arXiv:1205.3781v2 [hep-ph] 15 Jun 2012

Vacuum Stability Conditions From Copositivity Criteria

Kristjan Kannike

Scuola Normale Superiore and INFN, Piazza dei Cavalieri 7, 56126 Pisa, Italy National Institute of Chemical Physics and Biophysics, Rävala 10, Tallinn, Estonia

Abstract A scalar potential of the form λ_{ab}φ^2_aφ^2_b is bounded from below if its matrix of quartic couplings λ_{ab} is copositive – positive on non-negative vectors. Scalar potentials of this form occur naturally for scalar dark matter stabilised by a Z2 symmetry. Copositivity criteria allow to derive analytic necessary and sufficient vacuum stability conditions for the matrix λ_{ab}. We review the basic properties of copositive matrices and analytic criteria for copositivity. To illustrate these, we re-derive the vacuum stability conditions for the inert doublet model in a simple way, and derive the vacuum stability conditions for the Z2 complex singlet dark matter, and for the model with both a complex singlet and an inert doublet invariant under a global U(1) symmetry.

1 Introduction

Interest in extended scalar sectors has been rekindled by the inconclusive results of a 125 GeV Higgs boson from LHC and TeVatron [1]. In the Standard Model, the Higgs potential is not stable up to the scale of Grand Unified Theories (GUT) if the Higgs boson mass is below 128 GeV, because the Higgs boson quartic coupling λ runs to negative values below the GUT scale [2]. Extending the model by scalars can improve vacuum stability [3, 4, 5, 6].

To ensure a stable vacuum, the scalar potential has to be bounded from below. In the Standard Model it is enough to have a positive Higgs boson quartic coupling λ > 0. In theories with more scalar degrees of freedom, such as the two-Higgs-doublet model, the potential should be bounded from below in all directions in the field space as the field strength approaches infinity.

Finding vacuum stability conditions is a difficult problem in general. However, it is possible that the quartic part of the scalar potential is a quadratic form λ_{ab}φ^2_aφ^2_b of squares of real fields. A Z_2 symmetry that stabilises scalar dark matter imposes this condition in a natural way. In that case, definite analytic conditions for vacuum stability can be given.

In the calculations of vacuum stability we can ignore any terms with dimensionful couplings – mass terms or soft terms –, since in the limit of large field values, d < 4 terms are negligible in comparison with the quartic part of the scalar potential V_4. Demanding that V_4 > 0 as the fields φ_i → ∞ is the requirement of strong stability. V_4 ⩾ 0 means stability in the marginal sense (then one must have V_2 ⩾ 0). Below we give all conditions in the marginal sense; they can be made strong by making the inequalities strict.

If the quartic part of the scalar potential V_4 is a biquadratic form λ_{ab}φ^2_aφ^2_b of real fields or gauge orbit variables, then its domain is not the whole R^n , but the non-negative orthant R^n_+ . In that case, the potential is positive if the matrix λ_{ab} is copositive – positive on non-negative vectors (‘copositive’ is short for ‘conditionally positive’).

The notion of copositivity was first introduced by Motzkin [7] in 1952. Hitherto it has been used in the field of quadratic optimisation (see e.g. [8]). The set of copositive matrices is larger than the set of familiar positive (semi)definite matrices and includes it. While is easy to find the positive definite part of the parameter space using Sylvester’s criterion on R^n , the criteria for copositivity are more complex. In general, testing for copositivity is NP-hard [9]. Imposing symmetries on the potential can considerably simplify the criteria.

While the notion of copositivity is well known in the field of optimisation and nonlinear programming, to our knowledge we are the first to use these criteria to determine constraints on quartic couplings from vacuum stability. Recent reviews on copositive matrices are [10, 11] and in the Ph.D. thesis of Bundfuss [12]. A short review of many specific algorithms to detect copositivity is [13].

The purpose of this paper is to introduce basic properties of copositive matrices and criteria for copositivity. We compare copositivity with the familiar positive definiteness. We give explicit criteria for copositivity of 2 × 2 and 3 × 3 matrices, and some general criteria in terms of the cofactors of the matrix or in terms of its eigenvalues and eigenvectors. We have left out lengthy proofs of the theorems we give and refer the interested reader to the cited papers.

After a review we put the criteria to practice. We re-derive the vacuum stability conditions for the inert doublet model [14, 15] in a parameterisation where they are self-evident. Then we derive the necessary and sufficient vacuum stability conditions (25) for the full scalar potential of the Higgs boson and complex singlet dark matter stabilised by a Z_2 symmetry. Previously, only a simpler potential with a global U(1) has been considered [16, 17]. We see that in case of singlets, in general their real components, not the polar form, have to be used to capture the whole parameter space. Last, we derive the vacuum stability conditions for a model where the scalar dark sector comprises both the inert doublet and a complex singlet [18, 19].

In Section 2, we introduce the notion of copositivity, give some criteria for matrices to be copositive, and compare them to the usual criteria of positive definiteness. In Section 3, we re-derive the vacuum stability conditions for the inert doublet model. In Section 4, we derive the vacuum stability conditions for the model of Z_2 complex singlet dark matter. To give another example, we find vacuum stability conditions for the singlet and doublet model with a global U(1) symmetry in Section 5. We conclude in Section 6.

