arXiv:1205.3542v1 [gr-qc] 16 May 2012

(Non-) geodesic motion in chameleon Brans Dicke model

Kh. Saaidi^∗ Department of Physics, Faculty of Science, University of Kurdistan, Sanandaj, Iran. Department of Physics, Kansas State University, 116 Cardwell Hall, Manhattan, KS 66506, USA. (Dated: May 17, 2012)

Based on [16], we assume there is a non-minimal coupling between the scalar field and matter in Brans-Dicke model. We analyzes the motion of different matter such as, massless scalar field, photon, massless perfect fluid (dust), massive perfect fluid and point particle matter in this theory. We show that the motion of massless scalar field and photon can satisfy null geodesic motion only in high frequency limit. Also we find that the motion of the dust and massive perfect fluid is geodesic for Lm = −P and is non-geodesic for Lm = ρ. Finally, we study the motion of point particle and show that the motion of this kind of matter is non-geodesic.

PACS numbers:

I. INTRODUCTION

Contemporary cosmology is encountered with the important challenge of understanding the existence and nature of the dark energy component of the Universe. Analysis of cosmological observations suggests that about %74 of the Universe is dark energy (DE), %22 is dark matter (DM) and the remaining part is ordinary matter[1]. Although the nature and origin of DE are unknown for researchers until now, there are many proposals to explain the role of DE to explain the accelerating expansion of the Universe. It seems that the best one is cosmological constant, Λ, which has the equation of state (EoS) parameter ω = −1, [2–4], and the second popular candidate of DE model are the scalar field models with a dynamical equation of state. The most important dynamical DE model which is called ”quintessence” model consider the slow-roll down of a scalar field. Although, the quintessence scalar field cannot satisfy the local tests (solar system constraints), but it suggests an energy form with negative pressure to explain the accelerating expansion of the Universe [5–12].

Another suitable framework to investigate the behavior of DE is chameleon mechanism. In this mechanism the scalar field has non-minimal coupling with matter. Chameleon mechanism provides an alternative mechanism for circumventing the constraints from local tests of gravity. In this mechanism the scalar field acquires a mass whose magnitude depends on the local matter density. Indeed this mechanism is a way to give an effective mass to a light scalar field via field self interaction and interaction between field and matter [13, 14]. So because of this fact the correction of physical quantity in Newtonian regime is small, i. e., the local tests are satisfied.

Another model that has attracted much attention is Brans-Dicke (BD) theory. Although BD theory proved

∗Electronic address: ksaaidi@uok.ac.ir; Also at ksaaidi@phys.ksu.edu

useful for solution of many cosmological problems, but it has a problem. Indeed, the Brans-Dicke parameter, ω, takes small value (∼ 1) when standard BD model is used to derive the cosmic acceleration, and on the other hand, local constraints require that ω > 10^4. So, some researchers such as, Clifton et al., [15] and Das et al., [16], have studied another framework which scalar field has non-minimal coupling with both geometry and matter. This model is called chameleon Brans-Dicke (CBD) model and it has predicated a value for ω which is in a good agreement with observational data [17].

As mentioned earlier, there are a lot of attempts to explain the positive accelerating expansion of the Universe. In order to do that, people have introduced various models for example; CBD model. Actually CBD model is studied in detailed on large scale, solar system scale and it is shown that the obtained results are in a good agreement with observations [18–23].

However when a scalar field interacts with other components of matter (visible matter and invisible matter [37]) through gravity or directly, this interaction may be produce a fifth force on the matter which may violate the weak equivalence principle (WEP) and creates a nongeodesic motion. This kind of interactions have attracted much attention [24]. There are some particular mechanism for circumventing the fifth force effects. Some researchers believe that the scalar field coupled differently to visible and invisible matter of the Universe [25–27]. Therefore based on this opinion, for suppressing the effects of fifth force, they assume that the scalar field couples only to the invisible matter [26]. Another mechanism for circumventing the fifth force and then the violation of the WEP, is chameleon mechanism. As was mentioned earlier, the mass of chameleon scalar field is a function of local density and in the high density regions[38] the fifth force effects are confined to an undetectable small distances. Therefore the violation of WEP is not observed. The WEP violation had become the hot topic and studied in ditail [13, 28]. But there are still another aspects of CBD model which should be studied and to the best of our knowledge, there is no any detailed study about geodesic and non-geodesic motion for different kinds of matter in CBD model.

