchy data.

Mathematically, the orbits space is a non-trivial stratified principal bundle of the orbits, with no global gauge, i.e., a continuous global cross-section (see

SINGER[30] and NARASIMHAN-RAMADAS[25]).

3.3 Coulomb quasi gauge

Consider the chain of real Sobolev-Hilbert spaces A^s, 0 ≤ s < ∞, of static connections a(x) on a 3-dimensional torus T^3 with finite Hilbert norms |a|_s:

|a|^2_s ≡ ∫ T^3

d^3x ( a · (1 − △)^sa ) < ∞, △ = 3 ∑_{j=1}^∂ j^{, (3.11)}

and the nuclear countably Hilbert space A^∞ ≡ ⋂ A^s (cp.gelfand-vilenkin[16]).

By Sobolev inequalities, A^s, 3/2 ≤ s < ∞, are the Lie algebras of Hilbert- Lie groups G^s (cp. SEGAL[28]).

Actually this holds even for s = 1. Indeed, by DELL’ANTONIO-ZWANZIGER [10, Proposition 3],

Proposition 3.2 G^1-gauge transformations have the following properties:

• G^1-gauge transformations are continuous in A^0;

• G^1-gauge orbits in A^0 are closures of G^∞-orbits;

• Each G^1-gauge orbit contains a Coulomb a ∈ A^0 : div a = 0.

Sobolev spaces E^s of gauged vector fields e(x) on T^3 are isomorphic to A^s carrying the same G^∞-gauge action. In particular, Propositionpr:Dell holds for G^1-gauge transformations and Coulomb quasi gauge.

Let T^0 denote the Coulomb space:

T^0 ≡ (a,e) ∈ A^0 × E^0, div a = 0, div e = 0. (3.12)

Hodge-Kodaira orthogonal decomposition theorem shows that Coulomb space is a closed subspace in A^0.

By Equation (3.3), G^1 orbits of Coulomb e belong to the manifold of constrained Cauchy data. Therefore

Proposition 3.3 The Coulomb Hilbert space T^0 is a quasi gauge space for the Yang-Mills configuration space.

The real direct product T^0 is the complex space H^0 with the real and imaginary parts ℜ(H^0) ≡ A^0, ℑ(H^0) ≡ E^0. (3.13)

Let H^∞ be the nuclear countably Hilbert space of z^∗ ∈ H^0 with Fourier coefficients converging to zero faster than any power. We have the natural nuclear complex Gelfand triple with complex conjugation

H^∞ ⊂ H^0 ⊂ H^{−∞}. (3.14)

4 Anti-normal quantum Yang-Mills theory

4.1 Quantum Yang-Mills energy spectrum

The non-negative Noether energy functional of Yang-Mills Cauchy data Yang- Mills energy functional (cp.GLASSEY-STRAUSS[17, Section 3])

M(a,e) ≡ (1/2) ∫ T^3

d^3x ( (curla − [a,a]) · (curla − [a,a]) + e · e ) (4.1)

is well defined on H^∞.

Remark 4.1 The density ( (curla − [a,a]) · (curla − [a,a]) is the curvature of the static gauge fields, and, as such, is gauge invariant; in contrast with the density e · e.

Let ^M_α denote the Friedrichs extension of the anti-normal quantum Yang- Mills energy operator with the polynomial anti-normal polynomial symbol M(a,e) = M(z,z^∗).

Theorem 4.1 The tame Yang-Mills energy operator ^M_α is elliptic. Its spectrum is an infinite sequence of non-negative eigenvalues. In particular, the spectrum has a positive mass gap.

PROOF (A) One has

(curla − [a,a]) · (curla − [a,a]) = curla · curla + [a,a] · [a,a] + 2a · [diva,a]. (4.2) By Proposition 3.2, for any positive number ε, there are a with div a · diva < ε on every G^∞-orbit in A^∞. Thus, by Remark 4.1 and Equation (4.2),

M(a,e) ≥ H(a,e) ≡ (1/2) ∫ T^3

d^3x(curla·curla+[a,a]·[a,a] + e·e). (4.3)

Let ^H_α denote the Friedrichs extension of the anti-normal operator with the anti-normal polynomial symbol H(a,e) = H(z,z^∗). Then Equations (2.41 ) and (4.3) entail the oprator inequality of the non-negative operators

^M_α ≥ ^H_α . (4.4)

(B) Let b_i be a basis for Ad(G ) with b_i · b_j = δ_{i j}. Then, by the semisimplicity of the global gauge group, the structure constants c^k_{i j} = [b_i,b_j] · b_k are anti-symmetric under interchanges of i, j,k. Thus if a = a^ib_i ∈ Ad(G ) then

a · a = Trace(a^t a) = −a^ic^k_{i j}a^lc^j_{k j} = a^ic^k_{i j}a^lc^k_{l j}, (4.5)

so that

[a,a] · [a,a] = a^ia^ja^la^m [b_i,b_j] · [b_l,b_m] = a^ia^ja^la^mc^k_{i j}c^k_{l j} = ∑ k (a^ia^jc^k_{i j})^2.