2 Copositive Matrices

We first briefly recall properties of the usual positive matrices. A symmetric matrix A is said to be positive semidefinite if the quadratic form x^T Ax ⩾ 0 for all vectors x in R^n . – A positive matrix A is positive definite if the quadratic form x^T Ax > 0 for all vectors x.

There are several equivalent criteria for a matrix A to be positive. For example, all its eigenvalues have to be non-negative, as we can go to a basis where the matrix A is diagonal. If all x_i save one are zero, then in that basis a_{ii} ⩾ 0 for the matrix to be positive. For practical purposes, however, this is not a good criterion: already the eigenvalues of a 3 × 3 matrix are rather complicated analytical expressions.

A more convenient one is Sylvester’s criterion (see e.g. [20]). It states that for a symmetric matrix A to be positive semidefinite, the principal minors of A have to be non-negative. (The principal minors are determinants of the principal submatrices. The principal submatrices of A are obtained by deleting rows and columns of A in a symmetric way, i.e. if the i_1, . . . , i_k rows are deleted, then the i_1, . . . , i_k columns are deleted as well. The largest principal submatrix of A is A itself.) Thus if the matrix A is positive, all of its submatrices, in particular the diagonal elements a_{ii} have to be non-negative.

The definition of a copositive matrix is similar to the definition of a positive definite matrix. A symmetric matrix A is copositive if the quadratic form x^T Ax ⩾ 0 for all vectors x ⩾ 0 in the non-negative orthant R^n_+ . (Notation x ⩾ 0 means that x_i ⩾ 0 for each i = 0, . . . , n.) – A copositive matrix A is strictly copositive if the quadratic form x^T Ax > 0 for all vectors x > 0.

Positive matrices are a subset of copositive matrices. It is also obvious that a non-negative matrix A with a_{ij} ⩾ 0 of any order is copositive. It is easy to show that for n = 2 copositive matrix is either positive-semidefinite or non-negative. In fact every copositive matrix of order n = 3 or n = 4 can be expressed as the sum S + N of a positive semidefinite matrix S and a nonnegative matrix N [21]. For n > 4, matrices of the form S + N are a strict subset of the copositive matrices.^1 However, because for large matrices the general tests are slow, it can still be useful to test if a given matrix has the form S + N [22].

If one component x_i is set to zero, then the quadratic form x^T Ax becomes a quadratic form of the remaining variables. Therefore if a matrix A of order n is copositive, each principal submatrix of A of order n − 1 is also copositive and so forth. In particular a_{ii} ⩾ 0 for all i. If A is strictly copositive then a_{ii} > 0.

A symmetric matrix A of order 2 is copositive if and only if [23]

a_{11} ⩾ 0, a_{22} ⩾ 0, (1) a_{12} + √ a_{11}a_{22} ⩾ 0. (2)

This can be easily seen: if a_{12} < 0, then a_{11}a_{22} ⩾ a^2_{12} is required, but if a_{12} ⩾ 0, there are no constraints on a_{11} and a_{22} besides being positive: A is indeed either positive semidefinite or non-negative. Combining these statements with a_{11} ⩾ 0, a_{22} ⩾ 0 gives (2).

Because (2) has to hold for all 2 × 2 principal submatrices of A, we have a_{ij} + √a_{ii}a_{jj} ⩾ 0 for all i, j. If a_{ii} = 0, then a_{ij} ⩾ 0 for all j.

Note that unlike positive definiteness, copositivity is not invariant under basis transformations. Consider [12] A = ( 1 2 2 1 ) and U = ( 0 −1 1 0 ) . (3)

1Thus random generation of copositive matrices is rather easy for n ≤ 4, since by Cholesky decomposition every positive semidefinite matrix can be factorised as S = LL^†, where L is a lower triangular matrix.

The matrix U^T AU = ( 1 −2 −2 1 ) (4) is not copositive as it does not satisfy (2). However, copositivity is invariant under permutations and scaling with positive numbers.

A symmetric matrix A of order 3 is copositive if and only if [24, 25]

a_{11} ⩾ 0, a_{22} ⩾ 0, a_{33} ⩾ 0, ā_{12} = a_{12} + √ a_{11}a_{22} ⩾ 0, ā_{13} = a_{13} + √ a_{11}a_{33} ⩾ 0, ā_{23} = a_{23} + √ a_{22}a_{33} ⩾ 0, (5)

and √ a_{11}a_{22}a_{33} + a_{12} √ a_{33} + a_{13} √ a_{22} + a_{23} √ a_{11} + √ 2ā_{12}ā_{13}ā_{23} ⩾ 0. (6)

The last criterion in (6) is a simplification of √ a_{11}a_{22}a_{33} + a_{12} √ a_{33} + a_{13} √ a_{22} + a_{23} √ a_{11} ⩾ 0, (7) det A = a_{11}a_{22}a_{33} − (a^2_{12}a_{33} + a^2_{13}a_{22} + a_{11}a^2_3) + 2a_{12}a_{13}a_{23} ⩾ 0, (8)

where one or the other inequality has to hold [24]. (The condition det A ⩾ 0 is also part of Sylvester’s criterion for positive semidefiniteness.) The conditions (5) simply state that the three 2 × 2 principal submatrices of A are copositive. Only (6) looks more peculiar.

In the literature there are also explicit criteria for matrices of order 4 and 5 [26] and [27] (also gives a recursive algorithm for matrices of order n), but these are too lengthy to reproduce here.