This paper is organized as follows. In Sec. II, we consider the model, then we will obtain the equations of motion and conservation relation for density energy. In Sec. III, we will study the motion of massless scalar field and photon. In Sec. IV we consider the motion of perfect fluid and point particle in this model. At last we summarize our work and give some discussion in Sec. V.

Throughout this paper, the metric signature (−, +, +, +) and the convention 8πG = 1 are used.

II. GENERAL FRAMEWORK

We begin with the chameleon Brans-Dicke action [16] A = ∫ d^4x √ −g [ ϕR − ω ϕ ∇_aϕ∇^aϕ − V (ϕ) − 2f(ϕ)L_m ] , (1) where R is the Ricci scalar curvature, g is determinant of metric, ω is the dimensionless CBD parameter, L_m = L_m(ψ, g_{ab}) is the Lagrangian of the matter and ψ is the matter field. ϕ is the CBD scalar field with a potential V (ϕ). Note that the last term in the action indicates the interaction between the matter and an arbitrary function of scalar field, f(ϕ).

The gravitational field equation can be derived by taking account variation of (1) with respect to g_{ab} and is given by ϕG_{ab} + [ g_{ab}□ − ∇_a∇_b ] ϕ = f(ϕ)T_{ab} + T^ϕ_{ab}, (2)

where

T_{ab} = 2ø √ −gδ( √ −gL_m)øδg^{ab}, (3) is the the matter energy-momentum tensor and T^ϕ_{ab} = ωøϕ [ ∇_aϕ∇_bϕ − 1ø2g_{ab}∇_αϕ∇^αϕ ] − 1ø2g_{ab}V (ϕ), (4) is the scalar field energy-momentum tensor. Also by taking the variation of (1) with respect to ϕ we have the equation of motion for scalar field

(3 + 2ω)□ϕ = f(ϕ)T − ϕf^′(ϕ)L_m + ϕV^′(ϕ) − 2V (ϕ). (5)

Here T is the trace of matter energy-momentum tensor and prime denotes derivative with respect to ϕ. It is seen that to solve (5) we need an explicit form of matter Lagrangian, L_m.

The Bianchi identities, together with the identity (□∇_a − ∇_a□)V_c = R_{ab}∇^bV_c, imply the non-(covariant) conservation law ∇_aT^{ab} = − [ g^{ab}L_m + T^{ab} ] ∇_a ln(f), (6)

and, as expected, in the limit f(ϕ) = constant, one recovers the conservation law ∇_aT^{ab} = 0. Since the energymomentum tensor is not covariantly conserved, one may concludes that the motion of matter distribution characterized by a Lagrangian density L_m is nongeodesic. This fact that the energy-momentum tensor is not divergencefree, can be interpreted as a violation of the so-called metric postulates [29].

III. MATTER-SCALAR COUPLING AND GEODESICS OF MASSLESS MATTER FIELD

As was mentioned earlier in the Introduction, the explicit coupling between matter and scalar field which is described by the action (1) can potentially lead to nongeodesic motion. In this section we consider the affect of this kind of interaction on massless particles geodesics.

A. Massless scalar field

Let us consider a massless scalar field ψ which is described by the Lagrangian density

L_m = −1ø2∇_aψ∇^aψ. (7)

Using T_{ab} = ∂Lø∂(∇^aψ)∇_bψ − g_{ab}L, one can obtain the stress-energy tensor of the scalar field T_{ab} = −∇_aψ∇_bψ + 1ø2g_{ab}∇_cψ∇^cψ, l9 (8) Substituting (7) and (8) in (6) we have □ψ = −∇_aψ∇^a ln(f), (9) One can see that for L_m and L_m + ∇_cχ (χ is a scalar function), Eq. (9)) is not changed just for ∂χ_{,c}/∂∇^aψ = ∇_aχ_{,c} = 0, but equation of motions for other components of the system, Eqs. (5) and (6), are changed in this case. This means that when massless scalar matter couple with other components of the system, there is no any degeneracy of Lagrangian densities.