(4.6) Since z = (1/ √ 2)(a + ie), the operator ∂^∗_z ∂_z = ∂^2_a + ∂^2_e , so that

e^{∂ ∗z ∂z/2}([a,a] · [a,a])^(

4.5) = [a,a] · [a,a]/2 + a · a. (4.7)

Then the Weyl symbol of the operator ^H_α

σ^H_ω (a,e)^(

2.35),(4.7) = ∫ R^3

d^3x ( [a,a] · [a,a]/2 + a · a + e · e ) + 1/2. (4.8)

(C) The Weyl quantization of [a,a] · [a,a] is the operator of multiplication with [a,a] · [a,a] ≥ 0 in the ”(a,e)-representation” of the canonical commutation relations (cp. AGARWAL-WOLF [2, Section VII, page 2177]). In paricular, the Weyl multiplication operator is non-negative. (D) By (2.48), (1/2) ∫ R^3

d^3x (a · a + e · e) + 1/2

is the anti-normal symbol of the number operator N.

Altogether we get the inequality of non-negative operators

^M_α ≥ ^H_α ≥ ^N_α . (4.9)

Now the spectral Theorem 2.2 implies the stated theorem 4.1. QED

Remark 4.2 The Yang-Mills energy spectrum has been described in the temporal gauge only. However, the temporal gauge is complete, i.e,˙, in one-to-one correspondence with the gauge orbits on Minkowski space.

4.2 FAQ

• Q: Is the derived Yang-Mills energy spectrum relativistically invariant?

A: No. Yang-Mills energy functional is only a time component of the relativistic Noether energy-momentum functional. A deeper question is why the latter is time-like at all. A positive answer may be found in

GLASSEY-STRAUSS[17].

• Q: Legendre transform of the Yang-Mills Lagrangian is singular so that Yang-Mills Hamiltonian is not defined on the whole phase space. Why the paper does not deal with that difficulty?

A: The proposed quantum Yang-Mills theory is of Lagrangian, not Hamiltonian variety. It deals with Noether energy functional on constrained Cauchy data. Segal-Peierls symplectic structure on Cauchy data (see

SEGAL[27]) is different from constraint canonical symplectic structure

on solutions of Yang-Mills equations.

• Q: Where are a coupling constant, divergences, renormalization, BRST, and other trappings of perturbative quantum field theory? A: The solution framework is decidedly non-perturbative. In particular, a conventional ”dimension transmutation” of the coupling constant (see [14]) is beyond it.

• Q: Relativistic Yang-Mills action integral is conformally invariant on the Minkowski space, and therefore cannot be compatible with a positive mass gap. How the conformal invariance of the action functional is broken?

A: The energy functional is an integral over R^3 , and therefore has the reciprocal length dimension (in the natural physical units c = 1, h̄ = 1). Mathematically, the conformal symmetry breaks because the canonical symplectic structure of Yang-Mills fields on the Minkowski space is replaced with Segal-Peierls symplectic structure on their Cauchy data.

• Q: The official description of the Millennium Yang-Mills problem requires a theory with axiomatic properties at least as strong as axioms of Wightman relativistic quantum field theory. Why there is no mention of these axioms in the paper?

A: Even modified Wightman axioms (see, e.g., BOGOLIUBOV et al [7, chapter 10] are in a serious conflict with the simplest cases of Gupta- Bleuler theory of quantum electromagnetic fields, as well as commonly used local renormalizable gauges (see, e.g, STROCCI[31, Chapter 6 and Appendix A.2]). Occam’s razor is appropriate.

Still the physically important relativistic casuality is preserved in the form of the finite velocity of propagation so that the use of local Sobolev spaces of Cauchy data is justified.

References

[1] Quantum Yang-Mills theory, http://www.claymath.org/millennium/Yang–Mills, 2000.

[2] Agarwal, C. S., and Wolf, E., Calculus for functions of noncommuting operators and general phase-space methods in quantum mechanics, Physical Rev. D 2, 2161-2225, 1970.

[3] Bleher P.M., Vishik M., On a class of pseudodifferential operators with infinite number of variables, and applications, Mathematics of the USSR-Sbornik ,15(3) (1971), 443-491.