For larger matrices, it is easier to use more general criteria such as the Cottle-Habetler-Lemke theorem [28]: Suppose that the order n − 1 principal submatrices of a real symmetric matrix A of order n are copositive. In that case A is non-copositive if and only if

det A < 0 and adj A ⩾ 0. (9)

The adjugate of A is the transpose of the cofactor matrix of A:

(adj A)_{ij} = (−1)^{i+j} M_{ji}, (10)

where M_{ij} is the (i, j) minor of A, the determinant of the submatrix that results from deleting row i and column j of A.

To illustrate the theorem, consider the 2 × 2 symmetric matrix

A_2 = ( a_{11} a_{12} a_{12} a_{22} ) . (11)

Its adjugate is

adj A_2 = ( a_{22} −a_{12} −a_{12} a_{11} ) . (12)

By assumption, a_{11} ⩾ 0, a_{22} ⩾ 0. The first condition det A_2 = a_{11}a_{22} − a^2_{12} < 0 gives by a − b^2 ⩾ 0 ⇒ √ a + b ⩾ 0 (13)

that if a_{12} + √ a_{11}a_{12} < 0, then A is not copositive. Indeed, this violates (2).

For the 2 × 2 matrix the second condition does not give anything new because a_{12} may or may not be negative without violating copositivity.

The theorem can be rephrased: Suppose that the order n − 1 principal submatrices of a real symmetric matrix A of order n are copositive. In that case A is copositive if and only if

det A ⩾ 0 or some element(s) of adj A < 0. (14)

For A_2, the condition det A_2 ⩾ 0 together with a_{11} ⩾ 0, a_{22} ⩾ 0 is Sylvester’s criterion of positive semidefiniteness for 2 × 2 matrices. Alternatively some elements of adj A_2 < 0. Because a_{11} ⩾ 0, a_{22} ⩾ 0, it can be only −a_{12} < 0. The condition a_{11}a_{22} − a^2_{12} ⩾ 0 ∨ a_{12} > 0 is exactly equivalent to (2).

There are other algebraic criteria for copositivity. Positive definiteness can be checked via positivity of eigenvalues of the matrix. A similar criterion exists for copositivity, only now all the eigenvalues and eigenvectors of the principal submatrices have to be considered as well. – Kaplan’s test [29] states that a symmetric matrix A is copositive if and only if every principal submatrix of A has no eigenvector v > 0 with associated eigenvalue λ < 0. (This arises from the positivity of the so-called Pareto eigenvalues of the matrix A [11].)

There is also a Schur complement-like theorem for copositive matrices [30] stating that the matrix A = ( a b^T b C ) , (15)

where b is a vector in R^{n−1} and C is a symmetric matrix of order n, is copositive if and only if

1. a ⩾ 0, C is copositive, and

2. y^T (aC − bb^T )y ⩾ 0 for all y ∈ R^{n−1} such that b^T y ⩽ 0.

The second condition is the hardest to verify.

Because the number of principal submatrices grows exponentially with matrix size, for large matrices of order about n > 20 numerical criteria like simplex algorithms [31] should be used.

3 An Example: Vacuum Stability Conditions for the Inert Doublet Model

For a warmup, we re-derive the vacuum stability conditions for the inert doublet model [14, 15] via copositivity. The inert doublet model is a Z_2-symmetric version of the two-Higgs-doublet model (2HDM) [32] (see [33] for a comprehensive review) that contains a candidate of scalar dark matter. For completeness we also discuss the general 2HDM, though it is more amenable to other approaches.

The most general 2HDM scalar potential of two electroweak doublets H_1 and H_2 is

V = μ^2_1|H_1|^2 + μ^2|H_2|^2 + λ_1|H_1|^4 + λ_2|H_2|^4 + λ_3|H_1|^2|H_2|^2

+ λ_4(H^†_1 H_2)(H^†_2 H_1) + 1 2 [ λ_5(H^†_1 H_2)^2 + λ^∗_5(H^†_2 H_1)^2 ] + |H_1|^2(λ_6H^†_1 H_2 + λ^∗_6H^†_2 H_1) + |H_2|^2(λ_7H^†_1 H_2 + λ^∗_7H^†_2 H_1)

= μ^2_1h^2_1 + μ^2h^2 + λ_1h^4_1 + λ_2h^4_2 + λ_3h^2_1h^2 + λ_4ρ^2h^2_1h^2 + |λ_5| cos(2ϕ + ϕ_{λ5} )ρ^2h^2_1h^2 + 2r^3_1 r_2|λ_6| cos(ϕ + ϕ_{λ6} ) + 2r_1r^3_2 |λ_7| cos(ϕ + ϕ_{λ7} ),

(16)

where we have parameterised the field bilinears as [34]

|H_1|^2 = h^2_1, |H_2|^2 = h^2, H^†_1 H_2 = h_1h_2ρe^{iϕ}. (17)

The parameter |ρ| ∈ [0, 1] as implied by the Cauchy inequality 0 ⩽ |H^†_1 H_2| ⩽ |H_1||H_2|. In the inert doublet model, the potential is required to be invariant under the Z_2 transformations H_1 → H_1, H_2 → −H_2, setting λ_6 = λ_7 = 0. In this case the quartic part of the scalar potential is a quadratic form of h^2_1 and h^2. To find the vacuum stability conditions, we must minimise the potential with respect to the free parameters ρ and ϕ. It is obvious that the minimum of the λ_5 term is given by cos(2ϕ+ϕ_{λ5} ) = −1. For this minimum, the matrix of quartic couplings for the minimal potential in the (h^2_1, h^2) basis is Λ = ( λ_1^1_2 [ λ_3 + ρ^2 (λ_4 − |λ_5|) ] 1 2 [ λ_3 + ρ^2 (λ_4 − |λ_5|) ] λ_2 ) . (18)