Note that this kind of matter is known as ”scalar photon”. So, although our study is completely classic, but we assume this scalar photon has a wave like behavior, then the matter scalar field, ψ, can be as a wave function. Therefore we assume the wave function is a high frequency wave as

ψ(x) = ψ_0e^{iΦ(x)}. (10)

Here the phase of wave is a rapidly varying function of x and ψ_0 is nearly constant. Therefore Eq.(8) becomes

i□Φ(x) − ∇^aΦ∇_aΦ = −i∇_aΦ∇^a ln(f). (11)

Since this equation has tow real and imaginary parts, we have

∇^aΦ∇_aΦ = 0, (12) □Φ(x) = −∇_aΦ∇^a ln(f), l13. (13)

In comparison with similar analysis in standard model of cosmology, Eq. (??) shows that the scalar particle is not transverse unless ∇_aΦ will be orthogonal to ∇^a ln(f) or ∇^a ln(f) = 0. Also by taking covariant derivative of Eq. (12) and using ∇_a∇_bΦ = ∇_b∇_aΦ, one can obtain

∇_v v_a = 0, (14)

where v_a = ∇_aΦ. Note that v_a = ∇_aΦ is the gradient of the wave phase and in the geometric optic approximation, this quantity is the tangent of the worldline of the particle (massless scalar particle). Therefore in comparison to real photon, Eq. (14) means that the motion of massless scalar particle in the high frequency limit is take place on the null geodesic.

B. Maxwell field

Let us consider the Maxwell field with Lagrangian density and energy- momentum tensor

L_m = −1ø16πF^2, (15) T_{ab} = −1ø4π [ F_{ac}F^c_b − 1ø4g_{ab}F^2 ] , (16)

where F_{ab} is the electromagnetism field tensor on the curve space-time

F_{ab} = ∇_aA_b − ∇_bA_a = ∂_aA_b − ∂_bA_a, (17)

and A_a is the vector potential. Substituting (15) and (16) into (6) gives ∇^b [ F_{ac}F^c_b − 1ø4g_{ab}F^2 ] = −F_{ac}F^c_b ∇^b(ln f). (18)

Now we consider the high frequency limit. For this goal we introduce the vector potential as

A_a(x) = C_ae^{iΦ(x)} (19)

where C_a is a slowly varying vector amplitude (nearly constant) and Φ(x), the phase of wave function, is a rapidly varying function. So by neglecting the derivatives of vector amplitudes, C_a, we have

2A_{ab}∇^bΦ − ∇_aΦ [ ( ∇Φ )_2

C^2 − ( ∇_cΦC^c )_2 ] = 0, (20)

2∇^b [ A_{ab}f(ϕ) ] − ∇_a [ ( ∇Φ )_2

C^2 − ( ∇_cΦC^c )_2 ] = 0, (21)

where

A_{ab} = C^2∇_aΦ∇_bΦ + ( ∇Φ )_2 C_aC_b − ( C^c∇_cΦ )[ C_b∇_aΦ + C_a∇_bΦ ] , (22) and C^2 = C^cC_c , ( ∇Φ )_2 = ∇_cΦ∇^cΦ. Using Eqs. (20) and (22), one can find

C^2 ( ∇Φ )_2 = ( C^c∇_cΦ

)_2

, (23)

and by substituting (23) into (20) and (21) we have

A_{ab}∇^bΦ = 0, (24) ∇^bA_{ab} = −A_{ab}∇^b ln(f). (25)

By setting f(ϕ) = 1 one can arrive at the standard Maxwell equations in curved space. Geometric optics is valid whenever the wavelength is very short with respect to the radius of curvature of space-time, namely λ̄ ≪ L, here L is the radius of curvature of space-time, and λ̄ is the reduced wave length of photon. One can write Eq. (25) as |∇^bA_{ab}| ≃ |A_{ab}øλ̄| ≫ |A_{ab}ln(f)øL| (26) So, in this case we have

∇^bA_{ab} ≃ 0. (27)

This shows that the corrections to standard optics which is coming from interaction between scalar field and matter character, f(ϕ), complectly removed from the equation of motion and then photons follow the null geodesics and are transverse. On the other hand for the case that λ̄/L ≮ 1, one can not disappear the non-minimal coupling affect to the Maxwell equations and then the null geodesic equation of photon is modified.