[4] Berezin, F. A. , The Method of Second Quantization, Academic Press, New York, 1966.

[5] Berezin, F. A. , Covariant and contravariant symbols, Math. USSR Izvestia 6 (1972), 1117-1151.

[6] Berezin, F. A., and Shubin, M. A., The Schrödinger equation, Kluwer Academic Publishers, 1991.

[7] Bogoliubov, N. N., and Shirkov, D. V., Introduction to the Theory of Quantized Fields, John Wiley, 1980.

[8] Bogoliubov, N. N., Logunov. A. A., Oksak, A. I., and Todorov, I. T., General Principles of Quantum Field Thory, Kluwer, 1990.

[9] Colombeau, J., Differential Calculus and Holomorphy, North-Holland Mathematics Studies, 84, 1982.

[10] Dell’Antonio, G. and Zwanziger, D., Every gauge orbit passes inside the Gribov horizon, Comm. Math. Phys., 138 (1991), 259-299.

[11] Dynin, A., Feynman integral for functional Schrödinger equations, Partial Differential Equations:M. Vishik Seminar (American Mathematical Society Translations-Series 2,206, Vishik, M.I, et al, eds), 65-80, 2002 .

[12] Dynin, A., Bosonization method for second super quantization, Journal of Nonlinear Mathematical Physics, 17, Supplement 1 (2010), 1-13.

[13] Faddeev, L. D., and Slavnov, A. A., Gauge Fields, Introduction to Quantum Theory, Addison-Wesley, 1991.

[14] Faddeev, L. D., Mass in quantum Yang-Mills theory (comment on a Clay Millennium Problem, Perspectives in Analysis, Math. Phys. Studies, 27, Springer, 2005.

[15] Gelfand, I. M., and Minlos, R. A., Solution of quantum field equations, reprinted in Gelfand, I. M., Collected Papers, V1, 462-465, Springer, 1987.

[16] Gelfand, I., Vilenkin, N.. Generalized functions, 4. Academic Press, 1964.

[17] Glassey, R. T., and Strauss, W. A., Decay of Classical Yang-Mills fields, Comm.. Math. Phys., 65 (1979), 1-13.

[18] Glimm, J. and Jaffe, A., An infinite renormalization of the hamiltonian is necessary, J. Math. Phys., 10 (1969), 2213-2214.

[19] Goganov, M. V., and Kapitanskii, L. V., Global solvability of the Cachy problem for Yang-Mills-Higs equations, Zapiski LOMI, 147 (1985), 18- 48; J. Sov. Math., 37 (1987), 802-822.

[20] Kree, P., Calcule symbolique et second quantification, C. R. Sc., Serie A, 284 (1978), 25-28.

[21] Kree, P., Methodes holomorphe et methodes nucleaires en analyse de dimension infinie et la theorie quantique des champs, Lecture notes in mathematics, 644 (1978), 212-254.

[22] Ladyzhenskaya, O., Not published, (1949)

[23] Lascar, B., Une condition necessaire et suffisant d’ellipticite pour une class d’operateurs differentiells en dimension infinie, Comm. Partial Diff. Equations, 2 (1977), 31-67.

[24] Lax, P., On Cauchy’s Problem for Hyperbolic Equations and the Differentiability of Solutions of Elliptic Equations, Communications on Pure and Appplied Mathematics, 8, 615-633 (1955).

[25] Narasimhan, M.S., Ramadas, T.R., Geometry of SU(2) gauge fields Communications in Mathematical Physics, 67 (1979), 121-136.

[26] Reed, M., Simon, B., Methods of Modern Mathematical Physics, Academic Press, 1972.

[27] Segal, I., Quantization of nonlinear systems, Journal of Mathematical Physics, 1(1960), 468-488.

[28] Segal, I., The Cauchy Problem for the Yang-Mills Equations, Journal of Functional Analysis, 33(1979), 175-194.

[29] Shubin, M., Pseudodifferential operators and spectral theory, Springer, 1987.

[30] Singer, I. M., Some remarks on the Gribov ambiguity, Communications in Mathematical Physics,60 (1978), 7-12.

[31] Strocci, F., S., Selected Topics of the General properties of Quantum Field Theory, World Scientific, 1993.

[32] Vishik, M.I., Les oprateurs diffrentiels et pseudodiffrentiels une infinit de variable. Les problmes elliptiques et paraboliques, Asterisque(1973), 23, 342362.

[33] V. Arnold et al. (editors), Mathematics : Frontiers and Perspectives, American Mathematical Society, Providence, 2000.

[34] Witten, E., Physical law and the quest for mathematical understanding, Bulletin of American Mathematical Society, 40(2002), no.1, 21-29.