Now if λ_4 − |λ_5| ⩾ 0, the minimum of the potential is obtained by setting ρ = 0, but if λ_4 − |λ_5| < 0, then the minimum is given by ρ = 1. Applying the copositivity criteria (1), (2) to (18) for these two cases yields

λ_1 ⩾ 0, λ_2 ⩾ 0, λ_3 + 2 √ λ_1λ_2 ⩾ 0, λ_3 + λ_4 − |λ_5| + 2 √ λ_1λ_2 ⩾ 0, (19)

the well known vacuum stability conditions [14, 35, 34, 36] for the inert doublet model.^2

Derivation of the necessary and sufficient conditions (19) for the special case of the inert doublet model is simpler with copositivity than with the methods used to derive the necessary and sufficient positivity conditions for the most general 2HDM [36].

To apply copositivity to the latter, one would have to consider a larger monomial basis ⃗h ≡ (h^2_1, h_1h_2, h^2) in which the matrix of couplings is

Λ(c_i) = λ_1 |λ_6|ρ cos(ϕ + ϕ_{λ6} ) c_1^1_2 λ_{345}(ρ, ϕ) |λ_6|ρ cos(ϕ + ϕ_{λ6} ) c_2λ_{345}(ρ, ϕ) |λ_7|ρ cos(ϕ + ϕ_{λ7} )

c_1^1_2 λ_{345}(ρ, ϕ) |λ_7|ρ cos(ϕ + ϕ_{λ7} ) λ_2 , (20)

2Had we attempted to find the vacuum stability conditions from copositivity via real components of the fields, we would get, besides (19), redundant inequalities like λ_2 + |λ_2| ⩾ 0, due to the SU(2) symmetry. In the basis of the eight real component fields, it would be much more troublesome to show that the conditions (19) are not just necessary, but also sufficient.

where we have denoted λ_{345}(ρ, ϕ) ≡ λ_3 + ρ^2 [λ_4 + |λ_5| cos(2ϕ + ϕ_{λ5} )].

Now, however, the elements on the minor diagonal of the matrix (20) are not independent any more [37]: they depend on two parameters c_1 and c_2 with the condition that c_1 + c_2 = 1. (21)

The matrices Λ(c_i) form an affine space.

It is easy to see that if Λ(c_i) is copositive for some values of c_i = c^0_i satisfying (21) (and the whole ranges of ρ and ϕ), then the potential (16) is bounded below. (Note that c^0_i depend on the values of λ_i, ρ and ϕ.)

Namely, assuming that Λ(c^0_i ) is copositive, but the potential is not bounded below for a non-negative vector ⃗h_− is contradictory, because the potential (16) is given by V (⃗h) = ⃗h^T Λ(c_i)⃗h for any allowed values of c_i, especially c^0_i . Thus also for ⃗h_−, we have V (⃗h_−) = ⃗h^T_−Λ(c^0_i )⃗h_− ⩾ 0 from non-negativity of ⃗h_− and definition of copositivity.

4 Vacuum Stability Conditions for Complex Singlet Dark Matter

A real [38, 6] or complex [16, 17, 39, 4] scalar singlet is perhaps the simplest candidate for dark matter. The scalar sector of the latter model comprises the Standard Model Higgs doublet H_1 and the complex singlet S = S_H + i S_A √ 2 . (22)

The most general scalar potential invariant under the Z_2 transformations H_1 → H_1, S → −S is

V = μ^2_1|H_1|^2 + μ^2_S |S|^2 + μ^{′2}_S 2 [ S^2 + (S^†)^2 ] + λ_1|H_1|^4

+ λ_S |S|^4 + λ^′_S 2 [ S^4 + (S^†)^4 ] + λ^{′′}_S 2 |S|^2 [ S^2 + (S^†)^2 ]

+ λ_{S1}|S|^2|H_1|^2 + λ^′_{S1} 2 |H_1|^2 [ S^2 + (S^†)^2 ] . (23)

Only the Hermitian square |H_1|^2 of the Higgs field appears since it is the only scalar doublet in the model, and only the squares S^2_H and S^2_A of the components of the singlet appear because of the Z_2 symmetry.

The matrix of quartic couplings Λ in the (h^2_1, S^2_H , S^2_A) basis is given by

4 Λ =

4λ_1 λ_{S1} + λ^′_{S1} λ_{S1} − λ^′_{S1} λ_{S1} + λ^′_{S1} λ_S + λ^′_S + λ^{′′}_S λ_S − 3λ^′_S λ_{S1} − λ^′_{S1} λ_S − 3λ^′_S λ_S + λ^′_S − λ^{′′}_S . (24)

Applying the criteria for copositivity (5) and (6) to the matrix of quartic couplings (24) yields λ_1 ⩾ 0, λ_S + λ^′_S + λ^{′′}_S ⩾ 0, λ_S + λ^′_S − λ^{′′}_S ⩾ 0,