IV. MATTER-SCALAR FIELD COUPLING AND GEODESICS OF PERFECT FLUID MATTER

In this section we consider a kind of matter, so called perfect fluid, which can be massive or massless. The stress-energy tensor of perfect fluid is represented by

T_{ab} = (ρ + P )U_aU_b + g_{ab}P, (28)

where ρ is the energy density and P is the pressure of the matter respectively, and the four velocity, U_a satisfies the constraints U_aU^a = −1 and U^a∇_bU_a = 0. In [30–34] have been shown that, for perfect fluid that does not couple explicitly to the other components of the system, there are different Lagrangian densities which are perfectly equivalent. In fact, they have shown that, by using Eq. (3), the two Lagrangian densities L_{m1} = −P and L_{m2} = ρ give the same stress-energy tensor as (28), and also for these two different Lagrangian densities the equation of motions for all components of the system is similar. Also, since the perfect fluid laws are obtained via a kinetic theory by using microscopic models of the fluid particles and their interaction, namely, the perfect fluid is an averaged and not an exact description for matter, it is more common to work directly with the energy-momentum tensor instead of Lagrangian density in the non-interacting model of perfect fluid. But in our model the Lagrangian density, L_m, is explicitly appeared in equation of motion of scalar field, (5), and conservation relation, (6). So we encounter with a new situation that we have to study it accurately.

We can work with stress-energy tensor of perfect fluid only for the case which there is no any interaction between perfect fluid and other components of the system. This means that if there is a direct interaction between perfect fluid and other components of system, such as geometry and scalar field, the above Lagrangian densities give rise to distinct theories with different predictions. To show this fact, let us consider a general case.

We assume there is a minimal coupling between perfect fluid and scalar filed, i.e., f(ϕ) = 1. In this case the Lagrangian of perfect fluid is not appeared explicitly in the equation of motions of other components of the system and the energy-momentum tensor of matter is conserved, namely ϕG_{ab} + [ g_{ab}□ − ∇_a∇_b ] ϕ = T_{ab} + T^ϕ_{ab}, (29) (3 + 2ω)□ϕ − ϕV^′(ϕ) + 2V (ϕ) = T, (30) ∇_aT^{ab} = 0, (31)

where matter energy-momentum tensor, T_{ab}, and the scalar field energy-momentum tensor, T^ϕ_{ab}, are given by Eqs. (3) and (4). Also we suppose there are two different Lagrangian density L_{m1} and L_{m2} which by using (3) give an energy-momentum tensor like (28), and L_{m1} and L_{m2} are related with together by

L_{m2} = L_{m1} + 1 √ −g ∇_aχ (32)

where χ is a scalar function. Since the perfect fluid Lagrangian is not appear in equation of motions, (29) and (30) and conservation relation of energy, (31), then these two Lagrangian has not any effect on equation of motion of other components of the system and conservation relation of energy. Also the additional term, ∇_aχ/ √ −g, in Eq. (1) give a surface integral term, then this term has no any effect on equation of motions of perfect fluid. Therefore these two different Lagrangian are equivalent for perfect fluid in a non-interacting model.

On the other hand we assume, there is an interaction between perfect fluid and other components of system, i.e., for an arbitrary f(ϕ). It is obviously seen that the equation of motion of perfect fluid for two different Lagrangian densities, (32), are similar, moreover, by using Eq. (3) one can obtain a matter energy-momentum tensor as (28). But the equation of motion of scalar field and also the conservation relation of energy for matter become equations (6)and (7) respectively, which are different with Eqs. (29) and (30) and they are different for L_{m1} and L_{m2} . This fact shows that, clearly, the two Lagrangian density L_{m1} and L_{m2} cannot be equivalent in an interacting system of perfect fluid with other components of the system.

A. Null geodesic of dust

The equation of null geodesics for a model with out any coupling is derived from the conservation equation of a null dust fluid in [35]. Therefore, in this case which there is a coupling between scalar field and matter we do the same way of derivation. If this interaction were to induce any corrections to the null geodesic equation, these has to show up in this derivation. Since dust is a perfect fluid without pressure, namely P = 0 then the setters-energy is T_{ab} = ρU_aU_b, so by using the modified conservation equation, (7), we have

∇_uU_a = ηU_a, (33)

where ∇_u = U^b∇_b and

η = −∇_u ln(fρ) − ∇^bU_b, (34)

Eq. (33) is a geodesic equation which is non-affinely parameterized. In fact this equation shows that the four velocity is transported along the path parallel to itself and this is the definition of a geodesic curve. So this means that the existence of coupling between the matter and scalar field does not change the equation of null geodesic for L_m = −P . But for L_m = ρ we obtain

∇_uU_a = ηU_a − ∇_a ln(f), (35)

where clearly shows that parallel transport is no longer conserved and then the motion of dust particle is nongeodesic in this case.

B. Massive perfect fluid matter

In this section we turn our attention to massive matter fields and, for simplicity, consider a perfect fluid composed of non-relativistic or relativistic particles with stress-energy tensor (28). This stress-energy tensor is obtained from (3) with L_m = −P . By defining a projection operator as h_{ab} = g_{ab} + U_aU_b, one can project equation (6) onto the direction normal to the four velocity as ∇_bT^{ab} = − [ g_{ab}L_m + T_{ab} ] ∇^b(ln f). (36)

Using (28), one can obtain the non-geodesic motion for the fluid element as

∇_uU^c = f^c, (37)

where the extra force, f^c is given by

f^c = −1ø(P + ρ) [ (L_m + P )∇_b(ln f) + ∇_bP ] h^{ac}. (38)

So by using L_m = −P we have

f^c = −1ø(P + ρ)∇^cP. (39)

This states the extra force is related to the coupling between matter and scalar field and it is proportional to the pressure gradient. This term is the usual term that appears in standard GR and encapsulates the force exerted on a fluid element due to the fluid pressure. This means that energy is indeed not conserved for this fluid does not affect the geodesic motion in GR.

Also by substituting (28) in to (37) one can obtain

∇_aT^{ab} = −(P + ρ) [ ∇_u(ln f) ] U^b, (40)

this equation states the flow of energy only take places along the direction of U i.e., aligned with the fluid worldlines. This means that the spatial components of the force in the rest frame of the fluid is zero and only the time component of the force is nonzero. This kind of force cannot have any effect on the motion because, based on the normalization U^aU_a = −1, the four acceleration a_c is perpendicular to the four velocity U^c. This states that the components of four-force perpendicular to the four velocity is zero. This is the fact which we discover here. Note that according to (38) in the case of dust with P = 0, the extra force f^c is zero and this is agree with (33).

On the other hand by inserting the Lagrangian density L_m = ρ in Eqs. (36) and (37) we have

∇_aT^{ab} = −(P + ρ) [ ∇^b(ln f) ] , (41) f^c = −1ø(P + ρ)∇^cP − ∇^c ln(f). (42)

Equation (41) states the flow of energy is not along the direction of U. This means that all components ( spatial and time components ) of the fifth force in the rest frame of the fluid are nonzero and then this kind of force can have any effect on the motion of matter. Also Eq. (42) shows that the fifth force does not proportional to the pressure gradient and it depends to the coupling between matter and scalar field. This means that in this case the motion is not geodesic.

C. Massive matter

In this Subsection we want to study the motion of ordinary massive matter (not perfect fluid). For this goal, we begin with energy-momentum four-vector p^a_0 (t). The density of p^a_0 (t) is defined by [36]

T^{a0}(x, t) = p^a_0(t)δ(x − x_0), (43)

where x is the general coordinate, x_0 is the coordinate of center of particle ( the index ”0” indicates the center of particle). And the current of this four vector is defined by T^{ai}(x, t) = p^a_0(t) dx^i_0(t) dt δ(x − x_0), (44)

one can united these two definition into one as

T^{ab}(x, t) = p^a_0 (t) dx^b_0(t) dt δ(x − x_0), (45) where x^0(t) := t. By rewriting the energy-momentum tensor of particle, (45), in the co-moving coordinate and using p^a_0 (τ) = m_0u^a, we have

T^{ab}(x) = m_0u^au^b, (46)

where τ is the proper time, u^a is four velocity vector and u^au_a = −1.

Moreover according to [27], we introduce a matter Lagrangian for a point particle with mass m_0 by

L_m = m_0δ(x − x_0) √ −g_{ab}ẋ^a_0ẋ^b_0, (47)

where ẋ^a_0 = dx^a_0 /dτ. The Lagrangian (47) give the particle equation of motion as

ẍ^a_0 + Γ^a_{bc}ẋ^c_0ẋ^b_0 = 0, (48)

This equation is a geodesics equation of motion for point particle. Since g_{ab}ẋ^a_0ẋ^b_0 = g_{ab}u^au^b = −1, one can rewrite (47) in co-moving coordinate as

L_m = m_0. (49)

Substituting Eqs. (46) and (49) into Eq. (6) we get

∇_uu_b = − ~∇_b ln(f) − (∇_au^a)u_b. (50)

Eq. (50), is geodesic equation of motion for a particle in CBD model which is modified with respect to conventional geodesic equation of GR. There are two terms in the right side of Eq. (50) which are the fifth force contribution from non-minimal coupling between matter and scalar field. Note that ~∇_b := (g_{ab} + u_au_b)∇^a is a particular derivative in the 3-dimensional space perpendicular to u_a. Therefore ~∇_b ln(f) is perpendicular to u_a, so it doesn’t any effect on the magnitude of velocity, namely this term does not any effects on the energy of particle. Also, since (∇_au^a)u_b is aligned on the particle worldline, it does not any effects on parallel transport of fourvelocity.