λ̄_{1H} = λ_{S1} + λ^′_{S1} + 2 √ λ_1(λ_S + λ^′_S + λ^{′′}_S ) ⩾ 0,

λ̄_{1A} = λ_{S1} − λ^′_{S1} + 2 √ λ_1(λ_S + λ^′_S − λ^{′′}_S ) ⩾ 0,

λ̄_{HA} = λ_S − 3λ^′_S + √ (λ_S + λ^′_S )^2 − λ^{′′2}_S ⩾ 0, 2 √ λ_1 [√ (λ_S + λ^′_S )^2 − λ^{′′2}_S + λ_S − 3λ^′_S ]

+ λ_{S1} (√ λ_S + λ^′_S − λ^{′′}_S + √ λ_S + λ^′_S + λ^{′′}_S )

+ λ^′_{S1} (√ λ_S + λ^′_S − λ^{′′}_S − √ λ_S + λ^′_S + λ^{′′}_S )

+ √ 2 √ λ̄_{1H} λ̄_{1A}λ̄_{HA} ⩾ 0.

(25)

We emphasise that these are the necessary and sufficient conditions for vacuum stability.^3

Previously [17], the vacuum stability conditions have been derived only in the case of an extra global U(1) symmetry imposed on the potential (23). Then λ^′_S = λ^{′′}_S = λ^′_{S1} = 0, and the conditions (25) reduce to

λ_1 ⩾ 0, λ_S ⩾ 0, λ_{S1} ⩾ −2 √ λ_1λ_S (26)

that – taking into account normalisation conventions – coincide with the conditions given in [17]. In that case the last inequality in (25) becomes redundant, being identically true by virtue of (26).

Could one derive the conditions (25) by parameterising the singlet field as S = se^{iϕS} and considering the copositivity criteria (1) and (2) for the 2 × 2 matrix Λ = ( λ_1^1_2 (λ_{S1} + λ^′_{S1} cos 2ϕ_S ) 1 2 (λ_{S1} + λ^′_{S1} cos 2ϕ_S ) λ_S + λ^′_S cos 4ϕ_S + λ^{′′}_S cos 2ϕ_S ) (27)

of couplings?

In the U(1) case we just encountered, the terms dependent on ϕ_S are forbidden and (27) gives exactly the conditions (26).

Otherwise, we have to minimise the potential with respect to ϕ_S . Already for the self-couplings of S, however, this approach fails to capture the whole allowed region. If h_1 = 0, we must have

λ_S + λ^′_S cos 4ϕ_S + λ^{′′}_S cos 2ϕ_S ⩾ 0. (28)

If λ^{′′}_S = 0, then the minimum of λ_S + λ^′_S cos 4ϕ_S is obviously λ_S − |λ^′_S |. Else, the extremum condition is

2λ^′_S sin 4ϕ_S + λ^{′′}_S sin 2ϕ_S = (λ^′_S + 4λ^{′′}_S cos 2ϕ_S ) sin 2ϕ_S = 0, (29)

3The previously given conditions in [19] pertaining to H_1 and S are necessary conditions for positivity, not copositivity.

Figure 1: Allowed parameter space for the quartic self-couplings of S. Area with dashed border: the parameter space allowed for λ^{′′}_S = 0. Only λ^′_S ⩾ 0 is allowed by positivity (light red), while copositivity also includes the area below zero (light green). Area with solid border: the parameter space allowed by positivity (red), the constraint from minimising the potential (red and blue) and copositivity for real fields (the whole area) for λ^{′′}_S = 1/2.

giving ϕ_S = ±n^π_2 and ϕ_S =^1_2 [ ± arccos ( −^{λ′′S}_{4λ}′_S ) + 2nπ ] . The former solution reproduces λ_S + λ^′_S ± λ^{′′}_S ⩾ 0. The latter solution gives λ_S − λ^′_S − λ^{′′2}_S 8λ^′_S ⩾ 0. (30)

From Sylvester’s criterion for the 23 submatrix of (24) one gets a similar condition for the usual positivity of singlet self-couplings:

8(λ_S − λ^′_S )λ^′_S − λ^{′′2}_S ⩾ 0. (31)

The regions are illustrated in Figure 1. If λ^{′′}_S = 0 (area with dashed border), positivity only allows λ_S ⩾ λ^′_S ⩾ 0 (light red), while copositivity allows λ_S − |λ^′_S | ⩾ 0 (light red and light green).

For λ^{′′}_S = 1/2, the positivity condition (31) allows only the red region, the copositivity condition (30) with minimising the potential allows the red and blue regions, but a sliver (green) of the full allowed region given by λ̄_{HA} ⩾ 0 (25) is left out. The full allowed region (solid green border) encompasses the red and blue regions.

We see that because there are several phase-dependent terms in the potential, the complex singlet has to be decomposed into real and imaginary parts instead of the polar form to guarantee that the obtained vacuum stability conditions are necessary and sufficient. An alternative would be to scan over ϕ_S numerically.

5 Complex Singlet and Inert Doublet with a Global U(1) Symmetry

As another example we consider extending the Standard Model with both the complex singlet S and the inert doublet H_2 [18, 19]. This is the minimal extension of the Standard Model that enables soft cubic couplings that can induce electroweak symmetry breaking [40], or semi-annihilation [41].