V. CONCLUSION

We have studied Brans-Dicke model which include a non-minimal coupling between scalar field and matter, so-called chameleon Brans-Dicke model. We have considered the possible deviation of free fall trajectories from geodesics. We have studied the motion of massless scalar particles, photon, massless perfect fluid(dust), massive perfect fluid and finally ordinary massive particles.

By assuming a wave like behavior for massless scalar field ( scalar photon), we have shown that the motion of scalar photon is take place on null geodesics only for high frequency limit, Moreover we have found that the electromagnetic particle (photon) is transverse and the motion of it is null geodesics only for the case which the reduced wave length of the photon be very small with respect to radius of curvature of the space-time and foe the case λ̄/L ≪ 1 the photon does not transverse and the motion of it is not null geodesic.

Furthermore, we have discussed the (non)- geodesics motion of perfect fluid. We have found that, although there is a degeneracy of Lagrangian densities in the context of standard GR, but our analysis have shown that in the CBD model this degeneracy does not excite and also dust and massive perfect fluid have geodesics motion foe L_m = −P and the motion of them is non-geodesics for L_m = ρ.

Finally, we introduced a Lagrangian and energymomentum tensor for a point like particle, and we have shown that the motion of a massive particle is not geodesic in CBD theory.

VI. ACKNOWLEDGEMENT

The work of Kh. Saaidi has been supported financially by the University of Kurdistan, Sanandaj, Iran, and he would like thank to the University of Kurdistan for supporting him in his sabbatical period.

[1] Y. Fujii and K. Maeda, The Scalar-Tensor Theory of Gravitation, (Cambridge University Press, Cambridge, England, 2003); D. Spergel et al., ApJ Supp. 148, 175 (2003).

[2] A. Einstein, Sitzungsber. K. preuss. Akad. Wiss. Phys.

Math. Klasse V 1, 142 (1917).

[3] S. Weinberg, Rev. Mod. Phys. 61, 1 (1989); P. J. E.

Peebles and B. Ratra , Rev. Mod. Phys. 75, 559 (2003); S. M. Carroll, Living Rev. Rel. 4, 1 (2001).g [4] V. Sahni and A. A. Starobinisky, Int. J .Mod. Phys. D 9, 373 (2000); T. Padmanabha, Phys. Rep. 380, 235 (2003).

[5] P. J. E. Peebles and B. Ratra, Astrophys. J. L 17, 325 (1988); B. Ratra and P. J. E. Peebles, Phys. Rev. D 37, 3406 (1988); T. G. Clemson and A. R. Liddle, Mon. Not. Roy. Astron. Soc. 395, 1585 (2009); C. Wetterich, Nucl. Phys. B 302, 668 (1988) [6] E. J. Copeland, M. Sami, and S. Tsujikawa., Int. J. Mod.

Phys. D 15, 1753 (2006).

[7] P. J. Steinhardt, L. M. Wang and I. Zlatev, Phys. Rev.

D 59, 123504 (1999).

[8] R. R. Caldwell and P. J. Steinhardt, Phys. Rev. D 57, 6057 (1998).

[9] S. M. Carroll, V. Duvvuri, M. Trodden and M. S. Turner, Phys. Rev. D bf 70, 043528 (2004) [10] S. Capozziello, S. Nojiri, S. D. Odintsov and A. Troisi, Phys. Lett. B 639, 135 (2006);

[11] S. Nojiri and S. D. Odintsov, Phys. Rev. D 74, 086005 (2006), Int. J. Geom. Meth. Mod. Phys. 4, 115 (2007).

[12] L. Amendola, R. Gannouji, D. Polarski and S. Tsujikawa, Phys. Rev. D 75, 083504 (2007).

[13] D. F. Mota and J. D. Barrow, Phys. Lett. B 581, 141 (2004); J. Khoury and A. Weltman, Phys. Rev. D 69, 044026 (2004), Phys. Rev. Lett. 93, 171104 (2004); D. F. Mota and D. J. Shaw, Phys. Rev. Lett. 97, 151102 (2006), Phys. Rev. D 75, 063501 (2007).

[14] A. R. Liddle and R. J. Scherrer, Phys. Rev. D 59, 023509 (1998); V. Faraoni, Class. Quant. Grav. 22, 3235, (2005).

[15] T. Clifton and J. D. Barrow, Phys. Rev. D 73, 104022 (2006).

[16] S. Das and N. Banerjee Phys. Rev. D 78, 043512 (2008). [17] Kh. Saaidi, A. Mohammadi and H. Sheikhahmadi,Phys.

Rev. D 83, 104019 (2011).

[18] Kh. Saaidi and A. Mohammadi Phys. Rev. D 85, 104019 (2012).

[19] Kh. Saaidi, A. Mohammadi and T. Golanbari, arXiv:1201.0372..

[20] H. Farajollahi, Amin Salehi, JCAP bf 1011, 006 (2010). [21] H. Farajollahi, A. Salehi, F. Tayebi, A. Ravanpak, JCAP 05, 017 (2011).

[22] H. Farajollahi, A. Ravanpak, G. Farpour Fadakar, arXiv:1106.2659 [23] H. Farajollahi, A. Salehi, JCAP 07, 036 (2011). [24] L. Amendola, Phys. Rev. D 62, 043511 (2000), Phys.

Rev. D 62, 103524 (2004); R. Bean and J. Magueijo, Phys. Lett. B 17, 177 (2001); T. Koivisto, Phys. Rev. D 72, 043516 (2005); R. Bean, et al, Phys. Rev. D 78, 123514 (2008); R. Bean, E. E. Flanagan and M. Trodden, Phys. Rev. D 78, 023009 (2008); O. Bertolami and J. Paramos, Phys. Rev. D 77, 084018 (2008); O. Bertolami, F. S. N. Lobo, and J. Paramos, Phys. Rev. D 78, 064036 (2008); V. Faraoni, Phys. Rev. D 76, 127501 (2007); O. Bertolami and J. Paramos, Class. Quantum Grav. 25, 245017 (2008); T.P. Sotiriou, Phys. Lett. B 664, 225 (2008); T. P. Sotiriou and V. Faraoni, Class. Quantum Grav. 25, 205002 (2008); Y. Bisabr, F. Nahad, arXiv:1205.0328.

[25] S. Carroll, Phys. Rev. Lett. 81, 3067 ( 1998); T. Damour, A. M. Polyakov, Nucl. Phys. B 423, 532 ( 1994); T. Damour, G. Gibbons, and C. Gundlach, Phys. Rev. Lett. 64, 123 ( 1990).

[26] G. Caldera-Cabral, R. Maartens and B. M. Schaefer, JCAP 0907, 027 (2009); J. Valiviita, R. Maartens and E. Majerotto, Mon. Not. R. Astron. Soc. 402, 2355 (2010).

[27] B. Li and H. Zhao, Phys. Rev. D 80, 044027 (2009); H.

Zhao, A. V. Maccio, B. Li, H. Hoekstra and M. Feix, Astrophys. J. Lett. 712, 179 (2009).

[28] Kh. Saaidi, A. Aghamohammadi, Astrophys.Space Sci.

333, 327 (2011).

[29] C. F. Will, ”Theory and Experiment in Gravitational Physics” (Cambridge: CUP, 1981) [30] J. Bicak and K. V. Kuchar, Phys. Rev. D 56, 4878 (1997). [31] R. M. Wald, ”General Relativity” (Chicago: Chicago Univ. Press, 1984).

[32] G. W. Gibbons and S. W. Hawking, Phys. Rev. D 15, 2752 (1997).

[33] J. D. Brown and J. W. York, Phys. Rev. D 47, 1420 (1993).

[34] J. D. Brown, Class. Quant. Grav. 10, 1579 (1993) [35] S. W. Hawking and G. F. R. Ellis, ”The Large Scale Structure of Spacetime”, (Cambridge University Press, Cambridge 1973).

[36] S. Weinberge, Gravitational and Cosmology, (New York:

Willey, 1984).

[37] Invisible matter is not completely cold dark matter because some candidates of cold dark matter are visible.

[38] Where observation and experiments are performed such as Earth.