The necessary and sufficient vacuum stability conditions of the general Z_2- symmetric model [19] can be derived via the Cottle-Habetler-Lemke theorem from the matrix of quartic couplings in the basis (h^2_1, h^2, S^2_H , S^2_A).^4 However, to present a useful illustration of the copositivity criteria, we impose a global U(1) symmetry on the potential. With the given field content, the scalar potential invariant under the global U(1) symmetry H_1 → H_1, H_2 → e^{iα}H_2, S → e^{iα}S transformations is

V = μ^2_1|H_1|^2 + μ^2|H_2|^2 + μ^2_S |S|^2 + μ_{SH} 2 (H^†_2 H_1S + H^†_1 H_2S^†)

+ λ_S |S|^4 + λ_1|H_1|^4 + λ_2|H_2|^4 + λ_3|H_1|^2|H_2|^2 + λ_4(H^†_1 H_2)(H^†_2 H_1) + λ_{S1}|S|^2|H_1|^2 + λ_{S2}|S|^2|H_2|^2.

(32)

In the parameterisation (17), the quartic part of the potential (32) is

V_4 = λ_S s^4 + λ_1h^4_1 + λ_2h^4_2 + λ_3h^2_1h^2 + λ_4ρ^2h^2_1h^2 + λ_{S1}h^2_1s^2 + λ_{S2}h^2s^2, (33)

where we have used S = se^{iϕS} . The potential is minimised for ρ = 0 if λ_4 ⩾ 0, and for ρ = 1 if λ_4 < 0. As a shorthand for this, we can use the Heavyside theta function θ(−λ_4). The matrix of couplings Λ for the minimal potential in the (h^2_1, h^2, s^2) basis is given by

2Λ =

2λ_1 λ_3 + θ(−λ_4)λ_4 λ_{S1} λ_3 + θ(−λ_4)λ_4 2λ_2 λ_{S2} λ_{S1} λ_{S2} 2λ_S . (34)

Copositivity criteria (5) and (6) yield the necessary and sufficient vacuum stability conditions:

λ_1 ⩾ 0, λ_2 ⩾ 0, λ_S ⩾ 0, λ̄_{12} ≡ λ_3 + θ(−λ_4)λ_4 + 2 √ λ_1λ_2 ⩾ 0, λ̄_{1S} ≡ λ_{S1} + 2 √ λ_1λ_S ⩾ 0, λ̄_{2S} ≡ λ_{S2} + 2 √ λ_2λ_S ⩾ 0,

(35)

and √ λ_1λ_2λ_S + [λ_3 + θ(−λ_4)λ_4] √ λ_S + λ_{S1} √ λ_2 + λ_{S2} √ λ_1 + √ λ̄_{12}λ̄_{1S}λ̄_{2S} ⩾ 0.

(36)

Note that it is easy to take into account some terms that break the U(1) symmetry. For example, we can add the λ^′_S term to the potential. As discussed in Section 4, this corresponds to λ_S → λ_S − |λ^′_S | in (35) and (36). In the same way, we can add the λ_5 term, with λ_3 +θ(−λ_4)λ_4 → λ_3 +θ(−λ_4 +|λ_5|) (λ_4 −|λ_5|) in (35) and (36).

4The conditions given in [19] are necessary conditions for positivity, not copositivity; in [3] sufficient conditions were used.

6 Conclusions

For a scalar potential whose d = 4 part is a biquadratic form of the fields, λ_{ab}φ^2_aφ^2_b , the vacuum stability conditions for the potential to be bounded below coincide with the criteria for the matrix of its quartic couplings λ_{ab} to be copositive or positive on non-negative vectors. The notion of copositivity has found use in convex optimization, but has hitherto been overlooked in particle physics. Copositivity allows for a larger parameter space than positivity. For the latter, Sylvester’s criterion gives a simple set of inequalities, but conditions for the former are more complicated.

We reviewed basic properties of copositive matrices and explicit criteria for copositivity of 2 × 2 (these are already well known in particle physics literature, though not under that name) and of 3 × 3 matrices. The Cottle-Habetler-Lemke theorem or other algebraic criteria can be used for larger matrices. In code, the theorem is easier to use even for small matrices, as it is a polynomial criterion that does not involve calculation of square roots. For really large matrices (of about order n > 20), approximate algorithms have to be used.

We illustrated this method by deriving the vacuum stability conditions for some dark matter models where the dark sector comprises either a complex singlet, an inert doublet, or both. In conclusion, copositivity allows to find analytic necessary and sufficient vacuum stability conditions for complicated models in an important special case.

Acknowledgements

We thank Martti Raidal for comments and suggestions and Julia Polikarpus for consultation. This work was supported by the ESF grants 8090, 8943, MTT8, MTT60, MJD140 by the recurrent financing SF0690030s09 project and by the European Union through the European Regional Development Fund.

References

[1] ATLAS Collaboration, G. Aad et. al., Combined search for the Standard Model Higgs boson using up to 4.9 fb^{−1} of pp collision data at √ s = 7 TeV with the ATLAS detector at the LHC, Phys.Lett. B710 (2012) 49–66, [arXiv:1202.1408]. CMS Collaboration, S. Chatrchyan et. al., Combined results of searches for the standard model Higgs boson in pp collisions at √ s = 7 TeV, arXiv:1202.1488. TEVNPH, CDF and D0 Collaboration, Combined CDF and D0 Search for Standard Model Higgs Boson Production with up to 10.0 fb-1 of Data, arXiv:1203.3774.

[2] J. Casas, J. Espinosa, and M. Quiros, Improved Higgs mass stability bound in the standard model and implications for supersymmetry, Phys.Lett. B342 (1995) 171–179, [hep-ph/9409458]. J. Casas, J. Espinosa, and M. Quiros, Standard model stability bounds for new physics within LHC reach, Phys.Lett. B382 (1996) 374–382, [hep-ph/9603227]. G. Isidori, G. Ridolfi, and A. Strumia, On the metastability of the standard model vacuum, Nucl.Phys. B609 (2001) 387–409, [hep-ph/0104016]. G. Isidori, V. S. Rychkov, A. Strumia, and

N. Tetradis, Gravitational corrections to standard model vacuum decay, Phys.Rev. D77 (2008) 025034, [arXiv:0712.0242]. J. Elias-Miro, J. R. Espinosa, G. F. Giudice, G. Isidori, A. Riotto, et. al., Higgs mass implications on the stability of the electroweak vacuum, Phys.Lett. B709 (2012) 222–228, [arXiv:1112.3022].

[3] M. Kadastik, K. Kannike, A. Racioppi, and M. Raidal, Implications of the 125 GeV Higgs boson for scalar dark matter and for the CMSSM phenomenology, arXiv:1112.3647.

[4] M. Gonderinger, H. Lim, and M. J. Ramsey-Musolf, Complex Scalar Singlet Dark Matter: Vacuum Stability and Phenomenology,

arXiv:1202.1316.

[5] J. Elias-Miro, J. R. Espinosa, G. F. Giudice, H. M. Lee, and A. Strumia, Stabilization of the Electroweak Vacuum by a Scalar Threshold Effect, arXiv:1203.0237. O. Lebedev, On Stability of the Electroweak Vacuum and the Higgs Portal, arXiv:1203.0156.

[6] C.-S. Chen and Y. Tang, Vacuum stability, neutrinos, and dark matter, JHEP 1204 (2012) 019, [arXiv:1202.5717]. C. Cheung, M. Papucci, and K. M. Zurek, Higgs and Dark Matter Hints of an Oasis in the Desert,

arXiv:1203.5106.

[7] T. S. Motzkin, Copositive quadratic forms, in National Bureau of Standards Report 1818, pp. 11–22. 1952.

[8] A. J. Quist, E. de Klerk, C. Roos, and T. Terlaky, Copositive relaxation for general quadratic programming, Optim. Methods Softw. 9 (1998) 9–185. M. Dür, Copositive programming – a survey, in Recent Advances in Optimization and its Applications in Engineering (M. Diehl, F. Glineur, E. Jarlebring, and W. Michiels, eds.), pp. 3–20. Springer Berlin Heidelberg, 2010.

[9] K. Murty and S. Kabadi, Some np-complete problems in quadratic and nonlinear programming, Mathematical Programming 39 (1987) 117–129. 10.1007/BF02592948.

[10] K. Ikramov and N. Savel’eva, Conditionally definite matrices, Journal of Mathematical Sciences 98 (2000) 1–50.

[11] J.-B. Hiriart-Urruty and A. Seeger, A variational approach to copositive matrices, SIAM Review 52 (2010), no. 4 593–629.

[12] S. Bundfuss, Copositive Matrices, Copositive Programming, and Applications. PhD thesis, TU Darmstadt, 2009.

[13] I. M. Bomze, Copositive optimization - recent developments and applications, European Journal of Operational Research 216 (2012), no. 3 509–520.

[14] N. G. Deshpande and E. Ma, Pattern of Symmetry Breaking with Two Higgs Doublets, Phys.Rev. D18 (1978) 2574.

[15] R. Barbieri, L. J. Hall, and V. S. Rychkov, Improved naturalness with a heavy Higgs: An Alternative road to LHC physics, Phys.Rev. D74 (2006) 015007, [hep-ph/0603188]. E. Ma, Verifiable radiative seesaw mechanism of neutrino mass and dark matter, Phys.Rev. D73 (2006) 077301, [hep-ph/0601225]. L. Lopez Honorez, E. Nezri, J. F. Oliver, and M. H. Tytgat, The Inert Doublet Model: An Archetype for Dark Matter, JCAP 0702 (2007) 028, [hep-ph/0612275].

[16] J. McDonald, Gauge Singlet Scalars as Cold Dark Matter, Phys. Rev.

D50 (1994) 3637–3649, [hep-ph/0702143].

[17] V. Barger, P. Langacker, M. McCaskey, M. Ramsey-Musolf, and G. Shaughnessy, Complex Singlet Extension of the Standard Model, Phys. Rev. D79 (2009) 015018, [arXiv:0811.0393].

[18] M. Kadastik, K. Kannike, and M. Raidal, Matter parity as the origin of scalar Dark Matter, Phys.Rev. D81 (2010) 015002, [arXiv:0903.2475].

[19] M. Kadastik, K. Kannike, and M. Raidal, Dark Matter as the signal of Grand Unification, Phys.Rev. D80 (2009) 085020, [arXiv:0907.1894].

[20] G. T. Gilber, Positive definite matrices and Sylvester’s criterion, Am.

Math. Monthly 98 (Jan., 1991) 44–46.

[21] P. H. Diananda, On non-negative forms in real variables some or all of which are non-negative, Mathematical Proceedings of the Cambridge Philosophical Society 58 (1962), no. 01 17–25, [http://journals.cambridge.org/article S0305004100036185].

[22] W. Kaplan, A copositivity probe, Linear Algebra and its Applications 337 (2001), no. 1–3 237 – 251.

[23] K.P. and Hadeler, On copositive matrices, Linear Algebra and its Applications 49 (1983), no. 0 79 – 89.

[24] K. Hadeler, On copositive matrices, Linear Algebra and its Applications 49 (1983), no. 0 79 – 89.

[25] G. Chang and T. W. Sederberg, Nonnegative quadratic Bézier triangular patches, Computer Aided Geometric Design 11 (1994), no. 1 113 – 116.

[26] L. Ping and F. Y. Yu, Criteria for copositive matrices of order four, Linear Algebra and its Applications 194 (1993), no. 0 109 – 124.

[27] L.-E. Andersson, G. Chang, and T. Elfving, Criteria for copositive matrices using simplices and barycentric coordinates, Linear Algebra and its Applications 220 (1995), no. 0 9 – 30.

[28] R. Cottle, G. Habetler, and C. Lemke, On classes of copositive matrices, Linear Algebra and its Applications 3 (1970), no. 3 295 – 310.

[29] W. Kaplan, A test for copositive matrices, Linear Algebra and its Applications 313 (July, 2000) 203–206.

[30] I. M. Bomze, Copositivity and optimization, in Proc. 12th SOR (Methods in OR 58) (P. Kleinschmidt and F. Radermacher, eds.), pp. 27–35, Atheneum, Frankfurt/Main, 1989. I. M. Bomze, Block pivoting and shortcut strategies for detecting copositivity, Linear Algebra and its Applications 248 (1996), no. 0 161 – 184.

[31] S. Bundfuss and M. Dür, Algorithmic copositivity detection by simplicial partition, Linear Algebra Appl. 428 (2008), no. 7 1511–1523.

[32] T. D. Lee, A Theory of Spontaneous T Violation, Phys. Rev. D8 (1973) 1226–1239. G. C. Branco, Spontaneous CP Nonconservation and Natural Flavor Conservation: A Minimal Model, Phys.Rev. D22 (1980) 2901.

[33] G. Branco, P. Ferreira, L. Lavoura, M. Rebelo, M. Sher, et. al., Theory and phenomenology of two-Higgs-doublet models, arXiv:1106.0034.

[34] I. F. Ginzburg and M. Krawczyk, Symmetries of two Higgs doublet model and CP violation, Phys. Rev. D72 (2005) 115013, [hep-ph/0408011].

[35] K. Klimenko, On Necessary and Sufficient Conditions for Some Higgs Potentials to Be Bounded From Below, Theor.Math.Phys. 62 (1985) 58–65. S. Nie and M. Sher, Vacuum stability bounds in the two Higgs doublet model, Phys.Lett. B449 (1999) 89–92, [hep-ph/9811234]. S. Kanemura, T. Kasai, and Y. Okada, Mass bounds of the lightest CP even Higgs boson in the two Higgs doublet model, Phys.Lett. B471 (1999) 182–190, [hep-ph/9903289].

[36] M. Maniatis, A. von Manteuffel, O. Nachtmann, and F. Nagel, Stability and symmetry breaking in the general two-Higgs-doublet model, Eur.Phys.J. C48 (2006) 805–823, [hep-ph/0605184]. I. Ivanov, Minkowski space structure of the Higgs potential in 2HDM, Phys.Rev. D75 (2007) 035001, [hep-ph/0609018].

[37] P. A. Parrilo, Semidefinite programming relaxations for semialgebraic problems, Mathematical Programming 96 (2003) 293–320. 10.1007/s10107-003-0387-5.

[38] V. Silveira and A. Zee, Scalar Phantoms, Phys.Lett. B161 (1985) 136.

C. P. Burgess, M. Pospelov, and T. ter Veldhuis, The minimal model of nonbaryonic dark matter: A singlet scalar, Nucl. Phys. B619 (2001) 709–728, [hep-ph/0011335]. V. Barger, P. Langacker, M. McCaskey, M. J. Ramsey-Musolf, and G. Shaughnessy, LHC Phenomenology of an Extended Standard Model with a Real Scalar Singlet, Phys. Rev. D77 (2008) 035005, [arXiv:0706.4311]. M. Gonderinger, Y. Li, H. Patel, and M. J. Ramsey-Musolf, Vacuum Stability, Perturbativity, and Scalar Singlet Dark Matter, JHEP 1001 (2010) 053, [arXiv:0910.3167].

[39] V. Barger, M. McCaskey, and G. Shaughnessy, Complex Scalar Dark Matter vis-à-vis CoGeNT, DAMA/LIBRA and XENON100, Phys. Rev. D82 (2010) 035019, [arXiv:1005.3328].

[40] M. Kadastik, K. Kannike, A. Racioppi, and M. Raidal, EWSB from the soft portal into Dark Matter and prediction for direct detection, Phys.

Rev. Lett. 104 (2010) 201301, [arXiv:0912.2729]. M. Kadastik, K. Kannike, A. Racioppi, and M. Raidal, Implications of the CDMS result on Dark Matter and LHC physics, Phys. Lett. B694 (2010) 242–245, [arXiv:0912.3797].

[41] G. Belanger, K. Kannike, A. Pukhov, and M. Raidal, Impact of semi-annihilations on dark matter phenomenology – an example of Z_N symmetric scalar dark matter, arXiv:1202.2962.